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Abstract

Russia’s financial markets have been an uncharted area when it comes to exploring the performance
of investment strategies based on modern portfolio theory. In this thesis, we focus on the country’s
stock market and study whether profitable investments can be made while at the same time taking
uncertainties, risks, and dependencies into account. We also pay particular interest in tactical asset
allocation. The benefit of this approach is that we can utilize time series forecasting methods to
produce trading signals in addition to optimization methods.

We use two datasets in our empirical applications. The first one consists of nine sectoral indices
covering the period from 2008 to 2017, and the other includes altogether 42 stocks listed on the
Moscow Exchange covering the years 2011 —2017. The strategies considered have been divided
into five sections. In the first part, we study classical and robust mean-risk portfolios and the
modeling of transaction costs. We find that the expected return should be maximized per unit
expected shortfall while simultaneously requiring that each asset contributes equally to the
portfolio’s tail risk. Secondly, we show that using robust covariance estimators can improve the
risk-adjusted returns of minimum variance portfolios. Thirdly, we note that robust optimization
techniques are best suited for conservative investors due to the low volatility allocations they
produce.

In the second part, we employ statistical factor models to estimate higher-order comoments and
demonstrate the benefit of the proposed method in constructing risk-optimal and expected utility-
maximizing portfolios. In the third part, we utilize the Almgren—Chriss framework and sort the
expected returns according to the assumed momentum anomaly. We discover that this method
produces stable allocations performing exceptionally well in the market upturn. In the fourth part,
we show that forecasts produced by VECM and GARCH models can be used profitably in
optimizations based on the Black—Litterman, copula opinion pooling, and entropy pooling models.
In the final part, we develop a wealth protection strategy capable of timing market changes thanks
to the return predictions based on an ARIMA model.

Therefore, it can be stated that it has been possible to make safe and profitable investments in the
Russian stock market even when reasonable transaction costs have been taken into account. We also
argue that market inefficiencies could have been exploited by structuring statistical arbitrage and
other tactical asset allocation-related strategies.
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Selvitys kvantitatiivisista sijoitusstrategioista Vendjan osakemarkkinoilla: Erityinen
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mielenkiinto taktiseen varojen kohdentamiseen

Ohjaaja(t) | Prof. Mika Vaihekoski, KTT Henri Teittinen ja KTM Mika Jakovaara

Tiivistelma

Venijin rahoitusmarkkinat ovat olleet kartoittamatonta aluetta tutkittaessa moderniin
portfolioteoriaan pohjautuvien sijoitusstrategioiden kayttaytymistd. Téssd tutkielmassa keskitymme
maan osakemarkkinoihin ja tarkastelemme, voidaanko taloudellisesti kannattavia sijoituksia tehda
otettaessa samalla huomioon epadvarmuudet, riskit ja riippuvuudet. Kiinnitimme erityistd huomiota
my0s taktiseen varojen kohdentamiseen. Tdmén ldhestymistavan etuna on, etti
optimointimenetelmien lisdksi voimme hyddyntédé aikasarjaennustamisen menetelmié
kaupankdyntisignaalien tuottamiseksi.

Empiirisissad sovelluksissa kdytimme kahta data-aineistoa. Ensimmainen koostuu yhdeksasti
teollisuusindeksisti kattaen ajanjakson 2008-2017, ja toinen siséltdd 42 Moskovan pdorssiin listattua
osaketta kattaen vuodet 2011-2017. Tarkasteltavat strategiat on puolestaan jaoteltu viiteen osioon.
Ensimmaéisessd osassa tarkastelemme klassisia ja robusteja riski-tuotto -portfolioita sekd
kaupankéyntikustannusten mallintamista. Havaitsemme, ettd odotettua tuottoa on syytd maksimoida
suhteessa odotettuun vajeeseen edellyttden samalla, ettd jokainen osake liséd sijoitussalkun
hintériskid yhta suurella osuudella. Toiseksi osoitamme, ettd minimivarianssiportfolioiden
riskikorjattuja tuottoja voidaan parantaa robusteilla kovarianssiestimaattoreilla. Kolmanneksi
toteamme robustien optimointitekniikoiden soveltuvan parhaiten konservatiivisille sijoittajille
niiden tuottamien matalan volatiliteetin allokaatioiden ansiosta.

Toisessa osassa hyodynndmme tilastollisia faktorimalleja korkeampien yhteismomenttien
estimoinnissa ja havainnollistamme ehdotetun metodin hyddyllisyytté riskioptimaalisten seké
odotettua hyotyd maksimoivien salkkujen rakentamisessa. Kolmannessa osassa kdytamme
Almgren—Chrissin viitekehysté ja asetamme odotetut tuotot suuruusjérjestykseen oletetun
momentum-anomalian mukaisesti. Havaitsemme, ettd menetelma tuottaa vakaita allokaatioita
menestyen erityisen hyvin noususuhdanteessa. Neljinnessé osassa osoitamme, etti VECM- ettd
GARCH-mallien tuottamia ennusteita voidaan hyodyntdé kannattavasti niin Black—Littermanin
malliin kuin kopulandkemysten ja entropian poolaukseenkin perustuvissa optimoinneissa.
Viimeisessd osassa laadimme varallisuuden suojausstrategian, joka kykenee ajoittamaan
markkinoiden muutoksia ARIMA-malliin perustuvien tuottoennusteiden ansiosta.

Voidaan siis todeta, ettd Vendjan osakemarkkinoilla on ollut mahdollista tehda turvallisia ja
tuottavia sijoituksia myds silloin kun kohtuulliset kaupankdyntikustannukset on huomioitu. Toiseksi
vaitimme, ettd markkinoiden tehottomuutta on voitu hyddyntid suunnittelemalla tilastolliseen
arbitraasiin ja muihin taktiseen varojen allokointiin pohjautuvia strategioita.
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1 INTRODUCTION

1.1 Motivation and background

This thesis surveys the performance of different asset allocation strategies in the emerging
Russian stock market. Asset allocation can be defined as a decision on how to allocate
the wealth of an investor between the set of risky securities and possible risk-free security.
Hence, it is essentially based on the classical theory of portfolio selection by Markowitz
(1952) and risk-reward optimization. Moreover, asset allocation is an integral part of de-
signing an investment plan and policy for an investor, which, in turn, is closely related to
the strategic goals, general risk profile, and liquidity requirements of an investor. (Fabozzi
et al. 2010, 325, 392, 417.)

In order to shed more light on the dynamics of the Russian market, special attention is
also paid to Tactical Asset Allocation (TAA). According to Lustig (2013, 239-242), tac-
tical asset allocation is the process of deviating from the weights of Strategic Asset Allo-
cation (SAA), which is the portfolio’s long-term investment strategy. The underlying ob-
jective is to enhance performance by benefiting from relative value and market opportu-
nities and managing and mitigating risks. Thus, in addition to the fact that TAA seeks to
exploit short-term fundamental inefficiencies or temporary imbalances in equilibrium
values, it can also be seen as a risk management tool because it can efficiently and quickly
alter the asset allocation to control the risk exposure (see also Tokat, Wicas & Stockton
2007, 33-35). Similarly, Pfaff (2016, 274) defines TAA as a set of techniques used to
shift assets in and out of a portfolio in a systematic manner. In other words, the aim is
first to outline how relative and directional forecasts can be obtained and then how port-
folio allocations can be derived from a set of quantitatively deduced signals.

Initially, interest in dynamic TAA strategies over static buy-and-hold approaches grew
when evidence of the forecastability of stock and bond market returns appeared in the
literature (see, e.g., Merton 1981; Breen, Glosten & Jagannathan 1989; Campbell 1987;
Fama & French 1988; Fama & French 1989; Weigel 1991; Philips, Rogers & Capaldi
1996). As a result, market and volatility timing, which refers to strategies allowing inves-
tors to allocate their wealth using return and volatility forecasts, have been studied exten-
sively in the Western markets (see, e.g., Brocato & Chandy 1994; Kandel & Stambaugh
1996; Barberis 2000; Fleming, Kirby & Ostdiek 2001 & 2003; Johannes, Polson & Stroud
2002; Li & Lam 2002; Marquering & Verbeek 2004; Han 2006; Chou & Liu 2010;
Jondeau & Rockinger 2012; Clements & Silvennoinen 2013). For example, Barberis
(2000) examines how the evidence of predictability in asset returns affects optimal port-
folio choice for investors with long horizons. He finds that even after incorporating pa-

rameter uncertainty, there is enough predictability in returns to make investors allocate



substantially more to stocks, the longer their horizon. Johannes et al. (2002), in turn, find
that a strategy based merely on volatility timing uniformly outperforms market timing
strategies, as well as the market return in terms of Sharpe ratios and certainty equivalent
gains. According to the authors, market timing strategies perform poorly due to estimation
risk, which is the considerable uncertainty present in estimating and forecasting expected
returns. Marquering and Verbeek (2004) complement this notion by finding that returns’
predictability is larger when volatility is high, which is consistent with the existence of
time-varying risk premia, as well as with incomplete learning after a significant shock to
the economy. Finally, Jondeau and Rockinger (2012) show that distribution timing, de-
fined as the ability to use forecasts for moments up to the fourth one, generates significant
incremental economic value.

It is worth emphasizing that there are several articles about wealth management that
use the term tactical asset allocation but in slightly different contexts (see, e.g., Phillips
& Lee 1989; MacBeth & Emanuel 1993; Lee 1998; Lee 2000ab; Casas 2001; Qian 2003;
Anson 2004; Herold & Maurer 2004; Rey 2004ab; Roberge & Le Moigne 2005; Lewis,
Okunev & White 2007; Dichtl & Drobetz 2009; Wang & Kochard 2012; Chong & Phil-
lips 2014; Chakraborty, Grant, and Trahan (2017); Yang et al. 2018). Even though this
causes some variation to the definition of the term, it most often involves testing such
investment strategies where financial or economic analysis is used to predict or anticipate
future performance and assign relative short- to near-term asset-class weightings accord-
ingly.

For example, Yang et al. (2018) find that no TAA strategies on technical trading rules
can outperform the buy-and-hold benchmark. Wang and Kochard (2012), in turn, use a
Z-score approach to investigate whether momentum and value effects can be observed
across asset classes at the index level in a tactical asset allocation framework. They show
that it is possible to improve the risk-adjusted returns on a given strategic asset allocation
by tactically adjusting the relative weights of asset classes based on their perceived mo-
mentum and value attractiveness.

Furthermore, Herold and Maurer (2004) focus on sector rotation strategies and employ
instrumental variables (such as dividend yields and terms spreads) to predict expected
returns. They find that incorporating estimation risk (i.e., parameter uncertainty) reduces
turnover and improves the risk-adjusted performance of dynamic and active asset alloca-
tion strategies. The most promising strategies also seem to be based on Bayesian statistics.
This is perhaps one of the reasons why the Black—Litterman model (see Black & Litter-
man 1991ab; 1992) has become the most widely known and almost synonymous with
TAA-driven portfolio allocations. Despite this, tactical asset allocation can also be com-
bined with, e.g., risk-overlay and high-watermark strategies (Pfaff 2016, 274).

Indeed, in contrast to the traditional approaches where TAA is based upon forecasting

asset returns (e.g., Casas 2001), Lewis et al. (2007) present a way to include a Value-at-



Risk (VaR) constraint to tactical asset allocation. The dynamic VaR TAA strategy they
propose provides investors with prescribed tactical tilts in asset allocation that align with
their risk aversion level. Hence, it can be utilized to control the risk and expected losses
of any balanced product. Moreover, since this strategy does not require estimating an
investor’s utility function, it offers an attractive alternative to the approaches used by Lee
(2000ab) and Rey (2004ab).

Of course, the paper by Lewis et al. (2007) can also be considered to resemble closely
such rules-based strategies that do not rely on forecasts and are usually designed to pro-
duce absolute returns, i.e., either positive returns or total returns above a pre-specified
minimum return (Dichtl & Drobetz 2009, 236). In brief, rules-based strategies, which
seek to dynamically manage portfolio risk in order to protect the portfolio value from
falling below a predefined level or floor, encompass shortfall risk-based approaches (e.g.,
Harlow 1991; Herold et al. 2007), as well as various portfolio insurance techniques (e.g.,
Rubinstein & Leland 1981; Choie & Seff 1989; Zimmermann 1996; Annaert, Van Osse-
laer & Verstraete 2009; see also Dichtl & Drobetz 2011 for a comparison of option- and
constant proportion-based portfolio protection strategies).

As stated earlier, our focus is on the Russian equities, meaning that we omit the con-
siderations of other asset classes, such as fixed income (bond portfolio management strat-
egies are discussed, e.g., in Fabozzi 2013). This delimitation can be advocated by the
findings of An, Ang, and Collin-Dufresne (2015): They calculate optimal tactical asset
allocation policies over equities as well as bonds when both asset returns are predictable.
By changing how often one resets the weights, the authors estimate the benefits and costs
of different frequencies of TAA decisions. They conclude that tactical tilts taking ad-
vantage of predictable stock returns produce approximately twice as much value as those
market-timing bond returns.

Arguably, the Russian stock market provides a problematic but novel and uncharted
arena for examining the performance of investment strategies: First of all, in Russia, like
in many other developing markets, investors may not be able to diversify their portfolios
optimally due to transaction costs (including liquidity-related costs such as bid-ask
spreads) and information gathering and processing costs. This incomplete diversification
is often combined with weak shareholder protection and corporate governance, high own-
ership concentration, and potential conflicts of interest between large and small share-
holders. Secondly, the number of actively traded stocks in Russia has been limited, and
the market weight of the oil and gas sector has been high. Thirdly, although the market
infrastructure has developed (i.e., the presence of foreign institutional investors has in-
creased together with the degree of financial integration with the world capital market),
recent events, such as the Ukraine crisis and diminishing confidence in the Russian econ-
omy, have influenced the pricing of Russian stocks. Therefore, the Russian industry sec-

tors’ performance has become more sensitive to the common global market movements
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over time, but the allocation of financial resources has been inefficient, implying a need
for stock market reforms. (Kinnunen & Martikainen 2017, 2528-2529.)

Overall, the general question of the attractiveness of the Russian equity market has
provoked mixed reactions. For example, Saleem (2009, 255) states that the weak integra-
tion can offer good opportunities for international investors, whereas Castagneto-Gissey
and Nivorozhkin (2016, 80, 93) emphasize that the Russian market is unpredictable, tur-
bulent, and characterized by pervasive state control. Kinnunen (2013, 113) continues by
noting that although the brief history of the Russian equity market has been characterized
by high risk (measured by the substantial standard deviation of the excess market return),
the market should be of potential interest for a global investor because its expected returns
are driven by different factors than those affecting the investor’s global portfolio.

Furthermore, relying on the optimal portfolio theory, Rockinger and Urga (2000, 457)
remind that the introduction of an asset into a portfolio decreases that portfolio’s risk for
a given level of expected return if the asset introduced is not perfectly correlated to any
of the other portfolio’s assets. Correspondingly, McGowan (2011, 31-32) argues that the
addition of the developing markets to the investment universe increases the efficient fron-
tier, even when those markets are not good stand-alone investments. Finally, despite the
fact that practitioners tend to promote investments in emerging markets by referring to
their high returns (Kinnunen 2013, 110), foreign institutional and retail investors may be
forced to tilt their Russian portfolios toward the largest and most transparent companies
due to the above-mentioned indirect investment restrictions and information asymmetries
(Kinnunen & Martikainen 2017, 2530). Gaddy and Ickes (2010, 291) tackle this by as-
serting that the aim of capital allocation is efficiency, not diversification for its own sake.
Hence, diversification is a way to reduce risk, whereas specialization and comparative
advantage are keys to efficiency.

With respect to previous research, an extensive literature is devoted to the issues of
volatility modeling, integration, predictability, and asset pricing in emerging markets
(see, e.g., Harvey 1995; Bekaert & Harvey 1997; Garcia & Ghysels 1998; Claessens,
Djankov, and Klingebiel 2000) and solely in Russia (see, e.g., Hayo & Kutan 2005;
Jalolov & Miyakoshi 2005; Goriaev & Zabotkin 2006; Saleem & Vaihekoski 2008;
Saleem 2009 & 2011; Fedorova & Pankratov 2010; Saleem & Vaihekoski 2010; Babecky
et al. 2013; Kinnunen 2013; Vizgunov et al. 2014; Kinnunen & Martikainen 2017). In
addition, risk management and Value-at-Risk modeling in the Russian stock market are
discussed, e.g., in Andreev et al. (2010) and Logoveev and Cherinko (2015), whereas
market efficiency is considered, e.g., in Buklemishev and Maliutina (1998), Rockinger
and Urga (2000), Hall and Urga (2002), Abrosimova, Dissanaike and Linowski (2005),
McGowan (2011), Compton, Kunkel, and Kuhlemeyer (2013), Davydov and Vidhédmaa
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(2013), Saleem (2014), Berezinets et al. (2017), and Caporale and Zakirova (2017). Fi-
nally, various trading rules are tested, e.g., in Chong, Cheng, and Wong (2010), Luukka
et al. (2016), and Patéri et al. (2017).

The most relevant findings of the previous studies can be briefly summarized as fol-
lows: Firstly, Hayo and Kutan (2005) analyze the impact of oil prices, news, and interna-
tional financial market developments on daily returns on Russian stock and bond markets
and detect that oil price movements can significantly destabilize Russian markets. Ac-
cording to Saleem (2011), there is also clear evidence of time-varying correlations be-
tween the Russian bond and stock market and that both asset markets exhibit positive
asymmetries. Fedorova and Pankratov (2010, 167—168) continue by evaluating the influ-
ence of macroeconomic factors on the Russian stock market and show that there is a heavy
dependence of the dynamics of the Moscow Interbank Currency Exchange (MICEX) in-
dex primarily on the oil price and US dollar exchange rate. Since Russia is a major oil-
exporting country, an increase in the Brent oil prices has, rather unsurprisingly, a favora-
ble effect on stock market growth and thus on national economic development. However,
the dependence of the dynamics of the MICEX index on the US dollar exchange rate is
inverse, i.e., the stock index value decreases, and the rate of economic growth falls on
average when the US dollar exchange rate increases (see also Vizgunov et al. 2014).

Furthermore, Saleem and Vaihekoski (2008) report that even though the Russian stock
market seems to be partially segmented, the global equity market influences significantly
on its performance. They also find support for the pricing of the currency risk in Russia
(cf. Lozinskaia & Saltykova 2019, 10). Jalolov and Miyakoshi (2005, 377), in turn, note
that international investors must monitor German signals since the spillover effects from
Germany have stronger impacts on Russian stock returns than those of the United States.
On the other hand, Babecky et al. (2013) find evidence for the gradually increasing pro-
cess of stock market return convergence between Russia and China.

Kinnunen (2013) complements the previous studies by investigating whether the rele-
vance of a conditional multifactor asset pricing model and autocorrelation in predicting
the Russian aggregate stock return fluctuates over time. He finds that the source of return
predictability varies considerably with information flow, measured by volatility and trad-
ing volume. More precisely, autocorrelation increases during periods of low information
flow, whereas conditional exposure to the local market risk and changes in oil price in-
fluence the expected return on the Russian stock market during periods of high infor-
mation. However, the lagged global stock market factor and currency returns seem to
have an insignificant influence. According to Kinnunen (2013, 107, 116), the predictabil-
ity of the Russian stock market return is at a high level in general, and autocorrelation can
be used to form profitable trading strategies. Finally, Kinnunen and Martikainen (2017)

investigate the relation between expected returns and idiosyncratic risk in the Russian
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stock market and find that this unique asset-specific risk affects stock returns and is eco-
nomically important in explaining cross-sectional variation in industry-level returns.

Considering market efficiency (see Fama 1965), Hall and Urga (2002) apply a test of
changing market efficiency to the Russian stock market index returns from 1995 to 2000
and find that the market was initially inefficient but became efficient after around two
and a half years. The tendency towards market efficiency can be explained by the fact
that, during the time of the study, the Russian market was new, trading was very thin,
firms’ disclosure practices were very limited, and there were institutional barriers to trade
(Hall & Urga 2002, 2; see also Buklemishev & Maliutina 1998). In contrast, Rockinger
and Urga (2000) are not able to draw any conclusions concerning the efficiency of the
Russian market, but they note that a constantly significant level of predictability charac-
terizes the market. Hence, the market may be predictable yet efficient, and the variations
of predictability can be explained by market illiquidity or by political and economic risk
premium (Rockinger & Urga 2000, 470—471).

The subsequent study by McGowan (2011) evaluates the weak-form efficiency of the
Russian stock market using the Russian Trading System (RTS) index for the period from
1995 to 2007. He notes that, even though the results are mixed, the RTS index is generally
weak-form efficient, particularly at the end of the testing period. This can be explained
by the increased international interest in the Russian stock market right before the finan-
cial crisis of 2007-2008. In line with McGowan (2011), Davydov and Vihdmaa (2013,
149), who examine the relationship between stock returns and the sources of corporate
debt, also find evidence that at least the weak form of stock market efficiency holds in
Russia. On the other hand, Saleem (2014) utilizes the volatility modeling approach to
study the temporal dependencies in the major sectors of the Russian equity market. Using
the data from 2004 to 2013, he finds evidence of long memory, implying that the market
sectors are weak-form inefficient. This implication of a weakly inefficient stock market
is also confirmed by Abrosimova et al. (2005). However, the authors emphasize that,
whilst their serial dependence results provide some limited evidence of short-term market
predictability, there is not enough evidence to suggest that it would lead to a profitable
trading rule once transaction costs and risk are considered.

Compton et al. (2013), in turn, seek to find evidence of calendar anomalies in the Rus-
sian stock and bond markets during the first decade of the twenty-first century. Based on
the authors’ findings, there is strong support for a turn-of-the-month effect in the Russian
stock and bond markets, as well as strong evidence of weekday seasonality (but no Mon-
day effect) in the Russian bond market. Compton et al. (2013, 1150) conclude that alt-
hough the Russian Federation has been one of the most rapidly developing markets in
Eastern Europe, the country’s stock and corporate bond markets have not been as efficient
as the markets in the United States. However, Caporale and Zakirova (2017) highlight the

importance of considering transaction costs (proxied by the bid-ask spreads) because once
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these are included in the analysis, calendar anomalies disappear. According to Caporale
and Zakirova (2017, 108), the absence of exploitable profit opportunities based on calen-
dar anomalies suggests that the Russian stock market might be informationally efficient.

The opposite conclusion is made by Berezinets et al. (2017), who investigate the av-
erage reaction of the Russian stock market to dividend surprises by testing the dividend
signaling theory. They find evidence of market inefficiency as there are abnormal stock
returns around the dividend announcement dates. According to the authors, the presence
of excess returns points out that not all publicly available information is instantly incor-
porated into the stock prices. Hence, it might be possible to benefit from abnormal price
movements in the short term when trading prudently. (see Berezinets et al. 2017, 171,
176.)

When it comes to the profitability of various trading strategies, Chong et al. (2010)
find that among the BRIC countries, trading rules based on technical indicators, namely
the simple moving average, momentum, relative strength index, and moving average con-
vergence divergence, are the most profitable in the Russian stock market. Moreover, ap-
plying these simple strategies to the Russian market remains profitable even after the
relatively high transaction costs are considered (Chong et al. 2010, 238). In the same way,
Luukka et al. (2016) use technical analysis to examine the profitability of Dual Moving
Average Crossover (DMAC) trading strategies in the Russian stock market over the
2003-2012 period. Their results show that the best DMAC rules of the in-sample period
can also outperform the passive buy-and-hold benchmark portfolio during the subsequent
out-of-sample period and that the outperformance is mostly attributable to the strategies’
ability to determine trends consistently (see Luukka et al. 2016, 2435, 2446; Rozhkov
2005, 65).

Interestingly, since the performance gap between the best past trading strategies and
their passive benchmark portfolio does not seem to have narrowed over time in the Rus-
sian stock market, the findings of Luukka et al. (2016, 2447) contradict the assumption
that the trading strategies’ prediction power fades over time. Instead, their evidence is in
line with the adaptive markets hypothesis of Lo (2004, 23): It states that market efficiency
may not follow a systematic trend toward greater efficiency, as argued by proponents of
the efficient market hypothesis, but can be context-dependent as well as dynamic. Further
confirmation for such a conclusion is provided by Pitéri et al. (2017, 315-316), who con-
tinue the study of Luukka et al. (2016) and show that there is time variability in relative
performance between trading portfolios of individual stocks and index trading. Finally,
even though these trading strategies are simple and are not based on portfolio optimiza-
tion, they provide preliminary indications of potential investment opportunities in the

Russian equity market. Naturally, this should bode well for our research.
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1.2 Aim and structure of the thesis

In this thesis, we seek to answer the following research question: Is it possible to invest
profitably in the emerging and volatile Russian stock market while at the same time taking
uncertainties, risks, and dependencies into account? We tackle this question in five parts,
each of which constitutes a separate entity. In the first part, we focus on classical and
robust mean-risk portfolios. We begin by examining whether the performance of the ex-
pected return maximization strategy, which is prone to estimation errors, can be improved
by maximizing the mean return per unit expected shortfall and then requiring that each
asset contributes equally to the portfolio’s downside risk. Next, we investigate whether
the use of robust covariance estimators can improve the performance of minimum vari-
ance portfolios. Thirdly, we analyze how portfolio solutions produced by robust optimi-
zation techniques differ from the Markowitzian mean-variance portfolios.

In the second part, we follow the methodology proposed by Boudt, Lu, and Peeters
(2015) and study whether the out-of-sample performance of portfolio allocation schemes
can be improved by estimating the higher-order comoments under a statistical factor
model as opposed to using the traditional sample estimator approach. The underlying idea
here is that although skewness and kurtosis can help characterize non-linear dependence
in multivariate analysis, their inclusion in the portfolio optimization process may lead to
a poor outcome due to the curse of dimensionality. In this context, we further compare
the risk/reward profiles of two strategies based on non-Gaussian objective functions. In
the first case, we minimize the risk measured by the modified expected shortfall, and, in
the second case, we maximize the expected value of the fourth-order expansion of the
constant relative risk aversion (CRRA) utility function.

In the third part, we utilize the ordering information framework proposed by Almgren
and Chriss (2004; 2005) to mitigate the estimation risk related to the first moments. As
our focus shifts towards tactical asset allocation, we analyze a strategy where the relative
ranking of expected asset returns is based on the short-term momentum assumption. We
also investigate whether this approach can outperform a similar asset sorting strategy
based on the entropy pooling (EP) concept proposed by Meucci (2008b), as well as a
quadratic utility maximization strategy using sample estimates for the first and second
moments.

In the fourth part, we first study whether we can construct a profitable strategy by
applying the Black-Litterman approach to the one-step-ahead forecasts derived from a
vector error correction model (VECM). We then analyze how the optimal portfolio allo-
cation changes when the latest return forecasts are employed in Meucci’s (2006) copula
opinion pooling (COP) framework. Secondly, within the entropy pooling framework, we

examine the performance of a tangency strategy in which subjective views are formed
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with respect to the conditional volatilities for assets, i.e., we employ one-step-ahead pre-
dictions deduced from a generalized autoregressive conditional heteroskedasticity
(GARCH) model.

Finally, in the fifth part, we examine a TAA-related wealth protection strategy pro-
posed by Pfaff (2007; 2016). The purpose of this application is twofold: First, we demon-
strate that instead of using options, a portfolio floor value that may not be violated can be
defined by means of a linear program. Second, as return maximization is used as the tar-
get, we study whether the utilization of an autoregressive integrated moving average
(ARIMA) model in producing return expectations can improve the portfolio’s risk-ad-
justed returns compared with the solution of an equal-weighted strategy.

We point out that even though Russia has been previously investigated in the financial
literature mainly in the context of asset pricing models and rules-based technical analysis,
there have not been, to the best of our knowledge, comprehensive performance surveys
of advanced portfolio optimization strategies focusing on the country’s stock market. Our
research intends to cover this gap. We carry out all the computations using two program-
ming languages, namely R (see R Core Team 2018) and MATLAB® (see MATLAB
2020). In order to save space, we omit reporting the hundreds of lines of code needed to
write these applications. However, all the algorithms are available for inspection from the
author upon request. Throughout our empirical study, we take the perspective of a Russia-
based investor by using ruble-denominated returns and do not consider currency hedging
(see, e.g., Celebuski, Hill & Kilgannon 1990; Moosa 2003; Kinlaw & Kritzman 2009;
Schmittmann 2010; Boudoukh et al. 2019; Arruda, Bergeron & Kritzman 2021 for more
discussion on optimal currency exposures in international equity portfolios).

In the next subchapter, we briefly describe the development of the Russian stock mar-
ket. The rest of the thesis is organized as follows: Chapter 2 is dedicated to the theory of
portfolio selection and portfolio risk management. More precisely, in Subchapter 2.1, we
present the main features of the Modern Portfolio Theory (MPT), whereas, in Subchapter
2.2, we review the issues highlighted in the literature related to the classical mean-vari-
ance optimization. The Black-Litterman model with its extensions and modifications as
a special remedy to these optimization problems is discussed in Subchapter 2.3. In Sub-
chapter 2.4, we focus on the momentum anomaly often found in financial markets. Fi-
nally, we end this chapter by studying the properties of tail risk measures widely promoted
in the literature, namely Value-at-Risk (VaR) and Expected Shortfall (ES). We also
briefly discuss how these risk measures can be combined with volatility and dependence
modeling to create dynamic risk assessment systems. The data and descriptive statistics
are reported in Chapter 3.1, and the rest of Chapter 3 explains the methodology behind
our portfolio strategies divided into five subchapters. Correspondingly, Chapter 4 pre-
sents the empirical findings and conclusions for each application in five subchapters. Fi-

nally, in Chapter 5, we summarize our results.
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1.3 Development of the Russian stock market

Only a few studies exist that consider the historical development of the Russian stock
exchange. For example, the papers by Lucey and Voronkova (2005) and Anatolyev and
Shakin (2007) are outdated due to the rapid changes that have happened in the Russian
economy after the 2007 global financial crisis. This chapter strives to bridge the gap in
the literature by providing a brief overview of the main events in the Russian capital mar-
ket, starting from the collapse of the Soviet Union and ending to the aftermath of the
Ukrainian crisis. At the end of this chapter, we briefly speculate on the future of the Rus-
sian financial system.

To begin with, the development of the Russian stock market has mirrored the country’s
integration into global financial markets, as well as swings in investor perceptions. Except
for Estonia, the Russian Federation has probably been the most successful of the 15 for-
mer Soviet Union republics in improving its economy and developing functioning finan-
cial markets (Compton et al. 2013, 1139). During a severe economic crisis in late 1994,
the country had to create the stock market as a part of its transition from the planned
system to the market economy. At the end of 2005, Russia’s stock market had become
one of the largest emerging markets in the world. This growth was driven both by the
expansion in the number of stocks and by high returns. However, the market has also
suffered from many structural deficiencies, such as illiquidity, high volatility and concen-
tration, and low diversification potential. (Goriaev & Zabotkin 2006, 380-381.)

Multiple stock exchanges had been founded in Moscow already at the beginning of the
1990s, even before the Russian Government had issued any legislative acts (see Hall &
Urga 2002, 7). Nevertheless, the evolution of the Russian financial system was mainly
due to the increasing foreign exchange trading on the Moscow Interbank Currency Ex-
change (MICEX). The significant expansion of the scale of US dollar operations was
caused by the liberalization of foreign economic relations and the rejection of a plurality
of exchange rates. On the other hand, the beginning of the privatization process, which
was accompanied by the ‘emission’ of 150 million state-securities vouchers and by
voucher auctions in 1993—-1994, created conditions for the emergence of one more seg-
ment in the system of financial markets, i.e., the market for stocks of privatized compa-
nies. (Ilakovlev & Danilov 1997, 47-49.)

As the initial phase of Russia’s mass privatization was ending in late 1994, an appre-
ciable and quite prolonged slowdown of inflation triggered an influx of foreign portfolio
investments estimated at four to six billion dollars (Iakovlev & Danilov 1997, 49). In
order to consolidate regional securities markets into an organized security industry, the
electronic Russian Trading System (RTS) was launched in mid-1995 (Hall & Urga 2002,
8; Anatolyev 2008, 57). RTS was also the initial platform for the Russian derivatives
market. MICEX, in turn, expanded into equity trading in mid-1997, offering to trade in
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government bonds, foreign currency, derivatives, as well as corporate bonds and stocks.
Both the MICEX and RTS calculated the capitalization-weighted composite indices of
the 30-50 most liquid stocks of Russia’s largest companies representing approximately
80 percent of the country’s stock market. However, the former index has been denomi-
nated in rubles, whereas the latter has been US dollar-denominated. Nearly 15 years later,
in December 2011, these two largest and centralized trading platforms merged, and the
formed exchange was named the Moscow Exchange MICEX-RTS (nowadays simply
MOEX). (Compton et al. 2013, 1143.)

During 1995, several attempts were also made to set up a market regulatory system.
Many decrees appeared aiming to create the institutions needed to operate the market and
protect shareholders’ rights. In April 1996, the signing of the Law on the Securities Mar-
ket established the role of the Federal Commission on Securities Market (FCSM) of Rus-
sia as the principal regulator. (Hall & Urga 2002, 7.) However, various scams and low
confidence in financial companies that accepted deposits from the population and were
active in the bearer stocks market led to the transfer of funds to the currency market. The
unstable exchange rate was used for speculation by foreign portfolio investors, most of
whom exited the Russian market after the First Chechen War began. Furthermore, the
excessive participation of the state in trade did not increase stability but only generated
new types of risks due to the vagueness of the decisions of the Central Bank of Russia
(CBR) and the Ministry of Finance. Nevertheless, one could have achieved profitability
of 15-20 percent per month on investment, even though this was possible only for a per-
son who was present on the trading floor and had not paid a broker commission on every
transaction. Otherwise, the profits would have gone to paying transaction costs. (Iakovlev
& Danilov 1997, 51, 61-62; see also Ratinov 1997.)

Although the RTS index displayed an impressive 94 percent growth from the begin-
ning of 1997 until October, positive tendencies in the stock market were taking place
against the background of poor fundamentals in the Russian economy. Several critical
issues (such as the banking system vulnerability, budget crisis, and a high value of short-
term government liabilities relative to the central bank reserves) were exacerbated by the
instability of the international financial markets, mainly by events in Southeast Asian
markets in Fall 1997. Under these circumstances, foreign investors began to sell govern-
ment and corporate bonds. Moreover, increased demand for foreign currency caused a
deep decline in central bank reserves. Eventually, these events were reflected in the fall-
ing stock market: By January 1998, the RTS index had plummeted by 50 percent. (Lucey
& Voronkova 2008, 1306.)

The decisive intervention from the Central Bank in January 1998 initially prevented a
currency crisis from escalating and helped the equity market to recover. However, already
in March 1998, political instability and the fall of the oil price, with the impact on the

State budget, negatively affected the equity market. Pressure from the exchange rate
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forced the Central Bank to increase interest rates to more than 100 percent at the begin-
ning of the second quarter of the year. (Hall & Urga 2002, 8, 11-12.) Between March and
May in 1998, there was a further 20 percent decline in stock market prices. Despite finan-
cial aid provided by the International Monetary Fund (IMF) and International Bank for
Reconstruction and Development (IBRD) in July, a further decline in security prices oc-
curred as Russian banks and foreign investors continued their selling spree. (Lucey &
Voronkova 2008, 1306—-1307.)

In August 1998, the Russian Central Bank’s international exchange reserves were ex-
hausted, and the federal budget could not service the government’s debt. This caused the
Russian government to declare a default on its bills and bonds, including a default on
ruble-denominated debt instruments that at some point were perceived to be the ‘risk-free
asset’ in the economy (Santos 2003, 166). In addition, the Russian Central Bank was
forced to stop adhering to a fixed exchange rate regime. As the country’s financial system
became paralyzed, there was also a moratorium on debt payments, devaluation of the
ruble of more than 50 percent, and a halt in foreign exchange trading on MICEX. Several
of the largest Russian commercial banks were eliminated, and many individuals and non-
financial companies lost their savings. Between August and September, the RTS index
collapsed by almost 70 percent. By the end of the year, the stock market was virtually
nonexistent, despite an official figure of 237 listed companies but with a capitalization of
only 20.6 billion US dollars. In addition to foreign capital outflows, oil prices had de-
clined to 10—11 US dollars per barrel. (Hall & Urga 2002, 8, 11-12; Smirnov 2015, 142;
see also Chiodo & Owyang 2002; McAllister & White 2011, 477-479.)

Stock returns recovered strongly from the huge losses already in the following year,
even though international interest in the Russian market was declining, and trading activ-
ity, which had fallen by 84 percent since 1997, was in record-low levels. According to
Lucey and Voronkova (2008, 1307), low turnover created pre-conditions for speculative
growth of the market that ascended to 194 percent in 1999 and made the RTS the fastest
growing market in the world. Several other factors may also explain this unexpected rise.
These include the debt restructuring, the dramatic rise of oil prices, the expanding trade
surplus and positive industrial production, the agreement between the Government and
the IMF to repay old loans with new ones, as well as the restructuring of the GKOs (i.e.,
short-term zero-coupon government bonds or Treasury-bills). (Hall & Urga 2002, 12—
13.) In 2000, despite the rapid growth of the Russian economy, the stock market showed
a disappointing performance as RTS declined by 20 percent. This was mainly caused by
a decline in prices of Russian blue chips (mostly oil companies) that depended heavily on
the dynamics of the oil prices. On the other hand, the improving political and macroeco-
nomic situation helped revive investors’ interest and boost turnover, which more than
doubled in 2000. (Lucey & Voronkova 2008, 1307.)
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After Vladimir Putin was elected president in March 2000, the perception of binary
political risk was no longer driving the market as decisively as before. However, the eq-
uity market’s history under the control of President Putin has not been trouble-free: In
2003, the political risks of investing in the Russian market increased once again. This was
due to the conflict between the oil company Yukos and the government, which eventually
led to the imprisonment of the company’s chief executive, Mikhail Khodorkovsky. The
market reacted to this event with a 25 percent decline during October 2003. Arguably,
investors interpreted it as a signal about the toughening of the government policy towards
the business community. (Goriaev & Zabotkin 2006, 389-390; Lucey & Voronkova
2008, 1307, 1320; see also Goriaev & Sonin 2005.)

While Russia’s real GDP grew at about five percent during 1999-2005, the stock mar-
ket grew at a compound annual rate of over 50 percent (Black et al. 2006, 364). At the
end of 2005, the RTS index achieved the level of 1125.6, more than an 11-fold increase
from its starting value. However, the degree of volatility had also been high: Firstly, the
annualized standard deviation of the RTSI’s weekly returns for the period from its start
till the end of 2005 was 7.3 percent. Secondly, the cross-sectional variance of stock re-
turns in Russia was also considerable, meaning that stock picking and the understanding
of firm- and industry-specific risk were not of secondary importance. Thirdly, the rela-
tionship between the RTS index and global equity indices varied greatly over time, im-
plying a smaller dominance of the country risk than in the early years of the market. (Go-
riaev & Zabotkin 2006, 386—387; see also Anatolyev 2008, 6061, 65.)

The number of listed companies was over 350 on the RTS exchange in 2001, but most
stocks were traded irregularly. Since 2000, the number of stocks with trades registered on
any given day varied between 20 and 60. This number increased by around 50 percent to
almost 90 in late 2005. The rapid expansion of the domestic market was partly due to new
companies going public. The Russian stock market saw 13 initial public offerings and six
secondary offerings between 2004 and 2005. The offerings coming from the retail, food,
media, metal, and mining sectors further improved the diversification opportunities for
investors operating in Russia. Another trend was the increasing accessibility of the Rus-
sian stock market to international investors and large regulated institutional investors.
(Goriaev & Zabotkin 2006, 382-385.) In 2006, the Russian government and the Bank of
Russia lifted nearly all the restrictions on capital transactions, which lowered visible risks
for foreign investors (Kudrin & Gurvich 2015, 34).

Before the global financial crisis of 2007-2008, the Russian stock market was at an
all-time high. The significant inflow of foreign capital was caused by the strengthening
ruble and the growth in production and oil and gas revenues (Kudrin & Gurvich 2015,
36-37). From the equity market perspective, companies in the commodity-exporting sec-
tors, which dominated the economy, created value, and new businesses — especially in

service and consumer-oriented sectors — emerged and entered the public capital markets.
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Moreover, the consumer goods sector, which was driven by quickly growing consumer
demand in Russia, appeared to be the least sensitive to global trends. (Goriaev & Zabotkin
2006, 390, 394, 396; see also Gaddy & Ickes 2010, 284-287, 290.)

During 2007, construction, electricity, consumer goods, and banking industries raised
nearly 30 billion US dollars in over 30 public offerings. Russia’s market capitalization at
the time was comparable to that of China and India, with only 190 companies trading on
Russian exchanges. Furthermore, although the overall turnover of shares remained low,
the involvement of foreign investors on the MICEX exchange increased from 15 to 25
percent of the daily trading volume. (Compton et al. 2013, 1139-1140.) At the same time,
a system was established for accumulating state reserves, borrowing portfolio capital
abroad, and exporting private capital. Hence, in the absence of a national investment pro-
cess and mechanisms for reinvesting export earnings, evolving challenges with portfolio
borrowing abroad destabilized the savings system. (Grigoriev & Salikhov 2009, 47—48.)

Starting from August—September 2007, Russian banks faced a liquidity problem and a
foreign credit crunch. Simultaneously, at the peak of the international boom, domestic
companies continued to be active in mergers and acquisitions, putting up blocks of shares
as collateral to finance these deals. The market indices rose until May 2008, but such a
short-sighted approach to finance large-scale transactions became evident in the fall, as
margin calls put several companies on the verge of a change in ownership. Eventually,
the government decided to redeem major owners from Western creditors. (see Grigoriev
& Salikhov 2009, 48—51; Andriushin & Burlachkov 2009, 58—-59.) Moreover, the money
saved during the time of high oil prices was swiftly spent on supporting banks’ liquidity
and protecting the ruble exchange rate (see Tabata 2009, 685—-686; Kudrin 2009, 21).

The dependence on foreign short-term lending made the domestic economy vulnerable
to external shocks. As an anti-crisis measure, the authorities injected large sums into the
economy. However, the magnitude of the anti-crisis program (as much as 1.5 percent of
GDP) and the quick drawdown of currency reserves led to unrest in international financial
markets and weakened the positions of Russia and Russian issuers on international trading
floors. (Grigoriev & Salikhov 2009, 51.) Further, the Central Bank of Russia owned about
100 billion US dollars of mortgage-backed securities during the crisis (Davydov &
Vihdmaa 2013, 149). Overall, the Russian stock market had one of the largest declines,
even among developing countries. For example, the MICEX price index plummeted by
about 74 percent from 1956.14 (recorded on May 19, 2008) to 513.62 (on October 24,
2008), in as little as five months (Iwasaki 2014, 178).

The global financial crisis caused severe damage to the Russian industry, and an ab-
normally high number of firms went bankrupt. For instance, the Russian manufacturing
industry, which is sensitive to global economic conditions, showed signs of a change ear-
lier in 2008. Then, in 2009, its value-added production quickly shrank by 14.9 percent in
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real terms compared to the previous year. (Iwasaki 2014, 179.) As a result, the manufac-
turing index fell by over 90 percent from peak to trough after the market’s mid-2008 peak
(Gaddy & Ickes 2010, 290). On the other hand, the impact of the crisis was not uniform
at the sectoral level, suggesting potential for diversification of risk across sectors
(Babecky et al. 2013, 16). The overall market capitalization of Russian companies fell 74
percent, from 1.5 trillion US dollars in 2007 to 397 million dollars in 2008. However, by
the end of 2010, the market had recovered 40 percent of its value and ended the year at
over 1 trillion dollars. (Compton et al. 2013, 1140.) Furthermore, although the share of
state-controlled firms in the total capitalization of Russian companies had increased from
24 percent to 40 percent between 2004 and 2007, the long-term reduction in the stock
market’s total capitalization was accompanied by a reduction in the share of the state-
owned enterprises (Abramov, Radygin & Chernova 2017, 9-10; see also Nesvetailova
2016).

With respect to dividend policies, Ankudinov and Lebedev (2016) find that during the
global financial crisis, the dividend payments of state-controlled firms decreased more
significantly than those of privately-owned companies. Historically, dividends per share
have also been volatile, but the shareholders typically perceive stocks of the companies
from the oil and gas and from the utility sectors to be ‘cash cows,” from which large
dividend yields are expected. On the other hand, the dividend payout ratios of Russian
companies have generally been substantially lower than in both developed and develop-
ing markets. (see also Berezinets et al. 2017, 170—171.) Liljeblom and Maury (2016) show
further that in Russia, a significant increase in dividend payout levels coincides with im-
provements in legal shareholder protection.

After the crisis, there was a positive growth trend in the average dividend yield, and
by 2014, the average annual dividend yield reached the level of 6.1 percent. This was, in
some respects, a consequence of the new regulation of dividend payouts (25 percent of
net earnings) for state-owned companies, which came into force in November 2012. In
2015, following the results of 2014, the total dividends announced by Russian companies
increased in absolute terms by over 20 percent, up to roughly 14.6 billion US dollars
despite the recessionary trends. However, as a sign of high concentration, ten companies
accounted for 88.1 percent of the total dividend payments in 2013. (Berezinets et al. 2017,
161-163; see also Koesterich 2014.)

The crisis of 2008 also caused changes to the rules of short selling on the Russian stock
markets. The country had started to regulate short-selling explicitly since 2002, which
stemmed from the default and collapse of the Long-Term Capital Management (LTCM)
hedge fund in 1998. In September 2008, a Russian governmental body, the Federal Fi-
nancial Markets Services (FFMS), announced that it would ban margin trading and short
selling altogether to prevent further speculations on sharply decreasing stock prices. This

position was further affirmed by the closure of the two leading exchanges for two days.
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(Pekarek & Meseha 2012, 372.) During September 2008 and June 2009, as short sales
were prohibited, the volatility of the MICEX index decreased considerably. Moreover,
the Sharpe ratio and kurtosis were low, while skewness was high. Short-selling was al-
lowed temporarily in June 2009 to improve market liquidity since many market operators
and institutional investors had abandoned the Russian market. The remaining speculators
had relied on complex arrangements to overcome the short-selling ban, and some brokers
were even accused of trading the clients’ securities without authorization. The short-sell-
ing constraint was eventually lifted at the end of 2010. (Kudrov et al. 2012, 392-394.)

Currently, the Russian authorities require that investors provide their brokers with col-
lateral in cash, cash equivalents, or other securities. Furthermore, brokers are entitled to
short sell only quoted securities in limited quantities. The exchange forms quarterly a list
of the most liquid securities that are allowed for short selling in the next quarter according
to the liquidity rating rules set by the FFMS. Securities provided as collateral need to
fulfill the exact liquidity requirements, and limitations are set for short sales if the margin
falls below the allowed minimum of 50 percent. Also, a broker is not allowed to execute
short sale orders if the price is less than the closing price for the previous trading day
minus three percent. Average costs for short-selling have been high, and some brokers in
Russia do not even offer short-selling due to its high risk. (Kudrov et al. 2012, 388-393;
see also Compton et al. 2013, 1142 for more details on institutional changes.)

As a sign of the recovering Russian market, the RTS and MICEX indices peaked in
April 2011, although they did not reach their pre-crisis maximum values. After that, the
market demonstrated a decreasing trend, caused by the stagnation of the Russian economy
(Voskoboynikov 2017, 357; see also Delcoure 2007; Compton et al. 2013, 1141). Fur-
thermore, between 2012 and 2013, high inflation (6—8 percent per year) prevented the
Central Bank from lowering target interest rates (Smirnov 2015, 143), and the attempt to
stabilize the deteriorating ruble exchange rate forced it to reduce the international reserves
(Ono 2017, 323). Liquidity also remained low, which can be considered as one of the
reasons for the undervaluation of many Russian companies’ shares. The downfall deep-
ened against the background of the events of 2014 when the collapse of the Russian stock
prices occurred. During 2014, oil prices plunged, the ruble crashed, and the total market
capitalization of Russian companies dropped by roughly 50 percent. As a result, the per-
formance of the Russian stock market was the worst in the world in 2014. (see Berezinets
etal. 2017, 159, 161; Veebel & Markus 2016, 135, 138-139.)

The beginning of the Ukrainian crisis, which can be traced back to March 2014, rep-
resents a new phase in the Russian economy. The United States, the European Union, as
well as other countries and international organizations imposed several rounds of ever-
tighter sanctions against individuals and businesses from Russia. For example, Russian

state-controlled banks (including Bank of Moscow, Gazprom Bank, Sberbank, and VTB



23

Bank) were excluded from raising long-term loans, the access to international debt mar-
kets was restricted for several major publicly owned companies (including oil and gas
companies Rosneft, Transneft, and Novatek), and an EU-US ban targeted exports of some
oil industry technology and services. Moreover, citizens or residents of America were
banned from dealing with the Russian banks. EU nationals and companies, in turn, were
no longer able to buy or sell new bonds, equity, or similar financial instruments issued by
five major state-owned Russian banks, three major Russian energy companies, and three
major Russian defense companies (see Council Regulation (EU) No 960/2014; Council
Regulation (EU) No 1290/2014). (Nivorozhkin & Castagneto-Gissey 2016, 26-27; see
also Gurvich & Prilepskiy 2015, 360-362; Bagheri & Akbarpour 2016, 93; Veebel &
Markus 2016, 132—-134, 137.)

