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Abstract

The value of marketability affects investors as they cannot sell their privately held stocks in-
stantly. This restriction should lead to a discount for lack of marketability, DLOM. The increas-
ing flow of capital to private equity makes the DLOM a vital discount to understand for prac-
titioners.

This thesis studies the existence of DLOM in Europe and what are the factors driving it.
This study uses the differences in pre-IPO and IPO prices and matches private stocks to similar
public stocks and derives the DLOM using differences in valuations. These DLOMs are ex-
plained by factors established by earlier literature, such as, trading restriction period or ma-
turity, risk, size and growth. Moreover, put option methods are used to examine the DLOMs.

The average (median) DLOM for IPO and matched pairs methods are 32% (55%) and 61%
(63%), respectively. The main factors driving the DLOM are maturity and risk. In conclusion,
the exact relationship between the drivers remains unknown but option models can, on average,
explain the discounts. Furthermore, put option methods are useful for an analyst as a starting
point for DLOM.
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Tiivistelma

Arvopapereiden markkinakelpoisuuden arvo vaikuttaa sijoittajiin, koska he eivit voi myyda
yksityisid osakkeitaan vélittomasti. Tamén rajoituksen tulisi johtaa likviditeetin puutoksesta
johtuvaan alennukseen (discount for lack of marketability, DLOM). Likviditeettialennuksen
ymmartdminen on tirkeéd, koska yksityisiin yrityksiin sijoitetaan yhd enemman padomaa.

Tama tutkielma tutkii likviditeettialennuksen olemassaoloa Euroopassa, ja sitd, mitka te-
kijat ajavat sitd. Tadssé tutkimuksessa kaytetddn porssilistautumisen ja sitd edeltdvin arvonméaéa-
rityksen, ja vertailukelpoisten yksityisten ja julkisten osakkeiden arvostuksen eroja méaritetta-
essé likviditeettialennusta. Naitd alennuksia selitetddin aikaisemman kirjallisuuden esittelemilla
tekijoilla, kuten rajoituksen pituudella, riskilld, koolla ja kasvulla. Liséksi, optiohinnoittelume-
netelmid kéytetddn alennuksen estimointiin.

Keskiméardinen (mediaani) alennus IPO-tutkimuksessa on 32% (55%) ja vertailukelpois-
ten yritysten analyysissé 61% (63%). Tarkeimmat likviditeettialennuksen ajurit ovat rajoituk-
sen pituus ja riski. Likviditeettialennuksen ja tarkeimpien tekijoiden tarkka suhde on kuitenkin
vield epéselvd, mutta optiomenetelmait pystyvit selittdimdin osan alennuksesta. Myyntioptio-
menetelmét ovat kuitenkin hyddyllinen 14htokohta analyytikolle, joka estimoi likviditeettialen-
nusta yksityiselle yritykselle.
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1 INTRODUCTION

1.1 Background and motivation

Marketability of assets is vital for investors willing to trade their assets. Therefore, every
investor is affected by the marketability of assets. The value of the marketability of an
asset stems from lack of market liquidity; without sufficient supply and demand the asset
cannot be bought or sold at its fair price. Market liquidity refers to the ability to trade
assets easily with minimal costs (Brunnermeier & Pedersen 2009). The value of market
illiquidity can be seen as the price of instant remorse of a transaction; how much does it
cost to an investor to reverse the transaction. Assets are not usually completely liquid or
illiquid but something in between. Thus, liquidity is a continuum, and every asset can be
placed somewhere in this continuum based on their degree of liquidity. (Damodaran
2005a.)

The lack of marketability and market liquidity can cause trade-offs because an illiq-
uid asset will tie capital resulting in the loss of potential gains. In order to avert this trade-
off by immediately executing the trade in question, an investor is forced to sell (buy) an
asset at lower (higher) price than the fair price of the asset causing immediate losses.
Consequently, an illiquid asset with lack of marketability should be traded at a discount.
The importance of marketability arises especially in corporate finance and company val-
uation. The discount for lack of marketability (DLOM) is probably the most common
discount applied in company valuation and could account for the largest single impact on
company value estimates (Glazer 2005).

Liquidity and marketability matter the most when the market is in a downturn or
suffering from an illiquidity crisis. The most illiquid assets cannot be sold to meet inves-
tors’ immediate cash obligations. (Ang et al. 2014.) Flight to liquidity affects negatively
especially illiquid stocks, because investors sell their illiquid assets for their more liquid
counterparts (Amihud 2002). It is apparent that a market illiquidity crisis is especially
harmful for very illiquid privately owned stocks.

This thesis investigates the value of marketability primarily for privately owned
stocks and the factors driving this value by applying option pricing techniques to estimate
the value of marketability. In publicly traded stocks, liquidity is usually proxied with the
bid—ask spread. The differences between the liquidity publicly traded and privately owned



stocks are substantial. Publicly traded stocks can be sold or bought quickly with minimal
costs, such as the bid—ask spread and brokerage fees, while it can take several months or
years to sell a privately owned stock. Privately owned stocks cannot be sold as quickly as
publicly traded stocks mainly because there is no centralized market for them. Owning a
private stock leads to a substantial trade-off between time and money. This trade-off is
significant because the time value of money is a major component of the DLOM. (Curtiss
2009.)

The DLOM refers primarily to closely owned stocks, such as letter stocks, as in SEC
Rule 144, or privately owned stocks (Longstaff 1995; Paglia & Harjoto 2010). The
amount of wealth allocated to illiquid assets such as private equity, venture capital and
hedge funds is increasing, which underlines the importance of understanding and estimat-
ing the discounts, for example the DLOM, for such assets (Chen et al. 2015). The inability
to sell privately owned businesses quickly without liquidity costs raises the need for val-
uation adjustments. The DLOM can have a major effect on private business valuation.
(Paglia & Harjoto 2010.)

The size of the estimates of the DLOMs vary between earlier studies. Restricted stock
studies commonly report an average DLOM of 30 to 35 percent (Glazer 2005). The
DLOM also differs across sectors. Professional services usually have higher DLOMs and
healthcare has the lowest estimated DLOMs. Size and profitability of the company play
also a role in determining the size of the DLOM. They find nearly 70% discounts for
some private companies by matching private transactions to publicly traded counterparts.
These findings differ greatly from restricted stock studies. Using restricted stocks, [PO
and acquisitions in estimating the DLOM tends to result in undervaluation of the discount.
(Paglia & Harjoto 2010.) Business valuation analysts usually apply a 15-25 and 25-35
percent discount on one-year and two-year trading restrictions, respectively (Finnerty
2013).

The DLOM can also be estimated using theoretical option pricing techniques which
take the length of the restriction period into account. Longstaff (1995) proposes a look-
back put option model which would represent the upper bound of the DLOM and the
estimations range from 0.4% up 66% highlighting the model sensitivity to its most im-
portant inputs, maturity and volatility. This upper bound could also reflect the maximum
bid—ask spread investors accept. The model provides an endogenous measure to the bid—

ask spread while earlier research relies on exogenous measures.



Another put option model was introduced by Chaffee (1993) who estimated the
DLOM simply with European put options. The shortcoming of a European put is that the
price to what an investor would be able to sell their asset, were there no restrictions, is
fixed and locked in beforehand. Finnerty (2012, 2013b) uses an Asian put option to model
the DLOM. In this approach, the investor is equally likely to sell the asset during the
restriction period. Therefore, this model does not require the assumption of superior mar-
ket timers. Finnerty (2012) reports DLOMs close to market observations on moderate
volatilities. Finnerty (2013b) further generalizes the option model to account for longer
restriction periods. Ghaidarov (2014) modifies the Asian option model and introduces a
forward-starting put which is more coherent with the CAPM framework. The forward-
starting put option does not rely on any probability in trading and as such, can be applied
to any investment strategy. It also performs better with higher volatilities and longer ma-
turities.

Earlier research has established that the DLOM exists and identified the possible fac-
tors driving it. However, most of the academic research on the DLOM is conducted in the
US stock market. The US stock market is the most efficient and liquid stock market glob-
ally which is why it is important to study DLOM in other markets as well (Bekaert et al.
2007). The DLOMs found in Europe by Klein and Scheibel (2012), for instance, are sur-
prisingly smaller, around 5 percent, which clearly points out a contradiction in the theory;
why more illiquid European markets have smaller DLOMs? Furthermore, the DLOM is
often used in practice as an automatic discount for illiquid stocks without thorough anal-
ysis on the underlying company. DLOM is, however, affected by many company charac-

teristics, such as company size, growth and risk. (Glazer 2005.)

1.2 Research objectives

The fact that earlier studies are primarily based in the world’s most liquid market, the US
stock market, raises a fundamental question whether the less liquid markets should have
larger discounts for illiquidity. This thesis focuses on the European stock market and the
estimation of the DLOM for privately owned stocks. The objective of this study is to
investigate the size and characteristics of the DLOM in the European stock market. The

research questions are following
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e If there is a discount for the lack of marketability, how substantial the dis-
count is?
e  Which factors are driving DLOM?

It is especially important to investigate what causes the DLOM in European markets,
since the market structure differs from the US markets. Capital market financing is more
usual in the US, as in Europe a lot of financing is bank issued. However, small- and me-
dium-sized enterprises (SMEs) prefer debt financing regardless of geography. Many of
private companies are SMEs both in Europe and the US, so bank financing is crucial for
both regions. (WSBI-ESBG 2015.) In conclusion, with the significant difference in capi-
tal market size, Europe may have a less developed PE markets regardless of both being
dependent on bank financing. Also, from the risk management point of view, liquidity is
of utmost importance during market crashes.

The earlier approaches to estimating the DLOM used a market approach by bench-
marking. These studies rely on the comparability of liquidity impaired stocks and stocks
with no liquidity restrictions. The difference in comparable stock prices would then rep-
resent the DLOM. Two types of comparison are the most common in this approach: re-
stricted letter stock prices to common stock prices, and pre-IPO transaction prices to [PO
prices. (Curtiss 2009.)

The use of study averages of these differences in practice without further considera-
tion to the underlying factors affecting the dynamics of the DLOM has faced critique.
This approach lacks company-specific information which could affect the size of the
DLOM. Therefore, the benchmarking market transaction approach would be inappropri-
ate to use in practice. Also, the time value of money plays quite an important role in the
estimation of DLOM. The market transaction approach does not allow for the considera-
tion of the length of the trade-off between time and money. (Curtiss 2009.)

