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ABSTRACT

The research area of this thesis is nonlinear functional analysis, a branch of Math-

ematics which examines questions related to qualitative aspects of solution of a dif-
ferential equation, such as existence, uniqueness, stability, solvability conditions.
Owning to the rapid progress in image processing research involving variational
problems, this research work deals with the study of existence and properties of
minimizer for image restoration model under Sobolev-Orlicz function space setting.

The nature of image restoration that we deal here is noise reduction, where the
observed image is assumed to be degraded by a random noise. The noise reduction
problem is formulated as a minimization problem consisting of a least squares fit
and a regularization term. In the proposed image denoising model, the regulariza-
tion term represent a double-phase functional that serve the purpose of anisotropic
diffusion along with isotropic smoothing, for piecewise smoothing and edge preser-
vation. The mathematical modeling of image restoration problem requires the setting
of the domain function space to permit discontinuities of the solution. In this respect,
Sobolev-Orlicz function space, which consists of functions having weak derivatives
and satisfy certain integrability conditions, provide a favorable framework. For solv-
ing such minimization problems, the so-called direct method in the Calculus of Vari-
ations is widely used, whose basic topological ingredients are the lower semicontinu-
ity of the functional and the compactness of the lower level sets of the regularization
functional. The natural question which then arises here is to study the regularity of
such solutions and to establish under which conditions on the data and domain, we
have a solution in the sense of distributions. This forms the main objective of my
research from the theoretical perspective. Although considerable contributions have
been devoted to this challenging question, investigating new approaches under the
Sobolev-Orlicz space setting provide new insight into the matter.

In this thesis, the study of image restoration problem is carried out in two ap-
proaches: variational and PDE-based. The variational approach presents restoration
through minimization, where the existence and uniqueness of minimizer is estab-
lished using the direct Method of the Calculus of Variations. This approach gives
information about the qualitative aspects of the model in the Sobolev-Orlicz space
setting. In the PDE-based approach, we consider models in the form of heat flow
differential equation, where the image is embedded in an evolution process in both
space and time dimensions. This yields a quasilinear parabolic boundary value prob-
lem. However, due to the degenerate behavior of the PDE, it is not possible to ap-
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ply general results from classical parabolic equations theory. Thus, to formulate a
well-adapted framework, we regularize the PDE using approximations to obtain ap-
propriate solvability conditions. The idea is to construct an approximated boundary
problem whose solution converges to the solution of the heat flow problem, under the
suitable conditions. Further, to prove the existence and uniqueness of the solution,
we derive a few a priori estimates, which gives information about the qualitative be-
havior of the boundary function. This approach is particularly useful in determining
the nature of the domain, where the image corresponds to a feasible solution, that is
usually required for numerical purposes.

Finally, after proving the existence and uniqueness of the solution, we discretize
the problem in order to find a numerical solution. The behaviour and efficiency of
the model is then tested and illustrated through numerical experiments.

KEYWORDS: image restoration, double-phase, Sobolev-Orlicz space, minimizer,
heat flow, PDE
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THVISTELMA

Tamin opinndytetyon tutkimusalueena on epélineaarinen funktionaalinen analyysi,
matematiikan haara, joka tutkii differentiaaliyhtdlon ratkaisun laadullisiin nékoko-
htiin liittyvid kysymyksid, kuten olemassaoloa, yksikdsitteisyyttd ja stabiilisuutta.
Johtuen nopeasta edistymisestd kuvankdsittelytutkimuksessa, joka liittyy variaatio-
ongelmiin, timi tutkimustyd késittelee kuvan restaurointimallin minimoijan olemas-
saoloa ja ominaisuuksia Sobolev-Orliczin funktioavaruuksissa.

Téssi kisiteltdvad kuvan restauroinnin luonne on kohinanvaimennus, jossa olete-
taan havaitun kuvan sisiltivin satunnaista kohinaa. Kohinanvaimennusongelma on
muotoiltu minimoimisongelmaksi, joka koostuu pienimmén nelidsumman sovituk-
sesta ja regularisointitermistd. Ehdotetussa kuvan kohinanpoistomallissa regular-
isointitermi edustaa kaksivaiheista (double phase) funktiota, jossa on sekd anisotroop-
pinen ettd isotrooppinen diffuusio paloittaista tasoittamista ja reunan siilyttdmisti
varten. Kuvan restaurointiongelman matemaattinen mallinnus edellyttdé funktioavaru-
utta, joka mahdollistaa epdjatkuvuudet ratkaisussa. Téssd suhteessa Sobolev-Orlicz-
funktioavaruus, joka koostuu funktioista, joilla on heikko derivaatta ja tietyt inte-
groitavuusehdot, tarjoavat suotuisat puitteet. T#llaisten minimointiongelmien ratkaise-
miseksi ns. variaatiolaskun suora menetelmé on laajalti kiytossi, ja sen topologiset
perusainekset ovat funktionaalin alhaalta puolijatkuvuus ja kompaktisuus. Luon-
nollinen kysymys on tutkia téllaisten ratkaisujen sd@nnollisyyttid ja pyrkid midrit-
tdmadn, milld ehdoilla meilld on ratkaisu distribuution mielessd. Tama on tutkimuk-
seni padtavoite teoreettisesta ndkokulmasta. Vaikka tétd haastavaa kysymystd on
tutkittu paljon, uudet ldhestymistavat Sobolev-Orliczin avaruuksissa antavat uutta
nikemystd asiaan.

Tisséd opinndytetydssd kuvan restaurointiongelmaa tutkitaan kahdella ldhestymis-
tavalla: variaatio- ja ODY-perustaisesti. Variaatiolaskennassa restaurointia Idhestytdan
minimoinnin kautta, jossa olemassaolo ja minimoinnin yksikésitteisyys sadaan kiyt-
tdmailléd suoraa variaatiolaskentamenetelméd. Tama 1dhestymistapa antaa tietoa mallin
laadullisista nikokohdista Sobolev-Orliczin avaruudessa. ODY-pohjaisessa ldhestymis-
tavassa tutkimme ldmpoyhtidlon muotoisia malleja, joissa on evoluutioprosessi seké
tila- ettd aikaulottuvuuksissa. Tami tuottaa kvasilineaarisen parabolisen reuna-arvo-
ongelman. ODY:n degeneroidun kdyttdytymisen vuoksi siihen ei kuitenkaan voida
soveltaa yleisid tuloksia klassisesta parabolisten yhtédloiden teoriasta. Joten muotoil-
laksemme sopivan kehyksen, normalisoimme ODY:n kiyttamilld approksimaatioita
saadaksemme sopivat ratkeavuusehdot. Ideana on rakentaa likimé&érdiset reuna-arvo-
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ongelmat, joiden ratkaisut suppenevat lampoyhtédlon ratkaisua kohti sopivissa olo-
suhteissa. Lisdksi todistaaksemme ratkaisun olemassaolon ja yksikésitteisyyden jo-
hdamme a priori arvioita, jotka antavat tietoa rajafunktion laadullisesta kayttdytymis-
estd. Tama ldhestymistapa on erityisen hyodyllinen mééritettdessi alueen luonnetta,
jossa kuva vastaa mielekésté ratkaisua, jota yleensé tarvitaan numeerisissa sovelluk-
sissa.

Lopuksi, kun olemme todistaneet ratkaisun olemassaolon ja yksikisitteisyyden,
diskretisoimme ongelman 16ytddksemme numeerisen ratkaisun. Sen jilkeen mallin
kayttiytymistd ja tehokkuutta testataan ja havainnollistetaan numeerisilla kokeilla.
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1 Introduction

"In Mathematics, the art of proposing a question must be held of higher value than
solving it."
— Georg Cantor (1845-1918)

We begin by presenting an intuitive introduction to the class of generalized Orlicz
spaces, briefly sketching its background on variational problems, followed by an
outline of the thesis.

1.1 A brief background

In the theory of existence of solutions to minimization problems, functionals with
non-standard growth have been studied extensively due to their application in mod-
elling physical phenomena. Such classes of functionals are mostly covered by gen-
eralized Orlicz spaces, as we look back how it was developed.

The study of generalized Orlicz spaces L can be traced back to the 1940s. These
spaces are similar to Orlicz spaces [50], but defined by a more general function
©(z, ), that may vary with the location in space with the norm defined by means of
the integral

/w@MMW%
.

whereas in Orlicz space, the function ¢ would be independent of x, that is ¢ (|u(x)]).
When ¢(t) = tP, we obtain the Lebesgue spaces, LP. Other principal classes
of examples of generalized Orlicz spaces include variable exponent spaces, where
@(x,t) == tP(*) [14], and double phase spaces, where ¢ (z,t) == t? 4 a(z)td [3; 13].

Historically, variable exponent Lebesgue spaces Lp(')(Q), where (2 is an open
subset of R™, appeared in the literature for the first time in 1931 in an article writ-
ten by Orlicz [49]. However, after this one paper, the study of variable exponent
Lebesgue spaces was then abandoned by Orlicz to concentrate on the theory of func-
tion spaces consisting of those measurable functions u : {2 — R with a modular of
the form

o) = [ pAuta)) do < o0
for some A > 0 (¢ has to satisfy certain conditions), which are now called Orlicz
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spaces. Abstracting certain central properties of g, one is lead to a more general
class of so-called modular function spaces which were first systematically studied
by Nakano [47]. Following the work of Nakano, modular spaces were investigated
by several people, most importantly by groups at Sapporo (Japan), Voronezh (USSR)
and Leiden (Netherlands). From 1970s, these function spaces were extensively stud-
ied by Polish mathematicians, for instance Hudzik, Kaminska [31; 32] and notably
Musielak in his monograph [46] with a comprehensive presentation of modular func-
tion spaces.

In the mid-80s, Zhikov [64; 65] started studying variational integrals with non-
standard growth conditions including the variable exponent case p(x,t) = t7(#) and
the double phase case ¢(x,t) = tP +a(z)t?. This developed into a new line of inves-
tigation, intimately related to the study of variable exponent spaces. While during
80s and 90s, Kovacik and Rakosnik [36] also found a few results of variable ex-
ponent Lebesgue and Sobolev spaces, concerning completeness, density, reflexivity
and separability.

Further, in the calculus of variations, minimization problems of the following
form have been considered,

min / F(z,Vu)dx.
ueWH1(Q) Jo

If F(z,t) ~ |t|’ (in some suitable sense), Marcellini [43] called this the standard
growth case. While, for more general (p, q)-growth case, t < F(x,t) < t7 +
1,g > p > 1forall t > 0, Marcellini [44] found that results from standard growth
case generalize when the ratio ]% is sufficiently close to 1 with different bounds for
different properties. For instance, in [44], the minimizers in W14 are Lipschitz if
% < %5, where n > 2 is the dimension. Regularity properties for such minimization
problems have been widely studied and proved in the recent decades, as found in the
works of Baroni, Colombo and Mingione [3; 13], especially for the cases

min/|Vup(x) log(e + |Vu|)dz and min/\Vu]p—l—a(x)\Vu]qu,

respectively. They showed that the regularity of the minimizer depends on the choice
of the exponents p, g and the weight a. Both of these are special cases of generalized
Orlicz growth. Notably, several of those results on regularity of minimizers have
been extended to the generalized Orlicz space, as studied by Hésto and Harjulehto in
[24], and also in [60].

Rizicka and his collaborators [55; 54] studied equations with non-standard growth
in the modelling of so-called electrorheological fluids, as such materials with inho-
mogeneities requires that the exponent should be able to vary, in case of which classi-
cal Lebesgue and Sobolev spaces does not prove to be useful. This leads to the study

2



Introduction

of those materials in Lebesgue and Sobolev spaces with variable exponent. As an-
other application, Chen, Levine and Rao [6] studied a model involving (p, ¢)-growth
functionals for image restoration, in variable exponent Lebesgue and Sobolev spaces.

When we try to integrate both the two functional structures of variable exponent
Lebesgue spaces and Orlicz spaces, we are led to the so-called generalized Orlicz
spaces, as it naturally generalizes the Lebesgue spaces with constant exponent. In
addition to being a natural generalization which covers results from both variable
exponent and Orlicz spaces, the study of generalized Orlicz spaces are motivated by
applications to image processing [25; 27], fluid dynamics [61], differential equations
[8; 21; 26].

A different approach to differential equations is based on (nonlinear) potential
theory. The foundation of nonlinear potential theory includes general notions of a
Radon measure, a capacity and generalized functions. The sets of capacity zero are
the exceptional sets for representatives of the function.

The basic properties of both Sobolev capacity and relative capacity in the gen-
eralized Orlicz setting, are presented here, as stated in [4]. It should be noted that
T. Ohno and T. Shimomura [48] have also produced similar results on the (Sobolev)
capacity of generalized Orlicz space, however, they consider the capacity in a met-
ric measure space setting with Hajtasz gradients. These results therefore work in
the Euclidean setting only when the maximal operator is bounded, since the Hajtasz
gradient corresponds to M (|V f).

The goal of this thesis is to study the generalized Orlicz and Sobolev-Orlicz
spaces, in the context of variational problems and the associated PDEs. We show that,
for a given minimization problem, one can find for a unique solution in the domain of
Sobolev-Orlicz space, satisfying certain regularity conditions. This finds application
in the field of image restoration, where we conduct a few numerical experiments.

1.2 Outline of the thesis

The structure of the thesis is organized as follows.

Chapter 2 consists of the preliminary definitions and concepts relevant to the
work. We first introduce generalized Orlicz and Sobolev-Orlicz spaces, and also the
notion of parabolic Holder and Sobolev spaces involving time. Further, we review
the necessary background material on functions belonging to these spaces, along
with some standard regularity theory for elliptic and parabolic PDEs on Euclidean
domain. The material discussed in this first part is mostly standard and can be found
in the literature. This lays the foundation for study of variational and boundary value
problems for image restoration model, in the domain of Sobolev-Orlicz space.

Chapter 3 consists of a few original results on capacities published in [4], as
part of the doctoral research work. Further, extended results on quasicontinuous
representative are newly added.
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In chapter 4, we study the minimization problem under the setting of Sobolev-
Orlicz space, and the associated boundary problems. We begin by introducing the
variational problem in line with image restoration model, which involves double-
phase functional. Next, the existence and uniqueness of the minimizer is established,
using the direct method of the Calculus of Variations. Thereafter, we formulate the
associated parabolic boundary value problems, of which the existence and regularity
results are proved using approximation theory. In addition, the behaviour of the mini-
mizing sequence is also studied. Finally, we have the numerical section that presents
experimental results obtained using optimization algorithms along with images, to
understand the working and efficiency of the image restoration model.

The final chapter 5, appendix, consists of supplementary results and arguments
for the proofs presented in the preceding chapters.



2 Preliminaries: Function spaces and
PDE

"The organic unity of mathematics is inherent in the nature of this science, for
mathematics is the foundation of all exact knowledge of natural phenomena."

— David Hilbert (1862-1943)

This chapter of preliminaries is organized as follows. In section 2.1, there is a
collection of notations used throughout this thesis, along with some standard formu-
lae and results. The definitions of ®-functions and some of its generalizations are
stated here, along with the main assumptions on (generalized weak) ®-functions re-
quired in the thesis. In section 2.2, the generalized Orlicz and the associated Sobolev
Orlicz function spaces are defined, along with discussing a few of their properties.
Finally, to study boundary value problems involving PDEs, a few function spaces
involving time are briefly introduced.

2.1 Notation and definitions

We denote by R” the n-dimensional real Euclidean space, and n € N stands for the
dimension of the space. By B(x, r), we denote an open ball in R" centred at x € R™
with radius r > 0, and |z| :== /> i, 27 forz = (21,...,2,) € R™ Let Q C R"
be a nonempty open bounded set, which is mainly used throughout, unless otherwise
stated. We denote by (2 its closure and refer to 92 := Q \ 2 as its boundary. Further,
|| stands for its (Lebesgue) measure and yq denotes its characteristic function.
We denote by LY(€2) the space of all Lebesgue measurable functions on €, and by
L .(2) the space of all locally integrable functions on €.

For constants, we use the letters c, c1, ca, C, Cq, Co, . . ., or other letters specifi-
cally mentioned to be constants. The symbol C without index stands for a generic
constant which may vary between appearances. We use f ~ g and f < g if there
exists constants c¢1,co > 0 such that ¢; f < g < cof and f < cag, respectively.
In a given interval I, a function f(x) is said to be increasing if s < ¢ in I implies
f(s) < f(t) and strictly increasing if s < t in I implies f(s) < f(t), forall s,t € I.
The terms decreasing and strictly decreasing are defined analogously.

A function u : (0,00) — R is almost increasing if there exists a constant C' > 1
such that u(s) < Cu(t) forall 0 < s < ¢ (abbreviated C-almost increasing). Almost

5
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decreasing is defined analogously. Increasing and decreasing functions are special

cases when C' = 1. For p, q > 0, we say that u satisfies (Inc), i
(alnc),, if u( ) i
and (aDec)q if q) is almost decreasing. While for p > 1,q < oo, we drop the
subscripts p, ¢ from the notations above, that is, we say, u satisfies (Inc), (alnc) for
some p > 1 or satisfies (Dec), (aDec) for some ¢ < oo, which will be mainly used

in this thesis.

()

; similarly, u satisfies (Dec)q 1f

Let k = 1,2,...,and a = (a1,a2,...,0,) € Nij be a multi-index, that is,
a vector of n non-negative integers. We set the order of the multi-index as |« :=
a1 +ag+ ...+ ay,. Wecall 0% := 66(?1 8‘152 . a —- the partial derivative of order

a. For sufﬁmently smooth functions, all part1a1 derlvatlves commute. Provided that
the derivatives exist, the gradient of a function u :  — R is the vector Vu(z) =
(%(:c), Cee %(x)), forz € Q. Let F' : Q — R" be a vector field, defined as
F = (F\,F, ..., F,). The divergence of the vector field F', denoted as div F, is

the function V - F(z) := Z g’: (x), for x € Q. The Laplacian operator is denoted
by A:=V-V. .

The space of uniformly continuous functions on €2, denoted by, C(2), is equipped
with the supremum norm |[|ul| , = sup, g [u(x)|. While, C¥(Q), k € N, denote the

space of functions u, such that the partial derivatives g;fﬁ € C(Q) forall o] < k
This is a Banach space, equipped with the norm,

0%u

o |t

2.1.1)

lullos = suwp
|a|<k,zeQ

Further, we denote C'°°(€2) as the space of functions with continuous partial deriva-
tives of all orders in Q. While, C5°(£2) denotes the set of C*°(Q) functions with
compact support in €.

We also recall the definition of weak derivative. Let u € Li. (€2), then a function
w € LE.(Q) is called the a™-weak derivative of u, if

/whd:c:(—l)lal/uaahda:, Vhe Co(Q).
Q Q

For |a] = 1 in the equation above, the function w is called the weak gradient of u,
that is,

/whdwz—/thdx, Vhe C5o ().
Q Q

Further, w € L () is called the weak divergence of vector function u € L?(Q; R™)
if

/whdwz—/u-Vhdx, Vhe C5o(Q)
Q Q



Preliminaries: Function spaces and PDE

ou;

Here, if each component u; of u is weakly differentiable with weak derivatives 9 €

n s
Li.(Q),thenw =divu =V -u = 21 g%(x)
1=
Next we have that, WP (©Q),p > 1, denotes the Sobolev space, consisting of
functions w € LP(2) for which the partial derivatives of u of order & € Ni where
|a| = 1 exists in the weak sense and belong to the Lebesgue space LP(€2). Its norm
is defined as,

(Joolul? dz + fo [Vul? dz)» (1< p < o0)
Hu”wl,p(g) =4 esssup (] 1+ [Vul) (p = o0).
Q
The Sobolev space Wol’p(Q) is the completion of C5°(€2) in the norm of W1P(1).
For f € L. .(Q2), we define

Mf(x)=sup o [ |f(y)dy (2.12)
xEB' ‘ BNQ

and call M the maximal operator, where the supremum is taken over all open balls
B containing z.
We also define convolution as follows,

/ fly y)dy, x€Q
where f € L{ (Q) and g € L] _(R™).
Let N(x) := (N1(x),..., Ny(x)) denote the outward pointing unit normal vec-

tor defined almost everywhere for z € 0f2 and dS denotes the surface measure on
the C'!' boundary 9Q. Let u € C'(Q) and ¢ € C%(Q). The Green’s first identity
reads as

/(Vu Vo +ulp)dr = / dS (2.1.3)
where g—f] = V¢ - N is the outward normal derivative of (.

Next, we have the integration by parts formula stated as follows.

Lemma 2.1.1. (Integration by parts formula) [15, Theorem 2, C.2., pp. 628] Let
Q C R"™ be a bounded open set with C* boundary. For every u,v € C*(Q), the
following formula holds,

ou ov .
vdr = — udm—|—/ w N;dS, i=1,...,n. (2.1.4)
\/anz /anz 90 ¢

7
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Moreover, for v € C?((2), replacing v in the above equality (2.1.4) with 2% and
summing over ¢ = 1,...,n to obtain

/Vu-Vvdx:—/uAvd:c—i-/ %udS, (2.1.5)
Q Q o0

where % =y, Nia%,- is the operator of differentiation in the direction of the
vector V. Note that, the above formula (2.1.5) is in line with the Green’s first identity
in (2.1.3). While using Dirichlet’s boundary, v = 0 on 0f2, the integration by parts
formula (2.1.4) can be equivalently written as,

/guvdx——/ugv de, 1=1,2,...,n.
Q 9% o 9%

The integration by parts formula is satisfied for Sobolev functions u € WO1 P(Q),p >
1, in bounded domain 2 C R™ [38, Chapter 2, section 2], that is,

ou ov
/anivdac:—/ﬂaxiudm, (2.1.6)

where v € W9(Q),¢ > 1, such that § + ¢ = 1.

Lemma 2.1.2. (Fundamental Lemma of Calculus of Variations) [18, Chapter 1,
Lemma 1] If f € Li (Q) satisfies,

loc
/ fodx =0,
Q

forevery o € C3°(Q), then f = 0 almost everywhere in .

For use during calculations, we also state the Young’s inequality for products [15,
B.2 (c), pp. 622],

a? b?
ab < ;

+2, Vab>0, 2.1.7)
where p, g € (1, 00) satisfy % + % =1.

In the case of convolution functions, for f € LP(R™), 1 < p < oo and (5 €
LY (R™), the Young’s convolution inequality result implies that ( f * (5)(x) exists for
almost all z € R™ and we have

I1f sl < NI NICs - (2.1.8)

2.1.1 ®-functions Let ¢ : [0,00) — [0,00] be increasing with ¢(0) = 0,
tlir& ©(t) = 0 and tl_i)m ©(t) = oo. Such ¢ is called a ®-prefunction. While by
N 00

@ 1:1]0,00] — [0, 00] we denote the left-continuous inverse of o : [0, 00] — [0, o0],

e (1) == inf{t > 0: p(t) > 7}, forall T € [0, 00).

8
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We say that a ®-prefunction ¢ is a (weak) ®-function if it satisfies (alnc); on
(0,00); a convex ®-function if it is left-continuous in the topology of [0, o] and
convex; a strong ®-function if it is continuous in the topology of [0, co| and convex.
The sets of weak, convex and strong ®-functions are denoted by ®,,, P, and Pg,
respectively.

Remark 2.1.9. If ¢ is convex and ¢(0) = 0, then for 0 < s < ¢, we obtain ¢p(s) =
@ (3t4+0) < 2p(t) + (1 —2) 9(0) = 2¢(t), which implies ¢ satisfies (alnc);.
Hence, it follows from the above definition that &, C ®,. C P,,.

In order that ®-functions depend on the spatial variable in set {2 C R", we need
some generalization of ®-functions, as introduced in the following.

Letu : Qx [0,00) — R and p,q > 0. We say that u satisfies (alnc),, or (aDec),,
if there exists a constant C' > 1 such that the function ¢ — u(x,t) satisfies (alnc),,
or (aDec), with the same constant C' for almost every x € Q2. When C' = 1, we use
the notations (Inc), and (Dec),, respectively.

A function ¢ : © X [0,00) — [0, o0] is said to be a (generalized) ®-prefunction
on Q if # — ¢(z,|u(z)|) is measurable for every u € L°(€Q) and p(z,-) is a
®-prefunction for almost every x € (). We say that the ®-prefunction ¢ is a
(generalized) weak ®-function if o(z,-) satisfies (alnc); with the same constant
for almost every x € () with the same constant, denoted as ¢ € ©,(Q). Ina
similar way, ¢ is called a (generalized) convex ®-function if p(x,-) € @, for al-
most all z € (2, denoted as ¢ € ®.(Q); and a (generalized) strong ®-function if
¢(z,-) € @, for almost all z € 2, denoted as p € ®4(2). And, by ! we denote
the inverse of ¢ € ®,,(2) with respect to the second variable, that is, for 7 > 0,
oz, 7) i=1inf{t > 0: ¢(z,t) > 7}

By the above definition, it is clear that the properties of (weak) ®-functions
carry over to generalized (weak) ®-functions point-wise uniformly. Also, ®4(Q2) C
D.(Q) C Dy ().

We say that ¢ € ®.() is uniformly convex, by [24, Definition 3.6.1], if for every
e > 0 there exists § € (0, 1) such that

o (3:7 s;t) < (1 _6)g0(x7s)—2&—<p(ac,t),

for almost every x €  whenever s,¢t > 0, and |s — | > emax{s,t}. By [24,
Proposition 3.6.2], the function ¢ € ®,,(€2) is equivalent to a uniformly convex ®-
function if and only if it satisfies (alnc). On the other hand, a vector space X is
uniformly convex if it has a norm || - || such that for every ¢ > 0 there exists 6 > 0
with ||z — y|| > e or ||z + y|| < 2(1 —0) forall z,y € X with ||z = |jy|| = 1.

Next, we have the following assumptions for ®-function in set 2 C R", which
enables the use of certain useful properties such as density of smooth functions, as
discussed in [24].
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Definition 2.1.10. (A0) condition [24, Definition 3.7.1]: We say that ¢ € ®,,(12)
satisfies (AO), if there exists a constant 3 € (0, 1] such that 8 < ¢~ 1(z,1) < % for
almost every z € €.

Equivalently, this means that there exists 8 € (0, 1] such that p(z,3) < 1 <
o(z, %) for almost every = € ) (cf. [24, Corollary 3.7.4]).

Definition 2.1.11. (A1) condition [24, Definition 4.1.1]: We say that ¢ € ®,,(Q)
satisfies (A1) if there exists 3 € (0, 1) such that Sp~!(z,t) < ¢ (y,t) for every
tell, ﬁ}, almost every z,y € B N and every ball B with |B| < 1.

Definition 2.1.12. (A2) condition [24, Definition 4.2.1]: We say that ¢ € ®,,(12)
satisfies (A2) if for every s > 0 there exist 3 € (0,1] and h € L*(Q) N L>(Q) such
that B~ ! (z,t) < ¢~ !(y,t) foralmostevery z,y € Qand every t € [h(z)+h(y), s].

Lemma 2.1.3. [24, Lemma 4.2.3] If Q C R" is bounded, then every ¢ € ®,,(2)
satisfies (A2).

