WHEN THE SIEVE WORKS II

KAISA MATOMAKI AND XUANCHENG SHAO

ABSTRACT. For a set of primes P, let U(z;P) be the number of positive integers n < z all
of whose prime factors lie in P. In this paper we classify the sets of primes P such that
U(x;P) is within a constant factor of its expected value. This task was recently initiated
by Granville, Koukoulopoulos and Matoméki [6] and their main conjecture is proved in this
paper. In particular our main theorem implies that, if not too many large primes are sieved

out in the sense that
1 1+¢
> Sz
P u

peP
2t <p<a

for some € > 0 and v > u > 1, then

U(z;P) >0z [ (1 - 1) .

p<x p
P¢P

1/u

1. INTRODUCTION

Let IP be the set of all primes and let P C IP be a subset of the primes < x. We study the
most basic sieving problem, wishing to estimate

U(r;P)={n<z:p|n = peP}.

In other words we sieve the integers in [1, 2| by the primes in P¢ = (PN [1,x]) \ P. A simple
inclusion-exclusion argument suggests that W(x; P) should be approximated by

(-3)
x 1—-].
pePC p

This is always an upper bound, up to a constant, and a lower bound, up to a constant, if P
contains all the primes larger than z!/27°(1) (see [5, Theorem 11.13] noticing that the sieving
limit 5 = 2 for kK = 1). On the other hand there are examples where W (z; P) is much smaller
than the expected lower bound. For instance if one fixes © > 1 and lets P consist of all the
primes up to 2'/%, then the prediction is about z/u whereas, by an estimate for the number
of smooth numbers, we know that W(z; P) = p(u)z with p(u) = u~*0+°W) as y — oo, which
is much smaller for large u.
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The first ones to study what happens if one also sieves out some primes from [2/2, 7]
were Granville, Koukoulopoulos and Matomaéki [6]. They conjectured that the critical issue
is what is the largest y such that

1 1+e¢
1.1 - > .
peEP
y<p<azl/

More precisely, they conjectured that when this inequality holds, the sieve works about as
expected. On the other hand they gave examples with

1 1-
> -l

y<p<zgl/v

such that W(z;P) is much smaller than expected.
Here we continue this study and show that the conjecture indeed holds.

Theorem 1.1. Fix e > 0. If x is large and P is a subset of the primes < x for which there

1 .
are some 1 <u < v < —=28% ___ yyth
1000 log log x

11
Z > +€’
peEP p u
ml/v<p§$1/u
then
U(x; P 1
(x—) > A, H (1 _ _) :
T p
peEPC
where A, is a constant with A, = v="0T=W) g5 v — oco. If u is fived, one can take
A, = v~ M4o-(D) ggy — 00,

This establishes the main conjecture of [6]. Notice that when P consists of all the primes
< get T Y the conditions of the theorem are satisfied and an estimate for smooth numbers
shows that

W(z; P —(142¢) /u
g pvle (e /ito(1))

x

and hence the dependence of the constant A, on v is close to best possible. More refined
questions about the asymptotic behavior of A, may be asked, but we will not address the
issue here. One may also ask the same question for sieving in short intervals (or more general
sets), but unfortunately our methods seem pretty specific to the case of long intervals (see
also [6, Remark 1.4]).

Granville, Koukoulopoulos and Matoméki [6, Sections 34| have reduced a slightly weaker
form of the conjecture to an additive combinatorial problem similar to the following hypoth-
esis. We will deduce Theorem 1.1 from Hypothesis A in Section 2.1.
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Hypothesis A. Fiz A\ € (0,1). Let N > v > u > 1 be such that N > (100v/)\)%. If A is a
subset of the integers in (£, ] such that

1+)\
Z_

a€A

then there exists an integer k € [u,v] such that
K A"
{(ay,...,ax) € A" N —k<a+-- +ak<N}|>ozvN,
where v, is a constant with a, = v~ as v — oco. If u is fived and v > 1000u?/\2, one
can take k < e Yy,

Furthermore Granville, Koukoulopoulos and Matoméki [6] proved (a slight variant of)
Hypothesis A for some large constant A and a, = v~ °® which implies Theorem 1.1 for
some large constant €. Here we will prove Hypothesis A for every A > 0 which implies
Theorem 1.1 for every € > 0.

A crucial ingredient is the following result of Bleichenbacher [1] (see [9, Section 9] for the
proof) which may be viewed as a qualitative continuous variant of Hypothesis A.

Bleichenbacher’s Theorem. Ifu > 1 and T is an open subset of (0, %) for which

/ dt 1
N > -,
ter 1 u
then there exist ty,to, ...t € T for which t; +ta+ -+t = 1.

Actually we will use the following discrete variant of Bleichenbacher’s theorem which is a
qualitative variant of Hypothesis A.

Proposition 1.2 (Discrete Bleichenbacher). Let N > u > 1 and let A C{1,...,|N/ul} be

such that .
Z‘ ” ﬁ-

acA
Then there exists aq,...,a, € A such that N —k <a;+---+a, < N.

Proof. Notice first that the claim follows trivially if there is a € A such that a < v/N since
in this case there is k > /N such that N — v/N < ka < N. Hence we can assume that
AC{[VN],[VN]+1,...,|N/ul}.

Define T =, 4 (&, %) so that

dt (/N gt 1 1 1
Lo-2l, T-gu(0):20-3)
ter U < Ja/N t a “\a a
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Then Bleichenbacher’s theorem implies that there are tq, ..., ¢, € T such that t;+---+t;, = 1.
For each j there is a;; such that t; € (a;;/N, (a;; +1)/N). But then N —k < a; +---+a;, <
N. O

The proof of Hypothesis A splits into two cases according to whether much of the set A is
contained in [N/ug, N/u| for some uy = O(1) or not. In the first case Hypothesis A follows
from an arithmetic removal lemma in a straightforward way, whereas in the second case we
develop an analogue of the arithmetic removal lemma with a growing number of variables
(see Theorem 3.4 below), which could be of independent interest.

Acknowledgements. This work started when both authors were visiting CRM in Montreal
during the analytic part of the thematic year in number theory in Fall 2014, whose hospitality
is greatly appreciated. Thanks also to Ben Green for helpful discussions.

2. SOME INITIAL REDUCTIONS

2.1. Deduction of Theorem 1.1 from Hypothesis A. As in [6], we first reduce proving
Theorem 1.1 to proving a variant of Hypothesis A for the primes called Hypothesis P, and
then show that Hypothesis A implies Hypothesis P.