The DLOM can also be estimated using revenue- or profitability-based transaction
multiples. Transaction multiples approach rely also on the comparability of publicly
traded and privately owned firms and, for example, match them by industry and year of
the transaction. (Paglia & Harjoto 2010.) The shortcomings of benchmarking approaches,
such as purely comparing stocks with different liquidity by ignoring the trade-off between
time and money and relying on study averages without taking the underlying fundamen-
tals into account, raise the need for a more sophisticated method. For example, matching
companies properly might be difficult to do as companies are rarely similar enough. Fur-

thermore, the use of pre-IPO and IPO prices could be inaccurate, since many other factors
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affect IPO pricing, such as future estimations of revenue and profitability growth. IPOs
are also commonly underpriced. (Zheng & Stangeland 2007.)

To overcome the inadequacy of benchmarking approach, Chaffe (1993) and
Longstaff (1995) estimated the DLOM with a different method. They used option-based
modelling to estimate the DLOM. While Chaffe (1993) used a simple European put op-
tion with simplified rationale for the underlying problem, mainly because he assumed a
fixed strike price that the investor would know beforehand, Longstaff (1995) introduced
a model more realistic due to a market-based strike price.

Considering the effect of illiquidity to the investor, the loss of potential gains is the
greatest when the asset is overpriced, i.e., the investor cannot sell the asset at the highest
fair price due to the cost of illiquidity. Therefore, the value of liquidity can be seen as an
option. The option in question is a lookback option, where the payout of the option is the
difference between the maximum price during the period and the price at the end of ma-
turity. The maturity of the option represents the period where the investor is unable to sell
their stock, for example, in the case of letter stock or privately owned stock. (Longstaff
1995.)

However, Longstaff’s (1995) approach requires further assumptions. The investor
should have perfect market timing ability to be able to sell the stock at the highest price
during the period. Obviously, this is an unrealistic assumption. While the estimates of the
DLOM are inaccurate using this method, it provides at least a benchmark for the upper
bound of the DLOM. Furthermore, it takes company characteristics into account with the
model inputs. Also, an advantage of the option-pricing techniques in estimating the
DLOM is the ability to take the length of the non-marketable period of the asset, i.e., the
maturity, into account.

Many other option pricing techniques for estimating the DLOM have surfaced in the
aftermath of Longstaff’s (1995) study. The most notable would be the models proposed
by Finnerty (2012) and Ghaidarov (2014), where the assumption of a perfect market timer
would be needless. This study focuses on determining whether any of these models can
explain the market-based DLOMs. This is done by estimating DLOMs with the option
models and comparing them to market-based discounts. The estimation of DLOM with
options uses the same observation units than in the market-based discount estimation ra-

ther than relying on input averages.
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1.3 Structure

This section of the thesis provides background information, motivation and research ques-
tions. Additionally, it consists of short review of earlier studies on the discount for lack
of marketability. The following section further highlights the theoretical background of
this study. First, it highlights the importance of private equity markets and private com-
pany valuation. Then it introduces the DLOM and why it is important in corporate fi-
nance. The rest of the section focuses on the results of previous studies and the models
used to estimate the DLOM. Section 3, the empirical part of the study, begins by intro-
ducing the data and motivating the methodology for this study. Subsequently, the results

are reported and discussed. Section 4 summarizes and concludes the study.
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2 LITERATURE REVIEW

2.1 Background
2.1.1 Flow of capital to private markets

Private equity markets are an important source of funds in corporate finance. They are
crucial for different types of firms looking for buyout financing, such as start-ups, middle-
market private companies, public firms and firms in financial distress. Since the mid-
1980s it has been the fastest growing corporate finance market, compared to public equity
and bond markets. (Fenn et al. 1997; Bernstein et al. 2016.) Industries where private eq-
uity companies invest grow more significantly than other industries. The rapid growth of
private equity has raised concern about its impact on the financial markets since the fi-
nancial crisis in 2007. (Bernstein et al. 2016.)

On the other hand, the private equity industry has a crucial role in post-crisis recov-
ery. Private equity investors cycle their capital through private companies. The capital
invested in private equity yields growth through innovation. Once the initial investor ex-
ecutes its exit from the private placement, the proceeds are reallocated to similar private
equity investments that have great growth potential. Furthermore, the superior returns the
asset class provides has created an investor demand for private equity. (Caselli & Negri
2018.)

Private equity markets are important for innovation. Compared to industrial R&D,
private equity in Europe accounts relatively for more innovation measured in patents.
This may imply that the private equity markets are not efficient. Other rationales for the
inconsistency of innovation include stricter regulation and less developed exit markets
for private equity holders. (Popov & Roosenboom 2009.)

In addition to being an important asset class to investors, private equity is a source
for knowledge, funding and skills. The role of private equity in the economy is vast, rang-
ing from economic growth and job creating to developing better businesses and offering
investors alternative investment opportunities. Therefore, it is no surprise that private eq-
uity has become increasingly important and growing industry. However, private equity
has been relatively cyclical. During financial crises, specifically the oil crisis in 1970s,

the banking crisis in 1990s, the dot-com bubble in the early 2000s and the financial crisis
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in 2008, new capital invested to private equity has declined severely. (Caselli & Negri
2018.)

Market liquidity is highly associated with market crashes. Typically, in bull markets
securities are bought evenly, whereas during market crises, investors choose to sell their
securities in a frenzy. Therefore, the marketability of assets declines severely during mar-
ket crises. (Chordia et al. 2001.) As this is the case in publicly traded stocks, private equity
is even more exposed to this risk as, by definition, it does not have a marketplace to trade
in. During market crisis, investors usually cannot sell their most illiquid assets to raise
cash to meet their cash obligations (Ang et al. 2014). Being in the more illiquid end of
the spectrum, private equity exposes investors to a substantial liquidity risk through the
inability to sell.

The phenomenon that investors pivot to more liquid assets during market turmoil is
flight to liquidity. The difference between asset liquidity can be seen even within the most
liquid asset class, for example, on-the-run government bonds are more liquid than its off-
the-run counterpart. (Vayanos 2004.) Furthermore, flight to liquidity negatively affects
especially illiquid stocks (Amihud 2002). This further raises the question of the marketa-
bility of private equity. Investors value marketability and it should be reflected in private
equity valuation. In light of private equity markets being inefficient and exposed to mar-
ket shocks, and the substantial liquidity risk private equity is exposed to, the marketabil-

ity-adjusted valuation of private companies is key issue in business valuation.
2.1.2 Lack of marketability in private equity

Private equity valuation is a considerable field in equity valuation. Investors and valuation
analysts increasingly need to take issues related to private companies into account. For
example, businesses may have start-up-like operations that have to be valued similarly as
privately held companies, or companies can grow inorganically through acquisitions of
private companies. Company acquisitions often result in notable balances in goodwill
which requires impairment testing on a yearly basis according to IFRS and GAAP prin-
ciples. Fair value estimates of financial statements are often used in impairment testing.
(Pinto 2010.)

Private company valuation rationales can be divided into three different categories —
transactions, compliance and litigation. Transactions include, for example, capital raising,
IPOs, acquisitions and compensation. Early-stage private companies need private financ-

ing to boost their growth, and venture capital investors invest in private companies
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through multiple financing rounds. When a company goes public, it needs to be valuated
in order to present an offer price for initial public offering. Naturally, an acquisition relies
on the valuation of the target company. Additionally, private company valuation may be
needed for tax purposes when employees of a private company are rewarded with com-
pany stocks. Beyond transactions, private company valuation is often required in financial
reporting and litigation-related disputes. (Pinto 2010.)

Private companies have fewer shareholders and are not registered in a public ex-
change for trading. Obviously, this lack of share liquidity must affect private company
valuations. Furthermore, private company shareholders can be restricted from selling
their equity by an agreement between the shareholders. This further restrains trading the
stock and results in reduced marketability. (Pinto 2010.)

In order to properly valuate a private company, an appraiser needs to adjust the value
of the business they have estimated regardless of their choice of valuation method. Com-
monly used valuation adjustments reflect lack for control and lack of marketability. The
discount for lack of control stems primarily from owning a noncontrolling interest in a
privately held company. Lack of control limits the investor’s capabilities in decision-
making in the private company, such as selecting management or distributing cash and
profits. (Pinto 2010.)

The other commonly used valuation adjustment is discount for lack of marketability.
The discount for lack of marketability, or the DLOM, is usually a percentage adjustment
to reflect lack of marketability. (Pinto 2010.) DLOM might be the most common discount
used for company valuation and it usually carries the largest single impact to valuations.
By definition, marketability is the ability to liquidate investments with minimal transac-
tion costs. (Glazer 2005.) Most assets are not completely liquid or illiquid. The marketa-
bility of an asset can be seen as a continuum and every asset falls somewhere along it,
private equity being deep in the illiquid end of the sphere. (Damodaran 2005a.) The ina-
bility to sell assets causes trade-offs between time and money, especially when owning
private companies. The search cost which includes the effort and time to find an exit from
private company investments is highly associated with illiquidity. The illiquidity of pri-
vate company stocks is a trade-off between time and money and is a major part of the

DLOM. (Curtiss 2009.)
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2.2 Market-based approach in estimating DLOM

2.2.1 Restricted stock and IPO studies

The research on DLOM primarily focuses on the difference in marketability and valuation
between publicly traded stocks and nonmarketable securities which have similar other
attributes than market liquidity. The body of research about DLOM is concentrated to
restricted stock and pre-IPO studies. (Paglia & Harjoto 2010; Glazer 2005.) Restricted
stock approach studies the difference in price between a public stock and its restricted
counterpart. A stock is restricted under the SEC Securities Act Rule 144 from resale. The
unregistered stock can be sold when it is registered or after a one-year sale restriction
period. The difference between the marketable and nonmarketable security prices is seen
as an empirical estimation of the DLOM. (Paglia & Harjoto 2010.)

Restricted stock studies have gained wide traction in practice, for example, the U.S.
Tax Courts utilizes restricted stocks as a quantification of the DLOM (Paglia & Harjoto
2010). The findings of restricted stock studies for the magnitude of the average DLOM
range from 30 to 35 percent (Glazer 2005). Restricted stock studies generally have a small
sample size. Moreover, it is not clear whether the discount implied by these studies can
be applied to private companies as the premise of restricted stock studies are within pub-
licly traded stock.

IPO studies focus on the comparison between companies’ share price before and fol-
lowing IPO. In this case, the DLOM is the difference between the prices. The weakness
of IPO studies is that they usually have a small sample size. Moreover, the characteristics
of the company may change drastically between a pre-IPO transaction and IPO. (Paglia
& Harjoto 2010.) For example, if a company’s growth prospects change during that time,
its valuation will probably change as well. Thus, IPO studies may factor in issues unre-
lated to marketability in the estimated DLOM. The IPO studies also have selection bias
involved which questions the applicability of the studies across all private firms (Paglia
& Harjoto 2010). Investors are also often required to hold their shares after an IPO. This
requirement further extends the nonmarketable period of the asset. Moreover, IPOs are
often underpriced which may be partly because of these restrictions and the DLOM they
imply. (Longstaff 1995.)

