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v ∈ R(Y )
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x ∈ X
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y ∈ Y
m$s1{�z n$z�w&n
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y R v
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x ∈ X
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y ∈ Y
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p6l[w&l�/hjn$l�w&l$o.gUs/x*�kBl<p&q�z1p6�|kVm��/n$z1k:}�hjg1k w&g1�lB	hj�Eq�n$z1kVp6l�kBx X0w6mSH@kBg1kBl�w&�jh���kV� hjg
w m�kBl$h|kVm0p&q�v�w&v�kBl�m�� Jb�����b�"�I��� Y`}�hjg�w&�j�jo X(k<x�kBgUn$h|p6g^n$z�w&n�u<k �$k�w&g � m�{Vp6g��$kV{Bn$s/l�k p6g
l�kBv�kBn$hjn$h|p6g�n$z/l�kVm$z1p6�|�/m`z�w6m �kVkBgWv/l�p�i@kV�Wq5p6l*�4w&lpH@kBl(w&g1�3�4w&lpH@kBl(w&�jv/z�w��kBn�m � �0Ob�>JI��� Y
ADp6x�kBn$hjx�kVm�H@kBg1kBl�w&�jh��Tw&n$h|p6g1m^w&l$h|m�k^q+l�p6x w v/l�w6{Bn$h|{�w&���w6{�tqHIl�p6s/g1�$Y }1p6lRhjgb�

m$n�w&g1{VkI�1{Vp6g1m$h|�/kBl[n$z1k:m�pW{�w&�j�|kV� ���6� 	N�B!N=6��#@=6�$#��B!+� )-���2�=I!N? ,U)-��� v/l�p�/�|kBx X�z1kBl�k
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n
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m
n]w&n"X�z/h|{�z n$z1k

v�w&n$n�kBl$g.xw&n�{�z1kVm�s/g1�/kBl�n$z1k<l�kB�4w&n$h|p6g8Y7M�{Bn$s�w&�j�jo@�/n$z/h|m�h|m�p6g1k p&q�n$z1k:w&v/v/�jh|{�w&n$h|p6g1m
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q+s/g1{Bn$h|p6g

d
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a
w&g1�

b
xw&n�{�z�hEq

w&g1�p6g/�jo�hEq
d(a, b) ≤ k

q5p6l(m�p6x�k]m$v�kV{Bh ��kV�R{Vp6g1m$n�w&gUn
k
Y�~"g �p6n$zRn$z1kVm�k]{�w6m�kVm n$z1k

l�kB�4w&n$h|p6g1m<p6g �|kBn$n�kBl�m w&l�k {Vp6xWv�w&n$h�/hj�jhjn"o l�kB�4w&n$h|p6g1m<hjg1�bs1{Bhjg]H.m$hjxWhj�4w&l$hjn"o^l�kB�4w&n$h|p6g1m Y
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n�p�n$z1kJn�kFEbn Y�B kJg1p6n�kJn$z�w&n[hjg � J0O��*m$n$l$hjg]Hxw&n�{�z/hjg]H X�hjn$z l�kB�4w&n$h|p6g1m<p6n$z1kBl<n$z�w&g
{Vp6xWv�w&n$h�/hj�jhjn"ol�kB�4w&n$h|p6g1m X(kBl�k<w&�|m�p {Vp6g1m$h|�/kBl�kV�$Y*~"gn$z1k�q5p6�j�|p X�hjg]HWm$s 1m�kV{Bn$h|p6g1m@X(k
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h|m[w v�w&l$n$h4w&�>q+s/g1{Bn$h|p6g

w : {1, 2, . . . , n} → A.

r0z1k��/p6xw&hjg
D(w)

p&q
w

h|m3n$z1k�m�kBn3p&q]v�pIm$hjn$h|p6g1m
p ∈ {1, 2, . . . , n}

m$s1{�z n$z�w&n
w(p)

h|m(�/k��1g1kV�$Y*r0z1k[m�kBn
H(w) = {1, 2, . . . , n}\D(w)
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w�(p) =
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w(p)
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�
hEq

p ∈ H(w).
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D(x) ⊆ D(y)
w&g1�

x(k) = y(k)
q5p6l[w&�j�

k
hjg

D(x)
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X(p6l��/m0w&l�k[{Vp6xWv�w&n$h�/�|k<w&g1�Rw<n�p6n�w&��X(p6l��R{Vp6gUn�w&hjg/hjg]H n$z1kBx
�p6n$z.h|m �"tDg1p X��|kV��H@k�� Y

t g
�
X �

�
� H k

�
g p X

� �
� H

�t g p X � k � H k
?(p6x*/hjg�w&n�p6l$h|{Vm]p6g.v�w&l$n$h4w&�8X(p6l��/m�z�w6m �kVkBglX�h|�/kB�jo�m$n$s1�bh|kV�.hjg.l�kV{VkBgUn�o@k�w&l�m Y

~"g.n$z1k:k�w&l$�jo.v�w&v�kBl�m��/n$z1k xw&hjg^q5pD{Bs1m�X0w6m[p6g n$z1k hjgUn�kBl�w6{Bn$h|p6g v/l�p6v�kBl$n$h|kVm]p&q�v�k �
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n$h|p6g1m �j� J��:w&g1� s/g�wVi@p6h|�1w�/�|kHm�kBn�m �j��R�� Y�r0z1k m�kBnRp&q:v�kBl$h|pD�/mRp&q:v�w&l$n$h4w&� X(p6l��/m
X(kBl�k[hjgUi@kVm$n$hoHUw&n�kV��hjgRn$z1k]m$n"oD�|k[p&q j s/h��w6m0w&g1�eC]�b�jo �Vt@p�� �U����hjg �j���b�5�b� � Y7KMh|m�{�z/t@k
m$n$s1�bh|kV��v/s/g1{Bn$s/l�kV�^�4w&g]HIs�w H@kVm��1hZY k0Yj�/�4w&g]HIs�w H@kVm[p&q�v�w&l$n$h4w&�8X(p6l��/m�hjg � O0J�� Y

}/l�p6x p6s/l(iDh|k&X�v�p6hjgUn��Dn$z1k]{Vp6xWv�w&n$h�/hj�jhjn"oRl�kB�4w&n$h|p6g�p6gRv�w&l$n$h4w&��X(p6l��/m(h|m0wJm$v�k �
{Bh4w&� {�w6m�kWp&q�m$hjxWhj�4w&l$hjn"o7l�kB�4w&n$h|p6g1m Y B kWg1kFEbnJm$z1p X hjg��/kBn�w&hj� z1p X v�w&l$n$h4w&�7X(p6l��/m
X�hjn$z�{Vp6xWv�w&n$h�/hj�jhjn"oWl�kB�4w&n$h|p6g

↑
{�w&g �k0m�kVkBgw6m�X(p6l��/m p�i@kBl*n$z1k�w&�jv/z�w��kBn

A�
X�hjn$z

n$z1k m$hjxWhj�4w&l$hjn"o.l�kB�4w&n$h|p6g
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ci 6= �, ai = �, bi = cik-hji�n
ci 6= �, bi = �, ai = cik-i�n
ci 6= �, ai = bi = ci

Y
B k�m�kVkRn$z�w&nWhjg k�w6{�z {�w6m�k

ai R↑ bi
�(w&g1� n$zUs1m

x� R↑ y�
Y,C[g n$z1k�p6n$z1kBlWz�w&g1�M�

q5p6l
R↑

�"m$hjxWhj�4w&laX(p6l��/m
x� = a1 · · · an

w&g1�
y� = b1 · · · bn

X(kR{�w&g w&�oX0wVobm"�1g1�
wDX(p6l��

z� = c1 · · · cn
m$s1{�z n$z�w&nRn$z1k {Vp6l$l�kVm$v�p6g1�bhjg]H v�w&l$n$h4w&��X(p6l��/m

x
w&g1�

yw&l�k{Vp6gUn�w&hjg1kV� hjg
z

w&g1� n$z1kBl�k q5p6l�k
x ↑ y

YeB km$hjxWv/�jo�{�z1pDpIm�k�n$z1k�|kBn$n�kBl
ci

hjg
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v�w&l$n$h4w&�7X(p6l��/m w&l�kWk.hUs/hjiIw&�|kBgUn:n�plX(p6l��/mJp�i@kBl:n$z1k�w&�jv/z�w��kBn

A�
X�hjn$z w�m$v�kV{Bh ��{

l�kB�4w&n$h|p6g
R↑

w&g1�w&�j��l�kVm$s/�jn�m {Vp6g1{VkBl$g/hjg]H m$hjxWhj�4w&l$hjn"oWl�kB�4w&n$h|p6g1m({�w&gRw&�|m�p��k[w&v/v/�jh|kV�
q5p6l�n$z1k {Vp6xWv�w&n$h�/hj�jhjn"o^l�kB�4w&n$h|p6g p&q�v�w&l$n$h4w&� X(p6l��/m Y
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S
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}�hoHIs/l�k�I�Yj� 	 ?(pD�bhjg]HRw&g1�^�/kV{VpD�bhjg]Hp&q�l�kB�4w&n$h|p6g�w&��{VpD�/kVm

r0z1kw&�jn�kBl�w&n$h|p6g l�kB�4w&n$h|p6g {�w&g��kWn$z1p6s]HIzUn p&q[w6m x�pD�/kB�j�jhjg]H kBl$l�p6l�m p6lJ�bh &MkBl9�
kBg1{VkVmWhjg w7{VpD�/kV� x�kVm�m�w H@k0Y r0z1k ���/kB�jhjn"o l�kB�4w&n$h|p6g {�w&g �k�n$z1p6s]HIzUnRp&q:w6m��/k �
m�{Bl$h�/hjg]H�z1p X X(kB�j�]x�kVm�m�w H@kVm{�w&g��k^�/kV{VpD�/kV�$YP? �|k�w&l$�jo@��n X(p�g�w&n$s/l�w&�<m$v�kV{Bh4w&�
{�w6m�kVm<pD{V{Bs/l Y ~Nq

S
h|m<n$z1k h|�/kBgUn$hjn"o l�kB�4w&n$h|p6g

ι
��n$z1kBgHn$z1k3�/kV{VpD�/kV�Hx�kVm�m�w H@kJxJs1m$n

�kk.hUs�w&� X�hjn$z n$z1kRp6l$hoHIhjg�w&�0x�kVm�m�w H@k0Y*�]kBg1{VkI�`w&�j�0{VpD�/k X(p6l��/m�w&l�kg1kV{VkVm�m�w&l$hj�jo
g1p6gb�

R
�"m$hjxWhj�4w&l Y7M[g1p6n$z1kBl[{�w6m�k {Vp6g1m$h|m$n�m�p&q�l�kB�4w&n$h|p6g�w&��{VpD�/kVm�X�z1kBl�k

S = R
Y*r0z/h|m

x�k�w&g1m n$z�w&n3n$z1k X�z1p6�|k��/kV{VpD�bhjg]HHh|m3�/p6g1kRs/v n�p l�kB�4w&n$h|p6g
R
Y ? z�w&g]H@kVm hjg n$z1k
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y1 · · · yj R ux1 · · · xi

Y AUhjg1{Vk
u ∈ U1

��X(k z�wVi@k
x = yu

q5p6l�m�p6x�k
y ∈ R(X)

w&g1�
x ∈ X

Y.}/s/l$n$z1kBl$x�p6l�kI�[X(ktDg1p X n$z�w&n
|x| 6= |y|

��m$hjg1{Vk
u 6= εUo n$z1k �/k��1g/hjn$h|p6g	p&q

U1
Y`AUhjg1{Vk

y ∈ R(X)
�0n$z1kBl�k kFEbh|m$n�m

y′ ∈ X
m$s1{�z n$z�w&n

y′ R y
Y(Q(o xJs/�jn$hjv/�jh|{�w&n$h|p6g>�

y′y1 · · · yj R yux1 · · · xi
�$X�z/h|{�z HIhji@kVm s1mJwRl�kB�4w&n$h|p6g

y′y1 · · · yj R xx1 · · · xi
p6g

X+ Y AUhjg1{Vk |y| = |y′| 6= |x|
��X(k�z�wVi@k

(y′, x) 6∈ R
Y

r0z/h|m�x�k�w&g1m�n$z�w&n
X

h|m�g1p6n]waX(k�w&t
R
�"{VpD�/k0Y

�]p6n�k:n$z�w&n]hEq
X
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�
m$hjg1{Vk�w&�j� kB�|kBx�kBgUn�mJp&q

Un
w&l�kWm$s (-E/kVm:p&q X(p6l��/mJhjg

X
Y�r0z1kBl�k q5p6l�kI�Pn$z1kW�|kBg]HIn$z1m

p&q]n$z1k^kB�|kBx�kBgUn�mRw&l�k.�|kVm�m3n$z�w&g
max{|x| | x ∈ X}

Y �]kBg1{VkI� n$z1k^m�k.hUs1kBg1{Vk.p&q
n$z1k[m�kBn�m

Ui
xJs1m$n �k�s/�jn$hjxw&n�kB�jov�kBl$h|pD�bh|{I�bw&g1��hjn0{�w&g �k[k &MkV{Bn$hji@kB�jo��/kBn�kBl$xWhjg1kV�

X�z1kBn$z1kBl w �1g/hjn�k�m�kBn:p&q X(p6l��/mJh|mJwRl�kB�4w&n$h|p6g�w&�({VpD�/k�p6l:g1p6n Y�r0z/h|m:h|m:�/kVm�{Bl$h��kV�
hjg n$z1k q5p6�j�|p X�hjg]HRv/l�pD{VkV�bs/l�k0Y�M[g k ({Bh|kBgUn X0wVo p&q`hjxWv/�|kBx�kBgUn$hjg]H.n$z1k(Abw&l��bhjg�w6m#"
^�w&n$n�kBl�m�p6g7n�kVm$n]h|m HIhji@kBgH�4w&n�kBl<hjg ADkV{Bn$h|p6g7��Y Ob�
X�z1kBl�k n$z1kWw&�oH@p6l$hjn$z/xWh|{�w6m$v�kV{Bn<h|m
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X,R, S �

K>kBn]n$z1k hjg/v/s/n �k3w �1g/hjn�k3m�kBn
X ⊆ A+ w&g1�Hm$hjxWhj�4w&l$hjn"o l�kB�4w&n$h|p6g1m

R
w&g1�

S
p6g

X(p6l��/m[p�i@kBl
A
Y

�0Y ADkBn
U1 = R(X)−1X \ {ε}

Y

��Y�~"n�kBl�w&n�k
Un = R(X)−1Un−1 ∪ R(Un−1)

−1X
q5p6l

n ≥ 2
s/gUn$hj�

Un = Un−tq5p6l�m�p6x�k
t = 1, 2, . . . , n− 1

Y

I�Y ? z1kV{�t X�z1kBn$z1kBl
ε 6∈

⋃n−1
j=1 Uj

Y*~Nq>n$z1k<kBxWv/n"o X(p6l�� �kB�|p6g]H@m(n�p n$z1k[s/g/h|p6g>�
n$z1kBg^l�kBn$s/l$g��
	������Y�C[n$z1kBlpX�h|m�kI��{Vp6gUn$hjgUs1k0Y

��Y ? z1kV{�t X�z1kBn$z1kBl
RX ⊆ SX
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����Y
C[n$z1kBlpX�h|m�kI�/l�kBn$s/l$g��
	������Y

r0z1k p6s/n$v/s/n[h|m����
����hEq`w&g1�.p6g/�jo�hEq
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h|m[w&g
(R,S)
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l�kBxX��Y ��w&g1� r0z1kVp6l�kBx ��Y I�Y0~Nq
ε ∈

⋃n−1
j=1 Uj

�1n$z1kBg
X

h|m�g1p6n<w(X(k�w&t
R
�"{VpD�/k�Uo

n$z1k]x�pD�bh ��kV�GAbw&l��bhjg�w6m#"q^�w&n$n�kBl�m�p6g n$z1kVp6l�kBxeY@Q(o�n$z1k {�z�w&l�w6{Bn�kBl$h��Tw&n$h|p6g p&q�r0z1kVp&�
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(R,S)
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X

h|m[w&g
(R,R)

�"{VpD�/kJw&g1�
RX ⊆ SX

Y`r0zUs1m��
X

h|m[w&g
(R,S)

�"{VpD�/k�Uo.r0z1kVp6l�kBxX��Y I�Y
r0z1k^v/l�pD{VkV�bs/l�k {�w&g w&�|m�p��k^s1m�kV� q5p6lR{VpD�/kVmp&q:v�w&l$n$h4w&� X(p6l��/m Y M m�kBn

Xp&q v�w&l$n$h4w&��X(p6l��/mh|m�w �/?���#U�hEq<q5p6lRw&�j�[hjgUn�k&H@kBl�m
m,n ≥ 1

w&g1� v�w&l$n$h4w&��X(p6l��/m
u1, . . . , um, v1, . . . , vn

�bn$z1k:{Vp6g1�bhjn$h|p6g

u1 · · · um ↑ v1 · · · vn

hjxWv/�jh|kVm
m = n

w&g1�
ui = vi

q5p6l
i = 1, 2, · · · ,m

Y Q(o n$z1k�{Vp6g1m$h|�/kBl�w&n$h|p6g1mWp&q
ADkV{Bn$h|p6g I�Y ��Yj�I�$X(k3{Vp6g1{B�js1�/k3n$z�w&n v�{VpD�/kVm<{Vp6l$l�kVm$v�p6g1� n�p

(R↑, ι)
�"{VpD�/kVm Y �]kBg1{VkI�

w&v/v/�joDhjg]HWn$z1k v/l�kBiDh|p6s1m�v/l�pD{VkV�bs/l�k<q5p6l
X ⊆ A+

�

�
R = R↑

w&g1�
S = ι

X(kLH@kBn�n$z1k
q5p6�j�|p X�hjg]H{Vp6l�p6�j�4w&l$o.p6l$hoHIhjg�w&�j�jo.v/l�p�i@kV�.hjg �j�I� � Y
�*!$#�!���� � # � � � � � �>,/� ���H)4� =6��=6C �@�6� )+!-,U2 !N� #U�$?B)5#U�H'�,/�B!-,/� �7= ���B!W�98W�/=6�B!+)5=6C
' �6�$#&� )4�J=<�/?���#U�W�6�:���I!"e

� �
	���� � ����� � ��� � ����� ��� � � ����� � ��� �����1���
f]m$hjg]H w&�oH@p6l$hjn$z/x�m"�w6m�kV� p6g n$z1kWh|�/k�w^p&q�n$z1k�Abw&l��bhjg�w6m#"q^�w&n$n�kBl�m�p6g n$z1kVp6l�kBx X(k
{�w&g n�kVm$n(X�z1kBn$z1kBl�w m�kBn3p&q�X(p6l��/m3h|mWw {VpD�/kI� w^v�{VpD�/kI�*p6l3x�p6l�k�H@kBg1kBl�w&�j�jo@�(w&g
(R,S)

�"{VpD�/k0Y�y p6l�kVp�i@kBl��*w&�jn�kBl�w&n$h|p6g l�kB�4w&n$h|p6g1m3w&g1� ���/kB�jhjn"o7l�kB�4w&n$h|p6g1m kBg�w�/�|k�s1m
n�p w&g�w&�jo ��k {VpD�bhjg]H v/l�p6v�kBl$n$h|kVm.p&q:l�kB�4w&n$h|p6g�w&�:{VpD�/kVmRhjg	x�p6l�kH�/kBn�w&hj�ZY }1p6l�n$z/h|m
v/s/l$v�pIm�kI�b�/k��1g1k<n$z1k � )��T�(m��

(R)
p&q*w m$hjxWhj�4w&l$hjn"o�l�kB�4w&n$h|p6g

R
n�p"�k]n$z1k<gUs/x*�kBl�p&q

v�w&hjl�m�hjg.n$z1k:{Vp6l$l�kVm$v�p6g1�bhjg]HR{Vp6xWv�w&n$h�/hj�jhjn"o.l�kB�4w&n$h|p6g p&q��|kBn$n�kBl�m��/hZY k0Yj�

sz(R) = |RA|.
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B k*xwVo:m$n$s1�bo n$z1k kBl$l�p6l�{�w&v�w6{Bhjn"oJp&q�w0l�kB�4w&n$h|p6g�w&�/{VpD�/k
X
Uo x�k�w6m$s/l$hjg]H[v�pIm�m$h�/�|k

w&�jn�kBl�w&n$h|p6gRl�kB�4w&n$h|p6g1m Y*~"gn$z/h|m@X0wVo@�qX(k�xwVoRw6m$t(X�z�w&n(h|m`n$z1k[xw�Ebhjxw&��m$h���k[p&q>n$z1k
w&�jn�kBl�w&n$h|p6g�l�kB�4w&n$h|p6g�hEq�n$z1k ���/kB�jhjn"o3l�kB�4w&n$h|p6g�h|m �]E/kV�$Y7C[gWn$z1k�p6n$z1kBl`z�w&g1�M�2X(k�xwVo
hjgUi@kVm$n$hoHUw&n�k[n$z1k[{VpD�bhjg]HJv/l�kV{Bh|m$h|p6gRp&q

X
�UhZY k0Yj�Uz1p X m$xw&�j�1n$z1k ���/kB�jhjn"o�l�kB�4w&n$h|p6g�{�w&g

�k<hEq�n$z1kJw&�jn�kBl�w&n$h|p6g l�kB�4w&n$h|p6g^h|m�tDg1p X�g8Y
~"g3p6l��/kBl*n�p w&g�w&�jo ��k�{VpD�bhjg]H<v/l�p6v�kBl$n$h|kVm`p&q
X(p6l��Wm�kBn�m�hjg3n$z/h|m�l�kVm$v�kV{Bn��NX(k0z�wVi@k

n�p �kJw�/�|k:n�p �1g1�^n$z1k l�kB�4w&n$h|p6g1m X�z/h|{�zHw&l�kJp6v/n$hjxw&�N�1hZY k0Yj�1xWhjg/hjxw&��p6l�xw�Ebhjxw&�
hjg.n$z1k<q5p6�j�|p X�hjg]Hm�kBg1m�k0Y
����� � � � � ! � � � ��� K>kBn X

�k0w&g
(R,S)

�"{VpD�/k0Y*r0z1k0m$hjxWhj�4w&l$hjn"o l�kB�4w&n$h|p6g
R

h|m�{�w&�j�|kV�
w�2�=��6)-2�=6C�=6CE!"� �$=I!+)5�6�H��� Cj=I!+)5�6��X�hjn$z l�kVm$v�kV{Bn�n�p

X
w&g1�

S
hEq$�bq5p6l]w&�j�

R′ ⊃ R
�
Xh|m�g1p6n<w&g

(R′, S)
�"{VpD�/k0Y0r0z1kJm�kBn�p&q*xw�Ebhjxw&��w&�jn�kBl�w&n$h|p6g l�kB�4w&n$h|p6g1mSX�hjn$z l�kVm$v�kV{Bn

n�p
X

w&g1�
S

h|m<�/kBg1p6n�kV� Uo
Amax(X,S)

YaAUhjxWhj�4w&l$�jo@��n$z1k l�kB�4w&n$h|p6g
S

h|m<{�w&�j�|kV�7w
23)-�1)-2�=6C �(#U� C )+!+F ��� Cj=I!+)5�6�DX�hjn$z l�kVm$v�kV{Bn n�p

X
w&g1�

R
hEq$�Pq5p6l3w&�j�

S′ ⊂ S
�
X

h|m
g1p6n]w&g

(R,S′)
�"{VpD�/k0Y(r0z1k:m�kBn�p&q*xWhjg/hjxw&� ���/kB�jhjn"o�l�kB�4w&n$h|p6g1m�X�hjn$z^l�kVm$v�kV{Bn�n�p

Xw&g1�
R

h|m��/kBg1p6n�kV��Uo
Fmin(X,R)

Y
�]p6n�kJn$z�w&n kBi@kBl$o

(R,S)
�"{VpD�/k3h|m w&g

(ι, S)
�"{VpD�/k Uo r0z1kVp6l�kBx ��Yj�2k-h>n]w&g1�7w&g

(R,Ω)
�"{VpD�/k�Uo r0z1kVp6l�kBx ��Yj�2k-hjh>nFY	r0zUs1m��0n$z1k^{Vp6g1{VkBv/n�mRp6v/v�pIm�kV� n�p n$z1k^p6g1kVm

�/k��1g1kV��w��p�i@k w&l�k7n$l$hjiDh4w&� 	 }1p6l w&g
(R,S)

�"{VpD�/k
X

�]n$z1k7h|�/kBgUn$hjn"o l�kB�4w&n$h|p6g�h|m
n$z1k�s/g/h:hUs1k xWhjg/hjxw&��w&�jn�kBl�w&n$h|p6g l�kB�4w&n$h|p6g w&g1� n$z1k s/g/hji@kBl�m�w&�Wl�kB�4w&n$h|p6g h|m n$z1k
s/g/h:hUs1kRxw�Ebhjxw&� ���/kB�jhjn"o l�kB�4w&n$h|p6g8Y,Q0k q5p6l�k.�/kVm�{Bl$h�/hjg]H�w&�oH@p6l$hjn$z/x�m X�z/h|{�z �1g1�
n$z1k m�kBn�m

Amax(X,S)
w&g1�

Fmin(X,R)
��X(k xw&t@kJwJq5k&X k�w6m$o�p�1m�kBl$iIw&n$h|p6g1m Y
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S
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Amax(X,S) 6= ∅
e

� )-) 	
X
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R

� A/? ,.!-,b=I!
Fmin(X,R) 6= ∅

e
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(R,R)
	9?���#U� ) 8J=6��#R�6�1C F�) 8

Fmin(X,R) 6= ∅
e
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(R,R)
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Fmin(X,R)

?��6�/� )4�B!-� �98J=�AD�1) 	BA1�3� C|� 2� ��!"e
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S1 ⊂ S2
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R ∈ Amax(X,S1)
!-,/� ���<� �6)4�B!-�
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S = ι
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S
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X
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X
h|m`w&g

(R,R)
�"{VpD�/kI�

n$z1kBg
Fmin(X,R)
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n$z�w&n
X

h|m.w�{VpD�/kI�[m$hjg1{Vk hjnRh|m�kBi@kBg w v/l�k��]E {VpD�/k,k-g1p {VpD�/k X(p6l��	h|m.w v/l�k �
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w&n$h|p6gWl�kB�4w&n$h|p6g1m(w&l�k Uo g1p<x�k�w&g1m`h|m�p6x�p6l$v/z/h|{0Y*r0z1kBo3�/p<g1p6n`kBi@kBg�z�wVi@k�n$z1k�m�w&x�k
m$h���k0Y
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〈(a, b), (a, c)〉 〈(a, c), (b, c)〉

〈(a, b)〉 〈(b, c)〉
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X ⊆ A+ �>wRv�pIm$hjn$hji@k hjgUn�k&H@kBl
k
�

wRl�kB�4w&n$h|p6g
S

p6g
A∗ w&g1� w&g w&l�/hjn$l�w&l$oHl�kB�4w&n$h|p6g

R
p6g
A∗ X�hjn$z�m��
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w&g1�
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j ⊆ ÎR(X)
��n$z1k X(p6l��/m

u,w, v
�

u′, w′, v′
hjg.}�hoHIs/l�k]��Y IJp&q[ADkV{Bn$h|p6g���Y ��Y � {�w&g �k[l�kBv/�4w6{VkV� Uo�n$z1k X(p6l��/m

x′u′, u′′ �
x′′, y′v,pref |u′′|(y

′′)
w&g1�

suf |y′′|−|u′′|(y
′′)

�@l�kVm$v�kV{Bn$hji@kB�jo2Y@AUhjg1{Vk
x′u

�
x′′ � y′v � y′′ ∈

X∗
j ⊆ ÎR(X)
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′′ ∈ ÎR(X)

YLB k z�wVi@k n$zUs1m<v/l�p�i@kV�Hn$z�w&n
u′

n, u′′
n ∈ ÎR(X)
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n$h4w&�*kB�|kBx�kBgUn�m YJ�<w&x�kB�jo@�
X ⊆ X∗

j ⊆ X∗
j+1

�Mm$hjg1{Vk
Di

R,X(u,Xj) ⊆ R′(u)R′′(u)
Y

r0z1kBl�k q5p6l�kI�
X∗

j+1 ⊆ ÎR(X)
Y

AUhjg1{Vk
Ci

R,X(Xk) = ∅
�Dn$z1k]m�kBn

Xk
{Vp6g1m$h|m$n�m(p6g/�jop&q>n$z1k[hjg1�/kV{Vp6xWv�pIm�w�/�|k kB�|k �

x�kBgUn�mWp&q
X∗

k

YH�<w&x�kB�jo@�`{Vp6g1m$h|�/kBl(X(p6l��/m
x, x′, x′′ ∈ Xk

m$s1{�z n$z�w&n
x = x′x′′ Y

AUhjg1{Vk kBi@kBl$o
x ∈ Xk

h|m w�qNw6{Bn�p6l p&qWm�p6x�k X(p6l�� hjg
X∗ � X(k7z�wVi@k

(x, x′) ∈
Ci

R,X(Xk)
�@X�z/h|{�z h|m�wH{Vp6gUn$l�w6�bh|{Bn$h|p6g8Y r0zUs1m��

Xk
h|m3n$z1k �w6m�k.p&q

X∗
k

Y y p6l�k �
p�i@kBl�� Uo K>kBxWxw.��Y Ib��n$z1kWx�p6g1p6h|�

X∗
k

h|mJw&g�hjg/g1kBl
(R,R)

�Nsbq5kp&q
X∗ Y �]kBg1{VkI�

X ⊆ X∗
k ⊆ ÎR(X)

w&g1�^n$z1kJxWhjg/hjxw&�jhjn"o p&q`n$z1k:hjg/g1kBl
(R,R)

�NzUs/�j�*p&q
X

hjxWv/�jh|kVm
n$z�w&n

X∗
k = ÎR(X)

Y r0zUs1m��
Pi(X,R) = Xk = Base(ÎR(X))

Y

r0z1k:v/l�pD{VkV�bs/l�k q5p6l �1g1�bhjg]HRn$z1k��w6m�k:p&q`n$z1kJp6s/n�kBl
(R,R)

�NzUs/�j�*p&q
X

h|m�i@kBl$o
m$hjxWhj�4w&l n�p�^*l�pD{VkV�bs/l�k[��Y ��Y*~"n h|m p�/n�w&hjg1kV� UoWl�kBv/�4w6{Bhjg]H

Ci
R,X(Xj)

Uo
Co

R,X(Xj)w&g1�
Di

R,X(u,Xj)
Uo

Do
R,X(u,Xj)

Y@B k:�/kBg1p6n�k:n$z/h|m�v/l�pD{VkV�bs/l�k:q5p6l[p6s/n�kBl�zUs/�j�|m
Uo

Po(X,R)
Y y pD�bhEq+oDhjg]HHm$�jhoHIzUn$�jo�n$z1kv/l�kBiDh|p6s1m3v/l�pDp&q$��hjn3h|m3k�w6m$o n�p m�kVkRn$z�w&n

Po(X,R)
l�kBn$s/l$g1m�n$z1k��w6m�k p&q

ÔR(X)
Y

B k:xwVo w&�|m�pWs1m�k�^*l�pD{VkV�bs/l�kJ��Y �Wn�pp�/n�w&hjg n$z1k
(R,R)

�5q+l�kVkJzUs/�j��p&q
X
Y K>kBn

s1m��/k��1g1k n$z�w&n
Î 0
R(X) = X

w&g1�

Î j
R(X) = ÎR(Î j−1

R (X))

q5p6l`w&�j�/hjgUn�k&H@kBl�m
j > 0

Y�r0z1k0g1p6n�w&n$h|p6g
Ô j

R(X)
h|m`�/k��1g1kV��m$hjxWhj�4w&l$�jo2Y��]p X�X(k�z�wVi@k

n$z1k]q5p6�j�|p X�hjg]Hl�kVm$s/�jn Y
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� � � !$#�� � � � � � ��� �B!
X

���3=W� A1�����B!��98
A∗ e3�>,/� � 8V�6�J=6C-C

j ≥ 0
'(� ,b=6Q6�

Î j
R(X) ⊆ Ô j

R(X) ⊆ F̂R(X).