Hypothesis P. Fiz A € (0,1). If z is large, 1 <u < v < 2% and P is a subset of the

999 log log x
1 1
Z Z > + /\7
peEP p u

primes in (z'/, Y] for which

then there exists an integer k € [u,v] such that

x
cpr) EPE S <py - <:1:H> Y ——,
H(pl Pr) 9 SPiPe > T v log

where T, is a constant with ©, = v=*") for v — oco. If u is fized and v > 1000u?/)\2, one
can take k < e Yy,

Proof that Hypothesis P implies Theorem 1.1. We can clearly assume that ¢ < 1/1000. Let
A=PnNI[1,zY] and B=PnN (z'/*, 2] so that

U(;P) > V(P O[La) > > U(z/a;B),
a<ge/(5v)
p\a_=>p€./4

since we can write any n composed only of prime factors from P N [1, 2'/%] as n = ab where
a and b are composed only of prime factors from A and B, respectively. For each a < /6%,

we have that ) .
2 > 2 X

peB peEP pEP
(x/a)l/”<p§(x/a)1/“ :Bl/”<p§:rl/" (w/a)l/“<p§m1/“

SRR
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If (z/a)/* > z'/* — 22/ a trivial estimate gives
0.2/(30)

1 3
< =g —
XE[; p — xl/v/2 v ~ 2u
(w/a)l/{)‘<p§xl/"

Otherwise, Huxley’s prime number theorem for short intervals (see e.g. Theorem 10.5 in [§]
and the subsequent discussion) yields, once x is large enough,

1 1 1/u
3 —gzlogLS—Qlog@—i)gi.
P log(x/a)l/v 5v 2u
peP
(z/a)t/m<p<at/v
Hence, in any case,
Z l Z 1 + 5/2’
peEB p u
(z/a)t/v<p<(a/a)'/®

and applying Hypothesis P to the set B yields that there exists k € [u,v] such that

U(x/a:B) > my —
(v/a;B) 2 m avklog

where 7, = v for v — co. Consequently

U(z;P) 1 1 m 1 o 1
. - 1—= = 1—=
AR B | (B RS | (B

aSIE/SU pgxs/Sv pePC p
pla = peA pEPC

by [6, Lemma 2.1]. This gives the desired lower bound since k£ < v, and in case u is fixed,
k < e~Yuy for large enough v. O

Proof that Hypothesis A implies Hypothesis P. Let p = 1 + (ﬁ)2 and N = log,z — v.
Define, for j > 0,

Let Jy = log m and let jo be the smallest integer j > 0 for which

1 _1+3+3 %
2.1 -> —= 0

aEAj peEP
p*<p<pt!

Notice that, since

DD SIS RTINS DI

a
a€A pEP pEP N/v<a<N/u gl/up=v/upLgl/u
p<p<p®*! zt/v<p<gl/u

Y

- 3 114233
p u

SR
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necessarily jo < Jy. Write A = A;,. Then, by Huxley’s prime number theorem in short
intervals,

(2.2) Z%ZZlog(l—i—é)z(l—)\/lOO)Z 3 %21:?

acA acA acAj, pEP
p<p<p®tt

Furthermore, since j, was chosen to be the smallest integer for which (2.1) holds, we get
that

—jo+1 1 A\
= Y Y -z
a p — 3Jou
(IGA]'O aEAjO\Ajo—l pGP
p<p<p*t!
so that
‘ N A A N
Al - e > — . > —.

ev 3Jou vlogv' U

By (2.2), we can apply Hypothesis A to the set A which gives that, for some k < v (or in
case u is fixed and v > 1000u?/\2, k < e~ V/%),
b A"
H(ay,...,ax) € A" N—k<ar+ - +a, <N} EQUT,
where «a, = v,
Now for each solution to a; + --- + a € (N — k, N] with ay,...,a; € A, consider the
primes p; € P with p% < p; < p%*!. Note that for such primes p; - - - p < pV** <z and

—2v
A 2
e > N S 720 1 > x/2.
P Pr2p T ZIp l‘< +<1000U) ) > x/

Hence
1
k
1 1 1 1
>3 2 ooz o2 12
P1- Dk , p
(p15-.,pK ) EPF (a1,...,ar)EAF =1 peP
g a;+1
z/2<p1-pr<zx N—k<ai+-+ap,<N pri<p<p%i
1 e—kdo 1 e ko
> — > — 1
—2 Z ap---ap — 2(N/u)k Z
(al,...,ak)eAk (al,...,ak)GAk
N7k<a1+---+ak§N N*k<a1+---+ak§N
S M e 0| A| k S 1 Ty
~— 2N N/u ~v2logz €92 k) (vloguv)k T vkloga’
where Ty = vzeo)\(gw = Uﬁok(v) as v — oQ. [
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2.2. Reduction of Hypothesis A to Hypothesis A*. In this section we reduce Hypoth-
esis A (except for the last claim concerning the case u is fixed) into a variant where u =< v.
Let ug = 3/\. We claim that, under the assumptions of Hypothesis A, there is some j such
that

Z 1 > 1 +j>\/3'

acA a ot
N/ (ud T u)<a<N/(ubu)

This follows since otherwise, summing over j > 0 we get that
Z 1 1+ /3 14+ A

- < <
a u(l—1/up) u

acA

which is a contradiction. Hence, Hypothesis A, except for the last claim concerning the
case u is fixed (which will be proved in Section 7), follows if we prove the claim when
A C (AN/u, N/ul, i.e. if we prove the following hypothesis.

Hypothesis A*. Fiz A\ € (0,1). There exists a constant ¢ = c¢(\) such that the following
holds. Let N > u > 1 be such that N > (10u/)\)?. Let A be a subset of the integers in

(AE AT such that
Z 1 > 1+ )\‘
a u

acA
Then there exists an integer k € [u,u/\| such that

AlF
|{(afl7-..;ak;)EAk:N—k<a1+-..+ak§N}|Zak7u‘Tl’

where .., is a constant with oy, = (¢/logu)* as u — co.

3. PROVING HYPOTHESIS A*: AN OUTLINE

Our main goal has become to prove Hypothesis A*, a quantitative variant of Proposi-
tion 1.2, concerning the number of solutions to a; + --- 4+ a = t for some fixed ¢t. In
Section 3.1 we state some removal-type results in this spirit. When the number of variables
k is bounded, this follows from an arithmetic regularity lemma of Green [7]. However, when
k grows, the situation becomes different and we will prove the substitute Theorem 3.4 in
Sections 4-6. Hypothesis A* will be deduced from these results in Sections 3.2 and 3.3.

3.1. An arithmetic regularity lemma for popular sums. An important tool in graph
theory is the triangle removal lemma, which can be proved using Szemerédi’s regularity
lemma. Green [7] developed an arithmetic version of the regularity lemma, and deduced as
a consequence a removal lemma in the arithmetic setting.

Theorem 3.1 (Arithmetic removal lemma). Let k > 3 be a positive integer. Let G be a
finite abelian group with |G| = N, and let Ay, -+, Ay C G be subsets. For any n > 0 there
exists a positive constant 6 = 0(k,n) > 0 such that the following statement holds. If the
number of solutions to a; + --- + ap = 0 with a; € A; for all i is at most SN*~1, then for
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each i there exists a subset A, C A; with |A; \ Al] < nN, such that there is no solution to
ay + -+ a, =0 with a; € A; for all i.

By inspecting the proof, one notes that the construction of A’ is translation-invariant, in
the sense that if A, = B; +t for some ¢t € G, then one can take A; = B; +t. Using this
observation, the following extension of this arithmetic removal lemma quickly follows.

Theorem 3.2 (Removal lemma for popular sums). Let k > 3 be a positive integer. Let G be
a finite abelian group with |G| = N, and let Ay,--- , A C G be subsets. For anyn > 0 there
exists a positive constant 6 = §(k,n) > 0 such that the following statement holds. For each i
there exists a subset A, C A; with |A; \ A;| <nN, such that for each v € A} +---+ Aj, the
number of solutions to a; + - -+ + a, = x with a; € A; for all i is at least SN*~1.

While no assumptions on |A;| are made in the statement, if |A;| = o(N) for some i then
we may take A = () so that the conclusion holds trivially. Thus the removal lemma is only
meaningful when |A4;| > N for each i.

Proof. Define Aj,---, A} as in Green’s proof of the arithmetic removal lemma. Let z €
Al + -+ A, and suppose that there are at most JN*~! solutions to a; + -+ +ap =
with a; € A; for all .. Theorem 3.1 applied with the sets Aq,---, Ar_1, Ay — x, along with
the observation made above about translation invariance, implies that there is no solution
to a} + -+ + a), = x with a] € A] for all ¢, which is absurd. O

In other words, Theorem 3.2 asserts that, given a positive density subset A C G, all k-fold
sums can be made popular by removing a few elements from A, for any fixed £ > 3. When
k = 2, Theorem 3.1 is trivially true whereas Theorem 3.2 fails (see [17] for a construction of
a counterexample using niveau sets).

It was later observed in [10,13] that Theorem 3.1 can also be deduced directly from the
graph removal lemma, bypassing the arithmetic regularity lemma. In this way Theorem
3.1 can also be generalized to deal with general linear equations using hypergraph removal
lemmas; see [12] and references therein. On the other hand, in order to deduce Theorem 3.2
it seems necessary to use the arithmetic regularity lemma due to the translation-invariance
property required. Consequently, while [7, Conjecture 9.4] is proved in [12], its extension in
the spirit of Theorem 3.2 is still open.

For subsets A in an arbitrary abelian group (not necessarily finite), the following analogue
of Theorem 3.2 can be deduced via a Freiman isomorphism.

Corollary 3.3. Let k > 3 be a positive integer. Let G be an arbitrary abelian group, and let
Ay, Ay € G be finite subsets. Let A = Ay U---U Ay and assume that |A + A| < K|A]
for some K > 1. For any n > 0 there exists a positive constant 6 = §(k,n, K) > 0 such that
the following statement holds. For each i there ezists a subset A, C A; with |A; \ Ai] < n|A|,
such that for each v € Aj+---+ A}, the number of solutions to a1 +---+ar, = x with a; € A;
for all i is at least 5| A|F~1L.

Proof. By Freiman’s theorem, there is a Freiman isomorphism 7 : A — G of order £ from
A to a finite abelian group G, with image 7m(A) = A, such that |A| = «|G| for some
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a=alk,K) > 0. Let A = m(4;) for 1 < i < k. By Theorem 3.2 applied to Ay A
(with 7 replaced by na), there are subsets A; C A; with |A; \ A/ < na|G| = n|A|, such that
for each 7 € g’l +---+ g;, the number of solutions to a; + - -+ + ay = Z with a; € A; is at
least 6|G[¥* for some & = 6(k,n, K) > 0.

Now let A = 7=1(A}). Then |4; \ A)| = |4; \ A)| < n|A|. For any z € A} +--- + A,
note that any solution to a; + --- + ax = 7(x) with a@; € AVZ gives rise to a solution to
ap + -+ ap = x with a; = 77(a;), and moreover different solutions to the former give
different solutions to the latter. The desired conclusion follows immediately. U

We expect some version of Corollary 3.3 to hold as k grows, and in this direction we will
prove the following theorem.

Theorem 3.4. For any K > 1 and n > 0, there exist positive integers m = m(n, K)
and ¢ = {(n,K) and a positive constant 6 = 0(n, K) such that the following statement
holds. Let A C G be a subset in a torsion-free abelian group G with |A + A| < K|A|.
Then there exist an element z € G with z + (A C (m + {)A, and a subset A" C A with
|A"| > (1—n)|A|, such that for any positive integer k > € and any element x € kA +2z, we have
Tetmya(T) > (S|AFFm=1 where rpa(z) denotes the number of solutions to a; + -+ +a, =
with ay, -+ ,a, € A.

In the following two subsections we will show how the removal lemmas can be used to
prove Hypothesis A*, and the proof of Theorem 3.4 will occupy Sections 4-6. To end this
subsection, we give a rough sketch of the main ideas of the proof of Theorem 3.4, motivated
by arguments in [11].

We shall first deduce a filling lemma: from the removal lemma for popular sums with a
fixed number of summands and work of Tao and Vu [15] we deduce that there is a bounded
m and a proper progression P such that A C P and mA (popularly) contains a translate of
P, possibly after removing a small proportion of elements from A.

Now write C for the convex hull of A, so that C' C P. After shrinking A a bit, any
element z € kA is then a popular sum in £kC. We then use an induction and the Shapley-
Folkman theorem (see Lemma 6.1 below) to show that popular sums in kC' are also popular
in (k—1)C + A (if C is slightly shrunk in an appropriate way). After doing this reduction
enough times, we deduce that z is popular in rC + (k — r) A, for some bounded r. The final
task of finding popular representations of elements in rC' can be done through the filling
lemma described above since rmA popularly contains a translate of 7C. In practice we need
to be very careful to always guarantee popularity at each stage.