By focusing on the US dollar-denominated MSCI Russia index, Nivorozhkin and
Castagneto-Gissey (2016, 26-27) argue that since the negative monthly returns in March
and in April were followed by positive returns in May and in June before turning negative
for the rest of the year, the effect of the sanctions on the Russian stock market was limited.
Alternatively, the investors might have been anticipating the consequences of the crisis
and thus the effect of sanctions already prior to March 2014. In any case, the stock market
fall was dramatic after November 2014, returning negative 80 percent in mid-December
from the start of the year and ending the year 62 percent down. In 2015, the recovery of
the Russian stock market, which lasted until mid-May, made it for a moment one of the
best-performing equity markets in the world. However, by the end of summer 2015, the
gains effectively disappeared as the market remained about 52 percent down relative to
the start of 2014.

Simultaneously, there was a significant decrease in the interdependence between the
Russian equity market returns and returns in most major developed, frontier, and emerg-
ing markets. In contrast, the strongly varying and often negative correlation across Rus-
sian sectoral stock indices in 2013 changed to uniformly positive co-movement across
virtually all sectors in the crisis period. (see Nivorozhkin & Castagneto-Gissey 2016, 23—
24, 31-35, 39.) Furthermore, a statistically significant increase in volatility for most sec-
toral indices in the aftermath of the crisis is found by Ankudinov, Ibragimov, and Lebedev
(2017). In contrast, Hoffmann and Neuenkirch (2017, 66—68) observe a significant lever-
age effect in the stock market as negative innovations led to higher volatility than did
positive ones. Finally, regarding shock spillover characteristics, Schmidbauer et al. (2016,
497, 506) argue that large-scale sanctions increased Russia’s importance as a propagator
of volatility shocks in the network of global stock markets. This finding of volatility trans-
missions is also in line with the study by Castagneto-Gissey and Nivorozhkin (2016).

Despite the adverse circumstances, the ruble devaluation and the falling fertilizer and
fuel prices created an attractive pricing environment for the Russian agriculture sector. In

2016, Russia became the world’s largest exporter of grains, and while agriculture remains
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far below oil and gas, this sector has bypassed arms sales to become Russia’s second-
biggest exporter. The country’s agriculture boom shows that, despite sanctions and the
poor state of East-West relations, there are niches of value and opportunity to be found in
the Russian market. For example, after March 2014, the fertilizer company PhosAgro
benefitted from the 16 percent increase in the consumption of crop chemicals (against the
global growth of 2.2 percent), leading to an 85 percent rise in the ruble-dominated share
price in 2016. Similarly, the shares of Acron, another mineral fertilizer producer, had
tripled in that period. Finally, due to the increased domestic production, shares in Cher-
kizovo, the meat processor, jumped 63 percent, well above the 45 percent increase in the
MICEX index. (Buckley, 2017.)

During 2016, both the basic material sector and wholesale trade began to indicate pos-
itive trends, and, by the beginning of 2017, the economic recession had effectively ended.
However, the end of the depression and anti-crisis policy had not equated to resolving
structural problems in the Russian economy. (Mau 2017, 117-118, 123.) Indeed, on a
larger scale, the future of the Russian equity market appears gloomy, as any positive
driver for economic growth is not obvious (Smirnov 2015, 144). It is also difficult to
forecast when the sanctions will be lifted, and nothing promises that the country’s econ-
omy could develop without a constant inflow of oil and gas rents. Although the long-term
trend for oil is generally described as a slowly growing trend, massive cyclic fluctuations
are superimposed on it. (Kudrin & Gurvich 2015, 40, 42; see also Simola & Solanko
2017; Maclntyre & Hess 2019.) The risk of long-term stagnation is also increased by
high inflation (see, e.g., Mau & Ulyukaev 2015; Akindinova, Kuzminov & Yasin 2016),
the pressure to raise taxes (Kudrin & Gurvich 2015, 50-51), inefficiencies in the coun-
try’s financial sector (Karas, Schoors & Weill 2008; Pak & Kretzschmar 2016; Ono
2017), the increasing government control (Vanteeva 2016), weak market institutions
(Medvedev 2016; Berezinskaya 2017), as well as inadequate protection of ownership
rights (Iwasaki 2014), and poor corporate governance practices (Black, Love & Ra-
chinsky 2006). The stock market is also largely perceived as a venue for ‘respectable
gambling,” but not as a source of long-term funding badly needed in order to restart in-

vesting activities in the Russian economy (Ankudinov et al. 2017, 160).
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2 THEORY OF PORTFOLIO SELECTION AND
PORTFOLIO RISK

In this chapter, we discuss the modern portfolio theory and its limitations. We also con-
sider possible ways to improve portfolio optimization and present several variants of the
so-called Black—Litterman model. Fourthly, we focus on a well-documented anomaly in
financial markets known as momentum. Finally, we end this chapter by illustrating dif-

ferent ways of modeling portfolio risk.

2.1 Modern portfolio theory in a nutshell

Modern Portfolio Theory (MPT) is a compilation of tools and techniques by which a risk-
averse investor can construct an optimal portfolio. It comprises the Capital Asset Pricing
Model (CAPM), the efficient market hypothesis, and various quantitative portfolio con-
struction and optimization forms. Initially, in his seminal paper ‘Portfolio Selection,’
Markowitz (1952) introduced the foundations of MPT, mean-variance optimization, and
mean-variance analysis. The mean-variance analysis provides a framework to construct
and select portfolios based on the investments’ expected performance, as well as on the
investor’s risk aversion. Markowitz quantified the concept of diversification by using the
statistical notion of covariance between individual assets and the overall standard devia-
tion of a portfolio. Therefore, investing the capital in assets whose returns are highly cor-
related is not a preferable investment strategy because if any single asset’s performance
is poor, it is probable that these other assets will also perform poorly. This, in turn, leads
to the inferior performance of the whole portfolio. (Fabozzi, Focardi & Kolm 2010, 313—
314; Carl & Peterson 2014, 16-20.)

The mean-variance analysis can also be utilized to depict the efficient frontier. When
there are only risky assets, the mean-variance efficient frontier has a parabolic shape.
However, when a risk-free asset is added, the efficient frontier becomes linear, forming
the Capital Market Line (CML). The Markowitzian premise is that of a rational investor,
who at time t, determines what portfolio of investable assets to hold for a time horizon of
At. The investor decides on the gains and losses she will make at time t + At, without
contemplating eventual gains and losses during or after the period At. At time t + At,
the investor will re-examine the situation and decide anew. This one-period framework is
commonly known as myopic (or short-sighted) behavior. (Fabozzi et al. 2010, 314.)

It is further reasoned that investors should accept a trade-off between risk and expected
return (as indicated by indifference curves). The expected return of an asset is defined as
the expected price change plus any additional income over the time horizon considered

(e.g., dividend payments) divided by the beginning price of the security. Risk, in turn,
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ought to be measured by the variance of returns (i.e., the average squared deviation around
the expected return). Markowitz’s mean-variance approach is consistent with the ex-
pected utility maximization under certain assumptions, and it does not assume the joint
normality of security returns. For any given level of expected return, a rational investor
should choose the portfolio with minimum variance from amongst the set of all possible
portfolios (aka the feasible set). The set of all mean-variance efficient portfolios for dif-
ferent desired levels of expected return forms the efficient frontier. (Fabozzi et al. 2010,
314-315; see also Markowitz 1952; 1959; 1987; 1994 for more detailed expositions.)
Figure 2.1 provides a graphical illustration of the efficient frontier of risky assets (see
Wiirtz et al. 2015b, 22). Here, nine sectoral price indices are used to represent the Russian
equity market. The daily data has been downloaded from the Moscow Exchange, and it
covers the period from December 28, 2007, to September 7, 2017. These indices are
Chemicals (MCXchm), Consumer Goods and Services (MCXcgs), Electric Utilities
(MCXpwr), Financials (MCXfnl), Manufacturing (MCXmnf), Metals & Mining
(MCXm.m), Oil & Gas (MCXo.g), Telecoms (MCXtlc), and Transport (MCXtrn). (see
Moscow Exchange Equity Indices 2017; Subchapter 3.1.) By inspecting Figure 2.1, we
can see, for example, that as a separate investment, the chemicals sector has the highest
mean return (7), whereas the manufacturing sector has the lowest realized return. More-
over, the oil and gas sector has the highest risk, as measured by the standard deviation ()
of the return. In contrast, the consumer goods and services sector has the lowest standard
deviation among these risky assets. EWP denotes the Equal Weights Portfolio, which has

been constructed such that each asset in it has the same weight.
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From Figure 2.1, it can also be observed that the locus of this set in the {7, 7}-space
are hyperbolas. The set inside the hyperbola is the feasible set of mean/standard deviation
portfolios, and the two borders are the efficient frontier (the black upper border) as well
as the minimum variance locus (the grey lower border). The solid red dot, which divides
this curve into two parts, has the smallest risk on the efficient frontier, and it is called the
Global Minimum Variance Portfolio (GMVP). To the right, the feasible set is determined
by the envelope of all pairwise asset frontiers. Moreover, the region outside the feasible
set is unachievable by holding risky assets alone, and points below the frontier are subop-
timal. Thus, a rational investor will hold a portfolio only on the frontier. The straight blue
line, which represents reward/risk profiles of different combinations of a risky portfolio
with a riskless asset (with a certain rate of return 7¢), is the capital market line. Note that
here we assume a zero risk-free rate. The solid blue dot where the CML touches the effi-
cient frontier corresponds to the optimal risky portfolio, known as the tangency portfolio
point (or market portfolio, see Fama 1970). (Wiirtz et al. 2009, 225, 247.)

The presence of a riskless asset in a portfolio implies lending and borrowing cash at a
riskless rate. At least in the US markets, one might consider the riskless asset to be a zero-
coupon bond whose maturity matches the investment horizon (e.g., a short-term govern-
ment bill). Alternatively, savings accounts could represent investing in an asset with a
certain outcome. Thus, if borrowing (i.e., a short position) of the riskless asset is not al-
lowed, only the line segment between the riskless asset and points in the original feasible
set can be adjoined, but the line cannot be extended further. (Lyuu 2004, 462; Elton et al.
2014, 81-84; see also Damodaran 2002; 2008; 2010 for more details on estimating coun-
try-specific risk-free rates.)

The mathematics behind the mean-variance theory of portfolio selection can be briefly
presented as follows. First, let us assume that there are n assets with random rates of
return, 13,75, ..., . Thus, the expected values of these returns are 7; = E[r;]. If a portfolio
is formed of these n assets by using (capitalization) weights w, wo, ..., w,, the portfolio’s
rate of return is

=i + wery + o+ oty (2.1.1)

with mean 7 = )L, w;#; and variance
n

n n

o’ = Z z W;w;0;; = z w;w;jo;j + z w?o?, (2.1.2)

i=1j=1 %) i=1
where o represents the variance of 7; and g; ; represents the covariance between 7; and
7. It is clear that g;; = o/ . Note that if the objective were, for example, to construct a
minimum variance portfolio in the absence of a risk-free asset, one would then seek to

minimize Equation (2.1.2). (Lyuu 2004, 458; 460461, 463.)
The portfolio’s total risk (as measured by its variance) consists of two parts. Firstly,
Y.ixj W;w;0;;, the systematic risk associated with correlations between the returns on the

assets in the portfolio. Secondly, Y1, w?a, the specific or unsystematic risk associated
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with the individual variances alone. Every possible weighting scheme w4, w5, ..., w, with

* ,w; = 1 corresponds to a portfolio, with negative weights standing for short sales.
Naturally, the constraints w; = 0 can be added to exclude short sales. A portfolio w =
[wq, Wy, ..., w, T that satisfies all the specified constraints is termed a feasible portfolio.
If the returns of the assets are uncorrelated, i.e., 0;; = 0 for i # j, the variance of the
portfolio’s return decreases toward zero as n increases, provided that the portfolio is well
diversified. Correspondingly, it can be shown that when asset returns are correlated, and
the portfolio gets larger and is well diversified, the specific risk tends to zero, whereas
the systematic risk converges to the average of all the covariances for all pairs of assets
in the portfolio. (Lyuu 2004, 458-459.) Markowitz (1999, 8) calls this phenomenon the
law of the average covariance.

When there is a riskless asset, the minimum variance portfolios, which are now a com-
bination of the tangency portfolio and the risk-free asset, are superior to the portfolio on
the Markowitz efficient frontier for the same level of risk. Identifying the tangency port-
folio is computationally straightforward as it is the feasible point maximizing 6 =
(¥ —15)/0 (ie., the slope of the CML). More precisely, let us assign weights
W1, Wy, ..., Wy, to the n risky assets such that }}/-; w; = 1. Since the weight on the riskless
asset in the tangent fund is zero, we can see that ¥ —ry = }I; wi(fi - rf), and

0 Yi=1 ‘Ui(fi - Tf)
\/Z?:l Z}l=1 0;jw;Wj

It is also easy to verify that the tangency portfolio can be calculated directly from the

(2.1.3)

maximal Sharpe ratio optimization problem (see Sharpe 1994). (Lyuu 2004, 463; Fabozzi
et al. 2010, 323-324, 358; see also Dixit 1990 or Griva, Nash & Sofer 2009 for more
discussion on solving Markowitzian and other quadratic programming problems.)

Based on the above mean-variance analysis, it is straightforward to derive the Capital
Asset Pricing Model, which was initially developed by Sharpe (1964) but also inde-
pendently arrived at by Lintner (1965) and Mossin (1966). By definition, CAPM is a
market equilibrium model or a general equilibrium theory of the relation of prices to risk,
but it is usually applied to partial equilibrium portfolios. This can create severe problems
in valuation. (see Carl & Peterson 2014, 16.) Furthermore, although the CAPM has been
widely used by practitioners (Leland 1999), it should be emphasized that many of its
assumptions (e.g., normally distributed asset returns or quadratic utility functions) are
unrealistic. It is also implied that investors view upside and downside risks with equal
aversion. The list of critical remarks regarding the CAPM and its modifications is long
(see, e.g., Fama & French 1992; Campbell 1996; Malkiel & Xu 1997; Miller 1999;
Sharpe, Alexander & Bailey 1999; Haugen 2001; Brown & Walter 2013; Dempsey 2013;
Malkiel 2019). On the other hand, despite the controversies, the CAPM framework may
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justify passive or index investing by assuming that assets will rise or fall in price until
they are on the efficient frontier of the market portfolio (Carl & Peterson 2014, 20).

Indeed, prices should, in theory, adjust so that portfolios fall on the capital market line.
Individual risky assets and inefficient portfolios, in contrast, will plot below the line. As
the CML shows the return offered to compensate for a perceived level of risk, each point
on the CML is a balanced market condition (or equilibrium). The slope of the CML, also
known as the market price of risk, tells by how much the expected rate of return of an
efficient portfolio must increase if the standard deviation of that rate increases by one
unit. It can be further shown that the expected return on a portfolio is equal to the risk-
free rate plus a risk premium. The risk premium, in turn, is equal to the market price of
risk (as measured by the reward per unit of market risk) times the quantity of risk for the
portfolio (as measured by the standard deviation of the portfolio). (Fabozzi et al. 2010,
326; see also Fama 1968; Black 1993; Gray 1993 for more discussion on estimating ex-
pected return and risk premium.)

Although the capital market line relates the expected rate of return of an efficient port-
folio to its standard deviation, it does not show how an individual asset’s expected rate of

return relates to its risk. Therefore, we need the following theorem: If the market portfolio
M is efficient, the expected return 7; of any asset j satisfies 7; — 1y = ; (fM - rf), where

Bi =oju/ 0% and Ojm = Cov[rj,m]. In other words, beta (not volatility) measures an
asset’s risk, and it can be estimated by regressing the excess return on the asset against
the excess return on the market. The CAPM formula represents a linear relation between
beta and the expected rate of return for all assets, and when this relationship is plotted, it
forms the Security Market Line (SML). The market is the point at § = 1, and the method
of beating the market is to assume greater risk (i.e., beta). Note that the same arguments
apply even if there is no riskless asset. (Lyuu 2004, 465—466.)

Finally, to save space, we refer the interested reader to the following studies regarding
investment management. Firstly, risk-adjusted performance evaluation is discussed in
Modigliani and Modigliani (1997), whereas Gollinger and Morgan (1993) and Gyourko
and Keim (1993) demonstrate that the framework of modern portfolio theory can also be
applied to commercial bank loans and real estate, respectively. Jin, Markowitz, and Yu
Zhou (2006) show that the mean-semivariance efficient strategies, which correct for the
fact that variance penalizes over- and underperformance equally, are always attained in a
single period irrespective of the market condition or the security return distribution. Le-
land (1999), in turn, provides an approach beyond mean-variance analysis: He argues that
a simple modification of the CAPM beta can produce correct risk measurement for port-
folios with arbitrary return distributions, and the resulting alphas of fairly priced options,
as well as dynamic strategies, will be zero. This risk measure requires no more infor-
mation to implement than the CAPM.
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Furthermore, recall that in the Markowitzian portfolio theory, the portfolio allocation
depends upon the investor’s utility function. Stigler (1965) discusses the initial develop-
ment of the utility function, whereas Markowitz and van Dijk (2006, 180—184) and In-
fanger (2006, 209-214) illustrate further the use of various utility functions in the mean-
variance framework. Indifference curves, risk aversion, and investor risk preferences are
also addressed in Sharpe, Alexander, and Bailey (1999). As noted by Wilmott (1998,
538), the approach of choosing the optimal portfolio with the aid of a utility function is
particularly popular with economists. Economists also generally agree that a reasonable
utility function should display non-satiety, risk aversion, decreasing absolute risk aver-
sion, and constant relative risk aversion. It can be shown that the only utility functions
that satisfy all these desirable characteristics are the logarithmic function (log W) and the
power function (W177). (see Vander Weide 2010, 162.)

In practice, however, it can be challenging, or even impossible, to determine an inves-
tor’s actual utility function. For this reason, Roy (1952) argues that an investor, rather
than thinking in terms of utility functions, first wants to ensure that a certain amount of
the principal is preserved. After that, she decides on some minimal acceptable return that
achieves this principal preservation. This ‘safety-first’ approach can be seen to have laid
the seed for the development of downside risk measures, such as lower partial moment
(see, e.g., Bawa 1978; Nawrocki 1999; Fabozzi et al. 2010, 345-346). Correspondingly,
Kahneman and Tversky (1979) and Kahneman and Riepe (1998) consider investor psy-
chology and focus on studying loss aversion. Chelo (2000), in turn, demonstrates how
spreads can be used to profit from these kinds of behavioral ‘biases.’

In contrast to the classical mean-variance analysis, Luenberger (1998, Chapter 15)
considers the theory of ‘optimal portfolio growth’ and ‘log-optimal portfolios.” This long-
run growth rate maximization and the optimal investment amount is generally known as
the ‘Kelly criterion’ (see Kelly 1956). In turn, Baz and Guo (2017) describe and contrast
the mechanics of standard asset allocation models, including the utility-based, Marko-
witz, Kelly, risk parity, and fixed allocation approaches. They also identify the precise
conditions under which the models are equivalent. Recently, growth optimal investment
strategies have also been combined with state-of-the-art machine learning algorithms. For
more information on such approaches, see, e.g., Horvath and Urban (2010), Gyorfi, Ot-
tucsak, and Walk (2012), Li and Hoi (2012; 2014; 2016), Zhang et al. (2020), as well as
Zhang (2021). For example, the online portfolio selection strategies proposed by Li and
Hoi (2016) maximize the expected log return of a portfolio and aim for multiple-period
portfolio selection. For alternatives to the Kelly criterion, see, e.g., Browne (1999; 2000).
He finds a dynamic strategy that maximizes the probability of reaching a given wealth
level in a specified time and shows that this sizing strategy is equivalent to the hedging

strategy of a binary call (see also Sinclair 2013, 150—153 for a simple demonstration).
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2.2 Problems with the classical mean-variance optimization

Despite the theoretical simplicity and the intuitive appeal of the modern portfolio theory,
fundamental challenges are commonly encountered when applying it to real-world port-
folio construction. Indeed, the first issue with the mean-variance framework is that it re-
quires numerous parameters to be estimated (i.e., n for the expected returns of the assets
and n(n + 1)/2 for their covariances). Second, mean-variance optimization is generally
very sensitive to its inputs, and minor deviations often lead to significant changes in port-
folio weights. Essentially, this sensitivity problem is related to the fact that the mean-
variance optimizer does not know that the inputs are statistical estimates and not known
with certainty. In other words, it is implicitly assumed that inputs are deterministic and
available with great accuracy. (Fabozzi et al. 2010, 337.)

Furthermore, observations of the historical asset return data are needed to estimate the
expected return and the covariance matrix by the sample mean and sample covariance
matrix. Unfortunately, such a historical approach may lead to a counterintuitive or unsta-
ble outcome because statistical estimates are noisy and depend on the quality of the data
and the statistical techniques used. One may, for example, need to deal with missing or
truncated data (see Little & Rubin 2002; Stambaugh 1997, respectively). Indirectly, it is
also assumed that the past historical performance can predict the future, even though it is
well known that markets and economic conditions change throughout time. In general,
the estimation error is worsened for both the expected return and covariance estimators
when the number of historical return observations is small relative to the number of se-
curities. Respectively, it can be shown that only in the case of independent and identically
distributed (i.1.d.) time series are the sample mean and covariance estimator the maximum
likelihood estimators of the true mean and covariance (see, e.g., Hayashi 2000). Hence,
the forecasting power of sample mean and covariance estimators (as a forecast of ex-
pected return and risk) is typically poor, and modifications and extensions may be neces-
sary for practical applications. (Fabozzi et al. 2010, 331, 334-336, 341.)

Overall, several conclusions have been made in the literature regarding the above-
mentioned issues. Firstly, uncertainty from estimation error in expected returns tends to
have more influence than in the covariance matrix in the mean-variance allocation process
(see, e.g., Best & Grauer 1991; 1992). Indeed, although the relative importance depends
on the investor’s risk aversion, errors in the expected returns are generally about ten times
more critical than errors in the covariance matrix, whereas errors in the variances are
about twice as important as errors in the covariances (Chopra & Ziemba 1993, 7). As the
risk tolerance increases, the relative impact of estimation errors in the expected returns
becomes even more important. Therefore, the primary focus should be on providing good

estimates for the expected returns, followed by the variances. Due to the ‘error maximi-
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zation’ property, MV optimization significantly overweights (underweights) those secu-
rities that have large (small) estimated returns, negative (positive) correlations, and small
(large) variances (Michaud 1989, 33—-34). Hence, mean-variance optimized portfolios are
not necessarily well-diversified since they often consist of a few large and many small
positions (Jorion 1985, 261). It has also been documented that equally-weighted portfo-
lios often outperform mean-variance optimized portfolios (see, e.g., Jobson & Korkie
1981; DeMiguel, Garlappi & Uppal 2009). (see also Fabozzi et al. 2010, 365.)

To some extent, the issue related to parameter uncertainty can be mitigated by using
robust or stable estimators of location (1) and scatter (o) (see, e.g., Huber 1981; Welsch
& Zhou 2007; Maronna et al. 2019). Another popular approach has been to generate ex-
pected return forecasts using different factor models based on Arbitrage Pricing Theory
(Ross 1976) (see, e.g., Duffie 1988; Luenberger 1998). Naturally, the utilization of factor
models also helps to reduce the dimensionality of the portfolio optimization problem (see,
e.g., Chan, Karceski & Lakonishok 1999). Aguilar and West (2000), in turn, suggest fore-
casting the covariance matrix using dynamic factor models, which are direct generaliza-
tions of univariate stochastic volatility models, as opposed to generalized ARCH structure
(cf., e.g., Demos & Sentana 1998; Engle & Sheppard 2001). Finally, Elton et al. (2014)
demonstrate that, in the case of single-factor models, the resulting simple covariance ma-
trix leads to very efficient portfolio selection algorithms.

An alternative approach to mitigate the problems of the classical mean-variance allo-
cation process has been to utilize Bayesian or shrinkage estimators (see, e.g., Jorion 1986;
Black & Litterman 1992; Kandel & Stambaugh 1996; Pastor 2000; Pastor & Stambaugh
2000; Ledoit & Wolf 2003; 2004; Garlappi, Uppal & Wang 2006). As noted in Black and
Litterman (1992, 28, 30, 33), investors using the standard model must translate their views
into a complete set of expected excess returns on assets that can be used as a basis for
portfolio optimization. In addition to the practical estimation difficulties, this model can-
not distinguish strongly held views from auxiliary assumptions, and the optimal portfolio
it generates often appears to bear little or no relation to the views the investor wishes to
express.

On the other hand, a Bayesian framework can be utilized to incorporate the investor’s
prior degree of confidence, e.g., in an asset pricing model. For example, in the model
proposed by Kandel and Stambaugh (1996, 349), a Bayesian investor uses the sample
evidence to update prior beliefs about the regression parameters and then uses these re-
vised beliefs (Bayesian posterior distributions) to compute the optimal asset allocation.
Similarly, Pastor (2000, 181) proposes an approach that shrinks the sample mean toward
their values implied by the CAPM. The extent of deviations from the model depends on
the strength of the violations of the model in the data and on the investor’s degree of

confidence in the model. Shrinking the sample mean tends to reduce the sensitivity of the
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optimal weights to the sampling error. Thus, the weights have less extreme values and
less variability than in the data-based approach (see, e.g., Larsen & Resnick 2001).

Several other shrinkage (i.e., averaging) approaches have also been suggested. For in-
stance, Jorion (1986) develops a so-called ‘Bayes-Stein’ estimator for the expected return,
which shrinks toward the return of the global minimum variance portfolio. Ledoit and
Wolf (2003; 2004), in turn, analyze optimal shrinkage intensity and utilize a covariance
matrix that follows from the single-factor model developed by Sharpe (1963) or the con-
stant correlation model (cf. Elton & Gruber 1973). The authors observe that there is about
four times as much estimation error present in the sample covariance matrix as there is
bias in the single-factor covariance matrix. The results of Ledoit and Wolf (2003; 2004)
demonstrate that when it comes to computing a GMV portfolio, shrinkage estimators are
superior compared to, e.g., statistical and fundamental factor models. (see also Martellini
& Ziemann 2008, 3, 6, 10; Fabozzi et al. 2010, 337-342, 371-373.)

However, it is worth noting that an opposite conclusion is made in Disatnik and Ben-
ninga (2007, 62): They find, quite surprisingly, that while portfolios of estimators (see,
e.g., Bengtsson & Holst 2002), as well as shrinkage estimators of the covariance matrix,
are undeniably better than the simple sample covariance matrix estimator, there are no
statistically significant differences in portfolio performance over time between stock port-
folios constructed using simple portfolios of covariance matrix estimators and stock port-
folios constructed using more sophisticated shrinkage estimators of the covariance ma-
trix, at least when monthly data is used, and no short-sale constraints are imposed.

Based on these previous papers, Garlappi et al. (2006) examine the normative impli-
cations of parameter and model uncertainty for asset allocation, using a model that allows
for multiple priors and where the decision-maker is averse to ambiguity. The authors
characterize the multiple priors by a ‘confidence interval’ around the estimated expected
returns and model ambiguity aversion via a minimization over the priors. Their empirical
analysis suggests that, compared with portfolios from classical and Bayesian models, am-
biguity-averse portfolios are more stable over time and deliver a higher out-of-sample
Sharpe ratio.

Interestingly, Kan and Zhou (2007) find that with parameter uncertainty, holding the
two-fund portfolio consisting of the sample tangency portfolio and the riskless asset is
never optimal, and an investor can benefit by holding some other risky portfolios that
help reduce the estimation risk. More specifically, the authors show that a so-called three-
fund portfolio, which optimally combines the riskless asset, the sample tangency portfo-
lio, and the sample global minimum-variance portfolio, dominates the two-fund portfolio.
In contrast, Brandt, Santa-Clara, and Valkanov (2009) propose a methodology where par-
ametric portfolios are chosen by modeling the portfolio weight directly in each asset as a
function of the stock-return characteristics, such as book-to-market ratio, size, and mo-

mentum. This computationally simple approach appears to produce sensible portfolio
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weights and offer robust performance in- and out-of-sample, as opposed to the traditional
Markowitz approach. Finally, Filomena and Lejeune (2012, 212) address the issue of es-
timation risk by arguing that investors would rather trade off some return for more safety
and construct a portfolio that performs well under a wide set of circumstances. For this
reason, the authors focus on stochastic optimization techniques and propose a probabilis-
tic version of the Markowitz model in which the incomplete knowledge of the return
behavior is taken into account by modeling the asset returns as random variables.

Studies have also shown that the inclusion of constraints in the mean-variance optimi-
zation problem may improve risk-adjusted out-of-sample performance (see, e.g., Frost &
Savarino 1988; Grauer & Shen 2000; Clarke, de Silva & Thorley 2002). Practitioners
often use no short-selling constraints or upper and lower bounds for each security to avoid
overconcentration in a few assets. Jagannathan and Ma (2003) illustrate further that the
no short-selling constraints are equivalent to reducing the estimated asset covariances,
whereas upper bounds are equivalent to increasing the corresponding covariances. More-
over, solving the global minimum variance portfolio problem with some constraints on
weights is equivalent to using a shrinkage estimate of the covariance matrix. However, if
the constraints used for stability and robustness purposes are too tight, they will com-
pletely determine the portfolio allocation and not the forecasts. (Fabozzi et al. 2010, 365—
366; see also Roncalli 2010 for more discussion on the impact of weight constraints in
portfolio theory.) Recently, there have also been investigations on the performance of
portfolios generated by stochastic programming with multivariate second-order stochas-
tic dominance constraints (see Meskarian, Fliege & Xu 2014). These optimization prob-
lems are essential in multi-criterion decision-making since each component of vectors
can be interpreted as the uncertain outcome of a given criterion. Promisingly, the results
by Meskarian et al. (2014, 113) suggest that their portfolio strategy significantly outper-
forms the portfolio generated by the Markowitz model.

Data frequency (or the length of the estimation period) is another crucial part of the
accuracy of mean-variance optimization. Merton (1980) shows that even if the expected
returns were stationary (i.e., constant over time), an exceedingly long history would still
be required to estimate them accurately. It is also well-known that the sample mean is the
Best Linear Unbiased Estimator (BLUE) of the population mean for distributions that are
not heavy-tailed. In such a case, the sample mean exhibits a property stating that an in-
crease in the sample size always improves its performance. (Fabozzi et al. 2010, 336.)
However, these results are no longer valid under extreme thick-tailedness (see, e.g., Ibra-
gimov 2007).

The situation is quite different for variances and covariances: Butler and Schachter
(1986) point out that when historical data is used for volatility forecasting purposes, the
bias found in the estimator tends to increase with the sample length. On the other hand, it

can be problematic to use information based on too short time periods because, in such a
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situation, the volatility estimator often becomes highly sensitive to short-term regimes,
such as over- and underreaction corrections. Although an increase in the sampling fre-
quency may improve estimates of these quantities under reasonable assumptions, such
high-frequency or tick-by-tick data needed is rarely available for free. (Fabozzi et al.
2010, 341-342.) Therefore, as discussed in Garman and Klass (1980), a natural compro-
mise could be to employ data based on the historical opening, closing, high and low
prices, and transaction volume. On the other hand, authors such as Litterman and Win-
kelmann (1998), De Santis et al. (2003), and Pafka, Potters, and Kondor (2004) argue that
weighted data should be used to account for the fact that as the market changes, more
importance should be given to more recent information. In any case, it seems reasonable
to test the estimator of the covariance matrix (or the expected return) for the specific asset
classes and dataset with which a practitioner is dealing before adopting it for portfolio
management purposes (Fabozzi et al. 2010, 340). For example, autocorrelation and het-
eroskedasticity, which are commonly found in financial return series (see, e.g., Campbell,
Lo, and MacKinlay 1997), introduce biases in the estimated covariance matrix. Fortu-
nately, techniques such as ‘Newey-West corrections’ (Newey & West 1987) can correct
these biases even in the portfolio construction context (see Rab & Warnung 2011).

Instead of using improved estimators, estimation errors can also be incorporated di-
rectly into the optimization process by utilizing robust portfolio optimization techniques
(see, e.g., Ben-Tal & Nemirovski 1998; Tiitiincli & Koenig 2004; Ceria & Stubbs 2006;
Todorov & Filzmoser 2009; Scherer 2010; Cornuéjols, Pefia & Tiitiincii 2018 for detailed
expositions). In brief, the uncertain parameters in the optimization problem are assumed
to vary in prespecified uncertainty sets that are selected based on statistical techniques
and probabilistic guarantees. Under certain conditions, it can be further shown that the
optimal portfolio weights using robust optimization are a linear combination of the
weights of the minimum variance portfolio and a mean-variance efficient portfolio with
speculative demand. Thus the implied expected return is equivalent to the expected return
obtained using a shrinkage estimator with certain weights. (see Scherer 2007 for the
proof.) As noted by Fabozzi et al. (2010, 395, 411-412, 418), investors using robust port-
folio optimization formulations are likely to trade off the optimality of their portfolio
allocation in cases where nature behaves as they predicted for protection against the risk
of inaccurate estimation. Thus, investors using such techniques should not expect to out-
perform classical optimization when estimation errors have little impact or when typical
scenarios occur. However, they should expect insurance in scenarios where their esti-
mates deviate from the actual realized values to the amount they have prespecified in the
modeling process.

The robustification framework has been widely studied in the literature. For example,
Goldfarb and Iyengar (2003) propose a robust portfolio selection model where the mean

return vector and the covariance matrix (i.e., the market parameters) lie in known and
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bounded uncertainty sets. The authors then compute a portfolio by solving a max-min
mean-variance problem assuming the worst-case behavior of the parameters. Erdogan,
Goldfarb, and Iyengar (2003) demonstrate further how robust optimization-based tech-
niques can be utilized to immunize the active portfolio selection problems to perturbations
in parameter values. Bonami and Lejeune (2009), in turn, show that robust constraints
can extend the standard MV portfolio optimization model. In their exact solution ap-
proach, integer trading restrictions and the uncertainty in the estimate of the expected
returns are simultaneously considered (see also Uryasev 2013; Drewes 2016 for practical
applications based on this model). Finally, Shaw (2011) illustrates that robustification is
possible even when using Monte Carlo sampling of random portfolios to solve investment
problems.

All these various approaches can be, to some extent, supported by empirical findings.
For example, Ceria and Stubbs (2006, 126) observe that portfolios constructed using ro-
bust optimization typically outperform those created using traditional mean-variance op-
timization in terms of annualized returns. Similarly, Tiitlincii and Koenig (2004, 183) find
that the worst-case behavior of portfolios of different asset classes can be improved sig-
nificantly using robust asset allocation methods. Robust efficient portfolios also remain
relatively unchanged and stable over long periods of time, although they may be concen-
trated on a small set of asset classes. On the other hand, Scherer (2007, 386) argues that
robust optimization underperforms traditional MV optimization in terms of expected util-
ity if investors show little risk aversion but high uncertainty aversion. Finally, El Ghaoui,
Oks, and Oustry (2003, 555) consider the problem of optimizing the worst-case Value-
at-Risk when the distribution of returns is partially known in the sense that only bounds
on the mean and covariance matrix are available. They note that data errors dramatically
impact the VaR if the nominal portfolio (i.e., the one resulting from the assumption that
the data are error-free) is chosen instead of an optimally robust portfolio.

Since expected returns can rarely be estimated with enough accuracy, several authors
have chosen to drop them altogether and focus only on the covariance matrix. This has
led to risk-based asset allocation approaches, of which ‘risk parity’ is a prominent exam-
ple. By definition, the risk parity approach aims to construct portfolios where the overall
risk is diversified by allocating the risk equally across different securities or investment
strategies. The portfolio risk and the risk contributions are typically calculated from the
variance and covariance estimates of their future returns. As argued in Kolm, Tiitiincti,
and Fabozzi (2014, 365), risk parity portfolios have appealing properties that make them
appropriate choices for investors looking for diversified portfolios. For example, Mail-
lard, Roncalli, and Teiletche (2010) have shown that a risk parity portfolio’s volatility is
located between those of minimum variance and equally-weighted portfolios and that it
is a good trade-off between those approaches in terms of the absolute level of risk, risk

budgeting, as well as diversification. Furthermore, Asness, Frazzini, and Pedersen (2012)
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find that risk parity portfolios overweight safer assets relative to their weights in the mar-
ket portfolio and that risk parity portfolios can be leveraged to achieve the same risk as
to the market portfolio and a higher expected return. Anderson, Bianchi, and Goldberg
(2012) continue by noting that although unlevered risk parity strategies have high Sharpe
ratios and their performance improves in turbulent periods, a risk parity strategy levered
to match market volatility underperforms the market based on both return and risk-ad-
justed return after accounting for borrowing and trading costs. (see also Kaya & Lee 2012;
Jurczenko 2015 for more discussions.)

Unfortunately, dropping the forecasts on returns improves but does not prevent the
instability issues. This is because quadratic programming methods require the inversion
of a positive-definite covariance matrix. It can be shown that this inversion is prone to
large errors when the covariance matrix is numerically ill-conditioned, i.e., when it has a
high condition number. The condition number rises quickly if correlated (multicollinear)
assets are added, and, as the size of the covariance matrix increases, each covariance co-
efficient is estimated with fewer degrees of freedom. Hence, at some point, the benefits
of diversification are more than offset by estimation errors. (Lopez de Prado 2018, 222—
223; see also Bailey & Lopez de Prado 2012.)

In order to address these concerns, Lopez de Prado (2016; 2018) proposes a novel
approach called Hierarchical Risk Parity (HRP), which applies graph theory and machine
learning-based tree structures to build a diversified portfolio based on the information
contained in the covariance matrix. Unlike quadratic optimizers, HRP does not require
the invertibility of the covariance matrix, meaning that it can compute a portfolio on an
ill-degenerated or even a singular covariance matrix. The author’s Monte Carlo experi-
ments show that HRP delivers lower out-of-sample variance than the classical Mar-
kowitzian optimization approach and produces less risky portfolios compared to tradi-
tional risk parity methods. (see Lopez de Prado 2018, 221-223, 236-238.) Further support
for these claims is provided in Raffinot (2018), who finds that HRP portfolios yield at-
tractive risk-adjusted returns and match with volatility targets much better than minimum
variance portfolios. Subsequently, Jain and Jain (2019) discover that HRP is less sensitive
to covariance misspecification when compared with minimum variance or maximum di-
versification portfolio, while it is not as robust as the inverse volatility weighted portfolio.

Still another fascinating perspective to investment management is presented in Mar-
tellini and Ziemann (2008, 3). They argue that, as most asset returns exhibit deviations
from normality, optimal portfolio selection techniques should involve higher-order co-
moments of asset return distribution as inputs, in addition to the covariance matrix. It has
also been documented that investors typically exhibit non-trivial preferences with respect
to portfolio higher-order moments, i.e., skewness and kurtosis (see Scott & Horvath
1980). However, given the enormous increase in dimensionality involved in higher-order

moment parameter estimation, it is challenging to efficiently implement such an alleged
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improvement over the classical mean-variance portfolio selection in practical situations.
Nevertheless, various proposals have been made. For example, Harvey et al. (2010) fol-
low a Bayesian decision-theoretic framework that addresses the ability to handle higher
moments and parameter uncertainty. A comparison to other methods where parameter
uncertainty is either ignored or accommodated in an ad hoc way shows that such an ap-
proach can lead to higher expected utility than, e.g., the resampling methods (see Michaud
1998). On the other hand, the approach proposed by Harvey et al. (2010, 482) has several
limitations. Most notably, the authors’ framework is applied only to in-sample portfolio
selection, and the examined portfolio choice problem is a static one, as opposed to a dy-
namic asset allocation problem with varying portfolio weights. Note that we return to this
issue in Subchapter 3.3, where we show that the impact of higher-order moments of asset
returns on portfolio selection techniques can alternatively be assessed by utilizing a sta-
tistical factor model.

Finally, it is worth mentioning that there are also multi-period extensions of mean-
variance optimization. Unlike single-period portfolio choice policies, those can incorpo-
rate intertemporal effects such as changing market conditions, market impact costs, hedg-
ing needs, and alpha decay. As discussed in Kolm et al. (2014, 368-369), return predict-
ability and market impact give rise to intertemporal hedging demands for securities, and
investors need to look beyond just the next period when optimally allocating across assets.
For example, market impact costs from trades in the current period may affect prices in
later periods. Without going into technical details, it can be shown that since the multi-
period portfolio optimization problem is typically formulated as a Linear-Quadratic-
Gaussian (LQG) control problem, the optimal trade is proportional to the difference be-
tween current portfolio holdings and dynamically modified optimal target portfolio.
Hence, portfolios are moving targets that are optimally tracked to balance the trade-off
between risk-adjusted returns and trading costs while accounting for the persistence ef-
fects of both. However, there are several reasons why practitioners typically resort to
single-period models to rebalance the portfolio from one period to another. For instance,
it is well-established that accurate estimation of returns and risk is exceedingly tricky,
especially for multiple periods. Moreover, the most common existing multi-period mod-
els do not handle real-world constraints. An interesting exception here is provided by
Kolm and Ritter (2015): They present a new theoretical framework for multiperiod opti-
mization with transaction costs and constraints, which recasts the problem as an estima-
tion of a hidden state sequence in a Markov chain. (see also Garleanu & Pedersen 2013;

Boyd et al. 2014 for more discussion on multiperiod portfolio selection.)
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2.3 Black-Litterman model and its variations

In this subchapter, we focus more closely on the Black-Litterman (BL) model and its
variants because, as we see in Subchapters 3.4-3.5, it can provide a versatile framework
for constructing tactical asset allocation strategies exploiting, e.g., different anomalies or
time-series forecasts. Moreover, as argued by Idzorek (2007, 37), the BL model can over-
come some of the well-known weaknesses of mean-variance optimization, namely unin-
tuitive and highly concentrated portfolios, input-sensitivity, and estimation error maximi-
zation.

During the thirty or so years since the original papers by Black and Litterman (1991ab;
1992), many authors have published research referring to their model as Black-Litterman,
even though these models’ formulations may not be based on the same underlying prin-
ciples as the ‘canonical model.” According to Walters (2014, 2), this canonical model
makes two notable contributions to the problem of portfolio selection: First, to improve
the estimation of asset returns and shrinkage, ‘reverse optimization’ can be used to gen-
erate a stable distribution of returns from the prior equilibrium market portfolio. Second,
the canonical model provides a quantitative framework for specifying the investor’s rel-
ative or absolute views on some or all of the expected returns and a way to combine those
views with prior information to arrive at a new combined distribution. The investor can
also control how strongly a view influences portfolio weights, in conformity with the
degree of confidence with which she holds the view. Finally, it is assumed that Gaussian
probability distribution is suitable for the means of the random components. (see Black
& Litterman 1992, 1-2, 28, 33-35.)

Mathematically, the Black-Litterman expected returns formula is a confidence-
weighted linear combination of market equilibrium and the expected return implied by
the investor’s views, and it can be expressed as follows:

fg, = [(2) 1+ PO P 1(xX) N+ [(x2) 1 + P'Q7IP] L [P'Q 7P|, (2.3.1)
or, equivalently,
g, = [(X) 1+ P Q7P (X))~ + P'Q71q], (2.3.2)
where

X is the N X N covariance matrix of returns.

Ilis [I14, ..., [Iy]" and stands for the vector of expected (excess) returns. It can be com-

puted from historical returns or from an equilibrium model such as the CAPM or a

multifactor pricing model based on the APT. Idzorek (2007, 19-20) shows that this

vector of implied excess (or mean) equilibrium returns can be extracted from known
information. In other words, Il = AXw,,;;, where 4 is the risk-aversion coefficient,

and w,,,;; 1s the market capitalization weight (N X 1 column vector) of the assets. The
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scaling factor, 4, can be estimated by dividing the expected excess return by the port-
folio variance, and thus the weighted reverse optimized excess returns equal the spec-
ified market risk premium (see also Grinold & Kahn 2000).

T is a scalar representing the confidence in the estimation of the market prior. In other
words, it measures the uncertainty of the equilibrium variance.

q is a K-dimensional vector of K investor views (i.€., a vector of the estimated excess
returns for each view).

Pisa K X N ‘pick’ matrix of the asset weights within each view. For a relative view,
the sum of the weights will be zero, and for an absolute view, the sum of the weights
will be one. Different methods have been proposed to compute these weights: For ex-
ample, He and Litterman (2002) and Idzorek (2007) use a market capitalization-
weighted scheme, whereas Satchell and Scowcroft (2000) use an equal-weighted
scheme. Litterman (2003, 82) assigns a percentage value to the assets in question. In
practice, weights will be a mixture depending on the process used to estimate the view
returns (Chan 2017, 137).

Qis a K X K matrix of the covariance of the views (i.e., it expresses the confidence in
the investor’s views).  is often assumed to be diagonal, meaning that investor views
are assumed to be independent (see, e.g., He & Litterman 2002, 4). However, alterna-
tive approaches have been proposed for calibrating Q (Allaj 2013, 224): For example,
Meucci (2007, 430—431) writes this uncertainty matrix as = (% - 1) PXP’, where ¢

is a positive scalar. In his parameterization, the scalar ¢ tweaks absolute confidence in
the investor’s skills. The case ¢ — 0 gives rise to an infinitely dispersed distribution
of the views (i.e., the investor’s views have no impact). The case ¢ = 1 gives rise to
an infinitely peaked distribution of the views (i.e., the investor is entirely trusted over
the official market model). Thus, the case ¢ = 1/2 corresponds to the situation where
the investor is trusted as much as the official market model.
The covariance of the Black-Litterman estimator of expected returns is given as:
[(z2)"1+ P’QP] Y, (2.3.3)
and it can be used as an approximation for the estimation error covariance matrix X,. It
is worth noting that since security returns are correlated, views only on a few assets will
imply changes to the expected returns on all assets. Any estimation errors are also spread
out over all assets, which makes the BL expected return vector less sensitive to errors in
individual views. Such an effect contributes to the mitigation of estimation risk in the
optimization process. (Fabozzi et al. 2010, 375-382, 404, 412; see also Chan 2017, 143—
144, 136137, 182 for the complete derivation of the BL ‘master formula.”)
Unfortunately, the original formulation of the Black-Litterman model raises a typical
practical issue, which is the curse of dimensionality. This is because the posterior covar-
iance matrix produced by the BL model is a fully populated numerical matrix. In order to

reduce the dimensions, Cheung (2010, 237-239) recommends an analysis based on sorted
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eigenvalues (i.e., an eigensystem analysis). This solution obtains a sparse matrix repre-
sentation by utilizing the principal component approximation. Alternatively, it would be
possible to rank the securities according to the posterior estimates and reduce the universe
before optimization. On the plus side, the normality and linearity assumptions of the BL
model allow an analytical solution to the optimization problem, meaning that the imple-
mentation can be efficient. Moreover, since the outputs are in the form of explicit return
forecasts together with a covariance matrix, a standard mean-variance optimizer can pro-
duce robust allocations due to the shrinkage effect.

Another well-known practical issue is the correct setting of the confidence parameter
T, as there seems to be no consensus of its calibration in the literature (see, e.g., Allaj
2013, 219, 229; Walters 2014, 22-25). For example, Chan (2017, 150) argues that since
TX is analogous to the standard error, one should set fau inversely proportional to the
number of the available observations, i.e., T = 1/T (the maximum-likelihood estimator),
or T = 1/(T — k) (the best quadratic unbiased estimator), where T is the number of sam-
ples and k is the number of assets. According to Walters (2014, 24), this technique is
consistent with several papers indicating that the used values of T are small and typically
on the range of (0.025,0.05) (see, e.g., Black & Litterman 1992; He & Litterman 2002;
Idzorek 2007). Beach and Orlov (2007, 162) continue by showing that the highest port-
folio variance and the most extreme allocations occur when 7 is set to 0.01 or higher.

It is worth noticing that, when the so-called Alternative Reference Model is used, the
meaning and impact of the parameter T deviate from the Canonical Reference Model (see,
e.g., Walters 2014, 3—4, 20-25; Chan 2017, 143, 146—-150, 189). Mathematically, the def-
inition of the expected returns changes from E(r) ~ N (I, (1 + 7)) to E(r) ~ NV (, X).
This means that the Alternative Reference Model does not consider the market mean a
random variable and does not include updating the covariance of the estimates. The first
example of such a model is provided by Satchell and Scowcroft (2000, 138—141): In their
analysis, point estimates are used, and T, which now acts as a known scaling factor, is set
to one. Therefore, the BL model is treated as a shrinkage or mixing model. Satchell and
Scowcroft (2000, 144—145) also formulate T as an unknown and stochastic parameter, but
this method is challenging to implement due to the additional parameters introduced. The
second example is presented by Meucci (2008a, 7-8): In his modification, T is not in-
cluded, and views are formed directly on market realization rather than the mean (see also
Gochez 2015; Pfaff 2016, 291).

Further insights into an appropriate T value-setting are also provided by Allaj (2013):
He develops an econometric estimation procedure that captures the serial, cross, and
cross-lag correlations of the excess returns and yields a suitable and consistent point es-
timate of T. The estimated parameter 7 is also allowed to take any value, not only values
in [0,1]. Although the posterior expected excess returns obtained with this reformulated

BL model can be significantly different from those obtained with the original BL model,



42

Allaj (2013, 238, 244-246) argues that the utilization of such an approach may lead to
more diversified portfolios. Tee, Huang, and Lim (2017, 126-128, 130-131), in turn,
show that the BL model’s uncertainty factor and idiosyncratic risk aversion, which are
arbitrarily fixed in most applications, are related to the Sharpe ratio and Value-at-Risk
(i.e., tail risk) of the active portfolio. The other observation made by the authors is that
these parameters are not entirely exogenous but are connected closely to the investor’s
inputs of subjective expected returns and the degree of confidence over these beliefs.
Hence, the BL model can become internally consistent if the parameter calibrations are
unified with performance and risk measures.