2.2 Generalized Orlicz and Sobolev Orlicz spaces

In an open bounded set 2 C R", consider ¢ € ®,,(€2). We then define the modular
0, foru € L9(Q2) as

0p(u) = /Qtp(x,\u(ac)\)dx

The set
L?(Q) = {u € L°(Q) : op(\u) < oo for some A > 0}

is called generalized Orlicz space, also known as Musielak-Orlicz space, and it is
equipped with the (quasi) norm

. u
= g e 3) <1}

while this yields a norm if ¢ is convex [24, Lemma 3.2.2(b)].

We say that ¢ € ,,(Q) satisfies the Ag-condition if there exists a constant
L > 2 such that ¢(x,2t) < Lp(z,t) forall z € Q and all t > 0. In such case, the
semimodular g, also satisfies the Ay-condition with the same constant. Here, A, is
equivalent to (aDec) (cf. [24, Lemma 2.2.6(a)]).

Lemma 2.2.1. [24, Theorem 3.3.7, Corollary 3.6.7] Let ¢ € ®,,(f2).
(i) Then L¥(R?) is a quasi-Banach space.
(ii) If  is convex, then L¥()) is a Banach space.
(iii) If ¢ satisfies (aDec), then L¥ () is separable.
(iv) If ¢ satisfies (alnc) and (aDec), then L? () is uniformly convex and reflexive.

10
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The following results examine the relationship between norm and modular, to be
used later.

Lemma 2.2.2. [24, Lemma 3.1.3, 3.2.3] Let ¢ € ©,,(2), then the following proper-
ties hold.
(i) If ¢ satisfies the Aa-condition, then L? () = {u € L°(Q) | o,(u) < oo}
(ii) ull, < 1= 0,(u) <1=|ull, <1
If @ is left-continuous, then, o,(u) <1 <= |jull, <1

Lemma 2.2.3. [24, Lemma 3.1.6] Let ¢ € ®,,(R2) satisfy (Dec). Let f;,g; € L¥(R")
forj =1,2 ... with (Qw(fj)) | bounded. If 0,(f; — gj) — 0 as j — oo, then

|00(f) = 4(gj) = 0 as j — oo.

Lemma 2.2.4. [24, Lemma 3.2.9] Let ¢ € ®,(2) satisfy (alnc), and (aDec)y, 1 <
p < q < oo. Then

min{ (%Qq,(u)) i7 (%Qso(u))

1

T} < Jlull, < max{ (cop(w)) 7, (cop(u))*},

B =

foru € LO(Q), where c is the maximum of the constants from (alnc), and (aDec),.

For the next result, we first note that, for two normed spaces X and Y, the inter-
section X NY and the sum X +Y := {g+ h: g € X,h € Y} are equipped with
the norms

fllxey = max{[Ifx, [IFllv} and Aifllxey = inf o Clgllx+HIRly).

Lemma 2.2.5. [24, Lemma 3.7.7] Let ¢ € ®,,(92) satisfy (A0), (alnc), and (aDec),,
withp € [1,00) and q € [1,00]. Then

LP(Q)NLI(Q) — LY (Q) — LP(Q) + L1(NQ)
and the embedding constants depend only on (A0), (alnc), and (aDec),.

For ¢ € ®,,(Q2), we now define the related generalized Sobolev-Orlicz space

WL#(Q) as the set of functions u € L#(£2) with weak partial derivatives g” i =

1,2,..., belonging to the same L¥(€2), that is,
Wle(Q) = {u e Whl(Q) s u, |Vul L‘P(Q)} .
The semimodular on W% (Q) is defined by
0140(10) = 5(0) + 0,(V) = [ ol ful)do+ [ ol V) da

11
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which induces a (quasi)norm on W1#(Q) given by

u

s = o ()

By [24, Lemma 6.1.5], the above norm is estimated as,

N

Q.

lulle & llulle + [[[Vulllp-

For later use, the norm of the gradient is abbreviated as || Vu/|.

Here, we also define the zero boundary valued Sobolev-Orlicz space VVO1 ()
as the closure of C§°(2) N WH¥(Q) in W% (). This is often required for study-
ing boundary value problems in situations requiring density of smooth functions in
Sobolev-Orlicz space.

Lemma 2.2.6. [24, Theorem 6.1.4, Theorem 6.1.9] Let Q2 C R™ and ¢ € ®,,(Q2).
(i) Then WH%(Q) is a quasi-Banach space.
(ii) If ¢ is convex, then W (S2) is a Banach space.
(iii) If o satisfies (aDec), then W% (Q) is separable.
(iv) If o satisfies (alnc) and (aDec), then Wl’SO(Q) is uniformly convex and reflex-
ive.
The above conditions hold true also in the case of VVO1 ().

The following lemma implies that W1#(€) is a lattice, that is, the pointwise

minimum and maximum of its elements belong to W1 (Q), provided L¥ C Ll _(Q).

Lemma 2.2.7. [29, Theorem 1.20] If u,v € Wlicl (), then max{u, v} and min{u, v}
are in VVI})’Cl(Q) with

Vu(z), foralmosteveryx € {u > v};
V max{u,v}(x) =
Vu(z), foralmostevery z € {v > u};
and
, Vu(z), foralmostevery x € {u < v};
V min{u,v}(x) =
Vou(x), foralmostevery x € {v < u};
In particular, |u| belongs to VVli)C1 (Q) and |V |u|| = |Vu| almost everywhere in SQ.

Lemma 2.2.8. [24, Lemma 6.1.6] For bounded set ) C R", assume that p € ®,,(2)
satisfy (AO) and (alnc)y, p € [1,00). Then W1#(Q) — W1r(Q).

The following results provide density properties of Sobolev-Orlicz spaces, to be
used later.

Lemma 2.2.9. [24, Theorem 6.4.2] Let 2 C R™ be a bounded domain and let p €
®,,(2) satisfy (aDec) and L? C L} .. Then bounded Sobolev functions with compact
support in R™ are dense in W1#(Q).

12
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Lemma 2.2.10. [24, Theorem 6.4.7] Let 2 C R™ be a bounded domain and let
© € ®,(Q) satisfy (A0), (A1), (A2) and (aDec). Then C>(Q) N WL#(Q) is dense
in W1#(Q).

A few convolution properties associated with generalized Orlicz functions from
[24] are useful in this thesis. To state so, we use the notion of bell shaped function,
defined as a non-negative function o € L!(R") if it is radially decreasing and radially
symmetric. The function

N(z) = sup |o(y)]
ygB(0Ja))

is called the least bell shaped majorant of o. Also consider L!-scaling o.(x) =

5170(2)’ for ¢ > 0. By change of variables, we have ||o:||; = |o]|1.

Lemma 2.2.11. [24, Lemma 4.4.6, Theorem 6.4.5] Let 2 C R™ be a bounded domain
and let ¢ € ®,,(Q) satisfy (A0), (A1), (A2) and (aDec). Let o € L'(R"),0 > 0,
have integrable least bell shaped majorant »_. Then

1f *oelly g S IZILIAL,

forall f € WY¥(Q). Further, for D CC Q, we have o, * f — f in WH?(D) as
e— 0T

2.3 Function spaces involving time

In this thesis, we study time-dependent partial differential equations of second order,
as well. In order to find solutions to parabolic problems, we need to define special
class of functions depending on the spatial variable x and the time variable ¢. In
the time variable ¢, these functions have values in a Banach space of functions in =z,
namely in Sobolev spaces for the applications we have in view.

We only consider here spaces of vector-valued functions defined on a bounded
interval I of R of the form I = (0,77),0 < T < oo, the details of which can be found
in [15; 62]. In order to define the function spaces involving time, we first recall the
definitions of simple functions and strongly measurable functions.

Suppose that X is a real Banach space with norm ||-||. A function f : [0,7] — X
is called a simple function if it is of the form

) =3 xp®)u, 0<t<T,
=1

where every F; is a Lebesgue measurable subset of [0,7] and u; € X for all i =
1,...,n. Further, a function f : [0,7] — X is called strongly measurable if there

13
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exists a sequence of simple functions f; : [0,7] — X, i € N, such that f;(t) — f(t)
in X, for almostevery 0 <t < 7.
Recall that, we will be using V := (% e %) for weak gradient with respect

to the space variables, and % for weak derivatives with respect to the time variable
t. We will also sometimes use the notation u; := %.

Let Q C R" be a bounded, connected open set. We denote Q7 := Q x (0,7") and
ﬁT = ﬁ X [O,T]

The space C(Qr) consists of all continuous functions on Q7, which can be ex-
tended continuously on Q7. Higher order spaces, C¥(Qr), k € N, are defined

similarly, as follows,

alely
oz~

CF(Qr) = {ueCQr): € O(Qr) for all |a| < k}

We define C%1(Qr) to be the class of functions u :  x [0, T] — R with continuous
spatial partial derivatives up to order 2, and which are once continuously differen-
tiable in time, that is,

l*ly
ox™

C?* Q) = {u € C(Qr) : us € C(Qr) and € C(Qr) for all |af < 2}.

The space C§°(Qr) is defined as the set of all maps u : Q7 — R" such that v and
its derivatives of all orders are continuous in 27 with compact support in Q7.

We now introduce the LP-spaces for vector-valued functions.

If X is a Banach space, then LP(0,T"; X) is defined as the space consisting of all
strongly measurable functions  : (0,7") — X for which t — |lu(t)| y € LP(0,T),
endowed with the finite norm

. :
(J Iu@I dt)™, (1 <p <o)
esssup [u(t)llx,  (p=o0)
o<t<T

||U”Lp(o,T;X)

For 1 < p < oo, LP (0,T; X) denotes the space of strongly measurable func-
tions u : [0,7] — X so thatu € LP(a, b; X), for all [a,b] C (0,T),a,b € RT.
The space LP(0,T; X) has properties similar to the LP-spaces for real-valued

functions, as follows.

Proposition 2.3.1. [63, Proposition 23.2, Proposition 23.7] Let X and 'Y be Banach
spaces. Assume that 0 < T' < oo. Then:
(i) LP(0,T; X) is a Banach space, for 1 < p < oo.
(ii) LP(0,T; X) is separable and reflexive in the case where X is separable and
reflexive, for 1 < p < oo.
(iii) LP(0,T; X) is uniformly convex in the case where X is uniformly convex and
1 <p<oo

14
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(iv) If the embedding X C 'Y is continuous, then the embedding
L"(0,T;X) C L0, T;Y), 1<g<r<oo
is also continuous.

Another example of LP(0, T'; X ) Banach space is L%(0, T; W12((2)), that is used
in this thesis. For bounded set 2 C R", the function space L?(0,T;WH2(1)),
thus, consists of strongly measurable functions u : (0,7) — W12(Q2) such that
t= Jlu(®) e € L?(0,T), for which the norm,

||u||L2(0TW1m))—(/ [ o +\w<>|>dxdt)

is finite. The space L?(0,T}; WO’ (€2)), equipped with zero boundary value, is de-
fined analogously.

Suppose X and Y are two Banach spaces such that X C Y with continuous
embedding, then by [63, Proposition 23.2 (h)], LP(0,7; X) C LP(0,T;Y) is also a
continuous embedding. However, this property does not extend to compact embed-
dings.

For any Lebesgue or Sobolev space X, an element v of LP(0,7’; X) can be re-
garded as a function of the ordered pair (x,t) € Q x (0,7) and identified with the
functions vy (z, t) defined by

vi(z,t) =v(t)(x), forae. (z,t) € Qx(0,7T). (2.3.1)

This point of view is especially well-adapted to evolution problems, where the space
and time variables play a different role and the involved functions have different
properties with respect to x and ¢. This property will be systematically used through-
out this thesis.

In particular, for p = 2, X = L?() and v given by (2.3.1), we have that the
space L2(0,T; L?(£2)) can be identified with the space L?(2 x (0, T)), also denoted
as L?(Qr), via the map

ve L*0,T; L*(Q)) — v, € L*(Q7),

with v given by (2.3.1), which is an isometry.

To have a weaker notion of the differentiability of vector-valued function, we use
the notion of a distributional or weak derivative, which is a natural generalization
of the definition for real-valued functions. A function v € L} _(0,T; X) is weakly
differentiable with weak derivative u; € L} _(0,T; X) if

loc

T T
/ uh!(t) dt = —/ uth(t) dt, forevery h € C§°(0,T;R).
0 0

Thus, u(x,t) is the partial derivative of u(z, t) with respect to time ¢ that exists in
a weak sense, which will be referred to as the time derivative of u throughout the
thesis.

15
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2.3.1 Holder spaces. In this subsection, we introduce Holder spaces on Eu-
clidean domain as well as parabolic Holder spaces, which are comprehensively found
in [37; 38; 62]. The Holder spaces that we mainly deal with here are C**77(Q2) and
O3 (Qr), where y € (0, 1).

Let Q7 := Q x (0,T) where Q C R™ is an open bounded set and 7" > 0. First,
we define Holder continuous function as follows: a function w : 2 — R is uniformly
Hoélder continuous with exponent v € (0, 1) in €2, if the quantity (semi-norm)

[U]V;Q = suepQ W, xFy (2.3.2)
T,y

is finite, and the space of such functions u is denoted by C7(£2) for which the norm
HUHCw(Q) = Slslzp |ul + M%Q

is finite. If the right-hand side of (2.3.2) is finite for v = 1, the function u is called
Lipschitz continuous in ). While,  is said to be locally uniformly Holder continuous
with exponent - in €2 if the quantity [u],.q is finite for every ' € Q.

For0 <~y < landk =0,1,2,..., the Holder space C*+7(Q) is the space of all
functions u € C*(Q) for which the norm

alely
Jullonssey = Tulloney + max | 5] (233)
is finite. The function space C**7(€) is a Banach space [15, Theorem 1, Section
5.1]. Note that in [15, Section 5.1], the notation C**7(() is same as the notation
C*+7(Q) used here.

Taking k = 2, the Holder space C?*7(0) is defined as

0

||
C*(Q) = {u | axau € C7(R2) for any o € Ny such that || < 2}.

This is a Banach space equipped for which the norm

‘a‘“‘u@) 91l u(y) |
Ox™ aya

U = ||u + max  sup
| HCHW(Q) | HC2(Q) lal=2 2,yeq, 2y o= l” 7
is finite, where ||u||C2(Q) = max sup %‘;L“ !, as defined in (2.1.1).

0< || <2 €0
Now to define the parabolic Holder space C?+71*2 (Qr), we first consider any
two points P(x,t), Q(y, s) € Qr and define a metric as,

d(P,Q) = max{|z — y|, |t — 5|3 }.
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Let u(z,t) be a function in Q7. For 0 < v < 1, we define the parabolic Holder
semi-norm as

Ul v.o = sup —
[ ]7a27QT P,QGQT§P7£Q (d(P,Q))’Y

and denote by C"°2 (Q) the set of all functions u(x, t) satisfying [u] 20, < 00,
endowed with the norm ’

|| ul sup |u(z,t)| + [u], 2.q, - (2.3.4)

»Z;Q = 19
TR (z,t)eQr e

For v € (0, 1), the parabolic Hélder space C¥rits (Qr) is defined as,

. 18] ot
CEITE (Qp) = {u | %g?u € C2(Qr) forany p € Ny and 8 € N}
such that 2p + |B| < 2}.

Thus, the space CQ+7’1+%(QT) consists of partial derivatives of u with respect to
t upto order 1 and with respect to x upto order 2, respectively, which are Holder
continuous, such that the norm,

aloly,
H%%;QT—FEI&}; H Oze

H’Yv%;QT—"_HUtH’Y’%;QT7

alely
Jull g3y =l 3.0, m | 5

is finite, where || - ||, 5. follows from (2.3.4).
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3 Capacities and quasicontinuity

"The shortest route between two truths in the real domain passes through the
complex domain."”

— Jacques Salomon Hadamard (1865-1963)

In Mathematics, the notion of capacity of a set in Euclidean space is related
to the measure of size of the set, introduced by Gustave Choquet [10] in 1950. It
was inspired by classical (electrostatic) capacity but is now a general basis tool in
analysis. In Calculus of Variations, the characterization of capacity of a set can be
expressed as the minimization of an energy functional satisfying certain boundary
values. This plays a significant role in extending its properties to other (generalized)
functionals as well, which lays the foundation of (nonlinear) potential theory. The
sets of capacity zero are the exceptional sets for representatives of the function space,
especially with zero boundary values.

In this chapter, the properties of capacities associated with the generalized Orlicz
and Sobolev-Orlicz function spaces, along with results related to their relationship
with Hausdorff measure and quasicontinuity are stated from [4]. These results are
applicable in the study of boundary behavior of solutions to PDEs, but not used in
this thesis though. Additionally, the existence and uniqueness of the quasicontinuous
represenatative are proved.

3.1 Capacity: definition and properties

In generalized Orlicz setting, the concept of capacity is introduced as follows.
First, we define a set of test-functions for the capacity of a set £ C R" as,

S14(E) = {u € WH?(R™) | u > 1in an open set containing £ and u > 0}.

Here u € S ,(F) are said to be @-admissible for the capacity of the set £. The
generalized Orlicz p-capacity of E is defined by

Co(E) = uESi'}lf(E) /n o(x,u) + ¢(x, |Vul) dx.

We now have the following properties for the set function £ — C,,(E).

18
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Proposition 3.1.1. [4, Propositions 7, 8, 9] The following properties of Sobolev ca-
pacity hold.

(S1) If p € ©y(R™), then Cy,(0) = 0.

(S2) If ¢ € ©,(R™) and Ey C Ey C R", then C,(E1) < Cy(Er).

(S3) If ¢ € ©,(R™) and E C R", then C,(E) = o iélf Cy(U).
DFE open

(S4) If p € ®w(R™) and Ey, E3 C R", then C,(Ey U E3) + Cy(E1 N Ey) <
C¢(E1) + Cw(EQ).
(S5) If p € @, (R™) and K1 D Ko D ... are compact, then

lim Cp(K (ﬂK)

(S6) If p € ®.(R™) satisfies (alnc) and (aDec) and E1 C Eo C --- C R", then

i cum) =0,(Ur)

(S7) If ¢ € ®,,(R"™) satisfies (alnc) and (aDec) and E1, Es, ... C R", then

() < S
1=1 =1

Remark 3.1.1. A set function satisfying the properties (S1), (S2) and (S7) is called
an outer measure. This holds if ¢ is satisfies (alnc) and (aDec). If ¢ is con-
vex and satisfies (alnc) and (aDec), then it is a Choquet capacity, [9], i.e. it satis-
fies (S1), (S2), (S5) and (S6). Then for every Borel E C €2,

Cy(E) =sup {Cy(K) : K is compactand K C E}.

Further, the following results discuss the connection between the generalized
Orlicz capacity and the Lebesgue and Hausdorff measures. We also use the Sobolev
p-capacity, denoted as Cp,(E), in which case p(x,t) := t¥, for any fixed exponent
p € [1,00), that is, we have

Cp(E) = uég{E) /]Rn ’u|p + |Vu|p dSE,

where S(E) = {u € WHP(R™) : v > 1 on a neighbourhood of E and u > 0}.

Proposition 3.1.2. [4, Proposition 12] Let ¢ € ®,,(R"™) satisfies (A0), (alnc), p > 1,
and (aDec). If C,(E) = 0, then C,(E) = 0.
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Moreover, we have |E| < C Cy,(E) for every E C R™ with constant C' > 0,
provided ¢ satisfies (aDec) and (A0) conditions. This implies that the sets of capacity
zero are of measure zero.

The s-dimensional Hausdorff measure of a set E C R", denoted by H*(E), is
defined as

HP(F) = lim Hi(E) = sup H;(E),
0—0 5>0
where H3(E) = inf{) 2, rf : E C UX,B(x;,r;),7; < 0}.

Lemma 3.1.3. [4, Corollary 14] Let ¢ € ®,,(R") satisfies (A0), (alnc), withp > 1
and (aDec).
(i) If p < nand E C R" with C,(E) = 0, then H*(E) = 0 for all s > n — p.
(ii) If p > n, then C,(E) = 0 if and only if E = (), where E C R".

The above result implies that capacity is a useful tool only when p < n.

Lemma 3.1.4. [4, Corollary 15] Let ¢ € ®,,(R") satisfies (A0), (alnc) and (aDec),
with ¢ > 1. Let E C R"™ be bounded. If Cy(E) = 0 or H" 9(E) < oo, then
Cy(E) =0.

Next, we have another notion of capacity, known as relative capacity, in which

the capacity of a set is taken relative to a surrounding open subset of R™, defined as
follows.

Definition 3.1.2. Given an open set, 2 C R”, and ¢ € ®,,(2), suppose that K is a
compact subset of {2. We denote,

R, (K, Q) = {uc W"(Q)NCy(Q) : u > 1in K and u > 0}

and, define,

cap,,(K, Q) = ueRijl(%,Q) 0o (|Vul).

Further, if U C 2 is open, then we set

cap,(U,Q2):==  sup  cap,(K,Q),
K CU compact

and, for an arbitrary set £/ C €2, we define

cap,(E, Q) = UDi}glEpen cap,(U, Q).

The number cap,,(E, §2) is called the relative ¢-capacity of E with respect to €2.

For a compact set K C €2, cap,(K, 2) and cap,, (K, (2) are the same, that is, the
relative capacity is well defined on compact sets [4, Proposition 21]. Moreover, the
relative (-capacity has the same basic properties as the Sobolev capacity, as stated
below.
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Proposition 3.1.5. [4, Proposition 22] For an open set Q0 C R™ and ¢ € ®,,(R"),
the set function £ — capw(E , Q) satisfies the following properties:

(R1) cap,(0,Q2) = 0.

(R2) If B4 C Eoy C Qg C 4, then capw(El, ) < capSD(Eg, 0o).

(R3) For an arbitrary set E C ),

cap,(E, ) = UDingen cap,,(U, Q).

(R4) If B4, E5 C R"™, then cap¢(E1 UFs, Q)Jrcap@(El NEy, Q) < capw(El, Q)+
cap,,(Fa, Q).

(R5) If K1 D K5 D ...are compact, then lim;_, o capw(Ki, Q) = cap,, (ﬂ;’il K;, Q)

(R6) IfEl C EQ Cc.--C Q, then hm capw(Ei,Q) = CaP¢ <U EZ,Q>

1—00 )
=1

(R7) If E; C Qi =1,2,..., then cap,, <U EZ-,Q> < anpw(Ei,Q).
i=1 i=1

Remark 3.1.3. A set function satisfying the properties (R1), (R2), (R5) and (R6) is a
Choquet capacity. Then for every Borel E C €2,

cap,,(E,Q) = sup { cap,, (K, Q) : K is compactand K C E}.

Finally, we have a few results on relationships between the Sobolev capacity and
relative capacity.

Lemma 3.1.6. [4, Lemma 26] Assume that ¢ € ®,,(R") satisfies (AO) and (aDec),.
If Q is bounded and K C ) is compact, then,

Cp(K) < Cmax{cap, (K, ), cap, (K, Q)},

where the constant C' depends on the dimension n,
(aDec).

Q| and the constants in (A0) and

Theorem 3.1.7. [4, Theorem 27] Assume that ¢ € ®(R") satisfies (A0) and (aDec),.
If Q is bounded and E C (), then

C‘P(E) < C max{capw(E, Q)i ) Capap(Ea Q)}v
Q

where the constant C depends on the dimension n,
and (aDec).

, and the constants in (A0O)

From the above result, it can be concluded that C,(£) = 0 if cap,(£,€) = 0.
The converse implication is established in the following result.

Theorem 3.1.8. [4, Proposition 29] Let @ C R™ be bounded and ¢ € P, (R"
satisfies (aDec). Assume that C(R™) is dense in W1 (R"). If E C Qwith C,(E) =
0, then cap,(E, Q) = 0.
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3.2 Quasicontinuity

Here, we have the relation between the generalized Orlicz capacity and quasicontinu-
ity as studied in [4]. In general, a function u : R™ — [—o00, 00| is p-quasicontinuous
in R™ if for every € > 0 there exists an open set £ such that C,(E) < € and the re-
striction of u to R™ \ F is continuous. We say that a claim holds ¢-quasieverywhere
if it holds everywhere except in a set of Sobolev (-capacity zero. The following
result establishes a quasieverywhere converging subsequence.

Theorem 3.2.1. [4, Theorem 16] Let ¢ € ®,,(R™) satisfies (alnc) and (aDec). Then
for each Cauchy sequence in C(R™) N\W1#(R™), there is a subsequence which con-
verges pointwise p-quasieverywhere in R". Moreover, the convergence is uniform
outside a set of arbitrarily small Sobolev p-capacity.

The next result shows that under suitable conditions, every Sobolev-Orlicz func-
tion has a p-quasicontinuous representative.

Theorem 3.2.2. [4, Theorem 17] Let ¢ € ®,,(R") satisfies (alnc) and (aDec). As-
sume that C(R™) NW L9 (R™) is dense in W% (R™). Then, for eachu € WH#(R"),
there exists a -quasicontinuous function g € W% (R™) such that u = g almost
everywhere in R™.

Analogously, we also have that (-quasicontinuous functions in Sobolev-Orlicz
spaces with zero boundary values are zero (-quasieverywhere in the complement,
from the following result.

Theorem 3.2.3. Let ¢ € ®,(R") satisfies (A0), (alnc) and (aDec). Assume that
C>®(R™) N WL#(R"™) is dense in W19 (R™). Then u € Wol"p(Q) if and only if
there exists a -quasicontinuous function v € W% (R™) such that v = u almost
everywhere in Q) and v = 0 p-quasieverywhere in R™ \ €.

Proof. Let u € WO1 #(€Q). Then there exists a sequence {u;},u; € C°(Q),i =
1,2,..., such that u; — u in Wh%(Q) as i — oo. Since {u;} is a Cauchy sequence
in W1#(R"), then by Theorem 3.2.1, there exists a subsequence of {u;} that con-
verges pointwise (-quasieverywhere in R” to a function v € W1¥(R™). Moreover,
the convergence is uniform outside a set of arbitrarily small capacity. Uniform con-
vergence implies continuity of the limit function and thus the function v is continuous
outside a set of arbitrarily small p-capacity. Hence, by definition, v € W% (R") is
a p-quasicontinuous function such that v = w almost everywhere in 2 and v = 0
p-quasieverywhere in R™ \ Q.

Next, we prove the converse, that if u € W1¥(R") is p-quasicontinuous and
u = 0 p-quasieverywhere in R™ \ Q, then u € WO1 #(2). In order for that, we show
that w € W1¥(R"™) can be approximated by W1#(R™) functions with compact
support in €2, and then use the assumption of C*°(R™) N W1¥(R") being dense
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in W% (R"). If such sequence of functions u exist for uy := max{u,0}, we can
similarly claim so for u_ := min{u, 0}. Thus, we may assume that v > 0. Since ¢
satisfies (aDec) property, we may further assume that « is bounded and has compact
support in R", by [24, Lemma 6.4.2].

Letd > 0 and U C R" be an open set such that C,,(U) < ¢ and the restriction
of u to R™ \ U is continuous. Denote

E:={zeR"\Q:u(x)#0}.