3.2. Proof of Hypothesis A* for bounded u. We divide into two cases depending on
whether u = O,(1) or not. First suppose that v = O,(1). Since Theorem 3.2 is only
applicable for k£ > 3, we need to do some initial preparations to handle the case where we
would have k = 2. Write

A'={a€e A: AN(N —-2—a,N —a] = 0}.
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If |A\A'| > (ﬁ)2 |A|, the claim follows with k£ = 2, so we can assume that |[A\ A’| < (ﬁ)2 |Al.
Then, by assumptions on set A, we have A" C (AN/u, N/u] and

1 1w 14+3)\/4
E _>§ - N>___ 7"
a a )\N’A\A’_ u
acA’ a€A

so that A" has density at least A/u on the interval [1, N/u]. By Corollary 3.3 we may find a
subset A” C A’ with |A"\ A”] < (3-)?|A4'|, such that for any 3 < k < u/\ and any z € kA",
we have

(3.1) {(ar, - an) € A¥rag + -+ a, = a}| > 6|4,

for some § = §(A, u) > 0. Since

1 1 U 1+)/2 1 1
_> ___A/ A//>—>_
a;/a_aezA/a /\N’ \ A7 = U u+\/N_1

by the lower bound for N, Bleichenbacher’s theorem (Proposition 1.2) implies that there
exists a positive integer k and a},--- ,a) € A” such that N —k < aj +---+a;, < N. Note
that we necessarily have k € [u,u/)\|, and by the choice of A’) we must have k # 2. If k = 1,
the claim follows immediately. If £ > 3, then (3.1) applied to a} + - - - + aj, gives that

‘{(al,--- ,ak)eAk:N—k<a1+---+ak§N}‘ > 0| A|M,

as desired.

3.3. Proof of Hypothesis A* for large u, assuming Theorem 3.4. For the rest of the
proof assume that u > U for some sufficiently large U depending on \. Let us now prove by
induction on j > 0 that Hypothesis A* holds when 27U < u < 277U, Let A C (AN/u, N/u]
be a subset with °, ., 2 > (1 + \)/u. We wish to find a positive integer k € [u,u/A] such
that

k k
c A
(3.2) ’{(al,...,ak)EAk:N_k<a1+...+ak§N}|2(logu) %

for some ¢ = ¢(\) > 0. In case j = 0, this follows from the work on case u = O,(1) once ¢ is
small enough.

Assume now that 27U < u < 2771U for some j > 1. We shall study popular doubling in
A, but first we need to find an appropriate notion of popularity. Write ro = 0 and

. A|2
;= 21710)\4|
' 24
for i > 1. For ¢ > 0, let
B ={ne€2A:r; <rea(n) <ri1}.
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Note that since % > ’\2]]\:]/;5 = 2 and rp4(n) < |A| for all n € 24, the set B; is empty for

1 > I =2logu— 1. Furthermore

1 1 1 1 MAPZ A2
Z |Bilri = 5 Z |Bilriv1 = 5| Bolr 2 3 > raaln) - 5124 WA 2 1
o<i<I 0<i<I ne2A
so that there exists a smallest positive index ¢ such that
)\4
|Bi0|ri0 > —|A|2
512logu
We choose
E ={(a1,a2) € A X A: roa(a + ag) > 1;y} -
Now
! 2 _ A
3.3 Ax A\ E|l < B;lri1 < |B 21 2 —AIF < —A°.
39 XA\ BIS 3 Bl < |Boln + 2logu- 2 g AR < G4
1<ig
E
Let us first consider the case that |D| > 8N/u?. Then
1 u 14+ A
> |pDl— s "2
Z d z | ’2N ~ u/2’
LD
A <d< X
and thus by induction hypothesis there is an integer k/2 € [u/2,u/(2))] such that
2 c \"* D"
dy,...,d eD:N—-Lk/2<dy+ - +dgp <N} > )
H{(dy, ..., k/z) / 1+ T dgj2 < H > (logu> N

Hence, by the definitions of D and 7¢, we have
{(ar,. ax) € A N =k <ay+-- +a < N}
> |{(dy,... dy) € DM? 0N —kj2 < dy + -+ dyyp < NY| - 13/

. c k/2 |Bi0|k/2 N c k/2 . l 2\ ‘AP k/2 N c k |A‘k
~ \logu N o = \logu N \512logu ~ \logu N’

provided that ¢ < 5’%

Let us now consider the case that |D| < 8N/u?. We need the following lemma.

Lemma 3.5. Let (G, +) be an abelian group and let § > 0. If E C A x A satisfies

E|> (1= A2 and |AY Al < KA,

then there exists a set A’ C A such that
3

1 —60

A > (1—20)|A] and |A'+ A| < 1Al
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Proof. This is a variant of the Balog-Szemerédi-Gowers theorem (see [16, Theorem 2.29])
which can be proved by incorporating the hint for [16, Exercise 2.5.4] to the proof of the
Balog-Szemerédi-Gowers theorem in [16, Section 6.4]. See also [6, Lemma 5.1] for a proof of
a variant for A — A. O

E
Since |A| > AN/u? and |D| < 8N/u?, we have |[A+ A| < (8/)\)|A|. Recall also (3.3). Thus
Lemma 3.5 implies that there is a subset B C A such that

|B] = (1-X*/4)|A] and |B+ B| < (20/A)°|B].

Applying Theorem 3.4 to B with K = (20/)\)® and n = A\?/4, we obtain an element 2 € Z
with |z| = Ox(N/u) and a subset B’ C B with |B’| > (1 —n)|B]| satisfying the property that
whenever x € kB’ + z for any positive integer k large enough depending on A, there exists
n € [k, k + Ox(1)] such that r,p(z) > (¢|B])" .

Since B’ C (AN/u, N/u|, we have

1 1w 1w N\
> - - N > - - .=
> o= - M\,(IA\15’|+|B\B|)_Z v 7 Al

beB’ acA aeAa
1 u A N 1 A 1 14+X/3
>V 2 2.2 AN IS (122 > .
_Za AN 2w a_< Q)Za u
acA acA acA

Recalling that |z| = O)(N/u), and writing N' = N — z and ' = u(N — z)/N, we have

/ uz A
u :u—ﬁZu—O,\(l)Z (1—1—0)u

provided that U is large enough. Hence

1 1+A/3_1+)\6 1 1
237w 2w Cwtueon
beB’
b<N'/u/
Hence, by discrete Bleichenbacher’s theorem (Proposition 1.2), we find k and by, --- by €

B’ such that
N—-—z—k<b+--+b.<N-—=z

Write © := by + -+ + by +2 € (N — k,N|. Now 2 € kB’ + z and hence there exists
¢ € [k, k + O(1)] such that rg(x) > (c|B|)*". Therefore,

{(ar,...,a0) € A" N—l < ar+---+ay, < N} > roa(z) > reg(z) > (¢| B)) > (c|A|/2)
This clearly implies (3.2), completing the proof of Hypothesis A*.

4. THE FILLING ARGUMENT

In this section we carry out the first step in proving Theorem 3.4, that of locating a proper
progression P containing A such that mA fills a translate of P for some bounded m.
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Lemma 4.1 (Filling lemma). For any K > 1, there exists a positive integer m = m(K)
such that the following statement holds. Let G be a torsion-free abelian group, and let A C G
be a finite subset with |A+ A| < K|A|. Then there is a proper progression Q) of rank Ok (1)
with size |Q| = Ok (|A|), such that A C Q and g+ Q € mA for some g € G.

Proof. By Freiman’s theorem there is a proper progression P of rank d—1 = Og(1) containing
A, such that |A| = a|P| for some o > 1. Thus for any positive integer ¢, we have

[WA| < [€P] < 0471 P| < o™ 471 Al

The hypotheses in [15, Theorem 1.21] are then satisfied for ¢ large enough depending on K.
Hence there is a proper progression )" of rank d’ < d — 1, such that

g+Q ClAC ¢ +kQ,

for some constant k = k(d) and some g¢,¢’ € G. Hence the iterated sumset k(A contains a
translate of k£@Q’, which in turn contains a translate of A. Finally, by [15, Corollary 1.11] we
may find a proper progression () containing k(Q)’, such that () is contained in jk@Q’ for some
j = j(d). Thus for m’ = jk¢, the iterated sumset m’A contains a translate of ), which in
turn contains a translate of A. Since d = Ok (1) and ¢, j, k = Oy (1), we have m’ < m for
some integer m depending only on K. Clearly the claim holds for this m. 0

Combining the previous lemma with Corollary 3.3 we obtain the following filling lemma
for popular sums.

Lemma 4.2 (Filling lemma, popularity version). For any K > 1 and n € (0,1/2), there
exist a large positive integer m = m(K) and a small positive constant § = 0(K,n) such
that the following statement holds. Let A C G be a subset in a torsion-free abelian group
G with |A+ A| < K|A|. Then there ezist a proper progression P of rank O (1) with size
|P| = Ok(|A]) and a subset A" C A with |A'| > (1 —n)|A| and A" C P, such that mA’
popularly contains some translate of P. That is, for some g € G we have rpa(x) > §|A™!
foranyx € g+ P.

Proof. Let m = m(2K) be the constant from Lemma 4.1. By Corollary 3.3, there is a subset
A’ C A with |A’] > (1 — n)|A| such that, for each x € mA" we have r,,4(x) > §|A[™! for
some 6 = §(K,n) > 0. Since |A" + A'| < 2K|A’|, Lemma 4.1 implies that there is a proper
progression P of rank Ok (1) with size |P| = Ok (]A|), with the properties that A" C P and
g+ P C mA’ for some g € G. For each x € g + P we then have x € mA’, and hence
Tma(z) > 8| AJ™ 1, as desired. O

Remark 4.3. Tt is a standard result in additive combinatorics that 3A contains a large pro-
gression P of small rank. Here we require the extra condition that A is (essentially) contained
in a translate of P. A similar result is proved in [14, Lemma 2.5], but it is not enough for
us to deduce Theorem 3.4.

When G = Z and A lies densely inside an interval, Lemma 4.2 can also be proved by a
Fourier analytic argument (see [2, Lemma 8.5]).

Via the filling lemma (Lemma 4.2), Theorem 3.4 reduces to the following proposition.
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Proposition 4.4. For any a,n > 0 and d € N, there exist a positive integer £ = {(a, d,n)
and a small positive constant § = 0(a,d,n) such that the following statement holds. Let
P = ([=Ny, Ni] x -+ - x[= Ny, Ng|)NZ% be a box for some positive integers Ny, - -+, Ng, and let
A C P be a subset with |A| > a|P|. Then there exists a subset A" C A with |A'| > (1 —n)|A|
with the property that, for any positive integer k > ¢ and any element x € kA’, there are at
least (8| A|)*~ ways to write x =y + a1 + -+ + ax_o withy € (P and ay,--- ,a5_¢ € A.

Proof of Theorem 3.4 assuming Proposition 4.4. First note that if Theorem 3.4 holds for
some subset A, then it also holds for any translate of A. From the filling lemma (Lemma 4.2),
we obtain a subset A; C A with |[A;] > (1 — n/4)|A| and a proper progression P of rank
d = Ogk(1) with size |P| = Ok(]A|), such that Ay, C P and nA; popularly contains a
translate of P for some n = n(n, K). By translating A appropriately, we may further assume
that P is symmetric.

Let 7 : Z¢ — G O P be the Freiman homomorphism mapping the standard basis vectors
in Z% to the generators of P. Since P iszroper, the map gives a bijection between the box
7 Y(P) and P. Write P = 7~ *(P) and A; = 7 '(A;). Applying Proposition 4.4 to the box
P and the subsct Al, we obtain a positive integer ¢ = ﬁ(n, K) and a subset A’ C A, with
|A’| > (1 —1/2)|A,|, such that for any k > ¢ and ¥ € kA’, the number of ways to write

(4.1) T=y+a+ -+ apys
with § € ¢P and @y,--- ,dp_¢ € A is at least (6|A])*~¢, for some positive constant § =
d(n, K) > 0.

Let A = m(A). Clearly |[A; \ A| = |A; \ A'| < (/2)|A], and thus |[A\ 4’| < nlA|.
Moreover, for any k& > ¢ and x € kA’, we may find = € kA’ such that 7(7) = x. Via the map
7, each representation for T of the form (4.1) gives rise to a representation x of the form

(4.2) r=y+a+ -+ agy
with y € £P and ay,--- ,a,_, € A;. Hence there are at least (§|A|)*~* such representations
for x.

Recall from the output of the filling lemma that nA; popularly contains a translate of P.
It then easily follows (for example from [6, Lemma 5.3]) that 2¢nA; popularly contains a
translate z + ¢P for some z € G. Thus each representation for x € kA’ of the form (4.2)
gives rise to at least (§]A|)%"~! ways to write z + x as a sum of 2¢n + (k — () elements of A,
since

rama(z +y) = (3] A[)*"
if 9 > 0 is small enough. We conclude that for any k& > ¢ and = € kA’, we have

Temik-na(z + ) > (8] A H (0] AT = (8] Al rrtt,
This shows that Theorem 3.4 holds with this choice of ¢ and with m = (2n — 1)Z. 0

We will prove Proposition 4.4 in Section 6 using geometrical ideas, after establishing some
preliminary lemmas in Section 5.
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5. AUXILIARY RESULTS ABOUT CONVEX BODIES

Notations. In this section and the next, we use normal letters such as A, C, P to denote
subsets of Z%, and boldface letters such as C, P to denote convex bodies in R?. For t > 0,
we use tC, tP to denote dilations of convex bodies in the usual manner.

The aim of this section is to prove two intuitive properties of convex hulls of positive
density subsets A of large boxes P in Z?. The first one, Lemma 5.3 says that, for some
constant € > 0 (depending only on the density of A and on the dimension), the convex
hull of A contains a translate of a small dilate of the convex hull of the box. The second
one, Lemma 5.4 states that most lattice points in the convex hull of A are away from the
boundary of the convex hull.

Before stating and proving these, we state two auxiliary results which will be used in the
proofs of the two lemmas.

Lemma 5.1. For any a > 0 and positive integer d, there exist constants Ny = No(o,d) and
¢ = c(a, d) such that the following statement holds. Let P = [Ny, Ni| X -+ X [=Ng, N4| be
a box in RY for some positive integers Ny,--- ,Nqg > Ny, and let P =P NZ* Let A C P be
a subset with |A] > a|P|, and let C C R be the convex hull of A. Then vol(C) > c|P|.

Proof. We can clearly assume that o < 1/100. Write M; = [a®N,], and let us split the box
P into M, --- M, fibers

1y, Z‘d:{(l‘h...,l’d)epil’jEij (HlOdM])} WlthOSZJ<MJfOIGaCh1§j§d7

and write A;, ;,, = AN P, ,;,. For some iy,...,i; we must have |4;, ;.| > «a|P; .| By

the natural bijection

d . .
—N; —i; ] | N;— i
p: Py g — H ! ﬂ{ ! ]HﬂZd::P’
1 d - ]‘[j M

al

j J

T — 1 Tq — g
(xl,...,xd)—>( Y, )
1 d

we can map the corresponding fibre into the box P’ which has bounded sidelengths. Write
B for the image of A;, _;,, and write Ly, --- , Lq for the side lengths of P’. By our choice of
M;, we have L; > o' for each j, once Ny is large enough in terms of a. It follows that

d
Bl > a|P'| >max [] L.
i
i=1,i#j
Thus B cannot be contained in any d — 1-dimensional hyperplane, and so B contains d + 1
points generating a non-trivial simplex A, whose volume is at least 1/d! since its vertices are
lattice points. Hence p~'(A) has volume at least

d
1
EHMz >>a,d |P|7
Ti=1
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and the claim follows since, by convexity, p~'(A) C C. O

Theorem 5.2 (John). Let C C R? be a convex body. There exists an invertible linear
transformation T : R* — R? and a point o € C such that

Bd g T(C — ZB()) g dBd,
where By is the unit ball {(x1,-- ,xq) : 23 + - + 22 < 1}.
Proof. See [16, Theorem 3.13]. O

Lemma 5.3 (Large boxes inside convex sets). For any a > 0 and positive integer d, there
exist No = No(a,d) > 0 and B = B(a,d) > 0 such that the following statement holds. Let
P =[Ny, Ny x -+ X [=Ng, Ng| be a boz in R? for some positive integers Ny,--- , Ng > Ny,
and let P=P NZ Let AC P be a subset with |A| > a|P|. Let C C R? be the convez hull
of A. Then xo + BP C C for some o € Z°.

Proof. Since Ny, --- , Ny are large enough, Lemma 5.1 implies that
vol(C) > ¢N1 Ny - -+ Ny

for some positive constant ¢ = ¢(a, d). Now apply John’s theorem to C to obtain an invertible
linear transformation 7' : R? — R? and a point xy € C such that

Bd Q T(C — l’o) Q dBd
In particular, we have
T7'(By) € C — 1 C 2P,
and thus T~ !(e;) € 2P for the standard basis vectors ey, - - , €4, so that the (z,j)-entry of
T-1is O(IV;) for each 1 <4, j < d. Moreover, we have
(det T")(vol(C)) = vol(T'(C — xg)) < vol(dBy),

so that det T < |P|™! and det ! > |P|.
Now consider the (i, j)-entry of T. The bounds on the matrix entries of T~! imply that
the determinant of the (j,¢)-minor of T~ is O(|P|/N;). It follows that the (i, j)-entry of T

is bounded in absolute by
1 P\ 1
() o)

It follows that | T(x)|l« < 1 for any x € P. Hence T(P) C 87! B, for 8 > 0 small enough.
This implies that SP C T~!(By) and thus 2 + SP C C as desired.

Finally, to ensure that zo € Z¢, we may replace 8 by 3/2 and note that zq + (5/2)P
contains a lattice point for any xo € R%, once N is large enough. 0

Lemma 5.4 (Lattice points near the boundary). For any 5,1 € (0,1) and positive integer
d, there exist Ng = No(d,3,n) > 0 and v = v(d,n) > 0 such that the following statement
holds. Let P = [—Ny,Ni] X - X [=Ng, Ng] be a box in R for some positive integers
Ni,-++ ,Ng > Ny. Let C C P be a convex body, and assume that 5P C C. Let C' = (1—7)C.
Then |(C\ C') NZ% < n - vol(C).
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Proof. Choose v = v(d,n) so small that (1 +7)?—(1—-2v)¢ <n, andlet X = (C\ C')NZ-.
Let B C R? be the unit box [—1/2,1/2]¢. Note that

J@+B)c(Cc\C)+B.

Since the union above is a disjoint union, we have
| X| <vol((C\ C') +B).
The volume above is at most
vol(C+B) —vol{z € C': 2+ B C C'}).

If Ny is large enough depending on [ and v, then B C v8P and thus B C yC. It follows
that

| X] < vol((1 +7)C) = vol((1 — 27)C) = [(1 +7)* — (1 = 27)*] vol(C) < 7 - vol(C),
by our choice of 7. 0

6. PROOF OF PROPOSITION 4.4

Recall the notations from the beginning of Section 5. The following result of Shapley and
Folkman resembles a simpler and non-popular version of what we wish to prove.