Pre-IPO studies usually find average DLOMs close to 45 percent (Glazer 2005).
Emory shows in his extensive [PO study series from 1980s to 2000s median DLOMs of
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46 percent. Emory’s study series consisting of 10 studies all report similar DLOMSs. The
studies also show the impact of time between a pre-IPO transaction and IPO. The shorter
(longer) time between the transactions consistently implied smaller (larger) DLOMs
which is why the holding period of private companies is a crucial factor in determining

the size of the marketability discount. (Emory 2012.)
2.2.2  Acquisition and benchmark studies

Another approach for quantifying DLOM is the benchmark approach. As private
companies do not have a publicly traded market price, the value of such a company can
be derived through discounted cash flow methods. However, a DCF relies on the accuracy
of future cash flows, and the appropriate discount rates and risk measures are difficult to
estimate without problems. Using accrual-based multiples is a typical approach in invest-
ment banking and other valuation practitioners. Furthermore, this multiple approach can
be used to compare public and private companies to derive an appropriate discount for
lack of marketability. (Koeplin et al. 2000.)

Koeplin et al. (2000) use the multiple approach and compare private company acqui-
sitions’ valuation multiples to comparable public peers’ acquisitions. They use matched
pairs analysis where the acquisitions are matched using the same industry and year.
Koeplin et al. (2000) argue that the multiples approach yields smaller valuation errors
than DCF modeling. They find average DLOMs of 28% and 20% for EBIT and EBITDA
multiples, respectively. Using revenue-based multiples the discount is not significant in
conventional levels, and book value multiples yield negative average DLOMs.

Block (2007) further extends the analysis of benchmark studies by using similar ap-
proach than Koeplin et al. (2000). He also reports a breakdown of DLOMs by industry
and finds that manufacturing has the highest discounts as financial sector companies have
the smallest DLOMs. Both Koeplin et al. (2000) and Block (2007) use acquisitions in
their studies. In Europe, the acquisition studies report much smaller discounts as the dis-
count for privately held businesses relative to their public counterparts are around 5 per-
cent using the acquisition method (Klein & Scheibel 2012).

The value of an investment varies between investors. The reason for perspective-
related value is in differing views of future earnings, risk or synergies. For example, ac-
quisitions usually include synergy elements, for example cost synergy through similar
operations. Furthermore, the value of a synergy is often misvalued as analyst estimates of

the value of synergy usually fail to incorporate practical implementation of the merger
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and synergy in question. Synergy creation is far more difficult in practice than in an ana-
lyst’s M&A spreadsheet model. (Damodaran 2005b.) Therefore, acquisition-based
DLOMs are criticized for their inaccuracy which is caused by the strategical and syner-
gical components (Paglia & Harjoto 2010).

The shortcomings of acquisition studies needed to be solved, and Paglia and Harjoto
(2010) used private transactions in their study and compared them to the valuation of
public firms instead of acquisitions. Furthermore, restricted stock, IPO and acquisition
studies all suffer from small sample sizes as the comparable firm is harder to find. Con-
sidering comparable firms, sample size and comparability is a trade-off pair. The better
the comparability, the smaller the sample size. Paglia and Harjoto (2010) eased this trade-
off by using all private transactions allowing them to match private and public firms with
more detail. They extended the year and industry matching with revenue size also and
find DLOMs up to 70 percent, thus violently exceeding the DLOMSs from previous stud-

1es.

23 Modelling and estimation of the DLOM
2.3.1 European put option

The first analytical option model to estimate the DLOM was created by Chaffe (1993)
who argued that an investor loses the ability to sell a stock for a fixed time period. In
other words, the investor loses a put option on the stock. The value of this put option is
considered as the value of marketability. Conversely, the put value divided by the under-
lying stock price results in DLOM, or at least a major part of it. Chaffe (1993) states that
the more marketable a security, the more valuable it is. This relation is clear but the extent
and magnitude of it is a more complex problem in valuation. If an investor holds a non-
marketable stock, such as a SEC Rule 144 restricted stock, and buys a plain vanilla put
option, they have bought marketability for their nonmarketable stock.

Chaffe (1993) extends his analysis from restricted stocks to private company valua-
tion. The restricted period for SEC Rule 144 has similar nature than private company
interests. However, private companies may never experience such a liquidation event as
the restricted stock are freely tradable after the restriction period. This liquidation is usu-
ally assumed in DLOM studies, such as in pre-IPO studies. Moreover, the strike price in

the option model is set to the market price of the stock as of valuation date of the option
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which results in the option payout being equal to the lost opportunity of a payout of the
stock during the restriction period. However, the introduction of option modeling in esti-
mating DLOM allows for taking the holding period into account. The holding period rep-
resents a major factor in DLOM, as it is associated with trade-off between time and
money.
The Chaffe (1993) model follows a standard Black-Scholes-Merton (1973) option
pricing method. Consider a stochastic process
dV, = uV,dt + oV,dW, (1)
where Vi is the time t price of an asset,  is the drift, o is the volatility, and W; is a standard
Wiener process. Under risk neutral valuation techniques, the value of a put option can be
expressed as
PV, T) = Xe "TT-ON(—d,) — V;N(—d,) )

where
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and r 1s the risk-free rate, X is the strike price, T is the time to maturity and N(.) is the
cumulative normal distribution function. Further assuming that the option is at the money,
the present value is
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With using option valuation techniques, Chaffe (1993) opened a new approach to esti-
mating the DLOM. Especially important factor of option models regarding DLOM is the
time to maturity T. The option models also incorporate company risk through the volatil-
ity parameter of the stock. However, Chaffe (1993) notes that the vanilla put option does

not take the inability to realize gains during the restriction period.
2.3.2 Lookback put option

Longstaff (1995) continued Chaffe’s work and idea about options in DLOM modeling.
He proposed an option model for the upper bound of the DLOM. In the model, a hypo-

thetical investor has the ability to time markets, i.e., they know when the price of an asset
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is in its maximum in a given time period. If this investor is restricted to sell their asset for
T periods, as the main interpretation for marketability is, their opportunity cost is the
difference between the maximum price and the end-of-the-period price of the asset. The
present value of this payout is the value of marketability. The option model interpreted
from this logic is a lookback option where the strike price is market-based, as opposed to
the fixed one in Chaffe model. Furthermore, the model incorporates the inability to realize
gains mid-restriction through the assumption of investors having market timing skills.

The model assumptions of markets are similar and rely on the stochastic process pre-
sented in equation (1). The difference between the Chaffe (1993) and Longstaff (1993)
models are that Longstaff’s strike price, the maximum of the stock price during the period,
is market-based and follows a different rationale. Longstaff (1995) proposed a model
where the investor has superior market timing skills, i.e., can sell the stock at its highest
price. As Longstaff (1995) argues, the cost of nonmarketability is highest when the stock
price is high and an investor wants to realize gains. Under the market timing assumption,
the investor loses the difference between the maximum and the end of the period stock
price.

Let Mt denote the payoff at time T to the investor having superior skills, i.e.,
Mr=maxo<<r(Vie"™"), and Vr the price at the end of the period. Trading restrictions imply
a lost cash flow of (M1-V1)*. The present value of such an option is

F(V,T) =e "TE[M;] — e "TE[V/] 4
Under risk neutral pricing, the present value can be expressed as following as the maxi-
mum of Brownian motion is known
o?(T — t)) N <0\/T_—t> o O-\/T__te(—%az(T—t)) _
2 2 \V2m

where V. is the current price of the stock. The value of the lookback option is proportional

FWV,T)=V, (2 + V. ()

to Vi, and hence, the marketability discount is the value of the option divided by V.. As a
result, V¢ cancels out and the marketability discount remains the same regardless of the
initial stock price. The lookback option is an increasing function to both time to maturity
T and volatility . This is intuitive since the trading restriction is an important factor in
the marketability discount and increased volatility increases the opportunity cost of trad-
ing. (Longstaff 1995) Obviously the market timing assumption is very difficult to justify,
and Longstaff’s (1995) model is usually referred as the upper bound of the DLOM. At

the very least, it works as a framework for valuation practitioners.
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Brooks (2016) further decomposes the Longstaff model. He constructs the lookback
option from two components, vanilla put option and a residual lookback option. Notably,
Longstaff’s (1995) model includes Chaffe’s (1993) put option model through this decom-
position. Consequently, the vanilla put option component in Brooks (2016) decomposi-
tion is same as equation (2). Assuming that the residual lookback portion is at the money

and the risk-free rate equals the dividend yield, its present value can be expressed as

02(7"2— t)N<m/7;— t) + oV In <0VT — t>

L(V,T) =V, z

(6)

where n() is the probability density function of a standard normal distribution.

The interpretation of the decomposed model further clarifies the aspects of the
DLOM. The Chaffe (1993) put option provides a hedge against exposure to downside risk
during the marketability restriction period and the residual lookback portion accounts for
the loss for a talented or better-informed investor who would have known when to sell at
a maximum price. The amount each component contributes to the DLOM is around half
with low volatilities and short maturities. The longer (higher) the maturity (volatility), the
more does the residual lookback portion contribute, i.e., investor skill is highlighted if the
trading restriction is long and the underlying asset risky, volatility being a measure for

risk. (Brooks 2016.)
2.3.3 Average-strike put option

The shortcomings of the Longstaff (1995) lookback option, namely the assumption of
superior timing skill, inclined Finnerty (2012) to derive another model. Finnerty (2012)
uses an average-strike option for DLOM estimation. The Asian option in question relies
on a more realistic assumption where an investor is equally likely to sell the stock at any
given time during the restriction period, as opposed magically knowing the maximum
price.

However, Brooks (2016) criticizes the model for poor justification. Compared to ear-
lier models (Longstaff 1995; Chaffe 1993) the average-strike option has more realistic
assumptions and takes the mid-period gain realization inability to account. To be more
precise, Longstaff (1995) fails at grasping reality and Chaffe (1993) does not take any
investor skill into account.

Continuing with the stochastic process introduced in equation (1) the Finnerty (2012)

Asian option present value is
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AWV, T) = Vte—q(T—t) N <u> —N <_ E) (7)

where
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and In() is the natural logarithm function.