Overall, the original BL model and its several modifications and extensions have been
widely applied in the literature. For instance, it has been demonstrated that the model can
incorporate other asset classes beyond equities and bonds (see, e.g., Black & Litterman
1991; Bevan & Winkelman 1998). He and Litterman (2002), in turn, measure the impact
of each view on the final posterior weights, whereas Fusai and Meucci (2003) quantify
the statistical difference between the posterior return estimates and the prior estimates.
Pézier (2007) processes full and partial views on expectations and correlations by least
discrimination, while Idzorek (2007) presents a method for assessing the variance of the
views. Braga and Natale (2007) calibrate the uncertainty in views by utilizing a measure
for the marginal contribution of each view to the ex-ante Tracking Error Volatility (TEV).
In contrast, da Silva, Lee, and Pornrojnangkool (2009) apply the BL model to active port-
folio management by maximizing the portfolio’s total return with a penalty on the track-
ing error.

Furthermore, Fabozzi et al. (2010, 384, 394) show that factor models and simple rank-
ing models can be simultaneously incorporated into the Black-Litterman model. Simi-
larly, Krishnan and Mains (2005) include in the B model factors that are not priced in
the market (such as a recession indicator), whereas Figelman (2017) applies the BL
framework with a factor structure to multi-asset portfolios (see also Jones, Lim & Zangari
2007). Almgren and Chriss (2004, 2005), in turn, express ‘lax’ views (e.g., ranking) on
expectations in a framework similar to the BL model. Finally, Babameto and Harris
(2008) develop forecasting models for zero-investment value and momentum strategies
and incorporate the predictions from these models into the BL approach. They also show
that such an approach can outperform the benchmark market index, even in the presence
of substantial transaction costs.

With respect to risk modeling, Giacometti et al. (2007) employ more realistic models
for asset returns (such as Student’s t) and extend the BL model to the stable distribution
family. The authors also solve the portfolio allocation problem for various risk measures,
including dispersion-based risk measures, Value-at-Risk (VaR), and Conditional-Value-
at-Risk (CVaR). Martellini and Ziemann (2007) apply the BL model to portfolio con-

struction in the presence of non-trivial preferences about higher moments of asset return
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distributions and use VaR as the objective function. Lejeune (2011) proposes a Value-at-
Risk Black-Litterman model that accounts for the VaR and various trading constraints.
He then uses this approach to construct fund-of-funds that embed an absolute return strat-
egy.

Much attention has also been paid to incorporating volatility forecasts into the BL
model. For example, Satchel and Scowcroft (2000) derive a model where an investor can
present views on global volatility, while Qian and Gorman (2001) propose a similar ap-
proach based on conditional distribution theory. In the setting used by Beach and Orlov
(2007, 148-149), an exponential GARCH-in-Mean model is employed to produce esti-
mates on expected returns and variances. The authors argue that the returns of their port-
folio were able to surpass those of portfolios that rely on market equilibrium weights or
Markowitz-optimal allocations because the asymmetric GARCH models can systemati-
cally capture many regularities of stock returns. These findings are in line with Duqi,
Franci, and Torluccio (2014), who also utilize the EGARCH-M model to generate views,
and observe that greater reliance on the implied BL excess returns improves the risk-
return ratio.

Furthermore, Palomba (2008) provides an empirical model for large-scale tactical as-
set allocation with multivariate GARCH estimates, given a tracking error constraint. In
his paper, the BL approach is utilized to manage the selected portfolio by combining in-
formation taken from the time-varying volatility model with personal views about asset
returns. Wang (2010, 391), in turn, incorporates the BL model with Markov regime-
switching in GARCH processes (MRS-GARCH) so that the forecasts from the MRS-
GARCH model represent the investor’s views. This allows him to study the impact of
volatility shifts between two regimes on a dynamic asset allocation strategy. Ammann
and Verhofen (2006) demonstrate further that high-variance and low-variance regimes
exhibit significantly different optimal allocations both in value and momentum stocks,
implying that allocation decisions based on variance can be considered beneficial.

On a different note, Rebonato and Denev (2013) highlight the possible instability is-
sues of the Black-Litterman framework caused by Bayesian inference. More specifically,
the authors present subjective views about mean asset returns as well as co-dependencies
and use ‘Bayesian nets’ as tools since they can deal consistently and coherently with sce-
nario analysis and stress events. Rebonato and Denev (2013) then compare the original
BL solution to a geometric version of mean-variance optimization and show that by uti-
lizing the latter approach, it is possible to have stable and well-behaved weights while
remaining closer than the BL model to the investor’s views. They also find that the inclu-
sion of low-probability tail events plays an important role in portfolio optimization. (see
Rebonato & Denev 2013, 5, 76, 83, 90, 465 for more details.)

More criticism against the Black-Litterman model has been presented by Michaud,
Esch, and Michaud (2012). They show that constrained BL is identical to Markowitz and
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that portfolios based on Monte Carlo resampling methods are better diversified and risk-
managed under identical inputs and optimality criteria. Correspondingly, Meucci (2005,
2) notes that the BL approach suffers at least from two drawbacks. Firstly, the assumption
that both the market prior and the investor’s views are normally distributed is too strong
in most contexts. Fortunately, this normality assumption can be overcome within the BL
framework if one accepts numerical results instead of closed analytical formulas. The
second problem is related to the fact that the investor is supposed to express views on the
parameters determining the market distribution instead of the possible realizations of the
market. The dichotomy between the subjective views and the prior market distribution
can be solved by utilizing the so-called ‘opinion pooling’ approach, which extends the
BL methodology to generic non-normal market distributions and non-normal views. It
also allows one to determine the marginal distribution of each view separately, and the
joint co-dependence (i.e., the copula) is directly inherited from the prior market structure
among the views. With a suitable change of coordinates, the joint distribution of the views
can then be translated into a joint posterior distribution for the market. (Meucci 2005, 2—
5; see also Genest & Zidek 1986; Clemen & Winkler 1999; Meucci 2006 for more dis-
cussion on opinion pooling methods.)

Meucci (2005, 11-14) empirically examines his model in a fat-tailed, skewed, and
highly dependent market, where the views are expressed as uncertainty ranges. He finds
that the opinion pooling posterior represents a gentler modification of the prior than the
BL posterior, resulting in a less pronounced twisting of the optimal allocations in a port-
folio optimization context. However, unlike in the BL model, where the posterior distri-
bution is again normal, in the opinion-pooling approach, the posterior can be highly non-
symmetrical. Hence, asymmetries and tail risk can come to play a significant role, and
the mean-variance optimization technique can become highly sub-optimal. To overcome
this issue, Meucci (2005) proposes the use of the ‘expected return — expected shortfall’
approach of Rockafellar and Uryasev (2002), in which the riskiness of an allocation is
evaluated in terms of its ES (CVaR).

Subsequently, Meucci (2008a, 9—10; 2008b, 1-2) proposed a fully general BL ap-
proach called Entropy Pooling (EP) and showed that it could handle, e.g., non-normal
reference risk models, non-linear views on various features (such as medians, volatilities,
tail behaviors, tail co-dependence, copula, marginal distributions, joint distribution, et
cetera), relative ranking and ordering information, simultaneous inputs from multiple us-
ers with different confidence levels, as well as scenario analysis, correlation stress-tests,
external factors, and partial specifications. Here, the posterior incorporating all the inputs
is defined as the one that minimizes the entropy relative to the prior and can be repre-
sented in terms of the same Monte Carlo scenarios as the reference model but with dif-

ferent probabilities.
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The general theory of entropy pooling can be briefly explained as follows: First, let us
consider a portfolio driven by an N-dimensional vector of risk factors X. Second, let us
denote the information currently available by J;, where t is the current time, and the time
to the investment horizon is denoted by T. Thus, there exists a deterministic function P
that maps the realizations of X and the information J; into the price P, of each security
in the portfolio at the horizon, i.e., P, = P(X, ;). Regarding the reference model, it is
assumed that there exists a model for the joint distribution of the risk factors, as repre-
sented by its probability density function. In other words, the risk model is denoted by
X ~ fx, which can be understood as the prior factor distribution in the original BL model.
Investors use this model to optimize their positions by specifying a subjective index of
satisfaction § (e.g., the mean-ES trade-off). Satisfaction depends both on the market dis-
tribution fx through the prices and on the positions in the portfolio, represented by a vec-

tor w. The optimal portfolio w* can then be defined as
w* = argmax {S(w; fx)}, (2.3.4)

wEC
where C is a given set of investment constraints. (Meucci 2008b, 3.)

Views, in the most general case, are expressed on generic functions of the market
91(X), ..., gk (X). These functions constitute a K-dimensional random variable whose
joint distribution is implied by the reference model such that V = g(X) ~ fy. Since the
views are statements on the variables that may clash with the reference model, the most
detailed possible view specification in a stochastic environment is a complete, subjective
joint distribution for those variables, that is, V ~ f; # fy. In the original BL model, the
views are statements on E{V,}, i.e., the expectations of each of the V},’s according to the
new distribution fy,. However, in the entropy pooling approach, views are considered on
a more general location measure mM{V} } that can be the expectation or the median. Thus,
the views are set as

m{Vi}Sm,, k=1,..K, (2.3.5)
and the values m;, can be determined exogenously. (Meucci 2008b, 4-5.)

Finally, the posterior distribution should satisfy the views without adding additional
structure and be as close as possible to the reference model. Arguably, the relative entropy
between a generic distribution fx and a reference distribution fx is a natural measure of

the amount of structure in fx. Mathematically,
() = [ AGOlInFG ~ Infx(o]ax. (23.6)

Equation (2.3.6) also measures how distorted fx is with respect to fx. If the two distribu-
tions coincide, the relative entropy is zero. By imposing constraints on fx, this distribution
departs from fx and relative entropy increases. Therefore, the posterior market distribu-

tion can be defined as

fX = arfgg}“ {g(f, fX)}f (237)



46

where f € V stands for all the distributions consistent with the views statements. The
posterior fx follows by assuming that the investor has full confidence in her statements.
If the confidence is less than full, the posterior distribution of the factors must shrink
towards the reference factor distribution. In line with Meucci (2006), this can be achieved
by opinion-pooling the reference model and the full-confidence posterior so that

K =0-fx+ch (2.3.8)
where the pooling parameter ¢ € [0,1] represents the confidence level in the views.
Hence, the full-confidence posterior is recovered if the confidence is total, whereas the
reference risk model is recovered in the absence of confidence. (see Meucci 2008b, 4—7,
8-9, 19 for further technical details.)

2.4 Momentum as a financial-market anomaly

A large number of different patterns (or ‘market anomalies’) have been discovered in
financial markets. These patterns can roughly be categorized as calendar anomalies (e.g.,
the January effect), fundamental anomalies (e.g., size and value effect), and technical
anomalies (e.g., momentum and reversal). Many algorithms and techniques, such as ma-
chine learning, have been proposed to identify these patterns and generate profit by trad-
ing them (see Antonacci 2014; Gray & Vogel 2016; Li & Hoi 2016). Since we later as-
sume that momentum could exist in the Russian sectoral indices possibly due to informa-
tional inefficiencies, let us now briefly focus on this particular anomaly.

Indeed, as noted in Moskowitz and Grinblatt (1999, 1249-1250), both investment the-
ory and its application to investment management critically depend on understanding as-
set return persistence anomalies. Determining whether these anomalies are entrenched in
behavior that more rational investors can exploit at low risk has profound implications
for the view of market efficiency and optimal investment policy. The momentum effect,
whose initial studies were published in the late 1980s and early 1990s (Israel & Mos-
kowitz 2013, 286), can be defined as a continuation of the direction of prior asset returns
(Griffin, Ji & Martin 2003, 2515; Wang & Kochard 2012, 53). As a further definition,
cross-sectional momentum refers to the relative performance of a price series in relation
to other price series, whereas time-series momentum means that past returns of a single
price series are positively correlated with future returns. Momentum trading strategies
generally utilize this tendency of assets with good (bad) recent performance to continue
outperforming (underperforming) in the future by buying past winning assets and selling
past losing assets. (Moskowitz, Ooi & Pedersen 2012, 228-229; Chan 2013, 133—-134.)

Positive momentum effects have been found in securities (e.g., De Bondt & Thaler
1985; Conrad & Kaul 1988; Lo & MacKinlay 1988; Lehmann 1990; Jegadeesh & Titman
1993; Nijman, Swinkels & Verbeek 2004; Figelman 2007), international developed and
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emerging markets (Rouwenhorst 1998a; 1999; Griffin, Ji & Martin 2003; Erb & Harvey
2006; Asness, Moskowitz & Pedersen 2013), sectors and industries (Moskowitz &
Grinblatt 1999) and asset classes (Blitz & van Vliet 2008; Moskowitz, Ooi & Pedersen
2012). Fama and French (2012) conclude that there is return momentum nearly every-
where and that spreads in average momentum returns decrease from smaller to bigger
stocks (see also Hong, Lim & Stein 2000; Chen & Hong 2002, Grinblatt & Moskowitz
2004). Ait-Sahalia and Brandt (2001), in turn, find that the momentum effect, measured
by lagged returns, has some predictive power.

Momentum is viewed as an anomaly because it is hard to explain within the standard
asset pricing paradigm with a rational representative agent (Vayanos & Woolley 2013,
1). Furthermore, the finding of consistent time-series momentum (or ‘trend’ effect) in
different instruments and markets seems to challenge the ‘geometric random walk’ hy-
pothesis (see, e.g., Malkiel 2019), which in its most basic form implies that knowing
whether a price went up or down in the past should not be informative about whether it
will increase or decrease in the future. According to Moskowitz et al. (2012, 228-230),
rejection of the random walk hypothesis does not necessarily imply a rejection of a more
sophisticated notion of market efficiency with time-varying risk premiums, but the ab-
normal returns to time-series momentum also do not seem to be compensation for tail
events or crash risk. Instead, the return to time-series momentum tends to be larger when
the market experiences large up and down moves. Hence, time-series momentum could
be a hedge for extreme events, making its large return premium even more perplexing
from a risk perspective. On the other hand, the existence of a rational theory that can
explain such findings may not be ruled out: For example, Docherty and Hurst (2018, 263)
document a dynamic association between risk and the momentum premium by using re-
turn dispersion as a proxy indicator for structural shifts in the economy.

Similarly, Geczy and Samonov (2016, 32) argue that price momentum is dynamically
exposed to market risk, conditional on the sign and duration of the trailing market state.
Daniel and Moskowitz (2016), in turn, find that momentum strategies can experience in-
frequent and persistent strings of negative returns, in spite of their strong positive average
returns across numerous asset classes. These ‘momentum crashes’ appear to be partly
forecastable, and they occur in panic states, following market declines and when market
volatility is high, and are contemporaneous with market rebounds. There also seems to be
an asymmetry in the winner and loser exposure to market returns during extreme times.
Although a reasonable explanation for equity momentum could be option-like payoffs of
equities (see Merton 1974), the existence of the same phenomena and option-like features
for momentum strategies in futures, bonds, currencies, and commodities makes such a
theory less believable. (Daniel & Moskowitz 2016, 221-222, 242-243.)

Furthermore, Asness et al. (2013, 979-981) discover that funding liquidity risk is pos-

itively related to momentum globally across asset classes. In other words, momentum
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strategies do worse when liquidity declines, and their Sharpe ratios improve when liquid-
ity improves (i.e., when borrowing is easier). Liquidity shocks also appear to increase
correlations among momentum strategies significantly. Correspondingly, Pastor and
Stambaugh (2003), as well as Sadka (2006), find that measures of liquidity are positively
related to momentum in US individual stocks, but this link seems to be present also in
other markets and asset classes. Therefore, liquidity risk may provide a partial but incom-
plete explanation for the positive risk premium associated with momentum. (see also
Brunnermeier & Pedersen 2005; 2009; Pedersen 2009.)

A few papers also seek to examine whether momentum strategies remain profitable
after considering transaction costs. For instance, Lesmond, Schill, and Zhou (2004) use
theoretical models of transaction costs and find that standard relative strength strategies
require frequent trading in disproportionately high-cost securities such that trading costs
prevent profitable strategy execution (see also Korajczyk & Sadka 2004). Frazzini, Israel,
and Moskowitz (2012), in turn, challenge these results by measuring the real-world trans-
action costs as well as price impact function facing an arbitrageur. The authors find that
actual trading costs are less than a tenth as large as previous studies suggest. Similarly,
Garleanu and Pedersen (2013) derive a closed-form optimal dynamic portfolio policy
when trading is costly and find that strategies based on momentum predictors produce
superior net returns relative to more naive benchmarks. Furthermore, Israel and Mos-
kowitz (2013, 275) find little evidence that momentum returns are significantly affected
by changes in trading costs or institutional and hedge fund ownership over time. Hence,
although there has generally been some degradation in profits to momentum strategies
after their publication, arbitrageurs have not been able to eliminate all the profits (see,
e.g., Schwert 2003; McLean 2010; McLean & Pontiff 2016). Liu and Longstaft (2004)
argue that one reason for this may be due to margin requirements faced by risk-averse
rational agents.

All'in all, a vast amount of competing theories have been proposed to explain the short-
and intermediate-term return continuation phenomenon (see, e.g., DeLong et al. 1990;
Jegadeesh & Titman 1993; Chan, Jegadeesh & Lakonishok 1996; 1999; Barberis, Shleifer
& Vishny 1998; Hong & Stein 1999; Hong et al. 2000; Holden & Subrahmanyam 2002;
Scott, Stumpp & Xu 2003; Cooper, Gutierrez & Hameed 2004; Figelman 2007; Gutierrez
& Prinsky 2007). Most of them are based on behavioral models, especially on the slow
diffusion of news, which may cause initial underreaction (i.e., positive short-lag autocor-
relations) and delayed overreaction (i.e., negative long-lag autocorrelations). For in-
stance, Chan et al. (1996) argue that markets respond only gradually to new information,
whereas Jegadeesh and Titman (1993, 66—67) show that the profits of momentum trading
strategies cannot be attributed to a lead-lag effect resulting from delayed stock price re-

actions to information about a common factor. Instead, the evidence appears to be con-
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sistent with delayed price reactions to firm-specific information. (see also Lo & MacKin-
lay 1990; Jegadeesh & Titman 1995ab for possible explanations for the short-horizon
return reversals and contrarian profits.)

Moskowitz and Grinblatt (1999, 1287), in turn, argue that if there are ‘hot’ and ‘cold’
initial public offering (IPO) markets, as well as ‘hot’ and ‘cold’ sectors of the economy,
then investors may herd toward (away from) these hot (cold) industries and sectors, cre-
ating price pressure and return persistence. Alternatively, based on the theory proposed
by Daniel, Hirshleifer, and Subrahmanyam (1997; 1998), investors may exhibit overcon-
fidence and biased self-attribution in the presence of private and public information sig-
nals. This theory explains several of the stock return patterns that seem anomalous from
the perspective of efficient markets with rational investors. It is also in line with the ones
proposed by Hong and Stein (1999) and Barberis et al. (1998). In other words, they all
argue that the momentum and reversal effects are part of the same phenomena, in that the
momentum effect creates the subsequent reversal. When enough public information is
disseminated, investors correct their initial errors, causing long-term return reversal. (see
also Figelman 2007, 68—69.)

Although behavioral models are difficult to test empirically, there are several articles
that indirectly support them. For example, Lee and Swaminathan (2000, 2065-2066) find
that past trading volume, as measured by the turnover ratio, seems to predict both the
persistence and magnitude of price momentum. In particular, high-volume stocks exhibit
stronger momentum than low-volume stocks. The volume also ‘fuels’ momentum only
for losers, and it helps information ‘diffusion’ only for winners. Consistent with the find-
ings of Lee and Swaminathan (2000), Grinblatt and Han (2005) present a model of equi-
librium prices in which a group of heterogenous investors is subject to the Prospect The-
ory and Mental Accounting (PT/MA) behavior (originally introduced by Thaler 1999).
These investors have demand distortions that are inversely related to the unrealized profit
they have experienced on a stock, and their demand functions distort equilibrium prices
relative to those predicted by standard utility theory. Thus, a ‘winner’ stock that has been
privy to prior good news has excess selling pressure relative to a ‘loser’ stock that has
been privy to adverse information (cf. Shefrin & Statman 1985; Grinblatt & Keloharju
2001). If rational investors’ demand for a stock is not completely elastic, then such a
demand disturbance caused by PT/MA tends to generate price underreaction to public
information. This generates a spread between the stock’s fundamental value and market
price. In equilibrium, past winners tend to be undervalued, and past losers tend to be
overvalued. (Grinblatt & Han 2005, 313-315, 331)

In the model by Grinblatt and Han (2005), only the past returns’ pattern, combined
with the past trading volume’s pattern, determines whether a stock has experienced an
aggregate unrealized capital gain or loss. Stocks with paper capital gains will have higher

average returns going forward than stocks with paper capital losses. Furthermore, stocks
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with large unrealized capital gains underreact to positive firm-specific news, while stocks
with large unrealized capital losses underreact to negative firm-specific news. This is
most likely to generate post-announcement drift (see Bernard & Thomas 1989; Frazzini
2006). Focusing on the ordinary common shares traded on the AMEX and NYSE ex-
changes, the authors find that there is a reversal of returns at both the short and long
horizons but persistence in returns over the intermediate horizon. However, the momen-
tum effect disappears when the capital gains overhang regressor (the difference between
the current price and the aggregate cost basis) is included in the regression. (Grinblatt &
Han 2005, 319-320, 333-336; see also Grundy & Martin 2001; George & Hwang 2004;
Grinblatt & Moskowitz 2004 for related studies.)

In contrast, Vayanos and Woolley (2013, 1-3) propose an institutional theory of mo-
mentum and reversal based on flows between investment funds. According to this dele-
gated portfolio management model, flows are triggered by changes in fund managers’
efficiency, which investors either observe directly or infer from past performance. Mo-
mentum arises because rational prices underreact to expected future flows or if flows
exhibit inertia due to slow-moving capital. Reversal, in turn, arises because flows push
prices away from fundamental values. Besides momentum and reversal, flows generate
co-movement, lead-lag effects, and amplification, with these being larger for high-idio-
syncratic-risk assets. It is further assumed that rational investors buy assets whose ex-
pected returns have decreased because of the so-called ‘bird-in-the-hand’ effect. In other
words, although the price is expected to drop even further in the short run, the investor
buys an underpriced asset to hedge against a reduction in the mispricing (cf. the Inter-
temporal Capital Asset Pricing Model by Merton 1973).

Vayanos and Woolley (2013, 28-29, 31-33) find that momentum strategies, which are
imperfect approximations of the optimal strategy, can profitably exploit aspects of flow-
generated mispricing. Empirical support for their theory can also be found, e.g., from
Barberis and Shleifer (2003), Coval and Stafford (2007), Dasgupta, Prat, and Verardo
(2011), as well as from Lou (2012). For example, Coval and Stafford (2007) find that
mutual funds experiencing large redemptions are likely to reduce or eliminate their exist-
ing stock positions. As these asset ‘fire sales’ depress the stock prices, they also suppress
the performance of other funds holding those stocks. In reverse, the same situation occurs
for stocks disproportionately held by well-performing mutual funds with large capital in-
flows. As the stocks suffer suppression or elevation of their prices through no fault or
merit on their own, the prices often mean-revert after the mutual fund selling or buying
pressure is over.

In addition to interday momentum strategies, research has also been done on strategies
based on intraday momentum trading. For example, it is well-acknowledged that index
composition changes induce momentum in stocks that are added to or deleted from the
index (see, e.g., Shankar & Miller 2006; Cheng & Madhavan 2009; Shum et al. 2015).
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Although such momentum could potentially last several days, the tests conducted by
Chan (2013, 162—-163) suggest that the drift horizon has been reduced to intraday, at least
in the US stock markets. The actions of large funds can also trigger intraday momentum:
the daily rebalancing of leveraged ETFs near the market close causes short-term momen-
tum in the underlying index in the same direction as the market return from the previous
close. Furthermore, at the shortest possible time scale, the imbalance of the bid and ask
sizes, the changes in order flow or non-uniform distribution of stop orders can all induce
momentum in prices (see, e.g., Osler 2000; 2003; Lyons 2001; Maslov & Mills 2001;
Hellstrom & Simonsen 2006). Alternatively, high-frequency traders may cause artificial
return persistence by market manipulation. (see, e.g., the books by Harris 2002; Durbin
2010; Sinclair 2010; Arnuk & Saluzzi 2012 for more discussion on practical HFT strate-
gies and the pitfalls of day trading tactics.)

Behavioral models may be utilized again to explain why, e.g., order flow information
can act as a predictor of price movements. More precisely, it can be assumed that market
makers set the bid-ask prices based on the order flow information. Then, if a major hedge
fund learns about a piece of breaking news, their algorithms will submit large market
orders of the same sign in a split second. A market maker monitoring the order flow will
deduce that such large one-directional demands indicate the presence of informed traders,
and they will immediately adjust their bid-ask prices to protect themselves. (see Chan
2013, 156, 165-168.)

In conclusion, it is worth noting that, especially in the case of the shorter-term news-
driven momentum, the duration over which momentum remains in force gets progres-
sively shorter as more traders catch on to it. This is understandable if price momentum is
viewed as generated by the slow diffusion of information. As more investors learn about
the information faster and earlier, the diffusion—and thus, momentum-— also ends sooner,
which, in turn, constantly shortens the holding period. Thus, the performance of the mo-
mentum strategy in question may eventually start to decay without a visible explanation.
On the other hand, since there are two common types of exit strategies for momentum
strategies (namely time-based and stop-loss), risk management is often relatively easy,
and the loss of a momentum position is always limited. Finally, momentum models tend
to thrive on so-called ‘black swan’ events (Taleb 2010), meaning that the thicker the tails
of the returns distribution curve, or the higher its kurtosis, the better that market typically
is for momentum strategies. (see Chan 2013, 61, 151, 153-154.)
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2.5 Risk management and risk measures

In this subchapter, we briefly discuss risk measures and portfolio risk management. As it
is known, the main objective of portfolio selection is the construction of portfolios max-
imizing expected returns at a certain level of risk. Correspondingly, it is well established
that asset returns are not normally distributed, and thus the mean and variance alone do
not fully describe the characteristics of the joint asset return distribution. The variance of
the portfolio, for example, cannot solely capture and quantify several risks and undesira-
ble scenarios. Moreover, using variance as the only risk measure in the portfolio optimi-
zation means that outcomes above the expected portfolio return are considered as risky
as outcomes below the expected portfolio return. This is counterintuitive because inves-
tors are more likely to be concerned about outcomes that fall short of expectations rather
than outcomes that exceed them. Finally, the assumption that asset returns follow ellipti-
cal probability distributions is hazardous during financial crises. As a result, the tail risk
has become a critical statistical determinant of risk management policies. (Fabozzi et al.
2010, 342; Pachamanova & Fabozzi 2016, 291-292.)

Risk measures can be broadly categorized as either dispersion or downside measures.
Dispersion measures, such as mean standard deviation, mean absolute deviation, and
mean absolute moment, are measures of uncertainty, and they treat both positive and neg-
ative deviations from the mean as equally risky. Thus, overperformance relative to the
mean is penalized as much as underperformance. In contrast, the objective of downside
risk measures in a portfolio context is to maximize the probability that the portfolio return
is above a certain acceptable minimum level (aka the benchmark or disaster level). De-
spite their theoretical appeal, the downside (or safety-first) risk measures can be compu-
tationally burdensome. It can also be challenging to aggregate downside risk measures of
individual securities into portfolio downside risk measures because their calculation re-
quires knowledge of the entire joint distribution of security returns. Hence, the estimation
risk of downside measures tends to be greater than for standard mean-variance ap-
proaches. (Fabozzi et al. 2010, 343-357; see also Ortobelli et al. 2005; Teplova &
Shutova 2011, 160 for further discussions.)

Due to space constraints, we focus on two well-known downside risk measures: Value-
at-Risk (VaR) and Conditional Value-at-Risk (CVaR). However, it is worth emphasizing
that the literature related to risk measures is vast. For example, draw-down optimal port-
folios, which are closely related to CVaR-optimal portfolios, are discussed in Chekhlov,
Uryasev, and Zabarankin (2000; 2005), as well as in Krokhmal, Uryasev, and Zrazhevsky
(2002). Litterman (1996) and Szegd (2004) provide comprehensive illustrations of how
various risk measures can be applied in asset management. Gourieroux, Laurent, and
Scaillet (2000) and Gourieroux and Liu (2006), in turn, study the sensitivity of risk

measures with respect to portfolio allocation, as well as to parameters representing risk
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aversion or pessimism. Furthermore, Kusuoka (2001) and Acerbi (2002; 2007) introduce
a general class of distribution-based (or law invariant) risk measures called ‘spectral risk
measures.’ Finally, dynamic (i.e., time-varying) risk measures are proposed, among oth-
ers, by Cvitanic and Karatzas (1998), Weber (2003), Frittelli and Rosazza Gianin (2004),
and Riedel (2004).

Let us start with Value-at-Risk, which is often utilized in risk management as well as
in portfolio allocation. VaR is related to the percentiles of loss distributions, and it
measures the predicted maximum portfolio loss at a specified probability level over a
specific time horizon. Hence, a portfolio allocation aiming to reduce losses usually re-
duces the VaR. Alternatively, VaR can be used to both track and report the market risk
exposure of trading portfolios. Mathematically, Value-at-Risk can be defined as follows:

VaR«(R,) = min {R|P(-R, <R) > af, (2.5.1)
where P denotes the probability function, and R, denotes the portfolio returns. Typical
values for the confidence level a are 90%, 95%, and 99%. For example, the 95% VaR
for a portfolio is the value R such that the probability that the possible portfolio loss ex-
ceeds R is less than the risk level (1 — a) = 5%. (Fabozzi et al. 2010, 348-350; see also
Pachamanova & Fabozzi 2016, 191-193, 292-293 for more details on the portfolio VaR
minimization problem.) Different methods have been proposed to calculate the Value-at-
Risk of a portfolio containing either stocks (e.g., Hopper 1996; Johansson, Seiler & Tjarn-
berg 1999), bonds (e.g., Golub & Tilman 1997; Phelan 1997; Hull 2018), or derivatives
(e.g., Jorion 1997; Singh 1997; Kupiec 1998; Wilmott 1998; Ahn et al. 1999; El-Jahel,
Perraudin & Sellin 1999; Linsmeier & Pearson 2000). These include inter alia, the vari-
ance-covariance, and delta approaches, as well as historical and Monte Carlo simulation
methods (see Lyuu 2004, 276278, 361-374, 474478 for a general overview). The com-
putation of VaR when returns are not normally distributed has also been studied, e.g., by
Duftfie and Pan (1997), Venkataraman (1997), Hull and White (1998), and Neftci (2000).
Finally, Beder (1995) shows that the VaR is highly dependent on parameters, data, as-
sumptions, and methodology.

There are a couple of reasons why VaR is considered an inconvenient risk measure.
Firstly, a risk measure should be coherent, which, by definition, means that it should
satisfy the four axioms of translation invariance, subadditivity, positive homogeneity, and
monotonicity (Artzner et al. 1999, 210; see also Acerbi & Tasche 2002; Krokhmal 2007;
Shapiro 2013). Value-at-Risk, however, is not subadditive. This means that the risk as
measured by the VaR of a portfolio of two funds can be higher than the sum of the risks
of the two individual portfolios, which is in contrast to the diversification effect stating
that a more diversified portfolio should have a lower risk (Fabozzi et al. 2010, 348-350;
see also Frittelli & Rosazza Gianin 2002; Follmer & Schied 2002; Song & Yan 2009).
On the other hand, the usefulness of diversification has already been questioned in situa-

tions where the asset returns are dependent (see, e.g., MacMinn 1984; Hong & Herk 1996;
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Kijima 1997). Furthermore, Ibragimov (2009, 565-566, 572), who focuses on portfolio
diversification and value-at-risk analysis under heavy-tailedness, shows that the stylized
fact that portfolio diversification is preferable is reversed for extremely heavy-tailed risks
or returns. Thus, requiring subadditivity in such a case would be unnatural (see also Ibra-
gimov & Walden 2007, 2567).

Further arguments against the over-emphasis of subadditivity have also been provided.
For example, Danielsson et al. (2005) explore the potential for violations of VaR subad-
ditivity theoretically and by simulations and find that VaR is subadditive when the risks
do not have extremely heavy tails (see also Kou, Peng & Heyde 2013, 406). Heyde, Kou,
and Peng (2006), in turn, argue against subadditivity from an axiomatic point of view and
propose a new, data-based risk measure called ‘natural risk statistic’ that is characterized
by a weaker set of axioms. Garcia, Renault, and Tsafack (2007) claim that when the tail
thickness is responsible for violation of subadditivity, eliciting proper conditioning infor-
mation can restore VaR rationale for decentralized risk management. Finally, Dhaene et
al. (2008) support the use of VaR from the perspective of solvency capital requirements
and show that the subadditivity condition can lead to the undesirable situation where the
shortfall risk increases by a merger.

Another criticism of the Value-at-Risk is that it does not provide a measure of the
magnitude of losses suffered above the threshold (Diaz et al. 2019, 3). To illustrate, if
there are 95 sunny days and five rainy days, we are usually not interested in the least
amount of rain to expect on the five rainy days but instead would like to estimate the
average rainfall in those days (Pfaff 2016, 39). Analogously, it is unlikely that an investor
will be indifferent between two portfolios with identical expected returns and VaR when
the return distribution of one portfolio has a short left-tail, and the other has a long left-
tail (Fabozzi et al. 2010, 348—-350).

The Conditional Value-at-Risk (CVaR) risk measure directly addresses the two above-
mentioned issues, and it can be represented by using the following formula:

CVaR,(R,) = E(—R, | =R, = VaR,(Rp)). (2.5.2)
Therefore, CVaR measures the expected amount of losses in the tail of the distribution of
possible portfolio losses exceeding the portfolio VaR for a given confidence level. For
continuous loss distributions, CVaR is identical to the Expected Shortfall (ES) (see
Acerbi & Tasche 2002, 1496). Since the axiom of subadditivity is fulfilled, both ES and
CVaR are coherent risk measures implying that the CVaR (or ES) of a portfolio cannot
be greater than the sum of the individual risks. Moreover, when the CVaR is employed
for portfolio optimization, less concentrated portfolios are typically achieved as a result
than in the case of VaR. From an optimization point of view, it can also be shown that
CVaR is a convex function, whereas VaR may be non-convex. Naturally, the non-con-
vexity can yield portfolio solutions pertinent to local (and not global) optima. On the other

hand, an outright optimization regarding CVaR/ES is complicated from a numerical point
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of view if one uses such a formulation where the CVaR depends on the VaR. (Carl, Pe-
terson & Boudt 2010, 18; Fabozzi et al. 2010, 350-353; Pfaft 2016, 39, 234.)

Instead of utilizing the CVaR function whose definition involves the VaR function
explicitly, it is possible to consider a more straightforward auxiliary objective function
with better computational properties. Rockafellar and Uryasev (2002) were the first to
propose this kind of approach. Pachamanova and Fabozzi (2016, 294-297) show further
that when the joint probability density function of the returns for the stocks in the portfolio
is represented in a set of scenarios, the minimization of CVaR becomes a very tractable
optimization problem, which, due to its linear structure, can be implemented with most
solvers (see, e.g., Tiitiincii, Toh & Todd 2003). Alternatively, as demonstrated by
Jurczenko and Teiletche (2015, 148—149), the CVaR of the portfolio returns can be writ-
ten as follows:

CVaR,(w) = —p, — 0,E[Z|Z < G™*(e)], (2.5.33)
with
1 &
E[Z|Z < G 1(o)] = EJ;) G™1 (s)ds, (2.5.3b)
where p, and o, are the portfolio’s mean return and volatility, respectively, € is the risk

level, w = (wy, ..., wy,) is a portfolio made up of n assets, Z = (R, — p,)/0p, is a zero-
mean unit-variance random variable with distribution function G(-), and G™1(-) is the
quantile function associated with the portfolio’s return distribution. By using this formu-
lation, it can thus be seen that the higher expected return p, reduces CVaR, whereas
higher volatility o, increases CVaR.

With respect to efficient frontiers, De Giorgi (2002, 2, 12, 20-21) shows that under
the assumption of multivariate Gaussian distributed returns, the set of efficient portfolios
under VaR and CVaR is a subset of the set of efficient portfolios under the standard de-
viation. Therefore, (y, o)-portfolio selection could be inefficient under VaR or CVaR, but
the opposite never occurs. Fabozzi et al. (2010, 354-356) continue by noting that when
loss distributions are non-normal, the mean-variance and the mean-CVaR approaches
may differ significantly (see also Dowd 1999, 65-66; Krokhmal, Palmquist & Uryasev
2001, 19; Wiirtz et al. 2015a, 243-259 for more discussions on risk-return analyses under
different risk measures). Finally, Alexander and Baptista (2004) analyze the portfolio se-
lection implications of imposing either a VaR or a CVaR constraint on the mean-variance
model. The authors show that for a given confidence level, a CVaR constraint is tighter
than a VaR constraint if the CVaR and VaR bounds coincide. As a result, a CVaR con-
straint is more effective as a tool to control slightly risk-averse agents, but in the absence
of a risk-free asset, it has a twisted effect in that it is more likely to force highly risk-
averse agents to select portfolios with larger standard deviations. However, when the
CVaR bound is appropriately larger than the VaR bound, or when a risk-free asset is

present, a CVaR constraint ‘dominates’ a VaR constraint as a risk management tool.
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Overall, since the advent of the 2008 financial crisis, risk-based investment strategies
and various risk budgeting policies have attracted increasing attention (see, e.g., Roncalli
2013; 2014 and references therein). However, in most applications, it is common to de-
termine the capital allocations so that all portfolio components contribute to the same
extent to its volatility. A novel exception is provided by Jurczenko and Teiletche (2015,
147-148, 150-153), who propose a generalized risk-based asset allocation framework,
where volatility, correlation, asymmetry, valuation, tail, and illiquidity risks can all be
incorporated. In their approach, carry is used as a measure of expected returns (see, e.g.,
Ilmanen 2011; Koijen et al. 2018), and Expected Shortfall is adjusted for the non-Gauss-
ian features of the distribution of returns by utilizing the Cornish-Fisher approximations
(see, e.g., Johnson, Kotz & Balakrishnan 1994). The empirical estimates of covariance,
co-skewness, and co-kurtosis are then corrected with the help of moving average models,
and a new expression for the individual risk contributions to the total ES is derived by
isolating illiquidity risk. (see also Boudt, Peterson & Croux 2008 for an alternative way
to include the higher-order moments in the computation of the ES.)

When considering the practical usefulness of the risk measures, there are two addi-
tional aspects worth mentioning, namely the international regulatory framework and ro-
bust risk measurement procedures. Firstly, although the Basel Committee on Banking
Supervision (2019) has changed the measure to determine market risk capital from 99
percent VaR to 97.5 percent ES, it is not clear which method should be employed to
evaluate the goodness of the proposed risk measure. Indeed, designing a backtesting
method for the expected shortfall is not as straightforward as VaR’s case since ES does
not satisfy the elicitability property (see Weber 2006; Gneiting 2011). Hence, an appro-
priate scoring function that this risk measure potentially minimizes does not exist. On the
other hand, Fissler and Ziegel (2016) prove that ES is elicitable if combined with VaR.
(see also Diaz, Garcia-Donato & Mora-Valencia 2019, 2—4.)

As for robustness, Mausser and Rosen (2000) show that ES is less sensitive than VaR
to sampling noise in a simulation-based environment and, therefore, tends to provide
more robust risk analytics. In contrast, Yamai and Yoshiba (2002) find that ES needs a
larger sample size than VaR for the same level of accuracy. Finally, Cont, Deguest, and
Scandolo (2010) argue that most parametric estimation procedures for VaR and ES lead
to non-robust estimators. Moreover, contrary to the historical VaR, the sensitivity of his-
torical ES is unbounded, which explains why this risk measure shows high sensitivity to
‘outliers.” Hence, there seems to be a conflict between the subadditivity of a risk measure
and the robustness of its estimation procedure (see also Kou et al. 2013, 402, 406).

Let us conclude by demonstrating how downside risk measures can be combined with
volatility and dependence modeling. Concerning the former, it is well-known that several
stylized facts characterize asset returns (see, e.g., Bollerslev et al. 1992; 1994; Campbell

& Hentschel 1992). Correspondingly, a large number of conditional variance models
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seeking to capture the characteristics of financial data have been proposed since the sem-
inal papers of Engle (1982) and Bollerslev (1986) (see, e.g., Hansen & Lunde 2005, 873;
Poon & Granger 2003 for extensive reviews). Indeed, the distinctive feature of models
like the Generalized ARCH is that they recognize that volatility is not constant (i.e., it
clusters, possesses long memory, and mean-reverts) (Hull 2012, 205-206; Sinclair 2013,
36-40; see also Cont 2001; Poon 2005 for detailed expositions). Various GARCH-based
models have also been quite successful in predicting conditional means of asset returns
(see, e.g., Beach & Orlov 2007, 150-151), and the variance and covariance forecasts
based on a multivariate GARCH process have been shown to be essential in portfolio
construction (see Pojarliev & Polasek 2003, 114). On the other hand, Lehar, Scheicher,
and Schittenkopf (2002) show that, although the GARCH model dominates the Hull and
White (1987) stochastic volatility in option pricing, there are no significant differences
between the models when they are used for risk management (i.e., for calculating VaR
forecasts) (see also Musiela & Rutkowski 2005, 273). Finally, a significant disadvantage
of volatility measures derived from different parametric models is that they may not be
robust to misspecification (Anatolyev 2008, 58).

When considering the modifications and extensions of the standard GARCH model, it
is worth noting that simple models are often preferred in the forecasting literature to more
complicated models with a higher degree of parametrization (see Low et al. 2018, 264—
265 and references therein). The reason is that complex econometric models can suffer
from issues such as data mining, poor performance out-of-sample, and failure to produce
meaningful profitability in a portfolio management context (Kritzman, Page & Turking-
ton 2010, 33). In practical applications, it is also frequently observed that models with
smaller order sufficiently describe the data, and GARCH(1,1) is adequate in most cases
(Hull 2012, 218). However, the inability of the basic GARCH model to serve as a true
data generating process and as an accurate forecasting tool has also been disclosed. For
example, Franke et al. (2015, 293-295) find that the GARCH(1,1) model greatly overes-
timates the variance for the long series of S&P 500 returns and provides poor longer hori-
zon forecasts (see also Starica 2003; Mikosch & Starica 2004).

A particularly useful volatility model containing several variations of the discrete-time
univariate GARCH(p, q) model is the Asymmetric Power ARCH (APARCH), which was
initially proposed by Ding, Granger, and Engle (1993). Following the same notation as in
Pfaff (2016, 117-120), the model’s conditional variance equation, h;, can be defined as

follows:
€ = Nhy, (2.5.4a)
n; ~ D, (0,1), (2.5.4b)
q P
W = o+ ) ailledl - viee )’ + Y bl (2540

i=1 j=1
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with parameter restrictions ag >0, § >0, a; =20, i=1,..,q, —-1<y; <1, i=
1,..,q,and B; = 0,i =1, ..., p. Here, €, is the error process, 17, denotes a random varia-
ble with distribution D with expected value zero and unit variance. Additional parameters
of this distribution (e.g., the skewed Student’s t distribution) are subsumed in the param-
eter vector v. The exponent parameter § represents a Box-Cox transformation of h;, and
since it is generally defined for non-negative values, the long memory characteristic (i.e.,
slow decaying autocorrelations) often encountered for absolute or squared daily return
series can be taken explicitly into account. Moreover, potential asymmetries with respect
to positive and negative shocks are reflected in the coefficients y;,i = 1, ..., q. Hence, the
APARCH model encompasses the following special cases: the plain GARCH, if § = 2
and y; = 0 (see Bollerslev 1986); GIR-GARCH, if § = 2 (see Glosten, Jagannathan &
Runkle 1993); TS-GARCH, if § =1 and y; = 0 (see Taylor 1986; Schwert 1990);
Threshold-ARCH, if § = 1 (see Zakoian 1994); N-ARCH, if y; = 0 and 8; = 0 (see Hig-
gins & Bera 1992); as well as Log-ARCH, if § = 0 (see Geweke 1986; Pentula 1986).
Naturally, the desired risk measures can be deduced from the recursively computed vol-
atility forecasts together with the quantiles of the assumed distribution for the error pro-
cess (Pfaff 2016, 120).

Another well-known extension not included in the above specification is the class of
Exponential GARCH (EGARCH) models proposed by Nelson (1991). Here, the ‘lever-
age effect’ often observed in empirical studies (see, e.g., Black 1976; Figlewski & Wang
2000; Bollerslev, Litvinova & Tauchen 2006; Inkaya & Yolcu Okur 2014; Aboura 2015;

Sun & Wu 2018) is captured as follows:
q P

log(hy) = ap + z a;g(Me—) + z B;log(he—;), (2.5.5)
=

=1

where the function g(7;) is defined as g(n;) = 6n; + y[In:| — E(In:])]. Thus, the impact
of the error variables takes a value of a; (8 + y) for a positive shock and a; (0 — y) for a
negative one, whereas the coefficient y captures the ARCH effects. Since this approach
uses the logarithmic form, there is no need for non-negativity constraints on the parameter
space, a;, i = 1,..,q and B;, j = 1, ..., p. (Pfaff 2016, 119.) However, the existence of
unconditional moments depends on the choice of the distribution of the innovations,
which is an undesirable property of the EGARCH models (Franke, Hirdle & Hafner 2015,
285-287). It has also been found that EGARCH often over-weights the effects of larger
shocks on volatility and thus results in poorer fits than standard GARCH models (see,
e.g., Engle & Ng 1993).

The applicability of the above volatility models in the risk management context can be
illustrated by conducting a backtest of the conditional Expected Shortfall for a financial
time series. This is done in Figure 2.2 using the daily returns of Lukoil Oil Company. The
total return index data denoted in Russian rubles is downloaded from the Thomson Reu-
ters Datastream, and it covers the period from May 9, 1997, to May 11, 2017 (5220 daily
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observations in total). The daily compound losses are computed as percentages. Here, a
GARCH(1,1) model with a Student’s t-distributed innovation process is estimated first.
Then, the one-step-ahead forecast of the conditional standard deviation is computed as
well as the ES for the confidence level of 99 percent. In line with Pfaff (2016, 128—-130),
a moving window with 1000 observations is utilized, and the mean equation of the
GARCH model is omitted.

LUKOIL: t-GARCH(1,1) ES 99%
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Figure 2.2 Graphical comparison of Lukoil’s actual daily losses and the conditional

ES for a 99 percent confidence level

When comparing the conditional risk measures with the actual losses, it can be seen
that this risk measure captures the spikes of the daily losses rather well: Its level, which
peaked at over 60 percent between mid-2008 and early 2009, decreases rapidly during the
more quiet periods. Moreover, during our backtest simulation, only about five violations
occurred. Such a result can be considered conservative, given that roughly 15 exceed-
ances can be expected (Pfaff 2016, 130; see also Ruppert & Matteson 2015, 557-559,
561-565 for more discussion on estimating VaR and ES using ARMA+GARCH models
for a portfolio of assets.)

GARCH models are also widely applicable when quantifying extreme market risk and
extreme financial scenarios. In such a case, the Extreme Value Theory (EVT) provides a
solid statistical modeling framework of interest (see Singh & Allen 2017, 199-201). For
example, McNeil and Frey (2000) and Singh, Allen, and Powell (2013) propose a dy-
namic forecasting method that uses a GARCH-type process along with the Peaks Over
Threshold (POT) to model VaR and ES reacting to current market fluctuations. This ap-
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proach is depicted in Figure 2.3: It visualizes the one percent Value-at-Risk and 2.5 per-
cent Expected Shortfall forecasts for the same daily percentage log-returns of Lukoil as
in the previous case. Here, an AR(1)-APARCH(1,1) model is first used to predict the one-
day-ahead mean expected return and volatility. The residuals of the first step are then
fitted to the Generalized Pareto Distribution (GPD) to get quantile values for the final risk
measure calculations. As in Singh and Allen (2017, 221-224), a 90 percent quantile level
is chosen as the threshold, and a moving window is set to 1000 observations. (see also
Wiirtz, Setz & Chalabi 2017b, 34 for more technical details about the algorithm used.)
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Figure 2.3 Dynamic-EVT 99%-VaR and 97.5%-ES forecasts against the actual daily

percentage returns of Lukoil

As can be seen, both the ES at the 97.5 percent confidence level and equally the VaR
at the 99 percent confidence level (see Acerbi & Szekely 2014, 3) greatly overestimate
the risks in the aftermath of the 1998 Russian financial crisis as well as during the global
financial crisis in 2008. Another evidence of conservative risk estimates is that the plot
shows no clear VaR or ES exceedances (see, e.g., Emmer, Kratz & Tasche 2015; Kratz,
Lok & McNeil 2018 for more discussion on backtesting methodologies for correct ex-
ceedances for VaR and ES forecasts). On the other hand, the figure does show how the
risk measures follow the actual returns and adjust themselves to changing volatility in a
time series. Similarly, Diaz et al. (2019, 14-15, 18-19) find that the GPD model tends to
overpredict risk when VaR is calculated at confidence levels higher than 97.5 percent.

Finally, let us turn to copulas, which can be utilized to model a correlation structure
between two or more variables, regardless of the shapes of their probability distributions.