GH�6���$�6Q6� ��%�8V�6�:= �`�1)+!"�
X

% !-,/� ���3� �6)4�B!-�
k ≥ 0

� A/? ,^!-,b=I!
Î k
R(X) = Î k+1

R (X)
% )-�

'�,U)5? ,^?�=&���
Î k
R(X) = Ô k

R(X) = F̂R(X).

�(�$���98�e�}1p6l
j = 0

��n$z1kW{B�4w&hjx
Î 0
R(X) = Ô 0

R(X) = X ⊆ F̂R(X)
h|m {B�|k�w&l Y(AUs/vb�

v�pIm�k]n$z1kBg.n$z�w&n
Î j
R(X) ⊆ Ô j

R(X) ⊆ F̂R(X)
q5p6l�m�p6x�k<hjgUn�k&H@kBl

j
Y`f]m$hjg]HWv/l�p6v�kBl9�

n$h|kVm�k-��Y O2n "�k-��Y R0n0p&q�n$z1k<v/l�kBiDh|p6s1m[m�kV{Bn$h|p6g>�]X(k g1p X z�wVi@k

Î j+1
R (X)

� ��� ���
⊆ ÎR(Ô j

R(X))

� ��� ���
⊆ Ô j+1

R (X)

� ��� �	�
⊆ ÔR(F̂R(X))

� ��� ���
⊆ F̂R(F̂R(X)).

AUhjg1{Vk
F̂R(X)

h|m�w&g
(R,R)

�Nsbq5kHp�i@kBlRhjn�m�kB�Eq$��X(k z�wVi@k
F̂R(F̂R(X)) = F̂R(X)

Y
r0zUs1m��/n$z1k��1l�m$n[{B�4w&hjxXh|m�v/l�p�i@kV�$Y

}1p6l�n$z1k m�kV{Vp6g1� {B�4w&hjx^�0�|kBn
X

�k �1g/hjn�k0Y Q(o,^*l�pD{VkV�bs/l�k ��Y �b�(n$z1k��w6m�k^p&q
ÎR(X)

{Vp6gUn�w&hjg1m p6g/�jo qNw6{Bn�p6l�m.p&q
X
Y AUhjg1{VkI� Uo �[kBxw&l$t ��Y Ib�

ÎR(Î j
R(X)) =

ÎR(Base(Î j
R(X)))

q5p6l
j ≥ 1

�]X(k:hjg1�bs1{Bn$hji@kB�jo.{Vp6g1{B�js1�/k:n$z�w&n[n$z1k��w6m�k p&q
Î j
R(X)h|m w^m�kBn p&q�qNw6{Bn�p6l�m p&q

X
Y^}1p6l3w �1g/hjn�kRm�kBn

X
��n$z1kBl�kRkFEbh|m$n p6g/�jo �1g/hjn�kB�jo7xw&gUo

qNw6{Bn�p6l�m Y
�]kBg1{VkI�=X(k�xJs1m$n z�wVi@k
Î k+1
R (X) = Î k

R(X)
q5p6l m�p6x�k

k
Y�Q(s/n n$z/h|m x�k�w&g1m

n$z�w&n
Î k
R(X)

h|mWw&g hjg/g1kBl
(R,R)

�Nsbq5k�p&q]hjn�m�kB�EqpY�r0zUs1m��`hjn3h|m
(R,R)

�5q+l�kVk0Y,AUhjg1{Vk
Î k
R(X) ⊆ Ô k

R(X) ⊆ F̂R(X)
��X(k<xJs1m$n0z�wVi@k

Î k
R(X) = Ô k

R(X) = F̂R(X)
Uon$z1k

xWhjg/hjxw&�jhjn"o^p&q�n$z1k
(R,R)

�5q+l�kVk zUs/�j�
F̂R(X)

Y
r0z1k v/l�kBiDh|p6s1m�n$z1kVp6l�kBx hjxWv/�jh|kVm�n$z�w&n X(kH{�w&g	s1m�k n$z1k^q5p6�j�|p X�hjg]H hjn�kBl�w&n$hji@k

v/l�pD{VkV�bs/l�k0q5p6l �1g1�bhjg]H:n$z1k �w6m�k�p&q�n$z1k�X(k�w&t
R
�5q+l�kVk�zUs/�j��p&qPw �1g/hjn�k[m�kBn`p&q�X(p6l��/m Y

 #�! 
�� %	� #�� � � � � � �$�����a%8/=/
Pf (X,R)

K>kBn(n$z1k[hjg/v/s/n �k]w��1g/hjn�k<m�kBn
X ⊆ A∗ w&g1��wJm$hjxWhj�4w&l$hjn"ol�kB�4w&n$h|p6g

R
p6g
A∗ Y@ADkBn

X0 = X
��w&g1�.hjn�kBl�w&n�k<q5p6l

j ≥ 0
	

�0Y ADkBn
Xj+1 = Pi(Xj , R)

Y

��Y�~Nq
Xj = Xj+1

�/n$z1kBg^m$n�p6v w&g1�.l�kBn$s/l$g
Pf (X,R) = Xj

Y

r0z1k p6s/n$v/s/n
Pf (X,R)

h|m�n$z1k �w6m�k:p&q�n$z1k
(R,R)

�5q+l�kVk zUs/�j��p&q
X
Y

�]p6n�k0n$z�w&n*n$z/h|m*v/l�pD{VkV�bs/l�k�h|m �w6m�kV�Wp6gWhjn�kBl�w&n$hji@k[{�w&�|{Bs/�4w&n$h|p6gp&q�hjg/g1kBl
(R,R)

�
zUs/�j�|mPn$z1p6s]HIz Uo:r0z1kVp6l�kBx ��Y �I�SX(k({Vp6s/�|�3w6m X(kB�j�Ds1m�k(w&gWw&�oH@p6l$hjn$z/x X�z/h|{�z3{Vp6s/gUn�m
p6s/n�kBl

(R,R)
�NzUs/�j�|m^hjn�kBl�w&n$hji@kB�jo2Y �]kFEbn X(kDX�hj�j��HIhji@k7m�p6x�k7kFE1w&xWv/�|kVm^p&q n$z1kVm�k

v/l�pD{VkV�bs/l�kVm]w&g1�^zUs/�j�|m Y0~"g.n$z1k��1l�m$n[kFE1w&xWv/�|kI�1n$z1k:hjg/g1kBl
(R,R)

�NzUs/�j�
ÎR(X)

h|m]w
v/l�p6v�kBl�m$s 1m�kBn[p&q�n$z1k:p6s/n�kBl

(R,R)
�NzUs/�j��p&q

X
Y`y p6l�k<v/l�kV{Bh|m�kB�jo@�

ÎR(X)  ÔR(X) = F̂R(X).
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� � � �  	� � � � � � K>kBn A = {a, b, c, d}
w&g1�R{Vp6g1m$h|�/kBl0n$z1k]m�kBn

X = {a, ac, dd, ddb}w&g1�.n$z1kJm$hjxWhj�4w&l$hjn"o.l�kB�4w&n$h|p6g
R = 〈(a, b), (b, c), (c, d)〉

Y<r�w�/�|kJ��Yj�:m$z1p X�m[n$z1k:hjgb�
n�kBl$x�kV�bh4w&n�k`m�kBn�m

Xj
p&q]^*l�pD{VkV�bs/l�k`��Y I�YP�]p6n�k*n$z�w&nMn$z1k*n$z/hjl��:{Vp6�js/xWg:h|m

Ci
R,Xj

(Xj)hjg1m$n�k�w6� p&q
Ci

R,X(Xj)
Y�r0z1k l�kB�4w&n$h|p6g1m�hjgJn$z1k l$hoHIzUn$x�pIm$n*{Vp6�js/xWg �9s1m$n$hEq+o<n$z1k(m$n$l$s1{ �

n$s/l�k p&q
Ci

R,Xj
(Xj)

Y<}1p6l<n$z1k m�w&t@k p&q({B�4w&l$hjn"o@�$X(p6l��/m<p&q
Xj

hjg n$z1k l�kB�4w&n$h|p6g1m:w&l�k
m�kBv�w&l�w&n�kV��Uo��/p6n�m Y

j Xj Ci
R,Xj

(Xj)
l�k�w6m�p6g/hjg]H

0 {a, ac, dd, ddb} {(dd, ddb)} dd · aR ddb
1 {a, ac, b, dd} {(a, ac), (b, ac)} a · bR acR b · b
2 {a, b, c, dd} {(c, dd)} c · cR dd
3 {a, b, c, d} ∅

r�w�/�|k ��Yj� 	 ?0w&�|{Bs/�4w&n$h|p6g1m�q5p6l�n$z1k
(R,R)

�5q+l�kVk zUs/�j�Pp&q ,�E1w&xWv/�|k ��Y O�Y
~"gRk�w6{�z�hjn�kBl�w&n$h|p6g^m$n�kBv�p&q

Pf (X,R)
X(k[s1m�k ^*l�pD{VkV�bs/l�k<��Y ��Y*~"gRp6n$z1kBl X(p6l��/m��

Xj = Base(ÎR(Xj−1))
Y��]p6n�k n$z�w&n

Co
R,X(X1) = {(a, ac), (b, ac)},

X�z1kBl�k�w6m
Ci

R,X(X1) = ∅
YP�<w&x�kB�jo hjg

a · bR acR b · b
X(k`z�wVi@k

ac ∈ X∗ � /s/n ab
w&g1�

bb
�k �

�|p6g]H[n�p
X∗

1 \X
∗ Y�}/s/l$n$z1kBl$x�p6l�kI�

Co
R,X(X2) = {(c, dd)}

�kV{�w&s1m�k p&q
c · cR dd

w&g1�
dd ∈ X∗ Y�}�hjg�w&�j�joeX(k�H@kBn

X3 = {a, b, c, d}
��X�z/h|{�z h|m[n$z1k��w6m�k p&q*n$z1k�X(k�w&t

R
�

q+l�kVk<zUs/�j��p&q
X
Y ? �|k�w&l$�jo@�

Co
R,X(X3, R) = ∅

w&g1�.n$z1kBl�k q5p6l�k
X3 = Base(ÔR(X))

Y
�]kBg1{VkI�

ÎR(X) = X∗
1  X∗

3 = ÔR(X) = F̂R(X)
Y

�]kFEbnSX(kJm$z1p X�n$z�w&n[n$z1k:p6s/n�kBl
(R,R)

�NzUs/�j�
ÔR(X)

{�w&g��kJw3v/l�p6v�kBl]m$s 1m�kBn
p&q�n$z1k

(R,R)
�5q+l�kVk zUs/�j�Pp&q

X
�/hZY k0Yj�

ÎR(X) = ÔR(X)  F̂R(X)
Y

� � � �  	� � � � � � ?(p6g1m$h|�/kBl n$z1k�w&�jv/z�w��kBn
A = {e, f, g, h, i}

w&g1��n$z1kRm�kBn
X =

{eee, fffi, ggi, hh, i}
X�hjn$z n$z1kWm$hjxWhj�4w&l$hjn"o l�kB�4w&n$h|p6g

R = 〈(e, f), (f, g), (g, h)〉
Y

r�w�/�|k<��Y �Wm$hjxJs/�4w&n�kVm�n$z1k<s1m�k p&q�^*l�pD{VkV�bs/l�k ��Y � hjg.n$z1k {�w&�|{Bs/�4w&n$h|p6g p&q
F̂R(X)

Uo
^*l�pD{VkV�bs/l�k]��Y I�Y`�]p6n�k[n$z�w&n(q5p6l

X = {eee, fff, ggi, hh, i}
X(k]z�wVi@k

C i
R,X(Y2) =

Co
R,X(Y2) = ∅

Y �]kBg1{VkI�

Base(ÎR(X)) = Base(ÔR(X)) = Y2.r0z1km�kBn
Co

R,Y2
(Z2)

h|m {B�|k�w&l$�jo�kBxWv/n"o w&g1��n$z1kBl�k q5p6l�k
Z∗

2 = ÎR(Y2) = ÔR(Y2)
Y

�]p6n�k�n$z�w&n n$z1k�m$v/�jhjn(p&q�n$z1k�qNw6{Bn�p6l
fff

hjg1�bs1{VkVm`n$z1k[m$v/�jhjn p&q
eee

hjg
Z0
Y7AUhjxWhj�4w&l$�jo

n$z1kRqNw6{Bn�p6l�m
ff

�
gg

w&g1�
hh

m$v/�jhjn3hjg
Z1

� m$hjg1{Vk�n$z1kBo	�kB�|p6g]H7n�p
Di

R,Y2
(ee, Z1)�kV{�w&s1m�k p&q�n$z1k<q5p6�j�|p X�hjg]H�l�kB�4w&n$h|p6g1m]p6g.n$z1k x�p6g1p6h|�

Y ∗
2

	

ee · eR ff · f
�

ff · f · gg R gg · f · ff
w&g1�

gg R hh
Y

AUhjg1{Vk
Z2

h|m(w&ghjg/g1kBl
(R,R)

�Nsbq5k[p&qMhjn�m�kB�Eq$�@hjn h|m
(R,R)

�5q+l�kVk0Y�y p6l�kVp�i@kBl��
Î 2
R(X) =

Z∗
2 = Î 3

R(X)
Y`r0zUs1m�� Uo.r0z1kVp6l�kBxX��Y �I�b�]X(k:z�wVi@k

Î 2
R(X) = Ô 2

R(X) = F̂R(X).
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X P i(X,R)

{eee, fffi, ggi, hh, i}

Y0 = X

(u, v) = (fffi, eee)
m$hjg1{Vk

fffiR eee · i

Di
R,X(u, Y0) = {fffi}

Y1 = {eee, fff, ggi, hh, i}

(u, v) = (ggi, hh)
m$hjg1{Vk

ggiR hh · i

Di
R,X(u, Y1) = {ggi}

Y2 = {eee, fff, gg, hh, i}

{eee, fff, gg, hh, i}

Z0 = X

(u, v) = (fff, gg)
m$hjg1{Vk

fff · gg R gg · fff

Di
R,X(u,Z0) = {eee, fff}

Z1 = {e, ee, f, ff, gg, hh, i}

(u, v) = (ee, e)
m$hjg1{Vk

ee · eR e · ee

Di
R,X(u,Z1) = {ee, ff, gg, hh}

Z2 = {e, f, g, h, i}

r�w�/�|k ��Y � 	 ?0w&�|{Bs/�4w&n$h|p6g1m�q5p6l�n$z1k
(R,R)

�5q+l�kVk zUs/�j�Pp&q ,�E1w&xWv/�|k ��Y J�Y

B k xwVo	g1p X {Vp6x*/hjg1k7n$z1kHv/l�kBiDh|p6s1m�n X(p kFE1w&xWv/�|kVm.n�p i@kBl$hEq+o n$z�w&n.hjn.h|m
v�pIm�m$h�/�|k<n�p3z�wVi@k

ÎR(X)  ÔR(X)  F̂R(X).
� � � �  	� � � � � � ?(p6g1m$h|�/kBl�wHm�kBn

X = {a, ac, dd, ddb, eee, fffi, ggi, hh, i}
hjg

w g/hjg1k.�|kBn$n�kBl�w&�jv/z�w��kBnRw&g1� �|kBn
R = 〈(a, b), (b, c), (c, d), (e, f), (f, g), (g, h)〉

Y
AUhjg1{Vk:n$z1k w&�jv/z�w��kBn�m<w&g1�^n$z1k:l�kB�4w&n$h|p6g1m[hjg*,�E1w&xWv/�|kVm[��Y Ow&g1�^��Y Jw&l�k:hjg1�/kBv�kBgb�
�/kBgUn��]X(k xwVo.�/kV�bs1{Vk<q+l�p6xXn$z1k<v/l�kBiDh|p6s1m[{�w&�|{Bs/�4w&n$h|p6g1m[n$z�w&n

Base(ÎR(X)) = {a, ac, b, dd, eee, fff, gg, hh, i},

Base(ÔR(X)) = {a, b, c, d, eee, fff, gg, hh, i},

Base(F̂R(X)) = {a, b, c, d, e, f, g, h, i}.
C 1m�kBl$i@k<n$z�w&n�hjn�kBl�w&n$hjg]H�^*l�pD{VkV�bs/l�k ��Y �(X�hjn$z^hjg/v/s/n

X
w&g1�

R
m$s ({Bh|kBgUn$�jo�xw&gUo

n$hjx�kVm��]X(kJ�/pWg1p6n�g1kV{VkVm�m�w&l$hj�jolH@kBn�n$z1k:p6s/n�kBl
(R,R)

�NzUs/�j��p&q
X
Y(y p6l�k v/l�kV{Bh|m�kB�jo@�

w&l�/hjn$l�w&l$o hjn�kBl�w&n$h|p6g1mp&q hjg/g1kBlRw&g1� p6s/n�kBl�zUs/�j�|m�xwVo g1p6n �k.hjg1{B�js1�/kV� hjg k�w6{�z
p6n$z1kBl Y`�<w&x�kB�jo@�/hjg^p6s/l[kFE1w&xWv/�|k�X(k z�wVi@k

Î 2
R(X) \ ÔR(X) 6= ∅

w&g1�
ÔR(X) \ Î 2

R(X) 6= ∅,
m$hjg1{Vk<n$z1k��w6m�k p&q

Î 2
R(X)

h|m
{a, b, c, dd, e, f, g, h, i}

Y
}�hjg�w&�j�jo X(kHg1p6n�kHn$z�w&n.n$z1k7w&�oH@p6l$hjn$z/x�m.q5p6l �1g1�bhjg]H hjg/g1kBl��<p6s/n�kBl^w&g1�	q+l�kVk

(R,S)
�NzUs/�j�|m`{�w&g �k hjxWv/�|kBx�kBgUn�kV�Ws1m$hjg]HLH@kBg1kBl�w&�jh���kV��AUv�kBz/g1kBl�� m�HIl�w&v/z1m��@m�kVkSADkV{ �

n$h|p6g.��Y O�Y
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�[kV{�w&�j�0n$z1kqNw&x�p6s1mW�/k q5kV{BnWn$z1kVp6l�kBx k+r0z1kVp6l�kBx ��Y �qnFY�~"g n$z/h|mWm�kV{Bn$h|p6g�X(k.{Vp6gb�
m$h|�/kBl w.�/k q5kV{BnJk &MkV{Bn"X�hjn$z�l�kVm$v�kV{Bn:n�p w.m$hjxWhj�4w&l$hjn"o7l�kB�4w&n$h|p6g

R
Y�]p6n�kWn$z�w&nJn$z1k

p6l$hoHIhjg�w&�`�/k q5kV{Bn n$z1kVp6l�kBx �/pDkVm<g1p6n z1p6�|�HhjgHn$z1k3l�kB�4w&n$h|p6g�w&�`{�w6m�kI�MhZY k0Yj�Mn$z1k3{�w&l��bhE�
g�w&�jhjn"o.p&q

Base(F̂R(X))
{�w&g��k�HIl�k�w&n�kBl[n$z�w&g^n$z1k:{�w&l��bhjg�w&�jhjn"o p&q

X
Y }1p6l]kFE1w&x3�

v/�|kI�
Base(F̂R(X)) = {ab, ac, bc}

q5p6l
X = {abac, bc}

w&g1�
R = 〈(a, b), (b, c)〉

Y
�]kBg1{VkI� X(k(g1kVkV�3w[�bh &MkBl�kBgUn�tDhjg1� p&q1q5p6l$xJs/�4w&n$h|p6g8Y[K>kBn

X
�k0w �1g/hjn�k0m$s 1m�kBn�p&q

A∗w&g1�.�|kBn
R
�kJwWm$hjxWhj�4w&l$hjn"o�l�kB�4w&n$h|p6g8Y K>kBn�s1m[{Vp6g1m$h|�/kBl]w(HIl�w&v/z

GR(X) = (V,E)�/k��1g1kV� w6m q5p6�j�|p X�m Y�r0z1km�kBn
V

p&q�i@kBl$n$h|{VkVmJh|m
X

��w&g1�
(u, v) ∈ E

hEq[w&g1��p6g/�jo
hEq

uR v
Y B k.{Vp6g1m$h|�/kBl3n$z1k.{Vp6g/g1kV{Bn�kV� {Vp6xWv�p6g1kBgUn�m�p&q

G
Y��]p6n�kRn$z�w&n3n$z1k�m�kBn

p&q�i@kBl$n$h|{VkVm3hjg n$z1kR{Vp6g/g1kV{Bn�kV� {Vp6xWv�p6g1kBgUn�{Vp6gUn�w&hjg/hjg]H
x

h|m kFE1w6{Bn$�jo
(RX)+(x)

�
X�z1kBl�k

R+ h|mJn$z1k�n$l�w&g1m$hjn$hji@kR{B�|pIm$s/l�kp&q
R
Y�u<kBg1p6n�kn$z1k�gUs/x*�kBl3p&q[{Vp6g/g1kV{Bn�kV�

{Vp6xWv�p6g1kBgUn�m<p&q
GR(X)

Uo
c(X,R)

YSB k:l�kBv/�4w6{VkJn$z1k {�w&l��bhjg�w&�jhjn$h|kVm<p&q`n$z1kJp6l$hoH6�
hjg�w&���/k q5kV{BnWn$z1kVp6l�kBx Uo n$z1kRgUs/x*�kBlRp&q<{Vp6g/g1kV{Bn�kV� {Vp6xWv�p6g1kBgUn�mw&g1� v/l�p�i@k w
�/k q5kV{Bn�n$z1kVp6l�kBxXq5p6l�hjg/g1kBl

(R,R)
�NzUs/�j�|m[hjg.n$z1k<q5p6�j�|p X�hjg]HWq5p6l$xeY

� � � !$#�� � � � � � ��� �B!
X

��� = �`�1)+!"�]� A1�����B!��98
A∗ =6��#�C|�B!