Brooks (2016) decomposes the volatility time term. With positive volatility and time

to maturity, 6>v>0 holds. For conventional volatilities and time to maturities, the propor-

tion of v from o is stable, i.e., m = Z is tightly around 57%. Considering a plain vanilla

forward-starting put, the average-strike put option is the same except for the inclusion of
the proportion term.

Equation 8 implies that a maximum volatility time term exists and cannot exceed
In(2). Using the maximum of the volatility time term yields a cap of 32.28% to the
DLOM. Most empirically observed DLOMs exceed this cap. (Brooks 2016.) As a cri-
tique, Ghaidarov (2009) proposed a very similar Asian option model where the volatility

time term is different and does not have such a limitation.
2.3.4 Forward-starting put option

Ghaidarov (2014) continued his work with DLOMs and introduced yet another option
model. This model is a forward-starting put option, where the strike price is set to the date
of investor’s choosing. Ghaidarov (2014) argues that Finnerty’s Asian option has limited
rationale. The limitation in Finnerty’s argumentation is in the evenly distributed proba-
bility of selling the asset. The probability for selling on a given day is exogenous through
the restriction period length. The longer the period, the greater the probability of selling
due to shorter period where the probability is evenly distributed.

Consider an investor who owns two shares of the same company with different re-
striction periods. The stock with the shorter restriction period is more likely to be realized
even though the stocks are similar in every other way. Ghaidarov (2014) further argues
that the decision to sell a stock is not only driven by the length of the restriction period,
but also capital need, realizing gains or change in view on the company- or macroeco-

nomic-related factors. One could argue that the stock with longer restriction period would
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be more likely to be sold in the absence of restrictions to limit the exposure of time in-
creasing losses of nonmarketability.

The present value of the forward-starting put option by Ghaidarov (2014) is under
conditions from equation (1) as follows:

> ©)

F(V,T)=Ve 9T-O[ N (@) -N (— E)
Except for the different volatility term, the model is similar to Asian options. The for-
ward-starting put can be used with any kind of trading strategy, as it does not require
market timing skills or evenly distributed probability of selling. Ghaidarov (2014) shows
that forward-starting put serves as a more conservative upper bound for DLOM than
Asian options. Furthermore, the forward-starting put can be seen as a cap for the bounds
of Asian options. As the average-strike put options rely on the assumption of equally
likely trading days, an investor might want to sell their stock on a day that the stock price
is higher than the average. Therefore, it is intuitive that the forward-starting put, where
the investor can choose the day to sell, is a maximum cap for the upper bound of the Asian
option. Trading restrictions would impose an investor holding an average-strike put op-
tion above zero opportunity loss. In comparison, Ghaidarov (2014) shows that holding a
forward-starting put option would fully offset the costs of opportunity loss.

The forward-starting put model manages to reflect empirical discounts from re-
stricted stock studies quite well. However, restricted stock studies exogenously state a

restriction period. Often, the lack of marketability does not have such certainty, especially

in the case of private equity.

24 Further analysis of the option models
2.4.1 Theta convexity

The size of the marketability discount increases in time. Naturally, the longer the re-
striction, the larger the discount. Option models are consistent with this fact of the DLOM.
However, the DLOM seems to grow slower in respect to maturity with greater maturities.
The option models as a function of maturity are shown in Figure 1. The shape of the curve
is concave in every option model. The Finnerty (2012) model is often referred as the

lower bound of DLOM, whereas Longstaff’s (1995) lookback serves as an upper bound.
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The Ghaidarov (2014) model falls in between as a tighter upper bound, as it does not
restrict the volatility-maturity term as opposed to Finnerty (2012) model.
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Figure 1 DLOM as function of maturity, c=50%

Longstaff appears to be more concave than other option models, at least at low ma-
turities. It is also clearly more sensitive to the maturity parameter than the other two op-
tions. Furthermore, the lookback put option tends to produce DLOMs over 100% which
obviously, is against common sense. To account for the shape of the curve more accu-
rately, a second derivative in respect to maturity is calculated. The second derivative acts
as a measure for curvature. Figure 2 shows the Theta convexity of the option models using

50% annual volatility.
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Figure 2 Theta convexities of the option models, =50%

The Longstaff (1995) lookback option is much more sensitive to maturity; it is both
steeper and more concave as a function of maturity. Too concave a curve could overesti-
mate the discount especially at lower maturities. The refined models of Finnerty (2012)

and Ghaidarov (2014) show a slightly smaller negative convexity and may be better suited

for estimating the DLOM.

2.4.2 Vega convexity

Option prices are also generally increasing relative to volatility. The interpretation that
riskier assets should have higher marketability discounts is consistent with the behavior

of option prices relative to rising volatility. The option prices as a function of volatility

are shown in Figure 3.



26

0.9-

Walue of marketability
=

0.0-

0.0 0.

o
—&
=

Volatility

Figure 3 DLOM as a function of volatility, T=1

Option models
— Finnery
— Ghaidarov

— Longstaff

-
(8]

Figure 3 exhibits that the models are not similar in shape. The lookback put option is

convex, and the other two seem to be almost linear in relationship of volatility and option

fair value. To analyze the Vega convexity of the models, the second derivative in respect

to volatility is shown in Figure 4.
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Figure 4 clearly states that the Longstaft (1995) lookback put option is convex, while
other models are slightly concave. The negative Vega convexity is consistent with CAPM
framework (Ghaidarov 2014). Meulbroek (2001) estimates a required return for a re-
stricted investor using CAPM and Sharpe ratios. The implied lower bound of the DLOM
in Meulbroek’s (2001) model is a concave relative to volatility. The curvatures of the
models in respect to both maturity and volatility suggest that the Finnerty (2012) and the
Ghaidarov (2014) models might be theoretically more consistent and better suited for
DLOM estimations. In conclusion, the option models exhibit a non-linear relationship
between DLOM and both maturity and volatility. Next section, the empirical study, ex-
amines the existence of DLOM in European private equity markets and the relationship

between DLOM and company-specific factors.
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3 DATA AND METHODOLOGY
3.1 Data

The dataset of the study consists of European private placements, IPOs and publicly
traded stock data. The time span of the study is roughly the last 20 years, from 1.1.2001
to 10.5.2021. The longer period is justified as the data on private company transactions is
quite rare and partly incomplete. Data from IPOs and private deals are from SDC Plati-
num and public stock data from Refinitiv Eikon. The data in this study is divided into two
different datasets. First, IPO data is collected to analyze the DLOM. Secondly, a matched
pairs strategy is used, where a private company stock is matched with its liquid counter-
part, a publicly traded stock. The data is managed with R and Excel, and the analysis is
conducted with R.

Initially, all IPOs and private placements in Europe during the past 20 years are in
the dataset, totalling 9251 and 7862, respectively. IPOs that could not be matched with
pre-IPO deals by company-specific CUSIP code were excluded from the study. Also, to
make sure that the deals were pre-IPO deals, the private placements after the IPO of each
company were eliminated to prevent deals executed after the [PO because these would
not represent nonmarketable stock properly. Bad data was also eliminated, such as miss-
ing values. In the cases where there were multiple pre-IPO deals for the company, only
the latest transaction prior to the IPO was included. After these eliminations, the IPO
dataset consists of 58 observations. The DLOMs were then estimated as a simple percent-
age difference between the nonmarketable and marketable stock market values. Even af-
ter cleaning the data, two outliers were eliminated as the estimated values showed more
than 500% premium for lack of marketability.

The matched pairs strategy utilises the same private equity deals as in the initial IPO
data. The private companies are matched using the NAICS 3-digit Subsector code, year
of the deal and revenue. (see Paglia & Harjoto 2010.) The company in the same subsector
in the same year with the absolute closest revenue was matched with the private company.
Further cleaning of the data was required for similar reasons as in the IPO study. How-
ever, there are minor differences in the matched pairs data.

Implementing the option method into the matched pairs section requires the use of
market-based maturity. The holding periods, or maturity when estimating DLOMs with

options, is proxied with the length between deals of the same company. In matched pairs
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dataset, only the companies that have multiple deals in the data were included. Further-
more, the very last deal of each company in the remaining dataset was removed because
the holding period could not be estimated.

As the matched pairs method uses valuation multiples, negative values for revenue
and EBITDA for both public and private companies were eliminated when applicable at
the later stages of the study. For example, using revenue multiples I did not remove neg-
ative EBITDA observations. Furthermore, missing stock return data from the public com-
pany caused the exclusion in the matched pairs data. Negative DLOMs were also removed
from the data (see Paglia & Harjoto 2010). After cleaning, the data consisted of 95
matched pair observations. The dataset would be further narrowed down for different

parts of the analysis in case of missing data.
3.2 Methodology

This study examines the discount for lack of marketability for private companies. The
methodology is based on comparing option pricing techniques to market observations of
the DLOM. Section 3.3 will be structured followingly: First, in both subsections, the mar-
ket based DLOMSs (IPO or matched pairs) will be estimated. Secondly, the option models
are estimated and compared to market-based discounts. Third, the comparison and rela-
tionship between the factors and DLOM are further analyzed.

In option modeling, first, the upper bound for DLOM is derived with Longstaff’s
(1995) lookback put option for upper bound of the discount. This method, however, relies
on the assumption that investors possess a superior skill for market timing, i.e., they know
when the stock price is the highest during the period. Furthermore, this option model may
yield DLOMs in excess the value of the stock. Hence, the DLOM is capped at 100% for
obvious reasons.

Secondly, Finnerty (2012) and Ghaidarov (2014) methods are used. Finnerty (2012)
extends the simple lookback option by using an Asian option to derive the value of mar-
ketability. This approach assumes that an investor would be equally likely to sell the stock
at any time during the restricted holding period which is more realistic than Longstaff
(1995) model. However, the Finnerty average strike model tends to understate the DLOM
at high volatilities of approximately over 150% and yield a lower bound for the DLOM
(Elmore 2017).

Ghaidarov (2014) proposes an option model where the investor can choose when

they will sell the stock during the period. This forward-starting put option can be priced
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in the beginning while the strike price would be fixed by setting it to the market price of
the day of the investor’s choosing. The investor does not need a superior market timing
skill or to know the stock prices of the period beforehand. Ghaidarov (2014) shows that
the DLOMs are consistent with the observed restricted stock prices also with higher vol-
atilities.

Understating the DLOM for high volatilities is problematic especially for the valua-
tion of small private companies. Consider an example of a venture capitalist investing in
a small private business. The goal of the venture capitalist is to boost the growth and value
of the business before their exit. This implies high volatility for the values of small com-
panies. High level of volatility in privately owned stocks is also highlighted by Chaffe
(1993) who concludes that private stocks are likely to have a volatility over 50% based
on volatilities of small companies in OTC market.