By assumption, we have C,,(E) = 0. This yields C,(UUE) < Cy,(U)+Cy,(E) < 4.
Then we choose w; € S1,,(U U E) such that 0 < ws < 1 and g1 ,(ws) < 6. Then
ws = 1 in an open set V' containing U U E. For 0 < € < 1, define

ue(x) == max{u(z) —€,0}. (3.2.1)

Since u(z) = 0 for x € 902\ V and the restriction of u to R™\ V' is continuous, there
exists r; > 0 such that ue = 0in B(x,r;)\ V. Thus (1 —ws)u. = 0in B(z,r,) UV
for each x € 09 \ V. This shows that (1 — ws)u. is zero in a neighbourhood of
R™\ €2, which implies that (1 — ws)u, is compactly supported in 2. Hence, by [24,
Lemma 6.1.10], we have

(1 — ws)ue. € Wy (Q).

We next show that this kind of functions converge to u in W1 (R™).
From (3.2.1), we conclude using Lemma 2.2.7 that

Vuu () Vu(x), almosteverywherein {x € R" : u(z) > €},
ue(x) =
‘ 0, almost everywhere in {z € R" : u(x) < €}.
We have,
||U — (]. — w(S)UeHWl,w(Rn) < H’LL — UEHWI»W(R") + Hw5u6||W1,‘p(Rn). (322)

Using the facts that |u — u.| < € and supp(u — ue) C supp u, the first expression on
the right-hand side of (3.2.2) implies

lu— UGHWW’(]R”) = Jlu-— Us”Lw(Rn) +[IV(u— uE)HLv(R”) (323)
< 6||XSUppuHLLp(Rn) + HX{0<U<€}quLup(]Rn)‘ o

Since ¢ satisfy (A0) property, hence the quantity || Xsupp ul| Le(rn) ON the right above,
is finite. On the other hand, by the dominated convergence property for the modular
[24, Lemma 3.1.4(c)], we have,

lim 0, (X fo<ucey V) = 0
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where | x (o<u<er Vu| < [Vu| € L'(R™) since Vu belongs to L¥(R™) with compact
support in R™, which may be used as an integrable majorant. Further, since norm
convergence and modular convergence are equivalent by [24, Corollary 3.3.4], we

thus obtain lim,_,q HX{0<U<€}VUHL¢(R”) = 0. Hence, from (3.2.3), we have

||’LL - uf”Wl,cp(Rn) — 0, ase — 0.
On the other hand, for the second expression in (3.2.2), we have

lwstte | (rny < llwstie|| Lo gny + IV (wote) | e gn
Wt (Rm) Le(R) Le(R") (3.2.4)

< Hwéuean(Rn) + Huevw||Lw(R") + Hwévuean(R")'
Since |ue| < |u| < ||lullz~, by solid property of L?, we have [[wsuc| pogn) <
el | oy a0 fete ety < lulln V]| gy With [Vue] <
|Vu|, we similarly obtain the estimate ||wsVue|poge) < [wsVullpogn)- Then
(3.2.4) implies

leostecllyso ey < llwallullze|| o gy + V80l 2~ | gy + 108Vl o
< ull g lwsll o gy + lull oo Vsl o gy + lwsVull o gy
which gives
[wstiellyr.o gy < 1ll o lwsllyr e @y + [[wsVull pogn
< Corllullpoe + lws Vel Lo gny,
since 01,,(ws) < &, which implies [[ws||yy1.¢gny < C6 . following the (alnc) and
(aDec) properties, where C' > 0 is the maximum of the constants from (alnc) and
(aDec). As 0 — 0, we have ws — 0 in L¥(R™), hence there exists a subsequence

{ws, };2, C ws which tends to 0 pointwise almost everywhere, as 6; — 0. Again
using the dominated convergence property of the modular, we have

(Slilglo 0p(ws, Vu) =0,

where |ws, Vu| < |Vul, so that [Vu| € L'(R"™) may be used as an integrable ma-
jorant. Since modular and norm convergence are equivalent, the above limit implies
lims, 0 [|ws, V|| + gy = 0. Thus, we conclude that,

T [, Voo vy < Jim (COlfull o + 05, V| o) =

i

Hence,
Hu - (1 - wéi)ue||w1,¢(Rn) —0

as €,0; — 0. Since (1 — ws,)ue € WOI’“"(Q) and (1 — ws,)ue — u in WH?(R") as
€,0; — 0, we conclude that u € W&’“’(Q). O
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The above result can be used to prove that a given function belongs to the Sobolev-
Orlicz space with zero boundary values without constructing an approximating se-
quence of compactly supported smooth functions.

Further, to prove the uniqueness of the quasicontinuous representative of (-
capacity, we first have the following lemma.

Lemma 3.2.4. Let ¢ € ®,(R™). Assume that G C R" is open and E C R"™ with
|E| = 0. Then C,(G) = Cu,(G \ E).

Proof. By monotonocity property of C,, from Proposition 3.1.1(S2), we have,
Co(G\ E) < Cu(G). (3.2.5)
Lete > Oand letu € S1,(G \ E) be such that,
014(1) < Co(G\ E) +c.

Then there exists an open set O C R”, with (G \ F) C O and v > 1in O. Since
OUG is open and taking u > 1in OU(G\ E), we have that u > 1 almost everywhere
in O U G since |E| = 0. Hence, we conclude that u € S; ,(G), which implies

Co(G) S 01,0(u) S Co(G\ E) +e
Then letting € — 0O to obtain,
Co(G) < Cp(G\ E). (3.2.6)
Hence, from (3.2.5) and (3.2.6), we conclude that
Co(G) = Co(G\ E).
O

Finally, we state the uniqueness property of (-quasicontinuous representative,
which follows as a special case from [35, Theorem] that shows two quasicontinuous
functions that agree almost everywhere coincide quasieverywhere.

Theorem 3.2.5. Let ¢ € ®,,(R"™) satisfies (alnc) and (aDec). Assume that u and v
are - quasicontinuous functions on R". If u = v almost everywhere in R", then
u = v p-quasieverywhere in R".
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4 Double phase growth functionals in
image restoration

"As far as the laws of mathematics refer to reality, they are not certain, and as far as
they are certain, they do not refer to reality."

— Albert Einstein (1879-1955)

4.1 Introduction

One of the most active research areas in mathematical image processing and com-
puter vision is image restoration, which deals with the recovery of images corrupted
due to noise, data errors and geometric distortions. A major concern in designing
image denoising models for feature extraction and target detection is to preserve sig-
nificant image features, such as edges, while removing noise. Thus, the important
task is how to preserve edges in restored images. Variational approach have been
shown to be extremely successful for a wide variety of image restoration problems
(see [19; 30]), not only limited to the fundamental problem of image denoising, but
also other restoration tasks such as deblurring, blind deconvolution and inpainting.
Variational models exhibit the solution of these problems as minimizers of appropri-
ately chosen functionals, which involve the solution of nonlinear partial differential
equations (PDEs) derived as necessary optimality conditions.

The pioneering works in this field mainly consist of Wiener filter [53], Tikhonov
regularization and its extensions [59]. However, experiments have shown that these
traditional methods commonly suffer from noise amplification or ringing-like arti-
facts, which degrade the image quality significantly. In order to overcome these lim-
itations, fotal variation (TV) based image restoration models were first introduced
by Rudin, Osher and Fatemi (ROF) in their work [56] on PDE based edge preserving
denoising. It was designed with the explicit goal of preserving sharp discontinuities
(edges) in images while removing noise and other unwanted fine scale detail, along
with smoothing flat regions. However, these restored images consist of undesirable
staircase-like features as the TV regularizer favors solutions which are piecewise
constant.

Over the years, the ROF model has been extended to many other image restora-
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tion tasks, and has been modified in a variety of ways to improve its performance.
Another growing interest in the literature is replacing the TV-norm by higher order
norms in order to maintain sharp edges and avoid staircase effects on the smooth part.
This procedure is introduced, e.g. in [5], where properties of higher order TV have
been established. The higher order norms involving second-order differential opera-
tors usually lead to piecewise-linear solutions as discussed in [40], and this is useful
for image restoration problems and in applications such as biomedical imaging.

4.2 Problem formulation

In this section, we deal with variational integral functionals having non-standard
growth conditions [1; 43; 45], specifically of the type F(u) = [, H(x, |Vu(z)|) dz,
where H : Q x [0,00) — [0, 00), with » € R, defined as,

H(z,r) :=1"+a(z)r!, inQ x[0,00) (4.2.1)

with1 < p < g < 2and 2 C R” is a nonempty, bounded, open set with n > 2. Here,
0 < a(-) € L*(R) is Lipschitz continuous. Such class of double-phase functionals,
introduced by Zhikov [64; 65], are basically characterised by the fact of having the
energy density switching between two different types of elliptic behaviours, in ac-
cordance to the size of the "modulating coefficient a(-)" that determines the phase.
Further study in the framework of regularity theory for minimizers of this class of
double-phase integrals, can be found e.g. in [3; 12; 13].
The derivative of the functional H (z, r) with respect to r is given by

Hy(w,r) = pr~ 4 alw)grt .
Note that, we denote the derivative of any H functional as .., hence the derivative
of H(x,|Vu|) with respect to |Vu| is H,(x, |Vu|) = p|VulP ' + a(x)q|Vu|T™".
We also have lim, o+ H(z,r) = 0 and lim,_,, H(z,7) = co. The convexity

of r — 7P and r — 79, where 1 < p < ¢ < 2, implies that H(z, ) is convex. As
H(z,0) =0, then for 0 < s < 7, s € R, we have

Hw,s) = H(z, Sr+0) < SHz,r) + (1 - ;) H(w,0) = *H(x,r),

which implies (Inc); holds on (0,00). Thus, with x — H(z, |Vu(z)|) measurable
for every |[Vu(z)| € L), H : Q x [0,00) — [0,00) is a generalized weak ®-
function on €, that is H € ®,,(2).

The functional H(z, ) satisfies the Aa-condition, that is,

H(z,2r) = 2PrP 4+ a(x)2%r9 < 29H (=, 1),

holds, for every z € 2 and r € R™. Moreover, H satisfies (aDec) property, which
implies that 7 is finite. Hence, H(z, -) being continuous and convex for almost all
x € Q, we have H € ®4(Q).
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Additionally, H satisfies (A0O) condition, by [24, Proposition 7.2.1]. On the other
hand, the function a(z) being Lipschitz continuous, we have that a € C'»97)(Q)
for %(q — p) < 1. Then by [24, Proposition 7.2.2], H satisfies the (A1) condition,
provided g < %p for n = 2.

Switching the symbolic representations of ®-functions, from ¢ to H, for conve-
nient understanding, we have the generalized Orlicz space denoted as L7 (), || - ||l»
and the associated Sobolev-Orlicz spaces as W17 (Q), VVD1 H(Q), respectively. We
now have the following useful preliminary results in regard to these spaces.

Lemma 4.2.1. For Q C R" and H : Q x [0,00) — [0,00) as defined in (4.2.1),
the spaces L*(Q2), W1(Q) and I/VO1 M (Q) are separable, uniformly convex and
reflexive Banach spaces.

Proof. Since H € ®,,(2) from (4.2.1) is convex and satisfies (alnc) and (aDec) con-
ditions, we can conclude that L*($2) and W% () are separable, uniformly convex
and reflexive Banach spaces by Lemma 2.2.1 and Lemma 2.2.6, respectively. Sim-
ilarly, by [24, Theorem 6.1.9], VVO1 H(Q) is also separable, uniformly convex and a
reflexive Banach space. O

Lemma 4.2.2. Let Q) C R"™ be a bounded open set, and function H : Q@ x [0,00) —
[0, 00) as defined in (4.2.1). Assume that {u;},cy is a bounded sequence in W7 ()
such that its subsequence w; — u weakly in L(Q) as i — co. Then u € W17(Q)
such that the partial derivatives Oju; — %u weakly in L™ () as i — oo. Moreover,

ifu; € WOI’H(Q), then we have u € Wol’ Q).

Proof. Since W% (Q) is a reflexive Banach space, by Lemma 4.2.1, then for every
bounded sequence {u;}52; in W17 (Q), there exists a subsequence of {u;}, denoted
by same {u;}, and u € W17 (Q), such that u; — u weakly in L*(£2) and the partial
derivatives dju; — Oju weakly in L*(Q), as i — oc.

Analogously, the claim holds for u; € VVO1 HQ). O

Next we consider the property of lower semicontinuity with respect to weak con-
vergence, as in [14, Theorem 2.2.8.] stated for a normed space X with semimodular
o [14, Definition 2.1.1.]. Since the properties of g are satisfied by the modular o3, the
lower semicontinuity property holds for generalized Orlicz space L7 (12) as follows.

Lemma 4.2.3. The modular 03, on L*(Q) is weakly (sequentially) lower semicon-
tinuous, that is, if up — u weakly in L™ (Q), then ox/(u) < lign inf oy (ug).
—00

Lemma 4.2.4. Let Q C R? be a bounded open set, and function H :  x [0,00) —
[0, 00) as defined in (4.2.1). Then WHH(Q) < L2(2) holds.

Proof. By [24, Lemma 6.1.6], we have

WhH(Q) — WhP(Q). (4.2.2)
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While, Sobolev embedding implies,

Whr(Q) — L (Q), (4.2.3)

where p* = ;Tpp > 2 is the Sobolev conjugate exponent. Due to the boundedness of

), we have from Holder’s inequality for Lebesgue spaces,
L (Q) = L*(). (4.2.4)
Thus, from (4.2.2),(4.2.3) and (4.2.4), we obtain,
WhH(Q) — L2(Q).
O

The following result on density of smooth functions in parabolic spaces is proved
using a similar approach from [51, Theorem 4.3].

Lemma 4.2.5. Let Q@ C R" and H : Q x [0,00) — [0,00) as defined in (4.2.1).
Then, for T > 0, C3° () is dense in L*(0, T; W, (), where Qp == Q x (0,T).

Proof. By the definition of the space L?(0, T} T/VO1 7'[(Q)), we have strongly mea-
surable functions u such that u(t) : (0,7) — I/VO1 H(Q). First we prove that any
function u € L?(0, T} Wol’H(Q)), denoted by u(t) = u(x,t), can be approximated
with simple functions.

Now, by separability property of VVO1 H(Q) (Lemma 4.2.1), we choose a count-
able, dense set {ay},—, C u(0,T). Fixing n € N, we partition WOIH(Q) into,
Fi ={f e Wg™H(Q) : | — arllwrn) < min |lf = aillwix )}

By ={f € Wy (@) | — aallwrne) < min [If = aillwioy} \ FY'

N

. k—1
1211‘131 If — ai”WW(Q)} \ (Ui:1 an)

P ={f e Wy () : |f — arllwro

Here, FT' is closed, hence a Borel set. Since the countable union of Borel sets is
Borel and the difference of two Borel sets is a Borel, then each Fj", J=2,...,kis

a Borel set. Hence, (Fj”) Lk is a family of mutually disjoint, Borel sets such that

Uk F* = Wy (Q). While, denote
By =u"'(F}"), DP=By, Dp:=Bp\(U'B}) fork=23, ... n

The sets B}’ are measurable, since the pre-image of Borel sets are measurable due
to measurability of function u. Further, the measurability of the sets D;! follows
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from the measurability of B;'. We then define the approximating simple function
Up : (0,T) = WEH(Q) as

un(t) = Z G XDy (t)
k=1

Here, {ay} being a dense set in u(0,7"), we have lr<r}€12 llar — u(@®)[lyrq) = 0,
=X \n

as n — oo. Since By is pre-image of F}! under u, we get those values of ¢ for which
the distance between ay, and u(t) under the W1 norm is minimum. We then have

[un(t) = u@)llyrm ) = |l ZakXD;; (t) — u®)|[wr ()
k=1

= min |lagx —u(t — 0
Jminlag —u(t) o)
almost everywhere, as n — o0.

Now, in order to use Lebesgue’s dominated convergence theorem, we modify
u,, Whenever [[uy, ||y (q) is large compared to |[ul|yy1.%(q). So, to have an upper
bound, we define, for fixed ¢,

0, if Hun(t)HWLH(Q) > 2”“@)”le”(9)‘

If, for some ¢, [[u(t)[|yy1.2(q) = 0, then vy (¢) = 0 a.e., and, while for some ¢, if
[w(@)[ly12qy > 0, then vy (t) = un(t) ace., for n large enough, thus [v,(¢)] <
|u,(t)]. Moreover, we can deduce that v, (t) — wu(t) in WIH(Q), as n — oo.
Due to the uniform bound [vy (2)||yy1. () < 2[|w(t) ||y (q)» We can then apply the
dominated convergence theorem to obtain

T
/ Jon(t) = a®) ey dt — 0, in L2(0, T3 W (),
0

asn — oo.
Next, consider

Dy = D\{t € (0,T) : lvn(t)[wrm(e) > 20 u®)lprmyts k=1,2,....m,
where D? are mutually disjoint. By (4.2.5), we get v,,(t) = > arX py (t)-
k=1
Since C§°(€2) is dense in Wol’H(Q), we can choose dj, € C§°(€2) such that,

2 €
ldk — akllyrn ) < 37-
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Further, since D} are disjoint sets, we have > 1_, ¥ Dy (t) < 1. Also, dj being
constant with respect to ¢ variable, then

T n
/ I3 s 0 zakxm o
2 g 2 €
:Hdk—(IkHWLH(Q) ; ’ZXD,’;(t){ dt < =,
k=1

that is,

T n
/ 1> dixpe () Zakxm () a0y At < 5. (4.2.6)
0 k=1

Next, to mollify the above in ¢, consider a mollification function 9,, € C3°(R)
such that foreach k = 1,2, ..., n, we have 6, % (dpx pp ) = di(0n*X py) € C5° (R x
2) and choosing

T
[ 180 o () = xp (O < ot

Zank”WLH(Q).

Then the following expression implies

T
/0 ||5n * (deDf)_deDg %/VI,H(Q) dt
T
= [ e x000) = X O
0 D D (e
T
= Hdk||12/vl,%(9) |0p, * (XD,L (t) — X pn (t)\zdt <=
0 k k 2n

that is,

T
/ H5n * (deD;;) — ClkXD;CL 2 dt < < “4.2.7)
0

WLH(Q) on’

Denote g = }7;_ 0n * (diX py ). Then, we have,

T T n "
/ lg = vallfy2 () dt = / 1) 6 (drxpp) — Zakxljg||%vw(sz) dt
’ 0 k=1 k=1
T n n
0 k=1 k=1
T n n )
+ /O ” Z dk‘XD? - Z akXDg HWIH(Q) dt,
k=1 k=1
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which follows from triangle inequality and further applying (4.2.7) and (4.2.6), to
obtain

T n T
2 2
/0 Hg—vnHWl,H(Q)dKE /O 6 (i) = g,y

T n n
4 / 1S i — 3 a2 dt

k=1 k=1

= €.

R
o

<5+

N

Thus, we can conclude that C§°(€27) is dense in L2(0, T} W&H(Q)) O

Lemma 4.2.6. Let Q@ C R" be a bounded open set and H € ®,,(Y) as defined in
(4.2.1). For each t > 0, assume that f;(-,t),g;(-,t) € L*(R") for j = 1,2,...,
with [ 03(f;) dt bounded, where s > 0. If [ 03(f; — g;) dt — 0 as j — oo, then

S S
|/ QH(fj)dt_/ on(gj)dt] =0 asj— oo
0 0
Proof. Since H is increasing and satisfies (Dec) property, we obtain,

H(z,|gjl) < H(z,lg; — fi1 + 1 f5]) < H(z, 2lg; — f5]) + H(z, 2 f5])
< 2%H(x, [g; — fi]) + 29H (=, | f5])-

Integrating both sides with respect to  over €2 and with respect to ¢t over [0, s], s > 0,

to have
S

/ on(gj) dt < 2q/ on(9; —fj)dt+2q/ on(f;)dt.
0 0 0

This implies that [ 03 (g;) dt is bounded. Then choosing ¢ > 0 such that

/ on(fj)dt <c¢ and /0 on(g;)dt < c.
0

Let A > 0 and note that | f;| < |f; — g;| + |gj-
If | f; — gj] < Algjl, then by (Dec), we have

H(z, | f]) < H(z, (1+ Nlg;|) < A+ ) H(z, |g5]). (4.2.8)

If | fj — gj] > Algjl|. then we estimate by (Dec),

Hw, 1) < Hx, L+ 31— o) < (1+3) Hw 1 - g @29)

Combining both the cases above and integrating over x € (), we find that,

on(fy) = ouley) < (1+ 3) on(f — g7) + (1 + N onlgy) — onlgy).
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Further, integrating with respect to ¢ over [0, s], s > 0, gives

/OS(QH(fj) — on(g;))dt
<" [Conth— i @) [ onton

Swapping f; and g; in both (4.2.8) and (4.2.9) gives a similar inequality, and com-
bining the inequalities, we find that,

’/OS(QH(fj) — ox(g;)) dt| <(1+ i)q/os on(f; —gj) dt
(N =0 [Ceutrde+ [ outa)) ).

Let € > 0. Since [ o (f;) dt + [3 02(g;) dt < 2c, we can choose A so small that,

(A =0 [ outtpde+ [ ontay) i) <5,

when j > jo, and it follows that,

|/Os on(f)dt — /OS on(gj) dt] < e.

4.3 Minimization of image restoration model

Let us consider any image f as a scalar function defined on a bounded and piecewise
smooth open set € of RV -typically a rectangle in R2. Most commonly, image
restoration models (refer [2; 33]) consist of an original image « in the domain (2,
describing a real scene, and the observed image f of the same scene, which is a
degradation of w resulting due to the presence of additive Gaussian noise, denoted as
n, with mean zero and variance o2. Thus the process of image restoration is modeled
as

f=Au+n inQ, 4.3.1)

where A is a linear operator representing the blur (usually a convolution). The objec-
tive is to recover u, with known f and some statistics of 7. Taking A as an identity
operator, we assume that the model of degradation (4.3.1) is valid.

Mostly, restoring image u from (4.3.1) is an ill-condition problem, and prior
information on the underlying image is required to find an acceptable solution. For
this purpose, many variational methods are developed, the most popular one being
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the TV-based (ROF) model proposed by Rudin, Osher and Fatemi [56] in the BV
space as follows:

i pyA — £)2
UGIII;I‘I/I%Q){/Q|DU‘ + 2/Q(u f) daz}, (4.3.2)

where p = 1 and Du is the BV-gradient. Based on the above TV-based diffusion, an
adaptive total variation model:

min / o(z)|Dul dz,
ueBV(Q) Jo

was proposed by Chan and Strong [58]. Here, a control factor a(x) slows the dif-
fusion at likely edges, thus controlling the speed of the diffusion and reconstructing
edges.

Now, we consider the types of diffusion arising from the minimization problem
(4.3.2) with different values of p. At p = 2, it results in isotropic diffusion which
smooths the ’staircasing effect’ caused by the TV-based diffusion at p = 1, but not
able to preserve edges. While different values of 1 < p < 2 result in anisotropic
diffusion, originally presented by Perona and Malik [52], which lies between TV-
based and isotropic smoothing. Such type of anisotropic diffusion proved to be more
effective in reconstructing piecewise smooth regions with an edge preserving inho-
mogenous technique.

Motivated by the above models, using (4.2.1), we define the following functional

E(u) == F(u) + guu —fI* = / H(z, |Vul) + g(u — )P de = / F(u)dz,
. . (4.3.3)
where the double-phase functional H(x,r) = P + a(z)rd, 1 < p < ¢ < 2
would serve the purpose of anisotropic diffusion along with isotropic smoothing in
the model. The function 0 < a € L*°(Q) is assumed to be Lipschitz continuous,
which plays as the trade-off between the two types of diffusion. We then propose the
following image restoration model:

. . by 9
E(u) = \Y% S(u—f) dz. (434
ueWL’I{I(lglr)lmLQ(Q) (u) ueWL’IfI(l(lzI)]mLz(Q) /Q 'H(x,| u\) T 2 (u f) z. ( )

The following result shows the convexity of the functional F.

Lemma 43.1. Let Q C R" and H : Q x [0,00) — [0,00) as defined in (4.2.1).
= [oH(x,|Vu|) + 3(u— f)*dz

Then, w — E(u) is strictly convex, where E(u
from (4.3.3).
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Proof. Foru,v € WHH(Q) N L2(Q), v # v, and a € (0, 1), we have
E(au+ (1 —a)v)
= / IV(au+ (1 — a)v)|P + a(z)|V(au + (1 — a)v)|?
Q

+ %(au—i— (1—a)— f)*dzx

< /(OWUI+(1—a)!Vv\)p+a(x)(a\VUI+(1—0<)!Vv!)q
Q

A

2

+S(au+ (1 —aw—af — (1 —a)f)*de.

Then using convexity of r — 7P, r — % and r — 72, which are strictly convex for
p,q > 1, we obtain
E(oau+ (1 —a)v)

< /(a|vu\p F (1= 0)|VulP) + a(@) (@] Vul® + (1 — a)|Vul)
Q

+3(alu— N2+ (1= a)w - f)?)de,
that is,
E(au+ (1 —a)v) < aB(u) + (1 —a)E(v), (4.3.5)

which proves the strict convexity of the functional . O

4.3.1 Ecxistence of solution of the minimization problem. In this section,
we discuss the existence and uniqueness of the minimizer to the minimization prob-
lem (4.3.4). The approach of the proofs presented here is motivated by those in
[23; 39].

Theorem 4.3.2. Let Q) C R" be a bounded open set and f € L*(Q2). The minimiza-
tion problem

min E(u) (4.3.6)
ueWTH(Q)NL(Q)
has a unique minimizer v € W1 (Q) N L2(Q), where E(u fQ x, |Vul) +

2(u— f)*da, with H(z,7) =17 + a(z)r!,1 <p < g < 2 andO <ac€ L‘X’(Q)
Proof. Setm := inf,cyy1.n()nr2(0) £(u), which is finite, since
0<m=inf E(u) < E(0) = %Hf”g < 0.

The definition of infimum then implies that there exists a minimizing sequence, de-
noted by {ug}22 |, ux, € WHH(Q) N L2(9) such that

12fE(u) = lim E(up) =m < oo.
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The existence of finite limit implies that the sequence F'(uy) is bounded. Thus,

A
E(ug) = /QH(x, Vg ) + Flus = fI?dz < C,

where C' denotes a universal strictly positive constant, and so

/H(x,|Vuk|)dx <C and /(uk _ Rdr<c
Q Q

forevery k=1,2,....
Now, by triangle inequality, we have

Jurllz < I fll2 + llux = flla < ©

which results in uniform boundedness of {u;}7° ; in L*(Q), thatis [, |uk|2 dx < C.
Moreover L?(Q) < L(€2) [4, Lemma 2.5], which then gives [, H(z, |uy|) dz <
C. Thus we get,

on(ur) + on([Vugl) < C
which implies that {u,}3° , is a bounded sequence in W1*(€2). Since W1#(Q) N
L?(9) is a reflexive Banach space, there exists a subsequence {u, 1521 C{un i,
converging weakly to a function u in W% (Q) N L?(9). Then Lemma 4.2.3 implies

lim inf/ H(z, [Vuy,|)d / H(z,|Vu|)d (4.3.7)
Jj—00
Moreover, by the weak lower semicontinuity of the L2-norm,
liminf/ lu, — f|*da 2/ lu — f|? da. (4.3.8)
J—00 [¢) 0O
Thus, from (4.3.7) and (4.3.8), we can conclude that
E(u) < liminf E(uy,) = inf E(u) = m, (4.3.9)
j*)OO u

and hence w is a minimizer of the problem (4.3.6).

To prove uniqueness of the minimizer, suppose that u, & € W5 (Q)N L%(Q) are
two solutions of the minimization problem (4.3.6). Then v := “£% € W1H(Q) N
L?(£2). We claim here that

o) < H0L 0,
with a strict inequality, unless u = @ a.e.
By Lemma 4.3.1, the functional E(u) is strictly convex. Then, taking o = % in
(4.3.5), we get E(v) < w = m = inf, E(v), which is a contradiction, thus
u = @ a.e. in €. Hence the minimizer of E(u) is unique. O
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Theorem 4.3.3. Let Q2 C R"™ be a bounded open set with boundary function f €
WLH(Q) N L>2(Q). Assume that C"X’(Q) nwt H(Q) is dense in WV (Q). Then,
for energy functional E(u) = [, H(z,|Vul) + 2(u — f)?dz, where H(z,r) =
P +a(z)ri,1 <p<qg< 2 as deﬁned in(4.2.1), the minimization problem:

min E(u) (4.3.10)
wEWLH(Q)NL2(Q),u— fFEW, ™ (Q)

has a unique minimizer v € W47 (Q) N L (K2), which satisfies u — f € WOI’H Q)N
L>(Q).

Proof. Let U denote the set {u : u — f € WO1 H(Q)}, and M > 0 be such that
|f| < M a.e. Let ups be the function v € U which has been cut-off at —M and M,
that is

ups = min{ M, max{—M, u}}.

This implies that uy; — f € WO1 H (€2) (see the notes in A.1 in the appendix). More-
over, from the lattice property of W17 (Q2) (which follows from [24, Lemma 6.1.6]
and [24, Lemma 6.1.7]), we have that

Vu, for|u| < M,
VUM = .
0, otherwise

which holds almost everywhere. Hence, |Vuys| < |Vu| ae., and by increasing
property of H, we get H(x, |Vun|) < H(z,|Vul). For {z € Q : |u(z)| < M}, we
have |ups—f| = |u—f|, and, for {z € Q : u(x) > M}, |lup—f| = [ M—f] < |u—f]
holds. While, for {x € Q:u(z) < =M}, jupr — fl=M+ f < —u+ f <|u— f]
holds. This implies ||upr — ;2 < [Ju — f|| 2. So, we get E(upr) < E(u). Thus,
we conclude that the possible minimizer satisfies |u| < M a.e., and belongs to the
set Upr :={upr :u € U},

Since E(u) > 0 for every u € Uyps and f € U, we note that, on taking the same
f for an upper bound of the functional F, results in a finite limit of the infimum of
F, that is,

N

0<m:= inf E(u)
u—feWy (@)

E(f) = en(IVf]) < o0

Thus, there exists a minimizing sequence {u}7°, C Up with uy, — f € VVO1 HQ)
such that
inf E(u)= lim E(ug) = m.

ueUpn k—o0

This implies that the sequence E(uy) is bounded, that is
E(uy) /’H | Vug]) + (uk— f)Pde<C

37



Debangana Baruah

where C' denotes a universal strictly positive constant, and so

/7—[ , |[Vug|) de < C, / up — f)¥de < C.

forevery k=1,2,....
Applying triangle inequality to get

lurllz < 1Fll2 + llue = fll2 <

which implies {u,}72 ; is bounded in L*(€2), that is [, \uk\Q dz < C, and further
since L2(Q2) < LM (Q) by [4, Lemma 2.5], we can conclude that

/ H(z, |ug)) dz < C
Q

on(uk) + on(|Vug|) < C

Thus, we get

Now, the sequence {uj}2° , being bounded in WH*(Q) and L%(f2), so similarly
using reflexivity, we have a subsequence {u, }52; C {ux}72;, and u € WhH(Q)N
L?(£2) such that
up, —u  in WHH(Q) N L*(Q).

Moreover, since {uy}32, C Up, hence u € WHH(Q) N L>(£2). Also note that
foru, — f € W&H(Q) N L*>°(92), since I/VO1 Q) N L>=(Q) is a closed subspace of
WHH(Q) N L°°() and uj, — u, then we have u — f € VVO1 Q) N L*°(Q) which
is weakly closed. Thereafter, following the same argument in the previous proof to
obtain weak lower semicontinuity as in (4.3.9),which implies

E(u) < liminf E(ug,) = inf E(u) = m,

J—00

we can then conclude that u is a minimizer of the minimization problem (4.3.10).
The uniqueness of minimizer « follows similarly as proved in the previous result. [

4.4 The associated boundary value problems

In this section, we show that the minimizer of the problem (4.3.4) can be equivalently
expressed as solution of a boundary value problem obtained from the minimization
functional (4.3.3).

Assume that f : Q — R is continuous, and let

K = {v € C*(Q), such that v(z) = f(z) for z € IQ},

be a non-empty set for the energy functional (4.3.3), which we recall, is of the form,
_ / Ha, Vo)) + 5 (v — /) da. 4.4.1)
Q
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Next, we compute the functional derivative of E with respect to v € K which gener-
alizes the ’gradient’ notion for functions. One version of functional derivative is the
Gateaux derivative for functional £ at v in the direction of h € C§°(£2), denoted by
d(E; h), as defined below

. Eu+eh)—FE d
dE(u; h) = lim w = LE(ut eh) le—o 4.4.2)
Here, we have E(u + ¢h) = [, H(z,|V(u + ch)|) + 3 (u+ch — f)? dz, where

the integrand and its derivative with respect to € are contmuous over 2. Using Leib-
niz rule to interchange the order of integration and differentiation, we calculate the
derivative of E(u + ew) with respect to ¢ to obtain as follows,

d

V(u+eh)|
+ Mu+eh— f)hdx.

= / (pIV (u+en) P~ + a(x) ¢V (u + ah)\q_l)‘(ih) vh (4.4.3)
Q

Then (4.4.2) implies,

%E(u—i—eh) 6:Oz/p|Vu\p 1—| Vh+a(x)q|Vu|"™ 1—‘ Vh+A(u—f)hdz,

that is,

B(u h) /’H (Vul) g Vh 4 A fhdr, he GEQ). (Gad)
where H..(z,|Vv|) = p|VoP~! + a(z)q|Vv|?L. Note that when Vu = 0 the
derivative in (4.4.3) is well-defined, since the total degree of Vuisp — 1 > 0.

Proposition 4.4.1. Let Q C R" be a bounded open set and function f : Q — R
be continuous. Consider the following partial differential equation with Dirichlet
boundary condition:

—div (Hr(x, \Vuy) )+)\( - f)=0 inQ, (4.4.5)
u=Ff ondf, (4.4.6)

where H,(x, ) denotes the derivative of H(x, 1) with respect to r. Then the function
u € K is a solution of (4.4.5)—(4.4.6) if and only if E(u) = ml}I{l E(v), where E(v)
ve

is defined as in (4.4.1).

Proof. Suppose that v € K is a solution of (4.4.5)—(4.4.6). Let v € K be arbitrary.
We aim to show that F(u) < E(v) forall v € K, thatis, E(u) = Hli[r(l E(v).
ve
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Now multiplying (4.4.5) by u — v and integrating over ¢2, we have

. Vu
_/lev (’Hr(x,|Vu])M)(u—v)da:+/)\(u—f)(u—v)d:c:(),

Q

where the derivative 1, (z, |Vu|) = p|Vu|P~ + a(x) ¢|Vu|?". Since u,v € K, so
u — v = 0 at the boundary 0€2. Then using integration by parts formula for the first
integral in the previous expression implies

/7—[ |Vu| (u—v)d:c+/ﬂ)\(u—f)(u—v)da::().

Further rearranging gives
/Hr(a:,|Vu|)|§Z|-V(u—v)dx _ —/ Mu— f)(u—f+ f—v)da
0 0
_ —/ )\(u—f)Qd;v—i—/ Mu— (v — f)da.
0 Q

Then using the relation ab < (a® + b?),a,b € R, for the second integral on the
right hand side above, we obtain

/QHr(x,Wu])'gz'-V(u—v)dm—l—/g)\(u—f)zda:
<[5 (=174 @=17) as,
and thus we have,
/(V 5 tala )|qu|2q)Vu-Vudx+/ Mu—f)Pde
</ (Wuzl)z,p —i—a(x)lvutz‘z,q)Vu Vvdw—i—/ (v — f)de.

Now taking the absolute value relation Vu - Vo < [Vu- Vo| < |Vu||Vo| in the first
integral expression on the right hand side, the above inequality becomes

[ 619 +atel vl o+ / A ) d
Q

< / (PIVul Vo] + ale)g| Vult L Vo]) d + / Mo = f)?da,
Q

and, thereafter, applying Young’s inequality (2.1.7) on each term of the first integral
expression on the right hand side above, we obtain the following,

/ (pIVul’ + a(2)q|Vul?) dz + / S(u—f)?dw
Q2 Q
< [o(3vor+ (1) 19uP) + ateya (190 + (1~ 1) (9ur)
+ 2w f)da,
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and therefore, we have
[ 1vur + @t + = pRde < [ 90 + @) Vel + 0 - P

which gives,
E(u) < E(v).

Since v is any arbitrary function in K, we get E(u) = m1}r<1 E(v). Therefore, u is a
ve

minimizer of F on K.

Conversely, suppose that v € K minimizes £. We aim to show that u is a
solution of the boundary value problem (4.4.5)—(4.4.6). Let h € C§°(2), and for
any real number ¢, we have u + ¢h € K. Now, consider the functional E:R— R,
defined as,

E(e) = B(u+<h),

such that the function u + €h is admissible for the minimization problem. By as-
sumption, u is a minimizer of F, thus the minimizer of F must exist at € = 0. This
implies that the derivative of F vanishes at ¢ = 0, that is,

d - d
d—EE(e) = d—&_E(u +eh)=0 ate=0. (4.4.7)

Using (4.4.4), we have from (4.4.7),
/ Hr(z, |Vu|) \V | -Vh+ XNu— f)hde =0, heC5 (), (4.4.8)

which indicates that the solution u is weak. As h vanishes on 0f2, then using inte-
grating by parts formula for the first integral on the left hand side above, we get

/Q(—div( r(, IVu!)IV |>+)\(u—f))hdx:0. (4.4.9)

Since h can be chosen arbitrarily, then applying the Fundamental Lemma of Calculus
of Variations 2.1.2 for the above equation (4.4.9), we obtain,

—div( (@, \W|)|V |)+/\( —f) =0, (4.4.10)

almost everywhere in ). Thus, we conclude that every minimizer of £ on K solves
(4.4.5)-(4.4.6). O

Next we define weak solution for the above Dirichlet problem (4.4.5)—(4.4.6).
Note that, it suffices to require u € W12(Q) satisfying (4.4.8), for any h € C5°(9),
as a solution of (4.4.5) in a weak sense. Additionally, in order to satisfy the bound-
ary value condition (4.4.6), we consider functions in T/VO1 2(Q) taking zero boundary
values in a general sense, so we have u — f € W&’Q(Q) (refer [15, Section 5.5]).
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Thus, a function u € WH%(Q) is called weak solution of the Dirichlet problem
(4.4.5)—(4.4.6) if the integral identity (4.4.8) holds for every h € C§°(2), provided
u—fe VVO1 H(Q) The equation obtained in (4.4.10) is known as the Euler equation
or Euler-Lagrange equation, corresponding to the functional F in (4.4.1).

On the other hand, for solving minimization problems where no Dirichlet bound-
ary condition is imposed in the space of admissible functions, as in Theorem 4.3.2,
the Neumann boundary problem is considered. The Neumann boundary condition,
in general, emerges as a natural consequence of the weak formulation of the prob-
lem. In this case, the weak solution formulation is obtained in a similar manner as in
the Dirichlet case.

Now, in order to obtain the minimizer of the energy functional (4.4.1), we com-
pute the Euler-Lagrange equation with:

dE(u;h) = 0in . (4.4.11)
Then using (4.4.4) we obtain the Gateaux derivative of E as,
E(u;h) / Mo ( \Vu]) Vh—i—)\(u—f)hdx.
Further applying the Green’s first 1dent1ty (2.1.5), yields
dE(u; h) = /Q ( — div (e (=, |Vu]) = o) A f))hd:c

+/ag (Hr(x,|Vu])%~N)hdS

where NN is the outer unit normal vector for x € 92 and dS denotes the surface
measure on Jf). Then, from (4.4.11) and since h # 0, we obtain the Euler-Lagrange
equation,

— div (H, (=, |Vu\)|v ‘)—{—)\( —f)=0, in{,
and a Neumann natural boundary condition,
0
87]% =0, onJf.

Thus, the minimizer of E(u) is obtained by solving the boundary value problem,

—div (M (z, \Vu|)|v|)+)\(u—f):0 in Q
Vu-N=0 on 0f2.

Note here that, the Neumann boundary condition does not originate from restric-
tions on the function space where minimization of the functional takes place, but as
part of the derivative condition dE(u) = 0. Thus, the admissible variations h, in
this case, are free to vary on the boundary. Due to such characteristics, boundary
problems with Neumann condition are more widely used for numerical purposes, in
compared to the Dirichlet boundary condition.
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4.4.1 Heat flow and the associated weak solution. In [56], Rudin et al. pro-
posed the use of artificial time to solve Euler-Lagrange equation, which is equivalent
to the steepest descent of the energy functional. For such approach, we first consider
the image as a function of space and time, say u € L?(0,T; C*(2)), having bound-
ary function f : Q — R, both continuous up to the boundary of Q7 :== Q x (0, T) for
any T € (0,00). The associated L?-gradient flow [15] of functional E(u), defined in
(4.4.1), is given by u; = —0FE(u), where u; is the partial derivative of u(x,t) with
respect to ¢, and OF(u) denotes the functional derivative of E to u which general-
izes the ’gradient’ notion for functions. One version of functional derivative is the
Gateaux derivative, as in (4.4.2) for functional £ where the boundary term vanishes,
expressed as follows

aB(h) = [ (= div (el [Vl 8) + M= ) da
- <—div( Wz, |vu|)IV |) +A(u f),h>

2

where H,.(, ) is the derivative of H(x, r) with respect to r and (-, -) is the L>-inner
product over 2. The above can be interpreted as the directional derivative of E in
the direction of h, that is,

(OB (u), h)y = (= div (H (x,|Vul) oy ) +Alw = £),h)

2

and, thus, we get

OE(u) = —div (#,(z, [Vul) ) + A — ).

Hence, the associated gradient flow of E(u) is of the form,

ut:div< r(z, ]Vu\)‘v |) Mu—f) inQxRT.

The associated heat flow to the problem (4.3.4) can then be written as:
g = div <p\Vu|p 1ﬁ +a(@) gl Vul ‘) Mu—f), inQr (44.12)
u(z,t) = f(x), on 092 x (0,7T). (4.4.13)

We also consider an initial condition at ¢ = 0, associated with the above boundary
problem:
u(z,0) = f(z), inQ x {t=0}. (4.4.14)

In general, the above boundary problem (4.4.12)—(4.4.13) does not have a clas-
sical solution, so we need to introduce a weak formulation in order to satisfy the
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conditions for the well-posedness of the problem. We now derive the weak solution
formulation of the boundary problem as follows.

Suppose that u is a classical solution of (4.4.12)—(4.4.13) belonging to the func-
tion space L?(0,T;C%(Q)) N CY(Qr), and v € L2(0,T;W'2(Q)) n CY(Qy),
and both u(-,t) and v(-,¢) have the same boundary function f continuous upto
00 x (0,T), for every t. Now multiplying (4.4.12) by v — u both sides and in-
tegrating over {2 to obtain,

|Vul*7P [Vl

/Qut(v—u)da::/gdiv< pVu +a(x) qvu >(v—u)—)\(u—f)(v—u)d:c.

At the boundary 092, v —u = f — f = 0, then using integration by parts formula for
the integral on the right hand side above gives,

/ut(v —u)dx
Q
_ pVu qVu _ _
= /Q <|Vu|2_” +a(x) |Vu\2‘q> V(v —u)dx

—//\(u—f)(v—f—quf)dx
Q

p q
- /g (s + ) s ) V- Vo + /Q(p‘vu’p +a(x) q|Vul?) de

+/QA(u—f)2da:—/QA(u—f)(v—f)dx.

Further using absolute value relation on the first integral on the right implies,

/ ut(v —u)de > — / (p|VulP~ Vo] + a(z)q|Vu|T Vo)) de
Q Q

+/Q(qu|p+a(x)q\Vu|q)d:1:+/Q/\(u—f)2—;\(u—f)2

+ g(v — ) d.

Thereafter, applying Young’s inequality (2.1.7) to each of the terms in the first inte-
gral on the right above implies,

/ut(v —u)dx
Q
> —/Qp (%|Vu|p + (1 - %)\VUV’) +a(z)q ($|Vv|q + (1 - $>\Vu|q> dx

ul’ + a(z ul?) dz Mu—Nde— | 2= )2dax
+ [ GIVup + o) dVul de+ [ S prdo= [ -5
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that is,

/ ug(v —u) dx
Q
> / (IVulP + a(z)|Vu|? + %(u —?) = (|Vo]P + a(z)|Vo|? + %(v — )?) dz.
Q
Hence, we obtain
/Qut(v —u)dr + E(v) > E(u).

Further integrating both sides with respect to ¢ over [0, s], where s € (0, T, yields

/O/Qut(v—u)dxdt—k/o E(v) /E (4.4.15)

Now if we consider that (4.4.15) holds, then for w € C§°(fdr), setting v == u +
ew,e € (0,1) in (4.4.15), we have

//utswdmdt—l—/ E(u—l—sw)dt2/ E(u)dt
0 Jo 0 0

which implies that [ [, usew da dt + [; E(u+ cw) dt attains a minimum at & = 0.

Thus, at
9 </ /utswda:dt+/ E(u+£w)dt>
9e \Jo Ja 0 £=0

interchanging the order of integration and differentiation using Leibniz’s rule, as the
integrands: E(u + ew) and its derivative with respect to € are continuous in x and ¢
over (27, we then obtain from above,

| [wwdsies [* [ @roar +a@ v g v

+ AMu— flwdxdt =0,

that is,

/ /utwdacdt—f—/ /(Hr(x,\Vu])lz;Z)-Vw—i—)\(u—f)wdxdt:O.
0 JQ 0 JQ

Since w = 0 on Jf), then applying integration by parts formula above to get,

//utwdde// — div (Mo (2, [ V) ) + A — ) e = 0,

which holds for all s € (0,7] and w € C§°(Qr). Since w is arbitrary, then by
Fundamental Lemma of Calculus of Variations 2.1.2, we obtain from the above
equation, u¢ = div (Hy(z, [Vul) |Vu\) A(u — f), which is the heat flow equation
(4.4.12). This motivates that, if u € L2(0,T; WH"(Q) N L?(Q)) satisfies (4.4.15)
with u; € L2(Qr), then u is a weak solution (pseudosolution) of (4.4.12)—(4.4.13),
in the sense of distribution. We, thus, have the following definition.
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Definition 4.4.2. A function v € L*(0,T; W5 (Q) N L?(Q)) with weak derivative
ug € L?(Q7) is called a weak solution of (4.4.12)~(4.4.13) if
(i) u(-,t)— f € Wol’H(Q), for every t, where f € WH(Q), and
(ii) u satisfies (4.4.15) for all s € (0,T) and v € L?(0,T; WHH(Q) N L2())
such that v(-,t) — f € Wol’H(Q),for every t.

4.4.2 The approximate functional and the associated boundary prob-
lem. Among the various regularization approaches [20; 33] developed so far to
achieve specific geometric properties, we consider the e-regularization technique
[20] to artificially smooth the problem (4.3.4). For bounded set {2 C R™ with Lips-
chitz boundary, we regularize H(z,r),r € RT by introducing a smoothing parame-
ter € € (0, 1) such that the approximate functional, 7€ : Q x [0, 00) — R, is defined

as:
He(z,r) = (V12 + ez)p +a(z)(Vr? + eQ)q, 1<p<qg<2

Here, the function 0 < a € L>(R"™) N C?(Q) is Lipschitz continuous and addition-
ally assume that a is constant outside some large ball in R™ containing €2, so that
the decay condition (A2) holds for H(z,r). Moreover, H satisfies (A1) condition,
provided g(p — q) < 1 holds [24, Proposition 7.2.2]. Further, we consider that the
function a has bounded second order derivative, which is mainly required to satisfy
solvability conditions of the boundary problem.

The derivative of H¢(x, ) with respect to r, given by H¢ :  x [0,00) — R, is
of the form,

€ 9 1€ r r
Hy(w,r) = 5 H(x,7) = ﬁ +a($)ﬁ-

Further calculation of second derivative of H¢(z, r) with respect to r yields,

> 0.

o € _ p(p — 1)T2 ‘|’p52 q(q — 1)7"2 + qe2
W/H (IE,T) - (m)4_p + (SU) (m)4_q

This implies that H(z,r) is (strictly) convex with respect to the second variable.
While, as € — 0, it is clear that H(z, ) — H(x,r) and HE(z,7) — He(z, 7).

For any € € (0, 1), we have the estimates (2 + 62)g > (7"2)g and (r? + 62)% >
(r2)2, where p, g € (1,2], from which (v72 + €2)" — (vV72)" +a(z) (V2 + €)' —
(Vr? )q) > 0 holds. Thus, we have the property,

H(x,r) = H(x,r). (4.4.16)

On the other hand, for H¢, we use the estimate va% + b2 < a + b, (a,b € RT),
to have, for any r > 0,

H(z,7) = (V2 + 62)p + a(z)(Vr? + 62)q < (r+e)f +a(z)(r+e)?,
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also expressed as,

H(z,7r) < ZP(T;E)p + a(z) QQ(T ; E)q.

Further due to the convexity of ¢ — tP and ¢ — t9 for the right-hand side terms,

HE(w,7) < 2P7H(rP 4 €F) + a(x) 2971 (r? + €9)
< 2>rP + a(x)r? + (|la(2)| + 1)€?),

and since |a| < M, where M > 0 is constant, we obtain
H(z,r) < 2H(z,7r) + 2(M + 1)e.
Hence, we have the estimate,
H(x,r) < 2H(x,r) + C, (4.4.17)

where the constant C' = 2(M + 1)e > 0.

Next, we regularize the boundary function f through mollification. We consider
f in the whole of R™ instead of €2, such that f € WULH(R") N L>°(R"). First
consider a standard mollifier { € Ll(R”), defined as,

() = {CCXP (1) lal <1

0, else,

where constant C' > 0 is selected so that |[(||1 = [;. ¢ dz = 1. Then, for § > 0 and
xz € (), we define the convolution,

fs(x) = (f+G) (@)= [ f(y) sz —y)dy = . flz —y)Gs(y) dy. (4.4.18)

Rn

where (5(x) := 3¢ (%). Itholds that {5 € C§°(R") and satisfy [, (s do = 1. Thus,

n

by standard mollification properties [15, C.4., Theorem 6] and Young’s convolution

inequality, we can conclude that f5 € C*°(Q2) and V f5 := V f x (5 in Q. Further,
since the set (2 is compactly inside R™ and f; is continuous upto the boundary of (2,
so f5 is bounded in €.

Since H satisfies (aDec), (A0), (A1) and (A2) conditions, then by Lemma 2.2.11,
we obtain the following convergence property, as 6 — 0,

fs — f inWhH*(Q) (4.4.19)

which implies f5 € W1HH((Q).
We note another estimate,

1 fsll e @y < IF Il ey (4.4.20)
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which follows from Young’s inequality for convolution (2.1.8).

Now, to prove the existence of solution to the heat flow problem (4.4.12)-(4.4.13),
we first consider the following approximated problem:

ug = € Au + div <7—[§(x, ]Vu|)‘§—z|) — Mu — fs), inQp (44.21)
u(z, t) = fs(x), on 90 x [0,T] (4.4.22)

where f5 € C*(Q) and Au = % is the Laplacian of . The initial condition
=1

associated with the above boundary problem at ¢ = 0 is taken as:
u(z,0) = fs(z), inQx {t=0}. (4.4.23)

Note that in the divergence term in (4.4.21), if Vu = 0 then H¢(z, |Vu|)|§—z| =0.

We aim to prove that, under suitable conditions, as ¢ — 0 and § — 0, the so-
lution of the approximated problem (4.4.21)—(4.4.22) converges to the solution of
the boundary problem (4.4.12)—(4.4.13). In order for that, we first prove the exis-
tence of solution of the approximated problem (4.4.21)—(4.4.22). Taking (4.4.21) as
a quasilinear equation in the form,

n
L = uy — Z gij(x,t,u, Vu) Ug,z, + g(x,t,u, Vu) = 0, (4.4.24)
ij=1

where the coefficient functions g;; and g are continuous functions in the domain.
Then calculating the divergence term in (4.4.21) to obtain

. € Vu . pVu qVu
div (HS(z, |Vu|) o ) = d
IV( (@] “’)Ivul) v (( Vul?+e)* " +a(x)( |Vu|2+62)2‘q>

which gives,

div (%;(x, \WDLZ)

:< P4 a(z) q _ )Au+< p(p—2) i
(\/\VU\Q—O—EQ) P (\/\Vu|2+62) - (\/|Vu\2+52) P
a(z)q(q—2) > a ou ou 0%u q

= . +
(\/W)4 q P 0x; 0x; 0x:0T; (VIVuP + &)

= (Va-Vu).
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Then (4.4.21) is of the form,

n D a(x) g p(p— 2)|Vul?
- + — + — 62_'_ _
: Zl<( e e e
qlq — 2)|Vu? ou du 9u .
a(x (\/W)4_Q)axi 8%) 0x;0x; + (\/W)Q—qva -Vu
— Au — fs).
(4.4.25)

Comparing the above expression (4.4.25) with (4.4.24), the coefficient functions g;;
and g can be expressed as,

p a(x) q ) i

iz, t,u,Vu) = (e + — + —
! )= R T R

4.4.26
( p(p — 2)|Vul? a(z) q(q — 2)|Vul? ) du du. ( )
(VIVuP +) (VIVulF+e) " O O
and,
gz, t,u, Vu) = — b (Va-Vu)+ MNu— fs). (4.4.27)

(VIVul? + €?)
Here, the partial differential equation (4.4.25) is uniformly parabolic, as proved in

the appendix A.2, which satisfies the following parabolicity condition, for any s € R
and k € R",

n
vIEP <Y gij(ets, k) & < plé, (vop>0) (4.4.28)
ij=1
where £ = (&1,...,&,) is an arbitrary real vector. Due to the parabolic nature,

the solvability of the approximated problem (4.4.21)—(4.4.22) can be proved from
the theory of general quasilinear parabolic equations, referred in the book of O. A.
Ladyzhenskaya, V. A. Solonnikov and N. N. Uralfseva [38]. We can then conclude
the following result on the existence of solution of the quasilinear boundary value
problem.

Lemma 4.4.3. Let 2 C R™ be a bounded open set with Lipschitz boundary and

w € C*°(2). Consider the following quasilinear boundary problem,

ug(x,t) — Y gij(z,t,u, Vu) ug,e, +g(x,t,u, Vu) =0, (z,t) € Qr
ij=1
u(z,t) = w(x), (x,t) € 02 x (0,7)
(4.4.29)
where g;j and g are given by (4.4.26) and (4.4.27) respectively. Then there exists a
solution of the boundary problem (4.4.29) in C(Qr)NL?(0,T; W12(Q)). Moreover,
u(-t) —w € Wol’z(Q) holds for every t.
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Proof. Here, g;; and g in (4.4.26) and (4.4.27), satisfy the solvability conditions in
[24, p. 560, Theorem 4.4, Chapter 6], as proved in Proposition A.3.1 in the appendix.
Then, for y € (0, 1), we have that u € C(Qz) N C?+71%32 (Qr) is a solution of the
quasilinear problem (4.4.29), where Crlts (Qr) is the Holder space consisting of
derivatives of u(z,t) with respect to = upto order 2 and with respect to ¢ upto order
1. Moreover, we have u € C(Qr) N L2(0,T; W12(Q)) and u(-,t) — w € WOI’Q(Q)
for every t (refer [28, Lemma 1.26]). ]

Remark 4.4.30. The result in Lemma 4.4.3 further implies that the solution of the
parabolic boundary problem (4.4.29), satisfies C*°-regularity in Q27 by [15, Theorem
8, Section 2.3, Chapter 2], irrespective of smoothness of the boundary values on 9€) x
(0,T). This regularity assertion is required for estimating mixed order derivative of
the solution with respect to both - and ¢. Thus, for fixed d, € > 0, considering u§(x, t)
as the solution of the quasilinear boundary problem (4.4.29), it follows from the
previous Lemma 4.4.3 that, the approximated problem (4.4.21)—(4.4.22) has weak
solution u§ in L2(0, T; W12(2)) N C>°(r), such that u§(-, t) — f5 € Wol’Q(Q) for

each ¢, where fs € C°(2).

Next, in order to prove the existence of solution of the original boundary problem
(4.4.12)—(4.4.13), we first produce the following a priori estimates.

Lemma 4.4.4. Let Q) C R" be a bounded open set with Lipschitz boundary and
f € WHH(R™) N L®(R™). For fixed §,¢ > 0 and f5 € C°°(Q), if function u§ €
L2(0,T; WH2(Q)) N C*(Qr) is a solution of the problem (4.4.21)—(4.4.22) having
initial condition (4.4.23), then (u§), € L*(0,T; L*(Q)) satisfies

T
/ / ((u§), ? d
0 Q

4 sup [ (§ITus )+ Moo [V, o)) + 5 0s(a,) — fo)?) do < C.
s€(0,T] JQ
(4.4.31)

N[ >

where C' > 0 is a constant depending only on Q and 6||Vf§||%2(9).

Proof. Since u§ € L%*(0,T; WH2(Q)) N C*°(Qr) satisfies the approximated prob-
lem (4.4.21)—(4.4.22), then multiplying (4.4.21) by (u§), and integrating over §2, we
obtain,

€
Vus

/Q ), 2 i = /Q (), A da + /Q (), iv (M5 (0, [V ) )
A [ (ws)us — fo) e

At the boundary OS2, we have (u§), = 0, since fs is independent of . Then, for
fixed ¢, applying integration by parts formula over €2 for the first two integrals on the
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right-hand side above to get,

Vu(;

/| );|? dx = —e /Vu5 - Vu§ dx — /QV(ug)t s l?—le( z, |Vu§|) dz
A ()5 — fr) da

Since u§ € C*°({dr), then interchanging the differentiation order of the mixed
derivatives of x and ¢ using Schwarz’s Theorem, in the previous equation to obtain

€y |2 _ o € . € _ o €Y. Vus e €
[ w2 == | (v Vs da = [ 5 0705) e Ve d
0, ¢ 2

For the terms on the right-hand side above, note that %(Vug) -Vu§ = %%|Vug 2,
and, on the other hand, we compute,

) p|Vus)| q|Vug| >a ;
—(H(x, |Vug|)) = — +a(x — | =|Vu
2 (4 (a, |V ug) <(\/W)” ”wm)“ 2 |vu
Vus

[Vus| ot

= H(z, [Vug))

(V%)

Then plugging the above derivatives in (4.4.32) implies,

GRS

0 ne ¢ 0, ¢
- [ saivul e = [ Sov Vi) de - [ S - 5o

that is,

8 € € € €
/\ )| dx+/98t(§|vu52+% (z, |[Vu§]) + Au§ — f5)?) dz = 0.

Interchanging the order of integration and differentiation above using Leibniz’s in-
tegral rule, and further integrating with respect to ¢ over the interval [0, s] where
(0, T, we have

//y dede/O ;/Q(;\Vu312+7-[6(m,Vu§|)+/\(u§—f5)2)d:cdt:0.

Att = 0, we have u§(x,0) = f5(x), then the above equation implies,
/0 /Q|(uf5)t\2da:dt+ /Q (EIVus(, )+ He (@, [V, ) )
€ 2 € 2 €
+ Au§(z,5) — f5)?) dx = /Q (5IVF5 +H (2, |V £])) da
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Applying the estimate H(x, |V f5|) < 2H(z, |V f5|)+C from (4.4.17), on the right-
hand side above, to have,

/ /| ) dwdt+/ (EIV (@, s)P + H(, [Vus(a, )

+ Mu§(w,8) = f5)?) do < | (5IVs” + 2H(x, [V f3]) + C) da.
Q 2
(4.4.33)

Further, since [, H(z,|V fs]) dz < C(constant), then the previous expression im-
plies,

/ /y )2 da:dt—i—/ (EIVus(a, ) + H (@, [V, )
+ Mu§(x, s) — f5)°) do < C,

(4.4.34)

where the constant C' depends on €2 and ||V f;]|3 L2()- Thus, as s — T, then (4.4.34)
implies,

T
| [ wdzars s [ (51Vuste ) + 1o [ Tusta,o)
0 Q Q

s€(0,T
+ Mu§(x, s) — f5)?) do < C,

with constant C' depending only on ) and €|V f5||%2(9), as required. O]

Lemma 4.4.5. Let Q) C R"™ be a bounded open set with Lipschitz boundary and f €
WLH(RMNL®(R™). For fixed 6, ¢ > 0and f5 € C®(Q), ifu§ € L*(0,T; WH2(Q))N
C>®(Qr) is the weak solution of the approximated problem (4.4.21)—(4.4.22) having
initial condition (4.4.23), then

HUSHLw(QT) < Hf”LOO(R”)' (4.4.35)

Proof. Letk := || f|[«(g~) and G be a C" truncation function defined as G(v) =
max{v,0}. Choosing v := u§ — k, we have

us —k, ifu5—k=>0,

0, otherwise.

G(us — k) = {

By Lemma 2.2.7, we have, for fixed t > 0, G(u§(-,t)—k) € W?(€2). Let G’ denote
the derivative of G(u§(-,t) — k) with respect to x, having value G’ = Vu§(z,t) for
almost every = € {u§(-,t) — k > 0}, otherwise G’ = 0 for all other x. Since uj
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is weak solution of (4.4.21), then multiplying (4.4.21) by G(u§ — k) and integrating
over ) gives

/ (uS), G(u§ — k) de
Q

_ / et Glu — ) + div (M (o, [ Vus) T2 ) Gl — )
Q
— Mug — f5) G(ug — k) dﬂ?

Using (4.4.20), we have at the boundary 99, u§ = f5 < |fs| < |[fsllp=(90) <
||f||Lx,(Rn) = k, that is u§ — k£ < 0, and hence, by definition, G(u§ — k) = 0. Then
using integration by parts formula for the right-hand side integral above gives,

/ (u$), G(u§ — k) da
Q

/eVu5 G'dx—/?—[ |Vu5|) Vu5 -G dx
Q

- [ M5 = £ Glus — k) d
(4.4.36)

To evaluate the right-hand expression in (4.4.36), we consider two cases: the first
case is for z € {u§(-,t) < k}. This yields G(u§ — k) = 0 and also G' =
Hence, (4.4.36) implies f{ 1)<k} (u§), G(u§ — k) drz = 0. The second case is for

v € [ug(,1) > k). Then, we have (1) > k = | fll iy > |l oy > fo
that is, u§(-,t) > f5 for every x € {u§(-,t) > k}. Moreover, for u§(-,t) > k, we
have G(u§ — k) = u§ — k > 0. Additionally, G’ = Vu§ in this case.

Now, for the right-hand side integrals in (4.4.36), we have

A5 = f3) G = )y
= /Q)\(uf; — f5) G(us — k‘)X{ug(,,th} dx
+/Q AMus — f5) G(us — k)X {ug (1)) d
>0+ /Q Aus = £5)* X(us(-)5k) dz = 0
and, for
/QEVuf; -G'dx = /QeVuf; . G,X{ug(-,t)<k} dr + /Q eVus - G/X{ug(-,t)>k} dz
=0+ /Q 6|Vu§\2x{u§(.7t)>k} dx >0
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and, similarly for,

€ ey VUs
/QHr(xv ‘vucSD |Vuf;|

Since the value of the right-hand side expression in (4.4.36) is non-positive for every
x, which implies [, (u§),G(u§ — k) dz < 0, that is,

G da = [ Hia VIV g5 dn >0

1 [ d .

Interchanging the order of integration and differentiation through Leibniz integral
rule, we get 4 [, 1(G(u§ — k))?dz < 0, which implies that [, (G (u§ — k))?dz
is monotonically decreasing in ¢. Moreover, at the initial condition Q x {t = 0}, we
have u§ = fs < k, which implies G(u§ — k) = 0. So we can conclude that,

/Q;(G(uf;(a:,t) — k)% dr < /Q S (G(us(x,0) — k) da = 0.
Thus, we have 3 [,(G(u§(-,s) — k))?dz = 0, for every s € (0,T]. This yields
G(u§(-,s) — k) = 0, which implies u§(-, s) < k, for every s € (0,7T.
On the other hand, considering v := u§+k and multiplying (4.4.21) by G (u§+k),
we follow the same process as above to obtain u§(-,s) > —k for every s € (0,7].
Hence, we can conclude that —k < u§(-, s) < k, that is |u§| < k, which implies,

ull L~ op) <5 =1l L~ @m

as required. ]

4.4.3 Existence and uniqueness of solution of the boundary value prob-
lem

Theorem 4.4.6. Let Q2 C R? be a bounded open set with Lipschitz boundary and
H Q2 x[0,00) = [0,00), as defined in (4.2.1) where 1 < p < q < 2 such that
q< %p. Suppose f € WHH(R2)NL>(R?). Then there exists a unique weak solution
u € L0, T; WHR(Q)NL>®(Q)) of the boundary problem (4.4.12)—~(4.4.13) having
initial condition (4.4.14), with u; € L?(Q7).

Proof. Existence: For fixed d,e > 0, there exists a strong solution of the approxi-
mated problem (4.4.21)~(4.4.22) in L?(0, T; W12(Q)) N C>(Qr), say u§(z,t), by
Lemma 4.4.3, such that u§(-,t) — f5 € WOI’Z(Q) for each t, where f5 € C°(Q) is
the convolution function of f as defined in (4.4.18). Note that, on passing J, ¢ — 0 in
the approximated problem (4.4.21)—(4.4.22), we would obtain the heat flow problem
(4.4.12)—(4.4.13), under suitable convergence conditions. So, to prove the existence
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of solution for the boundary problem (4.4.12)—(4.4.13), the approach involves first
fixing 6 > O for the solution of the boundary problem (4.4.21)—(4.4.22) u§(x,t) and
pass to the limit as € — 0, and thereafter passing § — 0.

Step 1: With fixed § > 0, passing ¢ — 0. Now, for fixed § > 0, we have
{ug }:2, as the sequence of solutions to the approximated problem (4.4.21)—(4.4.22).
Then, for each ¢; € (0, 1), {ug' } satisfies the estimates in Lemma 4.4.5 and Lemma
4.4.4, which implies that {ug'} has uniformly bounded L°°(€27) norm, and {(ug'), }
has uniformly bounded L?(Qr) norm with bounded constant depending on € and
||V f(;H%Q(Q). Hence, by sequential Banach-Alaoglu Theorem [57, Section 3.15, p

68], there exists a subsequence {uj"” };)0:1 C {ug'} such that, for us € L>(Q27) and
w € L?(Q7), as ¢; — 0,

ug? — us  weakly* in L>°(Qr) (4.4.37)
(ug?), = w weakly in L*(Qr), (4.4.38)

Then, from A.4 in the appendix,
w(z,t) = (us(z,t)),, us(z,0) = fs(x), (4.4.39)
where (us), € L*(Qr).

We have [ (ug” (z,t)),dt = ug’ (z,s) — fs(x), where s € (0,7],7 > 0, then
for 1 € L%(Q), the following holds,

/Q/o (ug” (z,t)),4() dtdm:/g(ué”(a:,s) — fs(x))(x) du.

Thereafter, taking ¢; — 0, we apply weak L?-convergence of (ug” ) , from (4.4.38),
to obtain,

[ o) = sepvtarde = [ [ o)t des
R /Q/O (us(, 1)) () dt da

— [ [ st deds
aJo
~ [ (usta ) = fo)) () da
This implies that, for each s > 0, as ¢; — 0,
ug’ (-, 8) = ug(-,s) weakly in L*().

Since the sequence {uj } satisfies the estimate (4.4.31) from Lemma 4.4.4, we
have ||ug (-, s) — f(;Hg < C for each s > 0, where C' > 0 is constant depending
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on € and eiHVf(;Hiz(Q). Then, applying the embedding L2(Q) — L*(1Q), by [4,
Lemma 2.5], we obtain ||ug (-, s) — fs]|,, < C. Also by Lemma 2.2.11, || fs|l, < C
where constant C' > 0 depends on || f||,,. Then, for each s > 0, [lug (-, s)|,, <
Jug (-, 8) = fsllo, + I fsll; < C. By definition of the norm of L* space and its unit
ball property (Lemma 2.2.2), we have o, (ug (-, s)) < C and oy (ug' (-, s) — fs) < C.
Moreover, since [, H(x, [Vug' (-, s)|) dz < C from the estimate (4.4.31), and H <
He from (4.4.16), we get [ H(x, |Vug (-, s)]) de < C, thatis oy (Vug' (-, s)) < C.
Thus, we have, for each s,

on(ug (8)) + on(Vug (-, 5)) < C, (4.4.40)

which implies {u§ (-, s)} is a bounded sequence in W% (€2). And since ||V f5];, <
C from 22,11, we have [V (uS'(-,5) — f5)ly, < V45 ()| + Vsl < C,
where C' > 0 is a constant depending on €, e||Vf5H2L2(Q) and ||V fl|,,. Using the
estimate o3 (ug' (-, s) — fs) < C, we similarly obtain as above,

Ql’y(ugi(-,s) — f5) < C. (4.4.41)

Since M satisfies (AO) and (alnc),, (p > 1), conditions, then by [24, Lemma
6.1.6], we have Wh*(Q) — W'P(Q), where p is the index from (alnc), condi-
tion. Thus, (4.4.40) yields that, for each ¢ > 0, the sequence {u§'(-,%)} is bounded
in W1P(Q). Further, due to the boundedness of € in R? and applying Rellich-
Kondrachov theorem, we have that W1 () compactly embeds into L? for all ¢ <
22—_’;3, which implies compact embedding of W1?(Q) into L?(Q2) space. Thus, for
each t > 0, the subsequence {ug”’(-,t)}>

j=1 C {ug (-,t)} converges strongly in
L?(2), as ¢; — 0, that is,

ug? (-,t) = ug(-,t) strongly in L*(9). (4.4.42)

Next, we have (ug?),ug? — (ug),us = (ug”),(ug? — us) + us((uz”), — (us),),
then integrating both sides over 2, for each ¢, implies,

/Q (), — (us)yus) de
< /Q ), Nluse? — s de + /Q us((uS7), — (ug),) d.
Further, applying Holder’s inequality for the first integral on the right gives,
[ (55 = (ws)us) da
<15l = sl + [ us((05), = () d
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Then, for each ¢t > 0, as ¢;; — 0, we apply strong-L? convergence of ugi" (+,t)
from (4.4.42) and weak-L? convergence of (ug’ (, 1)) , from (4.4.38) in the above
expression, which implies,

/Q ((ug? (1)) ug” (1) = (us(- £))gus(-,t)) do — 0, ase; —0.  (44.43)
Now consider a test function, say, v € L?(0,T; W2(2)) N C*°(Q27) such that
v(-,t) — fs € W01’2(Q), for every t. Since the solution {uj’} satisfies the PDE

(4.4.21), then multiplying (4.4.21) by (v — ug’), and integrating with respect to =
over 2 as well as with respect to ¢ over [0, s|, where s € (0,7],T > 0, we have,

/ / (ug?), (v — ug?) — €;Aug? (v — ug?) da dt
c Vu(;” € ; € ; €
/ /le (He(z, |Vug” ]) )( v—us’) — Mug’ — f5)(v—ug”’) dx dt.

Note that, from proof of Lemma 4.4.3, ug” and its derivatives of = upto order 2 are

Holder continuous in 27, which implies they are continuous in Q, and thus we have

‘Hi(fﬂ, |Vuf;”('7t)|)%| € WhH2(Q) for each t. Moreover, since v(-,t) —
s\

ug?(-,t) € VVO1 (), then, for fixed t, applying integration by parts formula for

Sobolev functions, from (2.1.6), to the integral on the right above, we obtain

S
/0 /Q (ug?), (v —ug?) — €, Aug”? (v — ug”?) dw dt
Vu;ij

/ / @ Vi, e”|
/ / T — f5) (v — ug?) dx dt.

Since H¢(x, |[Vu§|) is convex with respect to the second variable, that is |Vus/, then
the relation H(, |Vug”? |)(|Vo| — [Vug?|) < H(z,|Vv]) — HE (2, [Vus?|) holds
true. First, applying absolute value both sides, we compute

(Vo= Vug?)) dedt (4.4.44)

e Vug? €ij €ij |Vusij - V| ‘Vueij |2
Mo [V ) s - (Vo = V) < s o [V ) (e — ()
< H(z, [Vug? ) (| V| — |Vug”|),

and then applying the convexity relation of ¢ to obtain,

Vu;ij
V]

HE (2, Vs ) (Vo — V) < H(x, [Vo) — HE (2, | VS |). (4.4.45)
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On the other hand, we have
Aug? — f5)(v —ug?) = Mug? — f5)(—ug” + f5+v— fs)
= —Mug? — f5)* + A(Ufsij — fs)(v — fs)
< —A(u?j—;ﬁ)2+- (us? — f5)° + (v—:ﬁ)a
and thus,
SA(ug — f5) (o —ul?) = A (s — f5) = S f3)2 (4.4.46)

So applying the inequalities (4.4.45) and (4.4.46) in (4.4.44) to obtain,

//u5 L0 —ug?) — € Aug (v —ug?) dodt > // — H(x, |Vl
+ Mz, [Vug) + (gl—ﬁ)—*@—ﬁ)ﬁMﬁ

that is,

// uf), (v —ug?) — € Aug? (v —ug?) + H (z, |Vo|) + (U—fé) dx dt

o fpeerss

Further, since H¢ > H from (4.4.16), then the previous inequality implies,

7( S — f5)* da dt.

// 57, (v —ug?) — e Aug? (v — ug?) + H(x, [Vv]) + (U—f5) dx dt
/ /?—[ z, |Vug”’|) + ( f5) du dt.
(4.4.47)

Next, forall v € L2(0,T; WH2(Q))NC>°(Qr), applying the dominated convergence
theorem, we obtain,

lim/ /7—[6 ,|Vol) da dt = / /hm?—t6 ,|Vvl) dx dt
e—0 Q€0
:/ /H(x,|Vv|)dxdt,
0 JQ

since the integral [, H(z, |Vv|) dz is bounded with respect to € < 1, and H€ is
bounded by 2°H and a constant, from (4.4.17).
On the other hand, from weak-L? convergence of (uj”)

(4.4.48)

. in (4.4.38), we have

/ /(ug”)tvdxdt%/ /(U5)tvd:vdt,
0 JQ 0 JQ
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ase; — 0.

Due to the uniform boundedness of {u§' (-, ¢)} in W7 (€2) with respect to ¢ from
(4.4.40), there exists a subsequence of {u3”(-,t)}, denoted by same {u;” (-, ) };‘;1,
converging weakly in W5 (Q) and weakly* in L>°(Q), to the limit us(-,t) €
WEH(Q)NL>®(Q), as €;; — 0. Then using weak lower semicontinuity from Lemma
4.2.3, we have,

lim inf / H(z, |Vus? (-, 1)] / H(x, |Vus(-,t)]) d. (4.4.49)

6”

On the other hand, applying the embedding property L?(2) < L*(Q) [4, Lemma
2.5] for u§'(-,t) — f5 € W(}’Q(Q), yields uy (-,t) — fs € WOM{(Q) for every t.
Further, since {u§ (-,t) — f5} is uniformly bounded in W17(Q) with respect to ¢,
by (4.4.41), then taking a subsequence of {us’(-,#) — fs5} converging weakly to
us(-,t) — f5 in WHH(Q) as i; — oo, we apply Lemma 4.2.2 to obtain that the limit
us(-,t) — fs € WOI’H(Q), foreach t > 0.

Now taking the limit as ¢; — 0 in (4.4.47), we apply the convergence results
(4.4.38), (4.4.43) and (4.4.48) to obtain,

//w v —ug) + H(x, |Vo]) + ('U—fg) dzx dt
> lim (/ /H(x,]Vu(;dexdt—i—/ /A(ugj —f5)2dxdt).
einO 0 QO 0 Q 2
(4.4.50)

Applying boundedness property of ue” in W H(Q) from (4.4.40), and boundedness
of [, 5( 2(ug? — f5)% dx with respect to €; ; HVf(;HLz , from the estimate (4.4.31), we
have

/QH(.I',‘Vung’)daj‘dt{-/;l ( €ij _f5) GZ]HVf(;H%Q(Q) +C,

where constant C' depends on (2. Then taking limit on both sides as ¢;; — 0, the
above implies,

lim ([ H(x,|Vug?|)dedt —|—/ %(ugj - ﬁ;)2 dz) < C.
Q Q

67;]-4)0

With constant C' as the majorant of the right-hand side integral above, we apply
the dominated convergence theorem to interchange the order of limit and integral in
(4.4.50), and further apply (4.4.49) and (4.4.42) to get,

//w v = us) + H(a, [Vol) + 20— f5)? dudt
> [ [ e Vush + s - g e,
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that is,

// (u(s)t(v—u(g)dmdt+/sE(v) dt>/sE(u(g)dt, 4.451)
0 Q 0 0

holds for all v € L2(0,T; WH2(Q)) N C™(Qr), such that v(-,t) — f5 € Wy*(Q),
foreacht > 0.
Next we prove that (4.4.51) holds for any test function in L2(0,T; W17 (2)) with
similar boundary condition as ug.

First, let f5(x,t) == fs(z) for every t, then we have fO:‘F \|f5(-,t)||W1,2(Q) dt =
T| £5ll a2y~ So for v(-,t) = f5 € Wy*(Q), we have v — f € L2(0,T; Wy*(Q)).
Assume that o € L2(0,T; WH*(Q)), such that 5(-,t) — f5(-,t) € WOIH(Q) for
every t, and let £ .= v — f5.

Since C§°(Qr) is dense in L2(0, T; W&H(Q)) by Lemma 4.2.5, which implies
that, any function in L?(0, T} WO1 7{(Q)) can be approximated by a sequence of
C5°(Qr) functions, say {£;}72,. Thus, there exists a subsequence of &;, denoted

by the same &;, such that, as j — oo, {; — {in L?(0,T; W(}’H(Q)), that is,

/0 1€ — €[5y, dt — 0. (4.4.52)

Since H satisfies (alnc),,p > 1, and (aDec) properties, then using Lemma 2.2.4 to
have

s s N N
/ 165 = Ellfyae dt > / (min{(%m,ﬂ(ﬁj -&)7, (%Ql,?—t(fj — &) h?dt,

° ° (4.4.53)
where p and ¢ come from the (alnc) and (aDec) conditions, while c¢ is the maxi-
mum of the constants from these conditions. Further, the right-hand side of (4.4.53)
implies,

| mind Gorntes =97, Gornle — ) 32 a
N /0 (%91,7-[(@ - 5))%X{g1.ﬂ(fj—§)<c} T (EQW(@ - '5))%“%(51—5)20} dt

1 s 2
> 2(/0 (01,7(&5 = €)) " X{orn(;-)<c} A1)

M)

cp
1 S
+ = /0 01185 = E)X {1 (e, -} At
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Applying Holder’s inequality to have from

[ min{Contes - )%, Conmtes - )17 a

1

T3 (/0 (0118 = ) " Xto1 (e, -)<c) dt)

[MIS]

>

(f

1 S
+ = /0 01,31(&5 = E)X{o1 2 (&;-€) >} At

CcP S
C
zC / 011 (&5 = E)X{o1n(e,—6)<cp At + C / 01,1(&5 = X {01 n(e;-) e} At

1

p
1-3

where C' = min{— , %} Thus, we obtain

CPS

[ in{ ot - )7 Gornls - ) P> € [ ol €yt

Then, from (4.4.53) we get

/0 16— €2 dt > C /O 0130(&; — £) dt. (4.4.54)

Then, from (4.4.52), the above estimate (4.4.54) implies that fos 9177.[(@ —&)dt — 0,
as j — oo. Since p1.7(£(+,t)) is bounded with respect to ¢, we apply Lemma 4.2.6
to conclude that, as j — oo,

[ (ernt&) = mi€ at| o
from which we have,
/ / H(x, |VE;|) de dt — / / H(z,|VE|)dedt, asj—oo. (44.55)
0 Jo 0 JQ
Using W17(Q) — L2(Q) from Lemma 4.2.4, we obtain the embedding prop-

erty L2(0, T; WH(Q)) < L?(0,T; L*(Q2)) from parabolic space properties in [63,
Proposition 23.2(h)], and applying this in (4.4.52) implies

/ / & da dt — / / Edxdt, asj— oco. (4.4.56)
0 JQ 0o Ja
With (us), € L*(0,T; L?(£2)), we apply the above L2-convergence to get,
lim / / (us), & dadt = / / (us), & dx dt. (4.4.57)
J=eoJo Ja 0 JQ
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We have that (4.4.51) holds for test function &; + [, that is

S A -
/ /ﬂ%(:c,ng\) + Slus — f5? de dt
0
° ; ; A
< / / (us) (&5 + f5 — us) + H(z,[VE; + Vfsl) + 55 du dt.
0 Jo
(4.4.58)
Now taking the limit as 7 — oo in (4.4.58), we apply (4.4.55), (4.4.56) and (4.4.57),
to get
S A ~ 9
| [ vush + Glus - A dode
0 JQ
3 ; ; A
< [ wale + fs = us) + o [V + Vs + € do .
0
Since £ = o — f5 = U — f5, then the above inequality implies

s A
| #9ush + s — fol* dwt
0 Q

< / /Q (us) (0 — us) + H(z, VD) + %(1‘) — f5)? da dt,
’ (4.4.59)

which holds for all 7 € L2(0, T; WH(Q)), with o(-,t) — f5 € L(0,T; W, ().
Hence, by definition of weak solutions 4.4.2, us € L?(0,T; WHH(Q) N L*°(Q)) is
a weak solution of (4.4.12)—(4.4.13), such that, us(-,t) — fs € WolH(Q) for each
t >0, and us(z,0) = f5(x).

Step 2: Passing 6 — 0, to obtain the weak solution formulation. Now we
pass 6 — 07 in (4.4.59), to complete the proof.
First note that Lemma 4.4.4 holds for v, so fixing § > 0 and taking ¢; — 0 in
(4.4.33), we apply (4.4.42), (4.4.38) to obtain

T
/ /\(U5)t|2 dx dt + sup </ H($,|VU5(',S)|)+%(U§(‘,S) — f5)? d:r) <C
0o Ja s€(0,7] \JQ
(4.4.60)

where the constant C' > 0 is independent of § and ¢;, and depends only on 2. This
implies that us is in L>(0, T; W17(Q)), with bounded constant independent of ¢.
On the other hand, taking ¢; — 0 in (4.4.35), we apply (4.4.37) to obtain,
e e gy < Km0y <1 o ey (4.4.61)

where the bound is independent of both § and ;.
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Now taking 0 = 0;,7 € N, we have from (4.4.60), that {(us;),} is uniformly
bounded in L?(Q7). While, (4.4.61) implies that {us;} is uniformly bounded in
L>*(Qr). Also, from (4.4.60), for fixed s € (0,7], on(Vus;(-,s)) < C and
llusi(-, ) — fsilly < C. Again, using the embedding L? < L* [4, Lemma 2.5], we
obtain, for fixed s, ||us;(-,s) — f5;ll; < C, and further [|us;(-, s)|[,; < C. Hence,
by properties of the norm, we get oy (us;(+,s)) < Cand oy (us; (-, s) — f5;) < C.

While, with |V (ug; — f5;)] < |Vugs;|+|V fs;], applying the doubling property of
‘H and integrating over 2 to get o3 (V (us; (-, s) — f5;)) < C. Thus, for fixed s > 0,
{us;(-, s)} as well as {ug;(-,s) — fs;} are bounded sequences in W1 ().

Next, we follow the same arguments used to obtain (4.4.37), (4.4.38), (4.4.42)
and (4.4.49), to conclude that, for each ¢, there exists a subsequence {us; j (-, t)};‘;l C
{us;(-,t)} and a function u € L>(0, T; WHH(Q)NL>(Q)) with u; € L?(Q7) such
that as d;; — 0,

ug;; — u weakly* in L () (4.4.62)
(usi;), = ue weakly in L?(Qr) (4.4.63)
ug;; (-, t) — u(-,t) strongly in L*(Q) (4.4.64)
lim inf / (e, [Vusy|) de > / H(z, |Vu|) dz, (4.4.65)

and u(x,0) = Jim f5i(), follows from A.4 as well. Moreover, since ¢ < 3 which
i
implies H satisfies (A1) condition [24, Proposition 7.2.2], then using (4.4.19) we
have f5; — fin WH(Q), as 6; — 0. Hence we obtain u(z, 0) = f(z). Also, since
usi (-, t) — f5; € WOI’H(Q) for each ¢, then by Lemma 4.2.2, we have u(-,t) — f €
1LH

Wy ™ (2).

On the other hand, using the uniform boundedness of {us,(-,¢)} in W17(Q)
with respect to ¢, and the pointwise estimate (4.4.65), we obtain

liminf/ /H(:E,|Vu(5ij])d:v:/ liminf/?—[(x,|Vu(5ij|)d:Edt

2/ /H(m,]Vu\)dxdt.
0o Jo

Now, using weak-L? convergence of (us; j) , from (4.4.63) and strong-L? conver-
gence of ug; (-, t) from (4.4.64), we follow a similar approach used to obtain (4.4.43),
to have,

/Q(ugij(',t))tugij(-,t)d$—>/Qut(-,t)u(',t)dx, asdy, 0. (44.67)

(4.4.66)

Since f5; — fin WH%(Q), as §; — 0, by (4.4.19), then we apply the embedding
WHH(Q) — L2(), from Lemma 4.2.4, to obtain

1 fsijll, = I flls asdi; — 0. (4.4.68)
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Consider § = 9;; in (4.4.59). Then taking the limit as 6; — 0 in (4.4.59), we apply
the convergence crlterla (4.4.62)—(4.4.68), to obtain that, for all o € L2(0, T; WH%(Q)),

//utvu+7-l( Vo) + 30 - ) dodt

/ /H s [Vul) + ( )2 dx dt
/OS/QW(@_“) d:cdt+/OSE(1‘;) dt>/OSE(u) dt. (4.4.69)

Additionally, since we have u(-,t) — f € W&H(Q) for each t > 0, and u(z,0) =
f(x), hence, by definition 4.4.2, we conclude that v € L>(0,T; WHH(Q)NL>(Q)
is weak solution of the heat flow problem (4.4.12)—(4.4.13).

Uniqueness: To prove the uniqueness of the solution, suppose that uq(z,t) and
us(x,t) are weak solutions of (4.4.12)-(4.4.13). Here we can obtain two inequal-
ities from (4.4.69): the first one by setting v = u; and v = usg in (4.4.69) as follows:

// (ul)t(ug—ul)dxdt—i—/sE(ug)dt2/SE(ul)dt (4.470)
0 Q 0 0

and the second one by setting u = ug and v = u; in (4.4.69) as follows:

that is,

/8/ (u2),(u1 — ug) dx dt + /s E(uy)dt > /S E(ug)dt. (4.4.71)
0o Ja 0 0

For all s > 0, adding the two inequalities (4.4.70) and (4.4.71) gives,

/os /Q((u1>t — (u2)y)(u1 —uz)drdt <0
/ /th”ul—w dx dt <0.

Then applying Fubini’s Theorem for interchanging the order of integration above,
and using the initial conditions, u1(x,0) = us(z,0) = f(x), to obtain

/ lun (s) — ua(s)[2 dz < 0
Q

for every s € (0, 7. Thus, for T > 0, we have fQ |u1 — uz|? dx = 0, which implies
u1 = ug almost everywhere in {2 x [0, 00), and hence the solution is unique. O

so, we have,
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Next, we discuss steady state of the solution to the boundary value problem
(4.4.12)—(4.4.13). A steady state solution for a differential equation is defined as
the solution where the value of the function do not change over time, that is, a time
independent function. This is obtained by setting the partial derivative(s) with re-
spect to t in the partial differential equation to constant zero, and then solving the
equation for a function that depends only on the spatial variable x. With such ap-
proach, we now prove the stability of the solution for the heat flow problem in the
following result.

Theorem 4.4.7. Let Q C R? be a bounded open set with Lipschitz boundary, and
H: Qx[0,00) — [0,00), as defined from (4.2.1) where 1 < p < q < 2 such that
q < %p. Then, for any T > 0,

[ur = uzl poe ) < N1 = foll oo (o)

where uy and us are weak solutions of the boundary problem (4.4.12)—(4.4.13) with
initial values fi, fo € WHT(R?) N L>=(R?).

Proof. Setting k = || fi — fa| [, (ge), we define,

vi=up — (up —ug — k), w=uz+ (ug —uz — k), 4.4.72)
where,
ul—uQ—k, iful—uQ—kZO
up —ug — k) = (4.4.73)
(1 ? )+ {0, otherwise.

From Theorem 4.4.6, the weak solutions u1,us € L°°(0,T; WL (Q) N L>(Q))
such that u;(-,t) — f1 € WolH(Q) and uz(-,t) — fo € Wol%(Q) for each ¢, with
(u1),, (u2), € L*(Qr). Then for the above expressions, by chain rule we get v, w €
L2(0,T; WHH(Q)NL>(Q2)). Moreover, we have (u; — uz — k), € Wol’H(Q), then
v and w have the same boundary value as u; and uy in Sobolev sense, that is, f; and
f2, respectively. Further, we estimate the following using (4.4.72) and (4.4.73),

A R A (4.4.74)
Vuy, up—us <k Vus, up—us <k.

Now, u; and ugy being weak solutions, then by definition of weak solution, we have
that, for each ¢ > 0,

/S/ (ul)t(v—u1)+7-[(:c,]Vv|)+%(v—f1)2dxdt
0 Jo
2/0 /QH(:E,|V’U,1|)+;\(U1 — f1)*dz dt,
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and,
| [ = )+ w9 + 5w~ o dot

> /OS/QH(:U,\vm\) + 2 (us — fo)? du dt.
Summing up the above two inequalities implies,
[ o =) + () w0 = ) + (e [900) + Mo [ol) + 0= £)°
3w ldede> [ [ Ha T + W [Fual) + 30— )

+ %(UQ - f2)2 dx dt.
(4.4.75)

From (4.4.74), we have

H(z,|Vua|) + H(z, |Vur|), foru; —us >k

H(z, [Vo]) + H(z, [Vw|) =
H(zx, |Vu|) + H(z,|Vusa|), foru; —us <k

and, hence
H(z, |Vou]) + H(z, |Vw|) = H(x, |Vui|) + H(z, |Vusl), (4.4.76)

holds almost everywhere. On the other hand, consider,

[ (G = 220 = 102+ (w2 = 2o = (0 o) da
- /Q(u1 ) v — 2f1) + (uz — w)(up + w — 2f) do
where we substitute the values of v and w from (4.4.72) to obtain,
[ = 102 = 0= 5% + (i = 1 = (w0 = P o
:/Q(u1 —uy — k) (w1 4 v — 21 — up — w+ 2fs) du
:/Q(ul — s — k) (2u1 — 2up — 2ur — us — k), — 21 +2fo) da,
that is,
/Q(m — f1)* 4 (ug — f2)* = (v = 1)* = (w — f2)? da

:/QQ(ul—uQ—k)Jr((ul—uz—k)—(ul—u2—k)+—(f1—f2—k))dx.
(4.4.77)
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On the other hand, by the definition of k, we have fi — fo — k = f1 — fo —

11 = fellpe() < f1 = f2 = |fr = fol <O, thatis f1 — fo — k <O.
So, now, for values of u; — ug < k, since (u1 — uz — k), = 0 by (4.4.73), then the
right-hand side expression of (4.4.77) implies,

/ 2(u1 —Uug — k)+((U1—U2—k)—(U1 — U2 — k)+—(f1—f2—k)) dr = 0.
{ur —us<k}

(4.4.78)
While, for uy; — uz > k, since (u1 — uz — k), = u1 — ug — k by (4.4.73), then the
right-hand side expression of (4.4.77) implies,

/{ }2(u1 —UQ—k)Jr((ul —UQ—k') — (’U,l —UQ—k‘)Jr— (fl —fg—k))dl'
U,17U/2>k
2/ 2(u; —ug — k)((ug —ug — k) — (u1 —ug — k)) de =0,
{u1—u22>k}
that is,

/{ - 2(u1 —ug — k) ((u1—u2—k)—(u1 —ug — k), —(fi—fa—k))dz > 0.

4.4.79)
From (4.4.78) and (4.4.79), we conclude

[ 2= = ) (0 = w2 = ) = 1 =2 = R, = (= o= R > 0
Then (4.4.77) implies,
[ =p2+ = o> [ (=24 - pPde. @4s50)
Now applying (4.4.76) and (4.4.80) in (4.4.75), to obtain
/08 /Q (1), (v —u1) + (u2),(w — uz) dzdt > 0.
Substituting the values of v and w gives,
/Os /Q(—(m)t(ul —ug — k), + (u2), (w1 —ug — k), ) dzdt >0,
that is, .
/O /Q((ul)t ~ (uz))(ur — uz — k), dzdt < 0.
The above expression is of the form,

/ / @\ — uz — k), da dt < 0.
0 Q
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Then, applying Leibniz rule to interchange the order of integration and differentiation

above, gives
S d 9

and thus, integrating over the interval [0, s| implies,

/|(u1(x,s)—uQ(x,s)—k)+deg/|(u1(x,0)—u2(x,0)—k)+|2dx
Q Q

=/Q|<f1 o k), Pde.
(4.4.81)

Since f1 — f2 — k < 0, so we have (f; — fo — k), = 0, almost everywhere, then
from (4.4.81), it follows,

/ (u1 —uz — k) [*dz < 0.
Q

This gives us that (u; — ug — k) = 0 a.e., which implies u; — uz < k.
Similarly, considering (k — uy + u2) ., we follow the same approach to obtain
uyp —ug = —k. Thus, we get —k < u; —ug < k, that is, |u; — ug| < k, which gives,

k=Ifi— f2||L°°(R2) 2 |ur — ug| = flur — u2||L°°(QT)>

as required.

4.4.4 Behavior of the solution

Theorem 4.4.8. Let Q C R? be a bounded open set with Lipschitz boundary and
H o Qx[0,00) = [0,00), as defined in (4.2.1) where 1 < p < q < 2 such that
q < 3p. Assume that f € WHH(R?) N L>®(R?). Then, there exists a sequence
of positive numbers {s;},i = 1,2,..., and an integral average of weak solution,
denoted as u(x,t), of the heat flow problem (4.4.12)—(4.4.13) over the interval [0, s;],
defined as

S
w(zx, s) = i/o u(z,t) dt, $=81,589,..., (4.4.82)

such that a subsequence of w(x, s;) strongly converges to the solution of the mini-
mization problem (4.3.10) in L*(Q), as s; — oc.

Proof. With v € L>(0,T; W1(Q) N L>(Q)) as weak solution of the problem
(4.4.12)—(4.4.13), we have, by definition 4.4.2, u satisfies (4.4.15) such that u(-,¢) —
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f € WOIH(Q) for each t > 0. For any v € W1(Q), having the same boundary
value as u, we have from (4.4.15) the weak solution formulation,

/OS/QUt(x,t)(v(x)—u(:c,t))dxdt+/()sE(v) dt}/osE(u) dt

Applying Fubini’s Theorem to interchange the order of integration for the first inte-
gral, implies

//utfvt dtda:—//ut:ct (:ct)dtdx+E()/sdt
/E

i( 2) and u(z, 0) = f(x), then integrating with respect to ¢ over the
the left hand side integrals, it follows,

Since u;u =
interval [0, s]

1 U2‘ 2 X S v v — 2 X
[t = node =5 [ @269 = Fdos [0 lvo) + 30 - 17

//7—[ AVul) + 3 (u — f)?da dt.

(4.4.83)

1
2d
for

Since u € L*®(0,00; WM (Q) N L>(Q)) by Theorem 4.4.6, so for each s > 0,
using the convexity property of H and the definition of w from (4.4.82) to get

QH(w(HS)):QH(i/O udt /H S/0 udt)d // H(z,u)dtdx.

Interchanging the order of integration above and using the boundedness of u(-,¢) in
WHH(Q) to obtain,

S S S
on(w(-,s)) < = H(w,u)dodt =+ [ on(u)dt<~> | Cdt<C,
SJo Ja S Jo S Jo

(4.4.84)
where the constant C' depends on s > 0. Similarly, for each s > 0, we ob-
tain oy (Vw(-,s)) < C, and hence we conclude that g1 %(w(-,s)) < C. Thus,
|lw(:, 8)llyrn(q) < C. On the other hand, since [lu(-,?)[|,, < C for every ¢, we
estimate

1 1
|lw(-, 9)|l = Hs/ u(z,t) dt|| oo < / llul| o, dt < S/ Cdt <C, (44.85)
where the constant C' depends on s > 0.

Next, we compute estimates for w(-, s). Since |[Vw(z, s)| < 2 Io IVu(z, t)| dt,
then increasing and convexity properties of H implies

Hix, V(s / IVl dt) < / H, [Vu))di.  (4.4.86)
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On the other hand, using Cauchy-Schwartz inequality, we have

s

(w(z,s) ~ F@) = (¢ [ ulat)de - 7))

0

I
—~
| =
\m
—~
A
s
=
~
8
N
U
~
~—
)

(4.4.87)

Now, in (4.4.83), interchanging the order of integration by applying Fubini’s
theorem for the right hand side expression, we divide both the sides by s, to obtain

1

S/Q(u(a:,s)—f(x))v(:c x—/ (z,5) = f*(x ))da:+/( (z,[Vv])

e rdes [ ([ e v g - prand

and applying (4.4.86) and (4.4.87) implies,
| Ha Ve )+ s - fa)de < & / (u(, 5) — F(@))o(z) dv
—/ (@,5) — f2(x da:+/7—l V(@) + 2 (0(e) — f(2) do.

Further, using the estimate [uv| < %(|ul? + [v]?) and |fv] < 1(|f> + |v[?) on the
left-hand side above implies,

[ AVt o) + 5 wies) - fe) da
(o) + @) + 1) + o(a)?) da

\25
_/ (@.5) — 2z dﬂc+/”H IV@)) + 3 (0() - f(2))* de.

that is,

/ H(, V(o 5))) + 2 (w(e,s) — f(x))?da

1

A 2
<1 [ (0@ +1f@P) o+ [ H[Vol@)) + 5 (0(a) 1) de
(4.4.88)

Since WH*(Q) < L%(Q) from Lemma 4.2.4, we have f € L?(R?) as square-

integrable function, then [,(|v(z)|? 4 | f(z)|?) dz is finite in the above expression.
Taking s = s;,7 € N, we have from (4.4.84) and (4.4.85) that the sequence

{w(-, 5;)};cy is uniformly bounded in W17 (€2) and L>°(9), for each s;. Therefore,
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there exists a subsequence {w(-, sij)};’il C {w(-,s;)} which converges weakly in

WLH(Q) and weakly* in L°°(Q) to a function & € W7 (Q) N L>(9), as s; — 0.
Applying weak lower semicontinuity from Lemma 4.2.3, it follows,

liminf/ Hw, Vol si))]) de > / H(z, Vi) dz. (4.4.89)
S;—>00 [¢) 9]

Moreover, from the embedding W% (Q) < W1P(Q) [24, Lemma 6.1.6], where
p > 1is from (alnc),, it follows that {w(-, s;)} is a bounded sequence in W' (1)
for each s;. Further, since W1P(€2) is compactly embedded in LP*(Q2) for n = 2,
where px < ffpp, we conclude that {w(-,s;;)} converges strongly in L*(£2) space.
Hence, as s;; — oo,

w(-,si;) = @ strongly in L*(€2). (4.4.90)

Now consider s = s;,7 € Nin (4.4.88). Then taking limit as s; — oo in (4.4.88),
and applying (4.4.89) and (4.4.90), we obtain

/H(m,\Vﬁ])—l—;‘(&—f)Qdmg/H(m,\Vu\)—i—;(v—f)de,
Q Q

that is,
E(u) < E(v),

which shows that @ is the minimizer of (4.3.4). O

4.5 Numerical methods and experimental results

Image restoration is an application of minimization problems, as introduced earlier,
whose primary objective is removal of noise such that the features of the image are
preserved. The approach involves the minimization of nonsmooth energy functionals
for yielding quality restored results. Solving such functionals typically requires large
number of iterations, and thus an efficient algorithm is preferable where the runtime
is crucial. It is a classic problem in the field of image processing and computer
vision, for which various methods involving variational and numerical approaches
[16; 56], have been developed to address noise reduction, in the recent decades.
Nonsmooth optimization techniques to solve image restoration problems include
the bundle methods [42]. The basic idea in bundle methods is to approximate the
subdifferential [11] of an objective function with a bundle formed by collecting sub-
gradients from previous iterations. This information is used to construct a model
of the objective, which is utilized to determine a solution of the original problem.
Among the bundle methods, Limited Memory Bundle Method (LMBM) [22; 34]
is used for solving large-scale nonsmooth unconstrained optimization problems that
guarantee global convergence. So, it is considered appropriate for image restoration
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[33; 41], as digital images contains thousands of pixels to be processed in a short
span. We apply this method to produce experimental results by solving the image
restoration optimization problem through FORTRAN.

In this section, the primary goal is to present simple numerical results, to under-
stand how the image restoration model works with noisy signal and images. How-
ever, we do not discuss the details of the optimization algorithm used, since we
mainly deal with the illustration of the behavior of the image restoration model.

First, we give the discretized formulation of the image restoration model along
with its discretized gradient, in the following subsection.

4.5.1 Discretization of the model In solving optimization problems, Euler
made extensive use of the *method of finite differences’. By replacing smooth curves
by polygonal lines, he reduced the problem of finding extrema of a function to the
problem of finding extrema of a function of [V variables, and then he obtained exact
solutions by passing to the limit as N — oo. The finite difference discretization
method [17] is one of the simplest forms of discretization, which approximates the
differential operators constituting an equation locally. In image processing, due to
the digital structure of an image as a set of pixels uniformly distributed, finite differ-
ence approximation schemes are easy to implement to an image domain.

We assume that € is an open and bounded domain in R"™, where n > 1 is the
dimension of image. In one dimension, for signals, {2 is an interval in R. In two di-
mensions, we deal with planar images and € is a rectangle in R%. Given an observed
image f, possibly degraded by noise, and a balancing parameter A > 0, we solve the
corresponding optimization problem of the image restoration model from (4.3.3) as,

. . by 2
E(u) = F Sl — 45.1

where F(u) = [ |Vul’ + a(z)|Vu|'dz, with1 < p < g < 2anda > 0isa
regulatory component. The weak lower semicontinuity of the cost functional F(u) in
WHH(Q) N L2(9), yields the unique solvability of the above minimization problem
in this space, as established in Theorem 4.3.2. The discretization of the above model
is approached by finite difference method, using backward difference approximation.

For the numerical experiments, we take the case of one-dimensional signal f :
2 — R, where Q = (0,1) C R. Consider the number of discretized points in €2 as
N € N. We introduce the equidistributed grid points (z;)y;< v given by z; = ih,
and h = ﬁ denote the mesh step size. Also, let u; := u(z;). For discretization,
we fix IV and assume u, f,a as N-dimensional vectors, where f is the given noisy
signal and a is chosen appropriately. To perform the operation over the entire signal
in 2, we simply iterate over all the points indices z; for ¢ = 0,1,..., N, and thus
determine the numerical value of w;.
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Let D denote the backward difference approximation operator of V, defined as

1 )
(DU)Z = h(uz —ui_l), 1= 1,...,N, (452)
with ug = 0, taken as a Dirichlet boundary condition. Further, we denote
N N
[DufP = " |(Du),lP and |Dulf = a;|(Du);|".
i=1 1=1
The discrete approximation of the problem (4.5.1) is then defined as,
min E(u) = min >(u— )7 (u— f) + | Dul? + | Dul?, (4.5.3)
uERN u€RN 2

where (u — f)T denotes the transpose of (u — f).

Note that, for 1 < p < g < 2, E(u) is strictly convex and differentiable in R",
which implies that E' has a global minimum value at the point where the gradient of
E vanishes. So, next we arrive at the necessary and sufficient optimality condition
for (4.5.3), by computing the gradient of E'(u).

We denote,

E(u) = e(u) + H(u),
where e(u) = 5(u— f)T(u— f) and H(u) = |DulP + |Dul}. We then calculate the
gradients of e(u) and H(u) with respect to w. The gradient of e(u) is given by,

Ve(u) = Au — f).

While, calculating the gradient of (u) gives,
9
Ou;
Plugging in the formula for backward difference operator D from (4.5.2), we have
from above

a%H(“) = 5o ([(Dw)il” + ai| (Du)|* + [(Du); [ + @i | (Du); 44 ])-

= p M s (M) ] s () (< )
g e (M) ]
. I . | _ o
o g S s () (- ).

0 . . . . .
where sgn(z) = %‘QTL x # 0 denotes the sign or signum function. Using again
(Du),, the above expression can be expressed as

G () = p[|(Du), P sgn(Du),) = (D)t~ sen(Dw), )] 5
1

+ ol (Du) | sgn((Du),) — | (Du)yy 7" sen((Du)y )] 7

(4.5.4)
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Let us denote by

(Du),
=i, for (Du); #0
i = ](Du)i]p_l sgn((Du);) = |(Du);| (Du); # (4.5.5)
0, for (Du); =0
and,
a;(Du),
Tz, for (Du); #0
= el (Du), [ sgu((Du,) = { o™ P POFO )
0, for (Du); = 0.

Taking a forward difference operator, denoted by D', such that (D7 1); :== %( Mit1—
i) and (DTn); = %(77141 —1;), then (4.5.4) implies,

D () = ~(p(D" ), + a(D"n),).

So considering that the minimum value of E(u) exists at u = u*, we have
VE(u*) = Au* = f) = (pD"p* + ¢DT*) = 0, (4.5.7)

where 7 and 7] correspond to f; and 7;, defined similarly as in (4.5.5) and (4.5.6)
for (Du*),. The equation (4.5.7) is the necessary and sufficient optimality condition
for (4.5.3).

4.5.2 Experimental results. Here, we present a few examples to demonstrate
the working of the proposed image restoration model (4.5.3) with one-dimensional
signals and numerical results. Also, depending on the original as well as noisy sig-
nals, we formulate the function a(z) to examine the behaviour of the image restora-
tion model.

For the 1-dimensional noisy signals [33] considered for image restoration, we
implement LMBM algorithm [22] (coded by Napsu Karmitsa) using Fortran 77, pre-
sented in the appendix A.5. The quality of image restoration is measured using the
reconstruction error, which is the average error between the true signal and the ob-
tained result. The number of discretization points taken for all the cases is N = 1000.

We consider the following 1-dimensional signal, say I (z), formulated as:

sin(2rz), x < 0.5,
I (z) == ¢ 0.65, 0.5 <z <0.8,
—2rx+2, 08<zx<l.

The above signal along with its noisy signal are presented in figure 1.
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0.2 04 0.6 0.8 02 0.4 06 0.8

(a) Original signal (b) Noisy signal

Figure 1. 1D signal: first example

We consider two approaches in formulating the function a(z): first, based on the
noisy signal and, second, based on the original signal. In practical cases, it is not
always feasible to correctly estimate the original signal, but for theoretical purpose
we adopt such approach to examine the efficiency of our image restoration model.
The main idea here is to test if we have the best possible a(x) and check how the
model works in that case.

For the first approach where the function a(x) is formulated using the gradient
of noisy signal, say f1(x) in figure 1(b), denoting it by a;(x), we have:

a(x) =

{0-9, IDfi(x)] < B,
0, [Dfi(z)| > 5,

where 5 > 0 is an appropriate cut-off value, which depends on the noise level present
at the particular point.

We now compare the restored signals obtained with different values of /3 in figure
2. Here, we fix p = 1.0001,q = 2.0. With § = 0.1, the restored signal, figure
2(a), gives an error of 7.41 - 10~4 and computation time being 2.73 seconds. While
with 4 = 0.37, we obtain the restored signal, figure 2(b), with error 1.81 - 1073
and computation time of 1.49 seconds. Further, with § = 0.5 and 8 = 1.0, the
obtained restored signals, figures 2(c) and 2(d), both give approximately same error
of 1.59- 1073, with computation time of 1.14 seconds and 1.18 seconds respectively.
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02 04 0.6 08 02 04 06 08

== Original signal == Restored signal == Original signal == Restored signal

(a) 8=0.10 (b) =037

02 04 06 08 02 04 06 08

= Original signal == Restored signal = Original signal == Restored signal

(¢) B8 =0.50 @@pB=10

Figure 2. Restored signals of 1(b) with p = 1.0001, ¢ = 2.0

Next, taking a fixed 3, we consider the extreme values of the parameters p and
q to check the behaviour of the model for the same noise level. With fixed 8 = 0.5,
choosing p = 1.0001 and ¢ = 1.0007 we obtain the restored signal, figure 3(a),
with error 6.81 - 10~* and computation time of 18.95 seconds. On the other hand,
choosing p = 1.9 and ¢ = 2.0 we obtain the restored signal, figure 3(b), with error
1.99 - 10~3 and computation time of 0.16 second.
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0.2 04 0.6 0.8 0.2 04 0.6 0.8

== Original signal == Restored signal == Original signal == Restored signal

(a) p = 1.0001, ¢ = 1.0007 b)p=19,¢=20

Figure 3. Restored signals of 1(b) with 3 =10.5

Next, we use the second approach where the function a(z) depends on the gra-
dient of the original signal, 1 (x) in figure 1(a), that is,

as(x) =

0.9, |VIi(z)| <8,
0, [Vh(z)|>p.

In this case, the (absolutely continuous part of) gradient, VI (z), is formulated as:

21 cos(2mx), x < 0.5,
Vii(z) =<0, 0.5 <z <038,
—9 08 <z < 1.

We again compare the restored signals obtained with different values of /3, in
figure 4. The parameters p = 1.0001,q = 2.0 are fixed here. With § = 0.1, the
restored signal, in figure 4(a), gives an error of 7.90 - 10~* and computation time
being 1.86 seconds. While with 8 = 2.1, we obtain the restored signal, in figure
4(b), with error 1.18 - 1073 and computation time of 2.54 seconds. Further, with
8 = 4.1 and B = 8.1, the obtained restored signals, figures 4(c) and 4(d), give
approximately same error of 1.59 - 10~3, with computation time of 1.15 seconds and
1.19 seconds respectively.
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1.25 1.00
1.00
0.75
0.75
0.50
0.50
0.25
0.25
0.00 0.00
0.2 0.4 06 08 0.2 0.4 06 08
w= Original signal == Restored signal w= Original signal == Restored signal
(a) 8=0.10 (b) B =2.1
1.00 1.00
0.75 0.75
0.50 0.50
0.25 0.25
0.00 0.00
0.2 0.4 06 08 02 0.4 06 08
== Original signal == Restorzd signal == Original signal == Restorzd signal
(©)B=4.1 dB=8.1

Figure 4. Restored signals: p = 1.0001, ¢ = 2.0

Next, taking a fixed 3, we consider the extreme values of the parameters p and
g. With fixed 8 = 0.1, choosing p = 1.0001 and ¢ = 1.0007 we obtain the restored
signal, in figure 5(a), with error 7.42 - 10~* and computation time of 35.68 seconds.
On the other hand, choosing p = 1.9 and ¢ = 2.0 we obtain the restored signal, in
figure 5(b), with error 1.63 - 10~3 and computation time of 0.19 second.

1.25 1.00
1.00
075
078
0.50
0.50
0.25
0.25
0.00 0.00
0.2 04 0.6 08 0.2 04 0.6 08
== Original signal == Restored signal == Original signal == Restored signal
(a) p = 1.0001, g = 1.0007 (b)p=1.9,9=20

Figure 5. Restored signals with 3 = 0.1
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Next, we consider another 1-dimensional signal, say I2(z), formulated as:

sin(27zx), x < 0.25,

0.75, 0.25 <z <04,
4r —1.56, 04 <x<0.5,
42425, 05<z <06,
0.75, 0.6 <z < 0.75,
—sin(2rx), 0.75 <z < 1.

We follow a similar process as in the previous signal, to check the working of the
image restoration model in this case.
The above signal along with its noisy signal are presented in figure 6.

1.00 125
1.00
075
0.75
0.50 0.50
0.25
025
0.00 i It 1
0.00 025
02 0.4 06 08

(a) Original signal (b) Noisy signal

Figure 6. 1D signal: second example

For the first approach where the function a(x) is based on the gradient of noisy
signal, say fo(x) in figure 6(b), denoting it by ag(x), we have

a ([B) — 09) |Df2($)| < /Ba
’ 0, |[Dfe(z)] > B,

where 3 > 0 is an appropriate cut-off value.

We now compare the restored signals obtained with different values of 3, in
figure 7. The parameters p = 1.0001, ¢ = 2.0 are fixed. With g = 0.1, the restored
signal, figure 7(a), gives an error of 9.67 - 10~* and computation time being 4.18
seconds. While with 5 = (.37, we obtain the restored signal, figure 7(b), with
error 2.38 - 1073 and computation time of 5.60 seconds. Further, with 3 = 0.5, the
obtained restored signal, figure 7(c), give error of 1.59 - 1073 and 3.12 - 10~3, with
computation time of 1.17 seconds. Lastly, with 5 = 1.0, the obtained restored signal,
figure 7(d), give error of 3.12 - 10~3, with computation time of 2.78 seconds.
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02 04 0.6

== Original signal == Restored signal

(a) 3=0.10

08

02 04 06

= Original signal == Restored signal

(¢) B8 =0.50

08

04 06

== Original signal == Restored signal

(b) =037

04 06

= Original signal == Restored signal

@@pB=10

Figure 7. Restored signals: p = 1.0001, ¢ = 2.0

Next, taking a fixed 3, we consider the extreme values of the parameters p and
q to check the behaviour of the model. With fixed 5 = 0.5, choosing p = 1.0001
and ¢ = 1.0007 we obtain the restored signal, figure 8(a), with error 1.05 - 10~3 and
computation time of 11.92 seconds. On the other hand, choosingp = 1.9 and ¢ = 2.0
we obtain the restored signal, figure 8(b), with error 4.31- 1073 and computation time

of 0.17 second.
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1.00

0.75 0.75

0.50 0.50

0.25 0.25

0.00 0.00
0.2 04 0.6 0.8

== Original signal == Restored signal == Original signal == Restored signal

0.2 04 0.6 0.8

(a) p = 1.0001, ¢ = 1.0007 b)p=19,¢=20

Figure 8. Restored signals with 8 = 0.5

Next, in the second approach, the function a(x) depends on the gradient of the
original signal in figure 6(a), that is,

V0, V)] > 8

where the (absolutely continuous part of) gradient, VI5(x), is formulated as:

27 cos(2mx),  x < 0.25,
0, 0.25 < = < 0.4,
4 04<x<05
Vip(x) = ' ’
2() 4, 0.5 <z < 0.6,
0, 0.6 <z < 0.75,
—2m cos(2mz), 0.75 <z < 1.

We again compare the restored signals obtained with different values of /3, in
figure 9. The parameters p = 1.0001,q = 2.0 are fixed here. With § = 0.1, the
restored signal, figure 9(a), gives an error of 1.27 - 10~3 and computation time being
2.16 seconds. While with 8 = 2.1, we obtain the restored signal, figure 9(b), with
error 1.29 - 1073 and computation time of 2.16 seconds. With 3 = 4.1, the obtained
restored signal, figure 9(c), give error of 3.06 - 10~3, with computation time of 4.39
seconds. Further with 5 = 8.1, the obtained restored signal, figure 9(d), give error
of 3.80 - 103, with computation time of 2.62 seconds.
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1.00 1.00
0.75 0.75
0.50 0.50
0.25 0.25
0.00 0.00
0.2 0.4 06 08 0.2 0.4 06 08
w= Original signal == Restored signal w= Original signal == Restored signal
(a) 3=0.10 (b) B =2.1
1.00 1.00
0.75 0.75
0.50 0.50
0.25 0.25
0.00 0.00
0.2 0.4 06 08 02 0.4 06 08
== Original signal == Restorzd signal == Original signal == Restorzd signal
(©)B=4.1 dB=8.1

Figure 9. Restored signals: p = 1.0001, ¢ = 2.0

Finally, taking a fixed 3, we consider the extreme values of the parameters p and
g. With fixed 8 = 0.1, choosing p = 1.0001 and ¢ = 1.0007 we obtain the restored
signal, figure 10(a), with error 1.08 - 10~ and computation time of 15.17 seconds.
On the other hand, choosing p = 1.9 and ¢ = 2.0 we obtain the restored signal,
figure 10(b), with error 3.68 - 10~3 and computation time of 0.17 second.

1.00 1.00
075 075
0.50 0.50
0.25 0.25
0.00 0.00
0.2 04 0.6 08 0.2 04 0.6 08
w= Original signal == Restored signal w= Original signal == Restored signal
(a) p = 1.0001, g = 1.0007 (b)p=1.9,9=20

Figure 10. Restored signals with 3 = 0.1
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Thus, as the exponents p, ¢ of the gradient function in the model (4.5.3) move
from 1 to 2, the sharp edge-like features tend to become smooth, with varying error
tolerance depending on the image features and noise level.

4.5.3 Summary and discussion The results presented here are measured using
quantitative performance measures such as reconstruction error, as well as in terms
of visual quality of the images. The techniques here assume the noise model to
be Gaussian, while in reality, this assumption may not always hold true due to the
varied nature and sources of noise. An ideal denoising procedure requires a priori
knowledge of the noise, whereas a practical procedure may not have the required
information about the variance of the noise or the noise model. Thus, in most of the
cases, Gaussian noise with different variance values is added in the natural images
to test the performance of an algorithm and also to compare different algorithms or
different denoising models.

The parameters chosen here comply with the image restoration model consid-
ered, where the functional H(x, |Vu|) = |VulP +a(z)|Vul?,1 < p < ¢ < 2is used
to keep a balance between edge detection and smoothing effect in the denoised im-
age regulated by the value of a. Moreover these parameters are chosen accordingly
at best to reduce the reconstruction error mathematically. The difference in the visual
quality of the reconstructed images might not be reflected distinctly, as shown math-
ematically, but this aspect is more significant in the practical applications to obtain
clarity of image features to the possible extent.

The message we wish to convey is that to interpret a physical phenomenon, the
intuition that leads to certain formulations and the underlying theoretical study are
often complementary. However, developing a theoretical justification of a problem
is not simply art for art’s sake, but in fact, a deep understanding of the theoretical
difficulties may lead to the development of suitable numerical schemes or different
models. Hence, for denoising purpose, the formulation quality of the image restora-
tion model as well as the algorithm solver are crucial to justify a well-established
nature of methodology.
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Appendix

A.1 Density argument in the proof of Theorem 4.3.3

To prove: uy — f € Wol’H(Q), where ups == min{M, max{—M,u}} with u €
U:={ueW"Q)NL2Q) | u— f € Wy (Q)} and M > 0 such that | f| < M.

Since C§°(£2) is dense in VVO1 H(Q), then there exists a sequence {i}2, €
C°(9) such that v; — u — f in WHH(Q), as i — oc. In order to establish the
claim, we need to prove that there exists an approximating sequence ., € C3°(€2),
such that ¢, — ups — fin WHH(Q) as i — oo.

We have that,

oo+ f—u)—0, asi— oo, (A.1.1)
s0 ¥; + f converges to u in W% (). Now cutting-off the functions 1; + f,u at
—M and M, M > 0, we set,
(Vi + f)ar = min{ M, max{—M,1; + f}}, wun = min{M, max{—M,u}}.

Next we prove that (v; + f)ar — ups in WHH(Q) as i — oo, that is,

o1 1((Wi + f)m —un) =0, asi— oo.

For that, we consider the following subsets of the domain €2, where the values of the
modular o1 7/((¢; + f)am — uar) are calculated.

Consider 1 == {z € Q: =M < (¢ + f)(z),u(r) < M}, Qo :={x € Q:
(Vi + f)(@),u(r) < =M} and Q3 == {z € Q: (¢; + f)(z),u(x) > M}. Let x1,
X2 and x3 be the corresponding characteristic functions to the sets €21, 2o and 3.
Then, at €, Q2 and 3, the modular o 3 ((v); + f),; — unr) takes the following
forms.

011 (i + £l —unm)xa) = o1 u (Wi + f —uw)x1),
011 ((Yi + i — um)xz2) = o1 m((=M + M)x2) =0,
01, 1(((Vi + f)ar —un)x3) = 01,1 ((M — M)x3) = 0.
AtQy={zeQ: (Yi+ f)x) > M}n{x € Q:u(zr) < —M}, with x4 as the
characteristic function to the set 24, we have the modulars
on (Wi + iy — un)xa) = ou (M — (=M))x4) = on((2M)xa),
on((V (@i + f)ar — Vunr)xa) = 01 ((0)xa) = 0.
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AtQs ={x € Q:|(¢i+ f)x)| < M}n{z € Q:ulx) < —M}, with x5 as
the characteristic function to the set {25, we have

o (Vi + far —unm)xs) = on((i + f — (=M))x5) = on((¥i + f + M)xs),
on((V(@Wi + )y — Vum)xs) = on(V(@i + f)xs).

AtQs={x e Q: (Y;+ f)(z) > M}n{x € Q: |u(z)] < M}, with x¢ as the
characteristic function to the set Q0g, we have

on(((Yi + f)M —unm)xe) = on((M — u)xs),
on (Vi + f)ar — Vuar)xe) = on((=Vu)xe).

AtQr ={x e Q: (i+ f)lx) < —M}n{x € Q: |u(x)] < M}, with x7 as
the characteristic function to the set {27, we have

on(((Yi + f)M —upm)x7) = on((=M —u)x7),
on (Vi + f)ar — Vunr)xr) = on((=Vu)xr).

AtQg:={z e Q:|(¥i+ f)z)| < M}n{x € Q:u(x) > M}, with xg as the
characteristic function to the set 0g, we have

on (Vi + f)pr —unr)xs) = on((¥i + f — M)xs),
on (V@i + f)ar — Vunr)xs) = on(V (@i + f))xs)-

AtQo={z e Q: (Yi+ f)(z) < —M}N{z € Q:ulx) > M}, with xg as the
characteristic function to the set )9, we have

o (Vi + f)pr — unm)xo) = on (=M — M)xo = on((=2M)xo),
on((V (i + f)ar — Vunr)xo) = 0#((0)x9) = 0.

Since Q1,8s,...,9 form a partition of €2, then using the triangle-inequality,
we obtain
9
or((Wi + Fag —unr) = Y on (i + oy — unr)xe)- (A.12)
k=1

As i — oo, we have g1 (¢; + f —u) — 0, from (A.1.1), hence we conclude
01,1(((¥i + f) —u)x1) — 0 as ¢ — oo. Using the fact that each characteristic func-
tion x depend on the definition of the corresponding set {2, and since 1; converges
pointwise to u — f as ¢ — oo, in 21, hence the characteristics functions xo, . . ., X9
tend to 0, as 7 — oo.

On the other hand, we have |(¢; + f); — uar| < [(¥i + f) | + |un| < M+
M = 2M which is integrable, hence using the dominated convergence theorem, we
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conclude that lim o1 1(((Yi + f)m —um)xg) = 0fork =1,...,9. Further, from
(A.1.2), we obtain lim o1,1((¢i + f)m — unr) = 0, which implies
Wi+ iy — f = une — f in WHH(Q),

as i — oo. Since (¢; + f),, — f has a compact support in Q and C>°(Q) N W17 (Q)
is dense in WlH(Q) by assumption, then by [24, Lemma 6.1.10] we conclude that
upr — f € Wot(Q).

A.2 \Verification of the parabolicity condition

To prove: For any s € R and x € R",

V‘§| Z gij(x,t, 5, K) & < N‘ﬂ

i,7=1

where £ = (§1,...,&,) is areal vector and v, u > 0 are constants.
For (z,t) € Qr, gij(z,t, s, k) is defined from (4.4.26) as,

ni.’t”i‘: e ) i€j0i
igz:lgy(x s, k)& <6+(m) p+a(m)(\/m ;31553 j

B N Vi) NI o A
=t <>(W)4q)mzl< ) (si6)

where 1 < p < ¢ < 2 and a(x) is Lipschitz continuous function.
In order to get the required inequality, we further apply absolute value for each term

above to get,
-2
© Vi + (22 o) 20 e

n
D gi(,t,5,8) &€ < <6+ L
< <e 42 20 > €12, where C' > 0 is a constant.

() =

i,j=1
€2—r

Thus, Z gij(x, t, 8, k) &E <
1,7=1

On the other hand,

Whereu—e—i—eQ p—l—ez - > 0.

@t 5, R) G > v o)
> sutonton)&ts > (o4 (b + s )

i,5=1

(p—2) q(qg—2) ) 2412
+ 55 + G
<|n|2<\/|n|2+e2> a(x)w e ) I

p-1) 1) > 2
= +—2_p+
<€ ey T e \\2 d
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Since each term on the right-hand side above is non-negative, hence we have

n
Z gij(w,t,5,8) &€ = vIE]?,  where v > e > 0,
ij=1
holds a.e. Therefore, the condition (4.4.28): v|¢|* < >t =1 9i (w18, K) §i&5 <
p|€|? is satisfied for constants v, i > 0.

A.3 Existence of solution of quasilinear boundary prob-
lem

Proposition A.3.1. [38, p. 560, Theorem 4.4, Chapter 6] Let Q2 C R" be a bounded
open set with Lipschitz boundary. Consider the quasi-linear equation with Dirichlet
boundary,

n
ug — Y gij(x, t,u, Vu) ug,e, + g(x, t,u, Vu) = 0, (z,t) € Qp
ij=1

u(z,t) = fs(x), (x,t) € 092 x (0,T).
(A.3.1)
Suppose that the following conditions hold.

(a) For (z,t) € Qr and arbitrary s € R, the following conditions are fulfilled,

> gij(@,t,5,0)6 >0 and s g(x,t,s,0) > —bys® — by,

1,j=1
where by and by are non-negative constants, and § = (&1, . ..,&,) is an arbi-

trary real vector.

(b) For (z,t) € Qr, |s| < M (where M > 0 is constant) and, k € R", the
functions g;;(x,t, s, k) and g(x,t, s, k) are continuous and differentiable with
respect to x, s and k, and satisfy the following inequalities with m > 1,

n
v(1+ [k <Y gilaty s, /) 665 < p(1+ [R)™2E2, vp >0

ij=1
S| (1 D) 1] + || (L i) < a1+ D™
995 ) (1 )2+ | 22| < 8-+ PRI+ Y™, 530
2| < 1B+ PURDI(L + s,
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99
0s

where P(p) is a non-negative continuous function that tends to zero for p — oo
and [ is sufficiently small determined by the numbers M, v, ju, 1 and P =

< B+ P(RDIT+ =)™

max,>o P(p).

(c) For (z,t) € Qp, |s| < M and |k| < My (where M, M; > 0 are con-
stants), the functions g;;(x,t,s,k) and g(x,t,s, k) are continuously differ-

entiable with respect to all of their arguments.
(d) f5 € C(@Qr) N H*P15 ().

(e) Each point of the boundary of €} can be touched from without by a ball (or
cone) of fixed size in such a way that the ball (cone) does not have any points
in common with €.

Then there exists a unique solution of the problem (A.3.1) in C(ﬁT)ﬂH2+B’1+§ Q7).

For (z,t) € Qr and arbitrary k € R", s € R, the functions gij and g are defined
from (4.4.26) and (4.4.27), as follows

i‘xatvsﬂl{’ = + - 27p+a/x g 2q>5i‘
guletinn) <6<¢ww@> RN
+<1@—”+M@qw*ﬂ>mm
( ,7‘,‘42-&-62)471) ( /7|/£‘2+62)47q J
and,
I R o ') _
g(x,t,s,Kk) = (\/W)%qz:m . + A(s — f5), (A3.3)

i=1
(a) To prove: For (z,t) € Q7 and arbitrary s € R,
n
Z gij(x,t,5,0)6& >0 and  sg(x,t,s,0) > —b1s? — by,
i,j=1

where b; and by are non-negative constants.
For real-valued vectors &;, {;, we have

Zn: 9ij(@,t,5,0) &5 = (6 + 621;, +a(z) EQq_q) Zn: &i&; 0ij

1,j=1 1,j=1

> <e+6p )|§\2>0.

2—p
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On the other hand,
sg(x,t,s,0) = sA(s— f5) = )\(32 —Isfs])

2 2
> )\(52 — % — @) (by Young’s inequality)

(5 - 45,

and, since |f5| < C (C > 0 is constant), hence we have,

2 2
sg(z,t,s,0) > )\(% — %) > —/\%.

Thus, gi;(x,t,s,0) flfj 0 and sg(:p,t,s 0) > —bys? — bo, where by = 0
and by = C

(b) To prove: We prove the inequalities here for m = 2, that is, the following
estimates:

V|§\ Z gij(x,t,8,Kk) &€ < u|§\ v, = constant > 0 (A.3.4)

S|+ R+ g+ ||+ ) < @+ IRD% (A3S)
o)1+ a4+ [ 52| < [B+ PURDI(L+ I8, (B>0)  (A3.6)
| < e+ P(sD, (A3.7)

—% < e+ P()](1 + |n])? (A338)

where P(p) — 0 for p — oc.
First, we compute the following estimates, for arbitrary s € R and x € R",

Now differentiating g;; in (A.3.2) with respect to ry,

8 T,t, 8, K o e+ ——2  ta(z)—L )6,
st s.m) = 52 (e Ly + ale) =)y

(=D ey aa=) )
(( TEra) a(:c)( ) 7 )Rk

agm-:< pp =2l a(g = 2)Is| )5,_6

on e T ) Mo
plp —2)(p — 4)|xl ag=2)(a=YIs[| . 9

- < wirrae? T e )mf L (]

(p—2) q(qg —2) 0
TRy (. R — ) 9 (kik;
<<\/|n|2 T T Ty ) o ir)
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which further gives,

9gij p(p—2) q(q —2) s 'y N
Ok < (VIFE+ )™ Fhal) (V12 + 62)4q> (s + 1k + 1603

p(p—2)(p—4) q(@—2)(g—4) \
+<W ”(I)wm)“)”’”]“’“

Then,

dgij p(p—2) q(q—2) 5 5 g
o S (w o @G 1)“) (a0t 1530 + 903

(p—2)(p—4) q(g —2)(q —4)
<(\/ml2 var e O gy ) i

-2 o laa =2
s <<~|+1>4P @) G q)““z‘ + i + Irx])

which implies,

dgis  (_lpt—2)| la( — 2) >3
Orr <|H|<|n+1>3-p +“(%)wu ESEa

+( plp—2)(p—4) +a(x) q(q—2)(q—4z )Wg

wloc <\/\f~:|2 Ty » w3e(y/In? + 15
3lp(p — 3lq(q — 2)] plp—2)(p—4)
g AP 41
e L+ ot e+ 071 ¥ (/s
(4-2)(g—9)
+a(x)—‘ﬁ‘2+1)3 .

Thus, we obtain

99is 1 1 1 71
Ok S C(l + 62) ((|n +1)°77 + (Is] + 1)3q> 20(1 * ) (|| +1)*~

where constant C' = p(p — 2)(p — 4) € [0, 3). that is,

0gij
8Kk

1 1
<20(1+ E)W' (A3.9)

Also, differentiating g;; with respect to z, we have

8 z,t,8, K o e+ —2  ta(r)—L )6,
gl]( t ) 6CCk (( + (\/W)Q*P—F ( >(\/W)27(1> J

p(p—2)

— _~ __ ta(x _ag=2) Kiks
( ,7|li‘2+62)47p + ( )( /7|K|2+62)4 q) J>
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dgij q - (g —2) L\

axk - <( /7“%'2 T 62)Q*q 51] + ( ﬁg‘? T 62)47q K/zl‘f]> axka(x)
(4 a¢=-2) .\ 9

N <m|“ CED RSz

<(_a lalg =2\ )12
S <nl“ * i e il ) 5z et

99ij
8x k

Thus,

2 2
< <m|2—q MR 1)“)0’ (A.3.10)

where ]%a(mﬂ < C, since a(z) is Lipschitz continuous.
k
Next, we have for g(z,t, s, k) in (A.3.3),

n

Oa

—|_ q _
|g|_‘ (\/W)quz ’La (S f5)

i=1

C(lk|+1), (A3.11)

and differentiating g(x, t, s, k) with respect to xj, gives,

dg 0
o ~ow (e |fe\2+emq2&*“s—f6))

—(qREQg, q — 2 Iik
= - g RiQg, -

(VIR F ey (P + )

The above implies

99 dlkkas,] + la(q — 2)||kk] ‘Z,{a
1T,

Oric = (VIrP e (IRl + )i

< C|x| Clr|? < C|k]| I c
S WP @) RP(VIEP + )20 T (VP + 1) (/IR + 1)
Clal C C(|k] + 1)
(sl +1)270 (|| +1)277 = €(|s| +1)2¢
Thus,
0
| < (| |+ 1) (A3.12)

On the other hand, differentiating g with respect to xy,

dg 0

9 _ 0, g  \~ da -
Oxk 0Tk ( (\/m)%q zz:; 3 (3 fé))

S S R
(VIR + ey Z"‘Zaxiaxk +Agfs(@),

=1
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and, further, since a(z) has bounded second order derivative and also the
derivative of fs(x) is bounded, we have

Jg

2ar < Wﬁz |Kila,a | +)\‘gf6( )|

qlx|C

= Ikl

C<CllT'+C<C(s| + )T +C.

Thus,
dg

| < O(| +1). (A3.13)

Now, to prove (A.3.4), we refer the parabolicity condition proved in section
A2,

V|§| Z gzy z,t,s, "5) fzfj ,U/|§|

5,7=1

where € = (§1,...,&,) is areal vector and v, 4 > 0 are constants.
This implies that (A.3.4) holds for the case m = 2.

Next to prove (A.3.5), we apply (A.3.9), (A.3.11) and (A.3.12) on the left-hand
side of (A.3.5), which gives,

995
0Kk

n
99
(4 IR + 1ol + | 3 5| (1)
k=1

N

20(1+ ) s (L )P + O k) + (L + kDT (L + )

+ 3L+ KD+ O+ [8]) + S0+ )
L]
€

N

2C(1

N

30(1+ ) (1+ )’

Hence, we get,

9ij

ﬁ:

(1+ |x]) Hmwgbfh+w> (1 +1k))?,

where 111 > 3C (1 + %2) > 0 is constant. This implies that (A.3.5) holds true.
Next, in case of (A.3.6), we apply (A.3.10) and (A.3.13) on the left-hand side
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of (A.3.6), which gives,

T @+ Il + |
4 Clalg —2)|
<W F(U [D? + G2+ [k + O (L + )
< R (U RD? + Cla(a = 2)I(1+ 8 + C(1 + |
< (1+k])? <|K|2_(12(1C+|H|) + Clg(g —2)| + (1+(,|‘H|)2>
Thus,
%00 |1+ Il)? + | 22| <[5+ P(sD)(L+ |s])

where the constant 3 = Cq(q — 2)| + ¢ > 0 depending on e is sufficiently
small, and P(|x|) = ‘K‘z,fgﬂﬁ‘) + (1+C|vn\)2 — 0 as |k| = oo.
Hence, (A.3.6) holds true for m = 2

The remaining conditions (A.3.7) and (A.3.8) also hold true, since 9915 =0

dg Os
and ——= = -\ < 0.
Os

(c) The condition that, for (z,t) € Qp, |s| < M and |r| < M, the functions
gij(x,t,s,k) and g(x,t,s, k) are continuously differentiable with respect to
all of their arguments, holds true for being smooth up to order 2.

(d) Since f5 € C*°(Qr), we can conclude that f5s € C(Qr) N H2+ﬂ’1+§(QT) is
satisfied.

(e) The condition that, each point of the boundary 02 can be touched from without
by a ball (or cone) of fixed size in such a way that the ball (cone) does not have
any points in common with (2, holds true because the boundary of domain {2
satisfies Lipschitz continuity.