As is well known, the (Pearson) coefficient of correlation measures /inear dependence
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between two variables, but there are many other ways in which two variables can be re-
lated. By definition, copulas are functions that join or ‘couple’ multivariate distributions
to their one-dimensional marginal distribution functions. Equivalently, copulas are mul-
tivariate probability distribution functions whose marginals are uniform on the interval
(0,1). Since the specification of marginal distributions can be separated from the depend-
ence structure, copulas provide a way of studying scale-free measures of dependence.
(see, e.g., McNeil, Frey & Embrechts 2005, 184—191; Chen & Fan 2006, 126; Balakrish-
nan & Lai 2009, 33; Wilson & Ghahramani 2010, 7-8 for more information on the math-
ematics behind copula functions.)

Without going into technical details, it is worth mentioning that, as in the case of vol-
atility models, numerous copula-based models have been introduced in the literature. For
example, the notorious Gaussian copula (see, e.g., MacKenzie & Spears 2014) is asymp-
totically independent in both tails, meaning that if one goes far enough into the tail, ex-
treme events appear to occur independently in each margin regardless of how high a cor-
relation is chosen. This problem can be overcome by using the Student’s t copula, which
has both upper and lower tail dependence of the same magnitude. Hence, it can provide
a better description of the joint behavior of market variables than the Gaussian copula
because the correlations between market variables tend to increase in extreme market
conditions. (see McNeil et al. 2005, 211-212, 218; Hull 2012, 244-246.) As a further
classification, both the Gaussian and Student’s t copulas are part of the elliptical copula
family, whereas, e.g., the Gumbel, Clayton, Frank, and Joe copulas belong to the large
family of Archimedean copulas (see, e.g., Nelsen 2006; Cherubini et al. 2012, 30-35;
Cherubini, Gobbi & Mulinacci 2016, 23-25; Hofert et al. 2018 for more discussion on
different copula families). For instance, as opposed to the Gumbel copula, the Clayton
copula is particularly helpful in capturing lower tail dependence and thus suitable for
financial risk modeling (see Singh & Allen 2017, 235-241).

Copula models have also been flexibly combined with volatility modeling. Indeed, the
first GARCH-copula approach can be traced back to Rockinger and Jondeau (2001), and
the combination of models they proposed has since been used not only for the modeling
of portfolio risk but also in the domain of financial derivatives. For example, Embrechts
and Dias (2003), Micocci and Masala (2005), Jondeau and Rockinger (2006b), Patton
(2006ab), Chiou and Tsay (2008), and Hsu et al. (2008) have utilized this kind of ap-
proach in their empirical research. Furthermore, Wang et al. (2010) apply a GARCH-
EVT-copula model to evaluate the risk of foreign exchange portfolio and find that the
optimal investment allocations are similar across different copulas and confidence levels,
but t-copula and Clayton copula better portray the correlation structure of multiple assets
than normal copula. Wang, Jin, and Zhou (2010) continue by pointing out that the Stu-

dent-t provides a better estimation of the VaR than the Gaussian and Clayton copulas.
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Huang and Hsu (2015), in turn, find that GARCH-EVT-copula models can generate sig-
nificant economic gains when employed in constructing optimal out-of-sample Minimum
CVaR portfolios, especially if the rebalancing interval is short.

Based on these earlier studies, Sahamkhadam, Stephan, and Ostermark (2018) find
that a Certainty Equivalence Tangency (CET) portfolio, which maximizes the Sharpe ra-
tio and is based on ARMA-GARCH-EVT-copula forecasts, outperforms the benchmark
portfolio based on historical returns in terms of wealth accumulation. Interestingly, the
authors also conclude that elliptical copulas reduce the return volatility of the Min-CVaR
portfolio better than Archimedean copulas. However, while the use of such forecasting
models can reduce the portfolio risk measured either by the portfolio return volatility or
the first percentile of portfolio returns, it also reduces the likelihood of high portfolio
returns. Therefore, in terms of risk-modeling strategies, the benefits may come at the cost
of reducing the ‘opportunities’ in the upper tail of the asset returns as well, thus implying
lower performance. (see Sahamkhadam et al. 2018, 503—-505.) In contrast, Chu and Satch-
ell (2018, 249-250) show that due to misspecifications, the normal copula may sometimes
outperform the Clayton or Gumbel copula even in terms of economic gains if one con-
siders a specific ‘style investing” problem where an investor with the Constant Relative
Risk Aversion (CRRA) utility allocates wealth between the ‘growth’ and ‘value’ indices.

Recently, the so-called vine copulas have received widespread attention. This is be-
cause they have been shown to increase the flexibility of multivariate copula models be-
yond the scope of elliptical and Archimedean copulas, which may be inadequate models
to describe the dependence characteristics of real data applications (see, e.g., Fischer et
al. 2009). In brief, vine copulas use (conditional) bivariate copulas as ‘pair copula’ build-
ing blocks to describe a multivariate distribution. A set of linked trees (i.e., the ‘vine’)
depicts a vine copula’s factorization of the multivariate copula density function into the
density functions of its pair copulas. As a pair copula construction, vine copulas allow
different structural behaviors of pairs of variables to be modeled properly. (Czado,
Brechmann & Gruber 2013, 17-21.) If the trees embedded one in the other have at least
one ‘node’ in common, the vine is called ‘Regular’ (R-vine). Regular vines, which can be
depicted in a graph-theoretic model, can be considered as specializations of Cantor trees
for which all constraints are two-dimensional or conditional two-dimensional. Further
restrictions make it possible to distinguish two different categories of regular vines,
namely the Canonical vines (C-vines) and Drawable vines (D-vines). (Cherubini et al.
2012, 44; Singh & Allen 2017, 242; see also Bedford & Cooke 2001; 2002; Aas et al.
2009; Czado 2019 for more mathematical details.) C-vine copulas may be used if there is
a set of pivotal variables such as stock indices (see, e.g., Heinen & Valdesogo 2009),
whereas D-vine copulas are particularly attractive to model variables with temporal order
(see, e.g., Brechmann & Czado 2015).
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Several studies have applied vine copulas to financial risk management. For example,
Brechmann and Czado (2013) and Singh et al. (2014) apply regular vines in the multivar-
iate modeling to study the financial risk and return dependence between capital markets
and stocks. Geidosch and Fischer (2016), in turn, demonstrate the superiority of vine cop-
ulas over conventional copulas when modeling the dependence structure of a credit port-
folio. One of the authors’ findings is that when mixing different copula families in an R-
vine structure, the best statistical fit to the data can be achieved, which corresponds to the
most reliable estimate for economic capital. This is in line with Singh and Allen (2017,
248-249), who show that the regular vine copula model provides a more flexible tree
structure than the C- and D-vine copulas and can also give better results than the usual
bivariate copula approach. On the other hand, Zhang et al. (2014) utilize regular, canoni-
cal, and drawable vines to forecast both the VaR and CVaR risk measures and conclude
that the D-vine might be better than the other vine copulas in terms of forecasting CVaR.

An extensive study of canonical vine copulas in the context of portfolio management
is also provided by Low et al. (2018). The authors utilize multi-dimensional elliptical and
asymmetric copula models to manage downside correlations and forecast returns for port-
folios with 3—12 US industry index constituents. Their analysis further assumes that in-
vestors have a utility function characterized by the minimization of CVaR. Low et al.
(2018, 263, 287-288) find that for portfolios of higher dimensions, controlling for lower-
tail dependence using the Clayton Canonical Vine Copula (CVC) and asymmetries within
the skewed Student t marginals, the portfolio can insulate downside risk and, to some
extent, protect the value of the portfolio with little loss to upside return. However, there
seems to be little or no benefit to be gained by using a complex model of the dependence
structure and marginals for simpler, smaller portfolios. In cases like these, using advanced
models induces estimation error which overruns any benefits from the modeling, resulting
in poor portfolio decisions. (see also Hatherley & Alcock 2007 for a similar conclusion.)

As a summary, Figure 2.4 illustrates the utilization of the R-vine copula in forecasting
the Expected Shortfall for an equally-weighted portfolio consisting of nine sectoral price
indices. The data was downloaded from the Moscow Exchange website and covers the
period from 9 January 2008 to 7 September 2017 (2407 daily observations in total). Here,
only the last 1000 log-returns are used, and the moving window is set to 250 days. The
main steps can be outlined as follows: First, the GARCH(1,1) model with Student-t in-
novations is fitted to convert the log-returns into an i.i.d. series. Then, the extracted and
standardized residuals are converted to Student-t marginals for the copula estimation.
Once a multivariate matrix of uniform marginals has been obtained, an R-vine is fitted
with the bivariate copula family consisting of six copulas (namely Gaussian, Student-t,
Clayton, Gumbel, Frank, and Joe copula), and AIC is used as the selection criterion. Next,

1000 simulations per index are generated, and the simulated uniform marginals are con-
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verted to standardized residuals. Respectively, returns are simulated from the standard-
ized residuals. Finally, a series of simulated daily portfolio returns is generated to forecast
one-day-ahead ES with 99 and 95 percent confidence levels. (Singh & Allen 2017, 249—
255; see also Allen et al. 2013; Nagler et al. 2019 for more technical details.)

Portfolio ES (1% & 5%)

Series
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— - Returns
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Figure 2.4 One and five percent R-vine ES forecasts along with an equally-weighted

sectoral indices portfolio returns

The above approach leads to Expected Shortfall forecasts that are not time-dependent
but have the advantage of being co-dependent on the assets in the portfolio. As can be
seen, these forecasts closely follow the daily returns with few violations. A mere eyeball
examination tells us that there are roughly ten exceedances at the 99 percent confidence
level. Note that the model could be easily improved, e.g., by adding more copulas to the
bivariate copula family. For example, Patton (2013, 947-952) demonstrates the use of
time-varying copula models in portfolio risk management. His work is mainly based on
the paper by Creal, Koopman, and Lucas (2012), who propose a class of observation-
driven time series models referred to as generalized autoregressive score (GAS) models.
Respectively, Almeida, Czado, and Manner (2016) promote the use of a dynamic D-vine
model, which extends the stochastic autoregressive copula (SCAR) model by Hafner and
Manner (2012), in the modeling of high-dimensional time-varying dependence and fore-

casting Value-at-Risk for daily stock returns.
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3 DATA AND RESEARCH METHODS

We begin this section by providing a few descriptive statistics of the data used. Then, we
discuss the principles of the algorithms used in performing different asset allocation strat-

egies. The empirical findings are presented in the next chapter.

3.1 Data and descriptive statistics

In this thesis, we utilize two data sets representing the Russian stock market, namely daily
sectoral price! indices downloaded from the Moscow Exchange (MOEX), as well as daily
total return indices of 40 constituents of the MICEX index downloaded from the Thomson
Reuters Datastream database. In both cases, the values are denominated in Russian rubles.
Let us start the depiction of the data with the nine sectoral indices. These include the
Consumer Goods & Services (CGS), Chemicals (CHM), Electric Utilities (PWR), Finan-
cials (FNL), Manufacturing (MNF), Metals & Mining (M&M), Oil & Gas (O&G), Tele-
coms (TLC), and Transport (TRN) Index. As a benchmark, we use the MICEX price
index. Our sample starts on December 28, 2007, and ends on September 7, 2017 (i.e.,
2408 daily price observations in total). MOEX uses a free-float capitalization weighting
approach, and the sector indices are calculated based on the prices (in RUB) of the most
liquid shares of Russian issues admitted to trading in the public joint-stock company
(PJSC) Moscow Exchange. These price return indices are calculated without considering
the cash dividends on index securities. (see Moscow Exchange Sectoral Indices 2017.)
Table 3.1 lists the descriptive statistics. These include, inter alia, the minimum and
maximum daily returns over the sample period, average annualized returns, annualized
standard deviation, as well as skewness and kurtosis. Based on these metrics, we can
observe that the Chemicals index has the most extreme range in returns (i.e., its minimum
and maximum returns vary from -0.30 to 0.29), whereas the Consumer Goods & Services
index has the smallest range with minimum and maximum returns varying from -0.14 to
0.10. Moreover, the Chemicals index has the highest annualized return of 0.11, whereas
the Manufacturing index has the lowest annualized return of -0.08. In terms of risk, the
Oil & Gas index has the highest annualized standard deviation of 0.34, whereas the Con-
sumer Goods & Services index presents the lowest value of 0.22. Interestingly, the Oil &
Gas index is also the only asset exhibiting positive skewness (0.59), whereas the Electric
Utilities index has the most negative skewness of -1.09. Finally, the Chemicals (Con-
sumer Goods & Services) index has the highest (lowest) kurtosis of 37.36 (12.34).

! When data was downloaded, total returns were not available for the sectoral indices.
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In Table 3.1, we also report the results of the Jarque-Bera Test. The JB test statistic
has an asymptotic y2-distribution with two degrees of freedom and can be used to test the
null hypothesis that the data are from a normal distribution. The null hypothesis is a joint
hypothesis of the sample skewness being zero and the excess kurtosis being zero. Any
deviation from this increases the JB statistic. (see Jarque & Bera 1980; Bera & Jarque
1981; Cromwell, Labys & Terraza 1994, 20-22.) As can be deduced from the large values
of the test statistic, all the indices depart from normality. This departure is also statistically
significant since the p-values are smaller than 0.0001 for each index. Hence, we can reject
the null hypothesis and conclude that the returns do not follow the normal distribution.

Next, we compute the sample autocorrelation coefficients for each time series at the
first two lags (days). The statistically significant values at the five percent level are de-
noted with an asterisk. With respect to serial correlation, it is clear that if a return series
is independently distributed, then the autocorrelation coefficients, p(k), should be zero
for all time lags of the differenced series (Cromwell et al. 1994, 25). However, as we can
see in Table 3.1, all the first-order autocorrelation coefficients are positive and significant,
except in the case of MICEX (0.01) and O&G (0.01). The TRN index is the only asset
with a negative (and statistically significant) first-order AC coefficient of (-0.10%*). Cor-
respondingly, the second-order AC coefficients are negative and statistically significant,
except in the case of the CGS (0.04), M&M (0.00), MNF (0.00), and TRN (0.04) index.

Although not reported here, we also conducted the Augmented Dickey-Fuller test (see
Trapletti, Hornik & LeBaron 2020, 2-3) for these ten indices and found that only in the
case of the Oil & Gas index was the p-value of the first-order DF test statistic smaller
than the five percent significance level. Thus, we can conclude that this sector’s price
series possesses mean reversion (i.e., the next price level will be proportional to the cur-
rent price level). Furthermore, to investigate the long-range dependence or long-memory
behavior of each time series process, we calculated the Hurst Exponents using both the
simple R/S Hurst estimation and the differenced aggregated variance methods (see Hurst
1951; Weron 2002; Wiirtz et al. 2017a, 3; Borchers 2021, 167-169 for more technical
details). We found that for each series, the Hurst Exponent was larger than 0.5 (H > 0.5),
meaning that the time series of Russian sectoral indices are persistent (i.e., trending).

In Table 3.1, we consider the forecastability of Russian equities a bit more specifically.
The best forecasting method for stock market indices (and prices) is often the naive
method. In other words, each forecast is simply equal to the last observed value, or y; =
v:_1. Hence, the residuals are equal to the difference between consecutive observations:
e = Vi — Vr = ¥t — Vi—1. We obtain the residuals from forecasting each individual time
series using this naive method with daily closing observations (i.e., levels). Under the
efficient market hypothesis, the naive method should produce forecasts that account for
all available information, meaning, inter alia, that no significant correlation exists in the

residuals series. In order to test jointly that several autocorrelations are zero, we compute
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the Ljung-Box test statistic (see Ljung & Box 1978; Cromwell et al. 1994, 25-27; Tsay
2010, 32-35; Halls-Moore 2017, 125) for the null hypothesis Hy : p; = =p, =0
against the alternative hypothesis H, : p; # 0 for some i € {1, ..., h}. In other words, we
examine whether the first h autocorrelations are significantly different from what would
be expected from a white noise process. In line with Hyndman and Athanasopoulos (2014,
52-57), we set the maximum lag being considered to ten (h = 10). If the autocorrelations
did come from a white noise series, then the test statistic Q* would have a y2-distribution
with h degrees of freedom.

We observe that the LB Q*(10) statistic for the cumulative effect of up to tenth-order
autocorrelation in the residuals is large, with p-values smaller than the five percent sig-
nificance level. Hence, we can reject the zero autocorrelation null hypothesis for each
index and conclude that the residuals are not a realization of discrete white noise, meaning
that the time series of daily returns is not independent. Since the distribution of the next
return seems to depend not only on the current return but on several previous returns, our
sample has all of the well-documented characteristics of the unconditional distribution of
equity returns. These stylized facts can then be used to justify the use of various (para-
metric) forecasting models. Indeed, if the variance is a risk proxy, then higher variance
may lead to higher levels of expected return. In order to capture the linear dependence in
the residuals, one could employ, say, an Autoregressive Moving Average (ARMA) model
for the conditional mean in a time-series model for conditional variance.

Finally, we conduct Welch’s two-sample t-test (see Welch 1947) in order to analyze
whether the true difference in the average (mean) returns between a sectoral index and
the MICEX Index is statistically equal to zero. Note that this test is more robust than
Student’s t-test when the two samples have unequal variances. Judging by the high two-
tailed p-values, which are all much greater than the five percent significance level, we
cannot reject the null hypothesis that the two population means are equal (i.e., the differ-
ence is not statistically significant). This conclusion is not hugely surprising, given that,
despite the central limit theorem, we are using return data that violates the assumption of

normality.
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Table 3.1 Descriptive statistics of the price indices returns of the MICEX index and

the sectoral indices based on daily observations

Ljung-Box test

Jarque-Bera test for the residu- Welch
for als from the two-sample
normality naive method t-test
with 10 lags
Ann. t-
Min Max Ann. Std Skew- Ku?to- +? p- ACF ACF Q* p- statis- p-
return ness sis value  (lagl) (lag 2) value . value
Dev tic
MICEX | -0.207  0.252 0.007 0333 -0.074 24.682 61102 0.000 0.014  -0.045* 626  0.000 - -
CcGS -0.135  0.103 0.074 0215 -0.821  12.340 15542 0.000  0.114* 0.035 664  0.000 0.524 0.601
CHM -0.301 0.285 0.111 0.333  -0.539 37.355 140064 0.000  0.096* -0.043* 847  0.000 0.687  0.492
FNL -0.231 0.254 0.005 0337 -0.253  22.601 51257 0.000  0.041* -0.068* 588  0.000 -0.010 0.992
M&EM -0.202  0.177 0.040 0337 -0.624  14.492 21219 0.000  0.131* 0.001 916  0.000 0217 0.828
MNF -0.152  0.183  -0.080 0.317 -0.646  13.940 19656 0.000  0.084* 0.002 847  0.000 -0.578 0.563
0&G -0.198  0.299 0.057 0342 0594  28.340 80692 0.000 0.013 -0.050* 622 0.000 0.324  0.746
PWR -0.252 0217  -0.061  0.327 -1.086 22.774 52492 0.000  0.138*  -0.043* 915 0.000 -0.444 0.657
TLC -0.203  0.175 -0.043  0.303 -1.032 17.162 29967 0.000  0.094*  -0.065* 769  0.000 -0.337 0.736
TRN -0.194  0.191  -0.006  0.327 -0.072 15.373 23704 0.000 -0.098* 0.037 442 0.000 -0.084 0.933

It is often interesting to see how the return series move in relation to each other and
how much they are related. Thus, Table 3.2 shows a matrix of Pearson’s correlation co-
efficients for the MICEX and sectoral price indices. Unsurprisingly, the highest correla-
tion is between the Oil & Gas and the MICEX index (0.97). The O&G index is also highly
correlated with the other sectoral indices, the highest coefficients being with the Metals
and Mining (0.82), as well as with the Financials (0.81) index. In contrast, the Transport
sector is the least correlated with the MICEX index (0.49), as well as with the other sec-
toral indices (values ranging from 0.41 to 0.49). All these correlation coefticients are sta-
tistically significant at the five percent level (i.e., p < 0.0001), and hence they have been
marked with an asterisk. Furthermore, although not reported here, it is worth mentioning
that the rolling 252-day correlations between the MICEX index and the sectoral indices
peaked in February—March 2014 when the Ukrainian crisis started and decreased equally
rapidly to the pre-crisis levels at the beginning of 2015.
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Table 3.2 Correlation matrix for the MICEX and sectoral price indices
MICEX CGS CHM FNL M&M MNF 0&G PWR TLC TRN

MICEX 1.000

CGS 0.606*  1.000

CHM 0710  0.505*  1.000

FNL 0.875%  0.574*  0.625*  1.000

M&M 0.857*  0.576*  0.656*  0.712*  1.000

MNF 0.590*  0.571*  0.519%  0.585*  0.566*  1.000

0&G 0.972*  0.571*  0.691*  0.814*  0.816*  0.560*  1.000

PWR 0.732%  0.608*  0.581*  0.694*  0.670*  0591*  0.686*  1.000

TLC 0.795%  0.607*  0.590*  0.741*  0.709%  0.572*  0.758*  0.694*  1.000

TRN 0.495%  0.415%  0.408*  0478*  0428%  0.408*  0469%*  0479%  0463*  1.000

Figure 3.1 presents the daily log-returns of the MICEX price index as a bar chart over-
layed with two rolling measures of tail risk, namely the traditional Gaussian Value-at-
Risk and more conservative Expected Shortfall at the 95 percent confidence level (see
Peterson et al. 2015, 97-98; Peterson et al. 2018, 11). The rolling 1-day risk calculations
help us identify events and periods when estimates of tail risk changed suddenly. They
also help us evaluate whether the assumptions underlying the calculation seem to hold.
Overall, based on these dynamic estimates, the risk level has been steadily decreasing in
the Russian stock market since the global financial crisis of 2008. On the other hand, the
outbreak of the Russo-Ukrainian War at the beginning of 2014 caused a sudden and un-

expected negative peak in volatility.
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Figure 3.1 Daily returns of the MICEX price index with risk metric overlay
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Let us now focus on the individual stocks. Unfortunately, since the Russian stock mar-
ket is relatively young and the amount of data is limited, we need to choose between the
length of time series and the number of investable equities. Therefore, as a compromise,
we decide to use the daily total return indices data of 40 (out of roughly 50) constituent
stocks of the MICEX gross Total Return (TR) index from 21 July 2011 to 6 September
2017. As such, our sample period encompasses over six years, consisting of 1538 daily
observations in total. We remove firms that do not have information on stock returns
available for the whole period. The total return indices reflect cum-dividend prices and
account for all further corporate actions, reinvested dividends, and stock splits, making
them the most suitable metric for return calculations (Fischer & Krauss 2018, 655). For
more information on the computation methodology of these indices, see Thomson Reuters
Global Equity Indices (2015, 8-10). The MICEX gross TR index, in turn, is calculated
by the Moscow Exchange. It is designed to represent the overall return of its constituents
(i.e., their capital performance and income from reinvesting dividends). Here, ‘gross’
means that the TR index is calculated subject to gross dividends (i.e., dividend income
taxes are not considered). (see Total Return Indices 2017.)

Table 3.3 shows the company names and tickers of these 40 ordinary and preferred
shares representing nine different industrial sectors. The additional two assets at the bot-
tom of the list, namely Far-Eastern Shipping Company (FESH) and TransContainer
(TRCN), represent the stocks from the Transport sector used in our copula opinion pool-
ing application. Overall, these are the most liquid stocks of the Moscow Exchange. Fur-
thermore, our sample should be free of survivorship bias since none of the constituents of
the MICEX index has been delisted from the stock exchange during the period consid-
ered. The reader interested in learning more about the features of the Russian preferred
shares is referred, e.g., to Liljeblom and Maury (2016).

The descriptive statistics of these assets are presented in Table 3.4. The minimum re-
turns vary from -0.53 (Mechel) to -0.08 (Rosneft), whereas the maximum returns vary
from 0.05 (the MICEX index) and 0.07 (Surgutneftegas) to 0.83 (PhosAgro). AFK
Sistema has the largest return range from -0.46 and 0.72. Furthermore, Mechel
(PhosAgro) has the lowest (highest) average annualized return of -0.23 (0.31). In terms
of annualized standard deviation, Mechel is also the riskiest asset (0.69), whereas the
MICEX index (0.20) and Lukoil (0.25) are at the opposite end of the spectrum.

As is common with stocks, most of our assets (27 out of 42, i.e., 64 percent) exhibit
negative skewness, implying more negative extreme returns. Alrosa has the most negative
skewness of -2.11, whereas PhosAgro has the most positive skewness of 15.89. Similarly,

most of the return distributions (32 out of 42, i.e., 76 percent) exhibit noticeable excess

2 In brief, a preferred stock may provide some shareholder protection because its dividend is determined as
a fixed percentage of net profits. Thus, it is more difficult to channel cash from the firm to the controlling
owner proportionally to voting rights. (Liljeblom & Maury 2016, 2416-2417.)
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kurtosis. Again, PhosAgro has the highest kurtosis of 461.10, whereas Tatneft has the
lowest kurtosis of 1.13. The presence of leptokurtosis means that large moves occur far
more frequently than one would expect if the returns were normally distributed (Sinclair
2013, 40). Hence, a more sophisticated approach than standard deviation (or volatility) is
required to model the risk adequately.

Furthermore, the Jarque-Bera test rejects the null hypothesis of normality for each of
the 43 assets at the five percent significance level. Specifically, the values of the JB test
statistics are large and range from 82 (Tatneft) to 13,680,893 (PhosAgro). Correspond-
ingly, the test’s p-values are all highly significant (i.e., p < 0.0001). Hence, we can con-
clude that none of the return series is normally distributed, which is in line with the well-
known stylized facts for financial market returns.

Considering the linear dependence between the time series and its past values, we
compute the autocorrelation functions (ACFs) at the first two lags. We can see that 19
assets out of 43 (44 percent) have a statistically significant first-order autocorrelation co-
efficient at the five percent level (denoted with an asterisk). Out of these nineteen assets,
only two have a negative autocorrelation coefficient, namely Unipro (-0.07) and Trans-
Container (-0.17). Mechel has the highest positive first-order autocorrelation coefficient
of 0.14. With respect to the second-order ACFs, ten out of 43 assets (23 percent) have a
statistically significant autocorrelation coefficient, and only one of these, namely TMK,
has a significant positive coefficient of 0.07. Alrosa has the most negative second-order
AC coefficient of -0.14. Thus, there seems to be momentum at the first lag, which, to a
lesser extent, is followed by mean-reversion at the second lag. Naturally, when autocor-
relation is high, it becomes easier to predict future values by referring to past values. To
put it another way, when data have a trend, the autocorrelations for small lags tend to be
large and positive because observations nearby in time are also nearby in size.® (Tsay
2010, 31; Hyndman & Athanasopoulos 2014, 35.)

Based on the p-values of the Augmented Dickey-Fuller test statistic with a lag order
value of one (not reported here), eight of these 42 stocks are statistically significantly
mean-reverting at the five percent level. These include Gazprom, Lukoil, LSR Group,
Mechel, Rostelecom, Tatneft, Unipro, and Uralkali. It is worth noting that since three of
these companies belong to the same Oil & Gas sector, one could exploit the tendency of
these time series to revert to a historical mean value by creating, say, a classic ‘pairs trade’
trading strategy (see, e.g., Halls-Moore 2015, 172—180). We leave such considerations
for future research. On the other hand, the Hurst Exponents (not reported here) for each
time series are near one, indicating that they are strongly trending. This finding shows

again that the daily prices of Russian equities do not behave akin to geometric Brownian

3 However, it is worth recalling that autocorrelation measures linear relationships; even if the autocorrela-
tion is minuscule, there can still be a nonlinear relationship between a time series and a lagged version of
itself.
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motion (i.e., long-term positive autocorrelation is a distinctive feature). Therefore, we
should be able to capitalize on this behavior by forming momentum trading strategies.

The Ljung-Box test statistic, Q*(10), on the residuals from the naive method provides
us with another formal test of intertemporal dependence in the variance. As we can see in
Table 3.4, the values of this statistic are large, with p-values less than the five percent
significance level (i.e., p < 0.0001). As the results are statistically significant, we can
reject the null hypothesis and conclude that the residuals are distinguishable from a white
noise series. Unlike in more efficient Western stock markets (see, e.g., Tsay 2010, 34;
Hyndman & Athanasopoulos 2014, 216), the daily change in the Russian stock prices is
correlated with that of previous days and thus not completely random. This suggests that
we should be able to construct deterministic models and compute forecasts that utilize the
information left in the residuals. Indeed, the fact that the residuals are not behaving like
white noise is in contrast to the ‘random walk’ model, stating that future movements (i.e.,
daily changes in direction) are unpredictable. Note that the large values of Q* for certain
assets (e.g., 748 of Rosseti) are most likely a result of the nonsynchronous trading effect
(see Kim & Kon 1994, 566).

With respect to Welch’s two-sample t-test, we can see that the two-tailed p-values
(ranging from 0.15 of Rostelecom to 0.99 of Bashneft, pref.) are greater than the five
percent significance level, meaning that we cannot reject the null hypothesis of equal
population means. However, although the difference is not statistically significant, 24 out
of 40 stocks (60 percent) have a positive t-statistic. Hence, it might be possible to con-
struct portfolios that yield higher mean returns than the MICEX index. It can also be
concluded that the gap between the best and worst-performing assets is large. For exam-
ple, Tatneft pref. (1.26), PhosAgro (1.20), Surgutneftegas pref. (1.16), and Acron Group
(1.06) have the highest test statistic, whereas the opposite is true for Rostelecom (-1.45),
Rosseti (-1.31), Uralkali (-1.09), and Mechel (-1.04). Finally, based on a static view of
the relationships over time (not reported here), Polyus and Alrosa are the least correlated
with the MICEX index (0.19 and 0.26, respectively), whereas Gazprom and Sberbank
have the highest correlation with the MICEX index (0.85 and 0.80, respectively). All

these correlation coefficients are statistically significant at the five percent level.



Table 3.3 Asset universe consisting of 40 constituent stocks of the MICEX gross
total return index

Company name Ticker Sector
1 Acron Group (Akron) AKRN Chemicals
2 PhosAgro (FosAgro) PHOR Chemicals
3 Uralkali (Uralkaliy) URKA Chemicals
4 Dixy Group DIXY Consumer G&S
5 Magnit MGNT Consumer G&S
6 M.video MVID Consumer G&S
Federal Grid Company of Unified En- s
7 ergy System (FGC UES) FEES Electric Utilities
8 Inter RAO UES IRAO Electric Utilities
9 Mosenergo MSNG Electric Utilities
10 Rosseti (Rossiyskiye Seti) RSTI Electric Utilities
11 RusHydro HYDR Electric Utilities
12 Unipro (Yunipro) UPRO Electric Utilities
13 AFK Sistema AFKS Financials
14 Bank VTB VTBR Financials
15 | Sberbank of Russia (Sberbank Rossii) SBER Financials
16 Sberbank of Russia, Pref. SBERP Financials
17 Alrosa ALRS Metals & Mining
Magnitogorsk Iostl. Works (Magnito- -
18 gorski metallurgitSeski kombinat) MAGN Metals & Mining
19 Mechel (Metsel) MTLR Metals & Mining
20 Norilsk Nickel (Norilski nikel) GMKN Metals & Mining
Y Novolipetsk .Stveel ('Novoli.petski metal- NLMEK stk & Mitais
lurgitSeski kombinat)
22 Polyus PLZL Metals & Mining
23 Severstal CHMF Metals & Mining
24 TMK (Trubnaya Met.allurgicheskaya TRMK Metals & Mining
Kompaniya)
25 Bashneft, Pref. BANEP 0Oil & Gas
26 Gazprom GAZP Oil & Gas
27 Lukoil LKOH Oil & Gas
28 Novatek NVTK Oil & Gas
29 Rosneft Oil Co ROSN Oil & Gas
30 Surgutneftegas SNGS Oil & Gas
31 Surgutneftegas, Pref. SNGSP Oil & Gas
32 Tatneft TATN Oil & Gas
33 Tatneft, Pref. TATNP Oil & Gas
34 Transneft, Pref. TRNFP Oil & Gas
35 LSR Group LSRG Real Estate
36 PIK Group PIKK Real Estate
37 Mobile TeleSysjcerns (Mobil'nye Tele- MTSS Telecoms
sistemy)
38 Rostelecom (Rostelekom) RTKM Telecoms
39 Aceroflot R.uss.. Airl. (A@rgﬂot - Ros- AFLT TR
siyskiye Avialinii)
40 Novorogsiysk Commercial Sea Port NMTP Transport
(Novorossiyskiy morskoy torgovyi port)
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Table 3.4 Descriptive statistics of the total returns of the MICEX index and its 40
constituents based on daily observations
Ljung-Box
test for the
Jarque-Bera .test ;;eriu;les M(Ef(f;nhp le
for normality ..
naive t-test
method with
10 lags
. Ann. £, Skew-  Kurto- 5 p- ACF ACF p- t- p-
Min Max Std . X Q* ..
return Dev ness sis value (lag1) (lag 2) value statistic  value
MICEX | -0.114 0.051 0.072 0.204  -0.787 6.289 2691 0.000  0.033 -0.027 432 0.000 - -
AFKS -0.461  0.724  -0.098 0.581 1.749  135.264 1172512 0.000  0.106*  -0.077* 218 0.000 -0.680  0.497
AFLT -0.182  0.103 0.203 0.353  -0.631 7.070 3303 0.000  0.091*  -0.005 374 0.000 0.795 0427
AKRN | -0.140  0.069 0.225 0.296 -0.515 4.149 1170 0.000  0.028 0.025 249 0.000 1.057 0.291
ALRS -0.511  0.337 0.200 0.434 -2.112  111.058 791030 0.000 0.104*  -0.136* 341 0.000 0.663  0.507
BANEP | -0.221  0.192 0.074 0343  -0.535  15.632 15723 0.000  0.064* 0.009 490 0.000 0.014  0.989
CHMF | -0.115 0.088 0.169 0337 -0.124 1.952 248 0.000  0.059*  -0.010 286 0.000 0.609  0.542
DIXY -0.212  0.169  -0.039 0346 -0.468  12.006 9287 0.000 0.120*  -0.009 465 0.000 -0.679 0.497
FEES -0.247  0.156  -0.100  0.454 -0.506 7.462 3631 0.000  0.095*  -0.010 526 0.000 -0.853 0394
GAZP -0.150  0.076  -0.038 0.259 -0.343 5.800 2185 0.000  0.036 -0.004 390 0.000 -0.822 0411
GMKN | -0.159  0.121 0.132 0.288  -0.273 6.577 2789 0.000  0.033 -0.061*% 293  0.000 0.421 0.674
HYDR -0.099  0.125 -0.048 0.345 0212 3.057 610 0.000  0.035 -0.023 390 0.000 -0.739  0.460
IRAO -0.183  0.115 0.009 0.388 -0.031 4.490 1291 0.000  0.103* 0.036 506 0.000 -0.354 0.723
LKOH | -0.103  0.092 0.128 0.248 -0.182 3.069 612 0.000  0.014  -0.063* 386 0.000 0.438  0.662
LSRG -0.200  0.085 0.038 0.344  -0.639 7.083 3317 0.000  0.022 -0.001 374 0.000 -0.205 0.838
MAGN | -0.164  0.095 0.111 0367 -0.211 3.428 764 0.000  0.056* 0.031 315 0.000 0.231 0817
MGNT | -0.123  0.099 0.183 0.331  -0.200 2.700 477 0.000  -0.016 -0.031 339 0.000 0.704  0.481
MSNG | -0.160 0.157 0.064 0.334  0.264 6.992 3149 0.000  0.075* 0.039 496 0.000 -0.046 0.963
MTLR -0.534  0.448 -0.232 0.694 -0.454  30.558 59856 0.000  0.144*  -0.062* 452 0.000 -1.036  0.301
MTSS -0.142  0.225 0.106 0.298  0.423 17.692 20090 0.000 -0.015 -0.014 271 0.000 0235 0.814
MVID -0.169  0.094 0.168 0327 -0.734 8.422 4681 0.000  0.105*  -0.006 382 0.000 0.616  0.538
NLMK | -0.133  0.105 0.082 0.349  -0.037 2.650 450 0.000  0.058* 0.004 376 0.000 0.063  0.950
NMTP -0.174  0.176 0.212 0361  0.339 8.834 5027 0.000  0.044 -0.003 366 0.000 0.840  0.401
NVTK -0.170  0.094 0.084 0311 -0.538 6.060 2426 0.000 -0.042 -0.031 258 0.000 0.085  0.932
PHOR -0.120  0.834 0.314 0.455 15.891 461.102 13680893  0.000  0.018 -0.018 361 0.000 1.199  0.231
PIKK -0.091 0.114 0.182 0.293 0474 4.186 1180 0.000  0.036 0.037 337 0.000 0.761 0.447
PLZL -0.136  0.300 0.187 0363  2.758 28.238 53013 0.000  0.132*  -0.019 396 0.000 0.688  0.492
ROSN -0.079  0.071 0.075 0.264  0.082 1.326 114 0.000  0.063*  -0.007 453 0.000 0.024  0.981
RSTI -0.259  0.162  -0.203 0477 -0.291 7.438 3565 0.000 0.080*  -0.021 748 0.000 -1.309 0.191
RTKM | -0.158  0.131 -0.145 0309 -0.016 8.090 4192 0.000  0.005  -0.064* 379 0.000 -1.448 0.148
SBER -0.161  0.120 0.118 0331 -0.417 5.399 1911 0.000  0.049  -0.078* 401 0.000 0.297  0.767
SBERP | -0.132  0.102 0.141 0330 -0.423 3.407 789 0.000  0.047 -0.029 433  0.000 0.442  0.659
SNGS -0.109  0.067 0.019 0.285  0.052 1.912 235 0.000  0.027 -0.031 381 0.000 -0.368 0.713
SNGSP | -0.095 0.084 0.234 0.280 -0.166 2.435 387 0.000  0.030 -0.004 473 0.000 1.161 0.246
TATN -0.092  0.082 0.159 0.341  0.043 1.127 82 0.000  -0.026 -0.048 287 0.000 0.544  0.586
TATNP | -0.089 0.112 0.237 0251 0.113 3.764 911 0.000  0.004 -0.023 268 0.000 1263  0.207
TRMK | -0.310 0.290  -0.067 0.408  0.073 32.308 66847 0.000 -0.015  0.068* 193 0.000 -0.748 0.454
TRNFP | -0.156 0.147 0.240 0.358  0.027 5.888 2221 0.000  0.045 -0.054* 299 0.000 1.011 0.312
UPRO -0.178  0.084 0.066 0310 -0.519 6.643 2895 0.000 -0.072*  -0.011 213 0.000 -0.035 0972
URKA -0.233  0.136  -0.098 0325 -1.661  22.139 32097 0.000 0.109*  -0.032 451 0.000 -1.092 0.275
VTBR -0.193  0.101 -0.042 0.303  -0.525 8.810 5042 0.000  0.051 -0.007 400 0.000 -0.769  0.442
Additional stocks of the Transport sector used in the Copula Opinion Pooling application:
FESH -0.136  0.263 -0.168 0.449 1.814 14.322 13979 0.000  -0.031  -0.080* 98 0.000 -1.200 0.230
TRCN -0.285  0.200 0.064 0.428 -0.488  18.293 21492 0.000 -0.165*  -0.039 172 0.000 -0.042 0.967
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3.2 Classical and robust mean-risk portfolios

We start this subchapter by constructing four optimal portfolios based on ordinary sample
estimators with the aim to outperform the MICEX Total Return Gross Index (thus, our
investable universe consists of the 40 component stocks of this benchmark). After that,
we move on to the robust covariance estimation and robust optimization techniques.
Within the mean-risk framework, the first obvious choice is to consider a variance mini-

mization strategy, which is a quadratic problem of the form:
min w'Xw, (3.2.1)

w

where X is the estimated covariance matrix of asset returns and w is the set of weights.
The second option is the return maximation strategy, which lies on the other end of the
Markowitz efficient frontier. This linear problem can be defined as follows:

max 'w, (3.2.2)
where i is the estimated mean asset returns.* (see Bennett 2015a, 5-6; 2015b, 3—14 for
more technical details about the R algorithms used.) For the sake of experimentation, we
consider two lesser-known modifications of this latter strategy.

Indeed, as our third strategy, we maximize the mean return per unit Expected Shortfall
(Conditional Value-at-Risk or Expected Tail Loss). This optimization problem is based
on the coherent reward-risk ratio called Stable Tail-Adjusted Return Ratio (STARR).?
Following the notation used by Stoyanov et al. (2007, 415) and Rachev et al. (2008, 31),
the maximization of the STARR ratio can be formally defined as:

E(w'r —1y)
ESa(w’r - rf)'

where the vector notation @'r stands for the returns of a portfolio with composition w =

max STARR(w) = max (3.2.3)
w w

(w1, Wy, ..., wy,), and E is the expectation operator. Here, the confidence level is set to 95
percent (a = 0.05), and the risk-free interest rate (7y) is set to zero percent for simplicity.

The fourth portfolio provides a demonstration of the risk budget mean-ES optimiza-
tion. In other words, it seeks to maximize mean return per unit ES (CVaR or ETL) with
ES equal contribution to risk. This approach is proposed by Boudt, Peterson, and Croux
(2008), who provide a comprehensive exposition on the computation and decomposition
of portfolio risk. As a brief illustration, consider an algorithm that allocates the portfolio
between n assets, with weights @ = (w4, ..., w,)". The n asset returns are stacked into
the random vector r = (ry, ... 1,)’, which is assumed to be strictly stationary with mean pu
and covariance matrix X. It follows that the portfolio return r,, has mean @’ and variance

4 Alternatively, one could follow Estrada (2010), as well as De Santiago and Estrada (2013), who maximize
the geometric mean return.

5 See, e.g., Martin, Rachev and Siboulet (2003), Biglova et al. (2004), Rachev et al. (2007), Stoyanov,
Rachev and Fabozzi (2007), Rachev et al. (2008), Chia, Lim and Chan (2013), Goel, Sharma and Mehra
(2019) for further discussions.
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w'Zw. Under the additional assumption that the portfolio return distribution F(+) is con-
tinuous, the VaR and ES of , as a function of a loss probability a, can be defined as:
VaR(a) = —F(a)
ES(a) = —Eg[rplry, < F X)),
with F~1(+) the quantile function associated to F(-) and Eg[- | -] the operator that takes

(3.2.4)

the conditional expectation under F(+).

As shown in Boudt et al. (2008), the risk measures are required to be 1-homogeneous
for portfolio risk decomposition. That is, if the weight vector is multiplied by some scalar
b, then also these risk measures are multiplied by b. One can now employ Euler’s homo-

geneous function theorem, as it states that for 1-homogeneous f (), there is
n

@) =) widif @), (3.25)
i=1

where 0;f (w) = 0f (w)/dw;. Under this decomposition, the Contribution of asset i to
the risk measure f(w), C;f (w), and its percentage Contribution, %C; f (@), which is also
known as the (percentage) Component of asset i in the portfolio risk measure f (), equal
Cif (W) = w;0;f (w) and %C;f (w) = Cif (w)/f(w). (3.2.6)
We can interpret the contribution to ES () as the expected contribution to portfolio return

when the portfolio return is at least the negative value of VaR(«a):
CES(a) = w;0;ES(a) = —E[w;r;|r, < —VaR(a)]. (3.2.7)
Since we are dealing with a downside risk measure that depends on the portfolio mo-
ments, it is computationally convenient to express the portfolio moments as a function of
the multivariate moments of the returns on the underlying assets. This can be done by
using the N X N? co-skewness matrix M; = E[(r—p)(r—wn)' ® (r —n)'] and
N X N3 co-kurtosis matrix M, = E[(r —p)(r —p)’ @ (r — )’ ® (r — w)'], where ®
stands for the Kronecker product. Under this representation, the derivatives of the portfo-
lio moments can be computed straightforwardly. If we denote the g-th centered portfolio
moment m, = E [(rp - w’u)q] and let 9;m, be its partial derivative with respect to the

portfolio weight w;, we get
m, = w'Iw om, = 2(Zw);

mz = w'Mz(w ® w) omz = 3(M3(w & w))l- (3.2.8)
my=0'M(wQ@w®w) dm,=4(M(0w QW w))i.

The portfolio’s skewness s, and excess kurtosis k,, and their partial derivatives are then

given by
Sp = m3/m§’/2 0;sp = (ng’/zaim3 — 3m3m;/26im2)/2m§ (3.2.9)
k, =my/mj — 3 0;k, = (my0;my — 2m,40;my)/m3 .

(see Boudt et al. 2008, 85; Pfaff 2016, 42—43.)
The computation of the derivative of the estimated ES is difficult for many estimation

methods because the estimator cannot be expressed as an explicit function of the portfolio
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weights. Nevertheless, Boudt et al. (2008, Appendix C) show that there is a way to com-
pute even the derivative of modified Expected Shortfall (9;mES(a)) analytically. This
approach, although tedious, is employed here. By definition, modified ES for a loss prob-
ability a is defined as the expected value of all returns below the a Cornish-Fisher quan-
tile and where the expectation is computed under the second-order Edgeworth expansion
of the true distribution function G (+):

mES(a) = —w'p — \/m,E;, [z]z < g,], (3.2.10)
with g, = G '(a). In the above equation, E¢,[z]|z < g,] can be expressed as a polyno-
mial in g, with coefficients that depend on the portfolio skewness s,, and excess kurtosis

k,, as well as on the standard Gaussian density function ¢ (-). More precisely,

1 1 1
EGZ [le = ga] = __{¢(ga) + ﬁ [14 — 617 + 3¢(ga)]kp + g [13 - 311]519
“1 (3.2.11)
+ﬁ [16 — 151* + 451* — 15¢(ga)]s5},
where
17 =
a/z (T17% 25\ a/2
[y ( =) g2 (9.0 + (]_[ 21') #(ge) forqeven
i=1 \Ilj=12Jj j=1
(3.2.12)

q* H?;O(ZJ +1) i e .
Zizo (m) 95 0(ga) — (1_L=0(2] + 1)) ®(g,) forqodd

and q* = (q — 1)/2 and ®(-) is the standard Gaussian distribution function.
Finally, using the property ¢'(z) = —z¢(z), the derivative of modified ES can be

computed as follows:
0,mES(a) =
0z p < STy {1 — 61 + 3 d;k
_Ui_z\/m—z Gz[le—ga]+ ng{ﬁ[ - + ¢(ga)] i‘p

1
+ 3¢ [16 — 151* + 4512 — 15¢(ga)]sp0'5p (3.2.13a)

+0i9al~9a$(9a) +5; [0 I* — 60;1” — 39, (ge)]kp + — [6 I? —30;1']s,

1
+2l° - 311]0-5,,

1
+75[0,0° — 150,1* + 459,1% + 15,6 (953 1).

If we let z, = ®~1(a), then
1 1 1
0,0q = Z (25 — 1)0;sp + 5 (25 — 324)0;k, — 5 (2z3 — 52)s,0;s,.  (3.2.13b)

24
For g even, we get

q/2 Hq/z )i a/2
aiIQ=Z< = 12) 220 - b - | | |2 )9a0000 32130
=1 \1j=14J j=1

and for q odd
al‘Iq ==
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qa* ”
Hq 0(2] + ) . .
; ( o(2j + 1)) ga' Qi+ 1-92)9(ga) - Q(ZJ +1) |¢(g,), (3.2.13d)

with ¢* = (@ — 1)/2. (see Boudt et al. 2008, 100.) These resulting formulae are then
translated into an efficient algorithm® included in the PortfolioAnalytics package (see Pe-
terson et al. 2018), and a constraint to minimize component contribution (i.e., equal risk
contribution) is specified.’

Before solving these four portfolio optimization problems, we add the commonly used
long-only and full investment constraints, meaning that short selling is not allowed (w; >
0, Vi € [1; N]), and the maximum sum of weights must not exceed one (w'1 = 1). The
backtests are run such that the portfolios are rebalanced monthly without an initial train-
ing period or rolling window. Furthermore, in order to produce more realistic perfor-
mance metrics, we add a proportional transaction cost constraint to each optimization
problem and assume a rate of 50 basis points (i.e., 0.5 percent). Our choice is in line with
Mei and Nogales (2018), who use the same value and note that this type of transaction
cost is realistic to model small trades, where the transaction costs come from the bid-ask
spreads, poor liquidity, and various brokerage commissions and fees. Furthermore, since
the bid-ask spread is commonly used as a proxy for transaction costs (see, e.g., Caporale
& Zakirova 2017, 103), our assumption should be conservative enough, given that the
average bid-ask spread of the 40 constituent stocks of the MICEX Index was only about
0.26 percent during the time period considered.

To illustrate how the proportional transaction cost constraint operates, let us assume
that transaction costs are paid at the beginning of the period and that the costs associated
with transactions must be paid out of the existing budget. In other words, they must be

financed from asset sales. Hence, we obtain the following formula:
Z(w{ — w}) — Z(tc;’w;r +tc;wi) =0, wf=0, w;=0 — (3.214)
i=1 i=1

In Equation (3.2.14), the positive weight changes w; are assets bought, and the negative
weight changes w; are assets sold. Moreover, tc;—r are the proportional transaction costs
for buying and selling. The first summation denotes the proceeds from net selling, while
the second summation denotes the associated costs. As noted by Scherer and Martin
(2005, 100-102), transaction costs lead to an indirect return reduction because the amount
on which asset returns can be earned is reduced from the start of the investment period.
This can be denoted by ¥; w; < ¥; @™t = 1, where w!™@ are the equally weighted
initial holdings. We can incorporate Equation (3.2.14) into a budget constraint by adding

transaction costs to the summation of holdings that are left after transaction costs have

® This algorithm solves minimum ES problems via mixed-integer linear programming and can thus compute
mES and component mES even for portfolios with a vast number of assets (see Boudt, Carl & Peterson
2010).

" Alternatively, one could specify upper and lower bounds on percentage risk contribution.
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been paid. The resulting minimization problem, where p and g;; reflect portfolio return

and the covariance between assets, is given as follows:

minz Z w;w;o;; subject to (3.2.15a)
ie=lj
Z.wi(l ) =14p (3.2.15b)
n : n
Z w; + Z (tc}wf +tcrwr) =1 (3.2.15¢)
i=1 i=1
w; = o™l oot — of (3.2.15d)
w; =0 (3.2.15e)
wf =0 (3.2.15f)
w; > 0. (3.2.15g)

For simplicity, we assume that transaction costs are equal across assets.® It is also worth
mentioning that as the value of proportional transaction costs increases, the constraint
pushes the optimal portfolio to the initial weights in order to limit these costs.’

The final thing we need to consider before running the backtest is the solver. Here, we
utilize a stochastic global optimization algorithm termed Differential Evolution (DE),
which is included in the DEoptim package (see Ardia et al. 2020). DE is a high-perfor-
mance optimizer that has shown superior performance in various real-world applications
in terms of solution accuracy and repeatability (see, e.g., Vesterstrom & Thomsen 2004;
Dong 2009; Iwan et al. 2012; Zhang & Wei 2014). However, the utilization of DEoptim
becomes more and more time-consuming and computationally burdensome as the port-
folio size increases. Thus, for a portfolio consisting of, say, hundreds of assets, one might
wish to use, for example, particle swarm optimization instead (see Bendtsen 2015).1°

Let us next turn to robust covariance estimators and robust portfolio optimization. Re-
call that, in the above allocation strategies, we followed the typical practice where the
arithmetic mean and the sample covariance were used to estimate the population’s theo-
retical location or dispersion moments. Although these classical estimators are asymptot-
ically efficient and consistent, they lose their attractive properties if the distributional as-
sumption is violated. Indeed, due to estimation error, the use of sample estimators for the
expected returns and the covariance matrix tends to lead to sub-optimal portfolio solu-
tions. According to Pfaff (2016, 163), sudden swings in the asset mix and extreme weights
are also typical in ex-post simulations.

Statistically, these issues are caused mainly by the sample estimators’ sensitivity to
extreme observations (or outliers). Since the outlying data points tend to have a smaller

effect on the dispersion estimates than to the means, ceteris paribus, minimum-variance

8 One could change this by providing vectors of transaction costs instead, together with the relevant index-
ing (see Scherer & Martin 2005, 100-102 for more technical details).

° From a technical point of view, a proportional transaction cost constraint can be considered as a penalty
for global numeric solvers (see Bennett 2015a, 7-8; Chen et al. 2019, 2-3).

10 See also Bennett (2015a, 20-25) for more information on this heuristic optimization algorithm, as well
as other solvers written in R.
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portfolios are often preferred to mean-risk portfolios (see, e.g., Kempf & Memmel 2006).
Overall, one would wish to use estimators that reduce the influence of outliers and thus
generate estimates that represent the majority of sample data. Alternatively, it would be
ideal to use such optimization methods that directly include estimation errors. As noted
by Pfaff (2016, 163—164), one can achieve the former by employing robust statistics and
the latter by utilizing robust optimization techniques.

To investigate these two approaches, we construct applications in the form of backtest
comparisons where the robust optimizations are compared to portfolio solutions based on
ordinary sample estimators. In our first application, we optimize minimum-variance port-
folios using the classical estimators and the M-, MM, Minimum Volume Ellipsoid (MVE),
Minimum Covariance Determinant (MCD), S-, and Orthogonalized Gnanadesikan-Ket-
tenring (OGK) robust estimators for the unknown parameters of location and scatter. We
introduce these robust estimators briefly below. The computations are done in R using
the rrcov (see Todorov 2020) and cccp (see Pfaff et al. 2020) packages. The former pro-
vides the estimators, whereas the latter is employed to carry out the optimization.

In order to determine the weights of the minimum-variance portfolio for a given esti-
mator, we follow (Pfaff 2016, 181-182, 186—189) and create an estimating function that
returns the dispersion estimates (i.e., the second moments) for the classical and robust
methods. We apply this function to the empirical data set and use it for portfolio optimi-
zation. We can then calculate the portfolio weights for each of the estimation methods by
utilizing a rolling window approach of 252 observations. Next, we compute the portfolio
returns (for each of the underlying estimators) such that the weights (which are lagged by
one period) are multiplied by the respective returns. Finally, to analyze relative perfor-
mance, we compute the portfolios’ excess returns based on robust estimators relative to
the classical covariance estimator.

The following brief depiction of the M- and MM estimators is restricted to univariate
samples for the sake of convenience, and the notation is the same as used in Pfaff (2016,
165-166).!" Firstly, the M estimator, which closely resembles the maximum likelihood
(ML) principle'? (see Huber 1964; 1981), is defined as the minimum of a sum of functions

p(x, 0): .
6 = arg min <z p(x;, 9)) . (3.2.16)

' For more information on the M-estimators, see, e.g., Lopuhai (1989), Rocke (1996), Todorov and
Filzmoser (2009), Maronna et al. (2019, 30, 40—42, 202-204), and Todorov (2020, 17-20, 38—40).

12 As stated by the ML principle, the unknown parameters () are defined such that they have most likely
generated a given i.i.d. sample, {x4, ..., x,}, drawn from a distribution F(x, 8) with density function f(-).
Because of this i.i.d. assumption, the joint distribution, which is maximized, is equal to the product of the
marginals. However, since the logarithm is a strictly monotone transformation, the optimization can also
be executed by minimizing the negative log-likelihood function. (see Pfaff 2016, 165.)
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The function p(+) has to fulfill the requirements of symmetry, positive definiteness, and
a global minimum of zero. Although different specifications of p(+) exist,!* we employ

the bi-square (aka bi-weight) function proposed by Tukey (1962):
_(1—=[1—=(x/k)?*]® if|x| <k,
Pi() ‘{1 if x| > k.

As can be seen, this function is bounded for large absolute values of x. Hence, extreme

(3.2.17)

data points receive a smaller weight and are thus less influential regarding the parameter
estimates. Next, the algorithm is set to seek a solution to Equation (3.2.16) by equating
the gradient Y(x) = 8p(x, 8)/86 to zero. Finally, the MM estimator'* can be computed
by iterating the above method. Indeed, an M-estimator is first used to estimate the scatter
of the data. Consistent with the variance-covariance matrix of the first step, a second M-
type estimation is then conducted for the location parameters. (Pfaff 2016, 166.) There-
fore, the MM-estimator is similar to the generalized M-estimators, i.e., it has the highest
possible breakdown point!® (BP), 0.5, and high efficiency'® under normality. On the other
hand, it can be sensitive to the contamination bias. Moreover, situations, where the itera-
tive estimation procedure does not converge are common. (Wilcox 2012, 499; see also
Tatsuoka & Tyler 2000; Salibidn-Barrera, Van Aelst & Willems 2006; Maronna et al.
2019, 128—133 for further discussions.)

The MVE, MCD, and S-estimators are obtained by robust scaling. Here, the starting
point is a p-dimensional random variable x = (xl, s xp)’ € RP that is assumed to be
jointly normally distributed, i.e., x ~ N (g, £). Thus, the location vector is g = E(x) =
(E(xl), s E(xp))’ and the covariance matrix is £ = VAR(x) = E((x —w(x— u)’),

where VAR denotes the variance. Moreover, the squared Mahalanobis distance between
the sample and the location and dispersion parameters is used as the distance measure
suchthat d(x, u, %) = (x — )’ 1(x — p). In order to exclude the trivial solution of zero
distance, we require that |f| = 1, where £ is the estimated covariance matrix and | - | is a
matrix determinant. Each of these three robust estimators for fi and £ is then based on the

following optimization:

13 Alternatively, one could use the class of Huber functions. However, the bi-square function is a better
option for symmetric distributions characterized by excess kurtosis since the impact of outliers can be com-
pletely suppressed. (Pfaff 2016, 166; see also Todorov 2020 for more details.)

14 For more discussions on the class of MM estimators, see, e.g., Yohai (1987), Yohai, Stahel, and Zamar
(1991), as well as Lopuhad (1991; 1992).

15 The breakdown point is a measure used for estimating the robustness of an estimator. It can take values
between 0 and 0.5 and is defined as the relative share of outliers in a sample such that the estimator does
not produce an arbitrarily large value (Wiirtz et al. 2009, 293). In other words, the BP of an estimator 8 of
the parameter 6 is the largest amount of contamination (proportion of atypical points) that the data can
contain such that @ still provides information about 6 (about the distribution of the ‘typical points’)
(Maronna et al. 2019, 58-59; see also Todorov 2020).

16 Relative efficiency is used to evaluate the suitability of a robust estimator as it shows how much the
sample size has to be increased in order for the variances of the two estimators to be equalized. More
exactly, the asymptotic variance of a robust estimator is given relative to the variance of an optimal esti-
mator that has been derived under strict adhesion to the distribution or model assumption. (Pfaff 2016, 165.)
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arg min & (d(X, 78 f)) , (3.2.18)
where & is a robust metric, d is the vector of distances d(xl-, , 2) fori=p+1,..,Nand
X is the full sample. (Pfaff 2016, 166—167.)

When utilizing the MVE!7 estimator, samples from a multivariate normal distribution
construct ellipsoid-shaped ‘clouds’ of data points. The smallest data cloud is defined such
that at least half of the sample observations are included (i.e., the uncontaminated portion
of the data). This is done by using the median of &. These ‘clean’ observations, which act
as preliminary estimates of the mean vector and the covariance matrix, are then employed
to compute a robust Mahalanobis distance for every observation in the sample. Observa-
tions for which the robust Mahalanobis distances exceed the 97.5 percent significance
level for the y?-distribution are marked as probable outliers. (Wiirtz et al. 2009, 281-284;
Pfaff 2016, 167; Todorov 2020, 51.) Unfortunately, the convergence rate of the MVE is

~1/3_and hence it is rather inefficient (see Davies 1992).

only N

With respect to the MCD estimator, a robust subsample of size h > N /2 is selected
such that the determinant of the variance-covariance matrix is minimal. The location vec-
tor is defined as the average (p arithmetic means) of the selected h data points, whereas
the estimator for the variance-covariance matrix is multiplied by a consistency factor and
a finite sample correction factor. As a result of these adjustments, £ follows the normal
distribution and is unbiased for small sample sizes. (see Todorov & Filzmoser 2009, 11—
13; Wiirtz et al. 2009, 279; Pfaff 2016, 167; Maronna et al. 2019, 208, 210 for more
details.) To compute the MCD estimator, we utilize the fast algorithm developed by
Rousseeuw and Van Driessen (1999).!® Finally, for both the MVE and MCD estimators,
we use the default setting for the a parameter, which controls the size of the subsets over
which the volume of the ellipsoid and determinant, respectively, is minimized (see Todo-
rov 2020, 37, 52)."°

It is worth noting that the MVE and the MCD are very drastic because they are in-
tended to safeguard against up to 50 percent of outliers (Rousseeuw & Leroy 1987, 263).
It has also been shown that the high breakdown value and low max bias (i.e., the maximal
possible asymptotic bias) of the MVE estimator make it suitable for outlier detection (Van
Acelst & Rousseeuw 2009, 79). On the other hand, even the MCD’s asymptotic efficiency
is very low (see Paindaveine & Van Bever 2014). To overcome the inefficiencies of these
estimators, a more general class of S- (or ‘scale’) estimators was initially introduced by
Davies (1987). In order to perform optimization, an M-estimator for the scale N is inserted
to Equation (3.2.18) such that 1/N ¥ p(d;) = 6. It is further required that § € (0,1)

17 See Rousseeuw (1984; 1985) and Rousseeuw and Leroy (1987, 258-265) for more discussions on the
MVE and MCD estimators.

18 The underlying principles of this algorithm are an inequality involving order statistics and determinants,
as well as techniques called ‘selective iteration’ and ‘nested extensions’ (see Hubert, Rousseeuw & van
Aelst 2008).

19 1t relies on the fact that the breakdown point is maximal for h = int[(N + p + 1) /2] (Pfaff 2016, 167).
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and that p(-) is a bounded function. (Pfaff 2016, 167; see also Todorov & Filzmoser 2009,
15—-16; Maronna et al. 2019, 208-209.) Hence, S-estimates of location and scatter based
on the bi-weight function can be computed using a fast algorithm similar to the one pro-
posed by Salibian-Barrera and Yohai (2006) for the case of regression (see Todorov 2020,
34-37, 50-52, 62—65 for more technical details about the algorithms used).

Finally, we use the OGK estimator proposed by Maronna and Zamar (2002) to avoid
the issue of non-convex optimization caused by the robust estimators possessing the af-
fine invariance property. In line with the scatter estimation developed by Gnanadesikan

and Kettenring (1972), OGK estimates the covariances between two random variables as:

Y;
S; ]

,k—1< L(y) a(m L(y) a(ml)

Thus, the affine invariance property is replaced by a more straightforward calculation

(3.2.19)

method. The name orthogonalized Gnanadesikan—Kettering (OGK) comes from the fact
that an orthogonalization to the data pairs of X must be implemented so that the resulting
variance-covariance matrix remains positive definitive. It can be shown that if a robust
estimator for the standard deviation o is utilized for the pairwise covariances sjj, with
j=1,..,pand k =1, ..., p, this matrix is also robust. (Pfaff 2016, 167—168; Maronna et
al. 2019, 224-228; see also Todorov & Filzmoser 2009, 14-15; Wilcox 2012, 232-233;
Todorov 2020, 53—55 for more details on the computation of the OGK estimator.) Ac-
cording to Maronna and Zamar (2002, 316), OGK performs similarly to Rousseeuw and
Van Driessen’s (1999) fast MCD estimates with high-dimensional real data.

Let us now turn to our second application, where we construct optimal portfolios using
robust techniques. As a motivation, recall that so far, all the resulting estimates have been
fixed, and we have utilized them directly as inputs. In reality, however, parameter values
are subject to uncertainty. Therefore, it is worth considering an approach that can mitigate
the adverse effects caused by different parameter constellations or, more specifically,
worst-than-expected returns. This limitation is made because, as is well-known, expected
returns tend to have a stronger impact on the portfolio composition than their dispersion.?

Following the notation used by Pfaff (2016, 168—169), we first define the classical

mean-variance (MV) portfolio optimization by
P; = argmin(l — A)Vew'Zw — lo'u. (3.2.20)

WEQN
Here, w is the n X 1 portfolio weight vector and Q € {w € RV |w'1 = 1} is the set of all

permissible solutions. The (expected) returns of the N stocks are included in the vector

20 The reader interested in learning more about robust (portfolio) optimization in the presence of uncertainty
is referred, e.g., to Lobo and Boyd (2000), Scherer (2002), Beyer and Sendhoff (2007), Michaud and
Michaud (2008), Schoéttle and Werner (2009), Bertsimas, Brown, and Caramanis (2011), Ye, Parpas and
Rustem (2012), Gorissen, Yanikoglu and den Hertog (2015), Buhmann et al. (2018), as well as to Yin,
Perchet and Soupé (2019).
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u, with variance-covariance matrix £ € RV*N 2! The parameter 1 determines the
weighting between the portfolio return and its risk, and it can take all values in the interval
[0, 1]. Of course, if one sets A = 0 or A = 1, this formulation incorporates the specific
cases of a minimum-variance and a maximum-return portfolio, respectively.??

Next, we need to incorporate the uncertain return parameters directly in the optimiza-
tion formulation. Within the robust optimization framework, it is common to define an
uncertainty set Uy for all parameter values allowed. Although there are different types of

sets, we settle for using the elliptical uncertainty set:

. 82
Up = {M ERV|(u—D'E (w—-p < ?}, (3.2.21)

where p denotes the expected return vector (i.e., the location parameters) and T denotes
the sample size. For this uncertainty set, it is assumed that the uncertainties emerge from
a multivariate elliptical distribution. In other words, the covariances between stock re-
turns are explicitly included in the uncertainty set. (see Schottle 2007, 148—149; Pfaff
2016, 169—170 for more information on alternative specifications.)

In order to express this uncertainty set in a mathematical program, we utilize the worst-
case (aka min-max) approach. It determines the optimal weight vector given the least
favorable parameter constellation (i.e., the lowest portfolio return for a given risk level).

The resulting optimization problem can now be written as:

PR; = argmin argmax (1 — A)Vw'iw — A(w'w). (3.2.22)
wWEN peEU

It is clear that (u — i)'~ (u — fi) is distributed as y? with N degrees of freedom if the
returns are multivariate normally distributed. In such a case, the scalar §2 is the equivalent
quantile value for a given confidence level (1 — a). Hence, the stochastic return vector p
is located in the ellipse determined by the level of confidence, and the maximal distance
between the empirical location vector and this uncertainty ellipsoid is defined such that
the returns are consistent with the least favorable outcome. (Pfaff 2016, 170—171; Schoéttle
2007, 121-128.)

More precisely, as the variance-covariance matrix is taken as given and the uncertainty
is limited to the returns only, we can define the maximal distance by using a Lagrange
approach where P = %f is the variance-covariance matrix of the empirical returns, and y

denotes the Lagrangian multiplier:
=5 ! y ~ Ip—-1ra
L =wi-op—|5@-wP @-p -5, (32.23)
In order to find the optimal solution, we take the partial derivatives of (3.2.23) with re-

spect to u and ¥ and set these to zero. This leads to a system of two equations, which we

solve for u:

2! Further constraints can be added to the formulation in Equation (3.2.20), such as a budget (w'1 = 1) and
non-negativity (@ = 0) constraints.
22 ) values that are between these bounds generate portfolios located on the feasible efficient frontier.
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1)
u=n- ( Pw). (3.2.24)

JVo'Pw

Once the left-multiplication by w’ has been performed, we get the following result for the

w'p=owh-6JoPw

P§w|| . (3.2.25)

portfolio returns:

=wi-5|
As can be seen, the portfolio return is smaller than the classical solution by the term
6V’ Pw when robust optimization with elliptical uncertainty is utilized. Moreover, the
square root of the quantile value can be understood as a risk aversion parameter in regard
to uncertain estimates. Finally, if we substitute the inner solution from Equation (3.2.25)

into a robust optimization formulation similar to the one in Equation (3.2.22), we get:
PR; = arg min arg max (1 — A)Vw'Zw — A(w'n)

wWEN pEU
1) ~
= argmin (1 - D)Vw'iw — A (o'p) + 1=V o'iw
wEe \/T
1)
= arg min <1 -1+ /1—) Vo'iow — Aw'l. (3.2.26)
wE \/T

This equation has a couple of important implications. Firstly, if robust optimization under
elliptical uncertainty is employed, a portfolio’s efficient frontier is the same as the effi-
cient frontier of a classical MV portfolio, excluding a shortening factor. Secondly, as the
uncertainty is limited to returns only, the optimal weight vector for a minimum-variance
portfolio is the same for optimization methods. (see Schéttle 2007, 124—126; Pfaff 2016,
172.)

Let us focus on the first implication and express the risk-return trade-off parameter in
(3.2.26) as 8. Hence, the corresponding trade-off parameter A in the problem specification

of (3.2.20) is given by
0

A= 5 (3.2.27)

1+6—=
VT

We can now see that the determined interval for 6 € [0,1] is bounded above for the equiv-
alent classical MV portfolios as 1 € [0, 1/ (1 +8/NT )] Overall, the solution in the case
of an elliptical uncertainty set is conservative by design because the optimal portfolio
weights are consistent with a situation where the least favorable return is realized for
every stock. (Pfaff 2016, 172—-173.)

Next, we need to express the problem formulation in (3.2.22) as a Second-Order Cone
Program (SOCP).?* Thus, we introduce a slack variable t = g’ w for the unknown worst-

case portfolio return and write the problem as follows:

23 SOCPs comprise linear and quadratic programs, problems with hyperbolic constraints, as well as prob-
lems involving sums or maxima of vector norms. They can be solved by utilizing interior-point methods.
(Pfaff 2016, 173.) For thorough theoretical expositions, see, e.g., Nesterov and Nemirovskii (1994), Lobo
et al. (1998), Lobo (2000), Boyd and Vandenberghe (2004).
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arg min t (3.2.28a)
t,w
1
subjectto t<fi'w — 4, |[PZw | (3.2.28Db)
1
Oy = 22w| . (3.2.28¢)

The first inequality constraint is the cone constraint, and the second is a quadratic con-
straint regarding the portfolio risk.>* Naturally, the above SOCP form can be extended by
other linear constraints (e.g., non-negativity, budget, group, and bound constraints). (Pfaff
2016, 173-174.)

In Subchapter 4.1, we compare the efficient frontiers for a classical MV optimization
as given in (3.2.20) and the robust counterpart (RC) optimization as given in (3.2.26)
when the elliptical uncertainty is based on the maximum likelihood point estimates.?®
Both problems are used to maximize the expected portfolio return for a given portfolio
standard deviation risk. We also add the long-only (non-negativity) and full investment
(budget) constraints. To solve the SOCP, we utilize the cccp (‘cone constrained convex
programs’) package (see Pfaff et al. 2020). Consistent with Pfaff (2016, 190—194), we set
the desired confidence level to 90 percent and determine the robust allocation for a value
of 8 = 0.7.2° Next, we define a sequence of ten risk aversion parameters for computing
the points on the efficient frontier. These are created such that the range covers the port-
folio standard deviation risks greater than 110 percent of the least risky and 90 percent of
the riskiest stock in terms of the standard deviation risk. Finally, we provide a graphical
representation of the efficient frontier with equivalence points.

The above robust optimization example can be developed further. Indeed, instead of
only investigating the portfolio allocations along the efficient frontier for a fixed point in
time, we also wish to study the cumulated out-of-sample behavior of robustly optimized
portfolios and compare their performance to the selected benchmark portfolios. There-
fore, we utilize MATLAB® R2021a and its Financial Toolbox™ to construct five differ-
ent investment strategies and execute the backtests over a roughly five-year period.

Our first simple benchmark strategy invests equally across all stocks. Following
MATLAB’s mathematical notation (see Backtest investment strategies 2021), this equal-
weighted strategy can be formulated as: .

WEW = (w4, 0y, ..., wy), w; = (3.2.29)

24 In the case of a quadratic cone optimization, a required property for a corresponding cone (aka an ice-
cream or Lorenz cone) is that the first element is at least as great as the Euclidean norm of its remaining
elements. Mathematically, the cone can be defined as C = {x = (x, ...,xy) E RY : x; > ||x5, ..., 2y},
where x is a vector. In our case, x = (t, w)'. (see Pfaff 2016, 173.)

25 Recall that these two problem formulations only differ with respect to the factor in the first term. Pfaff
(2016, 190—-194) calls this the ‘sigma term’.

26 Note that we do not need to provide the risk-weighting parameter A since it is a scaler that does not affect
the optimization outcome but only the value of the objective function (Pfaff 2016, 191).
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The second strategy is the maximization of the Sharpe ratio, where the objective is to

maximize mean return per unit standard deviation as follows:

r'w N
| w > O'Z w;=10<w< 0.25}. (3.2.30)
1

o' Qw

Here, r is a vector of expected returns, and Q is the covariance matrix of asset returns.

wSR = arg max{
w

The long-only and full investment constraints are also imposed. The upper bound of 0.25
means that a maximum of twenty-five percent is invested into a single asset (including
cash). The maximum Sharpe ratio portfolio (MSRP) can be considered as a portfolio
somewhere between the minimum variance portfolio (MVP) and maximum return port-
folio (MRP). Hence, one should expect the effects to be similar to those occurring in the
case of the MRP but milder (see Schottle 2007, 154—155).

The third competing asset allocation approach is the inverse variance strategy:
o = (o
ey
i=1Jii
where g;; are diagonal elements of the asset return covariance matrix. In this case, the risk

wlV = (v, Wy, ..., Wy), (3.2.31)

is measured with variance, and assets are weighted in inverse proportion to their risk (see,
e.g., Maillard et al. 2010; Arévalo, Ledn & Hernandez 2019 for further discussion). The
fourth strategy considers the Markowitz portfolio optimization, i.e., maximizing return

and minimizing risk with a fixed risk aversion coefficient:

N
Rykwtz = max{r’w —Alow'Qw | w = O,Z wi=1,0<w< 0.25}, (3.2.32)
® 1

where A = 0.05 is the risk aversion coefficient. Of course, this is the classical quadratic
utility maximization problem, where the A parameter is used to control how much port-
folio variance is penalized.?’

The fifth strategy assigns asset weights using robust optimization with uncertainty in
expected returns.?® Thus, instead of modeling unknowns as one point, we specify them as
a set of values containing the most likely possible realizations. More precisely, r =
{r|r € S(r,)}, where the expected return is defined not by the deterministic vector r, but
by the region S(r,) around the vector r,. The portfolio selection is now formulated as a

problem of finding the maximum and minimum as follows:

N
Riobust = Max min {r’w —lo'Qw | w = O,Z wi=1,0<w< 0.25}. (3.2.33)
@ 1

Tr€S(ry)
The region of uncertainty S(r,) is again specified as an ellipsoid so that
S(ry) ={r|(r—ry)'Z:1(r —ry) < k2% (3.2.34)
Here, k = 1.1 is the (robust) uncertainty aversion coefficient defining how wide the un-

certainty region is, and X, is the matrix of estimation errors in expected returns r. With

77 See, e.g., Bodnar et al. (2018) for more discussion on the estimation of risk aversion coefficients.

28 More examples of various robust asset allocation problems can be found, e.g., in Goldfarb and Iyengar
(2003), Titiincti and Koenig (2004), Scherer and Martin (2005, 238-245), as well as in Cornuéjols et al.
(2018, 289-302).
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the addition of the ellipsoid uncertainty to the Markowitz model, we can reformulate the
robust optimization problem as follows:
Rrobust = max fro—1w'Qw—-kz|w=>=0, z=>0, w'ZXw-—2z><0,
YVw;=1, 0<w<=<0.25}.
(cf. Backtest investment strategies 2021.)

(3.2.35)

Next, we compute the initial weights for each portfolio.?’ This initialization consists
of the first 252 days, and the backtest is then run over the remaining data. The portfolios
are rebalanced approximately every month (252/12 = 21), and the size of the rolling
lookback window is set to 252 days. We also incorporate the fees that the strategies pay
for buying and selling stocks by setting the transaction cost rate to one percent (100 basis
points).>® These proportional costs are then deducted from the gross portfolio returns to
calculate the net portfolio returns.?! Furthermore, we assume that the portfolio’s value is
10,000,000 monetary units at the start of the backtest, and, if the sum of portfolio weights
is below one, the remaining capital can be invested in cash earning risk-free interest per-
cent per annum.>? Finally, we create a summary table and graph of the performance re-
sults. (see Backtest investment strategies 2021; Portfolio optimization theory 2021 for
more technical details.)

In order to analyze the ex-ante riskiness of these five strategies, we conduct a simple
Value-at-Risk estimation at the 95 percent confidence level using the Exponential
Weighted Moving Average (EWMA) method.** By definition, this method assigns non-
equal, exponentially decreasing weights, meaning that the most recent returns have higher
weights because they influence today’s return more heavily than returns further in the
past. For the sake of convenience, an infinitely large estimation window is assumed to

approximate the variance:

6t~ (1-2) (;v?_l + Z Af‘l;v?_l-) = (1 - Dyiy + 1621 (3.2.36)
i=2

2 Note that if these initial weights were not set, the strategies would begin the backtest uninvested, i.e., 100
percent of the capital would be in cash, earning the risk-free rate, until the first rebalance date.

30 In MATLAB®, transaction costs are paid as a percentage of the total change in position for each stock.
Thus, in contrast to the optimization constraint used in R, a simple scalar decimal percentage charge is used
for both purchases and sales of securities.

31 Alternatively, one could consider scaled transaction costs based on the change in the market value of
each asset after a rebalance. In such a case, costs would be computed at separate buy and sell rates, which,
e.g., decrease as the changes in asset positions for all assets (in currency units) increase over certain thresh-
olds.

32 Tt would also be possible to let the portfolio weights sum to more than one. Allowing this would be
analogous to borrowing capital on margin to invest with leverage (i.e., a negative cash position).

33 Alternatively, one could use, €.g., the normal distribution (parametric) or the historical simulation (non-
parametric) method. However, those assume that all past returns carry the same weight. Moreover, the
EWMA generally reacts rapidly to periods of large (or small) returns and follows the trend of returns more
closely and more accurately than the normal distribution approach or the historical simulation method.
Hence, EWMA tends to have fewer VaR violations. (see Value-at-Risk estimation and backtesting 2021.)
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In line with the common practice, we set the value of the decay factor to 0.94. The test
window starts on the first day in 2014, running through the end of the sample.** (see
Value-at-Risk estimation and backtesting 2021 for more technical details.)

Finally, with respect to ex-post risk analysis, we compute and report the Aistorical and
modified VaR, as well as the historical and modified Expected Shortfall. The historical
VaR refers to a non-parametric VaR estimation method that uses the historical return
distribution and its probability quantile. Thus, the historical VaR at a probability level p
(here, 95 percent) is the p-quantile of the negative returns, or equivalently, is the negative
value of the ¢ = 1 — p quantile of the returns. Analogously, the historical ES is estimated
by the negative value of the sample average of all returns that are below the c =1 —p
empirical quantile. The calculation of the modified VaR, in turn, incorporates the higher
moments of non-normal distributions via an analytical estimation using a Cornish-Fisher
expansion. In other words,

Modified VaR = —R — /(o) - zy, (3.2.37a)
where
(z2-1)S (z3-3z.)K (223 —5z.)5?
6 ' 24 36 '
Here, R is the mean return, o is the variance of the return distribution R, S is the skewness

(3.2.37b)

ZCf =Z;

of R, K is the excess kurtosis of R, and z, is the c-quantile of R. The calculation of the
modified ES follows the method by Boudt et al. (2008) discussed earlier. Note that alt-
hough modified ES should always be larger than modified VaR, this may not always be
the case due to estimation problems. (see Peterson et al. 2015, 11-12, 107-108, 228-230

and references therein for more technical details.)

3.3 Applications of the higher-order comoments for portfolio selection

As it is well established, the classical mean-variance portfolio selection techniques can
involve a severe welfare loss in the presence of non-normally distributed returns and non-
quadratic preferences (see, e.g., Martellini & Ziemann 2008, 3 and references therein).
Therefore, in Subchapter 4.2, we focus on two cases where the objective is to minimize
downside risk or maximize expected utility and employ the asset allocation framework
proposed by Boudt, Lu, and Peeters (2015). This general framework improves estimates
of the variance-covariance matrix by introducing enhanced estimates of the co-skewness
and co-kurtosis parameters. Here, explicit formulas for the higher-order comoments are

derived, assuming that a multifactor model is an underlying data-generating process of

34 Due to space limitations, we omit further VaR backtesting analyses and refer the interested reader, €.g.,
to Abad, Benito, and Lopez (2014) for a comprehensive review of methodologies developed to estimate the
VaR. Correspondingly, more information on financial risk forecasting with MATLAB® can be found in
Danielsson (2011).
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stock returns. Naturally, such an assumption also reduces the number of parameters to
estimate compared to the traditional approach.

In line with Boudt et al. (2015, 226-227), we stack all the comoments into a N X N
covariance matrix £, N X N2 coskewness matrix ®, and N X N3 cokurtosis matrix ¥ of

the return vector r (with mean p,.) as follows:

L=E[r—p)(r—m)] (3.3.1a)
P=E[(r—p)r—pn) & @ —pn)l, (3.3.1b)
Y=E[r-p)r—-—pm)Q@O—-—n)&u—-pn)l (3.3.10)

where @ denotes the Kronecker product. These comoments enable the calculation of the

k-th portfolio return moment for a portfolio with weights w:

m,(w) = E [(w’(R — uR))z] = w'iw, (3.3.2a)
ms(w) = E [(w’(R - uR))3] - W D(w® w), (3.3.2b)
my(@) =E (o' (R— )’ | = 0'¥(0 @ 0 ® ). (3.3.2¢)

However, due to the curse of dimensionality, the use of unrestricted estimators of the first
four (co-)moments is almost infeasible for moderately large dimensions. Moreover, since
the optimizer amplifies the estimation errors, one may end up with poorly diversified
portfolios (see, e.g., Green & Hollifield 1992). Thus, it is reasonable to impose more
structure on the data through a (statistical) factor model, under which the variation in asset
returns is assumed to be driven by multiple common factors and idiosyncratic factors
specific to each asset.

Indeed, let us assume that K observable factors are identified as being influential for
the portfolio variability and that, at a given frequency, the asset returns 7, = (ry¢, ..., T'ye)'
and the factors f; = (fis ..., fxr)' are observed. The asset returns are assumed to depend
linearly on the factors, whereby the variation in the asset returns that is not explained by
the factors (i.e., the residual terms, e;), is assumed to be independent of each of the factors
and independent across assets. Such a system can be presented in matrix notation as:

r.=a+Bf,+e,, (3.3.3)
where e; = (ey;, ..., eyt) 1s the N X 1 vector of independent asset-specific factors, and
B isthe N X K matrix of factor loadings (i.e., the factor betas or factor exposures) of the
N assets on the K factors. (Boudt et al. 2015, 226-228.)

The comoments under the linear factor model are defined as follows: Let S be the
K X K covariance matrix of the K factors, G the K X K? coskewness matrix of the K

factors and P their K X K3 cokurtosis matrix. Therefore,

wy = E[f.], (3.3.42)
S=E|(fe—np)(fe— )], (3.3.4b)
¢ =E|(fe—n)(fe—np) ® (fe—ny)|, (3.3.40)

P=E|(fe—n)(fe—np) ® (fe—np) ® (fe—ny)|. (3.3.4d)
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The comoment matrices X, ®, and W, are now rewritten as the sum of the comoment of
the return explained by the factor (i.e., the comoment of Bf;) and a residual matrix (de-
noted by A, (), and Y) so that

L =BSB' + A, (3.3.5a)
®=BG(BRB')+ Q, (3.3.5b)
Y =BP(B'"®B'®B")+ Y. (3.3.5¢0)

Denoting four assets by i, j, k, and [, it can be shown that since the unexplained return
variation e; is assumed to be independent of the factors, A is a diagonal matrix with ith
diagonal element equal to the variance of the ith error term. Respectively, Qisa N X N2
matrix of zeros except for the i, j elements where j = (i — 1)N + [. This corresponds to
the expected third moment of the idiosyncratic factors. The definition of Y is a bit more
complicated. Similar to the other residual matrices, it consists mainly of zeros, except for
the cokurtosis elements corresponding to the decomposition of the kurtosis of one asset,
the cokurtosis between two assets, and the cokurtosis between three assets. (see Boudt et
al. 2015, 228, 231-232 for more technical details and proofs.)

A multi-factor version of the estimators for the higher-order moment matrices involves
an increase in dimensionality, which may not lead to better out-of-sample results (Mar-
tellini & Ziemann 2008, 8). There is also evidence that after the first factor, the marginal
explanatory power of additional factors is relatively low (see, e.g., Connor & Korajczyk
1993; Chan et al. 1999). Thus, as in Boudt et al. (2015, 230), we use a three-factor model
and compare its performance to a single-factor model, as well as to the approach based
on unstructured sample estimators. We fit these two models using Principal Component
Analysis (see Peterson et al. 2018, 110-111 for further technical details). Note that, alter-
natively, one could follow Martellini and Ziemann (2009), who extend the concept of
optimal shrinkage intensities to the presence of higher-order moments. One also needs to
keep in mind that there may be autocorrelation in the variance, skewness, and kurtosis.
Consistent with Boudt et al. (2015, 228), we avoid making assumptions on the functional
form of the dynamic linkage between future and past returns and take the rolling estima-
tion sample approach by setting the training period and rolling window to 252 days. How-
ever, the time variation could also be taken into account parametrically, e.g., by utilizing
GARCH-type of modeling of the dynamic comoments (see, e.g., Boudt et al. 2013; Gha-
lanos, Rossi & Urga 2015) or accounting for regime switches in the return distribution
(see, e.g., Otranto 2009; Bae, Kim & Mulvey 2014). We leave these considerations for
future research.

Furthermore, since portfolio moments are highly sensitive to data spikes (or outliers),
we utilize the clean boudt argument in the PerformanceAnalytics package (see Peterson
et al. 2015, 94-95) to provide more robust estimates. This ‘multivariate Winsorization

procedure cleans returns in a time series to reduce the magnitude, but not the number

or direction, of extreme observations exceeding the 1 — a% threshold. By default, the
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alpha (i.e., the probability of filtering at 1 — alpha) is set to 0.01 (99 percent). As a meas-
ure of the extremeness of the return observation r, its squared Mahalanobis distance (d?)
is used, and the ‘extremeness’ of the Mahalanobis distance is set to 0.001. In other words,
the value of d? is limited to the 99.9 percent quantile of the y2 distribution function with
n degrees of freedom.

With respect to the objective functions, we first minimize the 95 percent portfolio Ex-
pected Shortfall (ES) with a risk budget limit. In the previous subchapter, we imposed the
Equal Risk Contribution (ERC) diversification constraint as a penalty. Here, we follow
Bennett (2015a, 12) and minimize component contribution by setting the upper bound for
the maximum allowable risk to 25 percent (i.e., no asset can contribute more than 25
percent to total portfolio risk). The estimator for the modified ES is given by:

ES,(w) =—-w'pn+ fm(z)(w) X % [a, + bok(w) + cps(w) + dys?(w)], (3.3.6)

with a,, by, ¢4, and d, numbers that depend on the choice of the loss level a (five percent
in our case). Moreover, s(w) = m)(w)/ m?z/)z () and k(w) = my (@) /mf,)(w) —
3 are the portfolio skewness and excess kurtosis, respectively. (Boudt et al. 2015, 229—
230.)

In the second case, we assume that the investor maximizes the expected value of the
fourth-order Taylor expansion of the Constant Relative Risk Aversion (CRRA) utility
function with risk aversion parameter y. As in Boudt et al. (2015, 229), we neutralize the
effect of the mean by assuming it to be zero. This leads to the following expected utility

function:

y(y 6+ )m(s) (@) — y(y + zl(y + )m(4)(w), (337

where m ;) (w), m(3)(w), and m,)(w) are the second, third, and fourth portfolio mo-

|4
EUV((D) = —Em(z)(w) +

ments defined in Equation (3.3.2). We test the common choice of y = 5, but we will also
consider y = 10 as another option. To prevent situations where the portfolio’s risk expo-
sure is concentrated in the least risky assets, we impose a simple box constraint as a way
of diversification. More precisely, as in Bennett (2015e, 6-8), we require that the mini-
mum weight of any asset must be greater than or equal to zero and that the maximum
weight of any asset must be less than or equal to 0.6.

Finally, in these two asset allocation problems, the optimizer searches for the portfolio
weight vector @ minimizing or maximizing the objective function, which, besides w,
depends non-linearly on the higher-order comoment matrices X, ®, and W under the risk
diversification constraints. We utilize the DEoptim solver (see Ardia et al. 2010) and add
the full investment and long-only constraints. The portfolios are rebalanced monthly, and
the 40 constituent stocks of the MICEX index are used as the dataset.
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3.4 Portfolio optimization based on ordering information

As we have discussed, modern portfolio theory produces an optimal portfolio from esti-
mates of (uncertain) expected returns and a covariance matrix. Here, we focus on a
method proposed by Almgren and Chriss (2004; 2005), where portfolio optimization is
based on replacing the expected returns with sorting criteria, i.e., with information about
the order of the expected returns but not their values. Since the authors’ construction also
allows full use of covariance information, this framework includes the Markowitzian
portfolio selection as a special case and provides a generalization to a broad class of or-
dering information (Almgren & Chriss 2004, 1, 57). We will test how well such an ap-
proach performs if momentum is assumed to exist among the Russian sectoral indices.

The underlying idea behind the Almgren—Chriss (AC) framework is that for a given
level of risk, an investor should prefer to hold a portfolio with a higher expected return in
every scenario consistent with her beliefs. This generates a preference relation on invest-
ment portfolios, allowing one to choose between portfolios of equal levels of risk. Math-
ematically, a single expected return vector generates a half-space of possible expected
return vectors, which have a nonnegative inner product with the given vector. For any
constraint set, the construction of the efficient set and the optimal portfolio gives identical
results to the classic Markowitz theory. However, unlike the mean-variance approach,
this method involves, among other things, non-smooth convex optimization. (see
Almgren & Chriss 2004, 3—4, 59; 2005, 2-3.)

Let us provide a simple illustration. If there are three securities Sy, S5, S3 and the in-
formation consists of the belief that p; > p, = p; where p; is the expected return for S;,
then all triples of the form (7, 7,,73) where r; = 1, > 13 are consistent with the order-
ing. Therefore, it is assumed that the investor does not know the expected return vector
but has distinct beliefs about the relationship between the components of the expected
return vector, expressed by different sets of inequalities. Next, let us write Q for the set
of all expected returns that are consistent with the given ordering and refer to them as
‘consistent returns.” All available information about the expected return vector r is now
listed in the form of homogenous inequality relationships, which defines the consistent
cone Q, the ‘coarse’ preference relation, and the set of efficient portfolios. (Almgren &
Chriss 2004, 4-5, 11; 2005, 21; see also Boyd & Vandenberghe 2004 for more details on
the mathematics of cones.)

Indeed, if w and v are two portfolios, then, leaving aside risk limits or other con-
straints, w is preferable to v if the expected return of w is greater than or equal to that of
v for every (concrete) expected return vector r = (1, ..., 1) consistent with the ordering
(i.e., for every r € Q). Correspondingly, if w > v, itis clear thatw - p > v - p since p €
Q. Furthermore, if the covariance matrix of the securities in the portfolio is given by V,

then for a given level of variance a a portfolio w is efficient if wTVw < @2 and there is
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no portfolio v such that v is preferable to w and vTVv < a?2. Next, let M' ¢ R™ denote
the set of allowable portfolio weight vectors satisfying the investor’s constraints. Sec-
ondly, let Rt and R define an orthogonal decomposition of the return space and of the
portfolio space into two linear subspaces such that Rt = {r € R*|Dr = 0} = Q n (—Q)
and R = (RY)* = {w € R*|wTr = 0 for all r € R*}. Here, R is the ‘relevant’ subspace
defined by the investor’s beliefs, and D is the m X n belief matrix containing the coeffi-
cients of the linear inequalities. Without going into further details, it can now be shown
that portfolio w is efficient in the (convex) budget constraint set M if and only if M has
a supporting hyperplane at w whose normal lies in both the cone Q and the hyperplane
R. (see Almgren & Chriss 2004, 10-15; 2005, 7.)

Even though different sorts could be employed within this framework (e.g., higher-
order sorts, partial and multiple sorts), we settle for the straightforward case of a single
complete sort. The set of efficient portfolios for a single complete sort is precisely those
that are mean-variance optimal for expected returns that are both consistent with the sort
and sum to zero (i.e., there is a one-to-one correspondence between efficient portfolios
and expected return vectors r such thatry > r, > - > n, and ry + --- + 15, = 0). Fur-
thermore, there are now m = n — 1 beliefs of the form r; — r;,;, = 0forj=1,..,n—

1. The belief vectors are of the form D; = (0, ...,0,1,-1,0, ..., 0)T, and the matrix D is
- 1 -1
b= Dsl = ! _,_1 . : (3.4.1)
Di 1 -1
where empty spaces are zeros. Hence, the consistent cone is a wedge shape in R", with a
‘spine” along the diagonal (1, ...,1) direction. (see Almgren & Chriss 2004, 12, 32, 38—
39; 2005, 3-6, 11-13.)

In order to define the ‘fine’ version of the portfolio preference relation, it is necessary
to introduce a probability measure on the set of expected returns, assessing the relative
likelihood of different consistent returns being the true expected returns. Here, g denotes
a radially symmetric probability measure on @, and it assigns equal probability to every
direction in the space of expected returns. It can be shown that when the probability dis-
tribution obeys symmetry properties, the related preference relation is entirely character-
ized by a linear function termed the centroid. This function is the center of mass of the

set Q under the measure g as defined by the integral ¢ = [ __r du. Therefore, the whole

reQ
problem of calculating efficient or optimal portfolios can be reduced to manipulations
involving the centroid vector c. (see Almgren & Chriss 2004, 5-7, 28-32; 2005, 13—-14.)

Indeed, finding the preferable portfolio relative to a maximum risk constraint is equiv-
alent to finding the maximum of ¢ on the set M of portfolios respecting this constraint.

Hence, we must solve the following linear program with quadratic constraints:
max w-c¢ subjectto w-V-w < a?, (3.4.2)
w
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where the vector of portfolio weights w can be considered as a sum w = Y1 x;D; +
x,(1, ...,1)T with x5, ..., x,, being real numbers, and ¢ - w is the scalar quantity over w €
M to be maximized. Furthermore, we use the direct calculation method to estimate the
centroid vector. More precisely, for a single complete sort of n assets, the jth component

of ¢ can be analytically approximated as follows:
_N_1<n+1—j—a)
Gm = n—2a+1)/’
where N ~1(%) is the inverse cumulative normal distribution and A = 0.4424, B = 0.1185

a=A—BnF, (3.4.3)

and f = 0.21. This gives centroid components with maximum fractional error less than
one-half of percent when n is very small, decreasing rapidly as n increases. We then scale
the estimated centroid vector according to the median of the asset mean returns and reor-
der it such that the highest (smallest) centroid value is assigned to the asset index with the
highest (lowest) expected return. (Almgren & Chriss 2004, 14, 21, 59-61; 2005, 8-9, 15—
16; see also Peterson et al. 2018, 10 for further technical details.)

It is worth emphasizing that the centroid vector for a complete sort of assets over-
weights very high and very low ranked assets while underweighting the middle. In other
words, it can be shown that the centroid portfolio curves up at the ends, placing a larger
weight on the differences at the ends than on the differences in the middle of the portfolio.
This is because distributions tend to have long tails, so two neighboring samples near the
endpoints are likely to be more different from each other than two samples near the mid-
dle. On the other hand, Almgren and Chriss (2004, 33-34, 50-57) also demonstrate that
their portfolio construction methodology is robust to fairly large levels of information
degradation. Naturally, this is important since ranking errors are inevitable in real situa-
tions due to imperfect knowledge of the exact order of future expected returns.

As mentioned earlier, our modified AC trading strategy assumes that the assets with
the highest return will continue to outperform. Hence, we follow Bennett (2015¢) and
define a factor-function where the ‘momentum period’ K is set to 21, and the sort param-
eter on date t — 1 is the positive of the cumulative return from date t — K to t — 1. As
daily data is used, this means that the algorithm ranks the sectoral indices based on past
returns over monthly periods. Such an approach is in line with Moskowitz and Grinblatt
(1999, 1249-1251, 1286—1287), who find that industry momentum is strongest at the one-
month horizon. They also argue that industry-based strategies are more profitable than
individual stock momentum strategies.

To conduct an out-of-sample backtest, we impose both the long-only and full invest-
ment constraints, set the training period to 126 days (half a trading year), and rebalance
the portfolios monthly. As before, the DEoptim (see Ardia et al. 2010; Mullen et al. 2011;
Ardia et al. 2020) is used for optimization. Furthermore, we compare the performance of
the AC procedure to three competing variants. The first is the equal-weight strategy, and
the second is the classical quadratic utility maximization strategy, where sample estimates

are used for the first and second moments, and the risk aversion parameter, A, is set to
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0.5. The third is a ranking strategy based on Meucci’s (2008b) framework of fully flexible
views.

Let us briefly outline the implementation of the last-mentioned approach. As discussed
in Subchapter 2.3, the posterior distribution can be derived by assuming that the market
for N assets is modeled by a sample of the securities’ (random) returns X following an
arbitrary a priori joint distribution, fy. Here, we first retrieve the empirical distribution
from historical data and then use Monte Carlo to obtain simulated values for this reference
model. Setting / = 1000, a matrix M of dimension (J X N) is thus created where the
columns are the marginal prior distributions, and the rows are the simulated outcomes for
the market factors. Next, a probability p; is associated with each of these outcomes M; ..
We follow the most straightforward way and set the J probabilities equal to 1/] (i.e., we
consider each Monte Carlo draw to be equally likely). Hence, the (J X 1) probability vec-
tor p has as elements the reciprocal of the size of the Monte Carlo simulation. (Pfaff 2016,
294; see also Meucci 2008b, 8.)

To express views on the relative order of asset returns, we set mi{V;} = m{V,} = --- >
m{Vy}. When the location measure #{V, } is the expectation, this translates into the fol-

lowing set of linear constraints:

]
> (% —2) = 0
j=1

: (3.4.4)
J
Z pi(Vik-1=Vix) 2 0.
=1

Denoting the function values by g, the implied distribution of these views is then approx-
imated by the market simulations M according to V;, = gi (J\/[]-‘l, o M, N) for k =
1,..,Kandj =i,...,J. (Meucci 2008b, 4, 19.)

Once the two panels, M and V, have been created, they are combined in three steps to

retrieve the posterior market distribution obeying the views. First, the views are expressed
in terms of a set of linear inequality constraints, @joyer < AP < @ypper, Where the lower

and upper bounds (@;ower, Aupper) and the matrix A are derived from V, and the proba-

bility vector P is now treated as the objective variable in the ensuing optimization. In the
second step, the relative entropy (or Kullback—Leibler divergence) is minimized. We de-

fine the discrete objective function as
J

RE@P) = ) 7 [108(F)) ~ og(p;)] (345)
j=1
Hence, the probabilities of the posterior distribution under the assumption of perfect fore-

sight can be obtained by evaluating
p= argmin  RE(x,p). (3.4.6)

Aower SAX<Qypper
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As shown in Meucci (2008b, 22), the dual form of the above optimization can be derived
from the Lagrangian function. This results in a linearly constrained convex program with
the size of the objective variable equal to the number of views K. Thirdly, we determine
the empirical confidence-weighted posterior distribution (M, p.) according to p, =
(1 — ¢)p + cp, where the confidence level in the views, c, is set to 0.5. The constructed
posterior distribution is then be utilized in a portfolio optimization problem, where the
objective is again to maximize return while penalizing variance. As such, this approach
satisfies the views and changes with the empirical data (fi, 3%). (Pfaff 2016, 294-295;
Bennett 2015abc.) To execute the entropy pooling program, we utilize the algorithms

contained in the PortfolioAnalytics package (see Peterson et al. 2018, 48-50, 74-75).

3.5 Tactical asset allocation within the Black—Litterman framework

This subchapter employs the Copula Opinion Pooling (COP) and Entropy Pooling (EP)
concepts and outlines two ways to obtain portfolio allocations from a set of quantitatively
derived signals. The theoretical background behind these strategies draws on the works
of Meucci (2006; 2008ab), whereas our R implementation follows the approach proposed
by Pfaff (2016). In the first part, we apply the Black—Litterman (BL) framework to the
one-step-ahead forecasts for the constituents of the Transport sector derived from a Vec-
tor Error Correction Model (VECM). The estimated parameters of the posterior distribu-
tions are then used to obtain a weight vector that maximizes the portfolio’s Sharpe ratio.
The application involves a backtest, where in addition to the BL model, portfolio weights
based upon the prior distribution and a naive allocation are computed. The resulting port-
folios’ equities are then contrasted with each other. Next, we continue by employing the
latest return forecasts in the COP model and compare the obtained portfolio allocations
with the BL model. This is because, in the original BL model, the views are modeled
using the normality assumption, implying independence between the expressed views.
Arguably, it is not sensible to assume that return forecasts for various assets are formed
independently of each other, especially when these are deduced from a multivariate sta-
tistical model. The BL model also assumes that the returns follow a multivariate normal
distribution, although the stylized facts of financial returns tend to conflict with this as-
sumption. (see Pfaff 2016, 274, 289, 292, 307, 313.)

Unfortunately, views on the dispersion or volatility of assets are not feasible in the
COP model. Therefore, in the second part, we combine the EP model with short-term
views derived from GARCH(1,1) models and use the constituents of the MICEX index
as our dataset. Such an approach is in line with Hayo and Kutan (2005, 378), who note
that a GARCH(1,1) model is a specification that works well for both bond and stock

markets in Russia with regard to capturing ARCH effects. Similarly, Abrosimova et al.
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(2005, 12—13) find that GARCH(1,1) fits the Russian stock market data best and provides
the most accurate one-day-ahead forecasts in comparison to the other volatility models,
such as GARCH-M, AGARCH, and EGARCH.

Let us begin by explaining the basic principles of the COP approach. The starting point
is the arbitrary prior market distribution, expressed in terms of its probability distribution
function (pdf), i.e., M ~ fy. It represents the returns on a set of N assets, and investors
twist this ‘prior benchmark’ according to their subjective views. These K < N views on
linear combinations of the market M are represented by a K X N dimensional ‘pick’ ma-
trix P, and thus the generic kth row of the pick matrix determines the weights of the kth
views. One may then choose N — K additional complementary linear combinations on
which no view is expressed. These complementary directions are compacted as rows of a
(N — K) x N matrix P+, and the resulting invertible matrix P = (PPL) defines the view-
adjusted market coordinates. In other words, the N-dimensional random vector V.= PM
is fully equivalent to the market M. (Meucci 2006, 3.)

Furthermore, as the views correspond to statements on the first K entries of V, each of

these statements can be expressed in terms of a Cumulative Distribution Function (CDF):

F) =PV <v}, k=1..K. (3.5.1)
To perform marginalizations, we represent a distribution for each view by its CDF:
Fk(v) = ]P’pn-or{Vk < U}, k= 1,..,K. (352)

Since the views (3.5.1) are typically different from the respective market-implied distri-
butions (3.5.2), opinion pooling techniques are needed to resolve such a dichotomy. The
posterior CDF can thus be defined as a weighted average:

Fe=cF+(A—c)F, k=1,..K, (3.5.3)
where the weight ¢, k = 1,...,K represents the confidence in the respective view.
(Meucci 2006, 3—4.) We set ¢, = 0.5, meaning that we assume equal confidence in all
the views. Note that this parameter is similar to the diagonal elements of the uncertainty
matrix in the BL model.

Formula (3.5.3) defines the posterior marginal distribution of each view. To perform
the copula factorization, we inherit the copula of the posterior distribution of the views

from the (market-implied) prior copula as follows:

Cl d Fl (Vl)
Pl = : (3.5.4)
Ck Fix (Vi)
Hence, the posterior joint distribution of the views is defined by the quantile inversions:
Vi Fr(cy)
=l (3.5.5)
Vi Fe'(Cy)

Finally, in order to determine the market’s posterior distribution, f;, V.= PM is applied
backward, and the views are rotated back into the market coordinates. A simple matrix

multiplication leads to M 4 P~1V, where the first K entries of V follow the posterior
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distribution (3.5.5), and the remaining entries are left unaltered. (see Meucci 2006, 4, 7—
9 for more technical details.) As in BL, the COP posterior distribution represents a subtle,
consistent twist of the original prior distribution. Hence, it should give rise to sensible
allocations once fed into an optimization algorithm.

In R, the above steps can be executed by utilizing the BLCOP package (see Gochez et
al. 2020). It relies on the fact that the multivariate distribution M can be represented by
means of a large number of Monte Carlo simulations (i.e., by a /| X N panel M &
M ~ fum, where each N-dimensional row represents one of the J simulated joint scenarios
for the market variable M). Thus, the posterior marginal CDFs in (3.5.3) can be approxi-
mated with high accuracy by their empirical counterparts, (3.5.5) can be retrieved by
means of interpolation between given grid points, and the joint posterior simulated reali-
zations of the market distribution can be swiftly recovered. In line with Pfaff (2016, 313),
we set the simulation size to 10,000 random draws and assume a multivariate skewed
Student’s t distribution (see Azzalini & Capitanio 2014, 176) for the asset returns. The
parameters of this distribution are estimated by the maximum log-likelihood estimation
method contained in the fMultivar package (see Wiirtz, Setz & Chalabi 2020, 4).

We can now proceed to the generation of views. As is well known, Vector Error Cor-
rection Models (VECMs) unify two branches of research, namely Vector Autoregressive
(VAR) models and the concept of co-integration introduced by Granger (1981) and Engle
and Granger (1987). In its basic form, a VAR consists of a set of K endogenous variables
Vi = Vitr eoor Vietr > Vxe) for k =1, ..., K. By omitting deterministic regressors (e.g.,
constants and dummies), the vector autoregression model of order p can be defined as

Ye =AYt + ApYep + Uy, (3.5.6)
where the A; are (K X K) coefficient matrices for i = 1, ..., p and u; is a K-dimensional
white noise process with E(u;) = 0 and with time-invariant positive definitive covari-
ance matrix E(u,u;) = Z,,. Once the coefficients of a VAR(p) process have been esti-
mated by least squares applied separately to each of the equations, forecasts for horizons
h > 1 can be generated recursively from

Yrsnr = A Yren—1r + -+ ApYrin—pir> (3.5.7)
where Y7, jir = Y74 for j < 0. The variance-covariance matrix of the forecast errors is
a function of X,, and &, where the @, are the coefficient matrices of the Wold moving
average representation of a stable VAR(p) process. (see Pfaff 2016, 284-286.)

From the above VAR(p) process, we specify the vector error correction by using the
following transitory form:

Ay, = afTy.y + 1Ay, g + -+ Lpo1Ye—p+1 T Us (3.5.8a)
I =—(Ay1++4,), fori=1.,p-1, (3.5.8b)
M=af’=—-(1-4,——4,). (3.5.8¢)
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Here, I is the (K X K) identity matrix, and the levels of the components in y, enter lagged
by one period. The I; matrices measure transitory effects, and in the case of co-integra-
tion, the matrix I1 = aB7 is of reduced rank. The dimensions of & and 8 are K X r, and
7 is the co-integration rank, denoting how many long-run relationships exist between the
elements of y,. The matrix a is the loading matrix, and the coefficients of the dynamic
interdependencies are contained in B. (Pfaft 2008, 78-80; 2016, 287-288; see also the
monographs of Banerjee et al. 1993; Hamilton 1994; Hendry 1995; Johansen 1995; Liit-
kepohl 2004; 2005 for in-depth expositions of these models.)

In order to assess the degree of integration of a time series, we employ the (augmented)
Dickey-Fuller (ADF) and Elliot-Rothenberg-Stock (ERS) unit root/stationarity tests in-
cluded in the urca package (see Pfaff, Zivot & Stigler 2016, 10, 44, 46). We then carry
out the estimation and testing of the cointegration rank in a VECM by following the pro-
cedure proposed, among others, by Johansen and Juselius (1990; 1992) and Johansen
(1995) and report the maximal eigenvalue test statistics. In brief, this method uses canon-
ical correlation analysis as a tool to reduce the information content of T observations in
the K-dimensional space to a lower-dimensional one of r cointegrating vectors (see Pfaff
2008, 81-82). Finally, to compute the point forecasts with associated confidence bands,
we express the estimated VECM in its level-VAR form by using the transformation func-
tion included in the vars package (see Pfaff & Stigler 2018, 25-27, 48—49).

Let us next turn to the EP model. Its principles were already introduced in the previous
subchapter, and here we only slightly modify that approach. More precisely, we seek the
solution to the tangency portfolio, assume a skewed Student’s t distribution as prior mar-
ket distribution, and express a view on volatility as 6{V;,} = ay. Since 6{V;} is the stand-

ard deviation, we can define the equality constraints with respect to the views as follows:
J
> BjVE =Mk + o, (35.9)
j=1

where M, denotes the first (sample) moment of the kth asset. We utilize the fGarch pack-
age (see Wiirtz et al. 2020) to estimate the GARCH models and compute the one-step-
ahead predictions for the conditional volatilities for each asset. Furthermore, we split our
full data sample into two subperiods and use the data points in the latter subperiod in a
portfolio backtest, where optimal asset allocations are determined based on the EP poste-
rior, the market distribution, as well as according to a multivariate normal distribution
assumption. The outcome of these three portfolio strategies is then contrasted. Finally,
the fPortfolio (see Wiirtz et al. 2015b) and PerformanceAnalytics (see Peterson et al.
2015) packages are employed for conducting the portfolio optimization and evaluation of
the backtest results. (see Meucci 2008b, 4, 19; Pfaff 2016, 318—-323 for more details.)
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3.6 Wealth protection with return forecasting

The main purpose of different protection strategies is to stop the deterioration of financial
wealth positions, and therefore it is crucially important for any equity investor to be aware
of them, especially during financial crises. A typical approach has been to utilize an op-
tion-based insurance strategy, which protects a portfolio from market declines without
losing the opportunity to participate in market rallies, similar to a protective put (see, e.g.,
Kritzman 1986 & 1990; Mason et al. 1995; Lyuu 2004, 468—469 for more discussions).
In contrast, Pfaff (2007; 2016, 326—334) proposes a novel way to construct a TAA-related
wealth protection strategy where one does not need to resort to derivatives. Analogously
to the previous approaches, the idea here is to specify a portfolio floor value that may not
be violated. The difference between the current wealth and this floor is then used as a risk
buffer in which the risk budget is allocated between the assets in proportion to their down-
side risk. Such a constraint can be expressed as a linear program with return maximization
as its target. Hence, we now need to combine three pieces, namely a forecasting model, a
risk model, and a linear program.

Let us start with the first piece. In line with the ‘principle of parsimony,” we wish to
utilize a model with as few parameters as possible but which gives an adequate represen-
tation of the data at hand. Secondly, we recall from Fildes and Makridakis (1995) that
although complex models may give a better fit than simpler models, the resulting (short-
term) forecasts need not be more accurate. Thirdly, as discussed in Chatfield and Xing
(2019, 60, 141), the differences in accuracy for different methods when averaged over
many series tend to be relatively small compared with the large differences in accuracy
that may arise when different methods are applied to individual series. Based on this rea-
soning, we decide to take the return expectations as the one-step-ahead point forecasts
from an Autoregressive Integrated Moving Average (ARIMA) model.

Following the same notation as in Hyndman and Athanasopoulos (2014, 225-240), a
non-seasonal ARIMA(p, d, g) model can be written as

Ve=Ct P1yiog t ot Gpyip t 018+ g5 g + & (3.6.1)
where y/ is the differenced series (i.e., y{ = y; — y;_1). If the differenced data is not
stationary, one may need to difference it a second time to obtain a stationary series (i.e.,
yi' =y —yi_1). In (3.6.1), the ‘predictors’ on the right-hand side include both lagged
values of y; and lagged errors. In addition, ¢ denotes the constant and &; is white noise.
This equation can be written in backshift notation as

(1-¢B—-—¢,BP)(1—B)y, =c+(1+6,B+-+6,B)¢, (3.6.2)
or equivalently as
(1—¢1B — = ¢,B?)(1 - B)*(y, — ut?/d)
=(1+6,B+-+6,B)¢, (3.6.3)
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where ¢ = u(1— ¢y — - — d)p) and p is the mean of (1 — B)%y,. Thus, the inclusion of
a constant in a non-stationary ARIMA model is equivalent to inducing a polynomial trend
of order d in the forecast function. Note that when utilizing the forecast package (see
Hyndman et al. 2018, 10—13), the parameterization of (3.6.3) is used, and ¢ = u = 0 by
default when d > 0. Moreover, as the fitting method, this package utilizes conditional-
sum-of-squares to find starting values and then maximum likelihood estimation. The AR
and MA order and the order of integration can also be determined automatically using the
Akaike information criterion (see Hyndman & Khandakar 2008, 15—18).

The recursive forecasting procedure can be outlined as follows: In the first step, the
algorithm expands the ARIMA equation so that y, is on the left-hand side, and all other
terms are on the right. Then, it rewrites the equation by replacing ¢ with T + h. In the
third step, it replaces (on the right-hand side of the equation) future observations with
their forecasts, future errors with zero, and past errors with the corresponding residuals.
Beginning with h = 1, these steps can be further repeated for h = 2,3, ... until all forecasts
Yr+nr have been calculated. (see Hyndman and Athanasopoulos 2014, 239-240 for an
illustration.) Eventually, the return expectation can be formed as the difference between
the latest log value and the generated point forecast.

The second piece consists of a market price risk model. We use the Expected Shortfall
(ES) for a confidence level of 95 percent and derive this downside risk measure from the
Generalized Pareto Distribution (GPD). More precisely, the GPD is defined as

Hy)=1- (1 +%y)_1/f

fory:y >0 and 6 = o + &(u— p). Here, u is the location, o the scale, ¢ the shape

) (3.6.4)

parameter, and u is the threshold value. We estimate these parameters by considering the
30 largest losses and applying the Probability-Weighted Moments (PWMs) method con-
tained in the evir package (see Pfaff et al. 2018, 9-10, 26). The Extreme Value Theory-

based risk measures VaR and ES can then be inferred directly from the GPD as follows:

G(1—a\®
VaR, = q,(F) =u+ E <<F(u)) — 1), (3.6.5a)
1 ! VaR, & —¢u
ESa = mja qx(F) dx = 1= f + 1 —f ’ (365b)

where F (u) denotes the number of non-exceedances relative to the sample size. Since the
riskiness is determined for each loss series alone, the weighted sum thereof forms an up-
per bound for the overall portfolio downside risk. In other words, a perfect concordance
of the asset losses is assumed. Next, given that losses are expressed as positive numbers,
we calculate the sign factors containing the correct trade/loss direction from the return
forecasts. The factors are then used to alter the signs of the actual returns such that these
comply with the relevant losses from long positions. (cf. Pfaff 2016, 92-94, 329-330.)
The third part is the formulation of the linear program, which is specified with four

arguments. In the first argument, the return expectations are taken as the parameters of
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the objective function to be maximized. The second argument holds the downside risk ES
estimates derived from the GPD. The third argument contains a buffer for the risk budget
such that the portfolio’s downside risk as a weighted sum of its components shall not
exceed this limit. The last argument is an upper bound on the portfolio weights, and we
set this constraint to 40 percent in order to circumvent concentrated portfolio solutions.
The weights themselves are treated as non-negative real numbers, and an additional
budget constraint is defined such that the sum of weights shall not exceed unity. The
resulting linear programming problem is then solved by employing the algorithm con-
tained in the Rglpk package (see Theussl et al. 2019, 3-5). (see also Pfaff 2016, 330-331
for more technical details.)

Finally, the previously created objects are used to conduct a recursive backtest, where
the sectoral indices are used as the dataset, and the portfolios are rebalanced weekly. As
in Pfaft (2016, 332-333), we initialize the portfolio equity to 100 monetary units and
assume that the funds can be invested at a money market rate of 1 percent per annum. We
determine the 90 percent current wealth level within the portfolio simulation and compare
it to the portfolio floor to be protected. The optimization is carried out only if the former
is greater than the latter. Otherwise, the remaining funds earn interest at the money market
rate until the initial floor level is exceeded again. Given that the forecasts for all assets
can be negative at the same time, and hence a long-only investor would lose from expo-
sure to any of these assets, the wealth would also earn interest only. In Subchapter 4.5,
we express the proceeds from the current allocation in terms of the portfolio wealth and
compare the outcome of this simulated wealth trajectory with the solution of an equal-
weighted strategy.
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4 EMPIRICAL FINDINGS AND CONCLUSIONS

Theoretical elegance alone does not necessarily deliver improved investment perfor-
mance. Therefore, we now analyze whether our portfolio construction and investment
methods would have delivered acceptable performance results in practice. Finally, having
compared our findings with the previous studies, we provide suggestions for future re-

search.

4.1 Backtest analysis of classical and robustified mean-risk portfolios

We start this subchapter by studying the out-of-sample performance of classical minimum
variance and maximum return portfolios in the presence of transaction costs. As we have
discussed, both of these approaches can be modified in several ways. Thus, before moving
on to inspecting whether robust covariance estimators can improve the performance of
minimum variance portfolios, we analyze the impact of a risk budget constraint on a port-
folio maximizing the mean return per unit Expected Shortfall (i.e., the STARR ratio).
Finally, we compare the portfolios produced by robust optimization techniques to classi-
cal Markowitz portfolios. Approaches to future research are proposed at the end of each
application. As our dataset, we use the total return indices of the 40 constituents of the
MICEX index.

Table 4.1 shows the performance and risk metrics of the variance minimization (min
var) and return maximization (max ret) strategies in addition to the maximum STARR
ratio (max ret per unit ETL) portfolio without and with the risk budget constraint. More
precisely, the objective of the fourth portfolio is to maximize the STARR ratio such that
each component contributes equally to portfolio downside risk as measured by the mod-
ified Expected Tail Loss (Expected Shortfall or Conditional Value-at-Risk). Thus, to con-
struct a risk budget, we add an Equal Risk Contribution (ERC) constraint where
%C;ETL(w) =1/N (i = 1,...,N). The MICEX gross total return index serves as our
benchmark, and the preferable values are highlighted in bold. The optimizations are run
with monthly rebalancing, and the first rebalance date is on 3 October 2011. The width
(i.e., the number of periods) of the rolling window is set to null, meaning that all available
past data is given to the rebalance function. Finally, the proportional transaction cost (7C)
value is set to 50 basis points (0.5 percent). It is worth mentioning that we also experi-
mented with weekly rebalancing and noticed that the risk-adjusted returns (measured by
the annualized Sharpe ratios) were less attractive. Hence, due to estimation errors, one
should prefer less frequent rebalancing. This conclusion remained unchanged when the

transaction costs were not considered.
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Although most of the metrics in Table 4.1 are self-explanatory or have been introduced
earlier, a few clarifications should be made. Firstly, the annualized Sharpe ratio is com-
puted by dividing the annualized mean excess return by the annualized standard deviation
of excess return, i.¢c., (Ti/prod(l + R, )scale — 1)/(@ . \/E), where the daily scale

is set to 252, and n is the total number of periods for which there are observations (see
Peterson et al. 2017, 175). The assumed risk-free rate is denoted by Rf. Secondly, in
addition to the annualized Sharpe ratio, we report the Sortino ratio of performance over
downside risk. The Sortino ratio follows the same principle as the Sharpe ratio but instead
of discounting a portfolio’s return against all its volatility (standard deviation of returns),
only its downside semivariance is used as the measure of risk. In other words, if a port-
folio is volatile on the way up, it should not be penalized. Here, the Minimum Acceptable
Return (MAR) is assumed to be zero percent. Thirdly, we report the Information Ratio
(IR), which is calculated as the active premium divided by the tracking error. IR relates
the degree to which a portfolio has outperformed the benchmark (here, the MICEX index)
to the consistency with which the portfolio has beaten the benchmark. A higher IR means
that the portfolio has consistently outperformed its benchmark, making it less likely that
the relative benchmark returns are by chance.

Fourthly, we perform linear regression analysis and calculate the adjusted R-squared
estimate, which measures how much of a portfolio’s performance is correlated with its
benchmark. A low R-squared score shows that the portfolio has done well independent
of the benchmark (i.e., something else can be attributed to the portfolio’s returns). (see
Sharpe 1994; Sortino & Price 1994; Peterson et al. 2015; Katz 2019.) The maximum
drawdown, in turn, is a risk measure, which tells the worst cumulative loss ever sustained
by the portfolio. In order to calculate the average monthly turnover, we follow the method
proposed by Kipnis (2016). This turnover quantity can be interpreted as the average
amount of wealth traded in each rebalancing period (Boudt et al. 2013, 64). Finally, as
some of the modified VaR and ES risk measure calculations produced unreliable results
(inverse risk or risk over 100 percent), we cleaned extreme observations in each time
series using the method proposed by Boudt et al. (2008). By utilizing data cleaning, we
were able to produce more robust modified risk estimates. However, the reported modi-
fied risk estimates may not be as conservative as one would get with uncleaned series.

Overall, we can see from these backtesting results that, even with the inclusion of rea-
sonably high transaction costs, the minimum variance portfolio outperforms the MICEX
index in terms of annualized Sharpe ratios (0.82 and 0.61, respectively). In contrast, the
maximum return portfolio, which is at the opposite end of the efficient frontier, produces
the lowest annualized return (0.09) and highest standard deviation (0.29), leading to the
lowest Sharpe ratio of 0.29 (the figures have been rounded for better readability). Such a
result is not surprising, given that the arithmetic mean (an estimator for the location of a

population) is more prone to estimation error and more sensitive to extreme observations
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than the sample covariance estimator (see, e.g., Jorion 1986). Nevertheless, when the re-
turn is maximized per unit ES, the annualized return increases to 0.16, the standard devi-
ation decreases to 0.25, leading to the Sharpe ratio of 0.65. A further significant improve-
ment to the portfolio’s performance can be achieved by imposing the risk-budget con-
straint. This combination produces the highest annualized return (0.19), lowest standard
deviation (0.18), and thus the highest Sharpe ratio of 1.06.

Furthermore, the outperformance order based on the Sortino ratio is in line with the
annualized Sharpe ratio, i.e., the maximum STARR ratio portfolio with the risk-budget
constraint has the highest score of 0.10, whereas the maximum return portfolio (0.04) is
the only one underperforming the benchmark index (0.06). However, although the risk-
constrained portfolio also has a higher information ratio (1.04) than the minimum vari-
ance portfolio (0.37), the latter is less correlated with the MICEX index in terms of R?
(0.87 and 0.63, respectively). Moreover, the minimum variance portfolio is the only one
with positive skewness (2.17), whereas the maximum return portfolio has the most nega-
tive skewness of -1.31. Each portfolio’s return distribution is leptokurtic, and the MICEX
index (maximum return portfolio) has the lowest (highest) kurtosis of 5.28 (239.27).

In terms of riskiness, the maximum return portfolio has the most severe maximum
drawdown of 0.61 and the largest historical ES of -0.34. The risk-constrained portfolio,
in turn, has the second smallest maximum drawdown of 0.28 after the benchmark index
(0.23) and the smallest historical VaR of -0.016. Based on the other risk metrics, namely
historical ES (-0.026), modified VaR (-0.017), and modified ES (-0.025), both the mini-
mum variance portfolio and the risk-constrained portfolio are equally low-risk. On the
other hand, the risk-constrained portfolio has a lower average monthly turnover (0.07)
than the minimum variance portfolio (0.13). Surprisingly, the maximum STARR ratio
portfolio has the highest turnover of 1.26.

Figure 4.1 presents a three-panel performance summary chart covering the out-of-sam-
ple backtesting period from October 2011 to September 2017. The top panel shows the
cumulative returns of the four competing strategies versus the MICEX index. Note that
the value of the initial investment is set to zero. The second panel, in turn, shows the daily
returns of the benchmark, and the third panel is a drawdown chart.

As we can see from the temporal evolution of accumulated returns, the maximum re-
turn portfolio performs the worst, and its cumulative returns stay negative until October
2015. The classic variance minimization approach eventually outperforms the MICEX
index, although this happens only after the beginning of 2016. The cumulative returns of
this portfolio and the maximum STARR ratio portfolio are rather close to each other (1.46
and 1.39, respectively), but the accumulated returns of the latter are consistently negative
until the second half of 2014. In contrast, the maximum STARR ratio portfolio with the
ERC constraint follows the benchmark index more closely since the beginning of the

sample period, and the outperformance begins already during the spring of 2015. Of
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course, this was right after the highly volatile period in the Russian market caused, inter
alia, by the ruble crash. Overall, the periods where one strategy is outperforming the other
are relatively long and imply the possibility of applying market timing strategies on top
of these allocations.

Furthermore, by examining the synchronicity of the loss periods, it can be observed
that the return maximization strategy systematically produces the most severe draw-
downs, followed by the maximum STARR ratio portfolio. At the beginning of the Ukrain-
ian crisis in March-April 2014, the drawdown of the maximum return portfolio reaches
the level of -0.6, whereas the drawdowns of the minimum variance and the risk-con-
strained maximum STARR portfolio increase sharply to roughly -0.3. However, after the
sudden shock, the values decrease rather steadily and stay above the -0.2 level. The calm-
est period in terms of drawdown occurs during the first half of 2015 and the end of 2016,
when the drawdowns remain above the -0.1 level, except in the case of the maximum
return portfolio. Since October 2016, the drawdowns of each strategy have moved in line
with the MICEX index.

Table 4.1 Performance metrics of the classical mean-risk portfolios with a

proportional transaction cost constraint and monthly rebalancing

. Max ret Max ret per unit ETL
M.ISEX (TCA’l:; gczr ) (TCAﬁZ;Oth ) per unit ETL with ETL equal contribution
maex PS P (TC=50 bps) to risk (TC=50 bps)
Cumulative Return 0.927 1.457 0.622 1.390 1.799
Annualized Return 0.118 0.165 0.086 0.159 0.191
Annualized Std Dev 0.195 0.201 0.292 0.247 0.180
Annualized Sharpe
(Rf=0.00) 0.605 0.821 0.293 0.645 1.062
Sortino Ratio
(MAR = 0.00) 0.060 0.085 0.037 0.064 0.095
Information Ratio - 0.370 -0.130 0.198 1.038
R-Squared - 0.630 0.297 0.327 0.869
Skewness -0.485 2.166 -1.310 -1.074 -0.872
Excess Kurtosis 5.283 41.077 239.272 113.567 10.314
Maimum 0.230 0.295 0.610 0.469 0.276
Drawdown
Historical VaR
(0.95) -0.018 -0.017 -0.017 -0.017 -0.016
Historical ES
(0.95) -0.028 -0.026 -0.034 -0.031 -0.026
M"d(’{fg‘; )V"R -0.019 -0.017 -0.017 -0.018 -0.017
Modified ES (0.95) -0.026 -0.025 -0.026 -0.025 -0.025
Average Monthly ; 0.125 0.133 1.262 0.072
Turnover
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Figure 4.1 Performance summary of the classical mean-risk portfolios with a

proportional transaction cost constraint and monthly rebalancing

In conclusion, this first application has shown that the long-term performance of an
optimal mean-risk portfolio can be improved by adjusting the component weights to
match the desired risk profile better. Here, each asset was required to contribute an equal
amount of risk to the portfolio. Indeed, as the number of assets held in any portfolio in-
creases, many possible portfolios will have similar mean return and standard deviation.
Therefore, it is essential to be able to add information to the portfolio selection process.
Consistent with Boudt et al. (2008, 100), we find that the modified Expected Shortfall
and portfolio risk decomposition techniques help achieve such a task. Also, imposing
bound constraints of the percentage ES contributions can be seen as a direct substitute for
a risk diversification approach based on position limits (Boudt et al. 2013, 48). Finally,
our analysis brings new perspectives to the earlier findings of Brandt (2005) and Martel-
lini and Ziemann (2008, 13). They argue that global minimum variance portfolios typi-
cally achieve higher out-of-sample Sharpe ratios than other tangency portfolios in a mean-
variance portfolio choice.

However, when utilizing the component decomposition of risk, one should note that
for ES (and VaR), the capital allocation given by the portfolio weights may be very dif-
ferent from the risk exposures. Also, the estimated risk allocation depends on the risk
measure used. A technical explanation for this follows from the definition in (3.2.7). In

other words, asset i’s percentage risk contribution is defined as the derivative of the risk
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measure with respect to the weight of that component multiplied by the component’s
weight in the portfolio and divided by the value of that risk measure. For example, in an
equally-weighted portfolio, the expected contribution to the portfolio downside risk will
be higher for assets with negatively skewed and thick-tailed returns than for assets with
normal returns or positively skewed returns. (Boudt et al. 2008, 100.) Furthermore, for a

portfolio that has the ERC constraint, the relative weights are inversely proportional to
the marginal impact of the position on the portfolio ES, that is, w;/w; =

(ES/ OWJ-) /(0ES/0w;). Consequently, this allocation strategy produces portfolios that
give higher weights to assets with a small marginal risk impact and down-weights the
investments with a high marginal risk (aka ‘hot spots’ in Litterman 1996). In other words,
it seeks positions for which a marginal decrease in weight leads to a large reduction in
ES. (Boudt et al. 2013, 65.)

With respect to future research, there are at least a couple of aspects to consider.
Firstly, note that here we have modeled only the proportional transaction costs using an
optimization constraint. A possible modification to this constraint would be to assume
that the rate of increase in transaction costs changes at certain threshold points. In other
words, as the trading size increases, it should become increasingly more costly to trade
because of the market impact of the trade. On the other hand, since it costs more to trade
small-cap stocks than to trade large-cap stocks, one might wish to calculate the average
trading volume of each stock and assume that the trading cost is inversely proportional to
the trading volume. Alternatively, one could follow Fabozzi, Focardi, and Kolm (2006,
81-82), who define an optimal execution strategy that considers the variance of the total
transaction costs. In contrast, Konno and Wijayanayake (1999) propose a branch and
bound algorithm for solving a mean-absolute deviation portfolio optimization model, as-
suming that the cost function is concave (non-convex). For more discussion on different
ways to incorporate transaction costs into standard portfolio allocation models and the
impact of costs on portfolio optimization, see, e.g., Grinold and Kahn (2000, 450—452),
Krokhmal, Palmquist and Uryasev (2001, 17), Scherer and Martin (2005, 98—105), Chin-
carini and Kim (2006, Chapter 10), Mansini, Ogryczak and Speranza (2015, 49-53, 59—
61), as well as Pachamanova and Fabozzi (2016, 298-303).

Another issue that should be addressed in more detail in future research is the choice
of rebalancing frequency. For instance, Tokat and Wicas (2007) identify the factors in-
fluencing a rebalancing strategy and present a conceptual framework for developing such
strategies. Their findings indicate that determining an effective rebalancing strategy is a
function of the time horizon and the characteristics of a portfolio’s assets: their expected
returns, volatility, and the correlation of their returns. In addition to this, an appropriate
rebalancing strategy depends on return patterns over time and the market environment.
(see also Liu & Loewenstein 2002; Zakamouline 2002; Pliska & Suzuki 2004; Jaconetti,
Kinniry & Zilbering 2010.) Low et al. (2018, 279), in turn, observe that the degree of
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variance and the maximum positive or negative adjustment in portfolio weights required
to achieve the desired investment objective tends to decrease as the size of the portfolio
increases. Finally, Donohue and Yip (2003) consider optimal portfolio rebalancing with
transaction costs and show that a strategy defining a no-trade region around target ratios
can improve on the simple calendar- and volatility-based strategies.

Next, let us conduct another backtest of minimum-variance portfolio optimization us-
ing both the classical and robust estimators for moment estimation and analyze whether
there is any difference in relative performance. The optimization is carried out by impos-
ing the full investment and long-only constraints. Figure 4.2 depicts the excess returns of
the backtest based upon the robust statistics compared to the classical estimator, and Table
4.2 lists the relevant summary statistics. The most preferred values are bolded.

As can be seen, the use of the S-estimator led to the least volatile portfolio allocations
throughout the backtesting period. In other words, although this estimator produced ro-
bust portfolios with the lowest median (0.002), mean (0.004), third quartile (0.079), and
maximum (2.215) excess returns, the difference between the maximum and minimum
excess returns is the smallest (3.512). On the other hand, the distribution of excess returns
has the lowest skewness of 1.425. The S-estimator is followed by the MM-estimator with
the second smallest range of 5.719 and the highest skewness of 2.714. The Minimum
Volume Ellipsoid (MVE) estimator, in turn, produced portfolio allocations that yielded
excess returns of the second-highest skewness of 2.701. Furthermore, this is the estimator
with the highest median (0.011) and mean (0.022) excess returns, as well as the highest
maximum excess return of 4.920, which was generated during the ruble crisis in Novem-
ber-December 2014.

In contrast, the Minimum Covariance Determinant (MCD) estimator produced the
most volatile portfolio allocations, as is illustrated by the most negative excess return
peaks, for instance, at the end of 2012, as well as during the turmoil period at the end of
2014. Indeed, these robust portfolios have the lowest minimum (-2.066) and first quartile
(-0.172) excess returns but also the highest third quartile excess return of 0.195, leading
to the largest excess return range of 6.736. Finally, the Orthogonalized Gnanadesikan-
Kettenring (OGK) and M-estimator produced robust portfolios that are between these
extremes and fairly similar to each other, e.g., in terms of the excess return range (6.148
and 6.307, respectively). Both also have the same second-highest median excess return
of 0.008.

In conclusion, the outcome of the minimum variance optimizations based on the robust
estimators is more favorable than that of the classic estimator for the given measures. The
median and average excess returns are positive for all robust portfolios, and they are
skewed to the right. Of course, the skewness is affected by the large positive excess re-
turns at the end of 2014 and at the beginning of 2015. However, positive skew results

even if these data points are disregarded. In other words, the difference between the third
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quartile and the absolute value of the first quartile is greater than zero for all the other
robust estimators, except for the S-estimator (-0.001). In this respect, the S-estimator is
the least favorable compared to the other robust estimators. The MVE estimator produces
the highest value of 0.032, and it is followed by the MCD estimator (0.023).

Our findings are in line with Pfaff (2016, 183—186), who demonstrates that even when
the Gaussian copula with normally distributed margins is used to generate random asset
returns, the classical covariance estimator may not generate a portfolio structure with the
lowest risk on average. Moreover, the dispersion of the portfolio risk may neither be the
smallest. However, with respect to the median risks, the differences become negligible as
the sample size increases.

Table 4.2 Excess returns of the backtest based on the robust statistics versus the

classical estimator

Rgbust Minimum ]St. Median Mean 3rd. Maximum Skew
estimator quartile quartile
M -1.968 -0.160 0.008 0.020 0.181 4.339 2.037
MM -1.709 -0.113 0.007 0.015 0.119 4.010 2.714
MVE -1.760 -0.140 0.011 0.022 0.172 4.920 2.701
MCD -2.066 -0.172 0.005 0.020 0.195 4.670 1.994
S -1.297 -0.080 0.002 0.004 0.079 2.215 1.425
OGK -1.813 -0.153 0.008 0.021 0.159 4.335 2.034
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Figure 4.2 Relative performance of robust minimum variance portfolios

The applicability of robust estimators can be illustrated further. Utilizing the R pack-
ages PortfolioAnalytics (Peterson et al. 2018) and MASS (Ripley et al. 2021), we now
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write a custom moment function to estimate the variance-covariance matrix of the asset
returns using the robust Minimum Volume Ellipsoid (MVE) method. Again, we construct
monthly rebalanced portfolios where the optimization objective is to minimize portfolio
variance. The robust estimates are compared with the sample estimates in two instances:
In the first case, we apply the long-only and full investment constraints. In the second
case, we allow short selling, but to avoid concentration risk, we add a box constraint for
the asset weights so that the minimum weight of any asset must be greater than or equal
to minus 25 percent, and the maximum weight of any asset must be less than or equal to
25 percent. If the weights for one or more periods do not sum up to one, we assume that
the uninvested capital does not earn any interest. The size of the rolling window of data
(i.e., the lookback window), as well as the length of the training period, are both set to
252 days. In order to evaluate whether these optimization models can outperform a naive
weighting scheme, we also show the performance of an equal-weighted benchmark strat-
egy.

Furthermore, in both cases, we omit the use of the proportional transaction cost con-
straint. We do so because too binding constraints tend to restrict the Differential Evolution
optimization algorithm (see Mullen et al. 2011) to such an extent that it resorts to using
equal weights for each asset on consecutive rebalancing periods. Naturally, this kind of
outcome makes it more challenging to see the differences in portfolio optimizations when
using either a robust estimator or the classical sample estimator. Nevertheless, we report
the average monthly turnover rates and treat them as a proxy for transaction costs. It is
also worth mentioning that we experimented with a couple of alternative specifications.
First, we tried more frequent (i.e., weekly) rebalancing. Second, instead of requiring that
the portfolio weights must sum to one, we used the dollar neutral (or active) constraint
(see Chalabi & Wiirtz 2015, 460; Garcia 2020; Ripley et al. 2021, 32-34 for more tech-
nical details). However, since those could not outperform the current setting, we do not
show their results here.

The statistics used to evaluate the out-of-sample performance are reported in Table
4.3. Correspondingly, the evolution of the cumulative return and drawdown for each port-
folio is illustrated in Figure 4.3. The first observation is that each of the four variants of
the minimum variance strategy outperforms the equally-weighted portfolio in terms of
the annualized Sharpe ratio, Sortino ratio, skewness, maximum drawdown, and modified
Expected Shortfall (95%). When focusing on the differences between the long-only port-
folios, we can see that the use of the robust estimator increases the annualized Sharpe
ratio from 1.91 to 2.14, i.e., the increase in the annualized return is greater than the in-
crease in the annualized standard deviation. Interestingly, the robust long-only portfolio
even has a higher annualized Sharpe ratio than the classical minimum variance portfolio
with short-selling allowed (2.09). This is because in the latter case, the only 2.1 percent-



113

age point increase in the annualized return is achieved by increasing the annualized stand-
ard deviation by 1.4 percentage points. Also, only when short-selling is forbidden are the
minimum variance portfolios less risky than the equally-weighted benchmark in terms of
the annualized standard deviation. Finally, when comparing the portfolios with short-sell-
ing allowed, we can see that in the case of the robust portfolio, the annualized return
increases by five percentage points compared to the classical counterpart, but the annual-
ized standard deviation decreases by 0.40 percentage points, leading to an increase in the
annualized Sharpe ratio from 2.09 to 2.44.

Similar conclusions can be made by inspecting the Sortino ratio, i.e., the robust port-
folio with short-selling allowed has the highest value of 0.20 and is followed by the robust
long-only variant (0.19). These portfolios also have the highest information ratios of 1.61
and 1.16, respectively. In terms of the R-squared, the classical minimum variance portfo-
lio with short-selling allowed is the least correlated with the benchmark portfolio (0.46),
whereas the opposite is true for the classical long-only variant (0.60). Furthermore, the
robust long-only portfolio is the only one with positively skewed returns (0.14), whereas
the classical long-only portfolio has a return distribution with the smallest kurtosis of
6.59. On the other hand, when short-selling is allowed, the switch from the classical esti-
mator to the robust estimator decreases the kurtosis from 15.54 to 8.21.

In terms of the downside risk measures, the robust long-only minimum-variance port-
folio outperforms both the competing variants and the benchmark portfolio. More pre-
cisely, it has the least severe maximum drawdown of 0.15, as well as the smallest histor-
ical Expected Shortfall (-0.02), modified Value-at-Risk (-0.01), and modified ES (-0.02).
Correspondingly, the robust portfolio with short-selling allowed has 4.3 percentage points
lower maximum drawdown than its classical counterpart, although its modified Expected
Shortfall is slightly higher (-0.04 and -0.03, respectively). Finally, the benchmark portfo-
lio has the lowest average monthly turnover of 0.06, and it is followed, surprisingly, by
the classical long-only minimum-variance portfolio (0.98). Indeed, both the robust long-
only portfolio (1.09) and the robust portfolio with short-selling allowed (2.27) have higher
turnover rates than their classical counterparts.

Therefore, two conclusions can be made from this robustification exercise. Firstly, the
utilization of the robust estimates of the variance-covariance matrix (as opposed to the
ordinary sample estimates) produces portfolios that outperform the classical minimum-
variance portfolios in terms of risk-adjusted returns. Moreover, as can be seen from Fig-
ure 4.3, the cumulative returns of the robust long-only and the classical portfolio with
short-selling allowed are fairly close to each other (3.35 and 3.70, respectively), meaning
again that shorting is not the only way to improve the returns produced by the minimum
variance strategy. Secondly, if the higher average turnover values are excluded, it can be
argued that the downside risk profile of a robust portfolio is more attractive than that of

its classical counterpart, especially when short-selling is not allowed.
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Table 4.3 Performance metrics of the minimum variance portfolios with classical

sample or robust MVE estimators versus an equally-weighted portfolio

Equal- Long-only Long-only Min var Min var
weighted ~ Min var (sample) Min var (robust) (sample) (robust)
Cumulative Return 1.534 2.590 3.349 3.703 4.655
Annualized Return 0.201 0.286 0.336 0.357 0.407
Annualized
Std Dev 0.165 0.150 0.157 0.171 0.167
Annualized Sharpe
(RF=0.00) 1.220 1.914 2.136 2.086 2.441
Sortino Ratio
(MAR = 0.00) 0.107 0.163 0.193 0.178 0.202
Information Ratio - 0.804 1.159 1.158 1.608
R-Squared - 0.602 0.547 0.462 0.492
Skewness -1.118 -0.612 0.138 -0.670 -0.667
Excess Kurtosis 15.130 6.588 7.175 15.544 8.211
Maimum 0.276 0.148 0.145 0.205 0.162
Drawdown
Historical VaR
(0.95) -0.015 -0.013 -0.013 -0.015 -0.015
Historical ES (0.95) -0.023 -0.022 -0.020 -0.022 -0.023
Modified VaR (0.95) -0.016 -0.015 -0.013 -0.015 -0.016
Modified ES (0.95) -0.043 -0.031 -0.018 -0.029 -0.036
Average Monthly 0.063 0.980 1.090 2.079 2.265
Turnover
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— Equal_Weights
4 —— Long.Only_MinVar_Sample

Long.Only_MinVar_Robust
—— MinVar_Sample
MinVar_Robust

Daily Return
0.00 r.a,!l.,éi-,-.,-v-e IR TSN ef:.'!'-,#,';#!ﬂ#%,'#ﬁ,‘*,-.l‘,%.“‘#i.*ﬁ‘#*ﬁ%‘ﬁ*.‘#ﬁ'ﬁwfﬁm=ﬂ%%*‘w, vy
|

0.10
Drawdown' ) ) . -
005 TG 7 Nk L TR } Y
-0.10 W A N"’\,..,MM- (s % Yk, at
015 ‘ VLA v V\J/
-0.20
-0.25
I T T T T T T T T T 1
Aug 01 2012 Aug 01 2013 Aug 01 2014 Aug 03 2015 Aug 01 2016 Jul 31 2017

Figure 4.3 Performance summary of the minimum variance portfolios with classical

sample or robust MVE estimators versus an equally-weighted portfolio

With respect to future research, it is worth mentioning that we have omitted the imple-

mentation of at least two well-known robust estimators of the covariance matrix, namely
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the shrinkage estimator and the projection-based Stahel-Donoho estimator (SDE). In
brief, the benefit of the shrinkage estimate is that it is always positive definite, well-con-
ditioned, and efficient. However, although the resulting regularized estimator may out-
perform the maximum likelihood estimator for small samples, the shrinkage intensity will
reduce to zero for large samples. This means that the shrinkage estimator will be identical
to the empirical estimator. (see Wiirtz et al. 2009, 289—-292.) Nevertheless, the interested
reader wishing to implement such an approach is referred, e.g., to Schifer and Strimmer
(2005) and Opgen-Rhein and Strimmer (2007). More technical information on the effi-
cient estimation of a James-Stein-type shrinkage estimator for the covariance matrix, with
separate shrinkage for variances and correlations, can also be found from the vignette of
an R package called corpcor (Schifer et al. 2017). Similarly, an R package called tawny
(Lee & Rowe 2016) allows one to carry out portfolio optimizations based on shrinkage
estimators. Considering the SDE estimator, one should note that although it possesses
good statistical properties, it is extremely slow when the number of variables is large.
Hence, it is better to use the MCD or OGK estimator for larger data sets (Todorov 2020,
60). For more information on the SDE method, see, e.g., Stahel (1987) and Donoho and
Gasko (1992).

The final part of this subchapter considers the backtest results produced by the robust
portfolio optimization approach with elliptical uncertainty of u. Based on the computa-
tion method proposed by Pfaft (2016), Figure 4.4 displays the efficient frontier with
equivalence points (values in percentages). As in general, the x-axis represents the risk
measured by the standard deviation (sigma, o), whereas the y-axis represents the expected
return (mu, ). The efficient frontier is drawn as a line for the calculated points as per the
classical mean-variance (MV) allocations. The efficient points regarding the MV and ro-
bust counterpart (RC) allocations are superimposed. These points are depicted as blue and
red dots, respectively. Finally, drawn in are the equivalent MV and robust counterpart
points. This is done such that first, the RC allocation with the trade-off parameter (i.e.,
risk aversion) 8 = 0.7 is shown as a green square on the efficient frontier. Then, the
equivalent classical MV portfolio is portrayed as an orange square on the efficient fron-
tier.

We can see that the selected robust optimization solutions fall short of the MV solu-
tions, although they are part of the MV efficient frontier. This becomes evident when we
compare the equivalent solutions of the MV and robust optimizations. Indeed, the solution
shown as a point to the west is the equivalent MV solution to the neighboring robust
counterpart, which is located to the southwest of it. Such a conclusion is consistent with
Schottle (2007, 125-126) and Pfaff (2016, 194).
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Figure 4.4 Efficient frontier of classical and robust MV portfolios

Indeed, in this particular setting, we have discovered that the robust efficient frontier
is identical to the classical efficient frontier, but it is shortened in respect to the risk axis.
Hence, it does not attain portfolios with as high risk as the maximum return portfolio in
the classical framework. Technically speaking, robust efficient frontier coincides with the
classical efficient frontier up to the trade-off parameter (risk level) 2 = 1/ (1 + \%) of

the classical frontier. For the trade-off parameter 8 = 1 at the right end of the robust
efficient frontier, the maximum value for A is reached. (see Schottle 2007, 145-146.)
Correspondingly, to show that the classical and robust efficient frontier coincide for
the entire length of the robust efficient frontier, it suffices to prove that the optimization
problems to discover the explicit points are equivalent. Again, using the tracing parameter
defined in (3.2.27), the classical problem can be reformulated such that it is equivalent to
the robust formulation. Thus, the only difference between these two optimization prob-
lems is the fraction 1/(1 + 6 %), which is just a constant. (see Schottle 2007, 125-127

for the formal proof.)

Therefore, a few additional remarks can be made. Firstly, if we study the special point
6 = 0, that is, the (robust) minimum variance portfolio, we can be seen that the corre-
sponding 2 is also zero and both programs reduce to min,cqv @’ Ew. The equivalence of
the classical and robust minimum variance portfolio is expected because the uncertainty
of the covariance matrix was not explicitly considered, and the minimum variance port-
folio does not depend on the uncertain parameter u. Secondly, when applying the RC
approach in the general case with 8 € [0, 1], we attain the expression A8V w’Ew. It oper-
ates as a type of regularization and can be understood as estimation risk. According to

Schottle (2007, 127), this additional expression penalizes the investment in stocks with
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high volatility. In other words, it increases the impact of the portfolio risk compared to
the expected return. This kind of robustification implies a change from the trade-off be-
tween risk and return towards the less risky portfolios.

For a particular investor, the implication is as follows: Suppose an investor has a spe-
cific risk aversion parameter A which determines her personal trade-off between return
and risk. By robustifying the portfolio optimization problem with a confidence ellipsoid,
the investor changes her position on the efficient frontier. In other words, she becomes
more conservative, and hence her optimal robust portfolio moves towards the minimum
variance portfolio (MVP). It can be further shown that since the robust optimal portfolio
is a bit closer to the MVP, the investment in the more secure assets is typically higher.
(see Schottle 2007, 128.)

