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1. Introduction and preliminaries

Let A be a non-empty set, or alphabet, and AT denote the free semigroup over A,
i.e., the set of all finite words = = xox1 -2, with z; € A, 0 < i < n. Adding to AT
an identity element e, usually called empty word, one obtains the free monoid A*. Let
AY¥ denote the set of all right sided infinite words & = xgxy -+ with z; € A, i > 0. For
x € A¥ we let Fact(x) = {z;z;11 - @i+, | 1,7 > 0} denote the set of (non-empty) factors
of z. A word z € A¥ is said to be (purely) periodic if x = u*, u € AT, and ultimately
periodic if some suffix of  is periodic. A word z is called aperiodic if it is not ultimately
periodic.

Let ¢ : A¥ — C be any mapping of A" into a finite non-empty set C. We call the
elements of C' colors and ¢ a finite coloring of AT™. We consider three general notions of
monochromatic factorization of x relative to the coloring ¢.

Definition 1. Let ¢ : AT — C be a finite coloring of A™ and x € A¥. A factorization
z=VoViVa .- with each V; € AT is called:

o @-monochromatic if ¢ € C such that ¢(V;) = ¢ for all ¢ > 0.

o -sequentially monochromatic if 3¢ € C such that ¢(V;Viy1---Viy,;) = ¢ for all
i,j > 0.

e @-ultra monochromatic if 3¢ € C such that for all £ > 1, and all 0 < ny; < ny <

Vo -V

No (k)

-+ < ng, and all permutations o of {1, 2, ..., k} we have ¢(V,

Ne(1) ) =C.

o(2)

Clearly any ¢-ultra monochromatic factorization is @p-sequentially monochromatic
and any ¢-sequentially monochromatic factorization is ¢p-monochromatic. We begin with
some examples.

w u € AT, be a periodic

Let ¢ : AT — C be any finite coloring, and let z = u
infinite word. Then the factorization x = u-u-u--- is p-monochromatic. In general this
factorization need not be ¢-sequentially monochromatic.

Let T = totita -+ € {0,1}* denote the Thue—-Morse infinite word, where t,, is defined

as the sum modulo 2 of the digits in the binary expansion of n.
T =011010011001011010010 - - -

The origins of T go back to the beginning of the last century with the works of
A. Thue [17,18] in which he proves amongst other things that T is overlap-free i.e.,
contains no word of the form wuu’ where u’ is a non-empty prefix of u.

Consider ¢ : {0,1}" — {0,1} defined by p(u) = 0 if u is a prefix of T and ¢(u) = 1
otherwise. It is easy to see that T may be factored uniquely as T = VyV;V5 - - where
each V; € {0,01,011}. Since each V; is a prefix of T, it follows that this factorization is
(p-monochromatic. Since V1 Vo = 010 is not a prefix of T, this factorization of T is not
-sequentially monochromatic. Next consider the coloring ¢ : {0,1}+ — {0, 1,2} defined
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by ¢’'(u) = 0 if u is a prefix of T ending with 0, ¢'(u) = 1 if u is a prefix of T ending
with 1, and ¢'(u) = 2 otherwise. We claim that T does not admit a ¢’-monochromatic
factorization. In fact, suppose to the contrary that T = Vo V1 V5 - - - is a ¢’-monochromatic
factorization. Since Vj is a prefix of T, it follows that there exists a € {0,1} such that
each V; is a prefix of T terminating with a. Pick ¢ > 1 such that |V;| < |V;41]. Then
aV;V; € Fact(T). Writing V; = wa, (with u empty or in {0,1}1), we see aV;V; = auaua
is an overlap, contradicting that T is overlap-free.

The following question® was independently posed by T.C. Brown in [3] and by the
second author in [19]:

Question 1. Let x € A be non-periodic. Does there exist a finite coloring ¢ : AT — C
relative to which x does not admit a p-monochromatic factorization?

Various partial results in support of an affirmative answer to this question were ob-
tained in [5,6,14]. In particular, it is shown that Question 1 admits an affirmative answer
for all non-uniformly recurrent words and various classes of uniformly recurrent words
including Sturmian words. What is immediate to see is that if x € A is not periodic,
then there exists a finite coloring ¢ : AT — {0,1} relative to which no factorization
of z is ¢-sequentially monochromatic. In fact, it suffices to define ¢(u) = 0 if w is a
prefix of x and ¢(u) = 1 otherwise. We claim that x does not admit a p-sequentially
monochromatic factorization. In fact, suppose to the contrary that x = V,V1V5--- is a
p-sequentially monochromatic factorization. Then since Vj is a prefix of x, it follows that
©(Vo) = 0 and hence ¢(V;Viyq---Vig;) = 0 for each 4,5 > 0. In particular taking ¢ = 1
we deduce that Vi V5 -- -V} is a prefix of = for each j > 1. It follows that z = V1 VoVs - - -
and hence x = Vyx, whence z is periodic, a contradiction.

In the next sections, we establish links, and in some cases equivalences, between the
existence of the factorizations given in Definition 1 and fundamental results in Ramsey
theory including the infinite Ramsey theorem, Hindman’s finite sums theorem, partition
regularity of IP sets, and the Milliken—Taylor theorem. One of the main results is that for
each finite set A and each finite coloring ¢ : A™ — C, for almost all words z € A%, there
exists y in the subshift generated by z admitting a ¢-ultra monochromatic factorization,
where “almost all” refers to the Bernoulli measure on A“.

We conclude this section by introducing some notations and definitions which are
relevant to subsequent sections. Given a set S and a positive integer k, let 35 (S) denote
the set of k-element subsets of S and Fin(S) the set of all finite subsets of S. We let
N =1{0,1,2,...} denote the set of natural numbers and N* = N\ {0} the set of positive
integers. For F,G € Fin(N), we write F' < G if max(F') < min(G).

Let = xq29 -+ xp, z; € A, 1 < i <n, be a word. The quantity n is called the length
of z and is denoted |z|. The length of € is 0. For each word = and a € A, we let |z],
denote the number of occurrences of a in . The reversal of x is the word 2™~ = x,, - - - 21.

L The original formulation of the question was stated in terms of finite colorings of Fact(x) instead of AT,
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A factor y of a finite or infinite word « is called right special (resp., left special) if there
exist two different elements a and b of A such that ya and yb (resp., ay and by) are
factors of x.

Let z € A¥. The factor complexity of x is the map A, : Fact(z) — N defined as follows:
for any n > 0, A, (n) counts the number of distinct factors of x of length n. An occurrence
of u € Fact(x) in z is any integer n > 0 such that 2,41 - - Zp4juj—1 = u. A factor u of
x € A% is called recurrent if u occurs infinitely many times in x and uniformly recurrent
if there exists an integer k such that in any factor of x of length k there is at least one
occurrence of u. An infinite word x is called recurrent (resp., uniformly recurrent) if each
of its factors is recurrent (resp., uniformly recurrent). As is well known [8] for any infinite
word x there exists a uniformly recurrent word y such that Fact(y) C Fact(x).

We endow A“ with the topology generated by the metric

1
d(z,y) = 5~ where n = min{k | x5 # yi}

2
whenever & = (2, )neny and ¥y = (Yn )nen are two elements of A“. The resulting topology
is generated by the collection of cylinders [ag, ..., ay], where for each n > 0 and a; € A,
0<1t<n,
[ag,...,an) ={z € AY | x; = a; for 0 < i < n}.

It can also be described as being the product topology on A¥ with the discrete topology
on A. In particular this topology is compact. The Bernoulli measure on A“, where
A is finite, is defined as the unique measure p on the o-algebra of A such that
w([ag, ..., an]) = d= 1 with d = card(A).

Let T : AY — AY¥ denote the shift transformation defined by T : (zn)nen —
(ps1)nen. The shift orbit of x is the set orb(x) = {T*(z) | k > 0}, i.e., the set of
all suffixes of z. By a subshift on A we mean a pair (X,T) where X is a closed and
T-invariant subset of A“. A subshift (X,T') is said to be minimal whenever X and the
empty set are the only T-invariant closed subsets of X. With each x € A“ is associated
the subshift (X,7) where X is the shift orbit closure of x. This subshift, denoted by
O(x), is usually called the subshift generated by x. As is well known (see, for instance,
[1, Theorem 10.8.9]) one has that

Q(z) = {y € A¥ | Fact(y) C Fact(x)}.

If « is uniformly recurrent, then () is minimal, so that any two words y and z in Q(z)
have exactly the same set of factors.

A word z € {0,1}* is called Sturmian (cf., [11, Chapter 2]) if it is aperiodic and
balanced, i.e., for all factors uw and v of  such that |u| = |v| one has

ula = |v]al <1, a €{0,1}.
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It follows that each Sturmian word contains exactly one of the two factors 00 and 11.
Alternatively, a binary infinite word « is Sturmian if  has a unique left (or equivalently
right) special factor of length n for each integer n > 0. This is equivalent to saying that
for each n > 0 the number of distinct factors of x of length n is exactly equal to n + 1.
As a consequence one derives that a Sturmian word z is closed under reversal, i.e., if u
is a factor of z, then so is its reversal u™ (see, for instance, [11, Proposition 2.1.19]). The
most famous Sturmian word is the Fibonacci word f = 0100101001001010010 - - - which
is the fixed point of the morphism F' defined by F': 0 — 01, 1 — 0.

For a € {0,1}, we consider the injective endomorphism L, of {0,1}* defined by
L, : a— a, b — ab. We recall [11, Proposition 2.3.1] that the image L,(y) of any
Sturmian word y is a Sturmian word. Moreover, for any word y € {0,1}* if L,(y) is a
Sturmian word, then y is also Sturmian [11, Proposition 2.3.2].

An infinite word z € A% is r-power free, r > 1, if for each u € Fact(x) one has
u" ¢ Fact(z). For instance, the word T is 3-power free and f is 4-power free (see, for
instance, [4]).

2. Main results

Given any finite coloring ¢ of A* and any infinite word € A“, while it may happen
as we have previously seen, that z does not admit a p-monochromatic factorization,
M.P. Schiitzenberger proved that for each finite coloring ¢ of AT and each infinite word
x € AY there exists always a suffix of x admitting a ¢-monochromatic factorization
(see [15]). The next theorem however provides a remarkable strengthening of Schiitzen-
berger’s result.

Theorem 1. The following statements are equivalent:

1. For any finite coloring ¢ : AT — C and any word x € A¥, there exists a suffiz x’ of
x which admits a p-sequentially monochromatic factorization.

2. For each finite coloring ¢ : X2(N) — C, there ezist c € C and an infinite set N C N
such that Sa(N) C ¢~ 1(c).

Proof. We note that item (2) is a special case of the Infinite Ramsey’s Theorem (see [9]).
We begin by showing that (2) = (1). Let ¢ : AT — C be any finite coloring, and
x = mox122--- € A“. Then ¢ induces a finite coloring ¢’ : Yo(N) — C given by
o' ({m < n}) = @(@mTm+1 -+ Tn—1). By (2) there exist ¢ € C and an infinite subset
N = {ny < n1 < ng < ---} of N such that for all m,n € N with m < n we have
¢ ({m < n}) = c. It follows that the factorization of the suffix 2’ = x, Tng+1Tngt2 - - -
given by ' = VoV Vs - - - where |V;| = n;y1 — n; is p-sequentially monochromatic.

To see that (1) = (2), let ¢ : ¥3(N) — C be any finite coloring of ¥5(N). Let
x € {0,1}* be any aperiodic word. Then ¢ induces a finite coloring ¢’ : AT — C U {x},
where * denotes a symbol not in C, defined as follows: For each u € A", if u ¢ Fact(z),



A. de Luca, L.Q. Zamboni / J. Combin. Theory Ser. A 137 (2016) 166—-178 171

then set ¢’'(u) = *. Otherwise, let m(u) be the least natural number m such that u =
TmTm+1 " Tng|u|—1, that is m(u) is the first occurrence of u in 2. Then we put

¢'(u) = e({m(u), m(u) + [ul}).

By (1) there exists n > 0 such that the suffix 2’ = z,Zp41Zp42 - of  admits a
¢’-sequentially monochromatic factorization =’ = VoViVa---. Put ¢ = ¢'(Vp). Since
Vo € Fact(xz) we have ¢ € C. Also, as z is aperiodic, there exists s > 0 such that
n =m(VoVi---Vy). Indeed, set & = Uz’ with |U| = n. The statement is clear if n = 0.
Otherwise, if for each s, m(VpV; - - - V) < n, then by the pigeonhole principle there exists
0 < k < n such that k = m(VpV; - - - V5) for infinitely many values of s. This implies that
2’ = T*(x) = T"(z), whence z’ is purely periodic and hence x is ultimately periodic,
a contradiction.

Similarly, for each r > 1 there exists s > r such that m(V,.---V;) = n + Z;:g [Vil.
Given any increasing sequence 0 =ng <mny <mng <---,put Wpy =V, Vi i1+ Vi 1.
Then clearly the factorization 2’ = WoW;Ws - - - is also ¢’-sequentially monochromatic.
Thus we can assume that z’ admits a ¢’-sequentially monochromatic factorization 2’ =
VoViVa - -+, such that m(Vp) = n and m(V,) = n + Z:& |V;| for each r > 1. Setting

N:{n<n+\Vo|<-~<n+Z\Vi|<...},
=0

we have Yo(N) C ¢! (c) as required. O

Example 1. Let 2 = 010110111011110---. Consider the finite coloring ