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SOME PROPERTIES OF A CLASS OF ELLIPTIC PARTIAL
DIFFERENTIAL OPERATORS

SHAOLIN CHEN AND MATTI VUORINEN

ABSTRACT. We prove Schwarz-Pick type estimates and coefficient estimates for
a class of elliptic partial differential operators introduced by Olofsson. Then we
apply these results to obtain a Landau type theorem.

1. INTRODUCTION AND MAIN RESULTS

Let C be the complex plane. For a € C, let r > 0 and D(a,r) ={z: |z —a| < r}.
In particular, we use D, to denote the disk D(0,7) and D, the open unit disk Dj.

For a real 2 x 2 matrix, we will consider the matrix norm || A|| = sup{|Az|: |z] =
1} and the matrix function ((A) = inf{|Az|: |z| = 1}. For z = 2 + iy € C with x
and y real, we denote the complex differential operators

0 _1(0 0y 0 1(0 2
0z 2\0x Oy oz 2\o0x oy)’

If we denote the formal derivative of f = u + iv by

Uy U

Uy Uy
then ||Dy|| = |f.| + |fz| and I(Dy) = ||f.] — |fz||, where u, v are real functions,
f. = 0f/0z and f; = 0f/0z. Throughout this paper, we denote by C"(D) the
set of all n-times continuously differentiable complex-valued functions in D, where

ne{l,2,--}
For « € R and z € D, let

2
s 2y—a-1 Y 2v—am1 Q _Q Lo e
T, = 4(1 |2|%) —i—2(1 |2|%) <28z+z8§)+4(1 |z|%)"*A

be the second order elliptic partial differential operator, where A is the usual complex
Laplacian operator
0? 0? 0?
— =52t a3
0z0Z Ox Ay

We consider the Dirichlet boundary value problem of distributional sense as follows

A:=4
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1 {Ta(f):o in D,

f=r on JD.
Here, the boundary data f* € ©'(JD) is a distribution on the boundary 0D of D,
and the boundary condition in (1.1) is interpreted in the distributional sense that
fr = fFin ®'(0D) as r — 1—, where
(1.2) fr(€”) = f(re?), e € oD,

for r € [0,1) (see [21]).
In [21], Olofsson proved that, for parameter values a > —1, a function f € C*(D)
satisfies (1.1) if and only if it has the form of a Poisson type integral

(1.3) f(z) = =

2w

= —/ Ko(ze ) f*(eM)dr, for z € D,
2m Jo

where

(1 _ |Z|2)a+1
L= 2ot

ca = (D(a/2 + 1))2/F(1 + @) and ['(s) = [;"t*'e dt for s > 0 is the standard
Gamma function. If we take o = 2(n — 1), then f is polyharmonic (or n-harmonic),
where n € {1,2,...} (cf. [1, 2,5, 14, 18, 19, 20, 22]). In particular, if « = 0, then f
is harmonic.

For a,b,c € R with ¢ # 0, —1, =2, ..., the hypergeometric function is defined by
the power series

Ka(z> =

N E (a)n(b)n 2"
Fla,byez) = ;Wﬁ’ x| <1,
where (a)p = 1 and (a), = a(a+1)---(a+n—1) forn = 1,2,... are the Pochhammer
symbols. Obviously, for n = 0,1,2,..., (a), = I'(a + n)/T'(a). In particular, for
a,b,c>0and a +b < ¢, we have (cf. [3, 4])

e 1) — i oy L (c—a—b)
(1.4) F(a,b;c;1) = 9161_% F(a,b;c;z) = T(c—aT(c—b) < 00.
On the basis of Olofsson’s research, we continue to investigate some properties of
solutions to (1.1). The following is a Schwarz-Pick type estimate on the solutions
to (1.1).

Theorem 1. For a > —1, let f € C*(D) satisfy (1.1) and sup,cp | f(2)| < M, where
M is a positive constant. Then, for z € D,

(1 |2 Lo (et
13) |76 - S f10) SM[— Ko(zetydt — LT
and

K4(0)

27 J, 1+ |7

MM (|2])[2+ a+ (4 + 3a)|z]] _ M2+ a+ (4 + 3a)|z]]

1z B 1—[z? ’

(1.6)  [[Ds(2)]l <
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where

(1.7) M,(r) = % i 7rKa(reie)de = % (—%, —%; 1;7"2) , ref0,1).

Let f be a harmonic mapping of D onto D with f(0) = 0. In [15], Heinz showed
that, for z € D,

2
1Dy > 2.
By using Theorem 1, we get a Heinz type inequality on 0D as follows.

Theorem 2. For a > 0, let f € C*(D) satisfying (1.1). Suppose that f(0) = 0,
f(D) =D and f(OD) = ID.
(a) If a =0, then, for 6 € [0, 2n],

1D ()] >

=N

(b) If « > 0, then, for 6 € [0, 27|,
, d o
16 : B _
D) > Tim = Ma(r) =5,
where M (r) is given by (1.7).
The following result is the homogeneous expansion of solutions to (1.1).

Theorem A. (|21, Theorem 2.2]) Let « € R and f € C*(D). Then f satisfies (1.1)
if and only if it has a series expansion of the form

_ S - a, 112 Lk
(1.8) flz) = ;ckF (—§,k - Sik+ 1 )z
- Q@ a 2\ =k
+k§c_kF (—E,k— Sik+1:e] )z , 2eD,
for some sequence {cp}7> . of complex numbers satisfying
(1.9) lim sup\ck\ﬁ <1

|k|—o00

In particular, the expansion (1.8), subject to (1.9), converges in C*(D), and every
solution f of (1.1) is C*°-smooth in D.

For o = 0, there are numerous discussions on coefficient estimates of harmonic
mappings in the literature, see for example [7, 8, 9, 11, 13, 17, 24]. We investigate
the problem of coefficient estimates on the solutions to (1.1) as follows.

Theorem 3. For a > —1, let f € C*D) be a solution to (1.1) with the series

expansion of the form (1.8) and sup,cp |f(2)] < M, where M is a positive constant.

Then, for k € {1,2,...},
«

(1.10) ‘ckF< = k= Sk, 1)) + )c_kF( -

«

AM
2’

(6%
- - . <
K 2’k+1’1>’_ 0
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and 0 o
F(——,——;l;l) ’ < M.
‘CO 272 =

In particular, if « = 0, then the estimate of (1.10) is sharp and all the extreme
functions are

where |e| = [¥] = 1.
The following result easily follows from Theorem 3 and [21, Proposition 1.4].

Corollary 1.1. For a > —1, let f € C*(D) be a solution to (1.1) with the series
expansion of the form (1.8) and sup,cp |f(2)] < M, where M is a positive constant.
Then, for k € {1,2,...},
AMT (1+9) D (k+1+9)

Ko+ )7

k] + le—k| <

For p € (0,00], the Hardy space HP consists of those functions f : I — C such
that f is measurable, M, (r, f) exists for all r € (0,1) and || f||, < oo, where

sup My(r, f), if p € (0,00),

£l = q =< P
sup | f(2)], if p = oo,
z€D
and
1 2 )
My f) =5 [ ey,
b 21 Jo
The classical theorem of Landau shows that there is a p = ——~—— such that

M~/ M2—1
every function f, analytic in D with f(0) = f’(0) —1 = 0 and \fJEz)\ < M in D, is
univalent in the disk D, and in addition, the range f(DD,) contains a disk of radius
Mp? (see [16]), where M > 1 is a constant. Recently, many authors considered
Landau type theorem for planar harmonic mappings (see [6, 7, 8, 9]), biharmonic
mappings (see [1]) and polyharmonic mappings (see [11]). Applying Theorems 1
and 3, we get the following Landau type theorem.

Theorem 4. For o € (—1,0], let f € C*(D) be a solution to (1.1) satisfying f(0) =
|J¢(0)] = A =0 and f € HP, where X is a positive constant and J; is the Jacobian
of f. Then f is univalent in D, ,,, where py satisfies the following equation

A _AMTpo | 2= po n 2po _0
M*(2+ a) ™ | (T=p0)*  (L—po)(1—pp) ’

a+1

1 1
where pu(y) = (14) » / [7(1 - 7)?] » 1(70) = mingey<r p(y) and M* = & || fllp1(0)-
Moreover, f(D.,,,) contains a univalent disk D, g, with

20 A M po(2 — Po)]

foz =5 {M*@ Ta) Aoy
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We remark that Theorem 4 is a generalization of [6, Theorem 2| and [10, Theorem
5].

The proofs of Theorems 1, 2 and 3 will be presented in Section 2, and the proof
of Theorem 4 will be given in Section 3.

2. SCHWARZ-PICK TYPE ESTIMATES AND COEFFICIENT ESTIMATES

Proof of Theorem 1. We first prove (1.5). By the assumption, we see that f, — f*
in ©(0D) as r — 1—, where f, is given by (1.2) for » € [0,1). By (1.3), for
2z =re? €D, we have

- U o)
— | [ e e - S o
Y (Ka@e—it)_%Kam))ﬁ(eiﬁ)dt\
< o [ (Rt - ST o)
< M {% 0% Ko (ze- )t — U 1_+|Z“2T+1Ka(0)] |

Next we prove (1.6). By the proof of [21, Theorem 3.1|, we observe that

{F(l + )} oo 2
21 M. 27r/ Ka(re" Tita) <_§’_§71’T )
and M, (r) is increasing on r € [0,1) with
hm M (r) =

By elementary calculations, for z € D, we have

0 (=[P [(A+5)e ™1 =ze") (1 = [2]*) = (@ + 1)z]1 — ze7 "]

Ko(ze™™) = ¢,

02 |1 — ze—it|ita
and
9 (1= | [+ $)e4(0 = 2e=)(1 = [=f) — (o + 1)el1 — 2=}

Ku(ze™™) = ¢,

gz |1 — ze—it[t+a ’
which, together with (1.3) and (2.1), imply that

1 27 ) ) 1 2m 0 . .
D — _ . Ka —it it dt . Ka —it\ px (it dt
e e i N T CO L B P i ER TGO

IN

dt

Me, / (1= o) [(L+ @) 2|1 — ze 2 + (1 + 9)[1 = ze~|(1 = |2])]
0

T |]_ _ Ze—it|4+a
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_ M| / L+ @l — P, / (1+2)(1— |3 dt]

T |1 _ Ze—it|2+a |]_ _ Ze—it|3+a
2T a+1 1 e 2T o 2\a+1
- Me, | (14 a)lz] dH( +2)/ (1= o)t
T (1—1z]?) ‘1—26_”‘2"'0‘ (1—1z]) |1 — zeit|2+a
aM(1 2 1 [ 4
_ [2M(+ )l Mo 1 K ey
1—z|? 1—1z| |27 J,
[2M(1+a)lz] M2+ a)
- R o el
MM (|2])[2 4 o+ (44 30)2]]
a 1—|[z[?
_ M2+ a+ (4 + 3a)|z]
- 1— |2 '

The proof of this theorem is complete.

Proof of Theorem 2. Since (a) easily follows from the inequality (15) in [15], we

only need to prove (b). Let aw > 0. By Theorem 1 (1.5), we have

() = fre®)] 1= 1f(re”)]

1—r - 1—r
127 —i A—|z))ott
(2.2) L e Ka(ze™")dt + 15— Ka(0)
: > T .
where z = re? € D and 0 € [0, 27).
Applying [21, Theorem 3.1], we get
1 2w
e —it = | =
21 \ZI\E;I% 0 Ka ( >dt 7’1—13{1— MQ(T) 17

which, together with L'Hopital’s rule and (2.2), yield that

D)) > (\ng”)

) — f(re)

r—1— 1—7r
27 (60— (1—r)a+1
> lim 1= oo fo Ka(re®)dt + 55— Ka(0)
- r—1— 1 —7r

1= ) K (re)dy + S R (0)
= lim
r—1— 1—r
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2w
= i lim i/ Ka(rem)dn

21 r—1— dr

d
= Jlim g Ma(r).
where M, (r) is given by (1.7). It follows from the proof of [21, Theorem 3.1] that
a\12 a)l2 o e 2
M (’l“) _ [F(l + 5)} F (_E e 1.7,2) _ [F(l + 5)} Z [( — E)n} r2n
“ I'l+a) 27 277 I'(l+a) (n!)? ’
which yields that
d a2 [M(1+2)) a
M)y =282 e (-2 2o
M) =5 T ( 2 Ty ’T>’
where r € (0,1). By (1.4), for o > 0, we see that

_d a2 [M(1+2)) a o
lim — M, = —+~ 2 p(1—-=1-=:2:1
Jm oM (r) 2 I'(l1+a) ( 27 277 )
o [F(1+%)] I'(2)I' ()
2 T+a) [r(+5))
_ o T _o
2T 4a) 27
Therefore, for 6 € [0, 27],
. d «
6 : B —
1D5()] > i+ M) =5
where o > 0. The proof of this theorem is complete. O

Proof of Theorem 3. For r € [0,1), let
A(r,a) = ckF( — %,]{; _ %;k + 1;r2>

and X .
By(r,a) = c_kF( — §,k — §;k+ 1;7,2)’

2m
Ap(r,a)r® = %/ f(2)e"*0dp
T Jo

where r = |z|. Then

and
1 .
By(r,a)r* = gy f( )e™do,
which imply that
1 [ .
(2.3) | Ap(r, a)|r* = f(z)e Hoetars Ar(ral gg

o
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and
(24) ‘Bk T, a / f Zk@ —ZargBk(r a)da
where A4(r,a) = | A4, )| 5400, By(r, ) = |By(r, ) e 0 and = = reb.

=4
By (2.3), (2.4) and [12, Lemma 1], we have

(2.5) | (JAx(r, )| + | Bi(r, o)) |
- 1 /27r f(2) [e_i(k”arg“‘k(’"’o‘)) + ¢ (ke_argBk(r’o‘))] d@‘
2m Jo
< % o £(2)] e—i(k@—l—argAk(r,a)) L (ko—arg Bu(ra)) ‘dﬁ
< % e—i(kG—l—argAk(r,a)) + ei(ke—argBk(m)) ’d@
M

_ 1_'_ei(2k9+argAk(r,a)—argBk(r,a)) ‘d@

2m o
_ %/ o <k9+argAk(r,a) argBk(r,a)>
T Jo

do
2

™

By letting » — 1— on (2.5), we obtain
4M

On the other hand, for £ = 0, we have

2w

(2.6) L i |f(re?)?do = }coF <_%’_%%1;1> r

2Qm r—1— 0

< M
where r € [0,1). It follows from (2.6) that
a o«
F (——, _%. 1) ‘ < M.
‘CO 2° 72 =
If & = 0, then the sharpness part follows from [11, Lemma 1]. The proof of this
theorem is complete. O]
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3. THE LANDAU TYPE THEOREM
Lemma 1. Forz € [0,1), let

B 4] AMzx | (2 —x) 2
(p(x>_M(2+oz)_ T (1—x)2+(1—:c)(1—x2)2’

where a > =2, 0 > 0 and M > 0 are constant. Then @ is strictly decreasing and
there is an unique xo € (0,1) such that p(zg) = 0.

Proof. For z € [0,1), let

_ AM z2(2 — ) _4M 22
M) ==y R = e e
Since, for z € [0, 1),
M
i) = S > 0.

we see that f; is continuous and strictly increasing in [0,1). We observe that fs is
also continuous and strictly increasing in [0, 1). Then

P = T~ h) — @)

is continuous and strictly decreasing in [0, 1), which, together with

ilir(l)g@([t) = M2t a) > (0 and xli)r{l_ o(r) = —00,
imply that there is an unique xy € (0, 1) such that ¢(zg) = 0. O

Lemma 2. For a € (—1,0], let f € C*(D) be a solution to (1.1) satisfying f(0) =
|J;(0)] — 8 =0 and sup,¢p | f(2)| < M, where M, B are positive constants and J¢
is the Jacobian of f. Then f is univalent in D,,, where py satisfies the following
equation

- -
M(2+ ) ™ [ (L=p0)*  (1—po)(l—p}
Moreover, f(D,,) contains a univalent disk D, with

2p0 B Mpo(2 — po)
fo=z=5" [Mma) TR o }

8 4MPO[ 2~ po 20 ]_0
2|

Proof. By Theorem A, we can assume that

- « «
f0) = Dar (-gh-giktLl)

—I—Zc_kF (—%,k — %;k + 1; |z|2) z¢ 2 eD,
k=1
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for some sequence {ci}52 . of complex numbers satisfying

1
lim sup |cg|™ < 1.
|k|—o0

For a € (—1,0], by [21, Proposition 1.4], we observe that

Ca, a o = (8), (k—5),
F( 5k z’kH’T)_Z Gt =Y

n=0

is bounded and increasing on r € [0, 1), which imply that

(3.1) (Jex| + \c_k|)F<— %,k— %;k+1;r2)
< (\Ck\ + \c_k|)F< — %,k — %; k+1; 1)

AM

T )

where r = |z| and k € {1,2,...}.
By (3.1) and Theorem 3, we see that, for each k € {1,2,...},
(=3), (k=$%), 1 _4M

(32) (] + le-al) 2oy 222 0 < =

where n € {1,2,...}.
Since ¢y = f(0) = 0, we see that

> (6% « _

(3.3) £.(2) = L.(0) = kEZQ:kckF (—E,k—§;k+1;w> A1
00 d B
‘|‘k§:1 Ck%F (—%,k‘— %;k‘—l—l;w) P

> d « «
_—F(——,k——;k 1; >_k+1
+;C kdw 9 5 +Lw)z
and

(3.4) £(2) = f(0) = ; ke o F (—% k— %; k1 w) k-1

> d « «

P (=5 k= ik L) 2
+;dew 9 5 +Lw)z
+§:c iF(—g k‘—g'k‘—l—l'w)ikz

< —kdw 27 2a ) )

where w = |z|%.

Applying (3.2), (3.3) and (3.4), we obtain
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(3.5) |fz( ) = £2(0)] + [ fz(2) — f=(0)]
(6% (6%
< - i . k—1
< zk|ck|+|c )F (=5 k =Sk + Lw) |2
AN e A . k+1
+2§_:(Ick|+lc—kl)dwF( 5k 2,1{:—|—17w)|z|
< Zk| ‘k 1_'_22 4MZH‘Z|2(n_1) ‘Z|k+1
n=1
_ e 2 2]k
r (122 T w & (I[P
AM [2](2 — |2]) | 8M Els

o (=22 m (T2 = [2?)?>
Applying Theorem 1 (1.6), we get
= [J7(0)] = [det Dy(0)] = || D4(0)[|I(D(0)) < M(2 + a)I(D(0)),
which gives that

B

(3.6) [(Dys(0)) > ICER)

In order to prove the univalence of f in D, , we choose two distinct points zi,
2y € D, and let [21, 22| denote the segment from z; to zo with the endpoints z; and
z9, where pg satisfies the following equation

5 _AMpo | 2—po n 2po _0
M2+ a) ™ | (1=po)*  (1—=po)(1l—pp)?

By (3.5), (3.6) and Lemma 1, we have

‘f(22) - f(Zl)‘ =

/[ )+ I

/ £.(0)dz + £(0)d=
[21,22]

/[ (2) = 1)z + (f:(2) = £:(0))z
[(Dy)(0)|z2 — 2]
_/[ ] (|fz(2> - fz(0)| + \fg(z) — fz((])‘)|dz|

A%
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> |2’2 —Zﬂ{ﬁ

_4Mp0 2—po + 2po
| A=p0)* (1= po)(1—pp)?

= 0.

Thus, f(22) # f(21). The univalence of f follows from the arbitrariness of z; and 2.
This implies that f is univalent in D, .
Now, for any ¢’ = ppe’ € 9D,,, we obtain that

1f(¢) = f(O)] = f-(2)dz + f2(2)dz

‘ 0.¢')
f(0)dz + f=(0)dz

‘ [0,¢']

/[ogf] (f2(2) = [2(0))dz + (f=(2) — f=(0))d=z

> DO [ (156) = O+ 176 £:0))
AMpg [* [#(2 = pot) 2pot”
> o= [ ]
Bpo  AMpE| 2—po) [*
> Me+a) n [(1—/)0)2/0“”

St tzdt]
= {M(2ﬁ+ a) = [z(i ST = po2>p<01 - f%)?]}
20 { B _Mpo(2—ﬂ0)] ‘
3 [M2+a)  w(1—ppy)?

Hence f (]D)po) contains a univalent disk Dg, with

R > 2po B Mpo(2 — po)
0 = T - .
3 [ M2+a) (1 — pp)?
The proof of this lemma is complete. U

Let us recall the following result which is referred to as Jensen’s inequality (cf.
[23]).
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Lemma B. Let (2, A, 1) be a measure space such that u(Q) = 1. If g is a real-valued
function that is p-integrable, and if x is a convex function on the real line, then

X(/gdu) S/Xogdu-
Q Q

Proof of Theorem 4. For z € D,, we have

- . a+1
fE) =5 /02 W B prenya

2o |r — ze—it|2+e

where r € (0,1). Let

o (.2 _ |, 2\atL
¢.(r) = Ca /0 &dt’

- 2o |r — ze—it| >t
where z € ,.. Applying [21, Theorem 3.1], we see that, for z € D,
(3.7) 6.(1) < lim ¢.(1) = 1.

Tzl

By using Jensen’s inequality (see Lemma B), for p > 1, we get

fz) " 17 e, (=) ]
¢.(1) %/0 o (1) | — ze—it[2+a f(re™)dt
1T e, (PP L
B ﬁ/o v, () = ze—rpea et
N (e F1 ) R A B U,
< ¢ (r) (r — |Z|)2+a <§/0 | f(re)] dt)
I (1)

reg.(r) (r—lzl)
which implies that

Call FI(6-(r))"

,rCl(

F(z)] < [

where z € D,.. By letting r — 1— and (3.7), for z € D, we have

38 15 < [ealse-0)] % %

For ¢ € D, let Q(¢) = f(7()/~, where v € (0,1). It is not difficult to know that
Q(0) = |Jg(0)] = A= 0. By (3.8), for ¢ € D, we obtain

1
< callfllp

-

a

1Q(Q)]
" (1 —7)

Y

T =
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which gives that
1
QO] < callfllp min u(y),

0<y<1

where
a+l

1
p)=1+7) 7/ [7(1 —7)”] :
Let 7o € (0, 1) satisty
() = jmin p(v).
By using Lemma 2, we observe that () is univalent in D, , where p, satisfies the
following equation
A AM*po | 2 — po 2po

Feta) 7 |G=pp  O—p)i—pr| "

1
where M* = cZ|| f||,1(70). Moreover, Q(D,,) contains a univalent disk Dg, with

20 A M*po(2 — po)
Ry > — -
3 (M 2Ta)  w(l-p)?
Hence f is univalent in D,,, and f(D,,,,) contains a univalent disk D,,g,. The
proof of this theorem is complete. 0J
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