Lemma 6.1 (Shapley-Folkman). Let d be a positive integer, let B C RY, and let C be the
convex hull of B. For any integer k > d, one has

kC =dC + (k —d)B.
Proof. See e.g. [4, Appendix 1] or [3, Corollary on page 435]. O

In order to extend the previous lemma to popular representations, we need to introduce
some notation.

Definition 6.2 (e-regular subsets). Let P = [—N;, Ni| x - - x [=Ny, Ny be a box in R? for
some positive integers Ny, -+, Ny, and let P = PNZ* and P. = ePNZ% for ¢ > 0. A subset
A C P is called e-regular, if for each a € A the small box a + P. centered around a contains
at least €| P-| elements in A.

Lemma 6.3 (Regularization). Let P = [~ Ny, Ni] x -+ x [=Ny, Ny| be a box in R? for some
positive integers Ny, -+, Ny, and let P = PNZ%. Let A C P be a subset with |A| = a|P|

for some a > 0. Let n > 0 be real. For any ¢ € (0,an100~%), there is an e-reqular subset
A" C A with |A'] > (1 —n)|A|.

Proof. Let P.jy = (¢/2)P NZ% so that the side lengths of P,/ are precisely 2|eN; /2] +
1,--+,2[eNy/2] + 1. Cover P by at most

d d
[T | <10 [ min(,,
’72L€Ni/2j+1—‘ - U min(Ni, ™)

=1
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translates of P.j,. Define A’ by removing from A those translates containing at most e|F|
elements of A. Then A’ is e-regular by construction, since any a € A’ lies in a translate of
P. /5 containing at least | P.| elements of A’, but this translate of P./, is contained in a + P..

Moreover, since
d

e| P.| < 10% [ [ max(eN;, 1),
i=1
the number of elements in A \ A" is at most

d
100% [ [ min(N;, ") max(eN;, 1) < 100%]| P| < n|A],
=1

as desired. O

Proposition 6.4 (popular Shapley-Folkman). Let P = [—= Ny, Ni| X - -+ X [= N4, N,4] be a box
in R? for some positive integers Ny, --- , Ny, and let P =PNZ. Let A C P be a subset. Let
C C RY be the convex hull of A, and assume that o+ BP C C for some xo € Z% and 3 > 0.
Let C' = (1 —7)C+~xg for some vy € (0,1/(d+2)). If A is e-regqular for some € < B, then
for each positive integer k > d and any element x € (k + 1)C', there are at least 6|P| ways
to write v = y+a for some y € kC' and a € A, where § = 6(d,e) > 0 is a positive constant.

Proof. By translation we may assume that zo = 0, so that fP C C and C’' = (1 —7)C. Let
x € (k+ 1)C' be for some k > d. Write z = (k+ 1)(1 — )z for some z € C. Note that

r=(k—-d—7vyk+1)z+(d+1)z=(k—d—7(k+1))z+dw+a
for some a € A and w € C, by the Shapley-Folkman theorem (Lemma 6.1). We thus get a
solution x = y + a with
y=(k—d—vk+1))z+ dw.
We claim that
(6.1) y+ P. C kC'.
If this claim is true, then any ¢ € P. with a —t € A gives rise to a representation
r=(y+1t)+(a—1)
with y + ¢ € kC’. By the e-regularity of A, there are at least ¢|P.| such elements ¢, leading
to at least
g|P.| > e Ny - Ny > §|P|
representations for some constant § > 0 depending on d and ¢, as desired.
To prove (6.1), take any ¢t € eP. Since P C C and ¢ < 37, we have eP C vC, and thus
t € vC. Hence
y+te(k—d—v(k+1)C+dC+~C C k(1 —~)C = kC/,
as desired. 0

Now we are finally ready to prove Proposition 4.4.
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Proof of Proposition 4.4. Let = ming<4(an/8,d') > 0, where §(-,-) is from Lemma
5.3, and let v = min{1/(d + 2), ming<4y(d’,n/4)} > 0, where (-, -) is from Lemma 5.4.
Let Ny be the maximum of the constants maxg<q4 No(an/8,d’) from Lemma 5.3 and
maxqy<q No(d', 8,m/4) from Lemma 5.4.

Without loss of generality we may assume that Ny,--- , Ny > Ngand Ny 1, -+, Ny < Ny,
for some 0 < d’ < d. We may also assume that d’ > 0 since otherwise |A| is bounded and
the conclusion is trivial. Let P’ = [Ny, N1] X - X [—=Ng, Ng|, all of whose side lengths are

at least 2Ny + 1, and let P’ = P’ N Z%. We can partition P into J < (2N + 1)?~¢ smaller
boxes P, --- , Py, with P; = P' x {t;} for some t; € Z*%. For each 1 < j < J, let A; C P’
be the set of a € P’ with (a,t;) € A. Let J be the set of indices j with |A4;| > (na/4)|P’|.

Let € € (0, 5v) be small enough depending on «, d,n. For each j € J, Lemma 6.3 applied
to A; C P’ implies that there is an e-regular subset B; C A; with |A; \ B;| < (n/4)|4;].
Let C; C R? be the convex hull of B;. Lemma 5.3 applied to B; and C; implies that
z; + P’ C C; for some z; € Z7.

For each j € J, we may thus apply Proposition 6.4 to B; and C; to define C} and conclude
that for any k > d and x € (k+1)Cj, there are at least §'| P'| ways to write z = y+b for some
y € kC’; and b € Bj, where ¢’ = §'(d,e) > 0 is a constant. This number of representations is
at least 9| A| for § =0’/ J.

Now for j € J we write A} = (B; N C}) x {t;} and let A" = UjcsA’. To finish the
proof, we show that the conclusion of Proposition 4.4 holds with this choice of A’ and
¢ =d(2Ny+1)? > dJ. Indeed, let k > ¢ and = € kA’ be arbitrary. Assume that

r=Y (x;kit)),
JjeT
where z; € k;j(B; N C}) and ) k; = k. We may choose ¢; € [min{d, k;}, k] for j € J such
that > ¢; = ¢. For those j € J with k; > d, by iterating the output of Proposition 6.4
we see that the number of ways to write z; = y; + bj1 + -+ + bjg, ¢, With y; € (;C)
and bj1,- -+ ,bji,—¢, € Bj is at least (6|A|)*~%. For those j with k; < d, we necessarily
have £; = k; and the statement above holds also. Hence we obtained at least (&|AJ)**

representations
r=Y (Wt +> Y, (biaty)

JeT JET 1<i<k;—¢;
of the desired form, since >, ;(y;, {;t;) € (P and each (b;;,t;) € A.
To show that A\ A’ is small, observe from our constructions that
ANAT<S Y AL+ ) 1A\ By + Y (G5 \ C)) Nz,
i¢T jeJ jeT
By the definition of 7, the first sum above is bounded by (na/4)|P| < (n/4)|A|. By the
construction of B; from regularization and Lemma 5.4, both the second and the third sums

above are bounded by . ,(n/4)|A;| < (n/4)|A]. This shows that |A\ A'| < n[A], complet-
ing the proof. 0
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As shown in Section 4, Proposition 4.4 implies Theorem 3.4. Hence, as shown in Section 3,
this finishes the proof of Hypothesis A*. As shown in Section 2 this implies Hypothesis A
and Theorem 1.1 except for the last claims concerning the case u is fixed.

7. CASE u IS FIXED AND v > 1000u*/A\* oF HYPOTHESIS A

In this section we deduce the last claim of Hypothesis A from the first part of Hypothesis
A and the arithmetic removal lemma. Note that by Hypothesis A*, we know that the first
part of Hypothesis A actually holds for N > (30v/\)%.

We can assume that N is large enough depending on w and ), since otherwise the claim
follows trivially from the discrete Bleichenbacher theorem (Proposition 1.2). Notice first that
we can assume that, for every u/ € [1,e~'/"v], one has

1) 3 1_1+ )\/27

a !

acA
N/eVty<a<N/u'

since otherwise the claim follows immediately from the first part of Hypothesis A. Notice
also that

(7.2) >

(1-3)N<a<N/u

A
< —,
~ 4u

Q|

Indeed, this is trivially true if w > (1 — A/8)7! and if u < (1 — A\/8)~! < 8/7, then each
summand is at most 8/(7N) and there are at most AN/8 + 1 summands. Using these we
obtain that

1 1 1 1 1
€A a €A a 1/ a €A a A a
a a N/v<a<N/e /%y a 1-2)N<a<N/u
2 N<a<(1-2)N N/v<a<N/u /v<a<N/ NJe-1/ip<as A N (1-§)N<a<N/

MR R SRV, B W P

u U du  Au T du’

where we used (7.1) to bound the third sum. This implies that

A A A A
7.3 Al:=|AN|—N <|[l1-Z|)N||>—=N-—>N
(7.3) 141 ‘ {Su <a—( 8) H_Su du

since A and u are fixed. Then, by the removal lemma for popular sums (Theorem 3.2), there
exist 6 = §(\) and A” C A’ such that |A”| > (1 — A\?/(1000u?))|A’| and, for all positive
integers k < 8u/\, mpar(n) > 6N*L for every n € kA”.

Assume first that for some ko € {1,..., |8u/A]},

)\3

4 B| = |koA” 65N, (1 — A/40)N|| > ———N.
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Let b € B. Writing N' = N — b, v/ = v(N — b)/N and v/ = e~ /%y(N — b)/N, we have,
by (7.1),

> = X iz X o T

acA acA a€A acA
N'/v'<a<N'/u' N/v<a<N/e 1ty N/v<a<N/u N/e='/"v<a<N/u
1+XA 14+)2/2 A 2
> + B + / _ A=
U U 2u — u

since v > 1000u?/\2.

Note also that N’ = Nv'/v > (100v/\)*v' /v > 3002 /A% since v > v'. Hence we can apply
the first part of Hypothesis A with N’, ', v" obtaining that there exists k1 < v' < 0.35v such
that
k / |A’k1
H(ay,...,ap,) €A™ : N —b—k <a;+---+a, <N —>b} Zav,T,
where o/, > 0 is a constant with o/ = v as v — oo. Write k = ky + ko < 0.35v +8u/A <
e /%y, We get that

{(aq,... ak)EAk'N—k§a1+---+ak§N}|
> riar(d) - {(ar, ... an,) € AR N —b—k <ay+ - +ap, <N =D

beB
’ , AR Kl
> N SNkt o/, > o
— 100003 N T U N
where o, = 10000 —— - da, v a5 v — 0.

Consider now the case that (7.4) does not hold for any ky < 8u/A. Write

1A
D=A"N|(-2)N,065N|.

Then |A”\ D| < 125OUQN since every a € A"\ D produces some koa counted in (7.4) for some
ko < 8u/\. Since |A"| > |A’|/2 > 25N by (7.3), we have

64u2

2 2 2
A N — A N > —EL——PW

7.5 D| >
(7.5) bl = 64u? 1250u? — 100u?

In particular D is non-empty. Since A” C (N/v, N/u], we must have v < 2.1. From the
bound

AN

A/ D<A// D A/ A/l
AT\ DI < [A"\ D] + [A\ A" € S
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together with (7.2) we get

1 , 1 |
O AT EID DTS DR

ﬁN(faiN/u (=$N<osNu (5= NSa<0.65N
AN 0.65 A\
< 2 v A log 2 L O(1/N) < 0.3+0.27- 2
< 50w T2 T8 T2 —aym T OUN) * u

Nod and v/ = 1.9ve V/v8=4 Then

Let d € D and write now N' = N —d,u = N ~

8T
1 1
> - X

a€A acA
N'/v'<a<N'/u' N/(1.9ve~ /") <a<AN/(8u)
1 1 1
=D D > il DR
acA v<a<max v Yue— /v acA

N/v<§<N/u Nfv<asmax{N/v.N/(1.9 F} S%NSE(zSN/u
14+ X A
> 1A L ing0,log(1.9¢7 /%)) — O(1/N) — 0.3 — 0.27 . 2
U U

A A 14
> min{log 1.9, 1/u} —032+073- = >0.73- = > =
Uu u!

where we used u < 2.1 and v > 2u/X in the last two steps. Note also that N’ =
Nv'/(1.9ve= V%) > (100v/)\)?0'/(2v) > (300'/A)? since v > v'. Hence we can now apply
the first part of Hypothesis A with N’, ' and v’, to obtain k; < v’ such that

1A
N

where o/, > 0 is a constant with o) = v as v = oo, Write k = k1 +1 < v +1 <
0.98¢ /"y 4+ 1 < e~/"v. We then get

H{(ay,...,a1) €A*: N~k <a; +---+a <N}
>3 (o an) €AM N —d—ky <ay+-- +ay <N - d)

|{(a1,...,akl>€AkllN—d—k1§a1+ —|—(lk1<N d}|>

deD
2 k k
VI (R V't
/
~ 100u? "N T "N’
2
where o, = 10’})—712 o, =072 ag v — 0o,
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