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1 Introduction

Convexity is a basic concept of geometry, but it is also used in other areas
of mathematics. It is used, for example, in optimization, functional analysis,
complex analysis, graph theory, partial differential equations, discrete mathe-
matics, algebral mathematics, probability theory and coding theory. Convex-
ity is also used outside mathematics, like in biology, physics and chemistry.

The first definition of convexity was given by Archimedes: If any two
points on a bent line are taken, then either all the straight lines connecting
the points fall on the same side of the line, or some fall on one and the same
side while others fall on the line itself, but none on the other side.|[3]

This thesis discusses the generalizations of convexity for nonsmooth func-
tions, in other words functions that are not continuously differentiable. First
we define some basic concepts of set theory. Then we define a convex set and a
convex function and discuss their properties. To define generalized convexity
for nonsmooth functions we need Clarke’s generalized directional derivative
and generalized subgradient. We define generalized pseudo- and quasiconvex-
ity for nonsmooth locally Lipschitz continuous functions. A smooth convex
function reaches its global minimum at points, where the function gradient is
zero. This property extends for pseudoconvex and generalized pseudoconvex
functions, but not for quasiconvex or generalized quasiconvex functions. Fi-
nally we define well-behaved semismooth and weakly semismooth functions
and discuss their relations with generalized convex functions.

In mathematical research it is often required to make several, possibly
overlapping, assumptions because the relations between different concepts
are not known. This may severely limit the generality of the results. The
purpose of this thesis is to find out if there are any causal relations between
these concepts, which would make some of the assumptions made in literature

redundant.



2 Definitions and results

This thesis discusses the Euclidean space R™, whose elements are column-

vectors x. Let us give some basic definitions.

Definition 2.1. The norm of a vector x € R™ is ||x|| = \/2? + ... + 22. The

space of m x n matrices is endowed with the norm

[ Allmsxn = <ZHAZ-||2) :
i=1

where A; € R™ is the i:th row of matrix A.

Definition 2.2. The inner product of vectors x and y € R" is x'y =

T1Y1 + oo + TnYn.

Definition 2.3. The spherical neighbourhood B(x, 0) of an element x is a
set which consists of center x and all elements within distance 0 > 0 of the
centre, i.e. B(x, §) ={y € R" | ||lx —y|| < 0}. Elements with a spherical
neighbourhood within a set S are called interior elements. Interior elements

of the complement space of the set S are called exterior elements of the set.

Definition 2.4. The interior int(S) of a set S is the set of its interior
elements. The closure cl(S) of a set S consists of elements x which have a
spherical neighbourhood B(x, 0) such that int(S) N B(x, 0) # @, Vé > 0.

Definition 2.5. The boundary 6(S) of a set S is the set of elements that are

neither in the interior of the set nor the interior of its complement.

Definition 2.6. A set S is open if for every element x in the set can be given
a radius 0 such that every element in the spherical neighbourhood belongs
to the set.

Definition 2.7. A set S is closed if its complement space in R" is open.

Definition 2.8. A set S is bounded if there exists a positive real number r
such that [|[x —y|| <7, Vx, y € S.

Definition 2.9. A subset S of R™ is compact if it is closed and bounded.



Definition 2.10. Function f : S — R is continuous if for every element
x and y of set S and for every positive real number € there exists a positive
real number ¢ such that from ||x — y|| < d it follows |f(x) — f(y)| < e.

A continuous function is a function that does not have abrupt changes
in its value. A real-valued function is continuous if, roughly speaking, its
graph is a single unbroken graph [12]. A rigorous definition of continuity of
real functions can be given in terms of the idea of a limit. A function f is
said to be continuous at the point ¢ on the real line, if the limit of f(z), as
x approaches the point ¢, is equal to the value f(c). A function is said to
be continuous if it is continuous at every point in its domain. A function is
said to have a discontinuity at a point ¢ when it is not continuous there. For
example, the function f(z) = 1 is continuous on the domain R\{0}, but it is

not continuous over the domain R, because it is undefined at z = 0 (Figure

1).

Figure 1: Function 1/z is not continuous

Definition 2.11. Function f : S — R is upper bounded if there exists a
real number M such that f(x) < M, Vx € S (see Figure 2).

Definition 2.12. Function f : S — R is lower bounded if there exists a
real number M such that f(x) > M, Vx € S (see Figure 3).



Definition 2.13. Function f : S — R is upper semi-continuous at x if for

every sequence {x;} € S which approaches element x we have limsup f(x;) <

f(x).

Definition 2.14. Function f : S — R is lower semi-continuous at x if for
every sequence {x;} € S which approaches element x we have liminf f(x;) >

f(x). A continuous function is both upper and lower semi-continuous.
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Figure 2: An upper semi-continuous function
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Figure 3: A lower semi-continuous function



Definition 2.15. A tangent line to a plane curve at a given point is the

straight line that just touches the curve at that point.

Definition 2.16. [1| Let function f be defined in an open subset S of R".
The function is differentiable at x* € S, if there exists a vector V f(x*) € R"
such that for every element d € R" satisfying x* +d € §

fx"+d) = f(x") +d"Vf(x") +ax", d)|d]],

where « is a real function such that limg_oa(x*, d)|/d| = 0. If function f

is differentiable at every x* € S, it is said to be differentiable on set S.

A differentiable function of one real variable is a function whose derivative
exists at every point of its domain. As a result, the graph of a differentiable
function has a non-vertical tangent line at each interior point in its domain
and it cannot contain any breaks or angles. More generally, if x is an interior
point in the domain of a function f, then f is said to be differentiable at x if
the function derivative exists at x. That means that the function curve has
a non-vertical tangent line at the point (x, f(x)).

If f is differentiable at a point x, then f must also be continuous at x.
In particular, any differentiable function is continuous at every point in its
domain. The converse does not hold: a continuous function does not need to
be differentiable. An example of such function is f(z) = |z|, which contains

an angle at z = 0.



N

Figure 4: A differentiable function

Definition 2.17. Function f : S — R is positively homogenous if f(Ax) =
AM(x), VxeS, A>0.

Definition 2.18. Function f : S — R is subadditive if f(x+y) < f(x) +
fy), Vx, y€eS.

Next we define a convex set and give some examples.

Definition 2.19. A nonempty set S is said to be convex if the line segment

of two elements x; and x5 of set S also belong to the set, in other words

Xy + (1 —>\)X2 € 87 V X1, Xo € S,)\ € [O, 1]



Convex Not convex

Figure 5: Illustration of convex and nonconvex sets

Here are some examples of convex sets:

1. Empty set.

2. Hyperplane S = {x | p’x =, p € R", a € R}.

3. Half space S = {x | pIx > a, p € R", a € R}.

4. Convex polygon S = {x | Ax <b, A€ R™" b e R"}.
Lemma 2.20. [2] Let S; and Sy be convex sets in R". Then the sets

1. .51NSy

2. S14+ 5 ={x1+x2 | x; €51, x2 €55}

3.5 — S ={x1 — x| x1 €51, X2 € 5}

are also convex.

Proof. 1. Let x; and x5 € S1 N S3. The line segment between x; and
X9 is Ax; + (1 — A\)xy. Because x; and x5 are elements of Sy, by the
convexity of the set their line segment belongs to S;. Because x; and
X, are elements of S5, their line segment also belongs to S;. Thus it
belongs to S1 N S,.



2. Let x and y be two elements of set S;+S55. Then they can be presented
in form x = x1+Xg, X1 €51, X0 € Ssandy =y,;+y,, ¥ €51, ¥y €
Sy. The line segment of x and y is

Ax1 +x2) + (L= A)(y; +¥2) = Ax1 + (1 = Ny, +Ax2 + (1 = Ny,.

By the convexity of Sy and Sy Ax;+(1-A)y, € S; and Axy+(1-N)y, €

Sy. Therefore S; + .55 is convex.

3. Proving the convexity of S; — S5 is analogical.
O

Definition 2.21. [2] The convez hull conv(S) of set S is the collection of all
convex combinations of S. In other words x € conv(S) if and only if x can

be represented as
k
X = Z )\ij
j=1
2N =1

j=1
A >0, forj=1,...k

where k is a positive integer and xi,...,xo € S. conv(S) is the minimal
convex set that contains S. It is also the intersection of all convex sets

containing S.

Definition 2.22. An r-simplex of set P C R" is a convex hull of its r + 1
vertices, where r < n. More formally, if the vectors xo — x1,...,Xg — X, are

linearly independent, the simplex determined by the vertices is the set

d =1, )\Z-zO‘v’i:O,...r}.

=0

C= {)\OXO + ...+ AX,




Figure 6: Examples of 0-, 1-, 2- and 3-simplexes

Caratheodory’s theorem 2.23. [2,7] Let S be a compact set in R". If
x € conv(S), then z € conv(xy, ..., X,41), where x; € Sfor j=1,...,n+ 1

In other words, x can be represented as

n+1
X = E )\]X]
Jj=1
n+1
Ya=1
j=1

Proof. Since x € conv(S), then x = Z;;l Ajx;, where \; >0, j =1,...,k
and Zle = 1. If K < n+1, the result is at hand. Now suppose that k& > n+1.
Note that xo —x1, X3—X1, ..., X —X; are linearly dependent. Thus there exist
scalars 2, ps, ..., py not all zero such that Z§:2 pi(x; —x1) = 0. Letting
= — 2522 1, it follows that 2521 pix; =0, 2?21 p; =0, and not all the
1;’s are equal to zero. Note that at least one p; > 0. Then

k

k k k
X = Z Ajix; +0 = Z AjXj — aZquj = Z(Aj — Q)
j=1 Jj=1 J=1

Jj=1

for any real a. Now choose « as follows:

Yy Yy . . .
o = min {—] D> 0} = —, where index ¢ is the argmin.

1<5<k | ;



Note that @ > 0. If p; < 0, then \; — ap; > 0, and if p; > 0, then
Nj/i; > N/ = o, and hence A\; — ap; > 0. In other words, \; — ap; >
0, Vj=1,.. k In particular, \; — au; = 0 by definition of a. Therefore,
X = Ele(kj—auj)xj, where \;—ap; >0, j=1,...,k, Z?Zl()\j—auj) =1,
and furthermore, \; — ap; = 0. In other words, x is represented as a convex
combination of at most k£ — 1 points in S. The process is repeated until x is

represented as a convex combination of n + 1 points in S. O]

Carathéodory’s Theorem states that if a point x of R" lies in the convex
hull of a set P, then x can be written as the convex combination of at most
n + 1 points in P. Namely, there is a subset P’ of P consisting of n + 1
or fewer points such that x lies in the convex hull of P'. Equivalently, x
lies in an r-simplex with vertices in P, where r < n. The smallest r that
makes the last statement valid for each x in the convex hull of P is defined
as the Carathéodory’s number of P. Depending on the properties of P,
upper bounds lower than the one provided by Carathéodory’s Theorem can
be obtained.

Definition 2.24. A cone is a shape that tapers smoothly from a flat base to
a point called the apex. It is formed by a set of lines connecting a common
point, the apex, to all of the points on a base in a plane that does not contain
the apex. When the cone extends infinitely in both directions of the apex, it

is called a double cone.

10



3 Convex functions

In this chapter we define convex functions and discuss their properties.

3.1 Definition and properties

Definition 3.1. [1] Let function f : S — R be defined on a nonempty
convex set S C R". Function f is convez if the line segment from f(x) to

f(y) of is higher than the function curve between x and y, or
fOAx+ (1 =Ny) < Af(x)+(1-=Nf(y), Vx, yeS, Ae (0, 1).

Function f is strictly convex if the above inequality is strict.

Figure 7: Convex function

The definition of convex functions can be illustrated in the case of a single
variable function. The left-hand side of the inequality is the expression for the
values of f between the points x and y, while the right-hand side represents
the values of the line segment of f(z) and f(y). Equivalently, if A, B C are
any three points on the graph of f such that B is between A and C, then B
is on or below the line segment AC. Let A = f(z), B = f(2) and C = f(y).
It is easy to verify the following relationship for a convex function that holds

forx <z<wy:

11
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A convex function and a convex set are related, because a convex function
is defined on a convex set. Next we will show another relationship between

a convex function and set, but first we will give a necessary definition of an

epigraph.

Definition 3.2. [2] Let S be a nonempty set in R and let f : S — R. The
epigraph epif of f is a subset of R"*! defined by

{(x, y):xeS, yeR, y>f(x)}

The epigraph of f is the set of elements on and above the graph of f.

flx)

o e
Figure 8: Epigraph of a convex function

Theorem 3.3. [2] Let S be a nonempty convex set in R™ and let f : S — R.

Then f is convex if and only if epif is a convex set.