B
��� !-,/� �$=&���3�98:!-,/�

)-�1��� �
(R,R)

	N,UADC-C(�98
X

e �>,/� �
c(B,R) ≤ c(X,R)

%:=6��# !-,/��� 	BA/=6C )+!+F^,b�6Cj#&��) 8
=6��#R�6�1C F�) 8

X
)4�J=6�

(R,R)
	9?���#U��e

�(�$���98�e�~Nq
X

h|mJw&g
(R,R)

�"{VpD�/kI�Pn$z1kBg
X∗ h|mJw&g hjg/g1kBl

(R,R)
�Nsbq5k�p&q0hjn�m�kB�Eq[w&g1�

B = X
Uo r0z1kVp6l�kBx���Yj�I�0YPr0zUs1mPn$z1k*k.hUs�w&�jhjn"o z1p6�|�/mMn$l$hjiDh4w&�j�jo2Y[AUs/v/v�pIm�k*g1p X�n$z�w&n

X
h|m*g1p6n w&g

(R,R)
�"{VpD�/k0Y �]kBg1{VkI�In$z1kBl�k�kFEbh|m$n�X(p6l��/m

x1, . . . , xm, y1, . . . , yn ∈ Xm$s1{�z n$z�w&n
x1 · · · xm Ry1 · · · yn

w&g1�M��q5p6lWm�p6x�k
t ∈ {1, 2, . . . ,min{n,m}}

�7X(k
z�wVi@k

xs R ys
q5p6l

s = 1, 2, . . . , t − 1
� /s/n

(xt, yt) 6∈ R
Y r0zUs1m��

(xt, yt)
h|m�w

g1p6gUn$l$hjiDh4w&��hjg/g1kBl
R
�Nxw&n�{�zRq5p6l

X
p�i@kBl

X
w&g1�

C i
R,X(X0) 6= ∅

hjg ^*l�pD{VkV�bs/l�k<��Y ��Y
r0z/h|m[x�k�w&g1m]n$z�w&n]n$z1kJv/l�pD{VkV�bs/l�k �/pDkVm[g1p6n]l�kBn$s/l$g

X0
��hZY k0Yj�

Pi(X,R) = Xk
q5p6l

m�p6x�k�v�pIm$hjn$hji@k�hjgUn�k&H@kBl
k
Y�Q(o�r0z1kVp6l�kBx ��Yj� \b�q^*l�pD{VkV�bs/l�k]��Y �:{Vp6xWv/s/n�kVm(n$z1k �w6m�k

p&q�n$z1k hjg/g1kBl
(R,R)

�NzUs/�j��p&q
X

{Vp6l$l�kV{Bn$�jo2Y7B k m$z1p X n$z�w&n
c(Xk, R) < c(X,R)

Y
}�hjl�m$n�X(k:hjgUn$l�pD�bs1{Vk3m�p6x�k:g1p6n�w&n$h|p6g8Y[r0z1k:i@kBl$n�kFE m�kBn]p&q

GR(Xj)
h|m]�/kBg1p6n�kV�

Uo
Vj

w&g1� n$z1kWm�kBn<p&q0kV��H@kVm<h|m �/kBg1p6n�kV� Uo
Ej
Y�M[gHkV��H@k

(u, v) ∈ Ej
h|m<{�w&�j�|kV�

w.C )��&,D![�$#��U�]hEq
(u, v)

h|m w k-n$l$hjiDh4w&�>n�hjg/g1kBl
R
�Nxw&n�{�z q5p6l

Xj
p�i@kBl

X
Y�C[n$z1kBlpX�h|m�kI�

n$z1k kV��H@k3h|m<{�w&�j�|kV��,/�$=6Q�F0Y"K>kBn s1m<�/kBg1p6n�k n$z1k3m�kBn p&q i@kBl$n$h|{VkVm<hjgHn$z1k3{Vp6g/g1kV{Bn�kV�
{Vp6xWv�p6g1kBgUn�p&q

GR(Xj)
{Vp6gUn�w&hjg/hjg]HRw:i@kBl$n�kFE

u
Uo

Vj(u)
Y*~NqPn$z1kBl�k kFEbh|m$n�m�wJv�w&n$z

q+l�p6x
u

n�p
v

s1m$hjg]HWp6g/�joR�jhoHIzUn[kV��H@kVm���X(k �/kBg1p6n�k
u→Lj

v
Y`r0z1k<v�w&l$n$hjn$h|p6g p&q�n$z1k

i@kBl$n$h|{VkVm<p&q
GR(Xj)

hjgUn�p C )��&,D!�?��62[�/�6��� ��!-�
Lj(u) = {v ∈ Vj(u) | u →Lj

v}
h|m

{B�|k�w&l$�jo wWl�k��1g1kBx�kBgUn p&q`n$z1k:v�w&l$n$hjn$h|p6g7p&q*i@kBl$n$h|{VkVm]hjgUn�pR{Vp6g/g1kV{Bn�kV�H{Vp6xWv�p6g1kBgUn�m Y
B kRg1p6n�k�n$z�w&n

Lj(u)
{Vp6hjg1{Bh|�/kVm-X�hjn$z n$z1k.m�kBn

Di
R,X(u,Xj)

Uo n$z1k.�/k��1g/hjn$h|p6g8Y
}�hoHIs/l�k ��Y �Whj�j�js1m$n$l�w&n�kVm�n$z1k:kV��H@kVm[w&g1�^{Vp6xWv�p6g1kBgUn�m]p&q�n$z1kLHIl�w&v/z

GR(Xj)
Y

}1p6l^m$hjxWv/�jh|{Bhjn"o@� hjg n$z/h|m.v/l�pDp&q(X(k �/kBg1p6n�k
cj = c(Xj , R)

Y }/s/l$n$z1kBl$x�p6l�kI�
n$z1k^gUs/x*�kBl^p&q:�jhoHIzUn.{Vp6xWv�p6g1kBgUn�m�p&q

GR(Xj)
h|mR�/kBg1p6n�kV��Uo

lj
Y C[s/lRv/l�pDp&q

h|m �bhjiDh|�/kV� hjgUn�p n X(pHv�w&l$n�m YH}�hjl�m$naX(kRv/l�p�i@kRn$z�w&n�wTq+n�kBlWk�w6{�z hjn�kBl�w&n$h|p6g m$n�kBv p&q
^*l�pD{VkV�bs/l�k]��Y �Jn$z1k]gUs/x*�kBl�p&qP�jhoHIzUn�{Vp6xWv�p6g1kBgUn�m�p&q

GR(Xj)
{�w&g/g1p6n �k�HIl�k�w&n�kBl
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u

v

w
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����

Lj(u)
Lj(v)

Vj(u) = Vj(v)

Vj(w) = Lj(w)

}�hoHIs/l�k ��Y � 	 ?(p6xWv�p6g1kBgUn�m]p&q�n$z1k�HIl�w&v/z
GR(Xj)

n$z�w&g n$z1k:gUs/x*�kBl<p&q`n$z1kJp6l$hoHIhjg�w&��{Vp6g/g1kV{Bn�kV� {Vp6xWv�p6g1kBgUn�m<p&q
GR(X)

Y�~"g p6n$z1kBl
X(p6l��/m��

lj ≤ c0
k-��Yj�I��n

q5p6l�kBi@kBl$o
j
m�w&n$h|m9q+oDhjg]H

0 ≤ j ≤ k
Y

?(p6g1m$h|�/kBl �1l�m$n0n$z1k {�w6m�k
j = 0

Y[K>kBn
(u, v)

�k w&g w&l�/hjn$l�w&l$o�kV��H@k<hjg
E0
Y*r0z1k

R
�"{Vp6xWv�w&n$h�/�|kSX(p6l��/m

u
w&g1�

v
p&qMn$z1k�i@kBl$n�kFEm�kBn

V0
�kB�|p6g]H:n�p

X0 = X
w&g1�Wn$z1kBo

q5p6l$x w:n$l$hjiDh4w&��hjg/g1kBl
R
�Nxw&n�{�z�q5p6l

X0
p�i@kBl

X
Y*r0zUs1m��bn$z1kBl�k w&l�k[g1pJz1k�wViDoRkV��H@kVm

hjg n$z1k HIl�w&v/z
GR(X)

w&g1��n$z1kBl�k q5p6l�k�kBi@kBl$o�{Vp6g/g1kV{Bn�kV� {Vp6xWv�p6g1kBgUn�{Vp6g1m$h|m$n�m p&q
kFE1w6{Bn$�jo�p6g1k �jhoHIzUn[{Vp6xWv�p6g1kBgUn Y �]kBg1{VkI�

l0 = c0
Y

AUs/v/v�pIm�k3g1p X n$z�w&n
lj ≤ c0

YaB k(X�hj�j�*v/l�p�i@k�n$z�w&n
lj+1 ≤ c0

Y(M]m�m$s/x�k3n$z�w&n
(u, v) ∈ C i

R,X(Xj)
w&g1���|kBn

u = u′u′′ ��X�z1kBl�k
|u′| = |v|

w&g1�
u′′ ∈ A+ w6m hjg

^*l�pD{VkV�bs/l�k��Y ��YlB	z1kBg�n$z1k X(p6l��
u

h|mJm$v/�jhjn hjg�n$z1k
j
n$z hjn�kBl�w&n$h|p6g m$n�kBv p&qS^*l�p&�

{VkV�bs/l�k���Y �b�Pn$z1kBg w&�j�(kB�|kBx�kBgUn�m p&q
Lj(u) = Di

R,X(u,Xj)
m$v/�jhjnJhjgUn�p^n X(p v�w&l$n�m Y

~"g^p6n$z1kBl�X(p6l��/m��1n$z1k:m�kBn
Lj(u)

�bh|m�w&v/v�k�w&l�m]w&g1�^n X(p�g1k&X�m�kBn�m[p&q�i@kBl$n$h|{VkVm
R′(u)w&g1�

R′′(u)
w&l�k �p6l$g8Y Q(o<n$z1k {Vp6g1m$n$l$s1{Bn$h|p6g3w&g1�:n$z1k m$hjxWv/�jh ��{�w&n$h|p6g l$s/�|kI��X(k`tDg1p X

n$z�w&n
R′(u) ⊆ Lj+1(u

′)
w&g1�

R′′(u) ⊆ Lj+1(u
′′)
Y3~"g�w6�/�bhjn$h|p6g>�>hjn<q5p6�j�|p X�m<q+l�p6x

u′ R v
n$z�w&n

u′ →Lj
v
Y �]kBg1{VkI�$X(kWz�wVi@k

Lj+1(u
′) = Lj+1(v)

Y�r0zUs1m��>n$z1kWg1k&X
i@kBl$n$h|{VkVm

R′(u)
w&l�kJ{Vp6g/g1kV{Bn�kV� n�pn$z1k p6�|� {Vp6xWv�p6g1kBgUn {Vp6gUn�w&hjg/hjg]H�n$z1kJi@kBl$n�kFE

v
Y

rPp {Vp6g1{B�js1�/kI��n$z1k.�jhoHIzUn�{Vp6xWv�p6g1kBgUn�m
Lj(u)

w&g1�
Lj(v)

w&l�k^{�z�w&g]H@kV� n�p {Vp6x3�
v�p6g1kBgUn�m

Lj+1(u
′′)

w&g1�
Lj+1(v)

YW}/s/l$n$z1kBl$x�p6l�kI� UoD^*l�pD{VkV�bs/l�kW��Y �b�$X(k��/p�g1p6n
�/kB�|kBn�k:w&gUoRkV��H@kVm�hjg1m$h|�/k w&gUo�p6n$z1kBl��jhoHIzUn�{Vp6xWv�p6g1kBgUn�n$z�w&g

Lj(u)
Y �]kBg1{VkI�bn$z1kVm�k

p6n$z1kBlW�jhoHIzUnR{Vp6xWv�p6g1kBgUn�m{�w&g/g1p6nRm$v/�jhjnWhjgUn�p m$xw&�j�|kBl��jhoHIzUn{Vp6xWv�p6g1kBgUn�m Y r0z1kBo
xwVop6g/�jo �kV{Vp6x�k]{Vp6g/g1kV{Bn�kV��n�p p6n$z1kBl0{Vp6xWv�p6g1kBgUn�m Y`r0z1kBl�k q5p6l�kI�bn$z1k[gUs/x*�kBl�p&q
�jhoHIzUn`{Vp6xWv�p6g1kBgUn�m {�w&g/g1p6n*hjg1{Bl�k�w6m�k0hjgw&gUoJhjn�kBl�w&n$h|p6gm$n�kBv>�IhZY k0Yj�

lj+1 ≤ lj
Y
�]kBg1{VkI�

k-��Yj�I��n q5p6�j�|p X�m UoRhjg1�bs1{Bn$h|p6g8Y
M[g kFE1w&xWv/�|k^p&qJwH�/kB�|kBn$h|p6g	p&q:wH�jhoHIzUnR{Vp6xWv�p6g1kBgUn

Lj(u)
h|m-HIhji@kBg hjg }�hoH6�

s/l�kW��Y O�Yr0z1k{Vp6xWv�p6g1kBgUn
Vj(u)

{Vp6gUn�w&hjg1m*�1i@kW�jhoHIzUn {Vp6xWv�p6g1kBgUn�m���X�z/h|{�z q5p6l$x
n$z/l�kVk0g1k&X {Vp6g/g1kV{Bn�kV�{Vp6xWv�p6g1kBgUn�m

Vj+1(u1)
�
Vj+1(u2)

w&g1�
Vj+1(u3)

Y�r0z1k�g1k&X
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i@kBl$n$h|{VkVm
R′(u)

w&g1�
R′′(u)

w&l�k�{Vp6g/g1kV{Bn�kV� n�p�n$z1kWp6�|� {Vp6xWv�p6g1kBgUn
Vj(v)

Y��]p6n�k
n$z�w&n�� UoHn$z1k3g1k&X �jhoHIzUn3w&g1�Hz1k�wViDoHkV��H@kVm��>n$z1kW{Vp6g/g1kV{Bn�kV��{Vp6xWv�p6g1kBgUn

Vj+1(v){Vp6gUn�w&hjg1m�n$z1k:m�kBn�m
R′(u)

�
R′′(u)

w&g1�
Vj(w)

Y

u
′

v
Lj(v)

Vj(w)

Vj+1(u3)

R
′(u) R

′′(u)

Vj(v)

Vj+1(u1)

Vj+1(u2)

Vj(u)

Lj(u)
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}�hoHIs/l�k ��Y O 	 AUv/�jhjn[p&q
u

hjg
GR(Xj)

Y

~"n�l�kBxw&hjg1m[n�pm$z1p X n$z�w&n[hjg n$z1k:�4w6m$n[hjn�kBl�w&n$h|p6g l�p6s/g1� p&q`n$z1k:v/l�pD{VkV�bs/l�kJn$z1k
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Î k
R(X)

Y
r0z1kBl�k q5p6l�kI�

c(B,R) ≤ c(X,R) − k
w&g1�

c(B,R) 6= c(X,R)
�1m$hjg1{Vk

k > 0
Y

}�hjg�w&�j�jo@�=X(k]{Vp6g1m$h|�/kBl0w&g�w&v/v/�jh|{�w&n$h|p6g.p&q>n$z1kVm�k[�/k q5kV{Bn n$z1kVp6l�kBx�m Y �[kV{�w&�j�1q+l�p6x
ADkV{Bn$h|p6g ��Yj�0Yj�.n$z�w&nv�{VpD�/kVm�{Vp6l$l�kVm$v�p6g1� n�p

(R↑, ι)
�"{VpD�/kVm Y r0zUs1m�n$z1k^v/l�kBiDh|p6s1m

�/k q5kV{Bn�n$z1kVp6l�kBx�m�hjxWv/�jo3w]�/k q5kV{Bn�n$z1kVp6l�kBx q5p6l�v�w&l$n$h4w&�]X(p6l��/m��Um�kVk�� �&� � Y��<w&n$s/l�w&�j�jo@�
X(k0m�wVo n$z�w&n`w[x�p6g1p6h|��p6g3v�w&l$n$h4w&�]X(p6l��/m*h|mP�&8 ������hEq�w&g1�Wp6g/�joJhEq�hjn�h|m�H@kBg1kBl�w&n�kV� Uo
wJv�{VpD�/k0Y*r0z1k��&8 ����� ,UADC-Cbp&q*wJx�p6g1p6h|�

X
p&q�v�w&l$n$h4w&�$X(p6l��/m�h|m0n$z1k<m$xw&�j�|kVm$n�vbq+l�kVk

x�p6g1p6h|� {Vp6gUn�w&hjg/hjg]H
X
Y�f]m$hjg]HHp6s/lWg1p6n�w&n$h|p6g n$z/h|m3x�k�w&g1mWn$z�w&n3vbq+l�kVkRx�p6g1p6h|�/m

w&l�k
(R↑, ι)

�5q+l�kVkJw&g1��n$z1k<vbq+l�kVk<zUs/�j�Pp&q
X

h|m�n$z1k
(R↑, ι)

�5q+l�kVk zUs/�j�Pp&q
X
Y`�]p X`X(k

m$n�w&n�k 	
�*!$#�!���� � # � � � � � � �B!

X
����= �`�1)+!"�W���B!<�98]�/=6�B!+)5=6C ' �6�$#&��%])Ne-��eE%<=^���B!<�98�' �6�$#&�

�6Q6� �<!-,/� =6C ��,b=U���B!
A�

e�L�A��@�/�&���<!-,b=I!*!-,/�`�&8 �����],UADC-CM�98
X

� �6)4�B!-� =6��# C|�B!
B

���<)+!-�
�$=&����eW�>,/� �

|B| ≤ |X|
%0=6��#!-,/�3� 	BA/=6C )+!+F,b�6Cj#&� ) 8J=6��#R�6�1C F�) 8

X
)4�J= �/?���#U��e

�(�$���98�eSM]m*x�kBgUn$h|p6g1kV�Rw��p�i@kI�In$z1k�vbq+l�kVk0zUs/�j�1h|m�n$z1k
(R↑, ι)

�5q+l�kVk�zUs/�j��p&q
X
Y�r0zUs1m��

Uol?(p6l�p6�j�4w&l$o���Y �b��X(k<z�wVi@k
c(B,R↑) ≤ c(X,R↑)

w&g1��n$z1k k.hUs�w&�jhjn"oRz1p6�|�/m�hEq*w&g1�
p6g/�jo7hEq

X
h|mWw&g

(R↑, ι)
�"{VpD�/k0Y AUhjg1{Vk

M = B∗ h|m3w&g
(R↑, ι)

�5q+l�kVkRx�p6g1p6h|�M�[X(k
z�wVi@k

(R↑)M ⊆ ιM
Y r0z/h|m[x�k�w&g1m�n$z�w&n]kBi@kBl$o.{Vp6g/g1kV{Bn�kV� {Vp6xWv�p6g1kBgUn<p&q

GR↑
(B)w&g1�

GR↑
(X)

{Vp6gUn�w&hjg1m*p6g/�jo:p6g1k kB�|kBx�kBgUn Y*r0zUs1m
c(B,R↑) = |B|

w&g1�
c(X,R↑) =

|X|
Y`r0z/h|m�v/l�p�i@kVm[p6s/l[{B�4w&hjxeY
�<w&n$s/l�w&�j�jo@�Uw&�j�bv/l�kBiDh|p6s1m`�/k q5kV{Bn�n$z1kVp6l�kBx�m�q5p6l�X(p6l��/m[X�hjn$zWm$hjxWhj�4w&l$hjn"o l�kB�4w&n$h|p6g1m

{�w&g w&�|m�p �k]q5p6l$xJs/�4w&n�kV�^q5p6l�v�w&l$n$h4w&� X(p6l��/m Y(}1p6l[kFE1w&xWv/�|kI��X(k"H@kBn]wW{Bs/xJs/�4w&n$hji@k
�/k q5kV{Bn�k &MkV{Bn UoRs1m$hjg]H�hjg/g1kBl

(R↑, ι)
�NzUs/�j�|m<w&g1�.n$z1k<v/l�pD{VkV�bs/l�k

Pf (X,R↑)
Y



� � � ��� ��� � ! ��� ���*! % � ���� #�!! � # � � � &


 ��� �L��� 	aba����� ����� 	a�

~"gHxw&gUo w&�oH@p6l$hjn$z/x�m:l�kB�4w&n�kV�7n�p�s/g/h:hUs1k qNw6{Bn�p6l$h��Tw&n$h|p6g hjg x�p6g1p6h|�/m��Mn$z1k-HIl�w&v/z1m
hjgUn$l�pD�bs1{VkV� Uo AUv�kBz/g1kBl � RNI��:w&l�k^i@kBl$o s1m�k q+s/�ZY ~"g n$z/h|mRm�kV{Bn$h|p6g X(k hjgUn$l�pD�bs1{Vk
H@kBg1kBl�w&�jh���kV� AUv�kBz/g1kBl-HIl�w&v/z1mWhjg p6l��/kBlWn�pH�/k�w&� X�hjn$z v/l�p�/�|kBx�m�{Vp6g1{VkBl$g/hjg]H l�k �
�4w&n$h|p6g�w&�j�jo^s/g/h:hUs1kJqNw6{Bn�p6l$h��Tw&n$h|p6g1m Y<r0z1kVm�kaHIl�w&v/z1m w&l�kJv/l�w6{Bn$h|{�w&��n�pDp6�|m]hjg��1g1�bhjg]H
l�kB�4w&n$h|p6g�w&�bzUs/�j�|m�km^*l�pD{VkV�bs/l�k(��Y �]w&g1�a^*l�pD{VkV�bs/l�k ��Y I2nPw&g1�Jhjg n$z1k hjxWv/�|kBx�kBgUn�w&n$h|p6g
p&q(n$z1k Abw&l��bhjg�w6m#"q^�w&n$n�kBl�m�p6g�v/l�pD{VkV�bs/l�kekm^*l�pD{VkV�bs/l�kW��Yj��nFYaB k(HIhji@k3v1m�kBs1�/pD{VpD�/k
w&�oH@p6l$hjn$z/x�m�q5p6l�n$z1kVm�k n�w6m$tbm�w&g1�^m$hjxJs/�4w&n�k:n$z1kBhjl�s1m�k Uo�m�p6x�k:kFE1w&xWv/�|kVm Y
K>kBn

X1, . . . , Xn
�kRm$s 1m�kBn�m p&q

A∗ w&g1���|kBn
R

�kRw^m�kBn3p&q[m$hjxWhj�4w&l$hjn"o l�kB�4wT�
n$h|p6g1m

Rij
p6g
A∗ � X�z1kBl�k

1 ≤ i < j ≤ n
Y r0z1k �U� ��� �$=6C )��T�$# LI�1��,U��� � �6�$=���,

SR(X1, . . . , Xn)
h|m0�/k��1g1kV�^w6m(q5p6�j�|p X�m
	*r0z1k]i@kBl$n$h|{VkVm�p&qPn$z1k HIl�w&v/z w&l�k

n
�Nn$s/v/�|kVm

(u1, . . . , un)
� X�z1kBl�k k�w6{�z kB�|kBx�kBgUn

ui
h|mRwHv/l�k��]E p&q m�p6x�klX(p6l�� hjg

Xi
Y r0z1k

HIl�w&v/z {Vp6gUn�w&hjg1mJw&�j�*i@kBl$n$h|{VkVmJw6{V{VkVm�m$h�/�|kJq+l�p6x n$z1klk-hjg/hjn$h4w&�>n]i@kBl$n�kFE
(ε, . . . , ε)

s1m9�
hjg]HW�4w��kB�j�|kV�^�bhjl�kV{Bn�kV� kV��H@kVm
	

(u1, u2, . . . , un) (v1, v2, . . . , vn),
(x1, x2, . . . , xn)

X�z1kBl�k0n$z1k�kB�|kBx�kBgUn�m(p&q�n$z1k0�4w��kB�E�Nn$s/v/�|k[w&l�k�X(p6l��/m
xi
�kB�|p6g]HIhjg]H:n�p

Xi∪{ε}
m$s1{�z

n$z�w&n
xi ∈ Xi

hEq`w&g1�^p6g/�joRhEq
ui = ε

Y*~"g w6�/�bhjn$h|p6g>�/q5p6l
i < j

X(k:l�k.hUs/hjl�k<n$z�w&n

prefkij
(uixi)Rij prefkij

(ujxj),
k-��Yj� I2n

X�z1kBl�k
kij = min{|uixi|, |ujxj|}

w&g1�

vi = prefk(uixi)
−1(uixi),

k-��Yj�B�qn
X�z1kBl�k

k = min{|ulxl| | l = 1, 2, . . . , n}
Y�r0zUs1m��6n$z1k`z1k�w6�Ji@kBl$n�kFE

(v1, v2, . . . , vn)h|m�{Vp6xWv/�|kBn�kB�jo^�/kBn�kBl$xWhjg1kV��Uo�n$z1k:n�w&hj�>i@kBl$n�kFE
(u1, u2, . . . , un)

w&g1�^n$z1k �4w��kB�Pp&q
n$z1k.kV��H@k

(x1, x2, . . . , xn)
Y�B k.m�wVo n$z�w&n�n$z1k.kB�|kBx�kBgUn

vi
h|mw&g �6Q6� �����6' hEq<hjn

h|m<g1p6n n$z1kWkBxWv/n"oDX(p6l��$Y �]kBg1{VkI�Mhjg7n$z1k3hjg/hjn$h4w&�*i@kBl$n�kFE7n$z1kBl�k�w&l�k3g1p.p�i@kBl ��p X�m Y
�]p6n�k n$z�w&n�Cj�������B�MhZY k0Yj�PkV��H@kVm<q+l�p6x wRi@kBl$n�kFE �w6{�t n�p�hjn�m�kB�Eq�w&l�k�w&�j�|p X(kV�$Y M]m:w&g
kFE1w&xWv/�|kI��X(k l�kBv/l�kVm�kBgUn�n$z1k AUv�kBz/g1kBl�HIl�w&v/z

SR(X,Y )
q5p6l

X = {abda, ac}
�

Y = {ad, baa, c}
w&g1�

R12 = 〈(b, d)〉
hjg }�hoHIs/l�k ��Y Jb�]X�z1kBl�k n$z1k �4w��kB�Mn$s/v/�|kVm]w&l�k

l�kBv/l�kVm�kBgUn�kV� w6m�{Vp6�js/xWg^i@kV{Bn�p6l�m�q5p6l�n$z1k:m�w&t@k p&q*{B�4w&l$hjn"o2Y
~"gUn$s/hjn$hji@kB�jo@��n$z1kWh|�/k�w�h|m:n$z�w&n wGAUv�kBz/g1kBl�HIl�w&v/z

SR(X1, . . . , Xn)
m$hjxJs/�4w&n�kVm

w xw6{�z/hjg1klX�hjn$z
n

n�w&v�kVm Y�r0z/h|m3xJs/�jn$hE�Nn�w&v�k.xw6{�z/hjg1klX�l$hjn�kVmWp6g n$z1k
i
n$z n�w&v�k

X(p6l��/m.p&q
Xi

{�w&n�kBg�w&n$hjg]H n$z1kBx n�p�n$z1kHkBg1� p&qJn$z1k v/l�kBiDh|p6s1m$�jo6X�l$hjn$n�kBg`X(p6l��$Y
~"g n$z1k �k&HIhjg/g/hjg]HHk�w6{�z n�w&v�k�h|m kBxWv/n"o w&g1��n$z1k X�l$hjn$hjg]H z1k�w6�/mWw&l�khjg�v�w&l�w&�j�|kB�
v�pIm$hjn$h|p6g1m Y�r0z1k0xw6{�z/hjg1k[{�w&g-X�l$hjn�k�p6g/�jo n�p<n$z1pIm�k0n�w&v�kVm�X�z1kBl�k�n$z1k0�|kBg]HIn$z�p&q�n$z1k
{Vp6gUn�kBgUn(h|m(m$xw&�j�|kVm$n Y�~"g�w6�/�bhjn$h|p6g>� �kBn X(kVkBg�k�w6{�zRv�w&hjl(p&q>n�w&v�kVm`n$z1kBl�k[h|m(w:m$v�kV{Bh4w&�
l�kB�4w&n$h|p6g X�z/h|{�z7l�kVm$n$l$h|{Bn�m<n$z1k(X(p6l��/m n$z�w&n {�w&g �kaX�l$hjn$n�kBg8YJ}1p6l n$z1kW{Vp6gUn�kBgUn�m:p&q
n�w&v�kVm

i
w&g1�

j
�=X(k[l�k.hUs/hjl�k�n$z�w&n(n$z1k[m$z1p6l$n�kBl X(p6l��h|m

Rij
�Nl�kB�4w&n�kV�Rn�p:n$z1k�v/l�k��]Ep&q

n$z1kJ�|p6g]H@kBlLX(p6l��$Y r0z1k kV��H@kVm p&q`n$z1k AUv�kBz/g1kBlLHIl�w&v/zH�/kVm�{Bl$h��k n$z1k�X(p6l��/m p&q
Xi



� � � �  � � � � #�� # �  �� & � �

(ε, ε) (da, ε)

(ε, a)(c, ε) (bda, ε)

(

abda

ad

)

(

ε

baa

)

(

ac

ε

)

(

ε

c

)

(

abda

ε

)

}�hoHIs/l�k ��Y J 	 r0z1kPAUv�kBz/g1kBl6HIl�w&v/z
SR(X,Y )

q5p6l
X = {abda, ac}

�
Y =

{ad, baa, c}
w&g1�
R = {R12} = {〈(b, d)〉}

Y

X�l$hjn$n�kBg p6g	n$z1k
n

n�w&v�kVmRhjg k�w6{�z m$n�kBv8Y r0z1k i@kBl$n$h|{VkVm.p&q:n$z1k AUv�kBz/g1kBl�HIl�w&v/z
{Vp6g1m$h|m$n:p&q�p�i@kBl ��p X�m Y�r0z1kp�i@kBl ��p X

vi
hjg1�bh|{�w&n�kVmJn$z1k�m$s (-E p&q0n$z1k{Vp6gUn�kBgUn3p6g

n�w&v�k
i
p�/n�w&hjg1kV� Uo7�/kB�|kBn$hjg]H n$z1k�v/l�k��]E�p&q��|kBg]HIn$z k.hUs�w&�`n�p^n$z1k��|kBg]HIn$z p&q�n$z1k

m$z1p6l$n�kVm$nJ{Vp6gUn�kBgUnWp6g w&�j�`n�w&v�kVm Y�r0z1k�xJs/�jn$hE�Nn�w&v�kRxw6{�z/hjg1k X�hjn$z�n$z/l�kVk�n�w&v�kVmJh|m
hj�j�js1m$n$l�w&n�kV�.hjg^}�hoHIs/l�k ��Y RqY

R13

R12

R23

x(1)1

x(1)2

x(1)3

x(2)2

x(3)3

x(4)1

x(5)2

x(5)3 v3

v1

}�hoHIs/l�k ��Y R 	 ,�E1w&xWv/�|kJp&q`w3xJs/�jn$hE�Nn�w&v�kJxw6{�z/hjg1kI��X�z1kBl�k
Rij

w&l�k l�kB�4w&n$h|p6g1m��
x(l)iw&l�k"X(p6l��/m]hjg

Xi
w&g1�

vi
w&l�k:n$z1kJ{Bs/l$l�kBgUn p�i@kBl ��p X�m Y[u w6m$z1kV�^�jhjg1kVm]hjg1�bh|{�w&n�kJn$z1k

v�pIm$hjn$h|p6g1m�X�z/h|{�z {Vp6l$l�kVm$v�p6g1�.n�pWi@kBl$n$h|{VkVm[p&q�n$z1kaAUv�kBz/g1kBlSHIl�w&v/z8Y

~"g wDAUv�kBz/g1kBl(HIl�w&v/z>�(w ' =6C Sp&q[�|kBg]HIn$z
m

h|mWw m�k.hUs1kBg1{Vk
e1 · · · em

��X�z1kBl�k
el = u(l)u(l+1)

h|m w&g�kV��H@k0q+l�p6x�w]i@kBl$n�kFE
u(l) = (u(l)1, . . . , u(l)n)

n�p:w<i@kBl$n�kFE
u(l + 1) = (u(l + 1)1, . . . , u(l + 1)n)

�4w��kB�j�|kV��Uo
x(l) = (x(l)1, . . . , x(l)n)

Y�~"n
h|m ?BCj�&���$# hEq

u(1) = u(m + 1)
Y�K>kBn

w = e1 · · · em
�k w-X0w&�jt.q+l�p6x

(ε, . . . , ε)
n�p

w&g w&l�/hjn$l�w&l$o m$n�w&n�k
(v1, . . . , vn)

Y�Q(o�n$z1kJ{Vp6g1m$n$l$s1{Bn$h|p6gHp&q
SR(X1, . . . , Xn)

��n$z1k
�4w��kB�|m

(x(1)1, . . . , x(1)n), . . . , (x(m)1, . . . , x(m)n)
p&q

w
HIhji@k^s1m X(p6l��/m

wi =
x(1)i · · · x(m)i ∈ X∗

i

q5p6l
i = 1, 2, . . . , n

Y �]p6n�kRn$z�w&n�m$hjg1{Vk
x(l)i

{�w&g �kRn$z1k
kBxWv/n"o X(p6l�� q5p6l^m�p6x�kHhjg1�bh|{VkVm

1 ≤ l ≤ m
�[n$z1k7m�k.hUs1kBg1{Vk

x(1)i, . . . , x(m)ih|m g1p6n3g1kV{VkVm�m�w&l$hj�jo w l�k�w&�
Xi

�5qNw6{Bn�p6l$h��Tw&n$h|p6g p&q
wi
Y Q(o k-��Yj� I2n3w&g1�`k-��Yj�B�qn:hjn3h|m

m$n$l�w&hoHIzUn9q5p6lpX0w&l��^n�pWv/l�p�i@k�Uo�hjg1�bs1{Bn$h|p6g p6g.n$z1k �|kBg]HIn$z p&q�n$z1k�X0w&�jt
m

n$z�w&n

wi(vi)
−1 Rij wj(vj)

−1 k-��Yj� O2n
q5p6l

1 ≤ i < j ≤ n
Y ~"g n$z1k m�k.hUs1kB��X(kHw&l�k kVm$v�kV{Bh4w&�j�jo hjgUn�kBl�kVm$n�kV� hjg {B�|pIm�kV�

X0w&�jtbm*q+l�p6x n$z1k�hjg/hjn$h4w&��m$n�w&n�k
(ε, . . . , ε)

�w6{�tWn�p:hjn�m�kB�EqpY�~"g�n$z�w&n({�w6m�k�n$z1kBl�k]w&l�k�g1p



��� � ��� ��� � ! ��� ���*! % � ���� #�!! � # � � � &

p�i@kBl ��p X�m�hjg�n$z1k kBg1�.p&q�n$z1kLX0w&�jt.w&g1��n$z1k]�4w��kB�|m�p&q
w

hjg1�bh|{�w&n�k�X(p6l��/m
wi ∈ X∗

im$s1{�z n$z�w&n
wi R ij wj

Y<y p6l�kVp�i@kBl���l�kBx�p�iDhjg]H^kBxWv/n"oGX(p6l��/m
x(l)i 6∈ Xi

q+l�p6x n$z1k
X(p6l��

x(1)i · · · x(m)i
X(k�H@kBnw&g

Xi
�5qNw6{Bn�p6l$h��Tw&n$h|p6g p&q

wi
Y r0z1kVm�k.p�1m�kBl$iIw&n$h|p6g1m

w&l�k]q+s/g1�1w&x�kBgUn�w&�>q5p6l�n$z1k:w&�oH@p6l$hjn$z/x�m]p&q�n$z/h|m�m�kV{Bn$h|p6g8Y
}�hjl�m$n X(k]m$z1p X z1p X AUv�kBz/g1kBl HIl�w&v/z1m HIhji@k w&g�k ({Bh|kBgUn�X0wVoRp&q>hjxWv/�|kBx�kBgUn$hjg]H

n$z1k3l�kB�4w&n$h|p6g�w&��Abw&l��bhjg�w6m#"q^�w&n$n�kBl�m�p6g n�kVm$n Y�~"g7v/l�w6{Bn$h|{VkI��{Vp6g1m$n$l$s1{Bn$hjg]H m�kBn�m
Ui

hjg
^*l�pD{VkV�bs/l�k���Yj�p6g1k Uo p6g1k�xwVo7g1p6n*�kWn$z1kWqNw6m$n�kVm$n"X0wVo p&q�n�kVm$n$hjg]H l�kB�4w&n$h|p6g�w&�
{VpD�/kVm Y �]kBl�k�X(k:s1m�k�H@kBg1kBl�w&�jh���kV� AUv�kBz/g1kBl�HIl�w&v/z1m[hjg p6l��/kBl[n�p �1g1�^p6s/n[n$z1kJkB�|k �
x�kBgUn�m�hjg�w&�j�/p&q�n$z1k0m�kBn�m

Ui
m$hjxJs/�jn�w&g1kVp6s1m$�jo2Y[M�{Bn$s�w&�j�jo@�2X(k(g1kVkV�Wp6g/�jo w]m$hjxWv/�jh ��kV�

i@kBl�m$h|p6g7p&q n$z1kaHIl�w&v/z
SR(X,X)

YJ}1p6l<n$z1k3m�w&t@k3p&q({B�4w&l$hjn"o@�$X(kW�/kB�|kBn�kWw&�j���4w��kB�|m
p&qPn$z1k]kV��H@kVm�w&g1��m�p6x�k[s/g/g1kV{VkVm�m�w&l$oRkBxWv/n"o X(p6l��/m�w&g1���/kBg1p6n�k

R12 = R
Y�y p6l�k

v/l�kV{Bh|m�kB�jo@�Pn$z1k�i@kBl$n$h|{VkVm p&q�n$z/h|mJm$hjxWv/�jh ��kV� HIl�w&v/z
SR(X)

w&l�k�v/l�k��]E/kVmJp&q�X(p6l��/m
hjg

X
hjg1{B�js1�bhjg]H n$z1k�kBxWv/n"o X(p6l��

ε
�=X�z/h|{�z�w6{Bn�m0w6m`n$z1k�hjg/hjn$h4w&��i@kBl$n�kFE$Y�r0z1k[m�kBn p&q

i@kBl$n$h|{VkVm0{Vp6g1m$h|m$n�m(p&q>n$z1pIm�k]kV��H@kVm0w6{V{VkVm�m$h�/�|k�q+l�p6x
ε
s1m$hjg]H3kV��H@kVm0p&q>n$z1k�q5p6�j�|p X�hjg]H

n"oDv�k0Y]r0z1kBl�kJh|m w&gHkV��H@kJq+l�p6x wWi@kBl$n�kFE
u 6= ε

n�p�w�i@kBl$n�kFE
v

hEq$�1q5p6l<m�p6x�k�X(p6l��
x ∈ X

�NX(k0z�wVi@k
v = R(x)−1u

p6l
v = R(u)−1x

Y�~"g�w6�/�bhjn$h|p6g>�6q+l�p6x
ε
n$z1kBl�k0h|m*w&g

kV��H@k n�p�w3i@kBl$n�kFE
v

hEq�n$z1kBl�k:kFEbh|m$n�X(p6l��/m
x

w&g1�
y

hjg
X

m$s1{�z^n$z�w&n
v = R(x)−1yw&g1�

(x, y) 6∈ R
Y	�]p XXn$z1k^i@kBl$n$h|{VkVmRw&n�w7�bh|m$n�w&g1{Vk p6g1k�q+l�p6x

ε
q5p6l$x n$z1k^m�kBn

U1 = R(X)−1X \ {ε}
Y�Q(o n$z1k��bh|m$n�w&g1{VkWq+l�p6x

u
n�p

v
X(kWx�k�w&g�n$z1kWxWhjg/hjxw&�

�|kBg]HIn$z p&q*waX0w&�jtRq+l�p6x
u

n�p
v
Y@?(p6g1m$h|�/kBl$hjg]Hn$z1k {Vp6g1m$n$l$s1{Bn$h|p6g p&q�n$z1k m$hjxWv/�jh ��kV�

HIl�w&v/z
SR(X)

X(kW{Vp6g1{B�js1�/k Uo hjg1�bs1{Bn$h|p6g n$z�w&n:wRi@kBl$n�kFE
v

hjg
SR(X)

w&n:wR�bh|m9�
n�w&g1{VkWp&q�kFE1w6{Bn$�jo

i
q+l�p6x n$z1k�m$n�w&n�k

ε
�kB�|p6g]H@m n�p

Ui
Y �]kBg1{VkI� UoHr0z1kVp6l�kBx ��Y �1�

n$z1kJm�kBn
X

h|m<w&g
(R,R)

�"{VpD�/kJhEq(w&g1� p6g/�jo^hEq`hjg
SR(X)

n$z1kBl�kJh|m]g1pR{B�|pIm�kV�GX0w&�jt
q+l�p6x

ε
�w6{�t�n�p3hjn�m�kB�EqpY*rPpNH@kBn$z1kBl�X�hjn$z^r0z1kVp6l�kBxX��Y I n$z/h|m�HIhji@kVm�s1m�n$z1k]q5p6�j�|p X�hjg]H

w&�oH@p6l$hjn$z/x q5p6l��/kV{Bh|�bhjg]H X�z1kBn$z1kBl<w*�1g/hjn�k:m�kBn�h|m[w&g
(R,S)

�"{VpD�/k0Y
� � � !$# � � � � � � � � V���/0!�*$9>��;�!�/���� � �]����� * �

X,R, S �
����� ��� 	Iw �1g/hjn�k�m�kBn`p&q
X(p6l��/m

X
�Dw&gw&�jn�kBl�w&n$h|p6g�l�kB�4w&n$h|p6g

R
�Uw ���/kB�jhjn"o3l�kB�4w&n$h|p6g

S
Y

� ?(p6g1m$n$l$s1{Bn�n$z1k�HIl�w&v/z
SR(X)

Y
� � ��n$z1kBl�k h|m�g1p(X0w&�jtRq+l�p6x

ε
n�p

ε
hjg

SR(X)I ����� � � �
RX ⊆ SX

�����������
X

h|m[w&g
(R,S)

�"{VpD�/k
� ������ �����������

X
h|m�g1p6n]w&g

(R,S)
�"{VpD�/k0Y

	 ��� � ��� 	bn$z1k:w&�oH@p6l$hjn$z/x n�kB�j�|mSX�z1kBn$z1kBl
X

h|m[w&g
(R,S)

�"{VpD�/kJp6l�g1p6n Y
B k.w6m�m$s/x�kRn$z�w&nWhjg n$z1k^w&�oH@p6l$hjn$z/x n$z1k k-hjg �1g/hjn�k�n3m$hjxWhj�4w&l$hjn"o l�kB�4w&n$h|p6g1mw&l�k

HIhji@kBg s1m$hjg]H w �1g/hjn�k(l�kBv/l�kVm�kBgUn�w&n$h|p6g
〈r1, . . . , rl〉

�/k��1g1kV� hjg ADkV{Bn$h|p6g I�Yj�0Y[AUs/v/v�pIm�k
n$z�w&n �p6n$z p&q`n$z1k:hjg/v/s/n]l�kB�4w&n$h|p6g1m

R
w&g1�

S
z�wVi@kJl�kBv/l�kVm�kBgUn�w&n$h|p6g1m {Vp6g1m$h|m$n$hjg]HRp&q

w&nx�pIm$n
m

v�w&hjl�m�p&q:�|kBn$n�kBl�m Y�r0z1kBg	n$z1k p6v�kBl�w&n$h|p6g p&qJ�/kV{Bh|�bhjg]H X�z1kBn$z1kBl�n X(p
�|kBn$n�kBl�m3w&l�k

R
�"m$hjxWhj�4w&l p6l

S
�"m$hjxWhj�4w&l3{�w&g �k��/p6g1k�hjg�n$hjx�k

O(m)
Y.u<kBg1p6n�k

n =∑
x∈X |x|

YW~"gHn$z1k-HIl�w&v/z
SR(X)

n$z1kBl�kw&l�k�w&n:x�pIm$n
n + 1

i@kBl$n$h|{VkVm YW}1p6lJk�w6{�z
i@kBl$n�kFEM��X(k�{Vp6g1m$n$l$s1{BnWn$z1kRp6s/npH@p6hjg]H kV��H@kVm Uo�{Vp6xWv�w&l$hjg]H7n$z1kRi@kBl$n�kFE X(p6l�� n�p



� � � �  � � � � #�� # �  �� & �!�

w&�j� X(p6l��/mWp&q
X
YHr0z/h|m3{�w&g	�kR�/p6g1ks1m$hjg]H

O(n)
�|kBn$n�kBl3{Vp6xWv�w&l$h|m�p6g1m Y �]kBg1{VkI�

n$z1k {Vp6g1m$n$l$s1{Bn$h|p6g p&q
SR(X)

n�w&t@kVm
O(n2m)

n$hjx�k0Y�M�{Bn$s�w&�j�jo@�Mn$z1k�HIl�w&v/z {�w&g �k
{Vp6g1m$n$l$s1{Bn�kV� kBi@kBg hjg n$hjx�k

O(knm)
��X�z1kBl�k

k
h|m n$z1kRgUs/x*�kBl�p&q�X(p6l��/m3hjg

X
�

m�kVk � II�b��v8Y<�2R0R�� w&g1� � J0J�� Y"AUhjxWhj�4w&l$�jo@� �1g1�bhjg]H�n$z1kJv�w&n$z1m]hjgH�jhjg1k
2

{�w&g �kJ�/p6g1k
hjg
O(n2)

n$hjx�k�s1m$hjg]HJn$z1k /l�k�w6�bn$zb� �1l�m$n0m�k�w&l�{�z � �0\b��ADkV{Bn$h|p6g��I��Y ��� Y*}/s/l$n$z1kBl$x�p6l�kI�
hjg3�jhjg1kSI�X(k�{Vp6xWv�w&l�k

R
�"m$hjxWhj�4w&l$hjn"oWw&g1�

S
�"m$hjxWhj�4w&l$hjn"o3p&qMw&�j�/v�w&hjl�m*hjg

X×X
w HUw&hjg

hjg
O(n2m)

n$hjx�k0Y*r0zUs1m��@n$z1k�{Vp6xWv/�|kFEbhjn"o�p&q V���/0!�*$9>��;�!�/���� � �]����� * �
X,R, S �h|m

O(n2m)
Y<}/s/l$n$z1kBl$x�p6l�kI�>hEq@X(kWw6m�m$s/x�kJn$z�w&n<n$z1kWw&�jv/z�w��kBn<h|m �]E/kV�M��n$z1kBgHn$z1k

hjg/v/s/n`l�kB�4w&n$h|p6g1m
R

w&g1�
S

{�w&g �k�{Vp6g1m$h|�/kBl�kV��n�p<z�wVi@k[{Vp6g1m$n�w&gUn m$h���k�k
m = O(1)

nFY
r0z/h|m�HIhji@kVm�s1mShUs�w6�bl�w&n$h|{:n$hjx�k:{Vp6xWv/�|kFEbhjn"o2Y �]kBg1{VkI�]X(k z�wVi@k:m$z1p X(kV� 	
� � � !$#�� � � � � � � �>,/��=6C �@�6� )+!-,U2 V���/0!�*$9>��;�!�/���� � �]����� * �

X,R, S � !"���B!-�
'�,/�B!-,/� �

X
)4�W=6�

(R,S)
	9?���#U�.�6�3���I!"e�\48W!-,/�
�`�1)+!"�3���N��������� ��!N=I!+)5�6�/�R�98W!-,/�W)-� 	

��Ab![��� Cj=I!+)5�6�/��?��6�/� )4�B! �98R=I![2��&�B!
m

�/=6)-���R=6��#
n =

∑
x∈X |x|

% !-,/� � !-,/�R!+)-2�
?��62[��C|� �6)+!+F��98:!-,/� =6C �@�6� )+!-,U2 )4�

O(n2m)
e

�]p6n�k<w&�|m�pJn$z�w&n��Uq5p6l(l�k&HIs/�4w&l0�4w&g]HIs�w H@kVm��bhjg1m$n�k�w6�Rp&qPn$z1k w��p�i@k]{Vp6x*/hjg�w&n�p6l$h4w&�
hjn�kBl�w&n$hji@kJw&�oH@p6l$hjn$z/x^�1n$z1kBl�k h|m[w&g w&s/n�p6xw&n�w3n$z1kVp6l�kBn$h|{�k-hjg1k ({Bh|kBgUn /s/n[k &MkV{Bn$hji@k�n
X0wVo<n�p[�/kBn�kBl$xWhjg1k7X�z1kBn$z1kBl�w�l�k&HIs/�4w&l�m�kBnMh|m�w&g

(R,S)
�"{VpD�/k p6lPg1p6n YPr0z1k@hUs1kVm$n$h|p6g

h|mJl�kV�bs1{VkV� n�p n$z1k�kBxWv/n$hjg1kVm�m v/l�p�/�|kBx p&q[l�k&HIs/�4w&l3�4w&g]HIs�w H@kVm��(m�kVk � J2R��0q5p6l n$z1k
v/l�p�/�|kBx w&g1�7q5p6l:l�k&HIs/�4w&l �4w&g]HIs�w H@kVmJhjg H@kBg1kBl�w&�ZY.~"g1�/kVkV�M�*w k-l�k&HIs/�4w&lFn:m�kBn

L
h|m

w&g
(R,S)

�"{VpD�/k.hEq w&g1� p6g/�jo�hEq
xL∗ ∩R(yL∗) = ∅

q5p6lw&�j�
x, y ∈ L

m�w&n$h|m9q+oDhjg]H
(x, y) 6∈ R

w&g1�
RL \ SL = ∅

Y
K>kBn<s1m]g1p X �/kBx�p6g1m$n$l�w&n�k-M[�oH@p6l$hjn$z/x ��Y I Uo {Vp6g1m$h|�/kBl$hjg]H.n$z1kJq5p6�j�|p X�hjg]H.kFED�

w&xWv/�|k0Y
� � � �  	� � � ��� � K>kBn X = {aac, ab, bb, ca}

w&g1�
R = 〈(a, c)〉

Y	r0z1kGAUv�kBz/g1kBl
HIl�w&v/z

SR(X)
w&g1�^n$z1k m�kBn�m

Ui
w&l�k�HIhji@kBg hjgH}�hoHIs/l�kJ��Y ��YLAUhjg1{VkJn$z1kBl�kJh|m<w X0w&�jt

q+l�p6x
ε

n�p
ε

hjg
SR(X)

��V���/0!�*$9>��;�!�/���� � �]����� * �
X,R, S � l�kBn$s/l$g1m �

X
h|m<g1p6n

w&g
(R,S)

�"{VpD�/k��<q5p6l[w&gUo�hjg/v/s/n�l�kB�4w&n$h|p6g
S
Y

ε c a

ac b

U1 = {c}
U2 = {a, ac, b}
Ui = {a, ac, b, c, ε}, i ≥ 3

}�hoHIs/l�k ��Y � 	`r0z1kaAUv�kBz/g1kBlSHIl�w&v/z
SR(X)

w&g1�.n$z1k:m�kBn�m
Ui

C[g n$z1k p6n$z1kBl7z�w&g1�M�3m�kBn$n$hjg]H
R′ = 〈(a, b)〉

X(k H@kBn }�hoHIs/l�k ��Y \�Y AUhjg1{Vk
n$z1kBl�k h|mRg1p,X0w&�jt q+l�p6x

ε
n�p hjn�m�kB�EqWw&g1�	n$l$hjiDh4w&�j�jo

R′
X ⊆ R′

X

��n$z1k w&�oH@p6l$hjn$z/x
V���/0!�*$9>��;�!�/���� � �]����� * �

X,R′, R′ � l�kBn$s/l$g1m �
X

h|mWw&g
(R′, R′)

�"{VpD�/k0Y � �]p X0�



� � � ��� ��� � ! ��� ���*! % � ���� #�!! � # � � � &

kBi@kBl��]V���/0!�*$9>��;�!�/���� � �]����� * �
X,R′ , ι � l�kBi@k�w&�|m(n$z�w&n

X
h|m g1p6n�w&g

(R′, ι)
�"{VpD�/k

m$hjg1{Vk
abR′ bb

� /s/n
ab 6= bb

Y

ε c a

ac b

U1 = {c}
U2 = {a}
Ui = {ac, b}, i ≥ 3

}�hoHIs/l�k ��Y \ 	`r0z1k�AUv�kBz/g1kBlSHIl�w&v/z
SR′(X)

w&g1��n$z1k:m�kBn�m
Ui

^*l�pD{VkV�bs/l�kVm:q5p6l��1g1�bhjg]H zUs/�j�|m:q5p6l
X ⊆ A+ z�wVi@k �kVkBg {Vp6g1m$h|�/kBl�kV�M�>q5p6lJkFED�

w&xWv/�|kI�Dhjg � �U��� Y*r0z1kBl�kI�Dn$z1k[h|�/k�w:h|m n�p��1g1�n$z1k X(p6l��/m(hjg
X+ g1p6n(z�wViDhjg]H3s/g/h:hUs1k

X
�5qNw6{Bn�p6l$h��Tw&n$h|p6g1m w&g1�3n�p]xw&t@k(n$z1k(qNw6{Bn�p6l$h��Tw&n$h|p6g1m`k.hUs�w&� Uo m$v/�jhjn$n$hjg]H n$z1k qNw6{Bn�p6l�m

hjgUn�p.m$xw&�j�|kBl:v/h|kV{VkVm Y3r0z/h|m<x�kBn$z1pD�7h|m �w6m�kV�7p6g m$n�w�/hj�jhjn"o2YW}1p6l l�kB�4w&n$h|p6g�w&�`zUs/�j�|m
X(k]{�w&gs1m�k]wJm$hjxWhj�4w&l�w&v/v/l�p@w6{�z8Y`f]m$hjg]H�H@kBg1kBl�w&�jh���kV�eAUv�kBz/g1kBl HIl�w&v/z1m X(k �1g1��w&�j�
R
�"m$hjxWhj�4w&l�X(p6l���v�w&hjl�m3w&g1��l�k��1g1k�n$z1kBhjl

Base(X∗)
�5qNw6{Bn�p6l$h��Tw&n$h|p6g1mWm�p^n$z�w&nJn$z1kBo

m�w&n$h|m9q+o:n$z1k�l�kB�4w&n$h|p6g�w&���/kV{VpD�bhjg]HJ{Vp6g1�bhjn$h|p6g k-��Yj��n&Y B k0v/l�kVm�kBgUn(w&gw&�oH@p6l$hjn$z/x n$z�w&n
{Vp6g1m$n$l$s1{Bn�m�n$z1k(xWhjg/hjxw&��H@kBg1kBl�w&n$hjg]H:m�kBn�p&q�n$z1k(hjg/g1kBl

(R,R)
�NzUs/�j�1p&q

X
Y�r0z1k0p6s/n9�

v/s/n*h|m w&�|m�p<n$z1k �w6m�k�p&q�n$z1k0hjg/g1kBl
(R,S)

�NzUs/�j�1q5p6l
S 6= R

hEq�n$z1k0zUs/�j��kFEbh|m$n�m Y[AUhjg1{Vk
X

w&g1�
X \ {ε}

H@kBg1kBl�w&n�k n$z1k<m�w&x�k]x�p6g1p6h|� X(k]xwVo�X�hjn$z1p6s/n��|pIm�m0p&q�H@kBg1kBl�w&�jhjn"o
l�kVm$n$l$h|{Bn�n�pWn$z1k:{�w6m�kLX�z1kBl�k

X
�/pDkVm�g1p6n�{Vp6gUn�w&hjg n$z1k:kBxWv/n"o X(p6l��$Y

?(p6g1m$h|�/kBl.w,AUv�kBz/g1kBl�HIl�w&v/z
SR(I) = SR(X1, X2, X3, X4)

��X�z1kBl�k
X1 =

X2 = X
�
X3 = X4 = Y

w&g1�.hjg.n$z1k:m�kBn
R
X(k:z�wVi@k

R12 = R, R13 = ι, R14 = R,
R23 = R, R24 = ι, R34 = R.

k-��Yj� J2n
K>kBn�s1m[�/kBg1p6n�kJn$z1k:m�kBn]p&q`{B�|pIm�kV�lX0w&�jtbm�q+l�p6xXn$z1kJm$n�w&n�k

(ε, ε, ε, ε)
�w6{�t.n�pWhjn�m�kB�Eq

Uo
Wε
Y M X0w&�jt

w = e1 · · · em ∈ Wε
{Vp6l$l�kVm$v�p6g1�/mn�p X(p6l��/m

w1, w2 ∈ X∗w&g1�
w3, w4 ∈ Y ∗ s1m$hjg]H�n$z1k^g1p6n�w&n$h|p6g	hjg v�w H@kDJb�0Y`Q(o n$z1k l�kB�4w&n$h|p6g1mDk-��Yj� J2n

w&g1� k-��Yj� O2nB�/n$z1kVm�kLX(p6l��/m[m�w&n$h|m9q+o

w1 = w3, w2 = w4, w1 Rw2
w&g1�

w3 R w4.
k-��Yj��R0n

K>kBn
el = u(l)u(l + 1)

�k w&g kV��H@k:hjg n$z1k"X0w&�jt
w

m$s1{�z n$z�w&n
u(l)3 = u(l)4 = ε

Y
}1p6l:n$z1k(X(p6l��/mJhjg7n$z1kWn$z/hjl���w&g1�Hq5p6s/l$n$z�{Vp6xWv�p6g1kBgUn p&q0n$z1k3�4w��kB�|m��>hZY k0Yj�>hjg n$z1k
x�p6g1p6h|�

Y ∗ �]X(k:�/kBg1p6n�k

x′ = x(1)3 · · · x(l − 1)3,

u = x(l)3,

x′′ = x(l + 1)3 · · · x(m)3,



� � � �  � � � � #�� # �  �� & � �

y′ = x(1)4 · · · x(l − 1)4,

v = x(l)4,

y′′ = x(l + 1)4 · · · x(m)4.

Q(o k-��Yj��R0nB�[X(k�z�wVi@k
x′ux′′ ∈ X∗ w&g1�

y′vy′′ ∈ X∗ m�w&n$h|m9q+oDhjg]H
x′ux′′ Ry′vy′′

Y
AUhjg1{Vk

u(l)3 = u(l)4 = ε
�=X(k]w&�|m�p:z�wVi@k

x′ R y′
Uo k-��Yj� O2n&Y
�]kBg1{VkI�

|x′| = |y′|
w&g1�

(u, v)
h|m�w&g

R
�Nxw&n�{�z.q5p6l

Y
p�i@kBl

X
Uo k-��Y \2n&Y*~Nq

|u| = |v|
�bn$z1kBg

(u, v) ∈ R
w&g1�

n$z1k<xw&n�{�z h|m�n$l$hjiDh4w&�ZY C[n$z1kBlpX�h|m�kI�
(u, v)

h|m[w g1p6gUn$l$hjiDh4w&�
R
�Nxw&n�{�z8Y

C[g n$z1k p6n$z1kBl]z�w&g1�M��hEq
(u, v)

h|m<w&g
R
�Nxw&n�{�z q5p6l

Y
p�i@kBl

X
hjn[h|m]{B�|k�w&l]n$z�w&n

n$z1kBl�k3h|mJwRv�w&n$z
w ∈ Wε

w6mJw��p�i@k0YWr0zUs1m��Phjg7v/l$hjg1{Bhjv�w&�7X(k�{�w&g�{Vp6g1m$n$l$s1{Bn:n$z1k
m�kBn�m

Ci
R,X(Y )

w&g1�
Di

R,X(u, Y )
Uo �1g1�bhjg]H�w&�j�PkV��H@kVm[m$s1{�z n$z�w&n�n$z1kBo �kB�|p6g]Hn�p

m�p6x�kLX0w&�jt
w ∈Wε(SR(I))

w&g1�.n$z1kBo.w&l�k:p&q�n$z1k<q5p6l$x

(u1, u2, ε, ε) (v1, v2, v3, v4) �
(x1, x2, x3, x4)

~"g n$z1k.q5p6�j�|p X�hjg]H w&�oH@p6l$hjn$z/x�m�X(k �/kBg1p6n�k n$z1k m�kBnRp&qJm$s1{�z	kV��H@kVmhjg w X0w&�jt
wUo

E(w)
Y-M�{Bn$s�w&�j�jo@�Pn$z1kBl�k3xwVo �kWw&g7hjg �1g/hjn�kWgUs/x*�kBl p&q X0w&�jtbm hjg

Wε
�>m$hjg1{Vk

w X0w&�jt xwVo {Vp6gUn�w&hjg {B�|pIm�kV�Hm$s =X0w&�jtbm
ek · · · ek′ (u(k) = u(k′ + 1))

X�z/h|{�z {�w&g
�k l�kBv�k�w&n�kV� w&g w&l�/hjn$l�w&l$o gUs/x*�kBl^p&qJn$hjx�kVm Y }1p6l$n$s/g�w&n�kB�jo@� X(k xwVo l�kVm$n$l$h|{Bn
p6s/l�m�kB�ji@kVm�n�p X0w&�jtbm

w̃
q+l�p6x

(ε, ε, ε, ε)
n�p

(ε, ε, ε, ε)
hjg

SR(I)
X�z/h|{�z��/p g1p6n

{Vp6gUn�w&hjgw&gUo {B�|pIm�kV�3m$s =X0w&�jt n X�h|{Vk0Y[K>kBn�s1m*�/kBg1p6n�k0n$z/h|m �1g/hjn�k�m�kBn Uo
W̃ε(SR(I))

Y
�[kBv�k�w&n$hjg]H�{B�|pIm�kV�.m$s =X0w&�jtbm�h|m�s/g/g1kV{VkVm�m�w&l$o�m$hjg1{Vk<n$z1kLX0w&�jtbm�p�/n�w&hjg1kV�.n$z/h|m�X0wVo
X�hj�j��g1p6n0{Vp6gUn�w&hjg^w&gUo�g1k&X	i@kBl$n$h|{VkVm0p6l0kV��H@kVm�w&g1�M�Un$z1kBl�k q5p6l�kI�Dg1pJg1k&X

R
�Nxw&n�{�z1kVm

q5p6l
Y

p�i@kBl
X

w&l�k[q5p6s/g1�$Y �]kBg1{VkI��X(k]z�wVi@k<m$z1p X�g.n$z�w&n0n$z1k[q5p6�j�|p X�hjg]Hw&�oH@p6l$hjn$z/x
�1g1�/m[w g1p6gUn$l$hjiDh4w&�Phjg/g1kBl

R
�Nxw&n�{�z^q5p6l

Y
p�i@kBl

X
hEq

C i
R,X(Y )

h|m�g1p6n[kBxWv/n"o2Y

� � � !$# � � � � � � � ��� ��;$*$�$9:1�9:!�/=<;8;8���$d !�*$)�U[k
SR(I)

n

����� ��� 	1w AUv�kBz/g1kBlSHIl�w&v/z
SR(I) = SR(X,X, Y, Y )

Y

� }�hjg1�^w&g kV��H@k hjg
E(w)

X�z1kBl�k
w ∈ W̃ε(SR(I))

m$s1{�z^n$z�w&n
|x3| 6= |x4|

Y
� � ��n$z1kBl�k h|m�g1pWm$s1{�zeX0w&�jt
I ����� � ���
�
��� � � �����
� ������ ���
�
��� �

(x3, x4)
Y

	 ��� � ��� 	1w g1p6gUn$l$hjiDh4w&�Phjg/g1kBl
R
�Nxw&n�{�z.q5p6l

Y
p�i@kBl

X
�/hEq�hjn�kFEbh|m$n�m Y

}1p6l(w&gWhjxWv/�|kBx�kBgUn�w&n$h|p6g�p&q$^*l�pD{VkV�bs/l�k���Y � X(k�g1kVkV�w&�|m�pJw&gw&�oH@p6l$hjn$z/x X�z/h|{�z
{Vp6g1m$n$l$s1{Bn�mJn$z1km�kBn

Di
R,X(u, Y )

Y.~"g n$z1k �1l�m$nJn$z/l�kVk��jhjg1kVmaM[�oH@p6l$hjn$z/x ��Y O �1g1�/m
w&�j�$X(p6l��/m

v ∈ Y
m$s1{�z n$z�w&n

(u, v)
h|m[w3n$l$hjiDh4w&�>hjg/g1kBl

R
�Nxw&n�{�z^q5p6l

Y
p�i@kBl

X
q5p6l

n$z1k�iIw&�js1kp&q�n$z1kRw&lpHIs/x�kBgUn
u

hjg k�w6{�z l�kV{Bs/l�m$h|p6g8Y^r0z/h|mJh|mJ{B�|k�w&l*Uo7n$z1kRw��p�i@k
{Vp6g1m$h|�/kBl�w&n$h|p6g1m p6g n$z1k3m�kBn�m

W̃ε(SR(I))
w&g1�

E(w)
Y<~Nq m$s1{�z7w X(p6l��

v
h|m[g1p6n]hjg

n$z1k:m�kBn
O

�1n$z1kJw&�oH@p6l$hjn$z/x w6�/�/m�hjn[n�p
O

w&g1� {�w&�j�|m�hjn�m�kB�Eq*l�kV{Bs/l�m$hji@kB�jo.hjg p6l��/kBl[n�p



� � � ��� ��� � ! ��� ���*! % � ���� #�!! � # � � � &

�1g1� w&�j�[X(p6l��/m hjg
Di

R,X(v, Y )
Y3~"g k�w6{�z l�kV{Bs/l�m$hji@kW{�w&�j�*n$z1k�m�kBn

O
kBhjn$z1kBl�HIl�p X�m

p6l(n$z1k]l�kV{Bs/l�m$h|p6g.m$n�p6v1m Y �]kBg1{VkI�Dn$z1k w&�oH@p6l$hjn$z/xX{B�|k�w&l$�jon�kBl$xWhjg�w&n�kVm�m$hjg1{Vk
O ⊆ Yh|m �1g/hjn�k0Y ~"g n$z1k kBg1� X(k p�/n�w&hjg

O = Di
R,X(u, Y )

��m$hjg1{Vk�Uo n$z1k �/k��1g/hjn$h|p6g
Di

R,X(u, Y )
h|m]n$z1kJs/g/h|p6g7p&q

Di
R,X(v, Y )

q5p6l w&�j�
v

m$s1{�zHn$z�w&n
(u, v)

h|m wn$l$hjiDh4w&�
hjg/g1kBl

R
�Nxw&n�{�z.q5p6l

Y
p�i@kBl

X
Y

� � � !$# � � � � � � � � ' �S!�*$)�U8���
(SR(I), u,O)

����� ��� 	MweAUv�kBz/g1kBl�HIl�w&v/z
SR(I) = SR(X,X, Y, Y )

�Pw�X(p6l��
u ∈ Y

�>w�m$s 1m�kBn
O ⊆ Di

R,X(u, Y )
Y

� �
	 � �
	
��
w ∈ W̃ε(SR(I))� �
	 � �
	
��RkV��H@k hjg

E(w)
m$s1{�z^n$z�w&n

I
|x3| = |x4|

	 � � k � � �����
� x3 = u
	 �

x4 = u
n

� � �
x3 6= u

����� � m�kBn
v ← x3

������m�kBn
v ← x4

Y
O � �

v 6∈ O
����� �

J ADkBn
O ← O ∪ {v}

Y
R �
� � ' �S!�*$)�U8���

(SR(I), v, O)
Y

	 ��� � ��� 	/r0z1k:w&�oH@p6l$hjn$z/x xw&t@kVm
O

k.hUs�w&�>n�p
Di

R,X(u, Y )
Y

�]p X X(k7w&l�k l�k�w6�bo n�p X�l$hjn�k7w&g w&�oH@p6l$hjn$z/x X�z/h|{�z �1g1�/mRn$z1k �w6m�kHp&qJn$z1k
hjg/g1kBlWzUs/�j�[p&q

X
s1m$hjg]H n$z1k.p6s/n$�jhjg1kVm�p&q�^*l�pD{VkV�bs/l�k.��Y �7w&g1� n$z1k.v/l�kBiDh|p6s1mWn X(p

w&�oH@p6l$hjn$z/x�m Y
� � � !$# � � � � � � � � <;8;8���$�a%8/=/ �

X,R �
����� ��� 	1w*�1g/hjn�k:m�kBn�p&q�g1p6g1kBxWv/n"olX(p6l��/m

X
��w3m$hjxWhj�4w&l$hjn"o.l�kB�4w&n$h|p6g

R
Y

� ADkBn
Y ← X

Y
� ADkBn

G← SR(X,X, Y, Y )
Y

I���� � ��� � ��;$*$�$9:1�9:!�/=<;8;8���$d !�*$)�U[k
G
n
6=

� ����� �
	

� ADkBn
(x, y)←

� ��;$*$�$9:1�9:!�/=<;8;8���$d !�*$)�U[k
G
nFY

O ADkBn
k ← min(|x|, |y|)

Y
J � �

|x| > |y|
����� � m�kBn

u← x
������m�kBn

u← y
Y

R ADkBn
O ← {u}

Y
� �
� � ' �S!�*$)�U8���

(G, u,O)
Y

\ �
	 � �
	
��
v ∈ O��� ADkBn

Y ← (Y \ {v}) ∪ {prefk(v), (prefk(v))−1v}
Y

�I� ADkBn
G← SR(X,X, Y, Y )

Y
��� ���
�
��� �

Y
Y

	 ��� � ��� 	bn$z1k �w6m�k:p&q�n$z1k<hjg/g1kBl
(R,R)

�NzUs/�j��p&q
X
Y



� � � �  � � � � #�� # �  �� & � �

K>kBn s1m({Vp6xWv�w&l�k[n$z/h|m0w&�oH@p6l$hjn$z/x�n�p:n$z1k[m$n�kBv1m(p&q8^*l�pD{VkV�bs/l�k]��Y ��Y�~"g�jhjg1kVm I "�J
n$z1k:w&�oH@p6l$hjn$z/x �1g1�/m[wJg1p6gUn$l$hjiDh4w&�Phjg/g1kBl

R
�Nxw&n�{�z

(u, v) ∈ C i
R,X(Y )

hEq�hjn�kFEbh|m$n�m Y
C[n$z1kBlpX�h|m�k:n$z1kJw&�oH@p6l$hjn$z/x n�kBl$xWhjg�w&n�kVm Y0r0z/h|m[{Vp6l$l�kVm$v�p6g1�/m�n�pm$n�kBv�� hjg^n$z1k:v/l�p&�
{VkV�bs/l�k0Y*r0z1k�m�kBn

Di
R,X(u, Y )

h|m {Vp6g1m$n$l$s1{Bn�kV��hjg�jhjg1kVm R w&g1�R��Y�~"g��jhjg1kVm \:w&g1� ���
X(k x�pD�bhEq+o

Y
w6{V{Vp6l��bhjg]H<n�p]m$n�kBv-I�hjg(^*l�pD{VkV�bs/l�k(��Y ��Y�r0z1k HIl�w&v/z

SR(X,X, Y, Y )h|m�s/v��1w&n�kV�^hjg p6l��/kBl�n�p �1g1�
(u, v) ∈ C i

R,X(Y )
q5p6l�n$z1k x�pD�bh ��kV�

Y
hjg^n$z1k g1kFEbn

l$s/g^p&q�n$z1k ��� � ���I�N�|pDp6v8Y@AUhjg1{Vk�X(k z�wVi@k g1p X�m$z1p X�g.n$z�w&n�n$z1k:w&�oH@p6l$hjn$z/xXq5p6�j�|p X�m
n$z1k^m$n�kBv1mp&q n$z1k^v/l�pD{VkV�bs/l�kI� X(k^tDg1p X n$z�w&nhjn{�w&�|{Bs/�4w&n�kVmR{Vp6l$l�kV{Bn$�jo n$z1k��w6m�k
p&q
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Di

R,X(ee, Z1)
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(ε, ε, ε, ε)
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h|m {B�|k�w&l q+l�p6x n$z1kR{Vp6gUn�kFEbn Y

AUhjxWhj�4w&l$�jo@��hEq
R

h|m:s/g1�/kBl�m$n�pDpD�7q+l�p6x n$z1kR{Vp6gUn�kFEbn���n$z1kBg X(kn�w&�jt�w��p6s/n�HI�|p��w&�N�
�|pD{�w&�>w&g1�^kFEbn�kBl$g�w&�Mv�kBl$h|pD�/m Y*�]p6n�k<n$z�w&n�n$z1k:w��p�i@k x�kBgUn$h|p6g1kV�^xWhjg/hjxw&�>v�kBl$h|pD�/m
xwVo�{Vp6hjg1{Bh|�/k0Y �]kFEbn�X(k�HIhji@kJw&g^kFE1w&xWv/�|k"X�z1kBl�kJw&�j�>p&q�n$z1kBx w&l�k:�bh &MkBl�kBgUn Y
� � � �  	� � � ��� � K>kBn A = {a, b, c, d}

w&g1�	�/kBg1p6n�k
x = babbbcbd

YPK>kBn
R =

〈(a, b), (b, c), (c, d), (d, a)〉
�k w {Vp6xWv�w&n$h�/hj�jhjn"o l�kB�4w&n$h|p6g p6g n$z1k w&�jv/z�w��kBn

A
Y

? �|k�w&l$�jo@�bn$z1k<xWhjg/hjxw&�Mv/s/l�k<v�kBl$h|pD�Rh|m
π(x) = 8

Y7Q(o�n$z1k �/k��1g/hjn$h|p6g p&q
R

�qX(k m�kVk
n$z�w&n

2
h|m<w�|pD{�w&�

R
�Nv�kBl$h|pD� p&q

x
Y"AUhjg1{Vk

(x7, x8) = (b, d) 6∈ R
�
1

h|m]g1p6n:w��|pD{�w&�
v�kBl$h|pD��w&g1� n$z1kBl�k q5p6l�kI��X(k�z�wVi@k

πR,l(x) = 2
Y��]kBhjn$z1kBl

1
g1p6l

2
h|m w&g�kFEbn�kBl$g�w&�

R
�Nv�kBl$h|pD�p&q

x
�Dm$hjg1{Vk]p6n$z1kBlpX�h|m�k]n$z1k[�|kBn$n�kBl

y1
p6l(l�kVm$v�kV{Bn$hji@kB�jo

y2
hjgn$z1k]kFEbn�kBl$g�w&�

X(p6l��
y

h|m[l�kB�4w&n�kV� n�pkBi@kBl$o^�|kBn$n�kBl<p&q*n$z1k3w&�jv/z�w��kBn��
X�z/h|{�zH{�w&g/g1p6n��k:n$z1k {�w6m�k0Y
AUhjg1{Vk

y = bab
m�w&n$h|m ��kVmPn$z1k0{Vp6g1�bhjn$h|p6g1m*p&q�w&g3kFEbn�kBl$g�w&��X(p6l�� hjg3u<k��1g/hjn$h|p6g O�Yj�2k-hjh>n �

X(kWz�wVi@k
πR,e(x) = 3

Y}/s/l$n$z1kBl$x�p6l�kI��m$hjg1{Vk
(b, d) 6∈ R

�8X(kWz�wVi@k
πR,g(x) > 5

Y
~"g1�/kVkV�M�

πR,g(x) = 6
�$�kV{�w&s1m�kJp&q`n$z1kJl�kB�4w&n$h|p6g

aR d
Y �]kBg1{VkI�1q5p6l<w-X(p6l��

x
��X(k

z�wVi@k
π = 8 > πg = 6 > πe = 3 > πl = 2.

M]m w&g1p6n$z1kBlJkFE1w&xWv/�|kWp&q(l�kB�4w&n$h|p6g�w&�`v�kBl$h|pD�/mLX(kW{Vp6g1m$h|�/kBl v�kBl$h|pD�/m p&q(v�w&l$n$h4w&�
X(p6l��/m Y
� � � �  	� ��� � ��� �[kV{�w&�j��v�w&l$n$h4w&��X(p6l��/m[q+l�p6x ADkV{Bn$h|p6g I�Y ��Yj�0Y]~"g � J���n X(pRn"oDv�kVm]p&q
v�kBl$h|pD�/maX(kBl�k.�/k��1g1kV� 	�M v�w&l$n$h4w&��X(p6l��

w
z�w6m�w � �/=6�B!+)5=6C 	�1� � )5��#

p
hEq$��q5p6l�w&�j�

i, j ∈ D(w)
�

i ≡ j (mod p) =⇒ w(i) = w(j).
M v�w&l$n$h4w&� X(p6l��

w
z�w6m[wRCj��?�=6C � �/=6�B!+)5=6C 	<�1� � )5��#

p
hEq

i, i + p ∈ D(w) =⇒ w(i) = w(i + p).

f]m$hjg]H.n$z1km$hjxWhj�4w&l$hjn"o7l�kB�4w&n$h|p6g
R↑ = 〈{(�, a) | a ∈ A}〉

X(k�m�kVkWn$z�w&n3w�v�kBl$h|pD�
p&q�w v�w&l$n$h4w&�$X(p6l��

w
{Vp6l$l�kVm$v�p6g1�/m0n�pWwaHI�|p��w&�

R↑
�Nv�kBl$h|pD��p&q�n$z1k {Vp6xWv�w&g/h|p6g

w�
Y

AUhjxWhj�4w&l$�jo@��wJ�|pD{�w&�Mv�w&l$n$h4w&�Mv�kBl$h|pD�.{Vp6l$l�kVm$v�p6g1�/m0n�p�w �|pD{�w&�
R↑

�Nv�kBl$h|pD�$Y*�]p6n�k<n$z�w&n
kFEbn�kBl$g�w&�[v�kBl$h|pD�/mRw&l�k.g1p6ni@kBl$o x�k�w&g/hjg]H6q+s/�[q5p6l�v�w&l$n$h4w&��X(p6l��/m Y �<w&x�kB�jo@��w&gUo
hjgUn�k&H@kBl

p ≥ 1
h|mWw&g kFEbn�kBl$g�w&�

R↑
�Nv�kBl$h|pD� p&q w&gUo X(p6l�� p�i@kBlWn$z1k�kFEbn�kBg1�/kV� w&�E�

v/z�w��kBn
A� = A ∪ {�}

Y�~"g1�/kVkV�M��X(k:xwVo^{�z1pDpIm�k
y = �p

q5p6l<w&g kFEbn�kBl$g�w&��X(p6l��$Y
?(p6g1m�k.hUs1kBgUn$�jo@�/q5p6l�v�w&l$n$h4w&�8X(p6l��/m��]X(kJw&�oX0wVobm[z�wVi@k

πe = 1
Y

r0z1k.g1kFEbnWn$z1kVp6l�kBx m$z1p X�mWz1p X �bh &MkBl�kBgUnn"oDv�kVm�p&q<v�kBl$h|pD�/mw&l�k�l�kB�4w&n�kV� n�p
k�w6{�z p6n$z1kBl Y



� ��� � �  � & ! ��� ��� ��� � ! ��� �  � # � ! %'& � �

� � � !$#�� � � ��� � �(Q6� � F���AD�����1� � )5��#3�98[=:' �6�$#
x

)4��=:��� Cj=I!+)5�6��=6C � �6Cj�U�$=6C %`� �I!"� � ��=6C
=6��#�Cj��?�=6C 	

R
	j�1� � )5��#:8V�6�W=6�1F^?��62[�/=I!+)N� )-C )+!+F.��� Cj=I!+)5�6�

R
�6�
A

e �(Q6� � F �6Cj�U�$=6C
R
	

�1� � )5��#R�98
x

)4� =6�7� �I!"� � ��=6C
R
	j�1� � )5��#R�98

x
=6��#=3Cj��?�=6C

R
	j�1� � )5��#R�98

x
e3�>,UAU��%b8V�6�

=�' �6�$#
x
%`'(�J=6C ' =6F&�<,b=6Q6�

π(x) ≥ πg(x) ≥ max(πe(x), πl(x))
e

�(�$���98�eSK>kBn
R
�k]w {Vp6xWv�w&n$h�/hj�jhjn"ol�kB�4w&n$h|p6g8Y7Q(o3l�k���kFEbhjiDhjn"o@�

ι ⊆ R
w&g1��n$z1kBl�k q5p6l�k

n$z1k �1l�m$n3m$n�w&n�kBx�kBgUn3z1p6�|�/m YH�]p6n�kn$z�w&n hEq
x = x1 · · · xn

z�w6m3w^v�kBl$h|pD�
p
��n$z1kBg

y = x1 · · · xp
h|m]w&g kFEbn�kBl$g�w&� X(p6l�� p&q

x
YSAUhjxWhj�4w&l$�jo@��n$z/h|m[{�z1p6h|{Vk p&q

y
w&�|m�pm$z1p X�m

n$z�w&n.w HI�|p��w&�
R
�Nv�kBl$h|pD� h|m�w&g kFEbn�kBl$g�w&�

R
�Nv�kBl$h|pD�$Y ? �|k�w&l$�jo@�]w HI�|p��w&�]v�kBl$h|pD�

m�w&n$h|m ��kVmRn$z1kH�/k��1g/hjn$h|p6g p&qWw �|pD{�w&�<v�kBl$h|pD�$Y }1p6l�n$z1k xWhjg/hjxw&� v�kBl$h|pD�/m���n$z1kVm�k
{Vp6g1m$h|�/kBl�w&n$h|p6g1m�hjxWv/�jo�n$z1k<hjg1k.hUs�w&�jhjn$h|kVm]p&q�n$z1k m$n�w&n�kBx�kBgUn Y

�]p6n�k`n$z�w&n*kBi@kBl$oJkFEbn�kBl$g�w&�Dv�kBl$h|pD�Jh|mPg1p6n�g1kV{VkVm�m�w&l$hj�jo w��|pD{�w&�Dv�kBl$h|pD�3w&g1� kBi@kBl$o
�|pD{�w&�Dv�kBl$h|pD� g1kVkV� g1p6n �k0w&g3kFEbn�kBl$g�w&�/v�kBl$h|pD�$Y�}1p6l�hjg1m$n�w&g1{VkI�Ihjg ,�E1w&xWv/�|kSO�Yj�(n$z1k
xWhjg/hjxw&�P�|pD{�w&�

R
�Nv�kBl$h|pD�

πl(x)
h|m�g1p6n]w&g kFEbn�kBl$g�w&�

R
�Nv�kBl$h|pD�M��w&g1�.q+s/l$n$z1kBl$x�p6l�kI�

πe(x)
h|m<g1p6nJw�|pD{�w&�

R
�Nv�kBl$h|pD�$Y r0z1kBl�k(X(k3z�wVi@k

πe(x) > πl(x)
Y �]kFEbnLX(k-HIhji@k

w&g^kFE1w&xWv/�|k�X�z1kBl�k
πl(x) > πe(x)

Y

� � � �  	� � � � � � K>kBn R = 〈(a, b), (b, c), (c, d), (d, a)〉
w&g1�.�|kBn

x = adcbccccbd.

?(p6g1m$h|�/kBl �1l�m$n[n$z1kJxWhjg/hjxw&���|pD{�w&�
R
�Nv�kBl$h|pD� p&q

x
Y�AUhjg1{Vk

(x9, x10) = (x4, x2) =
(b, d) 6∈ R

w&g1�
3

h|m<wW�|pD{�w&�
R
�Nv�kBl$h|pD�M��X(k z�wVi@k

πl = 3
YLAUhjg1{Vk

x1 = a
�
x4 = b

�
x7 = c

w&g1�
x10 = d

�*n$z1kBl�k.{�w&g/g1p6nWkFEbh|m$n�w&gUo kFEbn�kBl$g�w&� X(p6l��
y = y1y2y3

p&q
�|kBg]HIn$z

3
Y�C[n$z1kBlpX�h|m�kI�

y1
X(p6s/�|���kW{Vp6xWv�w&n$h�/�|k X�hjn$z w&�j�*�|kBn$n�kBl�mJp&q0n$z1kw&�jv/z�wT�

�kBn
{a, b, c, d}

Y/�]kBg1{VkI�
3

h|m]g1p6n:w&gHkFEbn�kBl$g�w&�
R
�Nv�kBl$h|pD�$Y<}1p6l<n$z1k m�w&x�k l�k�w6m�p6g>�

1
h|m]g1p6n:w&g7kFEbn�kBl$g�w&�

R
�Nv�kBl$h|pD�M� /s/n Uo {�z1pDpIm$hjg]H

y = bc
��X(k3m�kVkJn$z�w&n

πe = 2
Y

M]m g1p6n�kV�.w��p�i@kI�
2
h|m g1p6n�wJ�|pD{�w&��v�kBl$h|pD�$Y@AUhjg1{Vk

(a, c) 6∈ R
�Un$z1k]xWhjg/hjxw&��HI�|p��w&�

R
�Nv�kBl$h|pD�.m�w&n$h|m ��kVm

πg > 7.
M�{Bn$s�w&�j�jo@�

πg = 8
m$hjg1{Vk

aR b
Y ? �|k�w&l$�jo@�

π = 10
��w&g1�

n$z1kBl�k q5p6l�k
π = 10 > πg = 8 > πl = 3 > πe = 2.

�]kFEbnaX(k�m$z1p X n$z�w&n3hEq<w m$hjxWhj�4w&l$hjn"o�l�kB�4w&n$h|p6g
R

h|mWw&�|m�p n$l�w&g1m$hjn$hji@k�n$z1kBg w&�j�
l�kB�4w&n$h|p6g�w&�>v�kBl$h|pD�/m�{Vp6hjg1{Bh|�/k0Y
� � � !$#�� � � � ��� \48W=R� )-23)-Cj=6� )+!+FR��� Cj=I!+)5�6�

R
)4�3!+�$=6�/� )+!+)-Q6��%]=6��#.!-,UAU��=6� � 	BAD)-Q&= 	

C|� ��?��[��� Cj=I!+)5�6�/%*!-,/� �
Pg(x) = Pe(x) = Pl(x)

%�'�,/� ���
Pg(x)

� �����N�>e
Pe(x)

%
Pl(x)

	
)4��!-,/�0���B!��98[=6C-C �6Cj�U�$=6C � �����N�>eM� �I!"� � ��=6C %�Cj��?�=6C 	

R
	j�1� � )5��#&�]�98[=:' �6�$#

x
e(GH�6���$�6Q6� ��%

)-� !-,U)4�J?�=&���
πg(x) = πe(x) = πl(x).

�(�$���98�eSK>kBn
x = x1 · · · xn

�k w-X(p6l�� p&q*�|kBg]HIn$z
n

w&g1� �|kBn
R
�kJw&g k.hUs/hjiIw&�|kBg1{Vk

l�kB�4w&n$h|p6g8Y Q(o	r0z1kVp6l�kBx O�Yj�I� X(k7z�wVi@k
Pg(x) ⊆ Pe(x)

w&g1�
Pg(x) ⊆ Pl(x)

Y
?(p6g1m$h|�/kBlWw&g kFEbn�kBl$g�w&�

R
�Nv�kBl$h|pD�

p
X�hjn$z w&g kFEbn�kBl$g�w&� X(p6l��

y = y1 · · · yp
YlK>kBn



� � � ��� ��� � ! ��� �  � # � ! %'&

i ≡ j (mod p)
��X�z1kBl�k

i, j ∈ {1, 2, . . . , n}
Y*r0z1kBg^n$z1kBl�k:kFEbh|m$n�m

k ∈ {1, 2, . . . , p}m$s1{�z3n$z�w&n
i ≡ k (mod p)

w&g1�
j ≡ k (mod p)

Y��]p X
xi R yk

w&g1�
xj R yk

Uo n$z1k
�/k��1g/hjn$h|p6g.p&q�w&g�kFEbn�kBl$g�w&�
X(p6l��$Y AUhjg1{Vk

R
h|m n$l�w&g1m$hjn$hji@k w&g1�Rm$oDxWx�kBn$l$h|{I�qX(k[z�wVi@k

xi R xj
Y �]kBg1{VkI�

p
h|m�w�HI�|p��w&�

R
�Nv�kBl$h|pD�M�/w&g1��X(k<{Vp6g1{B�js1�/k n$z�w&n

Pe(x) ⊆ Pg(x)
Y

?(p6g1m$h|�/kBl<n$z1kBg�w�|pD{�w&�
R
�Nv�kBl$h|pD�

q
p&q

x
Y�K>kBn

i ≡ j (mod q)
��X�z1kBl�k

i, j ∈
{1, 2, . . . , n}

YeB kxwVo�m$s/v/v�pIm�k�n$z�w&n
j = i + kq

��X�z1kBl�k
k

h|m3w.g1p6g/g1k&HUw&n$hji@k
hjgUn�k&H@kBl Y7B k<z�wVi@k

xi R xi+q R xi+2q R · · · R xi+(k−1)q R xi+kq = xj .
AUhjg1{Vk

R
h|m3n$l�w&g1m$hjn$hji@kI�[X(k�z�wVi@k

xi R xj
Y r0zUs1m��

q
h|mWwGHI�|p��w&��v�kBl$h|pD� w&g1� X(k

{Vp6g1{B�js1�/k n$z�w&n
Pl(x) ⊆ Pg(x)

Y �]kBg1{VkI�
X(kJz�wVi@k3m$z1p X�gHn$z�w&n
Pg(x) = Pe(x) =

Pl(x)
YR}1p6lJn$z1kWxWhjg/hjxw&�(v�kBl$h|pD�/m��>n$z/h|mJ{B�|k�w&l$�jo7hjxWv/�jh|kVm:n$z�w&n

πg(x) = πe(x) =
πl(x)

Y
~Nq

R
h|m g1p6n3n$l�w&g1m$hjn$hji@kI�*�|pD{�w&�

R
�Nv�kBl$h|pD�/m3�bh &MkBlJq+l�p6x HI�|p��w&��w&g1� l�kB�4w&n$h|p6g�w&�

v�kBl$h|pD�/m Uo�n$z1k<q5p6�j�|p X�hjg]H�v/l�p6v�kBl$n"o2Y
� � � � � � ��� � \48

p
)4�^= �6Cj�U�$=6C

R
	j�1� � )5��# �6� =6� � �I!"� � ��=6C

R
	j�1� � )5��#&%W!-,/� � =6�1F

23ADCE!+) ��C|�J�98
p

)4�:= �6Cj�U�$=6C
R
	j�1� � )5��#��6�J=6�7� �I!"� � ��=6C

R
	j�1� � )5��#&% �����N�1�$?V!+)-Q6� C FUe�>,U)4�

�����$#���I!0��� !-,/� ?�=&��� 8V�6� Cj��?�=6C
R
	j�1� � )5��#&��e

�(�$���98�e AUs/v/v�pIm�k.n$z�w&n
p

h|m�wDHI�|p��w&�
R
�Nv�kBl$h|pD� p&q

x
w&g1� �|kBn

i ≡ j (mod kp)
�

X�z1kBl�k
k

h|mJwRg1p6g/g1k&HUw&n$hji@k�hjgUn�k&H@kBl Yr0z1kBg�{B�|k�w&l$�jo
i ≡ j (mod p)

w&g1�M� UoHn$z1k
w6m�m$s/xWv/n$h|p6g>�

xi Rxj
Y �]kBg1{Vk

kp
h|mWwGHI�|p��w&�

R
�Nv�kBl$h|pD�$Y7r0z1k�v/l�pDp&q[h|mWm$hjxWhj�4w&l

q5p6l:kFEbn�kBl$g�w&�
R
�Nv�kBl$h|pD�/m Y ?(p6g1m$h|�/kBl:n$z1kBg w�X(p6l��

x = abc
w&g1� w�l�kB�4w&n$h|p6g

R =
〈(a, b), (b, c)〉

Y r0z1k�X(p6l��
x

z�w6m
1

w6mWw �|pD{�w&�
R
�Nv�kBl$h|pD�M� /s/n

2
h|m g1p6n�w^�|pD{�w&�

R
�Nv�kBl$h|pD�$Y r0zUs1mRxJs/�jn$hjv/�|kVm.p&q:�|pD{�w&�

R
�Nv�kBl$h|pD�/m�w&l�k^g1p6nRg1kV{VkVm�m�w&l$hj�jo �|pD{�w&�

R
�

v�kBl$h|pD�/m Y

��� � � �������Sb�c
� � �Gc 	a� �
	a�[����� � � � � �ba� �Sb 	 � ��� �

~"gWn$z/h|m`m�kV{Bn$h|p6g X(k�m$n$s1�boR)-��!"� �$=@?V!+)5�6�J���$���1� �B!+)N���<�98��1� � )5��#&��X�hjn$z�l�kVm$v�kV{Bn`n�p m$hjx3�
hj�4w&l$hjn"o l�kB�4w&n$h|p6g1m YaQ(o n$z1k hjgUn�kBl�w6{Bn$h|p6g v/l�p6v�kBl$n"o X(k3x�k�w&g7n$z�w&n<hEq�wRm$s ({Bh|kBgUn$�jo
�|p6g]H"X(p6l��Wz�w6m`n X(p:v�kBl$h|pD�/m*n$z1kBg�hjn(w&�|m�p z�w6m w&g1p6n$z1kBl g1p6gUn$l$hjiDh4w&��v�kBl$h|pD�W�/kBv�kBg1�D�
hjg]H p6g n$z1kRp6l$hoHIhjg�w&� v�kBl$h|pD�/m Y.r0z1k�n$z1kVp6l�kBx p&q�}�hjg1kRw&g1� B	hj�Eq�k+r0z1kVp6l�kBx ��Y O2n
h|mJp6g1kp&q�n$z1k{Vp6l$g1kBl�m$n�p6g1kVm p&q[{Vp6x*/hjg�w&n�p6l$h|{VmWp6g X(p6l��/m Y^~"g n$z/h|mJn$z1kVp6l�kBx n$z1k
�/kBl$hji@kV� v�kBl$h|pD�7h|m n$z1k HIl�k�w&n�kVm$nJ{Vp6xWx�p6g �bhjiDh|m�p6lJp&q�n$z1k�p6l$hoHIhjg�w&�(v�kBl$h|pD�/m Y M�{ �
n$s�w&�j�jo@�Mn$z/h|m v/z1kBg1p6x�kBg1p6g X0w6m w&�|m�pRn$z1kWm$n�w&l$n$hjg]H^v�p6hjgUn:p&q(n$z1kWm$n$s1�boHp&q(v�w&l$n$h4w&�
X(p6l��/m0hjg�n$z1k]m�kBxWhjg�w&�Mv�w&v�kBl0p&q�Q0kBl�m$n�kB�Mw&g1� Q0p@w6m�m�p6g�hjg7� \0\0\�� J�� Y*r0z1kBov/l�p�i@kV�
n$z1k[q5p6�j�|p X�hjg]H�iIw&l$h4w&gUn�p&q�n$z1k<n$z1kVp6l�kBxXp&q�}�hjg1k:w&g1��B	hj�EqPq5p6l0v�w&l$n$h4w&�$X(p6l��/mSX�hjn$z
p6g1k<z1p6�|k0Y
� � � !$#�� � � � � � � �B!
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p
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q
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}/s/l$n$z1kBl$x�p6l�kI� Q0kBl�m$n�kB�`w&g1� Q0p@w6m�m�p6gHm$z1p X(kV�7n$z�w&n<n$z1k �p6s/g1�
p + q

p6gHn$z1k
�|kBg]HIn$z p&q1n$z1k7X(p6l��Jh|mPm$z�w&l$v8Y j kBg1kBl�w&�jh��Tw&n$h|p6g1mPq5p6l�m�kBi@kBl�w&�Uz1p6�|kVm X(kBl�k({Vp6g1m$h|�/kBl�kV�M�
q5p6lRkFE1w&xWv/�|kI� Uo6Q(�4w&g1{�z1kBn9� Abw6�bl$h hjg �j����� w&g1� Q(�4w&g1{�z1kBn9� Abw6�bl$hJw&g1� �]k&H@m$n$l�p6x
hjg � �I���"��X�z1kBl�khjn�X0w6m3m$z1p X�g n$z�w&n �|pD{�w&�(v�w&l$n$h4w&�(v�kBl$h|pD�/m

p
w&g1�

q
q5p6l�{VkRw m$sbq-�

��{Bh|kBgUn$�joH�|p6g]HlX(p6l��7n�p�z�wVi@kw k>HI�|p��w&�>n]v�w&l$n$h4w&�`v�kBl$h|pD�
gcd(p, q)

X�z1kBg {VkBl$n�w&hjg
s/g�wVi@p6h|�1w�/�|k[{�w6m�kVmSk"�N�1�$?B)5=6C�' �6�$#&� n*w&l�k�kFE/{B�js1�/kV�$Y�r0z1k �p6s/g1�Wp6gWn$z1k0�|kBg]HIn$z�/k �
v�kBg1�/m>p6g:n$z1k*gUs/x*�kBl�p&qbz1p6�|kVm>hjg:n$z1k7X(p6l��$Y[C[g:n$z1k`p6n$z1kBlPz�w&g1�M�2AUzUs/l�w&g1� j w&x3�
��p�iIw�� R6���@q5p6s/g1���p6s/g1�/mMq5p6l>n$z1k*�|kBg]HIn$z p&q�w X(p6l��"X�hjn$z

k
z1p6�|kVmPm$s1{�z:n$z�w&n k>HI�|p��w&�>n

v�w&l$n$h4w&�Uv�kBl$h|pD�/m
p
w&g1�

q
hjxWv/�joJw"k>HI�|p��w&�>n�v�w&l$n$h4w&�Uv�kBl$h|pD�

gcd(p, q)
Y�r0z1kVm�k*l�kVm$s/�jn�m

p&q>v�w&l$n$h4w&��X(p6l��/m X�hjn$z.m�kBi@kBl�w&��z1p6�|kVm0m$z1p X n$z�w&n �1g1�bhjg]HWm$hjxWv/�|k�q5p6l$xJs/�4w&n$h|p6g1m(q5p6l
n$z1k�hjgUn�kBl�w6{Bn$h|p6g p&q�v�kBl$h|pD�/mJhjg�n$z1k{�w6m�kp&q]w&l�/hjn$l�w&l$o7l�kB�4w&n$h|p6g�w&�0v�kBl$h|pD�/m:h|mJg1p6n
v�pIm�m$h�/�|kWkFE/{VkBv/n:q5p6lJk.hUs/hjiIw&�|kBg1{VkWl�kB�4w&n$h|p6g1m Y��<w&x�kB�jo@��w&gUo7g1p6gb�Nn$l�w&g1m$hjn$hji@k{Vp6x3�
v�w&n$h�/hj�jhjn"o l�kB�4w&n$h|p6g

R
xJs1m$nRz�wVi@k �|kBn$n�kBlRl�kB�4w&n$h|p6g1m

(a1, a2), (a2, a3) ∈ R
� /s/n

(a1, a3) 6∈ R
q5p6l m�p6x�k��|kBn$n�kBl�m

a1, a2, a3
Y�r0z1kBgn$z1k�l�p6�|k[p&qMn$z1k��|kBn$n�kBl

a2
hjg

R
q5p6l

X(p6l��/m�p�i@kBl
{a1, a2, a3}

h|m0kFE1w6{Bn$�joRn$z1k<m�w&x�k w6m0n$z1k<l�p6�|k<p&q
�

q5p6l /hjg�w&l$ov�w&l$n$h4w&�
X(p6l��/m(w&g1��n$z1kBl�k q5p6l�k�q5p6l$xJs/�4w&n$h|p6g1m0p&qM}�hjg1k]w&g1� B	hj�Eq�� m*n$z1kVp6l�kBx��/kBv�kBg1�{Vp6g1m$h|�D�
kBl�w�/�jo�p6gn$z1k[gUs/x*�kBl0p&qPpD{V{Bs/l$l�kBg1{VkVm0p&qMn$z1k[�|kBn$n�kBl

a2
Y�r0z/h|m hjg1�bh|{�w&n�kVm(n$z�w&n(n$z1k

m$hjn$s�w&n$h|p6g {�w&g��k i@kBl$oH{Vp6xWv/�jh|{�w&n�kV� X�z1kBg X(k�{Vp6g1m$h|�/kBl�H@kBg1kBl�w&�`g1p6gb�Nn$l�w&g1m$hjn$hji@k
l�kB�4w&n$h|p6g1m Y�r0z1k(q5p6�j�|p X�hjg]HJkFE1w&xWv/�|k�m$z1p X�m*n$z�w&n[X�hjn$z1p6s/n(w&gUoWw6�/�bhjn$h|p6g�w&��w6m�m$s/xWvb�
n$h|p6g X(k]{�w&g/g1p6n �1g1��w�H@kBg1kBl�w&� �p6s/g1��q5p6l n$z1k[hjgUn�kBl�w6{Bn$h|p6g.p&q>l�kB�4w&n$h|p6g�w&��v�kBl$h|pD�/m Y
� � � �  	� � � � � � K>kBn R = 〈(a, b)(b, c)〉

w&g1�R{Vp6g1m$h|�/kBl(n$z1k]hjg �1g/hjn�k(k-g1p6n0g1kV{VkVm�m�w&l9�
hj�joRs/�jn$hjxw&n�kB�jo�v�kBl$h|pD�bh|{�n X(p6l��

w = w1w2w3 · · · = acb6i1−2acb6i2−2 · · · ,

X�z1kBl�kJn$z1k:gUs/x*�kBl�m
ij ≥ 1

w&l�k {�z1pIm�kBg q+l�kVkB�jo2Y[�]p X
w

z�w6m HI�|p��w&�
R
�Nv�kBl$h|pD�/m

2w&g1�
3
Y`�<w&x�kB�jo@�

w1w3w5 · · · ∈ {a, b}∗, w2w4w6 · · · ∈ {b, c}
∗ �

w&g1�

w1w4w7 · · · ∈ {a, b}∗
�

w2w5w8 · · · ∈ {b, c}
∗ � w3w6w9 · · · ∈ {b}

∗ Y
�]p X(kBi@kBl��

gcd(2, 3) = 1
h|m g1p6n0w�HI�|p��w&�

R
�Nv�kBl$h|pD�p&q>n$z1k�X(p6l��

w
Y*}1p6l(kFE1w&xWv/�|kI�

(w1, w2) = (a, c) 6∈ R
Y

y p6l�kVp�i@kBl��>q5p6l
R = 〈(a, b)(b, c)〉

�`w&�j�`gUs/x*�kBl�m
2, 3, 4, . . .

w&l�k
R
�Nv�kBl$h|pD�/m p&q

n$z1k<s/�jn$hjxw&n�kB�jo.v�kBl$h|pD�bh|{�X(p6l��
w′ = acbbb · · ·

� /s/n
1

h|m�g1p6n]w&g
R
�Nv�kBl$h|pD�.p&q

w′ Y�]p6g1kBn$z1kB�|kVm�m��Pm�p6x�k3hjgUn�kBl�w6{Bn$h|p6g�l�kVm$s/�jn�mJ{�w&g �kWp�/n�w&hjg1kV�$Y~Nq0n$z1k3l�kB�4w&n$h|p6g
R

h|m
w&g^k.hUs/hjiIw&�|kBg1{Vk l�kB�4w&n$h|p6g>�1n$z1k m$hjn$s�w&n$h|p6g l�kV�bs1{VkVm�n�pWr0z1kVp6l�kBx ��Y O�Y
� � � !$#�� � � � � � � �B!

R
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x
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R
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q
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p + q − gcd(p, q)
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R
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�(�$���98�eSK>kBn
R
�k�w&g k.hUs/hjiIw&�|kBg1{Vk�l�kB�4w&n$h|p6g�p6g n$z1kw&�jv/z�w��kBn

A
w&g1�7�|kBn

x
�k�w

X(p6l���p�i@kBl
A
X�hjn$z

R
�Nv�kBl$h|pD�/m

p
w&g1�

q
w&g1��p&q��|kBg]HIn$z

n ≥ p+q−gcd(p, q)
Y@AUs/vb�

v�pIm�k`n$z�w&n
A

z�w6m
m

k.hUs/hjiIw&�|kBg1{Vk({B�4w6m�m�kVm�p&q
R

w&g1� �|kBn�n$z1kBhjl�m�kBn�p&q1l�kBv/l�kVm�kBgUn�w&n$hji@kVm
�k
{a1, . . . , am}

Y"K>kBn
B = {b1, . . . , bm}

�kWw&g1p6n$z1kBlJw&�jv/z�w��kBn Ya?(p6g1m$h|�/kBl g1p X
w�|kBn$n�kBl9�Nn�p&�N�|kBn$n�kBl:x�p6l$v/z/h|m$x

ϕ : A∗ → B∗
��X�z1kBl�k q5p6l kBi@kBl$o

i ∈ {1, 2, . . . ,m}
�

k�w6{�z �|kBn$n�kBl �kB�|p6g]HIhjg]H n�p w&g k.hUs/hjiIw&�|kBg1{Vk^{B�4w6m�m�p&q
ai

h|m3xw&v/v�kV� n�p
bi
Y r0z/h|m

xw&v/v/hjg]H h|m.{B�|k�w&l$�jo X(kB�j�:�/k��1g1kV�$Y r0z1kBg
w = ϕ(x) = w1 · · ·wn

h|m.w X(p6l��
p�i@kBl

B∗
Y

}�hjl�m$n����|kBn
i, j ∈ {1, 2, . . . , n}

m�w&n$h|m9q+o
i ≡ j (mod p)

Y"AUhjg1{Vk
xi R xj

Uo n$z1k
w6m�m$s/xWv/n$h|p6g>� X(k z�wVi@k

wi = ϕ(xi) = ϕ(xj) = wj
Uo n$z1k �/k��1g/hjn$h|p6g p&q:n$z1k

x�p6l$v/z/h|m$x
ϕ
Y]r0zUs1m��

p
h|m<w�v�kBl$h|pD� p&q

w
Y�AUhjxWhj�4w&l$�jo@��n$z1k�X(p6l��

w
h|m

q
�Nv�kBl$h|pD�bh|{0Y

Q(o�n$z1k]n$z1kVp6l�kBxXp&q�}�hjg1k w&g1��B	hj�Eq�k+r0z1kVp6l�kBx ��Y O2n ��X(k<n$z1kBl�k q5p6l�k<{Vp6g1{B�js1�/k n$z�w&n
w

h|m[w&�|m�p
gcd(p, q)

�Nv�kBl$h|pD�bh|{0Y
�]kFEbn��I�|kBn

i, j ∈ {1, 2, . . . , n}
m�w&n$h|m9q+o

i ≡ j (mod gcd(p, q))
Y�r0z1kBg

wi = wjw&g1�M� Uo n$z1k3�/k��1g/hjn$h|p6g�p&q
ϕ
�
xi = ϕ−1(wi)

w&g1�
xj = ϕ−1(wj)

�kB�|p6g]H�n�p�n$z1k
m�w&x�k�k.hUs/hjiIw&�|kBg1{Vk{B�4w6m�m���w&g1� z1kBg1{VkI�

xi R xj
YRr0z/h|mJx�k�w&g1m:n$z�w&n

gcd(p, q)
h|m w

l�kB�4w&n$h|p6g�w&�
R
�Nv�kBl$h|pD�^p&q�n$z1k�X(p6l��

x
Y C�q*{Vp6s/l�m�kI�/n$z1k��p6s/g1�

p + q − gcd(p, q)
h|m

n$z1k �kVm$n*v�pIm�m$h�/�|kI�@m$hjg1{Vk0n$z1kBl�k[w&l�k�{Vp6s/gUn�kBl(kFE1w&xWv/�|kVm`n�p<n$z1k�p6l$hoHIhjg�w&�1n$z1kVp6l�kBx p&q
}�hjg1k w&g1� B	hj�Eq�X�hjn$z.�|kBg]HIn$z

p + q− gcd(p, q)− 1
w&g1��p6s/l�m$n�w&n�kBx�kBgUn[{Vp6hjg1{Bh|�/kVm

X�hjn$z^r0z1kVp6l�kBx ��Y O Uo�{�z1pDpIm$hjg]H
R = ι

Y

M]m7X0w6m(x�kBgUn$h|p6g1kV�^w��p�i@kI�Dn$z1k[n$z1kVp6l�kBx p&qP}�hjg1k<w&g1� B	hj�EqP{�w&g/g1p6n �kSH@kBg1kBl9�
w&�jh���kV� n�pl�kB�4w&n$h|p6g�w&�*v�kBl$h|pD�/m]p&q0wg1p6gb�Nn$l�w&g1m$hjn$hji@kW{Vp6xWv�w&n$h�/hj�jhjn"o l�kB�4w&n$h|p6gHs/g/�|kVm�m
m�p6x�k l�kVm$n$l$h|{Bn$h|p6g1m<p6g n$z1k:gUs/x*�kBl p&q*l�kB�4w&n$h|p6g1m-k-z1p6�|kVmFn�w&g1� kFE/{B�js1m$h|p6g1m[p&q m�p6x�k
m$v�kV{Bh4w&�*{�w6m�kVmJw&l�k(HIhji@kBg8YWu<kVm$v/hjn�kWn$z/h|m<qNw6{Bn��Mhjn xWhoHIzUn��k3v�pIm�m$h�/�|k3n�p H@kBn:m�p6x�k
g1k&X hjgUn�kBl�kVm$n$hjg]H:iIw&l$h4w&n$h|p6g1m`p&q�n$z1k0n$z1kVp6l�kBx^�Iq5p6l`kFE1w&xWv/�|kI�)UoWw6m�m$s/xWhjg]H n$z�w&n p6g1k
p&q�n$z1k v�kBl$h|pD�/m�h|m�v/s/l�kJw&g1�^p6g/�jo�n$z1k:p6n$z1kBl[p6g1k:h|m�m$n$l$h|{Bn$�jo�l�kB�4w&n$h|p6g�w&�ZY(f[gbq5p6l$n$sb�
g�w&n�kB�jo@�/n$z/h|m�l�kVm$n$l$h|{Bn$h|p6g m�kVkBx�m�n�p �k<hjg1m$s ({Bh|kBgUn]hjg.n$z1k:kFEbn�kBgUn�n$z�w&n]m�p6x�kBn$hjx�kVm
g1p��1g/hjn�k �p6s/g1��p6g�n$z1k��|kBg]HIn$zRp&q�n$z1k�X(p6l��{�w&g �k�p�/n�w&hjg1kV�Wq5p6l`n$z1k�hjgUn�kBl�w6{Bn$h|p6g
p&q`v�kBl$h|pD�/m Y<}1p6l kFE1w&xWv/�|kI��n$z1kBl�k3kFEbh|m$n�m<w&gHhjg �1g/hjn�kaX(p6l�� X�hjn$z w�v/s/l�k v�kBl$h|pD�

qw&g1��wJ�|pD{�w&�
R
�Nv�kBl$h|pD�

p
m$s1{�z�n$z�w&n0hjn0�/pDkVm(g1p6n0z�wVi@k wJ�|pD{�w&�

R
�Nv�kBl$h|pD�

gcd(p, q)
Y

� � � �  	� � � � � � K>kBn R = 〈(a, b), (b, c)〉
Y]�]p6n�k:n$z�w&n]kBi@kBl$o.g1p6gb�Nn$l�w&g1m$hjn$hji@k {Vp6x3�

v�w&n$h�/hj�jhjn"o�l�kB�4w&n$h|p6g xJs1m$n3z�wVi@k.w m$s /l�kB�4w&n$h|p6g m$hjxWhj�4w&l n�p n$z/h|m3p6g1k�m$s1{�z n$z�w&n
aw&g1�

c
w&l�kJg1p6n<{Vp6xWv�w&n$h�/�|k0Y�?(p6g1m$h|�/kBl:w&g hjg �1g/hjn�kaX(p6l��

x = (bbcab)ω YL? �|k�w&l$�jo@�
w

z�w6mWw.v/s/l�kRv�kBl$h|pD�
q = 5

Y ~"n3w&�|m�p z�w6m3w^�|pD{�w&�
R
�Nv�kBl$h|pD�

p = 3
�*m$hjg1{Vkn$z1k
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� X�z1kBl�k n$z1k
m�kV{Vp6g1�H{Vp6g]HIl$s1kBg1{Vk3q5p6�j�|p X�m]q+l�p6x n$z1k3�/k��1g/hjn$h|p6g�p&q

τ(n)
Y(AUhjg1{Vk

gcd(p, q) = 1
�

X(k[{Vp6g1{B�js1�/k[n$z�w&nLk O�Yj��n*z1p6�|�/m hEqPw&g1�p6g/�joWhEq
i+ j ≡ 0 (mod q)

Y[Q(s/n n$z/h|m`h|m g1p6n
v�pIm�m$h�/�|kI�/m$hjg1{Vk

0 < i + j ≤ k + (q − k − 1) = q − 1 < q.

r0z1kBl�k q5p6l�kI��n$z1k3m�kBn
S′(n) ∪ T ′(n)

{Vp6gUn�w&hjg1m:kFE1w6{Bn$�jo
(k + 1) + (q − k − 1) = qv�w&hjlpX�h|m�k hjg1{Vp6g]HIl$s1kBgUn]kB�|kBx�kBgUn�m Y

r0zUs1m��/hjn�l�kBxw&hjg1m�n�pWv/l�p�i@k n$z�w&n�hEq
|w| ≥ Bg = Bg(p, q)

�/n$z1kBg

|S(n) ∪ T (n)| = 1 +

⌊
|w| − n

p

⌋
+

⌊
τ(n)− 1

p

⌋
≥ q.

k O�Y �2n

M�{Bn$s�w&�j�jo@�]X(k:m$z1p X n$z�w&n

M(n) := τ(n)−

(
q −

⌊
Bg − n

p

⌋
− 1

)
p > 0.

k O�Y I2n
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AUhjg1{Vk
M(n)

h|m�w&g.hjgUn�k&H@kBl��]X(k<z�wVi@k
τ(n)− 1 ≥ (q− bBg−n

p c − 1)p
w&g1�M�/{Vp6g1m�k �

hUs1kBgUn$�jo@�
b τ(n)−1

p c ≥ q−bBg−n
p c− 1

Y@AUhjg1{Vk
|w| ≥ Bg

�Dn$z/h|m(hjxWv/�jh|kVm"k O�Y �2nFY*�]p6n�k
n$z�w&n

Bg − n < pq
w&g1�.n$z1kBl�k q5p6l�k

q −

⌊
Bg − n

p

⌋
− 1 ≥ q − (q − 1)− 1 = 0.

B kRs1m�kRn$z1k�g1p6n�w&n$h|p6g
[n]q

q5p6l3n$z1k��|k�w6m$n3v�pIm$hjn$hji@k�l�kVm$h|�bs1k�p&q w&g hjgUn�k&H@kBl
n

(mod q)
�/hZY k0Yj�

[n]q
h|m�n$z1k v�pIm$hjn$hji@k<hjgUn�k&H@kBl

m
m�w&n$h|m9q+oDhjg]H

1 ≤ m ≤ q
w&g1�

m ≡ n
(mod q)

Y AUhjg1{Vk
Bg ≥ q

��X(k z�wVi@k

τ(n) ≥

{
Bg − [Bg]q + n

hEq
n ∈ {1, 2, . . . , [Bg]q},

Bg − [Bg]q − q + n
hEq

n ∈ {[Bg]q + 1, [Bg]q + 2, . . . , q}.

K>kBn�s1m�{Vp6g1m$h|�/kBl[n X(p�{�w6m�kVm Y
� � & � � � M]m�m$s/x�k��1l�m$n�n$z�w&n

Bg = p+1
2 q
Y*r0z1kBg

[Bg]q = q
w&g1�lX(k z�wVi@k

M(n) > Bg + [Bg]q + n−

(
q − 1−

(
Bg − n

p
− 1

))
p

= Bg − q + n− qp + Bg − n = 2Bg − (p + 1)q

= (p + 1)q − (p + 1)q = 0.

� � & � ��� M]m�m$s/x�k<g1kFEbn�n$z�w&n
Bg = q + q−1

2 p
Y*�]p6n�k<n$z�w&n

⌊
Bg − n

p

⌋
=

q − 1

2
+

⌊
q − n

p

⌋
≥

q − 1

2
,

m$hjg1{Vk
q
h|m�pD�/�^w&g1�

q ≥ n
Y*~Nq

n ∈ {1, 2, . . . , [Bg]q}
�/n$z1kBg

M(n) ≥ Bg − [Bg]q + n−

(
q −

q − 1

2
− 1

)
p

= q +
q − 1

2
p− [Bg]q + n− qp +

q − 1

2
p + p

= q − [Bg]q + n ≥ n > 0.

C[g.n$z1k:p6n$z1kBl�z�w&g1�M�/hEq
n ∈ {[Bg]q + 1, [Bg]q + 2, . . . , q}

�/n$z1kBg

M(n) ≥ Bg − [Bg]q − q + n−

(
q −

q − 1

2
− 1

)
p

= q +
q − 1

2
p− [Bg]q − q + n− qp +

q − 1

2
p + p

= n− [Bg]q > 0.

�]kFEbn�X(k v/l�p�i@k n$z�w&n[p6s/l �p6s/g1�.h|m�m$n$l$h|{Bn Y
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� � � � � � � � � �>,/� �$�6AD��#
Bg(p, q)

#U���`���$#)-� �>,/�$�6��� 2 �Ue ��)4�<�B!+� )5?V!"e
�(�$���98�e�f]m$hjg]HRn$z1kJg1p6n�w&n$h|p6g7p&q n$z1kJv/l�kBiDh|p6s1m]v/l�pDp&q$��X(k*�]E

n = [Bg]q
Y]~"gHw6�/�bhE�

n$h|p6g>� X(kR�/k��1g1km�p {�w&�j�|kV�	?B� )+!+)5?�=6CM�/�&� )+!+)5�6�/�
m(p, q) ∈ {1, 2, . . . , q}

w6{V{Vp6l��bhjg]H
n�p r�w�/�|klO�Y ��YlB kRm$z1p X�n$z�w&n hjnJh|mJv�pIm�m$h�/�|k�n�p {Vp6g1m$n$l$s1{BnWwlX(p6l��

v
p&q��|kBg]HIn$z

|v| = Bg − 1
X�hjn$z w^v/s/l�kv�kBl$h|pD�

q
w&g1� wlHI�|p��w&�

R
�Nv�kBl$h|pD�

p
m$s1{�z n$z�w&n3n$z1k

�|kBn$n�kBlJhjg n$z1k{Bl$hjn$h|{�w&�(v�pIm$hjn$h|p6g h|m:g1p6n l�kB�4w&n�kV��n�p^n$z1k�|kBn$n�kBl hjg�n$z1k�v�pIm$hjn$h|p6g
n
Y

r0z/h|m(hjxWv/�jh|kVm0n$z�w&n
1
h|m(g1p6n�w"HI�|p��w&�

R
�Nv�kBl$h|pD�Rp&q

v
Y*�]p6n�k[n$z�w&n�w&�j��n$z1kVm�k]{Bl$hjn$h|{�w&�

v�pIm$hjn$h|p6g1m*w&l�k(v�pIm$hjn$hji@k(hjgUn�k&H@kBl�m*�|kVm�m�n$z�w&gWp6l*k.hUs�w&�Dn�p
q
Y�~"g n$z1k0m�k.hUs1kB��X(k0�/kBg1p6n�k

{Bl$hjn$h|{�w&�>v�pIm$hjn$h|p6g1m�m$s1{V{Bhjg1{Bn$�jo Uo
m
Y

m(p, q) p < q p > q

p
�
q

pD�/� q − p

2
q

p
pD�/�M�

q
kBi@kBg q

2

q

2

p
kBi@kBg>�

q
pD�/�

q q

r�w�/�|kaO�Y � 	`r�w�/�|k:p&q*{Bl$hjn$h|{�w&�Pv�pIm$hjn$h|p6g1m
m(p, q)

?(p6g1m$h|�/kBl�g1p X�m�p6�js/n$h|p6g1m
(i, j)

q5p6l�n$z1k:k.hUs�w&n$h|p6g

m + iq ≡ n + jq (mod p),
k O�Y �qn

m$s1{�z.n$z�w&n
i
w&g1�

j
w&l�k<g1p6g/g1k&HUw&n$hji@kJhjgUn�k&H@kBl�m Y@Q(o.wR23)-�1)-2�=6C��V�6C Ab!+)5�6� X(k x�k�w&g

w.m�p6�js/n$h|p6g X�z1kBl�k
max(n + iq,m + jq)

h|m w6m:m$xw&�j�0w6m v�pIm�m$h�/�|k0YR�]p6n�kWn$z�w&nJhEq
i > j

q5p6l(m�p6x�k]m�p6�js/n$h|p6g>�Dn$z1kBg
m+(i− j)q ≡ n (mod p)

h|m0w:m$xw&�j�|kBl0m�p6�js/n$h|p6g8Y
AUhjxWhj�4w&l$�jo@�@hEq

j > i
�In$z1kBg

m ≡ n+(j−i)q (mod p)
h|m`w<m$xw&�j�|kBl`m�p6�js/n$h|p6g8Y�r0zUs1m��

w�xWhjg/hjxw&�0m�p6�js/n$h|p6g h|mJp&q�n$z1kWq5p6l$x X�z1kBl�kRkBhjn$z1kBl
i = 0

p6l
j = 0

Y^y p6l�kVp�i@kBl��
m$s1{�z�w�m�p6�js/n$h|p6g7h|m s/g/h:hUs1k0Y3�<w&x�kB�jo@�>hEq

(i, j)
w&g1�

(i′, j′)
w&l�kW�bh|m$n$hjg1{Bn:xWhjg/hjxw&�

m�p6�js/n$h|p6g1m��/n$z1kBgeX�hjn$z1p6s/n��|pIm�m�p&q[H@kBg1kBl�w&�jhjn"olX(k xwVo^w6m�m$s/x�k n$z�w&n
j = 0

�
i′ = 0

�
w&g1�

m + iq = n + j ′q
Y�~"g�p6n$z1kBl�X(p6l��/m��

m
w&g1�

n
w&l�k{Vp6g]HIl$s1kBgUn x�pD�bs/�|p

q
�

X�z/h|{�z^h|m[w3{Vp6gUn$l�w6�bh|{Bn$h|p6g>��m$hjg1{Vk
m ∈ {1, 2, . . . , q} \ {n}

Y
AUhjg1{Vk

gcd(p, q) = 1
��X(k*tDg1p X n$z�w&n

{m+iq | i = 0, 1, . . . , p−1}
w&g1�
{n+jq |

j = 0, 1, . . . , p−1}
w&l�k`{Vp6xWv/�|kBn�k l�kVm$h|�bs1k`m$obm$n�kBx�mMx�pD�bs/�|p

p
Y �]kBg1{Vk*n$z1kBl�k kFEbh|m$n�m

kFE1w6{Bn$�jo�p6g1k
j ∈ {0, 1, . . . , p− 1}

m�w&n$h|m9q+oDhjg]H
m ≡ n + jq (mod p)

w&g1�.kFE1w6{Bn$�jo
p6g1k

i ∈ {0, 1, . . . , p− 1}
m�w&n$h|m9q+oDhjg]H

m + iq ≡ n (mod p)
Y7}/s/l$n$z1kBl$x�p6l�kI�*q5p6l

j ∈ {1, 2, . . . , p− 1}
��X(k z�wVi@k

m ≡ n + jq (mod p) =⇒ m + (p− j)q = m + pq − jq ≡ n (mod p),

w&g1�
p− j ∈ {1, 2, . . . , p− 1}

Y!�]kBg1{VkI��n$z1kJxWhjg/hjxw&��m�p6�js/n$h|p6gHp&q k O�Y �qn�h|m[kBhjn$z1kBl
p&q�n$z1k<q5p6l$x

(0, j)
p6l

(p− j, 0)
Y
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�]p X X(k[v/l�p�i@k]n$z�w&n(l�k&HUw&l��b�|kVm�m0p&qPn$z1k[v�w&l$hjn"op&q
p

w&g1�
q
w&g1� X�z/h|{�z.p&q>n$z1kBx

h|m HIl�k�w&n�kBl��1n$z1k xWhjg/hjxw&�Pm�p6�js/n$h|p6g^h|m

i = 0
w&g1�

j =
Bg − n

q
.

�]p6n�k�n$z�w&n��0m$hjg1{Vk
Bg < pq

�@X(k.z�wVi@k Bg−n
q ∈ {1, 2, . . . , p − 1}

hjg	w&�j�[{�w6m�kVm Y
?(p6g1m$h|�/kBl �1l�m$n[n$z1pIm�k {�w6m�kVm]p&q r�w�/�|k-O�Yj��X�z1kBl�k

Bg = p+1
2 q

w&g1�M��{Vp6g1m�k.hUs1kBgUn$�jo@�
n = [Bg]q = q

Y[K>kBn
j =

Bg−n
q

Y
� � & � � � K>kBn

p
w&g1�

q
�k �p6n$z pD�/� w&g1�

p < q
YH~"g r�w�/�|klO�Y �b�[X(kRz�wVi@k

m = q−p
2

Y*�]p X
n + jq = Bg

w&g1�M�/m$hjg1{Vk
q
h|m�pD�/�M�bhjn�q5p6�j�|p X�m�n$z�w&n

(n + jq)−m =
p + 1

2
q −

q − p

2
=

q + 1

2
p ≡ 0 (mod p).

�]kBg1{VkI�
(0,

Bg−n
q )

h|m[w3m�p6�js/n$h|p6g8Y }/s/l$n$z1kBl$x�p6l�kI�

jq = Bg − n =
p + 1

2
q − q =

p− 1

2
q

w&g1�

m + (p− j)q = m + pq −
p− 1

2
q = m +

p + 1

2
q = m + Bg > Bg.

�]kBg1{VkI� hjg n$z1k.m�p6�js/n$h|p6g
(p − Bg−n

q , 0)
�@X(k.z�wVi@k

max(m + iq, n + jq) > BgX�z1kBl�k�w6m(hjgRn$z1k<m�p6�js/n$h|p6g
(0,

Bg−n
q )

�qX(k[z�wVi@k
max(m+ iq, n+ jq) = Bg

Y�r0zUs1m��
(0,

Bg−n
q )

h|m�n$z1k xWhjg/hjxw&�Pm�p6�js/n$h|p6g8Y
� � & � ��� AUs/v/v�pIm�k]n$z�w&n

p
h|m0pD�/�.w&g1�

q
h|m�kBi@kBg8Y[Q(on$z1k]v�w&l$hjn"o�p&q

q
�
m = q

2h|m�w&g^hjgUn�k&H@kBl<w&g1�

(n + jq)−m =
p + 1

2
q −

q

2
=

q

2
p ≡ 0 (mod p).

�]kBg1{VkI�
(0,

Bg−n
q )

h|m[w3m�p6�js/n$h|p6g8Y@M]m0hjgD?0w6m�kW�I��X(k:z�wVi@k

m + (p− j)q = m + Bg > Bg,

w&g1��n$z1kBl�k q5p6l�k
(0,

Bg−n
q )

h|m�n$z1k xWhjg/hjxw&�Pm�p6�js/n$h|p6g^hjg^n$z/h|m�{�w6m�kJw&�|m�p]Y
?(p6g1m$h|�/kBl�g1kFEbn�n$z1pIm�k:{�w6m�kVm�X�z1kBl�k

Bg = q + q−1
2 p
Y[M�{V{Vp6l��bhjg]Hn�pWr�w�/�|kaO�Yj�

w&g1�Hr�w�/�|k O�Y ��X(k z�wVi@k
m = q

w&g1�
q

h|m pD�/�$Ya? �|k�w&l$�jo@�
(i, j) = (0,

Bg−n
q )

h|m w
m�p6�js/n$h|p6g>�1m$hjg1{Vk

(n + jq)−m = q +
q − 1

2
p− q =

q − 1

2
p ≡ 0 (mod p).
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M]m�w��p�i@kI�]X(k<z�wVi@k
m + (p− j)q = m + pq−Bg + n

Y�Q(oRm$s 1m$n$hjn$s/n$hjg]H
m

w&g1�
Bg
X(k�H@kBn

m+(p− j)q = q +

(
2 ·

q − 1

2
p + p

)
−

(
q +

q − 1

2
p

)
+n = Bg +(p− q)+n.

� � & � � � M]m�m$s/x�k`n$z�w&n
p > q

YPr0z1kBg
p−q

h|mPv�pIm$hjn$hji@k0w&g1�
m+(p−j)q > Bg

Y
r0zUs1m��

(0,
Bg−n

q )
h|m�n$z1k:m$xw&�j�|kVm$n[m�p6�js/n$h|p6g8Y

� � & � � � M]m�m$s/x�k n$z�w&n
p

h|m kBi@kBg>�
q

h|m pD�/�7w&g1�
p < q

Y r0z1kBg
n = q − p

2

Y
y p6l�kVp�i@kBl��

m + (p− j)q = Bg + (p− q) + q −
p

2
= Bg +

p

2
> Bg,

w&g1�(X(k�{Vp6g1{B�js1�/k�n$z�w&n
(0,

Bg−n
q )

h|m�n$z1k�m$xw&�j�|kVm$n`m�p6�js/n$h|p6gRw&�|m�p<hjgWn$z/h|m �1g�w&��{�w6m�k0Y
u<k��1g1k g1p X waX(p6l��

w
hjg^n$z1k n$z/l�kVk �|kBn$n�kBl]w&�jv/z�w��kBn

{a, b, c}
Uo�n$z1k<l$s/�|k

w =

{
(bm−1abq−m−1c)

p+1
2

hEq
Bg = p+1

2 q,

(bn−1cbq−n−1a)
Bg−n

q bn−1c
hEq

Bg = q + q−1
2 p

� k O�Y O2n

X�z1kBl�k
m = m(p, q)

h|m"HIhji@kBg�Uo7r�w�/�|k O�Y �^w&g1�
n = [Bg]q

Y}/s/l$n$z1kBl$x�p6l�kI���|kBn
v = wc−1 w&g1�Rw6m�m$s/x�k�n$z�w&n

R = 〈(a, b), (b, c)〉
Y(�]p X

q
h|m {B�|k�w&l$�jow<v/s/l�k�v�kBl$h|pD�

p&q
v

w&g1�
p

h|m�waHI�|p��w&�
R
�Nv�kBl$h|pD�$Y*�<w&x�kB�jo@�

b
h|m0l�kB�4w&n�kV�.n�pWk�w6{�z.�|kBn$n�kBl�hjg

v
�1w&g1�

n$z1k �1l�m$nJpD{V{�w6m$h|p6g X�z1kBl�kn$z1k�bh|m$n�w&g1{Vk �kBn X(kVkBg n$z1k��|kBn$n�kBl
a

w&g1� n$z1k�|kBn$n�kBl
chjg

w
h|m0w:xJs/�jn$hjv/�|k<p&q

p
h|m n$z1k]{�w6m�kSX�z1kBl�k

a
h|m hjgn$z1k[v�pIm$hjn$h|p6g

m
w&g1�

c
h|m hjgRn$z1k

v�pIm$hjn$h|p6g
Bg
Y0r0z/h|m]�/pDkVm[g1p6n[z�w&v/v�kBg hjg

v
��m$hjg1{Vk

v
h|m[p6g1k:�|kBn$n�kBl<m$z1p6l$n�kBl Y�AUhjg1{Vk

(a, c) 6∈ R
�M�<h|m�g1p6n]waHI�|p��w&�

R
�Nv�kBl$h|pD�.p&q

v
Y

K>kBn�s1m�{Vp6g1m$h|�/kBl]w&g^kFE1w&xWv/�|k0Y
� � � �  	� � � � � � }1p6l

p = 5
w&g1�

q = 7
�Dn$z1k��p6s/g1�q5p6l HI�|p��w&�E�ZHI�|p��w&�>hjgUn�kBl�w6{Bn$h|p6g

h|m
Bg(p, q) = p+1

2 q = 21
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R
�

v�kBl$h|pD�
5
�(w v/s/l�kRv�kBl$h|pD�

7
w&g1� g1p l�kB�4w&n$h|p6g�w&��v�kBl$h|pD�

gcd(p, q)
h|mWw&n3x�pIm$nWp&q

n$z1k<�|kBg]HIn$z
Bg(5, 7) − 1 = 20
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{
q + kp− 1

) 8
q ≡ 2 (mod p)

=6��#
kp ≡ +1 (mod q),

q + kp
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n$z�w&n

max(q + iqq, 1 + jqq) ≥ Bl
Y

r0zUs1m��/�|kBn�s1m��/k��1g1k w l�w&n$h|p6g�w&�>v�p X(kBl

w = (abq−2c)(Bl−1)/q

hjg n$z1k`n�kBl$g�w&l$o:w&�jv/z�w��kBn
{a, b, c}

X�hjn$zJ�|kBg]HIn$z
Bl−1

Y K>kBn
R = 〈(a, b), (b, c)〉

Y7Q(o
n$z1k�w��p�i@k�{Vp6g1m$h|�/kBl�w&n$h|p6g1m��@n$z1k X(p6l��

w
z�w6m`w]v�kBl$h|pD�

q
w&g1��w HI�|p��w&�

R
�Nv�kBl$h|pD�

p
Y

�]p X(kBi@kBl��
1

h|m�g1p6n]w �|pD{�w&�
R
�Nv�kBl$h|pD�.p&q

w
�1m$hjg1{Vk

a
w&g1�

c
w&l�k<s/g/l�kB�4w&n�kV�$Y

� � & � ��� M]m�m$s/x�k�g1kFEbn>n$z�w&n
kp ≡ 1 (mod q)

w&g1�
q ≡ 2 (mod p)

Y�?(p6g1m$h|�/kBl
n$z1k {Vp6g]HIl$s1kBg1{Vk

(q − 1) + iq−1q ≡ q + jq−1q (mod p).

�]p6n�k3n$z�w&n hjg n$z1kWm�p6�js/n$h|p6g
(iq−1, jq−1) = (0, kp−1

q )
X(kWz�wVi@k

q + jq−1q = q +

kp− 1 = Bl
Y*y p6l�kVp�i@kBl��1hjg^n$z1k m�p6�js/n$h|p6g

(p− kp−1
q , 0)

�]X(k z�wVi@k

q − 1 +

(
p−

kp− 1

q

)
q = q − 1 + qp− kp + 1

� � � ���
> q + kp > Bl.
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�]kBg1{VkI�bn$z1k<xWhjg/hjxw&�Pm�p6�js/n$h|p6g^m�w&n$h|m ��kVm
max(q − 1 + iq−1q, q + jq−1q) ≥ Bl

Y*~"g
n$z/h|m�{�w6m�kI�bn$z1k l�w&n$h|p6g�w&�>v�p X(kBl

w = (bq−2ac)(Bl−1)/q

w&g1� n$z1k0l�kB�4w&n$h|p6g
R = 〈(a, b), (b, c)〉

n�pNH@kBn$z1kBl[X�hjn$zWn$z1k�w��p�i@k�{�w&�|{Bs/�4w&n$h|p6g1m`m$z1p X
n$z�w&n�n$z1k��p6s/g1�

Bl
h|m�m$n$l$h|{Bn Y

� � & � � � }�hjg�w&�j�jo w6m�m$s/x�k^n$z�w&n
kp ≡ −1 (mod q)

Y ?(p6g1m$h|�/kBln$z1k m�w&x�k
{Vp6g]HIl$s1kBg1{Vk w6m^hjg ?0w6m�k���Y �]p X(kBi@kBl��:g1p6n�k n$z�w&n^g1p X

Bl = q + kp
Y �]p X

(iq−1, jq−1) = (kp+1
q , 0)

h|m(p6g1k]m�p6�js/n$h|p6g>�qX�z1kBl�k
q− 1+ (kp+1

q )q = q +kp = Bl
Y

~"g�n$z1k:p6n$z1kBl[m�p6�js/n$h|p6g
(0, p− kp+1

q )
�]X(k z�wVi@k

q +

(
p−

kp + 1

q

)
q = q + (q − k)p + 1

� � � ���
> q + kp + 1 > Bl.

�]kBg1{VkI�bn$z1k�X(p6l��
w = (bq−2ac)(Bl−1)/q

X�hjn$z.n$z1k<l�kB�4w&n$h|p6g
R = 〈(a, b), (b, c)〉

v/l�p�i@k n$z�w&n�n$z1k �p6s/g1�
Bl

h|m�m$n$l$h|{Bn[w&�|m�p3hjg
n$z/h|m�{�w6m�k0Y

r0z1kVp6l�kBx O�Y J<q5p6�j�|p X�m`g1p X	�bhjl�kV{Bn$�jo3q+l�p6x K>kBxWxw�O�Y OJw&g1� K>kBxWxwaO�Y J�Y��]p6n�k
n$z�w&n0n$z1k<iIw&�js1k<p&q

k
{�w&g �k<{�w&�|{Bs/�4w&n�kV�^k�w6m$hj�jos1m$hjg]H�w&g^kB�|kBx�kBgUn�w&l$o�n$z1kVp6l�kBx Uo

}1kBl$xw&n<w&g1� ,*s/�|kBl Y0�<w&x�kB�jo@�1n$z1k:m$xw&�j�|kVm$n[m�p6�js/n$h|p6g
k′ p&q*n$z1k:k.hUs�w&n$h|p6g

k′p ≡ 1
(mod q)

h|m�{�w&�j�|kV�.n$z1kW���$?B) ���$��?�=6C�p&q
p

x�pD�bs/�|p
q

w&g1�M� UoRn$z1k n$z1kVp6l�kBx^�

k′ = [pϕ(q)−1]q,

X�z1kBl�k
ϕ

h|m�,*s/�|kBl�� m�n�p6n$h|kBgUn0q+s/g1{Bn$h|p6g8Y`r0zUs1m���X(k<z�wVi@k
k = min(k′, q− k′)

�/m$hjg1{Vk
(q − k′)p ≡ −1 (mod q)

Y
K>kBn�s1m�g1p X�{Vp6gUn$hjgUs1k:n�p�kFE1w&xWhjg1k<n$z1k:{�w6m�k p&q
,�E1w&xWv/�|kaO�Y JJq5p6l�HI�|p��w&�E�N�|pD{�w&�

hjgUn�kBl�w6{Bn$h|p6g1m Y
� � � �  	� � � � � � }1p6l

p = 5
w&g1�

q = 7
��X(k3z�wVi@k

k′ = [5ϕ(7)−1]7 = 3 = k
w&g1�

kp = 15 ≡ 1 (mod 7)
YaAUhjg1{Vk

q = 7 ≡ 2 (mod 5)
�Mn$z1k"�p6s/g1�Hp&q@HI�|p��w&�E�N�|pD{�w&�

hjgUn�kBl�w6{Bn$h|p6g�h|m
Bl(p, q) = q +kp− 1 = 21

Y AUhjg1{Vk
Bl(5, 7) = Bg(5, 7)

�/w�X(p6l��
wp&q��|kBg]HIn$z

Bl(p, q)− 1 = 20
X�hjn$z^�|pD{�w&�

R
�Nv�kBl$h|pD�

p
w&g1�^v/s/l�k v�kBl$h|pD�

q
/s/n�g1p6n

z�wViDhjg]H
1

w6m:wR�|pD{�w&�
R
�Nv�kBl$h|pD�7{�w&g �k l�kBv/l�kVm�kBgUn�kV� hjg wRn�w�/�|k q5p6l$x kFE1w6{Bn$�joHw6m

hjg }�hoHIs/l�k O�Yj�0YH�]p6n�kn$z�w&n
Bg(p, q)

h|mJg1p6nWk.hUs�w&�(n�p
Bl(p, q)

hjg H@kBg1kBl�w&�ZY7r0z1k
X(p6l��

w
z�w6m3w��|pD{�w&�

R
�Nv�kBl$h|pD� �WhEq[w&g1��p6g/�joHhEq

w[n]7 R w[n+1]7

h|mJm�w&n$h|m ��kV�Hq5p6l
w&�j�

n = 1, 2, . . . , 7
Y}/l�p6x n$z1k-HIl�w&v/z�p&q�}�hoHIs/l�k O�Yj�-X(km�kVk3n$z�w&n:n$z1kWl�kB�4w&n$h|p6g1m

w6 R w7
w&g1�

w7 R w1
w&l�k]xWh|m�m$hjg]H�Y �]kBg1{VkI�Dn$z1k X(p6l��

w
{Vp6s/�|� �kI�Uq5p6l0kFE1w&xWv/�|kI�

(abbbbac)2abbbba
p6l

(bbbbbac)2bbbbba
X�hjn$z n$z1k�l�kB�4w&n$h|p6g

〈(a, b), (b, c)〉
Y �]p6n�k

n$z�w&n3n$z1k�4w&n$n�kBl�p6g1k�{Vp6l$l�kVm$v�p6g1�/m3n�p n$z1kq5p6l$xJs/�4wH�/kVm�{Bl$h��kV� hjg6?0w6m�k.� p&q[n$z1k
v/l�pDp&q*p&q[K>kBxWxw O�Y J�Y
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f[g1�/kBl>n$z1k m�w&x�k(w6m�m$s/xWv/n$h|p6g1m�w6m>hjgJn$z1k*v/l�kBiDh|p6s1m�m�kV{Bn$h|p6g*/s/nPl�kBv/�4w6{Bhjg]H]n$z1k`�|pD{�w&�
l�kB�4w&n$h|p6g�w&�Pv�kBl$h|pD�bh|{Bhjn"o�Uo.kFEbn�kBl$g�w&��v�kBl$h|pD�bh|{Bhjn"olX(kJp�/n�w&hjg n$z1k:g1kFEbn[hjgUn�kBl�w6{Bn$h|p6g
n$z1kVp6l�kBxeY�M]m �k q5p6l�kI�

[n]q
h|m�n$z1k0�|k�w6m$n�v�pIm$hjn$hji@k0l�kVm$h|�bs1k�p&qMw&g3hjgUn�k&H@kBl

n (mod q)
Y

� � � !$#�� � � � � � � �B!
p

=6��#
q

���[�/�&� )+!+)-Q6�3)-��!"� �U� ���3'*)+!-,
gcd(p, q) = 1

e � � ���I!"�
h = 1 +

⌊ q
2

⌋
p
e3�>,/� �$�6AD��#.�98 �6Cj�U�$=6C 	$� �I!"� � ��=6C�)-��!"� �$=@?V!+)5�6�38V�6�

p
=6��#

q
)4�

Be(p, q) =

{
min(h + [h]q − 1, h + (q − [h]q) + 1)

) 8
q

)4�:��#@#
,

max(h, h + [h]q − (p + 1))
) 8

q
)4�J� Q6� ��e

r0z1k0v/l�pDp&q�p&q�n$z1k0n$z1kVp6l�kBx h|m*�bhjiDh|�/kV�3hjgUn�p n X(p �|kBxWxw&n�w<�jhjt@k(hjgWn$z1k0v/l�kBiDh|p6s1m
m�kV{Bn$h|p6g1m Y
� � � � � � � � � �>,/� �$�6AD��#

Be(p, q)
#U���`���$#R)-� �>,/�$�6��� 2 �Ue��J)4�<� A�� ?B)N� ��!"e

�(�$���98�eSM]m�m$s/x�k*n$z�w&n�w X(p6l��
w

z�w6m�w0v/s/l�k`v�kBl$h|pD�
q
w&g1� w HI�|p��w&�

R
�Nv�kBl$h|pD�

p
Y M]m

hjg3n$z1k(v/l�kBiDh|p6s1m*�|kBxWxw&n�wb�@n$z1k X(p6l��
w

h|m`w[l�w&n$h|p6g�w&�1v�p X(kBl`p&qMw�X(p6l���p&q��|kBg]HIn$z
qw&g1� n$z1kBl�k q5p6l�k�{Vp6gUn�w&hjg1mJw&n x�pIm$n

q
�bh &MkBl�kBgUn:�|kBn$n�kBl�m Y ~Nq0p6g1k3p&q0n$z1k �|kBn$n�kBl�m��>m�wVo

a
�>h|m

R
�"{Vp6xWv�w&n$h�/�|k X�hjn$z w&�j� n$z1k�p6n$z1kBlJ�|kBn$n�kBl�m���n$z1kBg�n$z1k-X(p6l��

w
w&�|m�p^z�w6m w&g

kFEbn�kBl$g�w&�`l�kB�4w&n$h|p6g�w&� v�kBl$h|pD�
1
Y��<w&x�kB�jo@�

y = a
h|m w&g�kFEbn�kBl$g�w&�7X(p6l���p&q

w
Y C[g

n$z1kWp6n$z1kBl z�w&g1�M�>hEq(n$z/h|m h|m<g1p6n n$z1k�{�w6m�kWw&g1�7n$z1kW{Vp6g1m$h|�/kBl�kV��w&�jv/z�w��kBn
A

�/pDkVm
g1p6n:{Vp6gUn�w&hjg w&gUoHkFEbn$l�wR�|kBn$n�kBl�m g1p6n:pD{V{Bs/l$l$hjg]H^hjg

w
�Mn$z1kBg

1
h|m<g1p6nJw&g kFEbn�kBl$g�w&�

R
�Nv�kBl$h|pD�$Y �]kBg1{VkI�1n$z1k:kFEbh|m$n�kBg1{VkJp&q*m$s1{�zHw �|kBn$n�kBl

a
h|m�{Bl$s1{Bh4w&�>q5p6l�n$z1k��p6s/g1�^p&q

HI�|p��w&�E�"kFEbn�kBl$g�w&�(hjgUn�kBl�w6{Bn$h|p6g8Y�B k�s1m�kWn$z1k��/k��1g/hjn$h|p6g1m p&qSK>kBxWxw O�Y IRq5p6l
τ(n)

�
S(n)

w&g1�
T (n)

Y�M]m<hjgHn$z1k3v/l�pDp&q0p&q K>kBxWxweO�Y Ib�Mhjn m$s ({VkVm n�pRv/l�p�i@kGk O�Y �2n[hjg
p6l��/kBl:n�p^w6m�m$s/l�kWn$z�w&n

wn
h|m l�kB�4w&n�kV� n�p^w&�j�`�|kBn$n�kBl�mJpD{V{Bs/l$l$hjg]H^hjg n$z1k-X(p6l�� w&g1�M�

{Vp6g1m�k.hUs1kBgUn$�jo@�Pn$z�w&n
1

h|mJw&g�kFEbn�kBl$g�w&�
R
�Nv�kBl$h|pD� p&q

w
Y��]p6n�kWn$z�w&n:hjg n$z/h|m v/l�pDp&q

n$z1khjgUn�k&H@kBl
n

h|m��]E/kV�M��X�z1kBl�k�w6m3hjg�n$z1kRv/l�pDp&q[p&q�K>kBxWxwDO�Y I^hjg1k.hUs�w&�jhjn"o`k O�Y �2n
X0w6m�v/l�p�i@kV�.q5p6l[w&�j�

n ∈ {1, 2, . . . , q}
Y

?(p6g1m$h|�/kBl �1l�m$n�n$z1k�{�w6m�k X�z1kBl�k
q
h|m*pD�/�$Y�u<kBg1p6n�k

Be = Be(p, q)
w&g1�3m$s/v/v�pIm�k

n$z�w&n
|w| ≥ Be = h+[h]q−1

�2X�z1kBl�k
h = 1+ q−1

2 p
Y�r0z1kBg�n$z1k��|kBn$n�kBl

wh = w[h]qpD{V{Bs/l$l$hjg]H�hjg n$z1k*v�pIm$hjn$h|p6g1m
h
w&g1�

[h]q
h|mMl�kB�4w&n�kV�:n�p�w&�j�@n$z1k`p6n$z1kBl>�|kBn$n�kBl�m YP�<w&x�kB�jo@�

UoRn$z1k:�/k��1g/hjn$h|p6g p&q
Be

�]X(k z�wVi@k
τ([h]q) ≥ h

w&g1�

|S([h]q)∪T ([h]q)| = 1+

⌊
|w| − [h]q

p

⌋
+

⌊
τ([h]q)− 1

p

⌋
≥ 1+

q − 1

2
+

q − 1

2
= q.

�]kBg1{VkI��k O�Y �2n`h|m0m�w&n$h|m ��kV��q5p6l
n = [h]q

Y@AUs/v/v�pIm�k[g1kFEbn(n$z�w&n
|w| ≥ Be = h +(q−

[h]q) + 1
Y`�]p X	n$z1k]�|kBn$n�kBl0hjgRv�pIm$hjn$h|p6g

1
h|m(l�kB�4w&n�kV�Rn�pWw&�j��p6n$z1kBl0�|kBn$n�kBl�m Y*�<w&x�kB�jo@�

X(k z�wVi@k
τ(1) ≥ Be

w&g1�
⌊
|w| − 1

p

⌋
≥

⌊
τ(1)− 1

p

⌋
≥

q − 1

2
.
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�]kBg1{VkI�
|S(1) ∪ T (1)| ≥ 1 + q−1

2 + q−1
2 = q

Y(~"g p6n$z1kBl�X(p6l��/m���k O�Y �2n0h|m[m�w&n$h|m ��kV�
q5p6l

n = 1
hjg.n$z/h|m[{�w6m�k0Y

K>kBn0s1m0n$z1kBg^w6m�m$s/x�k]n$z�w&n
q
h|m0kBi@kBg8Y �]kBg1{Vk

h = 1 + q
2p
Y�B k]g1p6n�k��1l�m$n0n$z�w&n

max(h, h + [h]q − (p + 1)) = h
hEq*w&g1�^p6g/�joRhEq

[h]q ≤ p + 1
Y`~Nq�n$z/h|m�h|m0n$z1k:{�w6m�kI�

X(k z�wVi@k
⌊
|w| − [h]q

p

⌋
≥

⌊ q
2p + 1− [h]q

p

⌋
≥

q

2
− 1.

C[g.n$z1k:p6n$z1kBl�z�w&g1�M�/hEq
[h]q > p + 1

�]X(k z�wVi@k
⌊
|w| − [h]q

p

⌋
≥

⌊ q
2p + 1 + [h]q − (p + 1)− [h]q

p

⌋
=

q

2
− 1.

}/s/l$n$z1kBl$x�p6l�kI�
τ([h]q) ≥ h

hjg��p6n$z^{�w6m�kVm[w&g1�
⌊

τ([h]q)− 1

p

⌋
≥

⌊ q
2p + 1− 1
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⌋
=

q

2
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q
��X�z1kBl�k

q
h|m�pD�/�^w&g1�
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Wi = {wj | j ≡ i (mod p)}

�
W =

M[�jv/z
(w)

w&g1�
k′ = [(q − 1)p + k]q

Y
�]kBg1{VkI� Uo n$z1k^�/k��1g/hjn$h|p6g p&q:w&g kFEbn�kBl$g�w&�SX(p6l��M�

yk R Wk
Y }/s/l$n$z1kBl$x�p6l�kI��m�kBn
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yk ∈ W \ {wl′}
��X(kz�wVi@k

yl = wk′ Ryk
��X�z/h|{�z hjxWv/�jh|kVm n$z�w&n

yk R W
Y^�]p6n�k

n$z�w&n��1hEq
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Y u<kBg1p6n�k

C =
C(p, q)

w&g1��w6�/p6v/n*n$z1k(g1p6n�w&n$h|p6g�p&q�K>kBxWxw�O�Y \<w&g1�-K>kBxWxw�O�Yj����Y�~"g n$z/h|m�v/l�pDp&q$�
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� � � !$#�� � � ����� � � �B!

p
=6��#

q
���J�/�&� )+!+)-Q6�R)-��!"� �U� ���R'*)+!-,

gcd(p, q) = 1
e �>,/�

�$�6AD��#&�
De(p, q)

�983Cj��?�=6C 	$� �I!"� � ��=6C0)-��!"� �$=@?V!+)5�6� =6��#
Dg(p, q)

�98WCj��?�=6C 	 �6Cj�U�$=6C0)-� 	
!"� �$=@?V!+)5�6��#@�����I!�� �6)4�B!-%[� �@?��N��!M8V�6�

q = 3
%()-�7'�,U)5? , ?�=&���

De(p, q) = p + 2
=6��#

Dg(p, q) = p + 3
e

�(�$���98�eSM]m�s1m$s�w&�N�U�/kBg1p6n�k
De(p, q) = De

w&g1�
Dg(p, q) = Dg

Y[?(p6g1m$h|�/kBl �1l�m$n*n$z1k
{�w6m�k�X�z1kBl�k

q = 3
Y[M]m�m$s/x�k[n$z�w&n�w"X(p6l��

w
z�w6m�w:v/s/l�k]v�kBl$h|pD�

3
w&g1�.w:�|pD{�w&�

R
�

v�kBl$h|pD�
p
Y �[kV{�w&�j�@n$z�w&n

[n]q
h|m>n$z1k`�|k�w6m$n>v�pIm$hjn$hji@k`l�kVm$h|�bs1k p&q�w&g:hjgUn�k&H@kBl

n (mod q)
Y

~Nq
|w| ≥ p + 2

�/n$z1kBg

w1 R w[1+p]3

w&g1�
w2 R w[2+p]3

Y k O�Y �I�2n
AUhjg1{Vk

gcd(p, q) = 1
�`n$z1kR�|kBn$n�kBl

w[1+p]3

h|mWk.hUs�w&�0n�p
w2

p6l
w3

w&g1�
w[2+p]3

h|m
k.hUs�w&�Mn�p

w3
p6l

w1
�bl�kVm$v�kV{Bn$hji@kB�jo2Y r0z/h|m�hjxWv/�jh|kVm�n$z�w&n�hjg^n$z1k �1l�m$n�{�w6m�k

y = w2
h|m
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w&g kFEbn�kBl$g�w&�7X(p6l�� p&q
w
�8X�z1kBl�k�w6m:hjg7n$z1k�m�kV{Vp6g1�7{�w6m�k(X(kWxwVo7{�z1pDpIm�k

y = w1
Y

~Nq
|w| ≥ p + 3

�:n$z1kBg hjg w6�/�bhjn$h|p6g n�p k O�Y �I�2nB�"X(k�z�wVi@k
w3 R w[3+p]3

X�z1kBl�k
w[3+p]3

h|m.k.hUs�w&�<n�p kBhjn$z1kBl
w1

p6l
w2
Y �]kBg1{VkI��X(kHxJs1m$n�z�wVi@k

wi R
M[�jv/z

(w)q5p6l
i = 1, 2, 3

w&g1� n$z1kBl�k q5p6l�k
1

h|m^w HI�|p��w&�
R
�Nv�kBl$h|pD� p&q

w
Y C[g n$z1kHp6n$z1kBl

z�w&g1�M�
u = (abc)b(p+1)/3c X�hjn$z

R = 〈(a,w[1+p]3)〉
w&g1�

v = (abc)b(p+2)/3c X�hjn$z
S = 〈(a,w[1+p]3), (b, w[2+p]3)〉

m$z1p X n$z�w&nWn$z1k �p6s/g1�/m
De

w&g1�
Dg

w&l�k.m$n$l$h|{Bn
q5p6l

q = 3
Y

C[n$z1kBlpX�h|m�kI���|kBn
q ≥ 4

Y ?(p6g1m$h|�/kBl w3q5p6s/l]�|kBn$n�kBl w&�jv/z�w��kBn
{a, b, c, d}

w&g1� m�kBn
R = 〈(a, b), (b, c), (c, d), (d, a)〉

Y3u<k��1g1k3w&g hjg �1g/hjn�kaX(p6l��
w = (w1 · · ·wq)

ω hjg
n$z1k]q5p6�j�|p X�hjg]H X0wVo2Y ADkBn

w1 = a, w[1+p]q = b, w[1+2p]q = c
w&g1�

w[1+ip]q = d

q5p6l
i = 3, 4, . . . , q − 1

Y7�]p X:� Uo n$z1k��/k��1g/hjn$h|p6g p&q
R

�
wi R wi+p

q5p6lWw&�j�
i =

1, 2, . . . , q
Y��]kBg1{VkI�

p
h|m.w �|pD{�w&�

R
�Nv�kBl$h|pD�	p&q

w
Y��]p X(kBi@kBl��

1
h|mRg1kBhjn$z1kBl^w&g

kFEbn�kBl$g�w&��g1p6l�wDHI�|p��w&�
R
�Nv�kBl$h|pD�M�0m$hjg1{Vk.g1p �|kBn$n�kBlh|m{Vp6xWv�w&n$h�/�|kGX�hjn$z	w&�j�[n$z1k

p6n$z1kBl��|kBn$n�kBl�m Y �]kBg1{VkI�
De = Dg =∞

Y

��������� 	 	�� � ����� ����� � 	 �����

~"gRp6l��/kBl0n�pJz�wVi@k:wJ{B�|k�w&l�kBl0v/h|{Bn$s/l�k<p&qPn$z1k]�bh &MkBl�kBgUn�iIw&l$h4w&gUn�m0p&q�}�hjg1k w&g1� B	hj�Eq�� m
n$z1kVp6l�kBx l�kBv/l�kVm�kBgUn�kV� hjgHn$z1k3v/l�kBiDh|p6s1m:m�kV{Bn$h|p6g1m��$X(kWm$s/xWxw&l$h���kWn$z1k"�p6s/g1�/m hjg
r�w�/�|k�O�Y I�Y
Q(o r0z1kVp6l�kBx O�Yj�I�Pw�HI�|p��w&�`v�kBl$h|pD�Hh|mJw�m$n$l�p6g]H@kBl w&n$n$l$h�/s/n�kWn$z�w&g n$z1kWp6n$z1kBl

v�kBl$h|pD�/m��1w&g1��n$z1kBl�k q5p6l�k

Bg(p, q) ≥ Be(p, q)
w&g1�

Bg(p, q) ≥ Bl(p, q)

q5p6l(kBi@kBl$o
p

w&g1�
q
Y7C 1m�kBl$i@k w&�|m�pJn$z�w&n

B
� �p6s/g1�/m�k

Bg
�
Be

w&g1�
Bl
n w&l�k[hjgRxw&gUo

{�w6m�kVm�m$xw&�j�|kBl�n$z�w&g^n$z1k p6n$z1kBl �p6s/g1�/m Y C[g^n$z1k:p6n$z1kBl�z�w&g1�M�/hEq�X(k:{Vp6xWv�w&l�k:n$z1k
�p6s/g1�/mJp&q�HI�|p��w&�E�"kFEbn�kBl$g�w&��w&g1� HI�|p��w&�E�N�|pD{�w&� hjgUn�kBl�w6{Bn$h|p6g,X(km�kVkI�Mq5p6lJkFE1w&xWv/�|kI�
n$z�w&n

Be(5, 9) = 23 > 19 = Bl(5, 9),
Be(4, 7) = 15 = 15 = Bl(4, 7),
Be(3, 5) = 8 < 10 = Bl(3, 5).

r0z/h|m�hjg1�bh|{�w&n�kVm[n$z1k:hjg1{Vp6xWv�w&l�w�/hj�jhjn"o p&q*n$z1kJkFEbn�kBl$g�w&�Pl�kB�4w&n$h|p6g�w&��v�kBl$h|pD� w&g1�^n$z1k
�|pD{�w&��l�kB�4w&n$h|p6g�w&�]v�kBl$h|pD�M� X�z/h|{�z X0w6m�w&�jl�k�w6�bo m�kVkBg hjg ,�E1w&xWv/�|kVm O�Yj� w&g1� O�Y I
X�hjn$z�l�kVm$v�kV{BnJn�p^xWhjg/hjxw&�(v�kBl$h|pD�/m Y��]p X(kBi@kBl��*hjg m�p6x�km�kBg1m�kWn$z1k��|pD{�w&� v�kBl$h|pD�
m�kVkBx�m]n�p �kJn$z1kaX(k�w&t@kVm$n Y ~"g n$z1k {�w6m�kaX�z1kBl�k

p
h|m w&g7kFEbn�kBl$g�w&��v�kBl$h|pD�M�
X(kaH@kBn

hjgUn�kBl�w6{Bn$h|p6g �p6s/g1�/m���w&n��|k�w6m$n��1hEq�X(k w6m�m$s/x�k:kFEbn$l�wW{Vp6g1�bhjn$h|p6g1m Y0~"g.n$z1k:{�w6m�k:p&q w
�|pD{�w&�Dv�kBl$h|pD�

p
���p6s/g1�/m�s1m$s�w&�j�jo �/p[g1p6n*kFEbh|m$n Y�M]m*w&gWkFE1w&xWv/�|kI�0X(k HIhji@k0r�w�/�|kSO�Y �

X�z/h|{�z m$s/xWxw&l$h���kVm�hjgUn�kBl�w6{Bn$h|p6g �p6s/g1�/m0q5p6l
p = 6

w&g1�
q = 7
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hjgUn�kBl�w6{Bn$h|p6g n"oDv�k �p6s/g1�

HI�|p��w&�E�ZHI�|p��w&�
Bg =





p + 1

2
q

hEq�k
p < q

w&g1�
p

h|m�pD�/��n
p6l�k

p > q
w&g1�

q
h|m�kBi@kBg
n �

q +
q − 1

2
p

p6n$z1kBlpX�h|m�k0Y

HI�|p��w&�E�"kFEbn�kBl$g�w&�
Be =

{
min(h + [h]q − 1, h + (q − [h]q) + 1)

hEq
q

h|m�pD�/�
,

max(h, h + [h]q − (p + 1))
hEq

q
h|m�kBi@kBg8Y

HI�|p��w&�E�N�|pD{�w&�
Bl =





q + kp− 1

hEq
q ≡ 2 (mod p)w&g1�

kp ≡ +1 (mod q)
�

q + kp
p6n$z1kBlpX�h|m�k0Y

z1p6�|�bhjg]H
kFEbn�kBl$g�w&�E�ZHI�|p��w&� Cg = pq

z1p6�|�bhjg]H
kFEbn�kBl$g�w&�E�"kFEbn�kBl$g�w&� Ce =

{
(p− 1)q + 1

hEq
p

h|m�kBi@kBg w&g1�
q > p,

(q − 1)p + 1
p6n$z1kBlpX�h|m�k0Y

z1p6�|�bhjg]H
kFEbn�kBl$g�w&�E�N�|pD{�w&� Cl = pq

kFEbn�kBl$g�w&�E�ZHI�|p��w&�
∞

hjg1{B�js1m$hji@k
kFEbn�kBl$g�w&�E�"kFEbn�kBl$g�w&� C =

{
(q − 2)p + (q − 1)

hEq
q

h|m�pD�/� w&g1�
q ≤ p + 1

(q − 1)p + 1
p6n$z1kBlpX�h|m�k0Y

kFEbn�kBl$g�w&�E�"kFEbn�kBl$g�w&�
C = 1 + (q − 1)p

kFEbn�kBl$g�w&�E�N�|pD{�w&�
∞

�|pD{�w&�E�ZHI�|p��w&�
Dg =

{
p + 3

hEq
q = 3

∞
p6n$z1kBlpX�h|m�k

�|pD{�w&�E�"kFEbn�kBl$g�w&�
De =

{
p + 2

hEq
q = 3

∞
p6n$z1kBlpX�h|m�k

�|pD{�w&�E�N�|pD{�w&�
Dl =





p + q

hEq
p− 1 ≡ 0 (mod q)p6l
p + 1 ≡ 0 (mod q)

�
∞

p6n$z1kBlpX�h|m�k0Y

r�w�/�|k O�Y I 	>~"gUn�kBl�w6{Bn$h|p6g �p6s/g1�/mMq5p6l
p
w&g1�

q
��X�z1kBl�k

gcd(p, q) = 1
�
h = 1+bq/2cpw&g1�

k
h|m�n$z1k m$xw&�j�|kVm$n�hjgUn�k&H@kBl]m$s1{�z^n$z�w&n

kp ≡ ±1 (mod q)
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X
X

X
X

X
X

X
X

X
X

X

t1

t2 HI�|p��w&� kFEbn�kBl$g�w&� �|pD{�w&�
HI�|p��w&�

25 22 13z1p6�|�bhjg]HRkFEbn�kBl$g�w&�
42 36 42hjg1{B�js1m$hji@kJkFEbn�kBl$g�w&�

36kFEbn�kBl$g�w&�
∞ 37 ∞�|pD{�w&�
∞ 13 ∞

r�w�/�|kaO�Y � 	*~"gUn�kBl�w6{Bn$h|p6g��p6s/g1�/m�q5p6l
p = 6

w&g1�
q = 7
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HI�|p��w&�UhjgUn�kBl�w6{Bn$h|p6g h|mPm$n$l$h|{Bn Y�r0z1k m$n$s1�bo p&q/n$z1kVm�k7X(p6l��/m�p6l$hoHIhjg�w&n�kVmPq+l�p6x n$z1k m$n�w&gb�
�1w&l�� }�hjg1k0w&g1��B	hj�Eq�{�w6m�kI� X�z1kBl�k q5p6l�{Vp6v/l$hjx�k(v�kBl$h|pD�/m

p
w&g1�

q
�&n$z1k g1p6gb�"{Vp6g1m$n�w&gUn

X(p6l��/mPp&q/xw�Ebhjxw&�@�|kBg]HIn$z
p+q−2

z�wVi@k`i@kBl$o<hjgUn�kBl�kVm$n$hjg]H[v/l�p6v�kBl$n$h|kVm Y[AUs1{�z�X(p6l��/m
w&l�kJ{�w&�j�|kV� � �I!+��� 2�=6CP;`)-��� =6��# ��)-C 8:' �6�$#&�&Y�~"g�� \0\&���/k�KMs1{�ww&g1� y hoHIg1pIm$h � II���
m$z1p X(kV��n$z�w&n n$z1k�m�kBn p&qPw&�j�/qNw6{Bn�p6l�m p&qMn$z1kVm�k�X(p6l��/m({Vp6hjg1{Bh|�/kVm@X�hjn$zn$z1k�m�kBn p&q�qNw6{ �
n�p6l�m p&qSAUn$s/l$xWh4w&g X(p6l��/m Y3}/s/l$n$z1kBl$x�p6l�kI�Pn$z1kWkFEbn$l�kBxw&�[X(p6l��/m w&l�k3v�w&�jhjg1�bl�p6x�kVm
w&g1� s/g/h:hUs1k(s/v3n�p[l�kBg�w&xWhjg]H:p&q��|kBn$n�kBl�m Y�r0z1k0n$z1kVp6l�kBx p&q�}�hjg1k�w&g1�aB	hj�Eq1q5p6l�x�p6l�k
n$z�w&n�n X(pv�kBl$h|pD�/mSX0w6m[hjgUi@kVm$n$hoHUw&n�kV� hjg m�kBi@kBl�w&�Pv�w&v�kBl�m���m�kVk�� �0Jb���I�b�rOI��� Y�~"g �I�I�0I
r0h �$�/kBxw&gRw&g1� $�w&x*�p6g/h � R0R���HUwVi@k[w]qNw6m$n`w&�oH@p6l$hjn$z/x n�p:{Vp6s/gUn(w&gkFEbn$l�kBxw&��X(p6l��
k5w&g1�.hjn�m��|kBg]HIn$z
n q5p6l]w&g w&l�/hjn$l�w&l$o.gUs/x*�kBl]p&q�v�kBl$h|pD�/m Y*y p6l�kVp�i@kBl��1n$z1kBo.m$z1p X(kV�
n$z�w&n3m$s1{�z,X(p6l�� X�hjn$z v�kBl$h|pD�/m

p1, . . . , pr
w&g1� X�hjn$z1p6s/n3v�kBl$h|pD�

gcd(p1, . . . , pr){Vp6gUn�w&hjg/hjg]H wxw�Ebhjxw&�*gUs/x*�kBlJp&q0�bh|m$n$hjg1{Bn �|kBn$n�kBl�m<h|m<s/g/h:hUs1kB�joH�/kBn�kBl$xWhjg1kV�7s/v
n�p3l�kBg�w&xWhjg]HRp&q��|kBn$n�kBl�m[w&g1�.hjn�h|m[w v�w&�jhjg1�bl�p6x�k0Y

�]kBl�k X(k^{Vp6g1m$h|�/kBl�l�kB�4w&n$h|p6g�w&�]kFEbn$l�kBxw&�[}�hjg1k w&g1��B	hj�EqLX(p6l��/m�hjg n$z1k^{�w6m�k
p&q[HI�|p��w&�E�ZHI�|p��w&��hjgUn�kBl�w6{Bn$h|p6g8YSB k:v/l�p�i@kJn$z�w&n[s/g1�/kBl]m�p6x�k:g�w&n$s/l�w&��{Vp6g1m$n$l�w&hjgUn�m��
n$z1k m$n$l$s1{Bn$s/l�k3p&q(m$s1{�z X(p6l��/m p&q xw�Ebhjxw&���|kBg]HIn$zHh|m]s/g/h:hUs1kJs/vHn�pl�kBg�w&xWhjg]H.p&q
�|kBn$n�kBl�m Y<r0z1kVm�k kFEbn$l�kBxw&��X(p6l��/m:w&l�k3p�i@kBl:w�n�kBl$g�w&l$oHw&�jv/z�w��kBn:w&g1� n$z1k l�kB�4w&n$h|p6g
h|m(g1kV{VkVm�m�w&l$hj�joRm$hjxWhj�4w&l0n�pJn$z1k<{Vp6xWv�w&n$h�/hj�jhjn"o�l�kB�4w&n$h|p6g^p&qPv�w&l$n$h4w&�$X(p6l��/m Y`}/s/l$n$z1kBl9�
x�p6l�kI�$X(k�{Vp6g1m$h|�/kBl n$z1kBhjl:v�w&�jhjg1�bl�p6xWh|{Wv/l�p6v�kBl$n$h|kVm Y �[kV{�w&�j�*n$z�w&n

Bg(p, q)
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p

w&g1�
g
Y
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FW (p, q)
Y�M,X(p6l��

wh|m[hjg
FW (p, q)

hEq
|w| = Bg(p, q) − 1

w&g1� n$z1kBl�k kFEbh|m$n�m<wm$hjxWhj�4w&l$hjn"o l�kB�4w&n$h|p6g
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w
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p
w&g1�Hwv/s/l�kJv�kBl$h|pD�
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R
�Nv�kBl$h|pD�.p&q

w
Y

u<kBg1p6n�k Uo
Rw
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hjg
FW (p, q)

Y.y p6l�kVp�i@kBl�� �p6n$z �p6s/g1�/m
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n$z�w&g
p + q − 2

��w&l�k�kBhjn$z1kBlJs/g�w&l$o UoHn$z1kWn$z1kVp6l�kBx p&q�}�hjg1kw&g1� B	hj�Eq�p6l
aR bz1p6�|�/m Y ~"g �p6n$z {�w6m�kVm��
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h|m0g1p6n�s/g/h:hUs1kI�/g1p6n[kBi@kBg^s/v.n�pWl�kBg�w&xWhjg]HRp&q��|kBn$n�kBl�m Y

� � � �  	� � � ���!� � ?(p6g1m$h|�/kBl]n$z1k m�kBn
FW (3, 7)

Y[}1p6l
p = 3

w&g1�
q = 7

��X(kJz�wVi@k
n$z1k]q5p6�j�|p X�hjg]H �p6s/g1�
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v = abcacadabcaca ∈ FW (3, 7)

X�hjn$z^n$z1k l�kB�4w&n$h|p6g

Rv = 〈(a, b), (a, c), (a, d), (b, c), (c, d)〉.
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u<kVm$v/hjn�k0n$z1k0v/l�kBiDh|p6s1m`kFE1w&xWv/�|kVm��2X(k�m$z1p X n$z�w&n(w&�j�]X(p6l��/m`hjg
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�Nh|m�p6x�p6l$v/z/h|{Rn�p n$z1k�p6l$hoHIhjg�w&��p6g1k0Y

~"g�n$z/h|mJl�kVm$v�kV{Bn��
w ∈ FW (p, q)

X�hjn$z g1p �bh|m$n$hjg1{Bn
Rw

�Nh|m�p6x�p6l$v/z/h|{R�|kBn$n�kBl�mWw&g1�
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%
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