The models’ market-based inputs are volatility and maturity. The estimation of the
inputs can be quite prone to error. The volatility of a private company is unobservable
since they are not listed, and maturity depends on the holding period of the investor. While
the restricted stock volatility can be matched with its publicly traded counterpart, the vol-
atility proxy for a private company is more complex. The volatility of a private company
is usually proxied by matching the company with a comparable publicly traded company
(Elmore 2017). This can be done, for example, with similar size and industry (see Paglia
& Harjoto 2010).

In the IPO section, the volatility will be proxied with the first-year volatility of the
continuous stock returns after the [PO. In the matched pairs section, the volatility of the
continuous stock returns of the matched public company will be used. The matched com-
pany volatility will be estimated from the year prior to the private company deal date.
Volatility will be estimated from daily returns and transformed to yearly volatility assum-
ing the convention of 250 trading days per year in both sections.

The holding period of a private stock is unknown beforehand. For restricted stocks,
maturity is exogenous for legislative reasons, but private stocks do not always have a
strict restriction. The illiquidity of a private stock is more related to demand and search
costs because it requires more effort to find a buyer for a private stock, and this effort
along with the time it takes to find a buyer, is the illiquidity cost for privately owned
stocks (Curtiss 2009). Usually, estimating the expected holding period requires profes-
sional judgement, and it often is at least a few months (Elmore 2017). In this study, the

maturity in the IPO section of this study is the difference between IPO date and last private
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deal date. This naturally limits the maturity and is quite intuitive. The private equity in-
vestor is forced to hold the stock for that time.

For matched pairs, the maturity is the time between private equity deals. Assuming
the length of a holding period can be estimated from data results in an estimation of ma-
turity of the option. For example, a private company may go public in the future, but the
time of the IPO is uncertain, or VC’s may plan to sell (see Finnerty 2013b). In this study,
the maturity in matched pairs section is the difference in time between deals of the same
stock.

The IPO method uses ex-post data, and its primary goal is to ascertain the existence
of the DLOM and test the option models and the underlying factors driving DLOM. In
the matched pairs section, a more practical approach is used. The data is ex-ante, if |
assume that the investor who is selling the stock has an exit planned, knows that they can
sell at that exit and sells accordingly. The estimated holding periods, i.e., the time between
deals, act as trading restrictions. The deals are liquidation events, i.e., opportunities to sell
and as such, the exits for the investor as planned. I assume that the investor planned the
exit beforehand and is actually able sell at the exit. In my dataset, these exits are the next
deal date on the same company. This approach allows for determining DLOM before a
deal and allows for studying if analysts could estimate a proper DLOM practically before
the deal.

For the sake of my analysis, the dividends of private companies in the dataset are
assumed to be zero; the dividend data is scarce and disregarding them is not a crucial
error in the analysis. All in all, dividends are generally expected to cause the fall of the
underlying stock ex-dividend, but the analysis concentrates on companies not trading at
a public exchange. Hence, there is no underlying stock price movement to be corrected
with dividends. The option models for DLOM also assume dividends to be zero.

The complex nature of the DLOM and scarcity of private company data forces such
assumptions to be made. For example, proxying the risk associated with private stocks by
using public company volatility may be somewhat inaccurate, and the uncertainty of the
maturity can have a considerable impact on the DLOM. However, as the DLOM is a
complicated discount especially for private companies without trading restrictions, this
approach offers a way to account for it and provides framework for determining the
DLOMs for private companies. Furthermore, estimating the inputs for option models is

beneficial for possible practical applications.
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Finnerty (2013b) argues that the DLOMSs produced by a model should be consistent
with the market-based observations of the DLOM. However, the comparison to restricted
stock studies is problematic due to them not representing DLOM only; other factors un-
related to liquidity could affect the differences between the prices between common stock
and restricted stocks, such as capital scarcity effects, discount for lack of control and in-
formation asymmetry (Robak 2007). Similarly, other estimating methods for DLOM
could suffer from these effects. As these factors are very difficult to control, the internal
validity of the results in this study may be declined.

The next subsection discusses the results of this thesis with existing literature. First,
in the IPO analysis, the existence of DLOM in European markets is confirmed using t
statistics. Further in the IPO analysis, the market-based estimated DLOMs are compared
to option model outputs. Then, the differences between the market-based and option im-
plied DLOMs are analyzed with t-tests to confirm whether the mean of the difference is
statistically different from zero. Moreover, other company-specific factors are analyzed
if they affect DLOM.

Second, in matched pairs section, the market-based estimations DLOMs are again
estimated. Then the put option methods are used to derive DLOMs using ex-ante data.
Then they are compared to the DLOMs observed in the European market. The differences
between the option implied and market-based DLOMs are again analyzed using matched
pairs t-tests. Furthermore, other aspects, such as growth, size and profitability, related to
DLOM are analyzed to factor in components that option models may fail to account for

in both sections.
3.3 Results and discussion
3.3.1 IPO

First, [ will test whether there is a positive DLOM to be observed in the European market.
This is done using the differences between the market values implied by pre-IPO and IPO
transactions. After the data elimination described in Section 3.1, the dataset consists of

56 observations. Descriptive statistics of the data are shown in Table 1.
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Table 1 Descriptive statistics for the IPOs

DLOM T Value at Value at o
1IPO private
deal

Mean 0.32 3.33 839.32 448.43 0.51
Std.Dev 0.69 3.07 2003.91 1716.33 0.29
Min -2.12 0 1.5 0.6 0
0l 0.09 0.99 36.5 15.15 0.33
Median 0.55 232 105.45 37.85 0.51
03 0.86 5.07 784.85 181.55 0.66
Max 0.99 13.06 13371.3 12539 1.68
Skewness -1.46 1.11 4.63 6.29 1.23
SE.Skewness 0.32 0.32 0.32 0.32 0.35
Kurtosis 1.81 0.59 24.87 41.06 3.62
N. Valid 56 56 56 56 46
Pct. Valid 100 100 100 100 82.14

Table 1 shows the descriptive statistics. The estimated DLOM appears to be quite
positive judging from the distribution of it. The median DLOM of 55 percent appears to
be larger than in the Koeplin et al. (2000) study but is in line with the median DLOM of
46 percent reported by Emory’s study series (2012). The first used acquisition-based es-
timation while the latter estimated the differences between pre-IPO and IPO valuations.
It seems that in Europe, the DLOM appears to be generally larger than in the US. To be
more concise in my analysis, [ run t tests to confirm that the mean is different from zero.
Table 2 shows these results.

Table 2 T-tests for the IPO implied DLOM

n  Estimate  tstatistic p Conf. low  Conf. high
H;- DLOM#0 ‘56 0.32 3.46 0.00104  0.135 0.507

Hi: DLOM>0 ‘56 0.32 3.46 <0.001 0.166 NA

Both one- and two-sided t tests are statistically significant at conventional levels of

alpha. This result suggests that there is discount for lack of marketability in Europe.
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Interestingly, previous studies from Europe find smaller DLOMs, even smaller than in
the US (Klein & Scheibel 2012).

Leaning on to the assumption that DLOM exist, I study whether option models are
of use when determining DLOM s and if they can explain the discounts. [ use the lookback
put option, average-strike put option and the forward-starting put option to model DLOMs
using equations (5), (7) and (9), respectively. The data and methods introduced in 3.1 and
3.2 are used in determining the fair values of the options.

As option fair values are always positive when maturity is positive, which is the case
with DLOM, I also eliminate negative values of the market-based DLOM (see Paglia &
Harjoto 2010) and observations where there were not enough return data after the IPO to
estimate the volatility input for the option models. After the elimination, there were a total
of 36 observations left. I compare the fair values of the options, i.e. the estimated DLOM,
to market-based DLOMSs from the differences between pre-IPO and IPO stock prices.

The estimated error term in the for the option fair values is the difference between
market-based DLOM and corresponding option value. I use matched pairs t-tests for the
error terms of each option to validate if they differ from zero. The t-test has a null hy-
pothesis that the mean of the difference is zero. Conversely, same results would be ob-
tained if we tested whether the market-based DLOMs and option fair values have statis-
tically the same mean. The results of the paired t-tests are reported in Table 3. The refer-
ence group is the market-based estimated DLOM, and the estimates are positive when the
option model overstates the market-based DLOM, and vice versa. The confidence inter-

vals are estimated with an alpha of 5%.

Table 3 Matched pairs t-tests for option model errors

Option models n  Error mean t statistic p Conf- low Conf. high
Lookback put ‘ 36 0.129 2.340  0.0251 0.0171 0.0242
Average-strike put ‘ 36 -0.440 -9.376  <0.001  -0.536 -0.345
Forward-starting put ‘ 36 -0.272 -5.377 <0.001  -0.375 -0.169

We see that the average-strike and forward-starting put option models underestimate
the DLOM in Europe as they are statistically significantly different from zero. Longstaff’s
model seems to be the closest one but overstates the DLOM in general having a p-value

of 2.42% and thus rejecting the null hypothesis at stricter confidence levels. Finnerty’s
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average-strike lookback severely understates the DLOM. On average, the market-based
DLOM lands between the Finnerty’s (2014) average-strike put and Longstaff’s (1995)
lookback put options. This is in line with previous research done in the US as Elmore
(2017) states that the average-strike put and the lookback put option tend to yield lower
and upper bounds of the DLOM, respectively. However, Ghaidarov (2014) shows that his
forward-starting put fits surprisingly well to US data on the DLOM s instead of only serv-
ing as a tighter upper bound. European evidence contradicts this, as the forward-starting
put tends to understate the European DLOM.

On average, the average-strike put option yield lower bounds of the DLOM as it
understates the DLOM, and vice versa for the lookback put option. As opposed to Ghai-
darov (2014), the forward-starting put option does not produce a tighter upper bound as
it understates the DLOM on average. Instead, it might work as a tighter lower bound than
the average-strike put option. However, the option models do not perform that well in
separate observations. For example, the number of market-observed DLOMs that land in
between the forward-starting put option and the lookback put option is 19, meaning
roughly half of the observations. Overstating half of the observations, the forward-starting
put option does not perform well as a lower bound either. In comparison, the average-

strike put does not seem to perform much better as a lower bound as it produces a looser
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bound and the number of market-based DLOMs between the bounds only increases by

one, totaling 20 out of 36. Figure 5 plots the error terms of the options relative to maturity.
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Figure 5 Error terms relative to maturity using DLOMs implied by market values

The observations are quite widely spread leaving room for model improvement. In-
terestingly, the forward-starting put option tends to yield quite inaccurate, but on average,
lower values than the market-based DLOM. This also contradicts with Ghaidarov’s
(2014) note that the forward-starting put would be a tight upper bound.

As estimating the market-based DLOM with absolute market values can be ambigu-
ous and may fail to take factors affecting valuation into account, using market value mul-
tiples links the valuation to the fundamentals of the company. I use market value to sales
(MV/Sales) multiple for this, as revenue is the most frequently observable and does not
lead to major data loss due to missing values. The more appropriate numerator when using
revenue as the denominator in the multiple would be enterprise value since otherwise,
there is a mismatch between the numerator and the denominator. Enterprise value is the
value of the company to all its stakeholders, and revenue belongs to both stockholders
and creditors. However, I am forced to use market value in the multiple as private com-
panies usually lack in information regarding debt and other liabilities. Furthermore,

MV/Sales, or Price/Sales, is commonly used in the industry as a valuation multiple.
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The results for the performance of the option models using MV/Sales multiples are
reported in Table 4. The data has been again filtered so that negative DLOMs and missing
values have been omitted.

Table 4 Matched pairs t-tests for option model errors using IPO revenue multiple
implied DLOM

Option models n  Error mean t statistic p Conf. low Conf. high
Lookback put ‘ 18 -0.038 -0.614  0.547 -0.168 0.092
Average-strike put ‘ 18 -0.526 -9.612  <0.001  -0.641 -0.411
Forward-starting put ‘ 18 -0.392 -7.335 <0.001  -0.505 -0.280

From Table 4 we see clearly that the lookback put generally performs better than the
other two option models. Using the revenue-based multiple yields a p-value of over 50%
implying that the lookback put mean is statistically equal to market-based observations
of the DLOM. Rather than serving only as an upper bound, Longstaff’s (1995) lookback
put option does not actually overstate the DLOMs but, in general, is performing relatively

well. Figure 6 shows the individual observations of the error terms as of maturity of the

option.
L] L]
L ]
N L
L]
0.0- . .
*y
L Y
= : o Option models
*QL-'J : : . ° *  Average-strike put
— e L]
g ) * Forward-starting put
L .
. w N * Lookback put
L] - - -
L]
05 ) . . *
- L
L] -
L]
‘ - -
L]
L]
* L -
-
L
0 1000 2000
Maturity

Figure 6 Error terms relative to maturity using DLOMs implied by revenue multi-
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The data points of Longstaff’s (1995) lookback put option are more gathered around
zero while the other two options clearly tend to understate the DLOM. As the observa-
tions are drastically spread-out, the models might fail to account for some factors of the
marketability discount. The forward-starting put option seems to estimate the lower
bound rather than a tighter upper bound, as opposed to Ghaidarov (2014).

For a more thorough analysis, I will run linear regressions for the DLOM to establish
the determinants of the DLOM. The dependent variable is the market-based DLOM, and
independent variables include maturity, risk, size and growth as earlier literature has sug-
gested. As [ am interested whether these factors influence DLOM, I only use observations
where DLOM is positive, i.e., in the presence of a marketability discount. Therefore, neg-
ative DLOMs have been eliminated from the regressions.

Table 5 shows the outputs of the regression models and model diagnostics can be
found in Appendix 5. As I eliminated negative DLOMs, the number of observations is
slightly smaller and varies between regression models. The number of observations for
each model are reported in Table 5. Some models show violations of regression model
assumptions, such as heteroscedasticity, and skewness and kurtosis of the residuals. A
linear regression relies also on that the independent variables are not highly correlated.
The correlation tables can be found at Appendix 4. To summarize multicollinearity issues,
no major correlations were found between the independent variables. The violations of
the model assumptions should be considered when interpreting the results and drawing
conclusions.

In the models in Table 5, the residuals are very close in the Q-Q plot found in Ap-
pendix 5. Appendix 5 displays also skewness, kurtosis and Shapiro-Wilk test p-values of
the model residuals. Every model suffers from a small degree of heteroscedasticity as the
residuals are not spread equally along the fitted values. Also, the residuals tend to be
bimodal, light-tailed and negatively skewed, although the deviation from normal distri-

bution remains small (Appendix 5).
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Table 5 IPO regressions using all factors

Model 1 Model 2 Model 3 Model 4

Predictors Estimates p Estimates p Estimates p Estimates p

(Intercept) 0.5603 <0.001 0.4619 <0.001 0.6527 <0.001 0.5217 0.007

sksksk sksksk Kk ek

Maturity 0.0437  0.004 0.0457 0.001 0.0426  0.003 0.0426 0.014

skok skok skk *
Volatility -0.1819  0.232 -0.2627 0.081 -0.0753 0.762
Market -0.0002  0.033 -0.0001 0.193
value *
Revenue 0.0002 0.741
growth
Observa- 37 44 37 26
tions
R2/R2ad- 0.283/0.241 0.220/0.201 0.376/0.320 0.338/0.212
justed

*p<0.05 **p<0.0] ***p<0.001

Table 5 shows that growth and volatility factors are not statistically significant at a 5
percent confidence level in any model. However, it appears that the most significant is
time, which is proxied with the option maturity, i.e. time between pre-IPO deal and IPO.
Maturity is, in fact, a main driver for option models as well. Also, market value is statis-
tically significant at the third model. As it proxies size, larger companies tend to earn
slightly smaller DLOMs. Volatility is barely non-significant with the lowest p-value of
8.1 percent. Growth, proxied by one-year revenue growth before the deal, fails to explain
DLOM as it is statistically significant at any conventional level.

Revenue size could have been used as a proxy for size but it was insignificant in
every model and not reported. Market value performed better as a predictor for size as it
is barely insignificant at a 10 percent confidence level with a p-value of 0.115 in the
model where the predictors are maturity, volatility and market value. Moreover, this

model has the second highest R* and the highest adjusted R? out of all models. In
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conclusion, the larger the maturity and volatility, the larger the DLOM. Additionally, a
larger company by market value may earn a slightly smaller DLOM although not statis-
tically significantly. The relationships implied by the results are in line with previous
research regarding the DLOM (see Paglia & Harjoto 2010; Longstaff 1995; Ghaidarov
2014).

However, the model specification needs some attention. As the DLOM is defined as
inability to sell during a given time, it should be zero if the maturity is zero. In other
words, if there is no time between the opportunities to trade, the DLOM should be zero.
For example, an investor can trade securities every day at an exchange where there should
not be any marketability discount due to this ability. However, private equity does not
have the benefit of being able to trade whenever wanted, thus leading to the existence of
DLOM. For this reason, I assume the intercept to be zero as the DLOM should be nonex-
istent in the absence of trading restrictions.

Coercing zero intercept might inflate the R-squared value but for this model, it is
justified for the rationale behind DLOM. The inflation of R-squared stems from the fact
that coercing the intercept to zero increases total sum of squares, i.e. the total variance of
the dependent variable, relatively more than the residual sum of squares, i.e. the unex-
plained variance. The results for the regressions where the intercept is coerced to zero are
reported in Table 6. Again, the models are generally slightly skewed left but are quite
close to a normal distribution. The tails in models 5 and 7 are slightly light implying a
platykurtic distributions for the residuals, and model 6 residuals have a leptokurtic distri-

bution (Appendix 5).
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Table 6 IPO regressions and the intercept assumed zero

Model 5 Model 6 Model 7 Model 8

Predictors  Estimates p Estimates p Estimates p Estimates p

Maturity 0.0863 <0.001 0.1210 <0.001 0.0869 <0.001 0.0697 <0.001

sksksk sksksk sksksk skskk
Volatility 0.4046 0.001 0.4061 0.001 0.5632 0.001
ksk sksk skskk
Market -0.0000 0.874 0.0000 1.000
value
Revenue -0.0001 0.903
growth
Observa- 37 44 37 26
tions
R?2/R?adj 0.803/0.791 0.707 /0.700 0.804 /0.785 0.852/0.824

*p<0.05 **p<0.0] ***p<0.001

With the modified model specification, we see that the main drivers for DLOM are
time and risk. For example, a one-year trading restriction yields 8.6 percent higher
DLOMs on average. The other factors, size and growth, are not statistically significant
although size could cause multicollinearity issues with volatility as it is sometimes used
as a proxy for risk. However, the correlation between the two is roughly -0.21, and thus,
should not be concerning (Appendix 4).

The simple linear regression assumes linear relationship between the dependent and
independent variables. The literature on option models for DLOM, however, assume a
non-linear relationship. For example, recall that the DLOM as a function of maturity is
concave with every option model as the Theta convexity is negative. For volatility, only
Longstaft’s (1995) lookback put option is convex while the other models are concave.
Nevertheless, none of the option models is linear in relation to maturity or volatility.

Due to this non-linear relationship implied by option studies, I extend my regression
analysis to predict using the option models. As the underlying factors for the option mod-
els are maturity and volatility, earlier regression results advocate the use of option models

to estimate DLOM. However, assuming non-linear relationships allows me to use simple
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linear regressions using option models as predictors. Again, the intercept is assumed zero
because of the nature of the DLOM. Table 7 shows results for this regression analysis.
The model residuals are slightly left-skewed and have positive excess kurtosis, meaning

the distribution is fat-tailed to some degree (Appendix 5).

Table 7 IPO regressions, option models as predictors

Model 9 Model 10 Model 11

Predictors Estimates 2 Estimates p Estimates p

Longstaff 0.7661 *** <0.001

Ghaidarov 1.4957 ***  <0.001

Finnerty 3.0296 ***  <0.001
Observations 36 36 36

R?/R? adj 0.774 /0.768 0.699/0.691 0.778 /0.771

*p<0.05 **p<0.0] ***p<0.001

The interpretation of the model coefficients in Table 7 is quite different. A statisti-
cally significant beta coefficient over (under) 1 would imply that the option model under-
states (overstates) DLOM on average, as it requires a larger (smaller) beta to explain the
DLOM. As per earlier literature and the results of this thesis, the lookback put option
overstates the DLOM while the forward-starting put and the average-strike put understate
the DLOM. The forward-starting put seems to produce tighter lower bounds than the av-
erage-strike put option. Ghaidarov (2014) suggests that the forward-starting put could be
used as an upper bound, or even as a proxy for the DLOM. Even though market value
was statistically significant in earlier regression models, it lost significance when used as
a predictor along with the option models (Appendix 1).

Figure 7 plots the market-based DLOMs against each option estimation and the slope
of the regressions where option models are predictors. The average-strike put is elimi-
nated from the figure for clarity. Furthermore, it does not seem to produce very good

results as per earlier results of this thesis.
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Figure 7 Regressions of IPO DLOMs vs. option models

The grey area represents the confidence interval of the model predictions with a con-
fidence level of 5 percent. The different colors of the plot represent the market-based
relative to each option model estimation. In total, two different option models are used
and every colored regression lines are estimated from the similar color observations. The
plot can be interpreted so that a slope going on the diagonal would be generally a good
fit. In that case, the market-based DLOMs would equal the estimated DLOMs on average.
Steeper slope understates the DLOM and vice versa. The fit of the slope against the data
points highlights how well the models can explain the observed DLOMs from the market.
The lookback put option slope is right below the diagonal while the forward-starting put
option is above it. This finding is somewhat different from earlier literature. Longstaff’s
(1995) lookback put option is generally considered to be an upper bound. However, Fig-
ure 7 shows that many of the lookback put option estimates are capped at 100%. This
suggests that the lookback put option does not perform well with greater maturities and
volatilities.

The results of the IPO analysis suggest that the lookback put is an upper bound, alt-
hough there are DLOMs that exceed the upper bound. Moreover, instead of being an up-
per bound, the lookback put option could be useful as a proxy for the DLOM itself. In
comparison, Ghaidarov (2014) argues, that the forward-starting put would not only be an
upper bound but a tighter one while the results show that it consistently understates the

DLOM on average. As for validity of the results, the internal validity of the [IPO method
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can be questioned as there might be other factors difficult to control affecting the DLOM.
Furthermore, the regression model diagnostics in Appendix 5 show that apart from mod-
els 2 and 11, every model has normally distributed residuals at a 5 percent significance

level.
3.3.2 Matching private and public companies

As the existence of European DLOM is established but the magnitude and reasons remain
somewhat unclear, I incorporate another method in estimating the DLOM. Also, the pos-
sible internal validity issues call for another method to be used for robustness of the em-
pirical part of this thesis. This section matches privately held companies to a public com-
pany. This section is also with ex-ante data regarding data used for analytical option
model DLOM estimation. The criteria for matching are the same 3-digit NAICS Subsec-
tor code, and similar revenue size for the year of the private equity transaction. The fi-
nancial data for the public companies have been lagged by one year because the financial
data concerning specific private equity deals are usually data from previous year (see
Paglia & Harjoto 2010). Furthermore, the data regarding option models is ex-ante so that
an analyst could use this method in practise when determining a DLOM for a private
equity deal. This section follows a very similar pattern to the IPO section.

The market-based DLOMs are estimated similarly as in the [PO section with the ex-
ception that market value multiples are used instead of absolute market values. The initial
dataset consists of 839 observations. After eliminating missing values of the revenue mul-
tiple implied DLOMs (total 588), non-positive DLOMs (total 148) and missing or zero
public match volatility caused by missing stock return data (total 8), a total of 95 obser-

vations remains in the data. Table 8 shows the descriptive statistics of the dataset.
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DLOM T Private company ~ Public match o

MV/S revenue revenue
Mean 0.61 0.82 88.61 88.17 0.59
Std.Dev 0.27 1.48 22421 22431 0.47
Min 0.03 0 0.1 0.07 0.11
0l 0.43 0.1 1.5 1.31 0.35
Median 0.63 0.33 9.2 8.73 0.45
03 0.85 0.83 27.5 26.73 0.73
Max 1 9.42 973.7 979.29 2.98
Skewness -0.32 3.58 2.97 2.97 2.79
SE.Skewness | 0.25 0.25 0.25 0.25 0.25
Kurtosis -1.02 14.57 7.64 7.72 9.59
N.Valid 95 95 95 95 95
Pct.Valid 100 100 100 100 100

The descriptive statistics show that the matching has succeeded well on average as

the mean and median of the company size between private and public companies are rel-

atively close together. Next, the option models are used to estimate an analytical DLOM

and the error terms are again tested for significance using matched pairs t-tests. Table 9

shows the matched pairs t-tests. The confidence intervals are estimated using a 5% con-

fidence level.

Table 9 Matched pairs t-tests for option model errors using revenue multiple implied

DLOM
Option models Error mean t statistic p Conf. low Conf. high
Lookback put ‘ 95 -0.275 -6.140 <0.001 -0.364 -0.186
Average-strike put ‘ 95 -0.531 -17.611  <0.001 -0.591 -0.471
-0.462 -13.646  <0.001 -0.530 -0.395

Forward-starting put ‘ 95

The results of the t-tests imply that every option model understates the market-based
DLOM. The DLOMs seem quite high using the MV/Sales multiple as the mean DLOM
1s 61%. Using MV/EBITDA multiple would take the profitability of the company into

account. I further extract data by eliminating negative EBITDAs and negative implied
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DLOMS leaving only 9 observations. The results of this analysis must be interpreted with
extreme caution because there is so few observations. The descriptive statistics of this
data is in Appendix 2. The median (mean) DLOM is 48 (49) percent. The problem is that
private firms suffer from being unprofitable, causing small sample size and loss of statis-
tical power. The results for the matched pairs t-tests are in Table 10.

Table 10 Matched pairs t-tests for option model errors using EBITDA multiple im-
plied DLOM

Option models n Error mean t statistic p Conf. low Conf. high
Lookback put ‘ 9 -0.142 -0.922 0.378 -0.484 0.201
Average-strike put ‘ 9 -0411 -4.006 0.0025 -0.640 -0.182
Forward-starting put ‘ 9 -0.328 -2.688 0.0228 -0.601 -0.056

The t-tests show that the lookback put performs the best. The other option models’
error terms are significantly different from zero. However, the mean of the lookback put
option’s error term is still 14.2% which has considerable economic significance. The
small number of observations may be the reason why the t-test implies true zero for the
lookback put while the mean is actually quite heavily negative. On average, the lookback
put option understates the DLOM by 14.2%. The small sample size may lead to loss in
statistical power of the t-test. To conclude, the t-tests suggest that option models under-
state the market-based DLOMs that are estimated using market multiples rather than ab-
solute market values.

The matched pairs method follows the method Paglia and Harjoto (2010) used. The
results are also in line with it. The market-based DLOMs found are larger than in earlier
literature as the mean DLOMs are 61 and 50 percent using MV/Sales and MV/EBITDA
multiples, respectively. Paglia and Harjoto (2010) report corresponding mean DLOMs of
75% and 50% for revenue- and EBITDA-based multiples, respectively. Corresponding
means of this thesis are 61% and 49%.

To conduct a more sound analysis, I run regressions where I predict DLOMs using
factors established in earlier literature similarly as in the [PO subsection. First, I run re-
gressions with the factors being the independent variables and assuming linear relation-
ship. The regression results are in Table 11. Model diagnostics are reported in Appendix
6. The residuals of the models in Table 11 appear to be slightly skewed left and thin-
tailed.
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Table 11 Company match regressions using all factors

Model 12 Model 13 Model 14 Model 15

Predictors  Estimates p Estimates p Estimates p Estimates p

(Intercept)  0.6962 <0.001 0.6484 <0.001 0.7258 <0.001 0.7092 <0.001

ek Hokok seoksk *kok

Maturity -0.0423  0.024 -0.0413  0.027 -0.0428  0.020 -0.0457  0.015

* * * *

Volatility -0.0798  0.177 -0.0998  0.094 -0.0533  0.455

Market -0.0003  0.075 -0.0003  0.170

value

Revenue 0.0107 0.728
growth

Observa- 95 95 95 89

tions

R? / R* ad- 0.070/0.050 0.051/0.041 0.102/0.072 0.097 / 0.054
justed

*p<0.05 **p<0.0] ***p<0.001

The results in Table 11 imply that maturity is explaining the DLOM but the effect is
counterintuitive; the longer the holding period, the smaller the DLOM. The same applies
for volatility even though it appears it does not have significant explanatory power. More-
over, market value is also close to being significant, implying it might have some effect
in the DLOM. For example, a company that is 100 million euros more valuable would
earn a DLOM that is 3 percent smaller. The most obvious is revenue growth; it cannot
explain the DLOM.

The nature of the DLOM assumes that the discount is zero when maturity is zero.
Therefore, I run regression assuming a zero-intercept. The regression coefficients where
the intercepts are coerced to zero are reported in Table 12. The distribution of the model

residuals are slightly negatively skewed and leptokurtic (Appendix 6).
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Table 12 Company match regressions using all factors and intercept assumed zero

Model 16 Model 17 Model 18 Model 19

Predictors  Estimates P Estimates p Estimates p Estimates p

Maturity 0.0525 0.100 0.1446 <0.001 0.0464 0.142 0.0275 0.371

Hkok

Volatility 0.5740 <0.001 0.5604 <0.001 0.6799 <0.001
Market 0.0006 0.071 0.0005 0.119
value

Revenue 0.0012 0.982
growth

Observa- 95 95 95 89

tions

R?/ R?ad- 0.490/0.479 0.132/0.123 0.508 /0.491 0.566 /0.545
justed

*p<0.05 **p<0.0] ***p<0.001

With volatility, maturity loses its significance and market value remains on the verge
of significance. Assuming the intercept zero does not drastically improve the model ex-
cept for R-squared values. As earlier, | extend my analysis to cover the explanatory power
of the option models which exhibit a nonlinear relationship between DLOM, and maturity
and volatility. Table 13 shows regression output where the option models are predictors
for the DLOM implied by revenue multiples. In models 21 and 22, the distribution of
residuals is slightly fat-tailed, and vice versa for model 20. All of the models in Table 13
are negatively skewed. The model residuals are also fat-tailed except for model 20, where

the residuals exhibit a slightly platykurtic distribution. (Appendix 6).



Table 13 Company match regressions using option models as predictors

Model 20 Model 21 Model 22
Predictors Estimates p Estimates p Estimates p
Longstaff 0.9773 ™" <0.001
Ghaidarov 2.0104 ™" <0.001
Finnerty 4.0819 " <0.001
Observations 95 95 95
R?/R? adjusted 0.412/0.406 0.383/0.376 0.428/0.422

*p<0.05 **p<0.01

8% p<().001
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Longstaft’s (1995) lookback put option performs very well in the regression, as the

beta coefficient is near 1. If the coefficient was 1, the option model would, generally,

equal the market-based DLOM. However, the R-squared should be used with caution for

reasons discussed above. Figure 8 shows the regression model plot.

Market-based DLOM
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Estimated DLOMs
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ghaidarov
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Figure 8 Regressions of matched pairs DLOMs vs option models

The grey area shows the confidence interval of the model predictions with a confi-

dence level of 5 percent. The plotted values of DLOM against the estimated slope clearly

indicates that the R-squared is too large as the total sum of squares has grown more than

the residual sum of squares due to coercing the intercept to zero. The Longstaff’s (1995)
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lookback put option slope coefficient is very close to 1. This underlines the earlier results
in this thesis that the Longstaff (1995) is the best performer on average. However, many
of the estimates of the lookback put option are capped in 100% implying that it does not
perform very well with higher maturities and volatilities. Ghaidarov’s (2014) forward-
starting put seems to understate the majority of the red data points. However, there are
clear outliers below the slope, i.e., using the forward-starting put option as a lower bound
or an actual estimate could result in major errors. As most of the forward-starting put
option data points are above the diagonal, it tends to yield the lower bound for marketa-
bility discount in the European market, apart from the few outliers below the diagonal.
However, the regression model assumptions are violated in every model in this subsec-
tion. For example, the residuals are not normally distributed at any conventional level of
alpha (Appendix 6).

In conclusion, the option models can explain the market-based DLOMSs relatively
well, at least compared to other factors suggested by literature. The matched pairs section
completes the results gained from the IPO analysis. Longstaff’s (1995) lookback put op-
tion seems to work the best among option models. The option models seem to fail at their
initially introduced function; being the upper bound for the DLOM. The observed
DLOMs are both above and under the option model implied DLOMSs. In general, the
lookback put option model performs the best while the average-strike put option has the
lowest explanatory power among the models.

There is definitely a positive relationship between risk and time, and the DLOM.
Market value might also have an impact on the DLOM, as larger companies had a slightly
smaller DLOM. Other attributes, such as revenue growth and size did not have significant
effect on the DLOM. However, the regressions where the intercepts are zero, market
value had the opposite effect. The results suggest that the main drivers for the DLOMs
are time and risk, and the relationship could be non-linear as the option models assume.
However, linear regressions with time and risk proxies performed very well which is why
I refrain from stating that option models, and the non-linear relationship they exhibit, are
better suited for estimating the DLOM. Nonetheless, the option models do have explana-
tory power and with their logical rationale and approach to the DLOM, they can be a great
tool for an analyst in determining the DLOM.
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4 CONCLUSIONS

This thesis studied the discount for lack of marketability in Europe. The results imply that
there is a discount for privately held businesses due to that they cannot be sold instantly.
Using IPO method and matching private to public firms the mean (median) DLOM was
32% (55%) and 61% (63%), respectively. The DLOM is driven primarily by risk and
time, and secondarily by size. Option models, and the non-linear relationship between the
DLOM and the parameters of the models, explain the DLOM, but for practical use, cau-
tion is advised. They explain the DLOM quite well on average, but the deviation of single
estimations is occasionally quite large.

Internal validity of the methods may be compromised as the DLOM is a complex
discount. Simply comparing valuations pre- and post-liquidity may not be enough as the
DLOM might have other significant factors, such as lack of control, information asym-
metry or a change in company characteristics. These effects are, however, very difficult
to control. Hence, drawing conclusions from the results of this thesis is not straightfor-
ward and erroneous interpretation of the results is possible. The conclusions of this study
are threefold.

First, the European market is not, not surprisingly, very efficient. Longstaff’s (1995)
lookback put option performs relatively well even though it relies on the perfect market
timing of investors. Brooks (2016) argued that the decomposing of the lookback put op-
tion leads to two components where the other component involves investor skill espe-
cially with higher volatilities. The lookback put outperforms other option models in the
European market, suggesting investors have extra skill. Investor skill can stem from the
inefficiency of the market, for example, in the form of asymmetrical information. How-
ever, the option models have been in analysts’ use for almost 50 years which might ex-
plain why investors recognize and price the opportunity cost implied by holding a pri-
vately held stock. Still, it seems that none of the option models has established superiority
over other models as there is not a clear winner among the put option models in robustly
explaining the DLOMs due to the large deviation in the occasional observation of DLOM.

Second, the difference between my evidence and other European evidence seems
quite irrational. Interestingly, earlier research in Europe shows smaller DLOMs compared
to the US. As the consensus in research is that the US public stock market is more liquid
than its European counterpart, these results seem odd. This thesis suggests a greater gap

in liquidity between private and public equity in Europe than in the US. After all,
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marketability discount on private equity reflects the inability to execute trades with pri-
vately held stock in relation to public equity instead of being an indicator of market li-
quidity as a whole, at least with the methods generally used in research of the marketa-
bility discount. In conclusion, with the more illiquid public stock market and a greater
gap between the liquidity of private and public equity suggest that European private eq-
uity is far less marketable implying a poorly developed exit market for private equity
investors. Furthermore, investors seem to price it in by adding a discount for lack of mar-
ketability.

Third, the option models do not seem to work very well in the European market. |
draw this conclusion leaning on the imperfections of the European market. The afore-
mentioned information asymmetry, illiquidity and weak efficiency at best, of the market
violate the assumptions of the underlying option theory. Furthermore, as the option mod-
els are driven by maturity and volatility, they may fail to capture all the elements affecting
the DLOM. Maturity covers the trade-off between time and money, but volatility has
numerous different factors, such as risk, growth and profitability of the firms, to account
for. However, more thorough assessment of the parameters of the option models could
yield more accurate results. The option models provide, however, an approximation for
the DLOM and the upper and lower bounds indicate a starting point for an analyst deter-
mining appropriate DLOMs.
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APPENDICES

Appendix 1 Controlling for market value in option model regressions.

DLOM DLOM DLOM
Predictors Estimates Estimates p Estimates p

Longstaff 0.7475 " <0.001
Market value 0.0001 0.467 0.0001 0.410 0.0001 0.432
Ghaidarov 1.4799 ™ <0.001
Finnerty 2.9602 7" <0.001
Observations 35 35 34
R?/R?adjusted  0.763/0.749 0.683 /0.664 0.763/0.748

*p<0.05 **p<0.01

8% p<().001

Appendix 2 MV/EBITDA matched pairs DLOM data descriptive statistics

DLOM Ma- Private company  Public match  Vola-

MVEBITDA turity  revenue revenue tility
Mean 0.492 2.177  8268.9 762.938 0.362
Std.Dev 0.332 2.153  22781.137 943.327 0.205
Min 0.045 0.247 7.6 1.698 0.199
0l 0.253 0.494 146.2 146.209 0.236
Median 0.482 1.286 276.2 206.208 0.27
03 0.577 2.831 7771 759.29 0.389
Max 0.996 5.633  68964.7 2701.579 0.805
Skewness 0.369 0.605  2.067 1.016 1.138
SE.Skewness | 0.717 0.717  0.717 0.717 0.717
Kurtosis -1.33 -1.426  2.611 -0.63 -0.3
N.Valid 9 9 9 9 9
Pct.Valid 100 100 100 100 100
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Appendix 3 Correlation table for private company deals that were matched

Ma- Volatil- Market Revenue Fin- Ghai-
DLOM Longstaff
turity ity value growth nerty darov
DLOM -0.227" -0.245" -0.227°  -0.210°
Maturity ) 0.652"" 0.702™ 0.732™
0.227*
Volatility 0.483™ 0.451"™ 0.420™
Market
-0.373™
value
Revenue -
growth 0.373™
Longstaff ) 0.652"™ 0.483™ 0.978* 0.937
Finnerty ) 0.702™ 0.451™ 0.978"" 0.987™
0.227"
Ghai- -
0.732™ 0.420™ 0.937"  0.987
darov 0.210"

Computed correlation used pearson-method with pairwise-deletion.
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Appendix 4 Correlation table for pre-IPO deal data

Ma- Volatil- Market Revenue Fin- Ghai-
DLOM Longstaff

turity ity value  growth nerty darov
DLOM 0.469"
Maturity  0.469™ 0.543  0.579™ 0.531™
Volatility 0.470"  0.541™ 0.621™
Market

-0.330"

value
Revenue
growth
Longstaff 0.543™  0.470™ 0.931™ 0.880™
Finnerty 0.579™ 0.541" -0.330" 0931 0.986™"
Ghai-

0.531™ 0.621™ 0.880""  0.986™
darov

Computed correlation used pearson-method with pairwise-deletion.




Appendix 5 IPO regression model diagnostics

Table 5 regression model diagnostics
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Table 7 regression model diagnostics
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IPO study regression model residuals’ skewness, kurtosis and normality test

Models | Skewness Kurtosis Shapiro-Wilk test for
normality (p-values)

Model | -0.32 -1.08 0.1008
1

Model | -0.29 -1.16 0.0331
2

Model | -0.55 -0.68 0.0909
3

Model | -0.41 -0.93 0.3373
4

Model | -0.47 -0.31 0.3220
5

Model | -0.67 0.71 0.1879
6

Model | -0.48 -0.31 0.294
7

Model | -0.37 0.03 0.8140
8

Model |-0.13 0.59 0.3498
9

Model | -0.58 0.92 0.0828
10

Model | -0.85 0.79 0.0076
11

61



62

Appendix 6 Matched pairs regression model diagnostics

Table 11 regression model diagnostics
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Table 13 regression model diagnostics

Residual vs. fitted Model 20 Scale-location Residual vs, fitted Model 21 Scale-location

s

Leen

Residuals
T
Residuals

a8

[Standardized residuals|

JStandardized residuals|

000 [

050 " o
Fitted values Fitted values Fitted values

Fitted values

Normality of residuals Cook’s distance Normality of residuals Cook’s distance

Cook's distance

Standardized residuals

Cook's distance
Standardized residuals

Lt “; ::_L.L .I:J.JLL L2 — " 7. 0 S S 'I“:::

3 o :
Teoretical quanties
Residual vs. fited ~ Model 22 Scale-location

B

0 1 [ 1 ) 50
Observation number Teoretical quantiles Obsenvation number

J[Standardized residuals|

L] as 10 o 03 10
Fitted values. Fitted values
Normality of residuals Cook's distance
04
2

4
B 3
Ly g
g B
< i

5 0;
R H
] 2
Ea a
§ " o1
@ .

: |
o PRSP 5 PSR B |
o 2 a 2 E) 7 10
Teoretical quanties Observation number



64

Matched pairs regression model residuals’ skewness, kurtosis and normality test

Models | Skewness Kurtosis Shapiro-Wilk test for
normality (p-values)

Model | -0.32 -0.93 0.0029
12

Model |-0.36 -0.93 <0.001
13

Model | -0.34 -0.92 0.0033
14

Model |-0.43 -0.85 <0.001
15

Model |-1.44 2.90 <0.001
16

Model | -1.28 2.53 <0.001
17

Model | -1.28 2.37 <0.001
18

Model | -1.15 1.63 <0.001
19

Model | -0.73 -0.23 <0.001
20

Model | -0.99 0.74 <0.001
21

Model | -0.83 0.23 <0.001
22