Proof. Assume that f is convex, and let (x1,4;) and (x2,y2) € epif; that is,
X1, X € 5, y1 > f(x1), y2 > f(x2). Let A € (0, 1). Then

12



Ayr+ (1= XNyz > Af(x1) + (1 = M) f(x2) = f(Axa + (1 = A)xa),

where the last inequality follows by convexity of f. Note that Ax;+(1—\)xs €
S. Thus [Ax; + (1 — N)x2, Af(x1) + (1 — ) f(x2)] € epif, so epif is convex.
Conversely, assume that epif is convex, and let x;, x5 € S. Then (x1, f(x1))

and (xa, f(x2)) € epif, and by convexity of epif,
[Ax1 + (1 — N)x2, Af(x1) 4+ (1 = N)f(x2)] € epif, A€ (0, 1).

In other words, Af(x1) + (1 — A)f(x2) > f(Ax; + (1 — N)x2), A € (0, 1).

Therefore f is convex. O]

Definition 3.4. Let S be a nonempty convex set in R™ and let f: S — R

be a convex function. The level set of f is
Se ={x €S| f(x) <a},
where o € R. The level set of f is the projection of epif onto S.

Theorem 3.5. Let S be a nonempty convex set in R" and let f: S — R be

a convex function. Then the level set S, is convex.

Proof. Let x, y € S,. Thus x, y € S and f(x) < a and f(y) < a. Now let
A€ (0, 1) and z = Ax+ (1 — \)y. By convexity of S, z € S. Furthermore,
by convexity of f,

F(2) M)+ (1= N f(y) < Aa+ (1 - Na = a.
Hence x € S,,, and therefore S, is convex. ]

Definition 3.6. Function f defined on a convex set S is a closed conver

function, if its epigraph is a closed convex set.

Theorem 3.7. [2] Let S be a nonempty convex set in R” and let f: S — R

be convex. Then f is continuous on the interior of S.

13



Proof. Let X € int(S). Let us prove that given € > 0, there exists a § > 0
such that ||x —X|| < ¢ implies that |f(x) — f(X)| < €. Since X € int(S), there
exists a § > 0 such that ||x —X|| < ¢ implies that x € S. Construct 6 as
follows:

0 = max {max[f(X + 5 &;) — f(X), f(X—de;)— ()]}, (1)

1<i<n

where e; is a vector of zeroes except for one element at the ith position. By
the convexity of f, 0 < 6 < co. Let

/

§ e
d=min| —,— | . 2
min (n’ n@) (2)
Choose x with ||x —X| < 8. If 2, — F; > 0, let z; = §'e;; otherwise let
z; = —0e;. Then x — X = Z?:iozizi, where a; > 0 for ¢ = 1, 2,....n.

Furthermore )
n 2
Ix—x[|=¢ (Z af) (3)
i=1

From (2) and since ||x —X|| < 4, it follows that a; < 1/n for i =1, 2,...,n.

Hence, by the convexity of f and since 0 < na; < 1, we get

fx)=f <§+Zaizi> =f [% Z(i—i—naizi)]

i=1

1 n
< = < 7.
< ;:1 f(X + no,z;)

IN

% 3710 = na)R + noy(% + 20)
< % DI~ nan)f () + maif (% + 7).

Therefore f(x)— f(%) < X0, au[f(X+2) — f(®)]. By (1) f(%-+2,)— (%) <
0, 1=1,....,n, and since «; > 0 , it follows that

f(x)— f(x) < 02%. (4)

14



From (3) and (2) it follows that «; < €/nf, and (4) implies that f(x)— f(X) <
€. So far we have showed that ||x — X|| < ¢ implies that f(x) — f(X) <e. To
finish the proof let us show that f(X) — f(x) < e. Let y = 2X — x and note

that ||y —X|| < 6. Therefore

fy) = f(x) <e (5)

But x = %y + %x, and by the convexity of f, we have

F(®) < ) + £ ). (0
Combining (5) and (6), it follows that f(X) — f(x) <. O

Next we will prove a stronger result concerning the local Lipschitz conti-
nuity of a function. First let us define local Lipschitz continuity and prove

the necessary lemma.

Definition 3.8. |1] A function is locally Lipschitz continuous at a point
x € R" if there exist scalars K > 0 and § > 0 such that

[f(y) = f(2)| < Ky —z|, Vy, z € B(x, 9).

A function is locally Lipschitz continuous on a set S C R™ if it is locally
Lipschitz continuous at every point belonging to S. If S = R" the function
is locally Lipschitz continuous. A function is Lipschitz continuous on a set
S C R™ if there exists a scalar K such that

f¥) = f@| < K|y—zl|, Vy z€S.

If S = R" the function is Lipschitz continuous.

It follows from the definition of Lipschitz continuity that a function is
Lipschitz continuous, if there exist a constant K such that the slope of the

line segment between any two points of the function graph is smaller than
K, or
f(y) — f(=z)]

<K, Vy, zeR" y+#z.
ly —z|

15



For a Lipschitz continuous function at a point x* there exists a double
cone such that the function graph stays outside of the double cone. If the
function is Lipschitz continuous, the origin of the double cone can be moved
along the graph so that the whole graph always stays outside of the double

cone.

L)

ol ™
]

Figure 9: A Lipschitz continuous function

Lemma 3.9. [1] Let f be a convex function on the open convex set S C R".
If f is bounded from above in a neighborhood of one point x* of S, then it
is locally bounded, that is, each x of S has a neighborhood on which f is
bounded.

Proof. Let us first show that if f is bounded from above in a neighborhood
of x*, it is also bounded from below in the same neighborhood. Suppose that
f is bounded from above by a number M in B(x*, €). Let us express every
z € B(x*, €) as z = x* + 0y, where y € R" is a vector such that ||y|| =1

and @ is a sufficiently small positive number. Then

1 1
x* = §(X* + 0y) + §(x* —0y).

16



By the definition of a convex function

Fx +0y) + 310~ 6y),

DN | —

f(x7) <

and thus
2f(x") — f(x" —Oy) < f(x" + Oy).
By the hypothesis f is bounded from above by a number M, or f(x* —
0y) < M, hence
2f(x*) = M < f(x* +0y) = f(=2),

and f is bounded from below for every z € B(x*, ¢).

Let x € S, x # x*. Then x = x* 4+ ay, where y € R", ||y|| = 1 and
a is a positive number. Choose p > « such that u = x* + py € S and let
A= a/p. Then

B(x, 0)={v|veS v=(1-XNz+ Au, z € B(x", ¢}

is a neighborhood of x with radius 6 = (1 — A)e. Also, for v € B(x, 0)

V) <A =) f(2) + Af(w) < (1= \M + Af(u),

by the convexity of f. That is, f is bounded from above on B(x, 0), and by
the first part of the proof, f is also bounded from below on B(x, 9). H

Theorem 3.10. [1] Let f be a convex function on the open convex set
S C R". If f is bounded from below in a neighborhood of one point of S,

then f if locally Lipschitz continuous in S, hence continuous in S.

Proof. By the previous lemma, for every x* € S there is a neighborhood
B(x*, 2¢) on which f is bounded, or z € B(x*, 2¢) = |f(x)| < M. We
now show that f is locally Lipschitz continuous at x*, or that there exists
a constant K for which |f(x) — f(y)| < K||x—y||, V x, y € B(x*, ¢).
Suppose, on the contrary, that there are points x and y in B(x*, €) such
that

f&x) - fly) _2M

> .
[Ix =yl ¢

17



Let now z € B(x*, 2¢) be the point such that y = Az + (1 — A\)x and
|z — y|| = €. Restricting f to the line segment of y and z it follows from the

convexity of f that

fy)—flz) | fx) - fly) _ 2M
ly -zl = [x-yl €

implying that f(y) — f(z) > 2M and hence |f(z)| > M, which is a contra-

diction, and f must be locally Lipschitz continuous on S, hence continuous

on S. O

)

Next we will show that every continuously differentiable function is locally

Lipschitz continuous.

Theorem 3.11. [16] Every continuously differentiable function is locally

Lipschitz continuous.

Proof. This proof is for vector valued functions, of which real valued functions
are a special case. Let F': R® — R" be continuously differentiable. Fix any
two points z,y € R" and define the function f : [0,1] — R as f(0) :=
F(z+6(y —z)). It is clear that

f(0) = F(z) and f(1) = F(y). (7)

Furthermore, by the chain rule, we know that f is differentiable and that

d
20 =VEFE+0y -2)y -2 (8)
Here VF(w) is the Jacobian matrix of F' at w:

I (w) ... A(w)

owq Own,

: 9)

%.(W) . Ofn .(W)

owq Ownp,

where %(w) is the partial derivative of the i-th component of f with respect
J
to the j-th coordinate.
By the definition of f and the and the fundamental theorem of calculus,

we have

Fly) — F(z) = f(1) — £(0) = / f (9)d6

18



- (/01 VE(z+0(y — z))d9) (y —2);

where the integral in the last line is a matrix whose 4, j-th component is given

by )
/0 i (54 0y — 2))do.

8wj

It follows that

|F(y) = F(2)]| < ||/O VF(20(y — z))do||[ly — =],

where we use the notation || - || for both the vector norm and its associated
matrix norm.

Notice that, by the triangle inequality for integrals, we have

/01 VF(z+ (v — z))deH < /01 IVE(z +6(v —2))lld0

sup ||[VF(z+6(v —2z)) H/ do

0€[0,1]

sup [|[VF(z +0(v —2))]].
0€[0,1]

Furthermore by the equivalence of matrix norms we have
dc, > 0 ||A|| < ol|Al|eo, ¥V A € R, (10)

where ¢y depends only on n and || - || is the maximum row norm sum
maxi<i<n (Z}; |%‘\>-

Thus, to establish Lipschitz continuity, we fix an arbitrary point x €
R™ and we establish a bound for fol VF(z+ 6(y — z))df in an approptiate
neighbourhood B of x.

Let B = B(x,9), with § arbitrary. Since F' is continuously differentiable
on B, there exists K, such that

0fi

wj

sup
weB

(W)H < Ky, Vi,j€[l:n]

Here we have applied the Weierstrass Theorem which says that each contin-
uous function (%(W)) is bounded on a closed and bounded set cl(B).
J

19



Now, given z,y € B, it follows that z+6(z —y) € B Y 6 € [0, 1] because
B is a ball, so

sup ||[VF(z +60(y — 2))|| < comK, =: K.
0€[0,1]

It follows that
|F(y) — F(2)|| < K|ly — 2|, Vy,z € B;

which is to say that F'is Lipschitz continuous on B(x;d). Since x is arbitrary

this means that F'is locally Lipschitz continuous on R". [

Next let us define the directional derivative of a function. For smooth

functions the directional derivative exists for every point in the domain of f.

Definition 3.12. [2| Let S be a nonempty set in R and let f : S — R. Let
x* € S and d be a nonzero vector such that x* + Ad € S for a sufficiently
small positive number A. The directional derivative f (x*;d) of f at x* along
the vector d is given by
/ *+Ad) — f(x*
) i 1O ) 76

A—0+ A

If f is differentiable, its directional derivative can be expressed with its gra-
dient in the form f'(x*;d) = Vf(x*)Td. The more general variant of the
directional derivative is known as the Gateauzr derivative defined between

any two locally convex topological vector spaces.

Lemma 3.13. [2] Let S be a nonempty convex set in R” and f:S — R a
convex function. Then the directional derivative f'(x*;d) exists for a point
x* € int(9) for every direction d # 0. Furthermore,

ey e ST AD) = f(XF)
f(x%d) = inf . :

Proof. Let 0 < A\ < Ay be small enough numbers such that x* + A\;d and
x* + Aod € int(.S). By the convexity of f

f(x*+Md)=f i—;(x* + Aod) + (1 - i—:) X*}
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< i—;f(x* +od) + (1 - —) F(x).

This inequality implies that

J(x* 4+ Ad) — f(x)
)\1 >\2

Therefore [f(x* + Ad)]/A is a nondecreasing function of A > 0. Let A be a
positive real number, for which x* + Ad € int(S). Then, by the convexity of

S

A
A A

and thus . i}
FE 2T pey - fe — ),

Therefore [f(x*—d)— f(x*)]/A is lower bounded and it has a limit, as A — 0.

Hence the limit in the theorem exists and is given by

p SO M) = ) S M) — (3
A—0+ A A>0 A

3.2 Subgradients and extrema

In this section we will deal with the optimization of convex functions. First

let us present necessary definitions and theorems.

Definition 3.14. [2] Let S C R"™ be a nonempty set, and let z be a point
on the boundary of S, that is, z € §(S). Then the hyperplane

H={x|p'(x—2)=0, p#0}
is a supporting hyperplane of S at z, if one of the following is true:
1. pl(x—2z)>0,VxeS
2. pl(x—2)<0,VxeSs.
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Theorem 3.15. [2] Let S C R"™ be a nonempty convex set, and let z € §(5).
Then there exists a hyperplane that supports S at z; that is, there exists a

nonzero vector p such that
pl(x—2z) <0, ¥Vxccl9).

Proof. Since z € §(5) there exists a sequence {y,} not in cl(S) such that
vy, — 2. By the Separation Theorem ([2|, Theorem 2.3.4) there exists for
each y, a vector py, for which ||p,|| = 1, such that

PLY: > Pix, ¥V x €d(S).

Since the sequence {p,} is bounded, it has a convergent subsequence
{p; }~ with limit p whose norm is equal to one. Let us fix x € cl(S) and take

the limit as k € xk approaches infinity. Then we have
pTz > pTX.
O

Definition 3.16. [2] Let S C R™ be a nonempty convex set, and let f : S —
R be convex. Then & is called a subgradient (see Figure 10) of f at x* if

(%) > fix) + €T (x — x*), Vx € S.

The set of subgradients of f at x*, 0f(x*), is called the subdifferential.
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&T(x-x")

I

flx*)

*

Figure 10: Subgradient

From this definition it directly follows that the subdifferential of f at x*
is a convex set. The function f(x*)+&”(x —x*) corresponds to a supporting
hyperplane of the epigraph of f. The subgradient vector & corresponds to
the slope of the supporting hyperplane.

Theorem 3.17. Let S C R" be a nonempty convex set and let f : S — R be

convex. Then for x* € int(.S) there exists a vector £ such that the hyperplane
H={(x,y)|y=fx)+&(x-x}
supports epif at [x*, f(x*)]. In particular,
fx)> f(x) +&(x—x"), Vxes,
that is, € is a subgradient of f at x*.

Proof. By the convexity of f, epif is a nonempty convex set. The point
[x*, f(x*)] belongs to the boundary of epif, so by Theorem 3.15 there exists
a nonzero vector (&, 1), & € R", p € R such that

€0 (x —x") +ply — f(x)] <0, ¥ (x, y) € epif.

Scalar p is not positive, because otherwise the above inequality can be con-

tradicted by choosing y sufficiently large. Let us show that © < 0. By

23



contradiction, suppose that g = 0. Then &} (x —x*) < 0, V x € S. Since
x* € int(9), there exists A > 0 such that x* + A\, € S, and therefore
M€, < 0. This implies that €, = 0 and (&,, ) = (0, 0), contradicting the
fact that (&, p) is a nonzero vector. Therefore p < 0. Denoting &,/|u| by &
and dividing the above inequality by |u| we get

' (x—x*) —y+ f(x) <0,V (x, y) € epif.

In particular, the hyperplane H = {(x, y) : y = f(x*)+&” (x —x*)} supports

epif at [x*, f(x*)]. By letting y = f(x), we get f(x) > f(x*) + &' (x —
x*), Vx e S. O

Theorem 3.18. [1] Let f be a differentiable function of the open convex set
S C R"™. It is convex if and only if for every x* € S, x € S we have

f(x) 2 f(x) + V(x)(x —x).
It is strictly convex if and only if the above inequality is strict for x # x*.

Proof. Let f be convex on S and let x* € S, x € S, x* # x. By the convexity
of f

ST+ A =xT)) = fOx 4+ (1= X)x") S Af(x) + (1= A)f(xF), A€ (0, 1],

F) — F0) 2 A+ MG =) = F(x)], A#0,

By substituting the definition of differentiability to the above inequality we
get

F(x) = f(x7) = V) (x = x) +alx", Ax —x7) [x —x7].

Since a(x*, A(x —x*)) approaches zero as A approaches zero we obtain the
inequality of the theorem from the above inequality.
Conversely, let us assume that x; € S, x, € S, 0 < A < 1. Then

FOx1+ (1= N)x2) + (1= A)(x1 = x2)" VF(Axy + (1 = N)x2) < f(x1)
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and
f(/\Xl + (]_ - /\)Xg) + )\(Xg - Xl)TVf(/\Xl + (]_ - /\)Xg) S f(XQ).

Multiplying the first inequality with A and the second with (1—\) and adding
up we get
FOX1+ (1= N)x2) S Af(x1) + (1= A) f(x2),

and therefore the function is convex.

Let us prove the result for the strictly convex case. Let f be strictly
convex and x* € S, x € §, x* # x. Since f is convex, the inequality of the
theorem follows from the above results.

Then let us show that equality cannot hold. Suppose, to the contrary,
that

f(x) = f(x) + Vf(x)(x —x%).
Then, for 0 < A\ < 1,
FOX* + (1= N)x) < Af(x*) + (1 =N f(x)

= f(x) + (1 = NVf(x)(x —x).

Now let x° = Ax* + (1 — A\)x. Then, since x° € S and f is convex we get the

inequality of the theorem by replacing x with x°; that is,
FOX"+ (1= N)x) > f(x7) + (1= MV F(x")"(x —x7).

This causes a contradiction in which equality cannot hold. The proof of the
converse statement for a strictly convex function is similar to the convex

case. O

With this result we get the sufficient condition for the minimum of a

convex function.

Theorem 3.19. [1] Let f be a differentiable (strictly) convex function on
the open convex set S. If

Vix*)=0

at a point x* of set S, then f attains its (unique) global minimum at x*.
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Proof. Tt follows from the previous theorem that for every point x € S
flx) > f(x") + VF(x) (x - x").

The inequality is strict for a strictly convex function. If Vf(x*) = 0, then

for every x € §
f(x) = f(x).

The inequality is strict for a strictly convex function. Therefore x

*is a
(unique) global minimum of f. O

We get the same result by proving a more general theorem for nonsmooth

functions.

Theorem 3.20. [2] Let f : S — R be a convex function, and let S be a
nonempty convex set in R". Point x* € S is a global minimum of f if f has
a subgradient & of subdifferential 0 f(x*) such that

¢'(x—x*)>0,Vxeb.

Proof. Suppose that €7 (x —x*) > 0 for all x € S, where ¢ is a subgradient
of f at x*. By convexity of f, we get

) = fx) + € (x —x") = flx'), Vx €S,
Therefore x* is a global minimum of f. O

It follows from the theorem that x* is a global minimum of f if 0 € Jf(x*).
The next theorem shows that subgradients really are generalizations of

the classical gradient.

Theorem 3.21. [18] If f: R" — R is convex and differentiable at x € R",
then

0f(x) = {Vf(x)}.

Proof. See, e.g. [18], Theorem 4.30. O
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4 Nonsmooth and nonconvex functions

In this chapter we will discuss functions which are not continuously differen-
tiable nor convex. They have points in their domain where their gradient is
not continuous. In these points we will define Clarke’s generalized directional
derivative and subgradient. We will also handle generalized convexities for

nonsmooth functions.

4.1 Generalized derivative
Let us define the generalized directional derivative and discuss its properties.

Definition 4.1. [19] Let f : R" — R be locally Lipschitz-continuous at x* €
R". The Clarke’s generalized directional derivative of f at x* in direction
d € R" is defined as follows:

fO(X*;d) — limsup f(y +td) — f(Y)

y—x*, t—0 t

, fo(x";d) < o0

In the definition of the classical directional derivative the base point for
taking differences is a fixed vector x*. In the generalized directional derivative

they are taken from a variable vector y which approaches x*.

Example 4.2. Let us define a convex function f(x) = |z|. The function can

be written as

x, x>0
flz) = :
—x, <0
The derivative of f is
/ 1, x>0
fz) = :
-1, =<0

Function derivative f  is not continuous at « = 0. It is nonsmooth at this

point. Let us calculate the generalized directional derivative for z = 0:

fly+td) — f(y)

£°(0;d) = lim sup

y—0 ¢ 50 t
_ ly +td| — |y|
= limsup ————
y—0 ¢ 50 t
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) |td|
= limsup —
t—0

= limsup|d| = |d|.
t—0
By substituting d = 1 or d = —1 we get f°(0;d) = 1 for both directions.
Note that for a convex function f°(x;d) = f'(x;d) [18, Theorem 3.8|.

Example 4.3. Let us calculate the derivative and generalized directional
derivative for the nonconvex function f(z) = —|z|:
/ _1, x > 0

fz) =

1, Z‘<0.

The generalized directional derivative for f at x =0 is

fO(O,d) — limsup f(y + td) — f(y)

y—0; t—0 t
: — |y + td| + |y|
= lim sup
y—0 350 t
. td|
= limsup —
t—0

= limsup |d| = |d]..
t—0

Like for f = |z|, f°(0,d) = 1 for d = 1 and d = —1. However, the directional
derivative f'(0,d) for f(z) = — |z| is

~1, d=1

£(0;d) = .
—1, d=-1

Next we will present some properties of f°.

Theorem 4.4. [5] Let f be a locally Lipschitz continuous function at point
x* with constant K. Then

1. Function d — f°(x*;d) is positively homogenous and subadditive in
R™ and it holds that

|f(x%d)| < Kld]f,
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2. Function f°(x;d) is upper semicontinuous as a function of (x;d) € R*"

and Lipschitz continuous with constant K as a function of d in R",
3. fo(x*;—d) = (—f)°(x*;d).

Proof. Let us begin by proving the inequality of the first part. By the Lips-

chitz condition we get

’fO(X*;d)‘ — | lim sup f(y+td) B f(Y>

Y=X* 450 t
td) —
< lim sup |fly +td) — f(y)]
Y=X* ¢ 0 t
K td —
< lim sup ly + y!|7
Y=X* 440 t

when y, y + td € B(x*,¢) with some € > 0. Thus

o Kt||d
roeesa) < KU

Next we prove that the derivative is positively homogeneous. Let A > 0.
Then

fly +tMd) — f(y)

f(x";Ad) = lim sup

Y—=X* ¢ 0 t
— tm SupA{f(erMd) - f(Y)}
Y—=X* 50 At
= A\ lim sup { fly +tAd) - f(y>} = Af’(x*;d).
Y—=X* 50 At

29



Now we shall prove the subadditivity. Let d, p € R" be arbitrary. Then
fly +td+p)) — f(y)

f°(x*;d +p) = lim sup

Y=X* 50 t
— lim sup fly+td+tp)— f(y +tp)+ f(y +tp) — f(y)
y—x* t—0 t
< Tim sup f((y +tp) +td) — f(y +tp)
Y=X* 50 t
T sup fly+tp) — f(y)
Yy=X* 50 t

= fo(x*;d) + f°(x*;p).

Thus d — f°(x*;d) is subadditive.

Let us move to the second part of the theorem. Let {x;} and {d;} C R"
be sequences such that x; — x and d; — d. By definition of upper limit,
there exist sequences {y;} C R" and {¢;} C R such that ¢t; > 0,

fo(xsdi) < [fy; +tdy) — f(y)]/ti + 1/i
and
|y, —xi|| +t; < 1/i, Vie N.

Now we have

fo(xisd;) — % = lim sup fly+td) - f@y) _ 1

Y—Xi t—0 t 2
< fly: + ti‘:i) — f(y:)
_ Sy +tidi) — f(yy) N fly; +tidy) — f(y; + tid)

and by the Lipschitz condition

[y, +tids) = fly, + tad)| _ K ||di — d]|

= K||d; —d|| — 0,
as i — oo provided y, +t;d;, y, +t;d € B(x;¢), € > 0. As i — 0o, we obtain

lim sup f°(x;;d;) < lim sup fly; +td) — f(y,)

< f(x;d),
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which establishes the upper semicontinuity.
Let us show the Lipschitz continuity of f°(x;d). Let v, w € R". If
y +tv, y+tw € B(x*, €), we obtain

fly+tv)— fy +tw) < Kt||v—w||.

It follows that
fly +tv) = f(¥)

lim sup
Y=X* 440 t
t —
< lim sup Sy + tw) f(Y)K [|v —wl|
Y—=X* 50 t

and

fov) = foxw) < Kfv —w].
By switching v and w, we get

foew) = fo(x%v) < Klv —w].
From this we get

|fO(x55v) = f(xTw) < K ||lv — w].

Let us prove the third part of the theorem by making the following cal-

culation:
f°(x*; —d) = lim sup fly = ti) — f(y)
Y=X® 50
~ Jim sup DB t? ~(=Hw)
u—x* 50

by substituting u =y — td. We obtain the result

fox=d) = (=f)°(x";d).
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4.2 Generalized subgradient

Next we will define the generalized subgradient with the generalized direc-

tional derivative and discuss its properties.

Definition 4.5. [19] Let f : R — R be a locally Lipschitz continuous
function at a point x* € R". The Clarke subdifferential of f at x* is the set
Jf(x*) of vectors & € R™ such that

Of(x") = {€| f°(x"d) > €'d, Vd € R"}.

Each & € 0f(x*) is called a subgradient of f at x*. For a convex function the
above definition equals the subdifferential of a convex function (Definition
3.16).

Theorem 4.6. If f is continuously differentiable in x*, it follows that

Of (x7) = {Vf(x")}.
Proof. Look [5], Theorem 3.1.7. O

Theorem 3.19 for smooth convex functions follows from Theorems 3.20
and 4.6.

Theorem 4.7. [5] Let f be locally Lipschitz continuous at x. If f obtains

its local minimum value at x, we have
0 € 0f(x).

Proof. Let us assume that f obtains its local minimum at x. Then there
exists a positive real number € such that f(x +t¢d) — f(x) >0, VO <t <
e, d € R". We get the result
td) — td) —
f°(x;d) = lim sup fy+td) = /) > lim sup flx+td) — f(x) > 0.

Y=X 10 t—0 t o

It follows that

f°(x;d) >0=0"d, Vd € R",

so by the definition of subgradient 0 belongs to the subdifferential of f at
X. 0
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Theorem 4.8. [5] Let f be locally Lipschitz continuous at x with a constant
K. Then

1. 9f(x) is a nonempty, convex and compact set such that ||£]| < K, V& €
daf (x).

2. fo(x;d) = max{¢’d | £ € Of(x)}, Vd € R".

3. The mapping 0f(:) : R* — P(R"), where P(R") is the powerset con-

taining every subset of R", is upper semicontinuous.

Proof. According to Theorem 4.4 f°(x;d) is positively homogeneous and
subadditive. Then, by Hanh-Banach Theorem ([5], Theorem 1.2.1), there
exists a vector & € R" such that £€'d < f°(x,d), V d € R*. Then, by the
definition of the subdifferential, 0 f(x) is nonempty.

Let us prove the convexity of the subdifferential by choosing & and ¢ and
A€ [0, 1]. We get

A+ (1= NETd < Afo(x;d) + (1 — N fo(x;d) = f2(x; d),

where A¢ + (1 — A\)¢ € df(x). Therefore the subdifferential is convex.
Let us prove the compactness by showing that 0f(x) is closed and
bounded. By Theorem 4.4

1€11* = [€7€] < 1/°(x: )] < K €]
It follows from the randomness of &£ that
€]l < K, V& €af(x)

Therefore the subdifferential is bounded.
Then let us choose a sequence {&;} € 0f(x) which approaches €. We get

¢'d = lim ¢/d = lim(¢/d) < lim f°(x;d) = f°(x;d).
1—00 1—00 1—00

Thus &€ € 0f(x), so the subdifferential is closed.
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Now let us prove the second part of the theorem. By the definition of the

subdifferential we get

fo(x;d) > max{STd | €€ df(x)}.

Let us assume that there exists a vector d; € R", such that

fo(x;dy) > max{ﬁle | €€ df(x)}.

Then, by the Hanh-Banach Theorem, there exists a vector &, € R", such
that fo(x;d) > &1d, Vd € R and fo(x;d;) = &£7d,. Therefore &, € 9f(x)

and we get
f(x;dy) > max{g'd [ € € 0f(x)} > &dy = fo(x;dy).
From this contradiction we come to the result
fo(x;d) = max{&¢’d, | £ € 9f(x)}, Vd € R".

The second part of the theorem is proved.

Let us prove the third part of the theorem. Let us choose a sequence
{y;} € R™, which approaches x and a sequence {§,} € 9f(y;), which ap-
proaches £. Then for every d € R™ we get

¢'d = lim &/d = lim (§7d) < lim sup f*(y;; d).
1—>00 1—>00 1—00
By the second part of Theorem 4.4 f"(x;j is upper semicontinuous. From
this we get
g'd < fo(x;d).
Therefore 0f(-) is upper semicontinuous. O

We shall later be considering vector-valued functions. For this we will

need to define the generalized Jacobian matrix.

Definition 4.9. [18| Let F': R® — R™ be a vector-valued function F'(x) =
(Fi(x), ..., F,(x))T. We denote by Qp the set in R" where F fails to be
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differentiable and by VF(x) for x ¢ Qp the usual m x n Jacobian matrix.
Let F' be locally Lipschitz continuous at x. Then the generalized Jacobian

matriz of F' at x is the set
OF(x) := conv{A € R™" | 3(x;) C R"\Qp such that(x;) — x, VF(x;) — A}.
Some basic properties of OF(x) will now be listed.

Theorem 4.10. [18] Let F; for i = 1,...,m be locally Lipschitz continuous
at x with constant K;. Then

1. F(x) = (Fy(x),..., F,u(x))T is locally Lipschitz continuous at x with
constant K = ||(Ky, ..., Kp)T||2,

2. OF(x) is a nonempty, convex and compact subset of R™*",
3. the mapping 0F(-) : R® — P(R") is upper semicontinuous.

Proof. See [18]. O

4.3 Other derivatives

In this section we define B- and F-differentiability, which will be used in

Section 5.

Definition 4.11. [21] A function F' : R" — R™ is Bouligand-differentiable
(B-differentiable) at a point x* € R™ if it is locally Lipschitz-continuous and
directionally differentiable at x*. If f is B-differentiable at x*, we call the
directional derivative F'(x*, h) the B-derivative of F at x* along h.

The B-derivative is strong if the error function

/

e(y) =F(y) — F(x*) — F (x";y — x)

satisfies . )
lim —e(y 3 — e(2y )
yi#y?, (yhy?)—=(x*,x*) Hy -y H

—0 (11)
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Definition 4.12. [21] A function F' : R* — R™ is Fréchet-differentiable
(F-differentiable) at x* € R", if it is directionally differentiable at x* and

F(x* +h) = F(x") + F (x";h) + o(|[h]]),

where F'(x*;h) is called the F-derivative of F at point x*, if it is linear
and continuous. So, the existence of the F-derivative implies the existence of
directional derivatives in all directions. Function F'is strongly F-differentiable
if )
lim F(yy) — F(ys) = F (x)(y1 — ¥2)
Y1£Va (V1¥2)— (6" x7) 1y — ¥l

=0.

4.4 Generalized pseudoconvexity

In this section we consider pseudoconvexity. The section is based on source

|4]. First let us define pseudoconvexity for smooth functions.

Definition 4.13. A continuously differentiable function f : R" — R is

pseudoconver, if for all x, y € R"

f(¥) < f(x) = VFx)"(y —x) <0.

It follows from the definition that if the gradient ascent of a pseudoconvex
function at x to the direction y — x is non-negative, the function is non-
decreasing in this direction. An example of a pseudoconvex function is f(z) =
T+ 2.

The result of a global minimum for a convex function (Theorem 3.19) can
be weakened: a pseudoconvex function attains its global minimum at x* if
and only if V f(x*) = 0. The concept of pseudoconvexity can be extended

with the generalized directional derivative.

Definition 4.14. A function f : R" — R is f°-pseudoconvex, if it is locally

Lipschitz continuous and for all x, y € R"

fly) < f(x) = fo(x;y —x) <0.

The following result shows that f°-pseudoconvexity is a natural extension of

pseudoconvexity.
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Theorem 4.15. If f is smooth, it is f°-pseudoconvex if and only if it is

pseudoconvex.

Proof. The theorem follows directly from the second part of Theorem 4.9,

because for a smooth function

’

fxy—x)=fxy—x)=Vfx)"(y—x)
0

Lemma 4.16. A locally Lipschitz continuous function is f°-pseudoconvex if

and only if
[y —x)20=f(y) > f(x).

The proof follows directly from the definition of f°-pseudoconvexity.

Next we show that the sufficient optimality condition of pseudoconvex

functions extends to f°-pseudoconvex functions.

Theorem 4.17. A f°-pseudoconvex function reaches its global minimum at
x* if and only if

0 € of(x").

Proof. The necessary condition follows from Theorem 4.7. Let 0 € 0f(x*)
and let y € R". Then, by the definition of the Clarke subdifferential, we get
foxy—x9) >0"(y —x*) =0.

Then, by the previous lemma,
fy) =z f(x7).
m

Let us show the generality of f°-pseudoconvexity with the following ex-

ample.
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Example 4.18. Let f(z) = min{|z|,2?}. Function f is clearly locally Lips-
chitz continuous but not convex or pseudoconvex. However, when z < y, the

generalized directional derivative of f is

-1, z € (—o0, —1]
flx,y—2)=192x, xc(-1,1]

I, ze(l, o0

It follows from the symmetrity of f and Lemma 4.16 that f is f°-
pseudoconvex. Moreover, df(0) = {0}, so f attains its global minimum

at this point.

Definition 4.19. f° is pseudomonotone, if for every x and y € R™ we have
frxy—x)>0= f(y;x—y) <0,

or equivalently if
flyix—y)>0= f'(x;y —x) <0.

In addition, it is strictly pseudomonotone, if
fPxy—x)>0= f(y;x—y) <0.

Let us write without the proof the Mean-Value Theorem, which is needed

to prove the next theorem.

Mean-Value Theorem 4.20. [5] Let x # y € R" and let f be Lipschitz
continuous on an open set U C R" so that [x, y] is a subset of U. Then

there exists a point u between x and y such that

fly) = f(x) € of(w)" (y — x).

Thus we have here a set composed of scalar products of subgradients with

the vector y — x.

Now we will show a connection between f°-pseudomonotonity and f°-

pseudoconvexity.
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Theorem 4.21. Let f be locally Lipschitz continuous so that f° is pseu-

domonotone. Then f is f°-pseudoconvex.

Proof. Let us, on the contrary, assume that f is not f°-pseudoconvex. Then
there exist x and y € R", for which f(y) < f(x) and

foxy —x) = 0. (12)

By the Mean-Value Theorem there exists \* € (0, 1) such that x* = x +
M (y —x) and
f(x) = f(y) € 0f(x")" (x —y).

By the definition of the Clarke subdifferential there exists a subgradient &*
such that

0<f(x)—fly)=€"(x—y) < f(x'ix —y). (13)
However, by (12) and the positive homogeneity of d — f°(x;d) we get
0> fxx—x") = A f(x"x —y) >0,
which leads to a contradiction. Therefore f is f°-pseudoconvex. m

The converse result for the theorem is also true. To prove this we will

need a few lemmas.

Lemma 4.22. Let f be a f°-pseudoconvex function, x, y € R" and \* €
(0, 1). Denote x* = A*x + (1 — A\*)y. Then f(x*) < max{f(x), f(y)}

Proof. On the contrary assume that f(x*) > max{f(x), f(y)}. Since f is

fo-pseudoconvex and d — f°(x;d) is positively homogeneous, we get
0> fox"x—x") = fox" (1 -A)(x—y)) =(1-=\)f(x";x—y)

and thus
fo(x";x—y) <O.

Correspondingly, we obtain
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and thus
fox"y —x) <0.

Since d — f°(x;d) is subadditive, we get

0> fo(x"x—y)+ f/(x5y—x) = [/ (X" (x—y) + (y —x)) = [(x";0) =0,

which is impossible. Therefore f(x*) < max{f(x), f(¥)}. O
Let us present the next lemma without the proof.

Lemma 4.23. [4] Let f be a locally Lipschitz continuous function. Let us
choose € > 0 and a non-zero d € R". Let 2y be a set of points in which f is
not differentiable. Then

fo(x;d) — e < limsup{Vf(y)'d |y = x, y & Q}.

Lemma 4.24. Let f be a f°pseudoconvex function. Then there exist no

points x, y € R" such that

L f(x) = f(y)
2. flx;y —x)>0.

Proof. On the contrary, let us assume that there exist points x, y € R" and
d > 0 such that f°(x;y—x) =0 and f(x) = f(y). Since f is locally Lipschitz
continuous, there exist ¢, K > 0 such that K is the the Lipschitz constant in
the ball B(x;e¢). Since f°(x;y —x) = J, by the previous lemma there exists a
sequence {z'} of points where f is differentiable and I € N such that z' — x

and

’

2y —x)=Vf(z) (y—x)>

~ : d
€=min< e, —
2K

and z € B(x;€)N{(z")]i > I'}. According to Theorem 4.4 f'(z;-) is Lipschitz

continuous with the constant K. Therefore

: (14)

|

when ¢ > 1. Let

[ (zy —%) = f(zy —2)| < Klly —x — (v — 2)|
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5 6
= K|z — K— = 1
lz —x|| < Kgpe = 5 (15)

Thus, f'(z;y —z) > 0 according to (14) and (15). Since f'(z;y —z) > 0,
there exists p € (0, 1) such that

fluz + (1 — p)y) > f(2). (16)

Since f°(x;y —x) = 0, part 1 of Theorem 4.4 implies that there exists € > 0
such that f°(x;d) > 0, when d € B(y — x;€). Let z € B(y;€). Since

1z —x—(y=x)|=lz-yl <7

it follows that z — x € B(y — x;€). Thus, f°(x;Z —x) > 0 and the f°-
pseudoconvexity of f implies that f(z) > f(x) = f(y). Thus y is a local
minimum for f and by Theorem 4.7 we have 0 € Jf(y). Therefore, by
Theorem 4.17 y is also a global minimum. Thus we have f(y) < f(z) and
(16) implies that

flpz + (1 — p)y) > max{f(z), f(y)},

which is impossible by Lemma 4.22.
[

Theorem 4.25. The generalized directional derivative of a f°-pseudoconvex

function f is pseudomonotone.

Proof. On the contrary, let us assume that for a f°-pseudoconvex function
there exist x, y € R", such that f°(x;y —x) > 0 and f°(y,x —y) > 0.
Then, by the f°-pseudoconvexity we get f(x) < f(y) and f(y) < f(x), or
f(x) = f(y). Thus we have f°(y;x —y) > 0 and f(x) = f(y), which is
impossible by lemma 4.24 O

4.5 Generalized quasiconvexity

In this section we discuss quasiconvexity. The section is based on source [4].

Let us first present the most common definition of quasiconvexity.
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Definition 4.26. Function f : R" — R is quasiconver, if for all x, y € R"
and A € [0,1]
fOx+ (1 = Ny) <max{f(x), f(y)}.

An example of a quasiconvex function is 2®. Also, an increasing function is
quasiconvex, because for an increasing function f(x) < f(z) < f(y), Vx <
z < y. Therefore for an increasing function f(z) < max{f(x), f(y)}. The

same applies for decreasing functions.

When two random points are chosen from the function graph, the graph
cannot rise above the point where the function value is higher between these

points (see figure 11 for a non-quasiconvex function).

A

>

Figure 11: A non-quasiconvex function

A quasiconvex function does not need to be continuous. Lemma 4.22
implies that a f°-pseudoconvex function is also quasiconvex. A quasiconvex
function can also be defined geometrically with its level set. It was shown in
Theorem 3.5 that the level set of a convex function is convex. Now we will

show a similar result for quasiconvex functions.

Theorem 4.27. A function f is quasiconvex if and only if the level set S,

is convex for all o € R.

Proof. Let f be quasiconvex, x, y € S, A € [0,1] and a € R. Then
FOx+ (1= A)y) <max{f(x), f(y)} < max{a,a} = o
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Therefore, Ax + (1 — \)y € S,.

On the other hand, let S, be a convex set for all « € R. By choosing
f = max{f(x), f(y)}, we have x, y € Ss. The convexity of Sg implies that
Ax + (1 — Ay € Sg for all A € [0,1]. Tt follows that

FOx+ (1= A)y) < f=max{f(x), f(y)}.

Next we will present the generalization of a quasiconvex function.

Definition 4.28. Function f : R*" — R is f°-quasiconver, if it is locally

Lipschitz continuous and for every x, y € R"

fy) < f(x) = f(xy —x) <0,

or equivalently
fxy=%x)>0= f(y) > f(x)

A quasiconvex function does not need to be continuous. However, a
locally Lipschitz continuous and quasiconvex function can be expressed as

follows.

Definition 4.29. Function f : R"™ — R is [-quasiconver, if it is locally

Lipschitz continuous and for every x, y € R"

fy) < flx) = f/(xy —x) <0.

It follows from the definition of a f°-quasiconvex function that a f°-

quasiconvex function is [-quasiconvex.

Theorem 4.30. A locally Lipschitz continuous and quasiconvex function

f: R" — R is [-quasiconvex.

Proof. Let f be locally Lipschitz continuous and quasiconvex. Let x, z € R"
be such that f(z) < f(x). Since local Lipschitz continuity implies continuity,
there exists € > 0 such that f(z+d) < f(x+d),V d € B(0,¢). For the
generalized directional derivative f°(x;z — x) we have

Fo(x: 7 — x) = lim sup fy+i(z—x)) - fy)

Y=X 50 t
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fy+tz—x+y—-y))— f(y)

= lim sup
Y=X 10 t
1—t — —
i sup L= DY HHz Y = %) ~ )
Y=X 0 t

When ¢t € (0,1) and y — x € B(0, ¢€), the quasiconvexity of f implies
fA-ty+tz+y—x) - f(¥)

t
_max{f(y), flz+y -x)} - fly —x+x)
= t
_ max{0, f(z+y—x) — f(x+y —x)}
t .

Whent — 0andy — x, we get f°(x;z—x) < 0. Thus, f is [-quasiconvex. [

Next we will show that an [-quasiconvex function is quasiconvex. First

we need the following lemma.

Lemma 4.31. Let x, y € R". Let f be locally Lipschitz continuous in [x,y]
so that f(x) < f(y). Then there exists x* = Ax + (1 — )y, A € (0,1), for
which f(x*) > f(x) and fo(x*;y —x) > 0.

Proof. Consider the nonempty set A = Sy N [x,y]. Since level sets of
a continuous function are closed sets and [x,y] is compact, the set A is
a compact set. Since the function g(w) = ||w —y|| is continuous, it has
a minimum on the set A. Let z be this minimum point. Then z is the
nearest point to y on the set A and the continuity of f implies f(z) = f(x).
Moreover, f(x) < f(y) implies that z # y. By the Mean-Value Theorem
4.20 there exists a point z* € (z,y) and a subgradient & € 0f(z*) for which

fy) = fz)=€"(y —2).
Then f(z) < f(y) implies
0< fly)— f(z) =€ (y —2) < f°(z";y —2) < f2(z";y — x).

The last inequation follows from the positive homogeneity (Theorem
4.4) of the generalized directional derivative and the inequality ||y — z|| <
|y — x||, because f°(z*;y — x) = A\f(z*;y — z), where A > 1. The choice
of z implies f(z) < f(z*), because z* € (z,y). By setting x* = z*, we get

f(x) = f(2) < f(x7). -
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Theorem 4.32. If function f : R" — R is [-quasiconvex, it is quasiconvex.

Proof. On the contrary assume that an [-quasiconvex function f is not qua-
siconvex. Then there exist x,y € R™ and A € (0,1) such that f(X) >
max{f(x), f(y)}, where X = Ax + (1 — \)y. Without a loss of general-
ity we may assume that f(x) > f(y). By the previous lemma there exists

X € (x,X), for which
f(x) > f(x) and f°(x;Xx —x) > 0.

Denote X = Ax + (1 — \)y, where A € (X,1). From the definitions of points
X and X we get

X—x=(1-Ny—x)andy —x = Ay — x).

Thus _

X -x= 1y %)

X—x=——(y—X

A
and _
orm I—X,, ~ ~
0< f(XX—x)= Tf (Xy —X).

Therefore 0 < fo(x;y —x) and f(x) > f(x) > f(y), which contradicts the
[-quasiconvexity of f. Hence f is quasiconvex. n

It follows from the two previous theorems that a locally Lipschitz contin-
uous function is quasiconvex if and only if it is [-quasiconvex. Moreover, the

[-quasiconvexity implies that a f°-quasiconvex function is quasiconvex.

Quasimonotonity can be defined similarly to pseudomonotonity.

Definition 4.33. The generalized directional derivative f¢ is called quasi-

monotone, if for all x, y € R"
fo(X,y—X) > 0:>fO(Y7X_Y) S 07

or equivalently
min{f°(x,y —x), f’(y,x —y)} < 0.

45



Strict quasimonotonity can be defined similarly to strict pseudomono-

tonity and it is equivalent to pseudomonotonity.
Theorem 4.34. If f° is quasimonotone, then f is quasiconvex.

Proof. Let us, on the contrary, assume that f is not quasiconvex. Then there
exist x, y € R" and X € (0,1) such that

f&) > f(x) = f(y),

where X = x + A(y — x). Then by the Mean-Value Theorem 4.20 there exist
X, X € R" such that

f®) = fly) € 9f(®)" (X —y)
and

f(X) = f(x) € 0f(X)" (X — x),
where

X=X+Ay—x), X=X+ Ay —x), 0<A<A<A<1.

Therefore, due to the definition of the Clarke subdifferential, there exist
€e Jdf(x) and €ec Jf(x) such that

~T o <\ o/~
0<fX)—-fly)=€6 E-y) < f(xx-y)=01-N)(xx—Y)
~T - ~ o~
0<f®) - flx)=¢ X—x) < f/(XX—x) =Xy — %)
by the positive homogeneity of d — f°(x;d). It follows that
PEx=%) = A= Nf(Rx—y) >0
and
FER-%) == Nf'Fy-x) >0,
which contradicts the quasimonotonicity. Thus, f is quasiconvex. O

Theorem 4.35. If function f : R" — R is locally Lipschitz continuous and

quasiconvex then the generalized directional derivative f¢ is quasimonotone.
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Proof. On the contrary, assume that f° is not quasimonotone. Then there
exist x, y € R" such that f°(x;y —x) >0 and f°(y;x—y) > 0. Let

d =min{f°(x;y —x), fo(y;ix—y)}

Let €; > 0 be such that the local Lipschitz condition holds in the ball B(x;¢;)
with Lipschitz constant K. Correspondingly, let e, > 0 be such that the local
Lipschitz condition holds in the ball B(y;€y) with the Lipschitz constant K.
Let K = max{K;, K>} and e = min{;%, 1,6 }. According to Lemma 4.23
there exists a sequence {z!}, such that f is differentiable, lim; ,,, z{ = x and
an index [ € N such that

| 1

fzy —x) =Vfz) (y —x) >

Y

when i > I. Similarly, there exists a sequence {z}}, such that f is differen-

tiable, lim;_, z% =y and an index J € N such that

flahix—y) =Vfz) (x-y) >

Y

| S

when j > J. Let z; € B(x;e)N{{zi} |i > I} and z, € B(y;e)N{{z}} | j >
J}. Due to symmetry we may assume that f(z;) > f(z2) without a loss of

generality. According to part 1 of Theorem 4.4

f (21522 —21) — f (2157 — %)| < K ||z2 — 21 — (y — %)
< Klx =l + K ||z — yl| < 25 = 2
X —2 Zo — — = _
= 1 2 Y 1K 5
Since f'(z1;y—x) > 2 also f'(21;22—21) > 0. Thus, there exists A € (0,1)
such that

f(z1 + Mz2 — 21)) > f(z1) > f(22),

which contradicts the quasiconvexity. O]

It follows from the previous theorems that a function f is l-quasiconvex
if and only if the generalized directional derivative f° is quasimonotone.

Additionally, if f is f°-quasiconvex, f° is quasimonotone.
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The [-quasiconvexity of an f°-quasiconvex function and Theorem 4.32
imply that it is quasiconvex. Next we will define subdifferential reqularity
and show that for a subdifferentially regular function quasiconvexity and

fo-quasiconvexity are equivalent.

Definition 4.36. A function f : R" — R is subdifferentially reqular at
a point x € R", if f is locally Lipschitz continuous at x and if for ev-
ery directional vector d € R" the classical directional derivative exists and
f(x;d) = f°(x;d). Every convex or differentiable function is subdifferen-

tially regular.

Theorem 4.37. If f is both quasiconvex and subdifferentially regular, then

it is f°-quasiconvex.

Proof. Due to the subdifferential regularity f is locally Lipschitz continu-
ous. Suppose that f(y) < f(x). Then the subdifferential regularity and

quasiconvexity imply that

x4ty —x)) - fx)

foxy—x) = f (x;y —x) = lim

t—0 t
o FO Q=00 1) )~ 0
t—0 t t—0 t
Therefore, f is f°-quasiconvex. O

It follows from Theorems 4.30, 4.32 and 4.37 that a subdifferentially regu-
lar [-quasiconvex function is f°-quasiconvex. Additionally, a subdifferentially

regular function f with a quasimonotone f°is f°-quasiconvex.

The following example shows the importance of subifferential regularity

in the previous theorem.
Example 4.38. Let us define f: R — R (see Figure 12) such that
[, € (=00, 1)

flz) =41, zell, 2

r—1, x€ (2, )



Figure 12: A non-subdifferentially regular function

Function f is clearly locally Lipschitz continuous and quasiconvex. However,
by taking z = 1 and y = 2 we have f°(z;y —z) = f°(1;1) = 1 > 0, but
fly) = f(2) =1 < 1= f(1) = f(x), and thus f is not f°-quasiconvex.
Note that f is not subdifferentially regular, since f'(1;1) =0 # 1 = f°(1;1).
Furthermore, f is not f°-pseudoconvex, since 0 € df(1) = [0,1] although

x =1 1is not a global minimum.

Definition 4.39. A function f : R" — R is said to satisfy nonconstancy
property, or NC-property, if there exists no line segment [a, b] along which f

18 constant.

Definition 4.40. A function f : R"™ — R is said to satisfy generalized

nonconstancy property, or GNC-property, if there exist no x and ¢ > 0 such
that f(y) = f(x) Vy € B(x;e).
If f: R — R satisfies NC-property it satisfies GNC-property.

Example 4.41. Let us present a function which is subdifferentially regular
but does not satisfy NC-property. Define function ¢, as
(x+1)? z<-1
g1(z) =40, —1<z<1.

(x—1)2, x>1
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On the other hand, the function

possesses the NC-property but is not subdifferentially regular since g$(0;1) =
245 =0,(0:1).

Theorem 4.42. Let f be an [-quasiconvex function that possesses the GNC-

property. Then it is f°-quasiconvex.

Proof. If f is not f°-quasiconvex then there exist x, y € R" such that
foxy —y) > 0but f(x) = f(y)

Suppose that f(x) is the global minimum value of f. By the similar
deductions used in Lemma 4.24 there exist z € R" and 0 < p < 1 such that

fluz + (1= p)y) > f(2). (17)

Since f(x) = f(y) is the global minimum value we also have f(z) > f(y).
This and (17) contradict with the definition of quasiconvexity.

Suppose then that f(x) is not the global minimum value of f. By con-
tinuity of f° as a function of d there exists ¢ > 0 such that f°(x;d) >
0, Vd € B(y —x;€). Then, by the l-quasiconvexity of f there exists 6 > 0
such that f(¥) > f(x) = f(y), V¥ € B(y;d). Since there exists z such
that f(z) < f(x), the continuity of f implies there exists v > 0 such that
f(Z) < f(x), Yz € B(z;v). Furthermore, there exist w € R" and r > 0
such that

B(w;r) C B(y;0) Nconv{{y}, B(z;7)}- (18)

Since B(w;r) C B(y;d), we have f(w) > f(y), Vw € B(w;r). By
inclusion (12), for any W € B(w;r) there exist z € B(z;y) and 0 < A < 1
such that w = Ay + (1 — A\)z. By the quasiconvexity of f we have f(w) <
max{ f(y), f(z)} = f(y). Hence, f(W) = f(y), VW € B(w;r) contradicting
the generalized NC-property assumption. O]

It follows that if f° is quasimonotone and f possesses the GNC-property,

then f is f°-quasiconvex.
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Next we show that the relationship between pseudo- and quasiconvexity

is true also for fY-pseudo- and f°-quasiconvexity.
Theorem 4.43. An f°-pseudoconvex function is f°-quasiconvex.

Proof. On the contrary, assume that an f°-pseudoconvex function f is not f°-
quasiconvex. Then there exist points x, y € R™ such that f°(x;y —x) >0
and f(x) = f(y). According to Lemma 4.24 this is impossible for an f°-

pseudoconvex function. Therefore f is f°-quasiconvex. m

The following example shows that the result in the theorem cannot be

reversed.

Example 4.44. Define f : R — R such that f(z) = 2%. Clearly f is
quasiconvex and as a smooth function also subdifferentially regular. Thus,
by Theorem 4.37 it is f°-quasiconvex. However, by taking z = 0 and y = —1
we have fo(z;y —x) = f(0; =1) = 0, but f(y) = f(-1) = -1 <0=f(0) =
f(z) and thus, by Lemma 4.16, f is not f°-pseudoconvex.

If a quasiconvex function f is continuously differentiable and the condition
Vf(x) =0 <= x is a global minimum

holds, f is pseudoconvex. A similar result can be shown for generalized

convexities.

Lemma 4.45. Let f be l-quasiconvex and x, y € R". If f(y) < f(x) and
0 ¢ 0f(x), then fo(x,y —x) < 0.

Proof. Suppose that f(y) < f(x) and 0 ¢ Jf(x). By continuity of f there
exists 7 > 0 such that f(z) < f(x),V z € cl(B(y;r)).

Let & € 0f(x) be arbitrary. Since 0 ¢ 0f(x), we may definey = y+ ﬁr.
The [-quasiconvexity of f and the inequality f(¥) < f(x) imply that

fo(x;y —x) <0. (19)

By the basic properties of the Clarke generalized directional derivative, the

above inequality implies £’ (¥ — x) < 0. Thus,
€'y =) = €15 — g =) = —r [l + €77 —x) < —r €]
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Since 0 ¢ Jf(x), we have —r ||€|| < 0. Thus

o T
X;y — X) = max —x) < max —r < 0,
f(xy —x) £eaf(X)E (y —x) (max, |1€]]

proving the lemma. O]

Theorem 4.46. If f is [-quasiconvex and 0 € 0f(x) implies x € R" is a

global minimum of f, then f is f°-pseudoconvex.

Proof. Let x, y € R" be such that f(x) > f(y). By assumption 0 ¢ Jf(x).
Then, Lemma 4.45 implies f°(x;y —x) < 0. O

Next we will show a result concerning the subdifferential of composite

functions, which we will need later.

Theorem 4.47. [18] Let f : R™ — R be such that f = g o H, where
H : R" — R™ is locally Lipschitz continuous at x and g : R™ — R is locally
Lipschitz continuous at g(x) € R. Then f is locally Lipschitz continuous at

x and

df(x) C conv{oH (x)"0g(H(x))}.

Proof. See [18]. O
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5 Semismooth and well-behaved functions

In this chapter we discuss different kinds of semismooth functions. We will
also define well-behaved functions and show their relation with generalized

convexities.

5.1 Well-behaved functions

In this section we will define a well-behaved generalized directional derivative

function and discuss its relation with different convexities.

Definition 5.1. [13| A generalized directional derivative f° of function f
is well-behaved if f°(x;d) > 0 implies that there exists ¢ — 0 such that

fx+td) > f(x).

If f is smooth, then the directional derivative is well-behaved. Also, the
generalized directional derivative for a subifferentiably regular function is
always well-behaved. Next we will show that for a f°- quasiconvex function

the generalized directional derivative is well-behaved.

Theorem 5.2. The generalized directional derivative for a f°-quasiconvex

function is well-behaved.

Proof. By the definition of a f°-quasiconvex function, if f°(x;y—x) > 0, then
fly) > f(x), Vx,y € R". We can substitute y = x + td, ¢ > 0, which gives

us the definition of a well-behaved generalized directional derivative. O]

Since an f°-pseudoconvex function is f°-quasiconvex, this result also
holds for f°-pseudoconvex functions.
Next we will show an example of a function whose generalized directional

derivative is well-behaved, but that is not subdifferentially regular.

Example 5.3. Let us define function f as

||, r € (—o0, 1)
flz) =4 1z, rell, 2]
1

r—35, T€(2, 00)
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Figure 13: A function whose generalized directional derivative is well-behaved

For z = 1 and z = 2, f°(x;1) = 1 and f is increasing in the direction
d = 1 at both points. However, the function is not subdifferentially regular,
because f (1;1) = 1/2 < 1 = f°(1;1), although it is subdifferentially regular
at * = 2, because f°(2;1) = f(2;1) = 1. The value of f  increases in
this cornerpoint. The generalized directional derivative of f is well-behaved,
because f does not change from positive to non-positive in this direction
for any nonsmooth points. Compare with the function from Example 4.38,

where the function is not well-behaved at © = 1.

As stated previously, for a subdifferentially regular function f°¢ is well-
behaved. According to Theorem 4.37, a subdifferentially regular quasiconvex
function is f°-quasiconvex. The next theorem will show that this condition

can be relaxed.

Theorem 5.4. Let f : R® — R be quasiconvex and locally Lipschitz con-

tinuous and let f° be well-behaved. Then f is f°-quasiconvex.

Proof. On the contrary, let us assume that f is not f°-quasiconvex. Then
there exist x and y € R" such that f°(x,y —x) > 0 and f(x) > f(y). Since
f° is well-behaved, there exists ¢ — 0 such that f(x +td) > f(x), where
d = y—x. Then f(x+t(y—x)) = f((1-t)x-+ty) > f(x) = max{/(x), /(¥)}.
Therefore, f is not quasiconvex. O
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Since the generalized directional derivative of a f°-quasiconvex function is
always well-behaved, it follows that a quasiconvex function is f°-quasiconvex
if and only if its generalized directional derivative is well-behaved. Since an
[-quasiconvex function is quasiconvex, this result applies for [-quasiconvex
functions as well. It also follows that if a quasiconvex function has the GNC-

property, its generalized directional derivative is well-behaved.

5.2 Semismooth functions

Next we will define semismoothness and examine its relations with general-

ized convexities.

Definition 5.5. [6,9,10] Let F' : R™ — R™ be locally Lipschitz continuous

at x. It is semismooth at x if the limit

lim {Ad'} (20)

AcdF (x+td"), d'=d, t—0

exists for all d € R"™. Tt is weakly semismooth at x if the limit

Aeaf(ig.li), Ho{Ad} (21)

exists for all d € R".
Clearly a semismooth function is also weakly semismooth. An equivalent

definition for weak semismoothness is as follows [9]:
Function F': R* — R™ is weakly semismooth at x if

1. F'is locally Lipschitz continuous at x and

2. for each d € R" and for any sequences {t;} C Ry, {6x} C R" and
{Ax} € R™™ such that {tx} — 0, {0x/tx} — 0 € R™ and A; €
OF(x + tpd + 6y) the sequence {Axd} has exactly one accumulation

point.

Function F' : R™ — R™ is strongly semismooth at X if it is B-differentiable
at X and the following limit holds:
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|F'(x;x — X) — F (X;x — X)||

lim — = 0.
XAX K ||x — x|
If the above requirement is strengthened to
F —-X)—F
s I 05~ %) = Fx -9l
XAX—X |Ix — x|

we say that F'is strictly semismooth at X.

Next we will show a connection between continuously differentiable and
convex functions and semismooth functions, but first we will show a necessary

theorem.

Theorem 5.6. |10] Let G : R* — R™ be continuously differentiable in a
neighborhood 2 of X. Then a nondecreasing function d : (0,00) — [0, 00)
with

lg% i(t)=0
exists such that

|G (x) +0G(x)(z — x) = G(2)]] < [[x — 2[[ (]|x — 2])

for all z and x € 2. Here 0G(x) is the generalized Jacobian matrix of G
in x (see Definition 4.9). Furthermore, if OG(-) is Lipschitz continuous in
a neighborhood of X, then a subneighborhood Q' C Q of X and a positive

constant L' exist so that
IG(x) + 0G(x)(z — x) — G(z)|| < L' ||x — 2|
for all z and x in Q.

Proof. By the Mean-Value Theorem 4.20 for real-valued functions, we can

write, for a given z € {2 and any x € (X

where a;(x) and y’(x) are such that
ai(x) >0V i, > ai(x) =1, y'(x) € [x,2] V i. (22)
i=1
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But then we can write

1

1G(x) + 9G(x)(z — x) = G(z)|| =

(x)G(y'(x)) — 0G(x)| (x —2)

ai(x) [|0G(y' (x)) — 0G(x)|| [1x — 2|,

1

i-

(2

<

-

1

where in the last inequality we have used the first two relations in (22).
Furthermore, by using the last relation in (22) and the continuity of 0G we
see that, for every 1,

lim ||0G(y'(x)) — 0G(x)|| = 0.

X—Z

It is then easy to see that for the first assertion of the proposition it suffices
to take
o(t) = sup  [[0G(y) — O0G(x)]].

Xy €, |[x—yl[<t
By the continuity of G and the boundedness of Q, §(t) is clearly finite and
goes the zero when t tends to zero. If OG is locally Lipschitz continuous at
X, with Lipschitz constant L, we can write, by possibly restricting z and x
to a suitable subneighborhood O C Q,

|0G(y'(x)) = 0G(x)|| < L||y'(x) — x|| < L}x — 2|,
which yields
1G(x) + 0G(x)(z — %) — G(2)|| < L||x — 2|’

as we have asserted.
O

Theorem 5.7. [10] Let f : Q C R" — R, with  open, and a point X
belonging to 2 be given.

1. If f is continuously differentiable in a neighborhood of X, then f is

strongly semismooth at X.
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2. If f is continuously differentiable with a Lipschitz continuous gradient

in a neighborhood on X, then f is strictly semismooth at X.

3. If f is convex on a neighborhood of X, then f is strongly semismooth

at X.

The proof for this theorem will be shown after Theorem 5.19.
Next we will show a result for the maximum function of weakly semismooth

functions.

Theorem 5.8. Let f; : R" — R for i = {1,...,m} be weakly semismooth
at x € R". Then g(x) = max{fi(x),..., fm(x)} is also weakly semismooth

at x.

Proof. Let us define set J as a subset of I = {1,...,m} which contains at
least two elements of I. First let us assume that x is an element of R"
such that g(y) = fi(y), Yy € B(x,6), i € I. Then g is weakly semismooth
at x due to the weak semismoothness of f;. Then let us assume that x
is an element of R" such that g(x) = f;(x), Vj € J. Let D; be the set of
directional vectors d; for which g(x+td;) = fj(x+td;), t = 0, j € J. Then
limgeaf(xttd,),t-0 £de exists for all d; € D; by the weak semismoothness of

fj- This applies for every j € J. Therefore g is weakly semismooth in x.
O

Next we will show a relation between weak semismoothness and the di-
rectional derivative, but first we present the following generalization of the
Mean-Value Theorem 4.20.

Theorem 5.9. [6] Let F': R* — R™ be Lipschitz continuous on an open set
S in R™ and x,y be two points in S. Then

Fly) — F(x) € conv(9F (jx, y)(y — X)), (23)

Theorem 5.10. [6] Let F' : R" — R™ be a weakly semismooth function.

Then the directional derivative

F (x ) — tim FO 1) = F()

t—0 t
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exists for all d € R™ and

F'(x;d) = li Ad}.
(x;d) AeaF(xl—gld), t—)O{ }
Proof. The difference quotient £ ) is bounded due to the local Lips-
chitz continuity of weakly semismooth functions. So, there exists a sequence
t; — 0 and some 1 € R™ such that
F(x+td) — F(x)
t;

(x+td)—F(x
t

— 1

It suffices to show that 1 equals the limit in (21). By Theorem 5.9

F(x+td) — F(x)
t;

€ conv(0F ([x,x+t;d])d).

By Carathéodory’s Theorem 2.21 there exist numbers tgk) € [0, ], coefficients
*) e OF (x; + tz(-k)d) for k =

of a convex combination )\E ) and matrices A;

1,2,....m + 1, such that

F(X + tzd) — F(X) nil (k) 4 (k) il (k)
=Y APAPa, Y AP =1
ti k=1 k=1

By passing to a subsequence, if necessary, we can assume that )\gk) — A as
i — oo. Clearly, \®) € [0,1] and 37" A = 1. Then

m—+1 m—+1
— T (k) A (k) 31 _ : (k) 1 (k)

L= (AP0 = 5 o (40
k=1 k=1

m—+1

> AW lim {Ad} = lim  {Ad}

1 A€OF (x+td), t—0 Aedf(x+td), t—0

as required. O

The following example shows that semismoothness does not imply f°-

pseudoconvexity.

Example 5.11. Let us consider the function from Example 4.38. The deriva-
tive of the function is f'(x) = 0, x € [1,2], which is also the subgradient, ¢ of
f on this interval. When 2 = 1 and d = 1, lim¢cof(z4ta), t—0&d = 0. On the
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other hand, the derivative is f (z) =1, 2 € [0,1]. When z =1 and d = —1,
limeepp(otea), t—0&d = —1. The function has limits to {d for both directions,

so it is weakly semismooth. However, it is not f°-pseudoconvex.

Next we will show that f°-pseudoconvexity does not imply semismooth-

ness.

Example 5.12. Let us present a function

fa) = xsin(In(z)) + x cos(In(z)) + 5z, = >0

2%+ x, x <0

Figure 14: A non-weakly semismooth function

The derivative of fis f () = 2cos(In(z))+5, > 0. When x approaches
0, In(z) approaches —oo, which causes 2 cos(In(z)) to jump at the interval
[—2,2] and f'(z) at the interval [3,7]. The limit limecop(zrea), 0 Ed does not
approach a solid value, when x = 0 and d = 1, so f is not weakly semismooth.
It is, however, locally Lipschitz continuous and f°-pseudoconvex. It also has

a generalized directional derivative at = = 0, f°(0;1) = 7.

Because the generalized directional derivative of the function in example
5.12 is well-behaved, but the function is not weakly semismooth, a well-
behaved generalized directional derivative does not imply weak semismooth-
ness. On the other hand, since the function in Example 4.38 is semismooth,
but its generalized directional derivative is not well-behaved, semismoothness
does not imply a well-behaved generalized directional derivative either.

Next we will show that the result from Theorem 5.10 can be reversed.
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Theorem 5.13. If a locally Lipschitz continuous function F' : R™ — R™ is

directionally differentiable at x, it is weakly semismooth at x.

Proof. The result follows from the proof of Theorem 5.10, because if F’(x, d)
exists for every d € R™ in x, then it can be written as limacop(x+ta), t-0{Ad}.
]

It follows that B-differentiability is equivalent with weak semismoothness,
since a function is weakly semismooth if and only if it is locally Lipschitz
continuous and directionally differentiable. It also follows that a strongly
semismooth function is also weakly semismooth, since it is required to be
B-differentiable. Moreover, the results in Theorem 5.7 also hold for weakly
semismooth functions.

Next we show an example of function that is weakly semismooth but not

semismooth.

Example 5.14. Let us consider the function in the following picture.

Figure 15: Apple function

The function is
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(z+1)?=325—(z—11)*—(y+1)? 2>0,2>0
(2+1)*=32—(z+1.1) - (y+1)?, <0,2>0
inside the apple-shaped area

(x =112+ (y+1)2 <225 >0
(z+ 112+ (y+1)2 <225 z<0

Figure 16: Apple function

and f(z,y) = 0 outside. The function is locally Lipschitz continuous and di-
rectionally differentiable, and therefore weakly semismooth. The generalized
directional derivative in the origo is 0, when d = (0, 1), and not 0, otherwise.
Therefore, when the directional derivative d approaches (0,1) in the origo,

the limit at (20) does not exist. Therefore, the function is not semismooth.

Next we will show that subdifferential regularity and NC-property cannot

be substituted with semismoothness.

Example 5.15. The function in Example 4.38 is quasiconvex and locally

Lipschitz continuous, so it is also l-quasiconvex. The function is not subd-
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ifferentially regular nor does satisfy NC-property, but it is semismooth. Tt
was shown in the example that the function is not f°-quasiconvex. There-
fore subdifferential regularity and NC-property cannot be substituted with

semismoothness in Theorem 4.37 and Theorem 4.42.

In Theorem 5.19 we will prove a result concerning the semismoothness of

composite functions. For this we will need the following results.

Theorem 5.16. [10] Let D and D’ be open sets in R" and R™ respectively.
Let ® : D — R™ and ¥ : D' — RP be B-differentiable at x € D and
®(x) € D' respectively. Suppose that ®(D) C D'. The following statements
hold:

1. The composite map I' = Vo ® : D — RP is B-differentiable at x,
moreover

I'(x;d) = U (®(x); d (x;d)), Vd € R".

2. If U is strongly F-differentiable at ®(x) and ® has a strong B-derivative

at x, then I' has a strong B-derivative at x.

Proof. We only prove the second part, since the following proof is applicable
to the first part with a minor modification. It suffices to show that (11)

holds: . )
er(y') —er(y”)

14y2 11m2 1 _y2
vigy?, (yly?) =) ||yt —y?]

~0 (24)

where
er(y) = U(2(y)) — ¥(2(x)) — ¥(2(x); @ (x;y — x)).
Since VU is F-differentiable at v = ®(x), thus ¥'(v;-) is linear in the second

argument, we have, for 1 = 1, 2,

er(y') = ew(2(y") + 0¥ (2(x))es(y")

where

eg(u) =¥(u) —¥Y(v) —0¥(v)(u—-v), Yue R™

and
es(y) = ¢(y) — ®(x) — 0¥ (x)(y — x), Vy € R"
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Since ¥ has a strong F-derivative at v, we have

ey (u!) — ey (u?)

ulz#u2, (ullr,rlllQ)—>(v,v) Hu1 — qu ’
hence
y eu(P(y')) —ew(®(y?)
yi#y?, (yhy?)—(xx) lly! — y?]
L e(@) —eu(®) 196 - B
VA2, Ly)—ex) [ R(y) — (y?)]] ly* — vl ’

where the last equality holds because @ is locally Lipschitz continuous at x,
because it is B-differentiable at x. Similarly, since ® has a strong B-derivative

at x, we have
1y 2
m es(y 3 ei,(y )
viAy? iy |yt — v

Combining the last two expressions gives us the desired result (24).
O

It is important to note that in the second part of the theorem, the order
of composition is important; more precisely, if U has a strong B-derivative
at ®(x) and ® has a strong F-derivative at x the composite map ¥ o ®
does not necessarily have a strong B-derivative at x [10]. It also follows
from the theorem that the composite of two weakly semismooth functions is
weakly semismooth, since weak semismoothness and B-differentiability are

equivalent.

Theorem 5.17. [10] Let a function G : Q C R" — R™, with Q open, be
B-differentiable at a point x in ). For every vector d € R", there exists
H € 0G(x) such that G’ (x;d) = Hd.

Proof. Let {7} be an arbitrary sequence of positive scalars converging to

zero. For every k, we can write

G(x+7d) — G(x) = Y 7 Hd (25)
=1
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for some scalars «; j satisfying

m
g ajr =1, a; >0
=1

and some matrices H € 8G(X+T£7kd), where Tl-/,k € (0, 7). By |10, Proposi-
tion 7.1.4], the sequence { HF} is bounded for every i = 1, ..., m. Without loss
of generality, we may assume that each sequence { HF} converges to a limiting
matrix {H°}, which must belong to OG(-), by the closedness of the Clarke
generalized Jacobian [Theorem 4.10, part 2| and by [10, Proposition 7.1.4].
We may further assume that each sequence {a;;} of scalars, for i = 1,...,m,

converges to a nonnegative scalar {; » }. Clearly, we have

m
E Qoo = 1.
i=1

Thus, dividing (25) by 7 and letting & — oo, we deduce

belongs to 0G(x), by the convexity of the generalized Jacobian |Theorem
4.10, part 2|.
]

Theorem 5.18. [10] Let G : Q C R" — R™, with Q open, be B-differentiable

in X € ). The following three statements are equivalent:

1. G is strongly semismooth at X;

2. the following limit holds:

lim — = 0; (26)
X#x—X,He0G(x) Hx — XH
3. the following limit holds:
(% —x) — Gl
lim Gx)+ H(x _X) Gx) _ 0. 27)
xAx—%, HEdG () l|x — x|
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In addition, if GG is strictly semismooth at X, then

Gx)-GEX) -G (Xx—X)

lim sup — < 00
XAX K |x — X||
G Hx—-x)-Gx
() + Hx %) Gl®) _
X#x—X,He0G (x) HX — X||

(28)

(29)

Proof. 1) = 2). Suppose that G is strongly semismooth at X. Then the limit

(26) is clearly equivalent to

G'(x;d) — Hd
m =0.
0#£d—0,HEIG(X+d) |d]]|

By Caratheodory’s Theorem |[Theorem 2.23| applied to the convex compact
set OG(X + d), it follows that for every d € R" and every element H €

O0G(X+d), there exist scalars a; for i = 1,...,m+ 1 and sequences of vectors

{d"*} such that

m+1

ZO./@‘:]_, OéZZO
i=1

limd* =d, Vi=1,...m+1,

k—o0
function G is F-differentiable at X + d**, and

m+1

H=) a lim 9G(x +a™").
=1

Thus we have

!

G'(x;d) — Hd
m+1
= Z a; klim (G (x;d") — G (x + d™*; d)]
—00
1=1
m~+1
=D lim (G d) = G (% + )+
— 00
i=1

G (x+d"d*) — G (x+d";a)).

By the strong semismoothness of G at X, it follows that for every € > 0, there

exists & > 0 such that for every vector d  satisfying ||d'|| < 6,
16/ (x:d) = G (x+d;d)]| < el|d]].
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Moreover, by the local Lipschitz continuity of G at X, it follows that there
exists a neighborhood N of X and a constant K > 0 such that for all vectors

y € N and u and v € R",
IG (viu) = G (y:v)]| < K [[u—+]|.

Thus
lim  (G(y;u) = G (y;v)) =0,

y—x%, |[lu—v||—0

Consequently, we deduce that for all d with ||d|| sufficiently small,
HG'(E; d) - HdH <el/d]|.

Hence (26) holds.
2) & 3). By the B-differentiability of G at X, we have [10, Proposition
3.1.3]

. G(x) - GX) - G (Xx —X) o
L2aN I
This limit clearly shows that (26) and (27) are equivalent.

2) = 1). By Theorem 5.17, for every x sufficiently close to X, there exists
H € 0G(x) such that G'(x;x —X) = H(x — ). Thus 1) follows from 2)
readily.

Assume now that G is strictly semismooth at X. For any given vector d,
let I'(t) = G(X + td). It is clear that I' is locally Lipschitz continuous, and
hence differentiable almost everywhere on [0,1]. Therefore, for all d with

||d|| sufficiently small, we can write

Gx+d)-GEX) =T(1)-T(0) = /1 ' (t)dt
= /1 G' (X + td; d)dt

5An@®+mmmw
=G (% d) +o(|[d] ),

where the fourth equality follows from the definition of strict semismoothness.

By taking d = x — X, this chain of equalities establishes (28). Finally, using
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(28) and following the above proof of the equivalence of statements 1), 2)
and 3), we can easily establish (29).
[l

An important way to obtain strictly semismooth functions is through
composition. The next theorem makes this statement precise. This theorem
implies in particular that the sum and difference of two strongly or strictly

semismooth functions are strongly or strictly semismooth.

Theorem 5.19. [10] Let a function F' : Qp C R™ — R™, with Qp open,
a point X belonging to Qp, and a function g : Q, € R™ — R, with Q,
being a neighborhood of F'(X), be given. If F' and g are strongly or strictly
semismooth at X and F'(X) respectively, then the composite function go F' is

strongly or strictly semismooth at X.

Proof. We only consider the strongly semismooth case; the strictly semis-
mooth case can be proven in a similar way. Since ¢ is assumed to be a
real-valued function, elements in J(g o F')(x) are column vectors. By Theo-
rem 5.16 we know that g o F' is B-differentiable and that

(go F) (Xx—X) =g (F(X); F(x — X)). (30)

We need to show

| 0PV X —%) —¢Tx %)

=0.
X#x—X,£€D(goF)(x) ‘ ‘X — f’ ’

By Theorem 4.46 we can write, for every x sufficiently close to x:
Jd(go F)(x) C conv S(x),

where S(x) = 0F(x)T0g(F(x)). Therefore we get

T < (= <
max x—X)—F X;X—XH
£€0(goF)(x) ’5 ( ) ( )
< max ‘ST(X—K) —Fl(f;X—f)‘ ; (31)
£cconvS(x)
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where we can write the maximum in the above formula because both the sets
J(go F)(x) and S(x) are nonempty and compact [Theorem 4.10, part 2|. Let
us denote by r : R" — [0, 00) the function

() = || (x—%) —0lg o F) (mix —%)||.

Obviously, r is a convex function on R"; thus the maximum of (&) over
convS(x) is attained at a point & in S(x). Let then & be a point in S(x)
where r achieves the maximum. By the definition of S(x) we can find a V
in 0F(x) and a ¢ in dg(F(x)) such that € = V. Therefore, writing

d=x—Xand Fg = f(x) — F(X),
we have, for every x sufficiently close to X,
max

§ed(goF)(x)

<||g€'a-(goF)

€7d— (g0 F) (x;d)|

x;d)

/

, by (31)

(x
= ||s"VTd — ¢'(F(x); F'(x;d))||, by (30)
<|[¢Tv7d - ¢ (F(x); F)H+o (1d][), by (26) and the Lip.continuity of ¢ (F(x): -)
< ||s"VFa = g (Fx); Fa)|| + o(llall), by (27)
< H eV, —g (Fx;FdH

§0g(F
+ (||d||) because ¢ € dg(F(x))
< o(||Fal]) + o(||d|]), by the strong semismoothness of g
= o(||d||), by the Lip. continuity of F.

This chain of inequalities obviously completes the proof.
]

By the definition of semismoothness, it is easy to check that a vector
valued function is strongly or strictly semismooth if and only if each of its

component functions are strongly or strictly semismooth. Thus Theorem 5.19
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implies that the composition of two strongly semismooth vector functions is
strongly semismooth.

Let us finally show the proof for Theorem 5.7.

Proof. 1f f is continuously differentiable in an open neighborhood on X, then
0f(x) = {Vf(x)} in the same neighborhood. With this observation, the
strong semismoothness of f follows from Theorems 5.6 and 5.18; so does the
strict semismoothness if V f is Lipschitz continuous near X.

To prove 3), we have to check that for every sequence {x*} converging

to X and every sequence {£€"}, with x* # X and &* € 9f(x"*) for every k, we

have
lim f'(x;d") = lim (¢")7d", (32)
—00 k—o0
where .
x® —x
"= ="
|[x* — x|

Without loss of generality, we may assume that
lim d* =d and lim &" = € € 9f ().
k—o0 k—o0

Since the left-hand limit and right-hand limit in (32) are equal to f (X;d)

and ETH, respectively, it remains to show that
—T— I
¢ d=f(xd).

Since f is convex and &* is a subgradient (in the sense of classical convex

analysis (Definition 3.16)) of f at x*, we have
F®) = f(x*) > (€M7 (x - xb);
dividing by ka — EH and letting £ — oo, we deduce
gd>f(xd)
But since £ € 9f(X), we also have
fxd)>¢€d

Thus equality holds.
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5.3 Weakly upper semismooth functions

Now we will define the class of weakly upper semismooth functions and dis-

cuss its relation to semismooth functions.

Definition 5.20. [14] Function f : R* — R is weakly upper semismooth at
x € R™ if it is Lipschitz continuous in B(x;68), 6 > 0 and for each d € R"
and for any sequences {t;} C R, and &, C R" such that {{,} — 0 and
&, € 0f(x + td) it follows that
lim kinf £5d > limsup[f(x + td) — f(x)]/t.
—00

t—0

Next we will show a relation between weakly semismooth functions and

the directional derivative.

Theorem 5.21. [14] If f if weakly upper semismooth at x, then for each
d € R", f'(x;d) exists and there exist sequences {7} C R, and {£,} C R"
such that {7} — 0, &, € 0f(x + 7d) and

lim ¢7d = f'(x;d).
k—o00
Proof. Suppose {7} — 0 is a sequence such that

lim [£(x + 7ydd) — £(0)) /7 = lim inf [£(x + 1) — £(x))/%

k—oo
By the Mean-value theorem there exists t; € (0,7;) and &, € Of(x + txd)
such that
fx+md) = F(x) = trgrd.

Then, by the definition of weakly upper semismooth functions, since {t;} —

0, we have

lim [f(x+ 7 +d) — f(x)]/7 = ]}Lrgoﬁ;fd > limsup[f(x + td) — f(x)]/t.

k—00

t—0
So,
lim inf [f(x + td) — f(x)]/t = lim & d > limsup[f(x + td) — f(x)]/t,
t—0 k—o0 t—0
and the desired result follow immediately. ]
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It follows from the above thorems and definitions that if f is weakly

semismooth, then f and —f are weakly upper semismooth.

Let us show an example of a function that is weakly upper semismooth

but not weakly semismooth.

Example 5.22. [14]| Let us define function f
f(x)=2% z<0orz>1,
and for each integer n = 1,2, ...

- Pl <e< - Gl

It can be verified that f(0;1) = 0 and 9f(0) = conv{0,1} is the set of
possible accumulation points of {£} where & € 0f(zx) and {zx} — 0.

Next we will define the class of upper semidifferentiable functions, which

is closely related to the class of weakly upper semismooth functions.

Definition 5.23. [15] A locally Lipschitz continuous function f is upper

semidifferentiable, if for all d and for all sequences
{91} C R+, {5@} C Rn, (91 — 0, Sz € 3f(x + eld),
there exists K C N such that

lim  {[f(x+0kd) — f(x)]/0x — & d} < 0.

k—oo, keK

Next we will analyze the relationship between the two classes of functions.

Theorem 5.24. [15] If f is weakly upper semismooth at x, then for each

de R, f(x; d) exists and there are sequences

{te} C Ry, {&} C R,

such that

and
lim ¢7d = f'(x;d).
k—o0
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Proof. See [14]. O

Theorem 5.25. [15] Let f(x) be a locally Lipschitz continuous function.

Denote

O f (x) = conv ¢ | {8f(y) + 00l —xI)(¥)}

lly—xl[<e

Foralle > 0, n > 0, we have that 0, f(x) is a nonempty, convex and compact
set of R™.

Proof. See [15]. O

Theorem 5.26. [15] If f is weakly upper semismooth at x, then f is upper

semidifferentiable at x.

Proof. Let d be any vector of R". Let {6;} C Ry, with §; — 0, and &, €
Of(x + 6;d). Since
lim (x + 6;d) = x,

1—>00

the sequence {x + 6;d};cn belongs to some compact set of R", and, by The-
orem 5.25, we can find a set K C N, with

. Ty _ 1: . Ty _
kﬁ&{%&]{ékd_hmkglgoékd_& € R.

By Theorem 5.24, f'(x;d) exists, hence,

lim  {[f(x+0cd) — f(x)]/0:} = [ (x;d).

k—oo0,keK

Since f is weakly upper semismooth at x, we obtain

fxd) <a,
hence,
. . T <
lim {76+ ) — 1(0)/0% — €} <0,
which proves that f is upper semidifferentiable at x. O

The next example shows that the class of upper semidifferentiable func-

tions contains strictly the class of weakly upper semismooth functions.
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Example 5.27. [15] Let

tsinflog(log(1/t)), 0<t<1/2,
f(t) = < (1/2) sinflog(log 2)], 1/2 < t,
0, t <0.
This function is locally Lipschitz continuous at R. It cannot be weakly upper
semismooth at 0, because f’(O; 1) does not exist. Nevertheless, this function

is upper semidifferentiable at 0. Indeed, let d = 1 (the case d = —1 is
obvious). If 0 <t < 1/2, we have

0f(0+11) = {Vf(t)} = {sinflog(log(1/t))]—cos[log(log(1/t))]x[1/ log(1/t)]}.

Hence, we have

lim {[f(0 + 1) — f(0)]/ti— < gr, 1 >}

= lim {sin[log(log(1/t))]}
—{sin[log(log(1/tx))] — cosllog(log(1/tx))][1/ log(1/)]}
lim{cos[log(log(1/t))][1/ log(1/tx)]} = 0.

The nonexistence of f'(0,1) is the key point of this example, as we shall see

in the following theorem.

Theorem 5.28. [15| If f'(x;d) exists for all d € R", and if f is upper

semidifferentiable at x, then f is weakly upper semismooth at x.

Proof. Let
de Rn7 {tk} S R+7 {Ek} C Rn?

such that
€kz S (9f(x + tkd) and tr, — 0.

Let K' C N be a set such that

lim &;d=1lim inf £,d=a € R.
k—oo, keK’ k—00
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Since f is upper semidifferentiable at z, there is a set K C K  such that
lim  {[f(x+tid) — f(x)]/t — & d} < 0. (33)
Both limits

lim  {[f(x +t;d) — f(x)]/tx} and  lim  &/d

k—o0, keK" k—o0, keK"

exist and are equal to f (x;d) and a, respectively. So, by (33), we have
f(x;d) < o and limkinf Erd > f'(x;d);
—00

hence, f is weakly upper semismooth at x. O

6 Summary

This thesis starts with a discussion on convex sets and functions. First we
define a convex set. Then we define a convex and strictly convex function.
Convex functions and convex sets are linked with each other through the
function epigraph. Quasi- and pseudoconvex functions are generalizations of
a convex function. The minimum of a smooth convex function is found on
a point where the function gradient is zero. The minimum of a nonsmooth
function is found on a point where zero is one of the function subgradients.

The thesis continues with discussion on differentials of nonsmooth func-
tions, which are not continuous. Clarke’s generalized directional derivative
is defined on their points of non-continuity, with which Clarke’s subdiffer-
ential is defined. Then we discuss generalized pseudo- and quasiconvexity
and l-quasiconvexity. We also define pseudo- and quasimonotonity for the
generalized directional derivative.

The thesis ends with defining semismooth and weakly semismooth func-
tions and through examples discussing the relations between semismoothness
and the different kinds of convexities. Semismoothness and the directional
derivative are related, because for a semismooth function at a point x the di-

rectional derivative exists for all directions at that point. We show that the
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maximum function of semismooth functions is semismooth. We also show
that the composite function of semismooth functions is semismooth.

We define well-behaved generalized directional derivatives and show that
a quasiconvex function is f°-quasiconvex if and only if its generalized direc-
tional derivative is well-behaved.

Finally we define weakly upper semismooth and upper semidifferentiable
functions and show their relation to weakly semismooth functions.

The purpose of this thesis was to figure out the relations between differ-
ent convexities and other assumptions, like weak semismoothness and subd-
ifferential regularity. If some assumptions followed from others, they would
overlap and it would not be necessary to make them all. In [11, Theorem
3.18] it was assumed that one of the functions was subdifferentially reqular,
f°-quasiconvex and increasing. Since an increasing function is quasiconvex,
it follows from subdifferential reqularity that the function is f°-quasiconvex.
Therefore the assumption of f°-quasiconvexity is unnecessary. In addition,
in [11, Theorem 3.17| it was assumed that the scaled improvement function
H(x,y) = max{p;(fi(x)) = wi(fi(y)), di(au(x)), = @ € I, I € L} is weakly
semismooth. Tt was also assumed that the functions u; and ¢; are subdif-
ferentially regular and therefore weakly semismooth. If we assume that the
functions f; and g; are weakly semismooth, the weak semismoothness of H
follows from theorems 5.8 and 5.16.

The thesis introduced some completely new results, which shall be listed
here: Theorem 5.2, Theorem 5.4, Theorem 5.8 and Theorem 5.13

Let us show a graph which summarizes the relations between different

convexities and semismoothness.
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Figure 17: Relations between different convexities and semismoothness
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