With respect to future research, it is worth highlighting that here (as is common in
practical problems), we have only determined an uncertainty set for the vector of expected
returns. This decision is justified because the covariance matrix is not as volatile and does
not as crucially affect the optimal solution as the return estimate. Nevertheless, it would
be possible to consider the covariance matrix as an uncertainty parameter as well. Without
going into details, such an extension requires the definition of a joint confidence ellipsoid
around a point estimate for the pair (i, Z), and thus one needs to determine the distribu-
tion of the point estimate (1’1, f) As shown in Schottle (2007, 129-148), robustifying both
parameters leads to a more conservative portfolio allocation than robustification of u
only, but this distinction is usually unrecognizably small in practice.

Alternatively, one could create an ellipsoidal uncertainty set for the unknown return
vector u by utilizing multiple robust-based estimators (such as g™, gM™, gMVE pMcP,
fis, i°¢K) or their combination for this parameter. It can be further shown that in the case
of various estimators, the robust optimization problem penalizes investment in assets
where the considered statistical estimators generate different values (i.e., lie further apart
from each other). Moreover, using an uncertainty set based on estimators leads to a robust
efficient frontier that is shorter than the classical one, meaning that when the investor’s
expected return requirement increases above a certain threshold, she can utilize the clas-
sical optimization to obtain the same efficient allocation as in the case of robust optimi-
zation but with lower risk (measured by standard deviation). (see Schottle 2007, 103—
106, 148—-158; Pfaff 2016, 170 for more discussions.)

Let us now investigate the dynamic behavior of classical (termed Markowitz) and ro-
bust mean-variance portfolio optimizations and see how they perform in comparison to
the competing investment strategies. As explained in Subchapter 3.2, we first computed
the initial asset allocations for each of the five strategies. Based on these initial portfolio
weights, we found that the Maximum Sharpe Ratio (MSR) and Markowitz optimizations
led to the most concentrated portfolio solutions (not depicted here). More precisely, the

maximum allowed weight of 25 percent was reached for three stocks in the case of the
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MSR portfolio. These assets were PhosAgro, Surgutneftegas, pref., and Transneft, pref.
In the case of the Markowitz portfolio, Alrosa also achieved the weight limit in addition
to the above three assets. The initial weight allocations were more diversified in the port-
folios based on the inverse variance and robust optimization strategies, where no single
asset received a weight of over ten percent.

The backtest results are summarized in Table 4.4. First, recall that the return figures
include the transaction fees of 100 basis points (one percent) and that the risk-free interest
rate is set to one percent per annum. Second, in addition to the performance and risk
metrics introduced earlier, we use MATLAB® to compute the average turnover (the av-
erage per-time-step portfolio turnover), max turnover (the maximum portfolio turnover
in a single rebalance), average buy cost (the average per-time-step transaction costs the
portfolio incurred for asset purchases), and average sell cost (the average per-time-step
transaction costs the portfolio incurred for asset sales). The most appealing values have
been bolded. Figure 4.5. shows the cumulation of portfolio returns, the daily returns of
the equal-weighted benchmark strategy, and the underwater chart for drawdowns. Finally,
Figure 4.6 visualizes the time-varying Value-at-Risk estimates.

It can be seen that although the MSR and Markowitz optimization strategy both
achieve the highest annualized return of 0.32, the former has about six percentage points
lower annualized standard deviation than the latter (0.17 and 0.23, respectively). Hence,
the MSR portfolio has (perhaps unsurprisingly) the highest annualized Sharpe ratio of
1.83. This tangency strategy is then followed by the robust optimization approach (1.40)
and its Markowitzian counterpart (1.34). Indeed, in line with the previous application,
there is a risk-return tradeoff when choosing between the classical and robust mean-var-
iance optimizations. More specifically, the lower annualized return of 0.23 in the case of
the robust portfolio is compensated by the lowest annualized standard deviation of 0.15.
Finally, in terms of risk-adjusted returns, even the equal-weighted portfolio (1.09) man-
ages to outperform the MICEX index (0.64). The inverse variance strategy has the same
annualized return as the naive allocation strategy (0.19) but roughly one percentage point
lower annualized standard deviation (0.16 and 0.17, respectively).

Correspondingly, the MSR strategy produces the highest Sortino ratio (0.16) and is
followed by the robust optimization approach (0.13) and its Markowitzian counterpart
(0.12). On the other hand, using the MICEX index as a benchmark, the robust portfolio
has a higher information ratio than the MSR portfolio (1.49 and 1.33, respectively). This
implies that the former strategy achieves a higher return in excess of the benchmark, given
the risk taken. In terms of the R-squared, the Markowitz optimization approach (0.31) is
the least correlated with the MICEX index, whereas the opposite is true for the inverse
variance strategy (0.90). Interestingly, both the robust optimization and equal-weighted
strategy have a high and roughly similar coefficient of determination (0.89 and 0.86, re-

spectively), whereas the R-squared is only 0.44 in the case of the MSR portfolio. Thus,
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only 44 percent of the MSR portfolio’s performance can be attributed to the performance
of the MICEX index.

Based on the distribution characteristics, the returns of the MICEX index are the least
negatively skewed (-0.49), and they have the lowest kurtosis of 6.91. It is followed by the
MSR portfolio with a skewness of -0.64 and a kurtosis of 7.40. When comparing the
classical and robust mean-variance optimization approaches, it can be seen that the latter
manages to increase the skewness from -1.13 to -0.89 and lower the kurtosis from 12.04
to 10.27. Furthermore, with respect to the downside risk measures, the Markowitz port-
folio has the worst maximum drawdown of 0.33, whereas the robust counterpart has the
smallest value of 0.18. The robust portfolio also has the least severe historical Expected
Shortfall of -0.021, whereas the opposite is true for the Markowitz portfolio (-0.032). In
terms of the historical VaR (-0.014) and modified VaR (-0.015), both the robust optimi-
zation and inverse variance strategy are the least risky. Finally, considering the modified
Expected Shortfall, both the MICEX index and MSR portfolio produce the least negative
value of -0.036, followed by the robust portfolio (-0.037) with only one-tenth of a percent
difference.

By inspecting the drawdown chart in Figure 4.5, it can be observed again that the most
drastic losses occurred around March 2014. During that time, the Markowitz portfolio
was the only one exceeding the drawdown level of -0.30. Although the simultaneity of
loss periods is visible, it can also be noticed that during the ruble crash in fall 2014, the
drawdown of the Markowitz portfolio reaches the -0.30 threshold for the second time. In
contrast, the MSR strategy stays below the -0.20 level, whereas the inverse variance and
robust optimization strategies are closer to the -0.05 level. Moreover, during the first half
of 2017, the Markowitz portfolio solution was once again the riskiest as the drawdowns
peaked twice, reaching the level of -0.25. At the same time, the MSR portfolio was the
least volatile as its drawdowns did not drop below the -0.10 threshold.

According to the estimated VaR values at the 95 percent confidence level in Figure
4.6, the classical mean-variance optimization approach consistently produces the highest
estimates throughout the backtesting period. For instance, in March 2014, it generates the
highest peak of 0.065, whereas the other strategies stay below the 0.05 level, excluding
the equal-weighted portfolio (0.052). Similarly, in September 2014, the Markowitz port-
folio exceeds the 0.05 threshold, unlike the other strategies staying below the 0.02 level,
excluding the MSR strategy (0.026). Thus, in terms of the average VaR estimates, the
Markowitz portfolio can be considered the riskiest (0.025), and it is followed by the MSR
portfolio (0.017). The robust optimization and the inverse variance strategy both have the
lowest average value of 0.015.

Regarding the average turnover, the lowest value of 0.002 is produced by the equal-
weighted, inverse variance, and robust optimization strategies. In contrast, the Markowitz

optimization strategy has the highest average turnover of 0.012. Unsurprisingly, the
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equal-weighted portfolio also has the smallest maximum turnover of 0.083, whereas the
Markowitz portfolio has the greatest value of 0.538. Similarly, the equal-weighted strat-
egy has the lowest average buy (and sell) cost of 209.15, and the opposite is true for the
Markowitz portfolio (2341.03). The MSR portfolio, in turn, produces the second-highest
average and maximum turnover rates of 0.01 and 0.49, respectively, as well as the second-
highest average buy (and sell) cost of 1988.72.

Again, when comparing the classical and robust optimization approaches, it can be
seen that robustification decreases the turnover and transaction costs significantly. More
specifically, the average and maximum turnover decrease by roughly 83 and 81 percent,
respectively, whereas the average buy (and sell) cost decreases by about 84 percent.
Hence, in line with the findings of Schéttle (2007, 157-158), as the turnover of the robust
portfolio is smaller than the turnover of the Markowitz portfolio, the respective costs are
more limited, resulting in a smaller performance reduction compared to the classical
mean-variance approach. Finally, the robust optimization approach creates more stable
portfolios that reasonably meet their expectations under the Russian market’s volatile
conditions.

In conclusion, we have now seen that the strategy maximizing the Sharpe ratio pro-
duces the highest risk-adjusted returns, and it is also the least risky in terms of the modi-
fied Expected Shortfall at the 95 percent confidence level. The robust mean-variance op-
timization approach, in turn, improves the classical counterpart by decreasing the risk
measured by the annualized standard deviation, leading to the second-highest risk-ad-
justed returns on average. The robust portfolio is also less risky than the Markowitz port-
folio regarding the downside risk measures given. Therefore, it can be argued that robus-
tification adds value in asset management and is an especially suitable investment solu-
tion for conservative and risk-averse investors.

A natural way to further explore this topic would then be to consider robust portfolio
optimization models for various reward-risk ratios, such as Omega ratio, semi-mean ab-
solute deviation (SMAD) ratio, and weighted stable tail adjusted return ratio (WSTARR).
The interested reader is referred, e.g., to Sehgal and Mehra (2021), who address the un-
certainty in returns on assets by varying them in symmetric bounded intervals. In line
with our findings, they find that the robust reward-risk ratio models outperform their

conventional counterparts in terms of the standard deviation and downside risk measures.
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Table 4.4 Performance results from the backtest of the robust optimization and four

competing strategies versus the MICEX index

Equal- Inverse .
MICEX weighted Max Sharpe Markowitz Robust

. variance N L
ratio (TC=100 optimization optimization

index (T Z;;oo bps) (T Z;;oo (TC=100bps)  (TC=100 bps)
Cumulative Return 0.848 1.439 3.118 1431 3.124 1.815
Annualized Return 0.128 0.191 0.320 0.190 0.320 0.225
Annualized Std Dev 0.183 0.165 0.168 0.155 0.230 0.152
A?;}jgz{f]‘zfzg’e 0.639 1.087 1.827 1.150 1.336 1.403
(SAZZZ’”:I%’OO) 0.068 0.102 0.163 0.108 0.118 0.128
Information Ratio - 0.909 1.325 1.035 0.965 1.488
R-Squared = 0.856 0438 0.902 0.306 0.885
Skewness -0.487 -1.086 -0.640 -0.976 -1.134 -0.892
Excess Kurtosis 6.911 14.228 7.404 12.266 12.041 10.266
g{gﬁ;”:v’v”n 0.196 0.280 0.252 0.208 0.332 0.183
Historical VaR (0.95) | -0.017 -0.015 -0.015 -0.014 -0.020 -0.014
Historical ES (0.95) -0.025 -0.024 -0.023 -0.022 -0.032 -0.021
Modified VaR (0.95) -0.018 -0.016 -0.017 -0.015 -0.023 -0.015
Modified ES (0.95) -0.036 -0.043 -0.036 -0.039 -0.062 -0.037
Average Turnover - 0.002 0.010 0.002 0.012 0.002
Max Turnover - 0.083 0.487 0.130 0.538 0.101
Average Buy Cost = 209.155 1988.724 325.864 2341.027 381.329
Average Sell Cost - 209.155 1988.724 325.864 2341.027 381.329
Cumulative Return 2012-07-23 / 2017-09-06
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Figure 4.5 Performance summary of the robust optimization and four competing

strategies over the five years
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Figure 4.6 Value-at-Risk estimation for five competing strategies using the EWMA
method

With respect to future research, it is also worth mentioning that the errors of the esti-
mates for the expected returns and the variance-covariance matrix could have been quan-
tified heuristically beforehand by means of Monte Carlo simulations. This is known as
portfolio resampling (see Michaud 1998, as well as Scherer 2002; 2010 for a critical anal-
ysis). By utilizing the ‘resampled efficiency’ concept, randomized efficient portfolios can
be retrieved by averaging the weights over K random sample pairs that are used to com-
pute m points on the respective efficient frontiers. However, such an approach should not
be considered as a universal remedy for coping with estimation errors. Indeed, the major
disadvantage here is the propagation of errors: The initial values (;20, fo) from which the
random samples are generated are estimates themselves (for the theoretical moments u
and X) and hence contaminated by estimation errors. Therefore, the initial errors are rep-
licated by applying Monte Carlo methods. Furthermore, as shown in Scherer (2010, 133—
136), the above procedure can yield unintuitive results in the case of constrained portfolio
optimizations. Finally, Pfaff (2016, 51) points out that there is often a model error in
addition to estimation errors due to the non-normality and non-stationarity features of
return processes (see also Broadie 1993; Michaud & Michaud 2008, Chapter 6 for more
discussion).

Our final discussion relates to the simple techniques one can utilize to improve further
the performance of the strategies presented in this subchapter. These include the require-

ment of market neutrality and weight smoothing. Considering the first ways, it is clear that
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the market itself constitutes a risk factor. If the assets in the portfolio are positively cor-
related with the market, then the portfolio would follow not only market growth but also
market downturns. Of course, one way for the investors to avoid the latter situations is to
construct portfolios that are uncorrelated with the market (i.e., market-neutral). In order
to be market-uncorrelated, the portfolio must have zero beta, that is, 5, = X7 f;x; = 0,
where x4, ..., x, denote the proportions (weights) in which the total portfolio capital is
distributed among n assets. Moreover, [5; are market betas of individual assets, ; =
Cov(r;, ry)/Var(ry), where 1y, stands for the market rate of return, and r; is the (random)
rate of return of asset i. Using historical data, assets’ betas, 3;, can be estimated such that
Bi = (Z§=1(TM,]‘ - fM)Z)_l 2§=1(ri,j - fl-)(rM,j — 71 ), where ] is the number of histor-
ical observations, and 7 denotes the sample average, ¥ = /71 ), 7;. (see Krokhmal, Ury-
asev & Zrazhevsky 2005, 617-619.)

In order to provide some preliminary insights into the portfolio performance when
imposing the market-neutrality (zero-beta) constraint, we solved the maximum Sharpe
ratio (MSR) optimization problem with and without this constraint. As in the previous
case, the training period and the rolling window were set to 252 days, and the portfolios
were rebalanced monthly. For the sake of simplicity, we added only the full investment
and long-only constraints and omitted the considerations about transaction costs and max-
imum weight limits. As a proxy for market returns, ry;, we used the historical returns of
the MICEX index and set the risk-free interest rate to zero percent. Then, in line with
Bennett (2014, 19), we added a constraint requiring that the portfolio beta is between
—0.25 and 0.25, i.e.,, —0.25 < ', B;x; < 0.25. Hence, this constraint ensures that the
portfolio correlation with the market is bounded and close to zero.

Table 4.5 shows the performance and risk metrics of the MSR portfolio with and with-
out the market-neutrality (zero-beta) constraint versus the MICEX index. It also reports
the returns per calendar year from 2012 to 2017. The most desirable values are bolded. It
can be seen that as the R-squared decreases from 0.51 to 0.05, the annualized return in-
creases by about 14 percentage points from 0.31 to 0.45. At the same time, however, the
annualized standard deviation increases by roughly 16 percentage points from 0.16 to
0.32, meaning that the annualized Sharpe ratio decreases by about 55 percentage points
from 2.00 to 1.45. Clearly, the market-neutral MSR strategy is a lot riskier than the basic
version without the zero-beta constraint. The same can also be concluded by inspecting
the MSR portfolio’s and its constrained counterpart’s Sortino ratios (0.17 and 0.16, re-
spectively) and information ratios (1.40 and 0.99, respectively), which are more favorable
for the former approach.

On the other hand, despite the higher kurtosis, the returns of the market-neutral port-
folio are positively skewed (1.93), as opposed to the standard MSR portfolio (-0.63).

Moreover, imposing the market-neutrality constraint decreases the modified Expected
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Shortfall by almost two percentage points from -0.031 to -0.013 but increases the histor-
ical ES by nearly two percentage points from -0.021 to -0.038. Although the difference
between these values is not exceedingly large, they do lead to somewhat conflicting con-
clusions about which portfolio has greater downside risk. Nevertheless, the same cannot
be argued when inspecting the maximum drawdowns. Indeed, here we can notice that the
MSR portfolio with the market-neutrality constraint suffered an extremely severe maxi-
mum drawdown of 0.55 (in December 2014), which is 41 percentage points larger than
the maximum drawdown of the standard MSR portfolio (0.14). Finally, since the MSR
portfolio is significantly more diversified, it has about 54 percentage points greater aver-
age monthly turnover than its market-neutral counterpart (1.00 and 0.46, respectively).

Based on the annual returns, we can see that the market-neutral MSR strategy produced
an inconsistent and unstable return stream throughout the backtest period. Specifically,
the portfolio returns were negative in 2012 and 2013 (-0.01 and -0.08, respectively),
meaning that the strategy underperformed both its standard variant and the MICEX index.
However, the situation changed dramatically in the following years, when the annual re-
turns of the market-neutral portfolio peaked, reaching the value of 0.59 in 2014 and 1.72
in 2015. Indeed, during the year of crises in 2014, the market-neutral MSR strategy out-
performed its counterpart by about 27 percentage points, and, in 2015, the outperformance
was even more remarkable—roughly 106 percentage points. Towards the end of the
backtesting period, however, the difference in annual returns narrowed. In 2016, the re-
turns decreased to 0.58, and thus the outperformance was only about 17 percentage points
compared to the standard MSR portfolio. In 2017, the difference in annual returns was
only about six percentage points.

Again, it is worth emphasizing that the market-neutral MSR strategy could not outper-
form its standard counterpart in terms of risk-adjusted returns, except during 2015. This
is due to the fact that the market-neutral approach led to concentrated portfolio solutions
where individual assets received excessive weights, thus causing the return stream to be
more volatile. For instance, in 2015, the market-neutral strategy invested on average
nearly 80 percent on Polyus. Hence, our observations contrast with Krokhmal et al. (2005,
628), who find that imposing the market-neutrality constraint adds to the stability of the
portfolio’s return and reduces portfolio drawdowns.

In order to save space, we leave more detailed investigations on the effects of imposing
the ‘low-beta’ requirement (or other more complex tail-dependence constraints) on the
asset allocation algorithms presented in this subchapter for future research. The interested
reader is referred, e.g., to Pfaff (2016, 204—217), who uses a so-called (lower) Tail De-
pendence Coefficient (TDC) to construct minimum tail-dependent portfolios against a
benchmark. In brief, the lower TDC can be utilized between a broader market aggregate
and its constituents so that the selected stocks entering a (long-only) portfolio are solely

least concordant only to negative market returns. Thus, the aim is to shelter an investor
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from simultaneously incurring index losses and the stocks held in the portfolio. Of course,
this kind of lower-tail-dependence strategy contrasts with the low-beta portfolio because
a low-beta strategy aims to select stocks that co-move less proportionally than the market
in absolute terms. Unfortunately, the selection based on a low-beta strategy may deter
stocks that are characterized by a high value of the upper tail dependence coefficient with

the market. Therefore, such a portfolio allocation may miss on the upside.

Table 4.5 Performance metrics of the maximum Sharpe ratio portfolio with and

without the market-neutrality (zero-beta) constraint versus the MICEX

index
A/.HCEX Max Sifarp ¢ with%?nfzflzgﬁggizgﬁty
index ratio constraint
Cumulative Return 0.859 2.967 5.706
Annualized Return 0.130 0.312 0.455
Annualized Std Dev 0.182 0.156 0.315
A"’”Z‘;;f(f OS()’;"”’ ¢ 0.713 1.999 1.445
53%02%)100) 0.070 0.171 0.155
Information Ratio - 1.403 0.992
R-Squared - 0.513 0.047
Skewness -0.483 -0.629 1.929
Excess Kurtosis 7.024 12.236 13.886
Maximum Drawdown 0.196 0.139 0.548
Historical VaR (0.95) -0.017 -0.013 -0.023
Historical ES (0.95) -0.025 -0.021 -0.038
Modified VaR (0.95) -0.018 -0.014 -0.013
Modified ES (0.95) -0.036 -0.031 -0.013
Average Monthly Turnover - 0.997 0.458
Annual returns:
2012 0.078 0.084 -0.007
2013 0.063 0.172 -0.082
2014 -0.018 0.318 0.589
2015 0.323 0.652 1.716
2016 0.328 0.406 0.579
2017 -0.059 0.020 0.079

As the above example demonstrated, the weights of mean-variance (and more general
mean-risk) portfolio optimizations tend to be characterized by wide spans and erratic be-
havior over time. In other words, such portfolio optimizations suffer more severely from
estimation errors than the minimum variance ones because the weight vectors of the latter
do not depend on the expected returns of the assets. This finding has been well-established
in several empirical studies (see, e.g., Merton 1980; Chopra & Ziemba 1993; Jagannathan
& Ma 2003; Ledoit & Wolf2003; Kempf & Memmel 2006; DeMiguel et al. 2009; Frahm
2010; Lejeune 2011). Of course, as has been done earlier in this subchapter, one can im-

pose restrictions on the weights in order to ameliorate the extreme asset allocations and
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significant fluctuations beforehand. For instance, Frost and Savarino (1988) find that re-
strictions such as long-only and bound constraints improve out-of-sample performance,
whereas Eichhorn, Gupta, and Stubbs (1998) find that they are related to reduced portfolio
risk. According to Pfaff (2016, 51-52), both of these empirical findings can be traced
back to a smaller implied estimation error if restrictions are imposed on the weights.

Instead of using arbitrary box and group constraints, Wiirtz et al. (2009, 351-379) and
Wiirtz et al. (2015b, 6-7) suggest utilizing a simple Exponential Moving Average (EMA)
smoother (see, e.g., Klinker 2011) with different decay lengths in order to achieve better
stability properties. We conducted a preliminary investigation of this approach by
smoothing the weight changes of a tangency strategy, which is defined so that it invests
in a portfolio that has the highest Sharpe ratio, and if such a portfolio does not exist, the
minimum variance portfolio is taken instead. For the sake of simplicity, the sample co-
variance was used as the risk measure. The EMA smoother then applied either a single or
double EMA filter to a vector of portfolio weights with the decay parameter (lambda, 1)
controlling the amount of smoothing. By utilizing a rolling portfolio analysis, the backtest
was conducted for the end-of-month windows with a fixed horizon of 12 months, shifted
monthly.

Table 4.6 shows the out-of-sample performance results for the three variants of the
long-only tangency strategy versus the MICEX index (the most attractive values are
bolded). In the first case, single smoothing was applied, and A was set to one month,
meaning that the optimal weights were given the most freedom to fluctuate. In the second
case, time decay was increased to three months. As argued in Wiirtz et al. (2009, 382—
383), setting lambda to three months is a reasonable choice if there are only a few years
of data available. Shortening the smoothing parameter means that the portfolio is more
responsive to changes in the market, which might seem like an attractive portfolio strat-
egy. However, since the portfolio is likely to be rebalanced whenever the market situation
changes, it does come with higher transaction costs. Therefore, in the third case, our aim
was to reduce the overall weight changes further by using double smoothing and setting
A to 12 months.
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Table 4.6 Performance results for the tangency strategy with and without weight
smoothing versus the MICEX Index

Portfolio 1 Portfolio 2 Portfolio 3
A;I;gf;)( (single smoothing, (single smoothing,  (double smoothing,
A=1 month) A=3 months) A=12 months)

Cumulative Return 0.638 1.511 1.295 1.106

Annualized Return 0.122 0.288 0.247 0.211

Annualized Std Dev 0.156 0.166 0.185 0.176
Annualized Sharpe

(RF=0.00) P 0.781 1.734 1.335 1.198

Sortino Ratio

(MAR = 0.00) 0.388 1.112 0.698 0.675

Information Ratio - 1.324 0.891 0.822

R-Squared - 0.320 0.329 0.544

Skewness 0.249 0.168 -0.259 0.457

Excess Kurtosis 1.069 0.468 2.242 3911

Maximum Drawdown 0.151 0.177 0.267 0.151

Historical VaR (0.95) -0.057 -0.059 -0.065 -0.052

Historical ES (0.95) -0.076 -0.073 -0.103 -0.086

Modified VaR (0.95) -0.059 -0.051 -0.068 -0.055

Modified ES (0.95) -0.079 -0.072 -0.115 -0.070

Average Monthly Turnover - 0.462 0.294 0.083

Annual returns:

2012 0.093 0.156 0.128 0.085

2013 0.061 0.361 0.307 0.237

2014 -0.019 0.114 -0.026 0.010

2015 0.280 0.389 0.413 0.387

2016 0.284 0.430 0.426 0.311

2017 -0.061 0.060 0.048 0.076

As can be seen, the utilization of asset weight smoothing does reduce the average
monthly turnover, but it also decreases the risk-adjusted returns. More precisely, the tan-
gency strategy with lambda set to one month yields the highest annualized Sharpe ratio
of 1.73 but also the highest turnover rate of 0.46. In contrast, when using double smooth-
ing with lambda set to 12 months, the annualized Sharpe ratio decreases by about 53
percentage points to 1.20, whereas the average monthly turnover decreases by roughly 38
percentage points to 0.08. The second portfolio strikes a balance between these two ex-
tremes: it has the second-highest annualized Sharpe ratio of 1.34, as well as the second-
highest turnover of 0.29. Interestingly, increasing the decay time from one to three months
decreases the annualized return by about four percentage points from 0.29 to 0.25, but
this also increases the annualized standard deviation by about two percentage points from
0.17 to 0.19. Indeed, even in the case of double smoothing, the risk measured by the
annualized standard deviation was higher than in the case of single smoothing with
lambda set to one month (0.18 and 0.17, respectively). The Sortino ratio and information
ratio support the conclusions made based on the annualized Sharpe ratio. In other words,
the first portfolio clearly outperforms the other two variants, but the difference in perfor-

mance is narrower between the second and the third portfolio. For instance, although the
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turnover decreases by about 21 percentage points when switching from the second port-
folio to the third, the Sortino ratio decreases only by about two percentage points.

With respect to other statistics, the first portfolio is the least correlated with the
MICEX index in terms of the R? (0.32), and it also has the lowest (excess) kurtosis of
0.47. The second portfolio is the only one whose returns are negatively skewed (-0.26),
whereas the returns of the third portfolio have the highest (positive) skewness of 0.46.
Furthermore, the portfolio with double smoothing suffered the least severe maximum
drawdown (MDD) of 0.15 and is followed by the first portfolio (0.18). In terms of the
downside risk measures reported, the second portfolio is the riskiest: it has the largest
MDD of 0.27 and, for instance, the highest modified Expected Shortfall of -0.12. Here,
the first and the third portfolio are closer to each other: for example, they both have
roughly the same modified ES of -0.07, and the difference between the values of their
modified VaR is only about one percentage point (-0.05 and -0.06, respectively).

Based on the annual returns, the first portfolio outperformed its competing variants
each year, excluding 2015 and 2017. It was followed by the second portfolio, thus demon-
strating how the increased smoothing effect gradually lowers the yields. During the year
of turmoil in 2014, the second portfolio was the only one to produce negative returns (-
0.03). It was followed by the second portfolio (0.01), whereas the first one was able to
react the fastest to the changes in the market environment, leading to an annual return of
0.11. However, the situation changed in the following year of recovery when the second
portfolio had the highest return of 0.41, thus slightly outperforming both the first (0.39)
and the third portfolio (0.39). In 2017, the third portfolio had about two percentage points
higher annual return than the first variant (0.08 and 0.06, respectively). Despite this, the
first portfolio was the only one that managed to outperform the MICEX index every year.

Finally, it is worth highlighting that although the average weight changes can be re-
duced rather efficiently by utilizing weight smoothing, this approach is not a panacea for
concentrated portfolios per se. Indeed, since no upper bounds were set on the weights of
individual assets, certain assets can at least temporarily get excessive weights. For in-
stance, when double smoothing was used, Surgutneftegas (pref.) received weights ex-
ceeding 50 percent for the first 11 months of the backtest period. Similarly, when lambda
was set to one (three), Rosseti had weights exceeding 50 percent for the first three (four)
months. Hence, in order to achieve more diversified portfolios, one possibility would be
to define portfolio concentration as the Herfindahl-Hirschman Index (HHI) of weights
and use the concentration aversion parameter to control how much concentration is pe-
nalized (see Bennett 2015a, 12; Peterson et al. 2018, 119). We leave these considerations
for future research, and the reader interested in reading more about optimal portfolio di-
versification is referred, e.g., to Bera and Park (2008), Meucci (2009), and Choueifaty,
Froidure, and Reynier (2013).



129

4.2 Minimizing risk and maximizing expected utility with
higher-order comoments

When optimized portfolios take higher-order co-moment estimates as the input parame-
ter, non-normality and the risk of ‘error maximization’ can be accounted for by utilizing
the methodology proposed by Boudt et al. (2015). As we have discussed, the building
block of this approach is the assumption of a multifactor model generating the asset re-
turns, meaning that parsimony in estimation is achieved by a balance between generality
(multiple factors) and the number of parameters to estimate. Here, our first objective is to
minimize modified Expected Shortfall (ES) at the 95 percent confidence level, and the
second objective is to maximize the Constant Relative Risk Aversion (CRRA) expected
utility with the risk aversion parameter gamma (y) set either to five or ten, as in Boudt et
al. (2015, 230). Considering the latter objective, recall from Equation (3.3.7) that an in-
crease in the second and fourth moment will decrease the objective function, whereas an
increase in the gamma value places a bigger penalty on the higher moments. The under-
lying assumption is that investors have preferences for higher odd and lower even mo-
ments, which is why the portfolio choice should not be only a simple trade-off between
expected return and volatility (see Martellini & Ziemann 2008, 4, 18).

Furthermore, each portfolio objective depends on the estimated comoments, for which
three options are evaluated: the sample estimator (sample), the single-factor model-based
estimate (k = 1), and a three-factor approach (k = 3). Again, our asset universe consists
of 40 stocks, and the backtesting period extends from August 1, 2012, to September 6,
2017. As the optimized portfolio is held through the subsequent month until a new allo-
cation decision takes place, we obtain roughly five years of monthly out-of-sample data.
Note also that for portfolios of size N = 40, there are 163 elements to estimate under the
single-factor model approach and 271 elements under the three-factor model approach.
Correspondingly, it requires estimating 135,710 parameters under the unrestricted ap-
proach.

Table 4.7 shows the statistics and stylized facts for the risk minimization and expected
utility maximization portfolios versus the equal-weight strategy serving as a simple
benchmark. The best portfolio for each statistic is highlighted in bold. In addition, Figure
4.7 depicts the time-varying cumulative returns and drawdowns for the most attractive
portfolio solutions from each optimization category versus the benchmark. Based on the
annualized Sharpe ratios, these include minimizing ES with k = 3 (1.91), maximizing
CRRA (y = 5) with k = 3 (1.65), and maximizing CRRA (y = 10) with k = 3 (1.68).
The main observation is that regardless of whether the sample estimator or the statistical
factor approach is used, each of the variants outperforms the equally-weighted portfolio

in terms of the risk-adjusted returns, and they are less risky in terms of the downside risk
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measures given, namely the maximum drawdown (MDD) and modified expected short-
fall at the 95 percent level. The optimized portfolios also have larger skewness and lower
excess kurtosis compared to the benchmark portfolio.

Secondly, when inspecting Figure 4.7, it can be seen that, unlike the benchmark port-
folio, the returns of the selected strategies remained positive during the year of crises in
2014. More precisely, the annual return of the equally-weighted portfolio in 2014 was
-0.04. In contrast, the annual returns for the multifactor min ES, multifactor max CRRA
(y = 5), and multifactor max CRRA (y = 10) in 2014 were 0.35, 0.31, and 0.19, respec-
tively. Moreover, in February 2014, the equally-weighted portfolio suffered its greatest
loss of 0.28, whereas the maximum drawdown of the best-performing strategies was, on
average, 0.16, i.e., roughly 42.8 percent (11.8 percentage points) lower.

When the objective is to minimize downside risk, it can be seen that the utilization of
the multifactor model increases the annualized Sharpe ratio by 22.4 percentage points
from 1.69 to 1.91 compared to the use of sample estimates of the moments. On the other
hand, switching from the single-factor model to the three-factor model causes only a 0.7
percentage point increase in the annualized risk-adjusted return. Thus, although the mul-
tifactor approach outperforms the sample estimator variant by producing higher annual-
ized return (0.31 and 0.29, respectively) and lower annualized standard deviation (0.16
and 0.17, respectively), it is closely followed by the single-factor approach with a lower
annualized return of 0.30 and practically the same annualized standard deviation of 0.16.

Concerning the distribution characteristics of the tail risk-optimal portfolios, we can
see that the sample estimator approach produced returns of the highest skewness (0.21)
but also the highest excess kurtosis (6.58). The multifactor approach, in turn, generated
portfolio returns that show the second-highest skewness of 0.15 and the lowest excess
kurtosis of 5.58. Again, this is a substantial improvement compared to the returns of the
equally-weighted portfolio, displaying negative skewness of -1.12 and excess kurtosis of
15.13. Finally, the competing variants are fairly similar in terms of the downside risk
measures. For instance, the utilization of the single-factor model reduced the maximum
loss only by under two percentage points compared to the sample estimator and multifac-
tor approaches, which both suffered the maximum drawdown of 0.15. The difference in
modified ES is also practically negligible. Indeed, each of these three variants has roughly
the same expected shortfall of -0.02, which, on the other hand, means that there is a hefty
53.5 percent (2.3 percentage point) reduction in risk compared to the benchmark portfo-
lio.

Let us now continue to the expected utility maximization strategy. Here, the first ob-
servation is that regardless of whether the statistical factor model has been used or not,
an increase in the value of the risk aversion parameter also leads to an increase in the

annualized Sharpe ratios of the optimized portfolios. Secondly, in both risk aversion cat-
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egories, the three-factor approach yields higher risk-adjusted returns than the sample es-
timator and single-factor methods, which is in line with the findings made in the previous
risk minimization case. It is also worth noting that although the risk profile in terms of
volatility is not significantly affected by the value given to the risk aversion coefficient,
y does affect the annualized return depending on the estimation method used for the
higher-order comoments. More specifically, when y increases from five to ten, the return
of the sample optimized portfolio increases by 2.7 percentage points, whereas its standard
deviation increases only by 0.1 percentage points. The difference in annualized returns
stays more robust when one utilizes the statistical factor-based estimates. For example, in
the multifactor case, an increase in risk aversion leads to a 0.6 percentage point reduction
in return, as well as to a 0.6 percentage point reduction in standard deviation. Therefore,
in terms of risk-adjusted returns, the performances of the competing variants start to re-
semble each other as y increases.

With respect to the distribution characteristics, we can see that the skewness of the
returns increases, and excess kurtosis decreases as the value of the risk aversion parameter
increases. However, despite this, the returns of each CRRA portfolio are negatively
skewed, and they also show higher kurtosis compared to the return distributions of the
risk-optimal portfolios. In terms of downside risk measures, the average maximum draw-
down is 0.16 when y = 5 and 0.17 when y = 10. Hence, the max EU strategy can be
considered to be slightly riskier than the min ES strategy, whose average MDD is 0.15.
The same also applies in terms of expected shortfall. Indeed, the average modified ES of
the CRRA portfolios rises roughly from -0.04 to -0.03 as the risk aversion parameter
increases from five to ten. Finally, when comparing the performance between the two
portfolios with the highest cumulative returns, namely the multifactor minimum ES (2.89)
and multifactor maximum CRRA with y =5 (2.21), it can be concluded that the risk-
minimizing strategy outperforms the expected utility-maximizing variant by producing
higher risk-adjusted returns while simultaneously leading to a reduced expected shortfall.

We remark that although we have imposed the risk budget and weight limit constraints
to increase diversification, we have omitted the considerations of transaction costs in this
application for the sake of simplicity. Indeed, the main point has been to demonstrate that
by accounting for higher-order moments, one can achieve optimal allocation schemes that
reduce a portfolio’s downside risk by a clear margin compared to an equally-weighted
benchmark. Moreover, when the objective is to minimize the tail risk, estimating higher-
order comoments under a multifactor specification instead of sample estimators can sub-
stantially improve the portfolio’s risk-adjusted performance. Naturally, such a finding
should be of practical use in the volatile Russian equity market.

Overall, the effects observed here are in line with the research of Ledoit and Wolf
(2003), Martellini and Ziemann (2008; 2009), Jondeau and Rockinger (2006ab; 2012), as
well as with Boudt et al. (2015). For instance, Martellini and Ziemann (2008) find that
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improved estimators outperform the sample estimators on average and in probability, as
well as in magnitude. However, although it is possible to increase the efficiency of the
estimates and the resulting portfolio weights, one should realize that the substantial re-
duction in dimensionality for structured estimators comes at the cost of specification error
(see Martellini & Ziemann 2008 for further discussion). Therefore, more research is
needed to determine the optimal number of factors. As an example, if Independent Com-
ponent Analysis (ICA) was used, one could follow the procedure proposed by Velicer
(1976), where the optimal number of components is determined from the matrix of partial
correlations (see also Lassance, DeMiguel & Vrins 2018).

Table 4.7 Performance results of the ES minimization and CRRA maximization

strategies versus the equal-weighted strategy

Equal Min ES Min ES Min ES CR7RA CRf{A CRf{A CIERA CIERA CIERA
weights sample k=1 k=3 =3 =3 r=3 y=10 r=10 r=10
' i sample k=1 k=3 sample k=1 k=3
Cumulative | 53, 2.607 2.820 2.890 1739 2055 2212 | 2065 2068  2.147
Return
A”g:;lr’;ed 0.201 0.288 0.302 0.307 0220 0246 0259 | 0247 0247 0253
Annualized | ¢ 0.170 0.159 0.161 0151  0.157  0.157 | 0152 0153  0.151
Std Dev
Annualized
Sharpe 1.220 1.689 1.906 1.913 1450 1573 1.651 1.627 1621  1.681
(Rf=0.00)
Skewness 1118 | 0207 0.030 0.152 | -0.896 -0.944  -0.696 | -0.628 -0.531  -0.701
Excess 15.130 | 6.581 5.740 5581 | 10.880 12.000 9.082 | 6585  8.083  8.618
Kurtosis
Maimum 0.276 0.150 0.135 0.154 0.147  0.184 0155 | 0.174 0161  0.164
Drawdown
Modified
ES0.95) | 0048 | 0019 002 0020 | 0037 0039 0035 | 0032 -0.031 0033
Cumulative Return 2012-08-01 / 2017-09-06
— Equal_weights
25 — Min_ES_k3
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Figure 4.7 Performance summary of the ES minimization and CRRA maximization

strategies versus the equal-weighted strategy
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With respect to future research, it is also worth mentioning that the framework studied
here can be improved further, as is done, for example, in the paper by Boudt, Cornilly,
and Verdonck (2020). They propose a minimum distance estimation approach for the
higher-order comoments of a multivariate distribution exhibiting a lower-dimensional la-
tent factor structure. A disadvantage of such an approach based on the Nearest Comoment
(NC) estimates is that it does not include dynamic behavior in the factor model, which
would be needed to accommodate time-variation in the conditional comoments. Alterna-
tively, one could follow Jondeau, Jurczenko, and Rockinger (2018), who describe a sta-
tistical technique called Moment Component Analysis (MCA). This method extends Prin-
cipal Component Analysis (PCA) to higher co-moment tensors and makes it possible to
identify the factors driving co-skewness and co-kurtosis structures across a large set of
series. Jondeau et al. (2018, 581) find that co-skewness, in particular, conveys useful in-
formation about the direction of asset returns for systemic risk measurement and portfolio
allocation. Hence, the co-skewness Absorption Ratio (see Kritzman et al. 2011) can be
used as a market timing signal.

Finally, as an alternative to portfolio optimization, higher moments could also be uti-
lized in Capital Asset Pricing Models. For instance, Teplova and Shutova (2011) intro-
duce a higher-moment downside framework for conditional and unconditional CAPM in
the Russian stock market. They show that incorporating additional risk measures of the
third and fourth moments and adopting one-sided risk measures increases the explanatory
power for cross-sectional return variations. Similarly, Ranaldo and Favre (2005) extend
the two-moment CAPM to a higher-moment model to accommodate coskewness and

cokurtosis in the context of pricing hedge fund investments.

4.3 Optimal portfolios based on the relative ranking of expected
returns

This subchapter studies the performance of portfolios formed from asset sorts. To express
views on the relative order of the returns, we use both the Almgren-Chriss framework
(termed AC ranking) and the Fully Flexible Views framework (termed Meucci ranking).
Recall that the assets are ranked according to a momentum view based on the previous
21 days. Hence, we take as given that the momentum hypothesis holds and assume that
the assets with the highest return will continue to outperform. Our asset universe consists
of the nine ruble-denominated sectoral indices, and the out-of-sample evaluation period
extends from August 1, 2008, to September 7, 2017.

Table 4.8 shows the performance and downside risk metrics and statistical test results

for the relative asset return ranking strategies, as well as for the benchmarks, namely the
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MICEX price index, the equal-weight strategy, and the classic quadratic utility (QU) max-
imization strategy. The most attractive portfolio for each statistic is highlighted in bold.
To study the strategies’ robustness, we also run the optimizations with the proportional
transaction cost constraint, whose value was set to half percent (50 basis points). Recall
that this constraint penalizes for changing the asset weights, and the optimal portfolio
solutions gradually approach the equal-weighted portfolio as the costs increase. Figure
4.8 illustrates the dynamic behavior of the equal-weight, maximum QU, Meucci ranking,
and AC ranking strategies in terms of cumulative returns and drawdowns.

Note that in Table 4.8, we have calculated the single-factor (CAPM) alpha, beta, and
R-squared using the MICEX index as a proxy for the market. The risk-free rate is assumed
to be zero percent. The alpha intercept measures the amount that the investment strategy
has returned in comparison to the benchmark, which is why a high alpha is preferred (see
also Jensen 1968, 393-394). Beta, in turn, as a measure of the relative volatility or sys-
tematic risk, provides us information on whether a portfolio moves in the same direction
as the rest of the market. R-squared is the proportion of a portfolio’s movements that can
be explained by movements in the MICEX index. Here, a high R-squared can be seen as
a bad sign, indicating that the allocation strategy is not adding sufficient value relative to
the benchmark. Finally, we utilize the one-sample Wilcoxon signed-rank test to determine
whether the median of the returns is equal to zero. This is a non-parametric alternative to
a one-sample #-test when the data cannot be assumed to be normally distributed. Thus,
the null hypothesis is Hy: m = 0, and the corresponding alternative hypothesis is H,: m >
0 (i.e., true location is greater than zero). Statistically significant values at a five percent
level are denoted by an asterisk, and the p-values are shown in parentheses.

Several conclusions can be made from these results. Firstly, each optimization variant
outperforms the MICEX index and the equally-weighted portfolio in terms of annualized
returns and Sharpe ratios, even when the transaction costs (TCs) are included. Secondly,
both the benchmarks and the ranking portfolios produced returns with high excess kurto-
sis and high losses measured by maximum drawdown (MDD). Indeed, caused by the
global financial crisis at the turn of 2008 and 2009, the average MDD was about 0.70
among each variant. More precisely, the MICEX index had the lowest MDD of 0.657,
whereas the AC ranking portfolio had the highest MDD of 0.714 and 0.736 with and
without the TC constraint, respectively. Thirdly, the other downside risk measures re-
ported lead to conflicting conclusions about the riskiness of the competing variants. In
other words, although the MICEX index and the portfolios are roughly equally risky in
terms of historical VaR and ES at a 95 percent level, the inclusion of transaction costs
reduces the downside risk of the optimized portfolios in terms of modified VaR and ES,
except in the case of AC ranking. Finally, although the positive alphas produced by the
optimized portfolios are not statistically significant at a five percent level, their median

returns are significantly greater than zero.
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From Figure 4.8, it can be seen that the Meucci ranking strategy closely follows the
classical maximum quadratic utility strategy and outperforms it in terms of cumulative
returns by 22 percentage points (1.37 and 1.15, respectively). The AC ranking strategy,
in turn, follows more closely the equal-weight strategy but underperforms it until the be-
ginning of 2015. After that, the performance of the AC approach improves considerably,
and its risk in terms of drawdown is reduced from -0.4 to below -0.2. By the end of August
2017, the AC ranking strategy outperforms each competing variant as its cumulative re-
turn reaches the final value of 2.08.

Having established that in terms of risk-adjusted returns, the Almgren-Chriss method
outperforms the Fully Flexible Views framework, whereas the latter outperforms the sam-
ple optimized maximum quadratic utility strategy, let us now analyze more closely how
the inclusion of proportional transaction costs affects the performance of these competing
approaches. Although the overall order remains the same, it can be noticed that the annu-
alized returns of the AC ranking strategy decrease by 2.5 percentage points from 0.13 to
0.11, whereas there is an economically more significant drop of 3.9 percentage points
from 0.10 to 0.06 in the case of Meucci ranking, as well as a 3.5 percentage point drop
from 0.09 to 0.05 in the case of sample optimized portfolio. Correspondingly, the annu-
alized Sharpe ratio falls by 6.6 percentage points from 0.47 to 0.40 in the case of AC
ranking, 19.4 percentage points from 0.46 to 0.27 in the case of Meucci ranking, and 17.7
percentage points from 0.41 to 0.23 in the sample optimization case.

Interestingly, the transaction costs decrease the annualized standard deviation of the
AC ranking strategy by 1.5 percentage points, which is in contrast to the 1.1 and 1.6
percentage point increase in the Meucci ranking and maximum QU approaches, respec-
tively. Despite this, the returns of the AC ranking strategy remain the most volatile. This
is also confirmed by the fact that the AC approach has the highest (and statistically sig-
nificant) betas compared to the other two competing variants. Furthermore, when the
transaction costs are not included, the AC ranking also has the highest R-squared of 0.54.
However, when the costs are added, the Meucci ranking becomes the most correlated with
the MICEX index, as it now has the highest R-squared of 0.66. In other words, the trans-
action costs increase the optimized portfolios’ betas and make them more correlated with
the MICEX index, excluding the AC ranking strategy, which can be considered to be a
more robust approach.

With respect to the distribution characteristics, the AC ranking portfolio is the only
one with positively skewed returns (0.18) when the transaction costs are not included.
However, with the inclusion of costs, its skewness decreases to zero, which is in contrast
to the other two optimized portfolios. For example, the skewness of the returns produced
by the Meucci ranking strategy increases from -0.86 to 0.06 as the proportional transac-

tion costs are taken into account. On the other hand, the TC constraint also reduces the
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excess kurtosis in the case of AC ranking, whereas the opposite is true for the maximum
QU and Meucci ranking strategies.

Considering the estimated downside risk measures, we can see that although the dif-
ferences between the optimized portfolios are not immense, they lead to somewhat con-
flicting conclusions, and the imposition of the TC constraint further complicates the situ-
ation. For example, adding the constraint causes a slight increase in the maximum draw-
down of the sample optimized and Meucci ranking portfolios, unlike in the AC ranking
case. Furthermore, when the trading costs are not included, both the sample optimized
portfolio and Meucci ranking portfolio are the least risky in terms of historical ES (-0.03),
whereas the AC ranking portfolio has the lowest risk in terms of modified ES (-0.02).
However, as the proportional costs are included, the tail risk measured by the modified
ES is reduced by 3.7 (2.9) percentage points in the case of the Meucci ranking (sample
optimized) portfolio. Again, this is in contrast to the AC ranking strategy, whose risk

remains practically unchanged with and without the presence of transaction costs.

Table 4.8 Performance results, risk metrics, and statistical tests for the relative asset

return ranking strategies versus benchmarks

MICEX Equal Max QU Meucci AC Max QU Meu?ci AC
index weights sample ranking ranking sample ranking ranking
(TC=50bp) (TC=50bp) (TC=50bp)
Cumulative 0.344 0.577 1.152 1373 2.076 0.608 0.712 1.519
Return
Annualized 0.033 0.052 0.089 0.101 0.133 0.054 0.062 0.108
Return
Annualized 0.335 0.252 0.216 0.218 0.283 0.232 0.229 0.268
Std Dev
Annualized
Sharpe (RI~0.00) 0.100 0.206 0.411 0.463 0.470 0.234 0.269 0.404
Skewness 0.857 0.242 -0.608 -0.857 0.182 0.129 0.064 -0.004
Excess Kurtosis 30.154 29.618 13.350 14.439 24.420 37.345 38.570 17.902
Maximum 0.657 0.685 0.695 0.680 0.736 0.707 0.710 0.714
Drawdown
Historical
VaR (0.95) -0.027 -0.023 -0.020 -0.019 20.025 -0.021 -0.021 -0.023
H ""(‘z)”;;l ES -0.049 -0.040 -0.034 -0.034 -0.042 -0.037 -0.036 -0.040
MO“%’Z‘; )V“R 20.016  -0.017 -0.021 -0.021 -0.019 -0.012 0.012 -0.021
Modified ES (0.95) | -0.016 -0.017 -0.041 -0.049 -0.019 -0.012 -0.012 0.021
CAPM alpha - 0.00008 | 0.00027  0.00031  0.00044 0.00012 0.00015 0.00034
p-value - (0.511) (0.181) (0.120) (0.085) (0.509) (0.409) (0.151)
CAPM beta - 0.697* 0.455* 0.466* 0.624* 0.555* 0.555* 0.593*
p-value - (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
R-squared - 0.858 0.496 0.512 0.544 0.644 0.657 0.549
V_statistic 1322887  1407625* | 1404484*  1407944* 1389680* | 1410303*  1412783*  1382534*
p-value 0.077)  (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.001)
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Figure 4.8 Performance summary of the relative asset return ranking strategies

versus the quadratic utility maximization and equal-weighted strategies

In conclusion, we have now seen that a strategy based on ordering information and,
more specifically, on momentum sorting can achieve economically and statistically sig-
nificant gains in the Russian stock market. Moreover, the AC framework managed to
outperform the Fully Flexible Views framework in terms of risk-adjusted returns, alt-
hough its downside risk profile may not be quite as attractive in the presence of transac-
tion costs. Therefore, our findings provide a counter-argument to Meucci et al. (2014,
15), who argue that the ‘centroid’ approach by Almgren and Chriss (2004) presents at
least two problems. First, it does not depend on the observed empirical data: two com-
pletely different sets of assets with the same relative rankings give rise to the same ex-
pected returns. Second, the centroid approach does not alter the volatilities. On the other
hand, the Fully Flexible Views framework is more sensitive to parameter uncertainty
since it remains as close as possible to the empirical observations summarized by the
sample means (Meucci, Ardia & Keel 2013, 11). Thus, the ranking signals (inequalities)
have more impact on the model’s behavior. This means that one should be able to improve
the performance of the Entropy Pooling algorithm with accurate time-varying return (or
volatility) forecasts. We return to this issue in the next subchapter. Alternatively, one
could follow Meucci et al. (2014, 14) and reorder the stocks using, say, a momentum
indicator estimated by exponentially weighted moving averages.

Despite the criticism presented by Meucci et al. (2014), it is also worth emphasizing
that the AC algorithm is highly robust to information loss and can provide a significant
return on risk, even if the degradation of the information about the order of the expected
returns is high (see Almgren & Chriss 2004, 51-55 for the simulation results). Therefore,
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although a decrease in the quality of a portfolio manager’s sort impairs investment per-
formance, perfect knowledge is not required for the AC framework to be economically
useful. Rather, a proposed ordering can be expected to be correlated with the true ordering
of expected returns. Note, however, that in order to further reduce the estimation error
related to the AC ranking method, one could follow, e.g., the approach proposed by Ngu-
yen and Lo (2012). They present a robust ranking model in which the ranking is allowed
to be in an uncertainty set. Thus, in this setting, one needs to derive a weight vector that
maximizes some generic objective function for the worst realization of the ranking.

With respect to future research, we also remark that although the momentum sorting
strategy seems to be able to capture the dynamics of the Russian equity market surpris-
ingly well, a combination of reversal and momentum rules might sometimes work better
than each strategy by itself (Chan 2013, 140). For instance, Asness et al. (2013, 945)
report that combining these two return strategies increases the Sharpe ratio and outper-
forms either value or momentum by itself in different markets. Hence, it would be inter-
esting to see whether this ‘portfolios from sorts’ approach could be modified so that de-
pending on regime switches, it would choose between the value and momentum strate-
gies.

On the other hand, our findings of the profitability of a strategy exploiting short-term
momentum are in line with the previous studies. For example, Rouwenhorst (1998b) finds
that emerging market stocks exhibit momentum, small stocks outperform large stocks,
and value stocks outperform growth stocks. He argues that the return premiums in emerg-
ing markets do not simply reflect compensation for liquidity, measured by share turnover.
Similarly, Van der Hat et al. (2003, 105, 130) report a significant premium for momentum
effect in emerging markets and confirm the profitability of trading strategies based on
momentum in these markets. Rockinger and Urga (2000), in turn, test the efficiency of
the Russian stock market and conclude that market returns are highly correlated, indicat-
ing significant persistency in returns and predictability. Moreover, Hayo and Kutan
(2005, 381, 387) find that Russian stock returns are predictable using the previous day’s
returns, and the degree of persistence is larger than in the case of bond returns. Finally,
McGowan and Ibrihim (2009, 29) discover that there is a momentum effect for a three-
day ‘weekend’ for the Russian Trading System (RTS) index and that returns for these
three days from Thursday to Monday are persistent.

Kinnunen and Martikainen (2017, 2541) provide further support for the existence of
this anomaly by noting that the short-term persistence in equity returns can be related to
autocorrelation in returns and cross-autocorrelation among equity returns. Especially in
emerging markets, serial correlations and lead-lag relations among stocks are both high-
lighted. Balsara et al. (2006), in turn, propose a plausible explanation for the momentum

profits with a diffusion model. They argue that whereas high trading volume and price
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volatility are observable factors responsible for a high speed of information dissemina-
tion, the low perceived reliability and usefulness of the news is an even more important,
albeit unobservable, factor that is responsible for the low receptivity of investors to as-
similate this information. Both factors considered jointly result in a low overall rate of
information diffusion for high volume and high volatility stocks, leading to higher mo-
mentum profits. (Balsara et al. 2006, 407, 421; see also Bernard & Thomas 1989; Hong
& Stein 1999.)

Therefore, if we assume that it will be possible to keep exploiting the predictability of
the Russian equity market also in the future, one might wish to consider ways to enhance
the expected returns of momentum strategies. For instance, in a recent paper, Gulen and
Petkova (2018) study the absolute strength strategy, which identifies winners and losers
by comparing the stocks’ recent performance with the returns of all stocks observed in all
periods so far. Yang and Zhang (2019), in turn, find that removing stocks with extreme
absolute strength from typical momentum portfolios can improve their performance.
However, as has been observed in the US markets, it is also possible that momentum
profits will eventually become insignificant. This may be caused, e.g., by a change in the
market state (see Lehmann 1990; Cooper, Gutierrez & Hameed 2004; Tokat & Wicas
2007) or improved investor learning and the spread of active trading strategies imple-

mented by arbitrageurs of momentum profits (see Bhattacharya, Kumar & Sonaer 2012).

4.4 Tactical asset allocation with the BL, COP, and EP models

In this subchapter, we study the empirical results obtained by utilizing the Black—Litter-
man (BL), Copula Opinion Pooling (COP), and Entropy Pooling (EP) portfolio optimi-
zation approaches. We start with the BL and COP frameworks and then proceed to ex-
amine the EP strategy. For our first analysis, we use the total return indices of four con-
stituents of the Transport sector, namely Aeroflot (AFLT), Fesco (FESH), Novorossiysk
Commercial Sea Port (NMTP), and TransContainer (TRCN). The sample starts in July
2011 and ends in September 2017, comprising a total of 75 month-end observations. The
first 53 entries are used as a subsample for unit root and co-integration testing, and the
remaining data is preserved for executing the backtest.

The degree of integration is determined by applying the Augmented Dickey-Fuller
(ADF) and Elliott—Rothenberg—Stock (ERS) tests to the level and first differences of the
series. The outcome of these tests is shown in Table 4.9. The critical values for the tests
at the five percent level are given as -2.89 (with constant) and -1.95 (without constant)
(see Pfaff 2016, 307; Dickey & Fuller 1979; 1981; Elliott, Rothenberg & Stock 1996).
Therefore, it can be concluded that, based on the ADF test, all series are difference sta-

tionary. Note that in the case of the ERS test, the maximum lag length is set to four by
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default (Pfaff et al. 2016, 46), and the power of this test can be improved if insignificant
intermediate lags are discarded (see Enders & Liu 2014).

Table 4.9 Test statistics for unit root tests
Unit roots ADF ERS
Level Diff Level Diff
AFLT -2.51  -5.26 -1.22  -0.80
FESH -1.15 -6.48 0.23 -0.71
NMTP -143  -4.66 -1.66  -1.18
TRCN -1.22 495 -142 -1.67

Next, the subsample is fitted to a Vector Error Correction Model (VECM). We use the
default lag order of two (expressed in level form) and the transitory specification of the
VECM (see Pfaff et al. 2016, 10-12; Pfaff & Stigler 2018, 49-50 for more technical
details). The results of the maximum eigenvalue test are shown in Table 4.10. The null
hypothesis of no long-run relationship is rejected, and hence the four constituents of the
transport sector are co-integrated with rank one. This model specification will be main-
tained throughout the back-test.

Table 4.10  Results of maximum eigenvalue test for VECM

Max.

Co-integration . Critical values
eigenvalue
Statistic 10% 5% 1%
r<3 1.97 6.50 8.18  11.65
r<2 5.22 1291 1490 19.19
r<l 7.43 18.90 21.07 25.75
=0 30.69 2478 27.14 32.14

Having established the structure of the working model, we now generate views by
computing the one-step-ahead forecasts and deducting the return expectations from them.
As the forecasting rule, we require that only those forecasts considered sufficiently large
in absolute terms will enter into a view for a particular company. Thus, we extract the
subsample for recursive estimation of the VECM and use the last row of this observation
to determine whether a directional view warrants a certain return for a given confidence
level. The confidence interval is set to 0.5, and the vector of return expectation is initial-
ized to zero for all four companies. Then, a positive (negative) view on a company is
given when the lower (upper) bound for the forecast is above (below) the latest observed
value of the total return index. Therefore, the absolute return should be at least as high as
the return expectation with 1 — 0.5/2 confidence. (c.f. Pfaff 2016, 309-311.)
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With respect to estimating the parameters of the prior distribution, it is worth noting
that the confidences in the views can take any value because the sample variances of the
returns will replace them in the estimation of the posterior distribution (i.e., {1/ is set to
kPTYP with T = k = 1; see Gochez 2015; Gochez et al. 2020, 4). The optimization ob-
jective is then to determine the solutions of the maximum Sharpe ratio portfolios derived
from the estimates for the parameters of the prior and posterior distributions, respectively.
Finally, the weights are allowed to vary in the interval [—0.8, 0.8], the seed wealth is set
to 100 monetary units, and the wealth trajectory of a naive (i.e., equal-weighted) alloca-
tion is used as a benchmark.

The paths of the portfolio equities and the relative wealth shares between the Black-
Litterman -based portfolio allocations vis-a-vis those determined from the prior distribu-
tion and the equal-weighted allocations are displayed in Figure 4.9. In September 2017,
the end values of the BL, prior, and equal-weighted portfolios were 317.82, 286.35, and
267.16, respectively. Thus, the value of the BL portfolio more than doubled from No-
vember 2015 to September 2017, and it outperformed the ‘prior’ portfolio by 10.99 per-
cent and the equally-weighted portfolio by 18.96 percent. Similarly, based on the relative
performance chart, it can be seen that the BL strategy consistently yielded the highest
equity values. Indeed, after the first month of the backtesting period, the BL approach
outperformed the equal-weight strategy every month, and, for example, in September
2016, the outperformance was nearly 70 percent. Compared to the allocation based on the
prior distribution, the outperformance was more stable and also more moderate. Never-
theless, after the first three months, the BL approach managed to add value even in rela-
tion to this variant, and the highest outperformance of about 20 percent was achieved in
April 2016.
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Furthermore, the distributions of the allocations obtained from the prior and posterior
parameter estimates are depicted as boxplots in Figure 4.10. As can be seen, the weights
applied to the total return indices according to the prior distribution are more concentrated
compared to the portfolio solution derived from the Black-Litterman posterior distribu-
tion. Qualitatively, only short positions would have been taken in the former approach
with respect to Fesco’s stock, and only long positions for the remaining three stocks. On
the contrary, the allocations according to the Black-Litterman posterior span a much
wider interval. For example, a long position for Fesco’s stock and short positions for
Aeroflot’s stock would have been entered during the backtest. This reflects the impact of

the diverging return expectations between the prior and posterior estimates (Pfaft 2016,
313).

Based on Prior Distribution Based on Posterior Distribution
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Figure 4.10  Boxplot of weights based on the prior and posterior distributions

We will now continue the previous example by employing the latest return forecasts
in the copula opinion pooling framework. In line with Pfaff (2016, 313-314), we assume
a multivariate skewed Student’s t distribution for the asset returns. For the backtest period
(23 months in total), return views different from zero at the 50 percent confidence level
were recovered for the total return indices of Fesco (2.59%) and Novorossiysk Commer-
cial Sea Port (1.37%). There were no views for Aeroflot nor TransContainer (i.e., their
return estimates were 0.00%). Hence, the pick matrix consists of two rows and four col-
umns and is filled with ones at the relevant row entries for these total return indices. Fur-
thermore, we use the return variances as a measure of dispersion and assume the point
forecasts to be normally distributed.

So far, we have defined the specifications for the prior and the views distributions.

Next, we assign the copula views and obtain the posterior distribution by the pooling of
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the random variates thereof. In order to compute the simulated random values of the pos-
terior distribution, we set the simulation size to 10,000 random draws. These simulated
random variates are then utilized to derive location and dispersion estimates. Figure 4.11
shows the density plots for the prior and posterior distributions for each of the four com-
panies considered. The prior and posterior densities for the total return indices of Aeroflot
and TransContainer pretty much overlap, given that no views have been expressed for
these equities. Considering the other two companies, the difference in the shape of the
prior and posterior density is the most visible for the total return index of Fesco. This
observation primarily reflects differences between the sample means and the stated return

forecasts.
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Figure 4.11  Prior and posterior densities for the constituents of the transport sector

Table 4.11 shows how the allocations are determined according to the maximum
Sharpe ratio objective for the Gaussian and skewed Student’s t prior distributions, as well
as according to the Black-Litterman and copula opinion pooling models. The purpose
here is to demonstrate that quite differing portfolio allocations can result, given the same
set of inputs. From a qualitative point of view, allocations for Novorossiysk Commercial
Sea Port (NMTP) and TransContainer (TRCN) coincide, but not for Aeroflot (AFLT) and
Fesco (FESH). In other words, only long positions would have been entered for NMTP
and TRCN, but both long and short positions are indicated for AFLT and FESH. Moreo-
ver, the position sizes differ materially between each of the two prior/posterior pairs and
across the BL and COP models. We can also see that the BL portfolio is more concen-

trated and has a greater risk for losses caused by ‘short squeeze’ compared to the COP
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portfolio: the maximum (minimum) investment of the former is 80 (-21) percent in NMTP
(AFLT), whereas the maximum (minimum) investment of the latter is 46 (-5) percent in
AFLT (FESH). Therefore, given that the BL and COP results were derived from the same
set of return forecasts, the latter observation shows the importance of appropriately spec-
ifying the marginal distributions and dependence structure. These findings are in line with
Pfaff (2016, 316-318).

Table 4.11  Comparison of portfolio allocations expressed as percentages

Model AFLT FESH NMTP TRCN
Gauss | 3671 2128 4324 4134
Skewed Student’st | 20.83  9.80  51.12  18.25
BL 2129 2632  79.80  15.16
BLCop | 4584  -5.02 3867 2051

In conclusion, we remark that so far, the applicability of the Copula Opinion Pooling
concept has not been widely studied. For example, Stein, Fiiss, and Drobetz (2009) im-
plement the COP model in the context of fixed-income hedge fund strategies and define
views by generating different market scenarios. Simonian (2014), in turn, extends COP
to accommodate the aggregation of complex opinions, particularly the assignment of con-
fidence levels to market views. Thus, we hope our application has shed more light on this
framework and further shown that COP can indeed be a valuable tool in asset allocation,
especially in cases where the investable universe consists of a small number of companies
operating in the same industrial sector. Finally, concerning copula functions, it is worth
mentioning that they have almost entirely been dedicated to the definition of strategies
bound to exploit changes in co-movements, even though copula functions can also be
successfully applied to both volatility and correlation trading. Hence, they provide a wide
arena for future research. The interested reader is referred, e.g., to Luciano and Schoutens
(2006), as well as to Cherubini et al. (2012), who present pricing applications in the con-
text of complex multivariate equity derivatives.

Let us next analyze the performance of the Entropy Pooling (EP) approach combined
with volatility forecasting. Here, the total return indices of the 40 constituents of the
MICEX Index are used as the dataset. Having computed the discrete percentage returns,
we collect all dates pertinent to Wednesdays. In total, there are 311 weekly observations,
and the backtest period (76 weeks) starts after an initial period of 235 weeks. Hence, our
setup is in line with Pfaff (2016, 320); he also uses a moving data window whose size is
roughly 75 percent of the total number of observations.

Table 4.12 shows the key performance measures for the maximum Sharpe ratio port-

folios based on the EP posterior, market, and normal distributions (the best values are



145

bolded). Correspondingly, Figure 4.12 depicts the wealth progressions of these three tan-
gency portfolios. As can be seen, the allocations according to the entropy pooling model
exceeded those based on either the market or normal distributions in terms of the final
wealth values achieved. Moreover, this outperformance was achieved in a relatively short
period of time. It is thus apparent that the inclusion of a conditional risk measure (i.e., the
one-step-ahead predictions for the conditional volatilities) yields a better risk assessment
compared to the result of the market distribution without the blended views. Furthermore,
when comparing the wealth trajectories based on the skewed Student’s t and multivariate
normal distributions, we can notice that they both follow a similar path and that the former
is slightly below the latter for most of the out-of-sample period. However, the difference
becomes negligible by the end of August 2017. Therefore, the skewed Student’s t distri-
bution did not manage to capture the return characteristics noticeably better than the base-
case allocation.

The same can be observed by inspecting the statistics listed in Table 4.12. More pre-
cisely, the strategy based on the entropy pooling approach produces the highest annual-
ized return of 0.314, outperforming thus the market distribution-based portfolio by 28.6
percentage points. On the other hand, the difference in the annualized returns between the
market and normal distribution approaches is only 0.4 percentage points (0.028 and 0.024,
respectively). In terms of annualized standard deviation, the base-case allocation has the
lowest risk of 0.116, whereas the EP posterior and market distribution approaches are
almost identical (0.138 and 0.139, respectively). This means that the EP-based portfolio
has an excellent Sharpe ratio of 2.27 compared to the normal and market distribution-
based variants, which are close to each other (0.21 and 0.20, respectively). With respect
to maximum drawdown, the EP approach suffered the least severe loss of 0.09 and is
followed by the portfolio based on the normality assumption (0.121). Allocations pro-
duced by these two approaches also have equally favorable modified ES of roughly -0.03.
Finally, the allocations based on the market distribution yielded the riskiest progression
judged by both downside risk measures. Indeed, this approach has the highest MDD of
0.15, as well as the most negative modified ES of -0.045. Overall, our conclusions resem-
ble those of Pfaff (2016, 323), although he finds that the allocations implied by the market
distribution outperform the outcome derived under the normality assumption in terms of
risk-adjusted returns when the investable asset universe consists of currencies instead of
stocks.
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Table 4.12  Key performance measures for the tangency portfolios based on the EP

posterior, market, and normal distributions

Entropy Pooling Market  Normal

Annualized Return 0.314 0.028 0.024
Annualized Std Dev 0.138 0.139 0.116
Annualized Sharpe 2270 0.200 0.210
(Rf=0.00) ) ’ ’
Maximum Drawdown 0.090 0.150 0.121
Modified ES (0.95) -0.034 -0.045 -0.030
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Figure 4.12  Wealth trajectories of tangency portfolios based on the EP posterior,

market, and normal distributions

As we have discussed, volatility has a number of regularities that make it suitable for
forecasting with time series methods. It certainly seems that the basic GARCH(1,1) model
does capture at least some elements of the time evolution of variance. However, there are
several reasons why the chosen model may not fit the data well. These include insufficient
data (generally, at least 1,000 data points are required), poor initial values for the param-
eters, as well as persistent seasonality contained in the data. More importantly, the data
may not be consistent with the model chosen. In particular, it might be that the fat tails in
the return distribution are not due to GARCH effects, so using a normal distribution in
the GARCH model does not address the problem completely. (see Sinclair 2013, 56.)

In order to alleviate these concerns, we ran the optimization algorithm several times
using different volatility models and conditional distributions included in
the fGarch (Wiirtz et al. 2020) and rugarch (Ghalanos & Kley 2020) packages. However,

as the utilization of these more advanced configurations led to worse risk-adjusted returns
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than the use of a basic GARCH(1,1) model with normal distribution, we omit reporting
these results. Instead, we can better understand why the standard GARCH(1,1) model
outperformed competing variants in producing the most accurate one-step-ahead fore-
casts on average by looking at Table 4.13. Here, we have listed some of the volatility
models tested, namely EGARCH(1,1), GJR-GARCH(1,1), and APARCH(1,1), in addi-
tion to the benchmark model. To see whether the choice of the conditional density used
for the innovations has an effect on the forecasting performance, we also changed the
GARCH(1,1) model’s normal distribution to Student’s ¢, as well as to the skew General-
ized Error Distribution (GED).

Considering model selection, Table 4.13 reports the Akaike (AIC), Bayesian (BIC),
Shibata (SIC), and Hannan-Quinn (HQIC) information criteria. Furthermore, to make
preliminary inferences on the forecast accuracy of the competing variants, we used
weekly (log) returns of our 40 assets and computed one-step-ahead forecasts so that 76
data points from the end of the dataset were kept for out-of-sample forecasting, and the
number of rolling forecasts to create beyond the first one was set to 75. We then computed
the Mean Squared Error (MSE), Mean Absolute Error (MAE), and Directional Accuracy
(DAC) of'the forecasts versus realized returns for each time series. Finally, we calculated
the average values of these fit diagnostics and forecast performance measures and high-
lighted the most attractive result for each statistic in bold. (see Ghalanos 2017; Ghalanos
& Kley 2020 for more technical details.)

As can be seen, the standard GARCH(1,1) model of Bollerslev (1986) with the condi-
tional Student’s ¢ distribution has, on average, the best fit for the time-series data since it
consistently has the smallest values of information criteria. However, the best-fitted
model is not necessarily a model that can provide the most accurate volatility forecasts.
Indeed, we can find that, although the difference is small, the ‘vanilla’ GARCH (1,1)
model with the conditional normal distribution produces the lowest values for the MSE
and MAE loss functions (0.00166 and 0.0284, respectively) and the highest directional
accuracy of 0.51. Therefore, we can conclude that this basic configuration is suitable for
cases where one needs to produce predictions for dozens of assets using the same model.
The more advanced models introduce more parameters to be estimated, which ultimately
leads to greater inaccuracies in the forecasts produced. Also, by utilizing the same stand-
ard GARCH model as in Pfaff (2016), we have avoided the potential concerns of data
snooping and provided further confirmation of the universal profitability of the EP strat-
egy. With respect to future research, it would be interesting to see whether the algorithm
could be modified to dynamically choose an optimal volatility model for each time series
during every rebalancing period. Unfortunately, however, the issue with such an approach
is that it might become infeasible to implement the strategy in practice due to the slow

solver, which also often fails to converge when using complex structures.
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Table 4.13  Average information criteria and forecast accuracy metrics for alternative

volatility modeling configurations

Information criterion Forecast accuracy (one-step-ahead)
Variance Conditional
No. AIC BIC SIC HQIC MSE MAE DAC
equation distribution
1 GARCH(1,1) Normal -3.147  -3.088  -3.147 -3.123  0.001662 0.02836 0.5102
2 EGARCH(1,1) Normal -3.203 -3.130  -3.204 -3.174  0.001680 0.02849 0.4845
3 GJR-GARCH(1,1) Normal -3.170  -3.096  -3.171 -3.141 0.001674 0.02844 0.5043
4 APARCH(1,1) Normal -3.187  -3.098  -3.188 -3.151 0.001675 0.02846 0.5003
5 GARCH(1,1) Student’s ¢ -3.284  -3.210  -3.285 -3.254  0.001663 0.02837 0.50132
6 GARCH(1,1) Skew GED  -3.278 -3.190  -3.279 -3.242  0.001674 0.02848 0.5063

Overall, our findings of the average forecast accuracy of different GARCH models
are, to some extent, in line with the previous studies. For example, using foreign exchange
rate data, Zumbach (2004, 82—83, 85) notes that although there is a vast number of mod-
ifications and extensions of the basic univariate GARCH(1,1) process, the quantitative
improvements of all these extensions (including long-memory processes) are not spec-
tacular, regardless of the chosen criteria (log-likelihood or forecast error). He also argues
that the past volatility generally provides a bad forecast, regardless of the historical depth,
with an optimum of around one week. In contrast, Hansen and Lunde (2005) compare the
forecast performance of 330 ARCH-type models using both exchange rate and stock re-
turn data. They find no evidence that a GARCH(1,1) is outperformed by more sophisti-
cated models in the analysis of exchange rates, whereas the GARCH(1,1) is inferior to
models that can accommodate a leverage effect (such as APARCH) in the analysis of
returns of a single stock (see also Hamilton & Susmel 1994; Kim & Kon 1994).

Note also that a rather theoretical explanation for why the simple GARCH(1,1) model
can produce more attractive performance metrics than more complicated volatility models
is presented in Nelson (1990; 1992), as well as in Nelson and Foster (1994; 1995). Indeed,
it can be shown that broad classes of ARCH models are surprisingly robust to certain
types of misspecification, but this robustness does not extend to all ARCH models, and it
breaks down altogether to the point where the process is not well approximated by a dif-
fusion (Nelson 1992, 62). Hence, if the process generating prices is (approximately) a
diffusion, then there is so much information about conditional second moments at high
frequencies (e.g., daily data) that even a misspecified model can be a consistent filter. In
other words, when both observable variables and conditional variances change ‘slowly’
relative to the sampling interval, then broad classes of ARCH models (even when mis-
specified) provide continuous-record consistent estimates of the conditional variances.

Moreover, the conditional variance estimates generated by the (misspecified) ARCH
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model convergence in probability to the true conditional variances when the observable
variables are recorded at finer and finer intervals. (Nelson 1992, 84; see also Nelson 1994;
Andersen et al. 2001, 45.) Nelson and Foster (1995, 304) show further that under suitable
conditions, a sequence of misspecified ARCH models may not only be successful at fil-
tering but at forecasting as well.

For this reason, future research might wish to consider using high-frequency intraday
data as a potential way to improve the accuracy of the forecasts. Arguments to support
such an approach are provided, e.g., in Andersen and Bollerslev (1998), although Martens
(2002, 516—517) argues that for the weekly and monthly forecast horizons, it is much less
important to utilize an ‘intraday’ GARCH(1,1) model than for daily horizons. Baillie et
al. (1996), in turn, suggest focusing on the proper modeling of long-term volatility de-
pendencies as the forecast horizon lengthens beyond one day. Finally, Hol and Koopman
(2002, 21) conclude that in the absence of intraday volatility information, the stochastic
volatility model is the preferred model for forecasting volatility. (see also Barndorff-Niel-
sen & Shephard 2001; Engle 2002; Meddahi 2002; Fleming, Kirby & Ostdiek 2003; Han-
sen & Lunde 2003; Corsi 2009; Hansen, Huang & Shek 2011 for more discussion on
estimation and properties of realized volatility in the context of high-frequency data and
intraday returns.)

Still another approach to capture changes in volatility would be to utilize Markov-
switching state-space models.>> For example, a Markov-switching autoregressive condi-
tional heteroscedasticity (SWARCH) model is developed by Hamilton and Susmel
(1994), whereas Frijns, Lehnert, and Zwinkels (2011) present a so-called Benchmark Vol-
atility Targeting or BVT-GARCH model. Finally, Jing-rong, Yu-Ke, and Yan (2011) in-
troduce a forecast combination approach where the forecasting results of the GARCH,
EGARCH, stochastic volatility, and moving average models are combined based on time-
varying weights that can be driven by regime-switching in a latent state variable.

On the other hand, instead of using the GARCH family of models, many alternative
methods could be employed to forecast volatility, such as Artificial Neural Networks
(ANNSs) and genetic algorithms (Sinclair 2013 57). One argument in favor of utilizing
algorithms stemming from the artificial intelligence and machine learning community is
the fact that the GARCH model and its variants make assumptions on the distribution of
the underlying data. Thus, instead of considering alternatives to the Gaussian distribution,
one might wish to require no a priori assumption. As shown in Kim (2017), a particularly
effective algorithm in such a situation is the Support Vector Regression (Drucker et al.
1997). However, GARCH can also be used together with ANNs to create hybrid models

35 See, e.g., McCulloch and Tsay (1994), Kim, Morley, and Nelson (2001), Tsay (2010), Dai, Zhang, and
Zhu (2011), Kritzman, Page, and Turkington (2012), Nguyen, Yin, and Zhang (2014), Ardia et al. (2016),
Yang et al. (2016), Ghalanos (2017), Ardia et al. (2018) for more discussions.
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(see, e.g., Donaldson & Kamstra 1997; Hajizadeh et al. 2012), which, in turn, can be used
as an aid in portfolio optimization (see, e.g., Pojarliev & Polasek 2003).

The final issue with this EP (as well as with the COP) strategy is related to the general
framework of mean-variance efficient portfolios. It is well established that the optimized
mean-variance portfolio as a complex function of estimated means, volatilities, and cor-
relations of asset returns can ‘blow up’ when there are tiny errors in any of these estimated
input parameters (Ang 2014, 104—104). Thus, instead of choosing the weights to maxim-
ize the Sharpe ratio, one might want to consider the risk parity strategy (see Qian 2005),
which chooses asset weights proportional to the inverse of variance (or volatility). These
low-volatility portfolio selection techniques are discussed, e.g., in Blitz and van Vliet
(2007), de Carvalho, Lu and Moulin (2012), and in Frazzini and Pedersen (2014). Similar
to our approach, Kim (2017) produces daily volatility forecasts of individual stock returns
and finds that especially the general SVR technique can improve the risk-adjusted returns
when low-volatility portfolios are formed based on the heuristic approach (see also Chow
et al. 2014 and references therein).

Alternatively, future research might consider implementing the entropy pooling ap-
proach parametrically under a factor structure (termed Factor Entropy Pooling), as is done
in Meucci, Ardia, and Colasante (2014). The factor structure reduces the dimension of
the asset correlation structure, linearizes the parameter space, and selects coordinates such
that the optimization target becomes unconstrained. Such a parsimonious structure with
limited parameters is an example of shrinkage estimation. This approach also retains the
flexibility of entropy pooling: views can be expressed as fully general statements, such
as relative rankings, spread views, views on volatilities, correlations, tails, et cetera. It
can also be used for stress testing different scenarios, as well as for the estimation of the
‘implied returns’ (see Black & Litterman 1991a). (Meucci et al. 2014, 3.)

4.5 Portfolio protection strategy

In this final subchapter, we analyze the results of the portfolio protection strategy de-
scribed in Subchapter 3.6. We assume that the tactical asset allocation part of the portfolio
can be allocated to the nine sectoral price indices of the Russian stock market and compare
the outcome of this approach with the solution of a simple equal-weighted strategy. In
line with Pfaff (2016, 328), we extract the dates that fall on Wednesdays, and if some
public holidays coincide with this day of the week, the last observed daily observation is
carried forward. Thus, there are 490 weekly observations in total, and the moving window
is set to a length of 195 weeks (roughly three years and ten months). The trajectory of the

ruble-denominated index values is shown in Figure 4.13.
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Figure 4.13  Trajectories of sector index values in rubles

Next, the return expectations are taken as the one-step-ahead predictions from the
ARIMA variant with the least amount of parameters to be estimated, namely from an
ARIMA(1,2,1) model (the series had to be differentiated twice to achieve stationarity).
Note that there are at least two reasons for this choice: Firstly, although this simple model
may not be optimal for each individual index, the algorithm proposed by Pfaff (2016)
allows us to specify only one configuration to be used in forecasting. Secondly, as pointed
out in Brockwell and Davis (2002, 169), it is not advantageous from a forecasting point
of view to select arbitrarily large values for p and q. Fitting a high-order model will typ-
ically result in a small estimated white noise variance. However, as the fitted model is
employed for forecasting, the mean squared error of the forecasts will depend not only on
the fitted model’s white noise variance but also on errors emerging from the estimation
of the model’s parameters. These will be greater for higher-order models.

The equity curves according to the long-only wealth protection strategy and equal-
weighted strategy are shown in Figure 4.14. As we compare the portfolio allocations, we
see that the trajectory according to the Tactical Asset Allocation (TAA) strategy leads to
almost twice as high a wealth level at the end of the simulation period as the Equal-
Weighted (EW) strategy. Moreover, the drawdown witnessed at the beginning of the
Ukrainian crisis in 2014 is less pronounced in the case of the former strategy. These two
characteristics are also mirrored by the key portfolio performance and risk-related
measures, as reported briefly in Table 4.14. Indeed, the TAA portfolio has roughly 11
percentage points higher annualized return than the benchmark (0.20 and 0.09, respec-
tively). In addition, although the former is a more volatile strategy, it has about nine per-
centage points higher Sharpe ratio than the EW portfolio (0.17 and 0.08, respectively).
Finally, both portfolios are relatively similar in terms of downside risk measures, i.e.,
their Gaussian Value-at-Risk (Expected Shortfall) at the 95 percent level is about three
(four) percent.
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Table 4.14  Key portfolio performance measures for the protection strategy versus an

equally-weighted strategy

EW TAA

long-only  long-only
Annualized return ‘ 0.088 0.200
Sharpe ratio 0.080 0.170
VaR (0.95) ‘ 0.035 0.032
ES (0.95) 0.044 0.041
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Figure 4.14  Progression of portfolio wealth for the protection strategy versus an

equally-weighted strategy

As mentioned earlier, a potential issue with this application is that only one forecasting
model has been defined for multiple time series. Also, since returns data tend to be very
noisy, long data samples are needed to identify and estimate prediction models (see Tim-
mermann & Granger 2004, 24). Fortunately, however, the choice of the ARIMA(1,2,1)
model is supported by Table 4.15. It reports the results of the Diebold-Mariano (DM) test
for predictive accuracy of the ARIMA(1,2,1) model versus the best ARIMA model fitted
automatically to each univariate time series according to either AIC, AICc, or BIC value
(see Hyndman & Khandakar 2008; Hyndman et al. 2018b for further details). The null
hypothesis is that the two forecasts have the same accuracy (H, : E(d;) = 0 Vt), and the
alternative hypothesis is that the two forecasts have different levels of accuracy
(Hy : E(d;) # 0) (see Diebold & Mariano 1995; Harvey, Leybourne & Newbold 1997).
The forecast accuracy of these competing models is compared in two instances: The first
test is conducted on in-sample one-step forecasts using thus the entire sample period. The
second test is conducted on out-of-sample one-step forecasts so that 295 weekly observa-
tions (i.e., 490 — 195) are withheld from the dataset when fitting, and the one-step fore-

cast errors are then computed for this out-of-sample data (see Diebold 2015 for more
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discussion on the problems related to this kind of pseudo-out-of-sample analysis). The

power used in the loss function is set to two by default in both cases.

Table 4.15  Diebold-Mariano test for predictive accuracy: ARIMA(1,2,1) versus the

best model
Test on in-sample one-step Test on out-of-sample one-step
forecasts forecasts
Best Best
DM test p- DM test p-
Sector ARH\[?]?C([EI, d.q) statistic value ARHr\n/I?d(gl’d’q) statistic value
CGS ARIMA(0,1,1) 0.026 0.980 ARIMA(0,1,3) -2.017 0.045
CHM ARIMA(1,1,1) 0.516 0.606 ARIMA(0,1,0) 0.944 0.346
FNL ARIMA(3,1,0) 0.511 0.610 ARIMA(3,1,1) -0.992 0.322
M&M ARIMA(3,1,1) 1.486 0.138 ARIMA(0,1,0) 0.345 0.730
MNF ARIMA(3,1,1) 1.278 0.202 ARIMA(2,2,1) -1.166 0.244
0&G ARIMA(2,1,0) 0.041 0.967 ARIMA(3,1,0) -1.396 0.164
PWR ARIMA(3,1,0) 0.342 0.732 ARIMA(0,1,0) 0.397 0.692
TLC ARIMA(2,1,2) 0.606 0.545 ARIMA(®4,2,1) -2.423 0.016
TRN ARIMA(3,2,3) 0.546 0.585 ARIMA(5,1,0) -2.139 0.033

The conclusion of this robustness check is two-fold. Firstly, it can be observed that a
model that fits the training data well will not necessarily forecast well. Secondly, a perfect
fit can always be obtained by using a model with enough parameters. (Hyndman & Ath-
anasopoulos 2014, 51.) Indeed, based on the p-values, we cannot reject the null hypothe-
sis of no difference at the five percent significance level, except in the out-of-sample cases
of Consumer Goods & Services (0.05), Telecoms (0.02), and Transportation (0.03). How-
ever, additional one-tailed tests revealed that in these three instances, the model fitted by
the auto ARIMA method produced significantly less accurate forecasts than the
ARIMA(1,2,1) model at the five percent level.

In conclusion, we have now seen that it is possible to construct a dynamic investment
strategy that exploits predictability in Russian equity returns. Recall from Subchapter 3.1
that the autocorrelation, albeit quantitatively small, shows that there is information in the
past about the future evolution of the returns (Zumbach 2004, 70). More generally, the
finding that economic profits can be made by trading on the basis of signals produced
from a forecasting model is in line, e.g., with the studies of Lo and MacKinlay (1997),
Timmermann and Granger (2004), and Campbell and Thompson (2008). With respect to
modeling trading costs, we remark that here, for the sake of simplicity, we have not pe-
nalized each week’s transaction with a more or less arbitrary amount. Neither have we
imposed a proportional transaction constraint, which, as we have seen in earlier demon-
strations, would make the TAA portfolio approach the equally-weighted portfolio as the
amount of costs increases. Hence, to condense space, we leave further cost analysis for
future research.

On a different note, this application has demonstrated that a portfolio protection strat-

egy related to tactical asset allocation can be implemented as an alternative to an option-
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based hedging strategy. Therefore, it can be considered suitable for risk-averse investors
and those market participants who do not wish to include options in their opportunity set
due to the higher transaction costs prevalent in the derivatives market. Nevertheless, since
wealth protection strategies have been known for a long time,*® it would be interesting to
compare the performance of Pfaft’s (2016) linear programming approach with novel op-
tion-based strategies. For example, in the market timing strategy proposed by Cherubini
etal. (2012, 195-202), a position in protective put options represents portfolio insurance,
and the dependence is modeled utilizing the Henriksson—Merton copula (see Henriksson
& Merton 1981). Topaloglou, Vladimirou, and Zenios (2011), in turn, develop a stochas-
tic programming model to address in a unified way several interrelated decisions in port-
folio management, including optimal portfolio diversification and mitigation of market
and currency risks with options.

The final suggestion for future research relates to utilizing more complex methods for
the expected return estimation. As noted by Cont (2001, 229), ARMA modeling cannot
distinguish between asset returns and white noise, indicating the need for nonlinear de-
pendence measures. Hence, one could follow, for example, Zhang (2003), who proposes
a hybrid methodology that combines ARIMA and Artificial Neural Network (ANN) mod-
els to take advantage of the unique strength of both models in linear and nonlinear mod-
eling. Based on the author’s empirical findings, this kind of combined model can effec-
tively improve forecasting accuracy achieved by either of the models used separately.

Alternatively, one might consider using Hidden Markov Models (HMMs) to predict
market regime switches so that wealth could be allocated optimally between, say, bond
and stock markets, depending on the current state (e.g., bear or bull). This kind of ap-
proach is implemented, for example, by Ang and Bekaert (2002) and Guidolin and Tim-
mermann (2007). Still another approach would be to employ different machine learning-
based algorithms, considering that they have been shown to be useful in financial time
series forecasting.” There are also numerous studies on the applications of neural net-
works to the portfolio selection problem.*® From this vast category of methods, especially
Long Short-Term Memory (LSTM) networks have recently been a popular tool for fore-

casting.>’

36 See, e.g., Leland and Rubinstein (1976), Perold (1986), Perold and Sharpe (1988), Black and Jones
(1987), Black and Rouhani (1989), Negrych and Senft (1989), Figlewski, Silber, and Subrahmanyam
(1990), Black and Perold (1992), Marshall and Bansal (1992), Aliprantis, Brown, and Werner (2000),
Bookstaber and Langsam (2000), Haugh and Lo (2001), Liu and Pan (2003), Prigent (2007), Muck (2010).
37 See, e.g., Tay and Cao (2001), Pérez-Cruz, Afonso-Rodriguez, and Giner (2003), Gavrishchaka and
Banerjee (2006), Ahmed et al. (2010), Yeh, Huang, and Lee (2011).

38 See, e.g., Lazo, Pacheco, and Vellasco (2002), Fernandez and Gomez (2007), Freitas, De Souza, and de
Almeida (2009).

3 See, e.g., Pedregosa et al. (2011), Takeuchi and Lee (2013), Heaton, Polson, and Witte (2016), Krauss,
Do, and Huck (2016), Moritz and Zimmermann (2016), Greff et al. (2017), Tsantekidis et al. (2017), Fischer
and Krauss (2018), Siami-Namini and Siami-Namin (2018), Xue et al. (2018), Borovykh, Bohte, and Oost-
erlee (2019), Gu, Kelly, and Xiu (2019), Ghosh, Neufeld, and Sahoo (2020), LeDell et al. (2020).
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5 SUMMARY

In this thesis, we have extensively analyzed the performance of quantitative investments
strategies in the emerging Russian equity market. The common denominator for these
approaches has been that they take into account uncertainties, risks, and dependencies.
Moreover, special attention has been paid to the concept known as tactical asset allocation
(TAA). In order to alleviate concerns related to backtest overfitting, we have used two
datasets with different lengths and sample sizes, namely time series of individual stocks
and sectoral indices. Overall, the algorithmic strategies introduced and tested have shown
that it is possible to invest profitably and relatively safely in Russia, thus creating new
opportunities for international asset managers. We also argue that they have managed to
reveal such exploitable predictabilities that may have stayed unknown to most of the read-
ers of this thesis.

For the sake of coherence, our empirical findings and the subsequent conclusions form
five separate subchapters. We begin by focusing on classical and robust mean-risk port-
folios, as well as on the modeling of transaction costs. The main results of Subchapter 4.1
can be briefly summarized as follows. Firstly, the issue of estimation error related to ex-
pected return maximization strategies can be tackled by maximizing the mean return per
unit expected shortfall. The performance of this maximum stable tail-adjusted return ratio
(STARR) portfolio can be further improved by imposing an equal risk contribution (ERC)
constraint requiring that each asset contributes equally to the portfolio downside risk.
Secondly, the risk-adjusted returns of minimum variance portfolios can be enhanced by
using robust covariance estimators, especially the minimum volume ellipsoid (MVE) es-
timator. Thirdly, we find that portfolios constructed by utilizing robust optimization tech-
niques outperform the classical Markowitz portfolios in terms of risk-adjusted returns.
Also, since these portfolio solutions have low volatility and downside risk, they can be
considered most suitable for conservative investors.

Furthermore, we show that the above approaches remain financially viable and out-
perform the MICEX index even after moderate costs have been taken into account. How-
ever, an imposition of a transaction cost constraint means that the optimization algorithm
resolves to produce equal-weighted allocations as the proportional costs increase. We end
Subchapter 4.1 by focusing on the strategy maximizing the Sharpe ratio (i.e., the tangency
strategy) and use it as an example to demonstrate that in addition to a risk budget con-
straint, optimal portfolios’ diversification properties can be altered in various ways to suit
the investor’s preferences better. These include imposing a market-neutrality (zero-beta)
constraint and smoothing the asset weight changes.

In Subchapter 4.2, we follow the methodology proposed by Boudt et al. (2015) and

use higher-order moments of asset returns (i.e., covariance, coskewness, and cokurtosis)
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as input parameters for portfolio optimization. We find that when the objective is to min-
imize the modified expected shortfall, the inclusion of higher-order comoments under a
linear factor model leads to economically significant monetary gains and, more im-
portantly, to a substantial decrease in the downside risk compared to the equally-weighted
benchmark allocation. In contrast, the economic benefit and risk reduction are less prom-
inent when the objective is to maximize the fourth-order expansion of the constant rela-
tive risk aversion (CRRA) expected utility function.

In Subchapter 4.3, we utilize the framework proposed by Almgren and Chriss (2004;
2005) to mitigate the estimation risk related to the first moments. As our interest shifts
towards tactical asset allocation, we construct an algorithm that sorts assets from lowest
to highest based on the magnitude of their recent past returns. Thus, assets whose past
returns are most positive are deemed most favorable, while assets whose returns are most
negative are viewed least favorably. We find that this strategy based on ordering infor-
mation produces stable allocations, meaning that the inclusion of reasonable transaction
costs does not greatly reduce the annualized returns it achieves. Moreover, in terms of
risk-adjusted returns, the Almgren-Chriss (AC) approach outperforms the relative rank-
ing approach based on Meucci’s (2008b) entropy pooling (EP) framework, as well as the
quadratic utility maximization strategy based on sample estimates. Our results also sup-
port the underlying assumption behind the AC algorithm stating that, due to the temporary
informational inefficiencies, one should be able to exploit short-term momentum effects
persistent in the Russian stock market.

In Subchapter 4.4, we first derive one-step-ahead return forecasts from a Vector Error
Correction Model (VECM) and find that they can be profitably utilized in the original
Black-Litterman (BL) portfolio optimization. However, it arguably does not make much
sense to assume that return forecasts for various assets are formed independently of each
other, especially when they are derived from a multivariate statistical model. Therefore,
we compare the BL model with Meucci’s (2006) Copula Opinion Pooling (COP) frame-
work as it relaxes the assumption implying independence between the expressed views.
We find that in order to achieve less risky and more diversified portfolio solutions, it is
important to specify the marginal distributions and dependence structure appropriately,
which is the main benefit of the COP model. As the second case, we re-examine the EP
framework using one-step-ahead volatility forecasts as views. We show that this approach
outperforms the tangency strategy based on a normal and skewed Student’s ¢ distribution
in terms of risk-adjusted returns. We also conclude that the ‘plain vanilla” GARCH(1,1)
model is adequate in generating the views for multiple time series.

Finally, in Subchapter 4.5, we analyze the performance of a wealth protection strategy
proposed by Pfaft (2016). Here, a linear program is used to form insurance for a portfolio,
and the tactical asset allocation between equities and the money market is determined

according to the one-step-ahead return forecasts generated by an ARIMA model. Firstly,
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we find that this dynamic investment strategy can exploit the predictability in the Russian
stock market. Secondly, it smoothens drawdowns and produces higher risk-adjusted re-
turns compared to an equal-weight strategy.

All in all, despite the lingering structural issues of the Russian economy, a positive
trend can be observed in the main index of the Moscow Exchange. Arguably, it is thus
economically reasonable for an international investor to seek ways to benefit from the
rising equity returns and even to exploit the inefficiencies of the emerging Russian mar-
ket. The strategies considered in this thesis have been seen to be profitable, and since they
have their own merits with different risk/reward profiles, they can be tailored further to
suit the specific needs of both retail and institutional investors. However, it remains to be
seen whether the sanctions imposed on Russia will be lifted in the near future or whether
the country’s isolation from the rest of the world continues. Naturally, these aspects affect
the dynamic correlation across Russia’s industry sectors, as well as the general feasibility
of investment strategies.

Furthermore, it is worth emphasizing that since we have tested these strategies using
only equity data, we cannot extrapolate that these techniques will be profitable when the
investable universe consists of other asset classes traded on the Moscow Exchange, such
as fixed-income or derivatives. On the other hand, we remark that the strategies analyzed
have been previously introduced in the context of developed Western financial markets.
Therefore, it can be argued that the performance of these approaches is at least to some
extent universally consistent, although a careful analysis of the market-specific differ-
ences cannot be omitted when planning the practical applicability. Similarly, despite the
fact that the reliability of the results is relatively good, the validity may be slightly af-
fected by the optimization algorithm used. For example, the working principles of the
differential evolution algorithm is a complex topic that has not been discussed in detail in
this thesis. One should also note that we have mainly relied on R because it is a versatile
and freely available statistical software. However, its professional use is hampered by the
lack of warranty regarding optimization errors.

Another issue we need to be aware of is strategy decay. In other words, strategies that
have performed well previously can gradually or even rapidly lose their performance
characteristics and thus become unprofitable. Indeed, Russia’s financial markets are dy-
namically adjusting to frequent changes in the political and economic environment, which
may reduce the usefulness of past data. Moreover, various (unforeseeable) future shocks,
such as crises, wars, and large oil price movements, might completely change the market
dynamics. Most strategies are also likely to suffer from diminishing returns sooner or
later due to the increasing popularity of high-frequency trading. Since past performance
might not be a reliable indicator of future success, it is essential to constantly monitor the
market environment and develop new methods to improve the profitability of asset allo-

cation processes.
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There are two additional comments to make. Firstly, the problem of portfolio structur-
ing has been viewed from the perspective of an investor operating in Russia and holding
assets dominated in rubles. Hence, we have omitted the currency risks faced by an inter-
national asset manager. Of course, these foreign exchange-rate risks could be hedged, for
example, by utilizing forex futures, options contracts, or other suitable derivatives. Sec-
ondly, for the sake of simplicity, we have not considered dividend income taxes for for-
eigners in Russia. In practice, however, it is important to acknowledge the taxation aspect
when calculating the net returns.

Finally, one might ask, what is the best strategy to be employed in the Russian stock
market? Unfortunately, there is no clear answer because, ultimately, the choice between
different asset allocation strategies depends on an investor’s risk preferences. For exam-
ple, in a bull market environment, she might choose a portfolio that produces the highest
risk-adjusted returns in exchange for the risk of slightly larger losses. The risk-optimal
approaches might be more appealing in a bear market regime because of their conserva-
tism. Therefore, the strategies we have examined should be primarily seen as tools that
investors with different risk appetites can utilize. Also, although this thesis can by no
means explore all existing quantitative investment strategies, our aim has been to provide
as thorough an exposition as space permits. Still, several areas remain to be investigated,
such as strategies utilizing machine learning algorithms, as well as approaches based on

maximizing the long-term growth of capital.
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