A.4 Arguments for initial and boundary values in proof
of Theorem 4.4.6

In the proof of Theorem 4.4.6, for w € L?(Q7) and f5 € C*°(£2), we need to prove
that w(z,t) = (us),(z,t) and us(x,0) = f5(x) hold.

It is established that {ug'}, . € L*(0,T; W?(Q)) N C>(Qr) is the sequence of
solution to the approximated problem (4.4.21)—(4.4.22), and we have the following
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convergence results for the subsequence {ug’ }
orem 4.4.6,as ¢; — 0,

jen C {ug'}, from the proof of The-

ug? — ug weakly* in L>°(Qr) (A4.1)
(ug?), — w weakly in L*(Qr), (A4.2)

as €; — 0, for some us € L>®(Qr) and w € L?(Q7).
Let z be a function in C?1(£27), with compact support in 2. From weak con-
vergence of (ugi") in L2(Qr) from (A.4.2), we have, as ¢; — 0

/ /(ugij)tzdxdt%/ /wzdxdt. (A.4.3)
0 JQ 0 JQ

On the other hand, because we have a uniform bound for us? in L*°(Q7) and the
bounded constant is integrable on {7, then by dominated convergence theorem, as

61—)0,
S B S
/ /ug”ztda:dt%/ /U5ztd$dt.
0 Q 0 Q

Then interchanging the order of integration in the above expression and applying
integration by parts formula with respect to ¢ for the left-hand side integral, we obtain

—// (ug”)tzdtdm%// ugzy dt dzx. (A4.4)
aJo aJo

From (A.4.3) and (A.4.4), the uniqueness of limit then implies

// wzdtdx:—// ugz dt dx
QJo QJo

which by definition of weak derivative implies that w is the derivative of us with
respect to ¢ that exists in a weak sense, in L?(Qr).

By the First fundamental theorem of Calculus, we then consider that u is a.e.
equal to an antiderivative of w as follows,

t

wst) =€+ [ ules)ds

for £ € L?(9), a.e. t € (0,T). Clearly, the above gives us that us(-,0) = &.

We next prove that us(x,0) = fs(z). Let ¥ € C*(0,T;L?*(f)) such that
0 < ¥(z,0) € L*(Q) and ¥(x,T) = 0, for almost every z € ). Moreover,
U, € L?(Q7).

Consider the integral fOT Jo us? Wy dz dt, and applying Fubini’s Theorem to in-
terchange the integration order, we use integration by parts formula with respect to ¢
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to obtain

T
/ /uf;f\ptdxdt // \I/dtda:—/ ug”? (z,0)¥(z,0) d,
0 Q Q
= —/ /(ugij)t\lldmdt—/u?"(x,O)\If(m,O) dzx.
0 Q Q

Since ug”’ (z,0) = fs(x), then the above expression implies

/f5 U(z,0) dx—/ / U(S \Ildxdt / /udj\lltd:cdt

Taking limit as ¢, — 0 in the above equation, we apply the convergence conditions

(A.4.1) and (A.4.2) to get,

—/Qf(;(x)\ll(x,O)dac—/OT/Qw\I/dxdt:/OT/Qua\I/tdacdt.

Again interchanging the integration order through Fubini’s theorem on the right hand
side above, we apply integration by parts formula with respect to ¢ to obtain

_/Qf(s(;g)\p(;p’())dg;—/OT/Qw\I’dxdt:/Q/OTU(S\I’tdtda:
—/Q/()Tw\lldtda:—/Qu(;(x,O)\ll(a:,O)dm.

Further interchanging the order of integration on the right hand side above

_/ f5(x)\ll($,0)dﬂ$:—/u5(x,0)lll(g:,0)d337
Q Q

we thus obtain, for ¥(z,0) € L%(Q) and,
5(x,0) = fs(x) forevery z € Q,

as required.
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A.5 FORTRAN code for the image restoration model

¥ %

*

*

* %

* %

* %

* % ¥

*

* PROGRAM TLMBM

* Purpose =

Test program for

large —scale

limited memory bundle subroutine for

unconstrained nonsmooth optimization with noise

reduction problem.

* Parameters

1 N

I NA

1 MCU
stored

1 NW

* Variables
I MC

R X(N)
R F
R RPAR(6)
RPAR(1)
values .
RPAR(2)
RPAR(3)
criterion.
RPAR(4)
RPAR(4) .
RPAR(5)
< 0.25.
RPAR(6)
I IPAR(7)
IPAR (1)
IPAR(2)
IPAR (3)
evaluations .
IPAR (4)
changes of

(1).
IPAR(5)

Number of variables.
Maximum bundle dimension, NA >= 2.
Upper limit for maximum number of

corrections , MCU >= 3.
Dimension of the work vector W:
NW >= Nx(9+2x«NA+2x(MCU+1)) + 3xNA
+ 3x(MCU+1) «(MCU+2)/2 + 9x(MCU+1))
+ NsMG + N:=MH.

Maximum number of stored corrections ,
MCU >= MC >= 3.
Vector of variables.
Value of the objective function.
Real parameters:
Tolerance for change of function

Tolerance for the function value.
Tolerance for the termination

Distance measure parameter, 0 <=

Line search parameter, 0 < RPAR(S)

Maximum stepsize , 1 < RPAR(6).
Integer paremeters:

Exponent for distance measure.

Maximum number of iterations.

Maximum number of function

Maximum number of iterations with

function values smaller than RPAR

Printout specification:
-1 - No printout.
0 — Only the error messages.
1 - The final values of the
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* ¥ ¥ ¥

*  *

98

objective

objective

serious

of the

whole

IPAR(6)
method .

IPAR(7)
/UTU.

/STU.

(O8]

Selection

0

1

Selection

0

iteration with STU/UTU.

iteration with STS/STU.

STU/UTU.
STS/STU.
I IOUT (3)

IOUT (1)
IOUT(2)
IOUT(3)

solved.

> IPAR(3) .

IPAR(2) .

values < RPAR(1)

5

6

function.

The final values of the

function and the most
warning messages.
The whole final solution.

At each iteration values

objective function.
At each iteration the

solution
of the method:

Limited memory bundle

L-BFGS bundle method.

of the scaling:
Interval scaling with STU
Interval scaling with STS

Scaling at every
Scaling at every
Preliminary scaling with
Preliminary

scaling with

No scaling.

Integer parameters:

Number of used

iterations .

Number of used function evaluations

Cause of termination:

1

The problem has been

with desired accuracy.

Number of function calls
Number of iterations >
Changes in function

in IPAR(4) subsequent



* %

*

*

* %

Double phase growth functionals in image restoration

iterations .

F(1) < RPAR(2).
-1 - Two consecutive restarts
or number
of restarts > maximum
number of
restarts .
-2 - TMAX < TMIN in two
subsequent
iterations .
-3 - Failure in function or
subgradient
calculations (assigned by
the user).

—4 - Failure in attaining the
demanded
accuracy .
-5 - Invalid input parameters.
-6 — Not enough working space.
R WQW) Work vector.
#* Variables in COMMON /CPUTIME/ =
R STARTU Initial CPU-time.
R TIME Maximum CPU-time in seconds.
* Subprograms used =
S IMBMU Initialization of limited memory

bundle method
for nonsmooth optimization.
RF ETIME Execution time.
Initial code by Napsu Karmitsa (nee Haarala) (2002 -
2004)

PROGRAM TLMBM

Parameters

INTEGER N,NA,MCU,NW

PARAMETER (

N = number of variables (i.e. dimension of u).
& N = 1000,

For the rest of these do not touch
& NA = 2,
& MCU = 7,
& NW =1 + 9N + 2xNxNA + 3xNA + 2«Nx=(MCU+1) +
& 3 (MCU+2) «(MCU+1) /2 + 9x(MCU+1))

Scalar Arguments
INTEGER MC
DOUBLE PRECISION F
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* Array Arguments
INTEGER IPAR (7) ,IOUT(3)
DOUBLE PRECISION W(\NW) ,X(N) ,RPAR(6)

* Local Scalars
INTEGER MCINIT,I,J ,IMODEL

DOUBLE PRECISION Z(N) ,ZZ(N) ,APU(N)

DOUBLE PRECISION L,H,MY,G,DELTA,P.Q

DOUBLE PRECISION TEMP, S ,EXACT, TEMP2, VIRHE, JJ , VEKT(N)
* CPU-time

REAL START, FINI, ETIME, TARRAY(2)

REAL STARTU, FINIU, TIME

COMMON /CPUTIME/STARTU, TIME

* Common blocks
COMMON /KIMPPUM/ Z,H,MY,G,P,Q,APU,IMODEL

* External Subroutines
EXTERNAL IMBMU

TIME=1800.0E+00
Initial number of stored corrections

MC = 7
MCINIT = MC

Choice of integer and real parameters
DO 10 T = 1,7
IPAR(I) =0
10  CONTINUE
Printout specification
IPAR(5) = 2
Selection of the method
IPAR(6) = 0

Selection of the scaling

IPAR(7) = 2
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DO 20 I = 1,6
RPAR(I) = 0.0D0
20 CONTINUE
Desired accuracy
This can be changed. Smaller value should produce more
accurate results
from optimization view point.
RPAR(3) = 1.0D-4
Locality measure
For convex problems O should be ok.

RPAR(4) = 0.0D+00

Stepsize

¢ This parameter has large effect on results, for values in

O O 00

(1,1000]
RPAR(6) = 2.50D+00
Line search parameter

This parameter affects how we accept the new point in
optimization procedure
preferable values that are smaller than 0.25

RPAR(5) = 0.2499D+00
Maximum numbers of iterations and function evaluations

IPAR(2) =500000000
IPAR(3) =500000000

These are parameters for models:

MY, G = regularization parameters

P, Q = exponents

MY = lambda and g=a for the image restoration model

Selection of model:
IMODEL = 3 —> model with a(x) depending on noisy signal
s gradient

i
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c IMODEL = 4 —> model with a(x) depending on non noisy
signal ’s gradient

c Just for testing the second example (Change ISIGNA=1 in
EXACT below).

c IMODEL = 5 —> model with a(x) depending on non noisy
signal >s gradient

c Just for testing the first example (Change ISIGNA=2 in

EXACT below).

IMODEL=4
L = 1.0D0
¢ Try different values for P and Q.
MY = 1000.0DO
! MY = 5.D-2
! P = 1.9D0
P = 1.0001DO0
Q= 2.0D0 ! for IMODEL 3 and 4
! Q = 1.0007D0

C DELTA = noise
DELTA = 0.2DO0

c Discretization step

H = L/(N+1)
C read N random numbers from NOISE.DAT
C S = randomnumber in [-1.0,1.0]

OPEN(10,FILE="noise .dat *)
READ (10,%) 1
IF (I.LT.N) THEN
PRINT #,1,’ RANDOM NUMBERS IN FILE NOISE.DAT, BUT N
=" N,’.’
PRINT ,’CANNOT CONTINUE. BYE.’
STOP
END IF
TEMP = H
DO I=1,N
READ(10,%) S
Z(1) = EXACT(I,N,TEMP) + DELTAxS
ZZ(1)= EXACT(I,N,TEMP)
TEMP = TEMP + H
END DO
CLOSE(10)
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CALL DCOPY (N,Z,1,X,1)

CPU-time

START = ETIME(TARRAY)
STARTU = TARRAY (1)

Solution
CALL IMBMU(N,NA,MC,MCU,NW, X, F,IPAR ,IOUT ,RPAR ,W)
CPU-time

FINI = ETIME(TARRAY)
FINIU = TARRAY(1)

PRINT

PRINT %, ’ITERM = 7,I0UT(3)
PRINT

PRINT =, " F(X) = ",F
PRINT *,’N = ’,N
PRINT * , ’NA = ’,NA
PRINT*,”MCINIT = ’ ,MCINIT
PRINT %, ’MC = > MC
PRINT # , "MCU = > ,MCU
PRINT %, NIT = ’,I0UT(1)
PRINT # , "NFV = ’,IOUT(2)
PRINT * , "XMAX = ’,RPAR(6)
PRINT %, ’GAM = ’,RPAR(4)
PRINT * , >’EPSL = *,RPAR(S5)
PRINT *,” EPS = " ,RPAR(3)
PRINT:*,"METHOD = ’ ,IPAR(6)
PRINT * ,’SCALING = ’,IPAR(7)
Error:

TEMP2 = H

TEMP = 0.DO0

DO I=1,N

TEMP = TEMP + (X(I) —-EXACT(I,N,TEMP2)) %2
TEMP2=TEMP2+H

END DO

TEMP = TEMP/N

VIRHE = SQRT(TEMP) /DBLE(N)

PRINT =

PRINT % , "ERROR=", VIRHE
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'PRINT=*,’JJ =",JJ(N,X,H,MY,G,P,Q,Z,VEKT,IMODEL)
!'print =, TARKKA=",JJ (N,ZZ,H,MY,G,P,Q,Z,VEKT,IMODEL)

PRINT
PRINT,’Used time = ’,FINIU-STARTU
PRINT

C Printing the results to files

200 CONTINUE

OPEN(10,FILE="U.DAT")
OPEN (30 ,FILE="Z.DAT")
OPEN(40,FILE="EU.DAT")

TEMP 0.D0
DO I=1,N

— 1l

TEMP = TEMP + H

WRITE(10,°(2F10.4) *) TEMP,X(1)

WRITE (30, (2F10.4) ) TEMP,Z(1)

WRITE (40, °(2F10.4) *) TEMP,EXACT (I,N,TEMP)
END DO

CLOSE(10)
CLOSE(30)
CLOSE(40)

C END DO
999 CONTINUE

STOP
END

st sk sk sk skeosk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skeosk skok
*

# * SUBROUTINE FUNDER
* % PURPOSE
*
COMPUTATION OF THE VALUE AND THE SUBGRADIENT OF THE
OBJECTIVE
* FUNCTION .
* % CALLING SEQUENCE
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» CALL FUNDER(N,X,F,G)

# + PARAMETERS

*

# II N NUMBER OF VARIABLES.

. RI X(N) A VECTOR OF VARIABLES.

% RO F THE VALUE OF THE OBJECTIVE FUNCTION.

» RO G(N) THE SUBGRADIENT OF THE OBJECTIVE
FUNCTION .

SUBROUTINE FUNDER(NF,U,F,D)

INTEGER NF, I ,IMODEL

DOUBLE PRECISION F,U(NF) ,D(NF) ,H, MY, G, Z(1000),EPS,P,
Q,APU(1000)

DOUBLE PRECISION H2,H3,TMP,TMP2,BETA, PI ,GN(1000)

! DOUBLE PRECISION pw (NF) ,Gs(NF) ,CNV(NF)

C
parameter (eps = 1.d-12)
COMMON /KIMPPUM/ Z,H,MY,G,P,Q, APU,IMODEL
! BETA = 8.10D0 ! This goes well with IMODEL 4 and 5.
! In fact anything below 4.0 will give
almost the same result with imodel 4
and
! Anything below 2.0 will give almost
the same result with imodel 5.
! Interesting values with imodel=5 are
at least 4.1, 2.1, and O.1.
! BETA = 0.370D0 ! This goes approximately well with
IMODEL 3.
! Smaller values will make more
staircase effect.
! The suitable value debends on noise
level.
BETA = 4.10D0
H2=1.D0/(H=H)
H3=1.D0/H
F = 0.D0
PI=DACOS(-1.D0)
IF (IMODEL == 3) THEN
c this is the model with a(x) computed from noisy signals

subgradient.
! The noisy signal ’s gradient is computed here at the
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beginning .
! Note that it would be enough to compute it once at the

beginning of the program.

GN(1) = Z(1) !/DBLE(NF) !Z(0)=0 and we take number
of discretization points as step
IF (ABS(GN(1)) .GE. BETA) THEN
GN(1) = 0.00D0
ELSE
GN(1) = 0.9D0
END IF

DO I=2,NF
GN(I) = (Z(1)-Z(I-1)) !/DBLE(NF)

! Computing the piecewise function a(x) in the
thesis .

IF (ABS(GN(I)) .GE. BETA) THEN
GN(I) = 0.00D0

ELSE
GN(I) = 0.9D0

END IF

END DO

TMP = U(1)=H3

F = ABS(TMP)#+P + GN(1)*ABS(TMP) %%Q

IF (ABS(TMP) .GE. eps) THEN
D(1)=P+TMP/( ABS(TMP) % % (2.0DO0-P) )
APU(1)=GN( 1) *Q+TMP/ ( ABS (TMP) % % (2.0D0-Q) )

ELSE
D(1)=0.0D0
APU(1)=0.0D0

END IF

DO I=2,NF
[PRINT %, GN=",1 ,GN(1)
TMP = (U(1)-U(I-1))=*H3
F = F + ABS(TMP) #+P + GN(1)*ABS(TMP) #*Q
IF (ABS(TMP) .GE. eps) THEN
D(1)=P+TMP/( ABS(TMP) * % (2.0D0-P))
APU(T)=GN(1)#Q+TMP/( ABS(TMP) * x(2.0D0-Q) )
ELSE
D(1)=0.0D0
APU(1)=0.0D0
END IF
END DO
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T™MP = 0.DO

DO I=1,NF-1
TMP2 = (D(1)-D(I+1))=H3
D(I) = TMP2 + MYx( U(I) — Z(1))
TMP2 = (APU(I)-APU(I+1))=H3

D(1) = D(1)+TMP2
TMP = TMP + (U(I)=Z(1))#%2
END DO

TMP2 = D(NF)x*H3

D(NF) = D(NF)#H3 + GN(NF)*TMP2 + MY*(U(NF) — Z(NF))
TMP = TMP + (U(NF) - Z(NF))#%2

F = F + 0.5D0+MY+TMP

ELSE IF (IMODEL == 4) THEN

this is the model with function a(x) computed from
original (not noisy) signal’s gradient.

Just for testing the model with the one dimensional
signal given in thesis (ISIGNAL=1 in EXACT below).

Note! G is "hard" coded. It cannot be used but to this
one signal.

In addition, as the original signal is not changing, G
could be coded as

a vector at the beginning and not computed at every
iteration .

TMP = U(1)=+H3

! G is a function depending on original signals
gradient

G = 2.0D00=PI ! cos(0)=1

! Computing the piecewise function a(x) in the
thesis .

IF (ABS(G) .GE. BETA) THEN
G = 0.00D0

ELSE
G = 0.9D0

END IF

F = ABS(TMP)#xP + G+ABS(TMP) #%Q
IF (ABS(TMP) .GE. eps) THEN
D(1)=P+TMP/( ABS(TMP) * s (2.0D0-P))
APU(1)=G+Q+TMP/ ( ABS (TMP) # # (2.0D0-Q) )
ELSE
D(1)=0.0D0
APU(1)=0.0D0
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END IF

DO I=2,NF
TMP = (U(1)-U(I-1))=*H3

! Computing the (sub)gradient of the original
signal .

IF (I < 0.25%xNF) THEN ! The signal is piecewise
defined .
G = 2.0«PI+«COS(PI+2.0D+00/DBLE(I))

ELSE IF (I1<0.40xNF) THEN

G = 0.0D00
ELSE IF (I<0.50xNF) THEN
G = 4.0D00
ELSE IF (I<0.60%NF) THEN
G = —-4.0D00
ELSE IF (I<0.75+NF) THEN
G = 0.0D00
ELSE
G = -2.0%PI«COS(PI%2.0D+00/DBLE(1))
END IF

! Computing the piecewise function a(x) in the
thesis .

IF (ABS(G) .GE. BETA) THEN
G = 0.00D0O

ELSE
G = 0.9D0

END IF

F = F + ABS(TMP) ##P + G+ABS(TMP) #%Q

IF (ABS(TMP) .GE. eps) THEN
D(1)=P+TMP/( ABS(TMP) # % (2.0D0-P))
APU( 1)=G+Q+TMP/ ( ABS (TMP) # % (2.0D0-Q) )

ELSE
D(1)=0.0D0
APU(T)=0.0D0
END IF
END DO
T™MP = 0.D0
DO I=1,NF-1
TMP2 = (D(1)-D(I1+1))=H3
D(1) = TMP2 + MYx( U(1) - Z(1))
TMP2 = (APU(I)-APU(I+1))=H3
D(1) = D(1)+TMP2

TMP = TMP + (U(I)-Z(1))x*%2
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END DO

TMP2 = D(NF)*H3

D(NF) = D(NF)*H3 + G+TMP2 + MY#(U(NF) — Z(NF))
TMP = TMP + (U(NF) — Z(NF) )2

F = F + 0.5D0sMY+TMP

ELSE ! IMODEL ==

this is the model with function a(x) computed from
original (not noisy) signal s gradient.

Just for testing the first example (Change ISIGNAL=2 in
EXACT below) .

Note! G is "hard" coded. It cannot be used but to this
one signal.

In addition, as the original signal is not changing, G
could be coded as

a vector at the beginning and not computed at every
iteration .

TMP = U(1)=*H3
! G is a function debending on original signals

gradient
G = PI ! cos(0)=1
! Computing the piecewise function a(x) in the
thesis .
IF (ABS(G) .GE. BETA) THEN
G = 0.00D0O
ELSE
G = 0.9D0
END IF

F = ABS(TMP) %P + G+ABS(TMP) %+Q
IF (ABS(TMP) .GE. eps) THEN
D(1)=P«TMP/( ABS(TMP) # = (2.0D0-P) )
APU(1)=GxQ+TMP/( ABS(TMP) =« (2.0D0-Q) )
ELSE
D(1)=0.0D0
APU(1)=0.0D0
END IF

DO I=2,NF
TMP = (U(I)-U(I-1))=«H3

! Computing the (sub)gradient of the original

signal .
IF (I < NF/2) THEN ! The signal is piecewise
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defined.
G = PI«COS(PI/DBLE(I))
ELSE IF (I<4%NF/5) THEN

G = 0.0D00
ELSE

G = -2.0D00
END IF

! Computing the piecewise function a(x) in the
thesis .

IF (ABS(G) .GE. BETA) THEN
G = 0.00D0O

ELSE
G = 0.9D0

END IF

F = F + ABS(TMP) #+P + G=ABS(TMP) *%Q

IF (ABS(TMP) .GE. eps) THEN
D(1)=P+«TMP/( ABS(TMP) * = (2.0D0-P) )
APU(1)=GxQ+TMP/( ABS(TMP) =« (2.0D0-Q) )

ELSE
D(1)=0.0D0
APU(1)=0.0D0
END IF
END DO
T™MP = 0.D0
DO I=1,NF-1
TMP2 = (D(1)-D(1+1))+*H3
D(I) = TMP2 + MYx( U(I) — Z(1))
TMP2 = (APU(I)-APU(I+1))=H3

D(I) = D(I)+TMP2
TMP = TMP + (U(I)-Z(1)) %2
END DO
TMP2 = D(NF)«H3
D(NF) = D(NF)=+H3 + G*TMP2 + MY*(U(NF) — Z(NF))
TMP = TMP + (U(NF) — Z(NF))#x%2
F = F + 0.5D0+«sMY*TMP

END IF
RETURN

END

EMPTY SUBROUTINES
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SUBROUTINE FUN(NF,KA,X,FA)

C .. Scalar Arguments
DOUBLE PRECISION FA
INTEGER KA,NF

C ..
C .. Array Arguments
DOUBLE PRECISION X ()
C ..
RETURN
END
SUBROUTINE DER(NF,KA,X,GA)
C .. Scalar Arguments
INTEGER KA,NF
C ..
C .. Array Arguments
DOUBLE PRECISION GA(*) ,X(*)
C ..
RETURN
END
SUBROUTINE HES(NF,X,H)
C .. Scalar Arguments
INTEGER NF
C ..
C .. Array Arguments
DOUBLE PRECISION H(#) ,X(*)
C ..
RETURN
END

C

C ORIGINAL SIGNAL

C comment one of these.

C You can add here some more different signals

sk o s o R R SRR SR SRR S R o R kR KR KR R SR Rk Rk R
DOUBLE PRECISION FUNCTION EXACT (I,N,TEMP)
INTEGER I, N, ISIGNA
DOUBLE PRECISION PI ,TEMP

PI = ACOS(-1.D0)

¢ Selection of signal Set this 1 or 2.
ISIGNA =1
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IF (ISIGNA .EQ. 1) THEN

C
C Example 2:
C
IF (I .LE. N/4) THEN
EXACT = SIN(PI+*TEMPx2.d0)
ELSE IF (I .GT. 3%N/4 ) THEN
EXACT = —-SIN(PI+«TEMP=%2.d0)
ELSE IF (I.GT.N/4 .AND. I.LE.4%N/10 .OR.
& I.GT.6xN/10 .AND. I.LE.3%N/4) THEN
EXACT = 0.75d0
ELSE IF (I.GT.4«N/10 .AND. I.LE.N/2 ) THEN
EXACT = 4.d0+«TEMP-1.5d0
ELSE IF (I.GT.N/2 .AND. I.LE.6xN/10 ) THEN
EXACT = 2.5d0-4.d0+TEMP
END IF
ELSE
C
C Example 1:

C

IF (I .LE. N/2) THEN
EXACT = SIN ( PI+TEMP)

ELSE IF (I.GT.N/2 .AND. I.LE.4xN/5) THEN
EXACT = 0.65d0

ELSE
EXACT = 2.d0-2.d0+TEMP

END IF

END IF

RETURN
END

C***>l<***>l<>l<**************************
¢ The value of cost function (Same as in FUNDER but without
derivatives)
¢ note that not all parameters are used in this example
C*******>l<*>l<************************
DOUBLE PRECISION FUNCTION JJ (N,U,H,MY,G,P,Q,Z,APU,
IMODEL)
INTEGER N, I
DOUBLE PRECISION U(N), H, MY, G, P, Q, Z(N), APU(N)
DOUBLE PRECISION H2,H3,TMP
Here U is the optimized variable, z is the noisy data,
c h is the step size in discretization
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H3=1.D0/H
JJ = 0.D0
PRINT #,’ hihu > ,IMODEL

IF (IMODEL .EQ. 1) THEN
PRINT %, hihu’

H2=1.D0/(H+H)

TMP = U(1)«H3
JJ = JJ + G+ABS(TMP)

DO 1=2,N
TMP = (U(1)-U(I-1))+*H3
JJ = JJ + G+ABS(TMP)
END DO

TMP = (2.D0xU(1) - U(2))*H2
JI = JJ + 0.5D0O+MY+U(1)*TMP  + (U(l) — Z(1))*%2)

DO 1=2 ,N-1
TMP = (2.D0xU(I) — U(I-1) — U(I+1))=H2
JJ = JJ + 0.5D0+(MY+U(I)*TMP + (U(I) — Z(1))#%2)
END DO
TMP = (2.D0xU(N) — U(N-1))=H2
JI = JJ + 0.5D0x+(MY+U(N)*TMP + (U(N) — Z(N))#%2)

ELSE
TMP = U(1)+H3
JJ = ABS(TMP) #xP + G+ABS(TMP) #%Q

DO I=2,N
TMP = (U(1)-U(I-1))=*H3
JJ = JJ + ABS(TMP)##P + G+ABS(TMP) %+Q
END DO

T™MP = 0.D0
DO I=1,N
TMP =
END DO
JJ = 1] + 0.5D0:MY+TMP

TMP + (U(1)-Z(1))#x2

END IF

RETURN
END
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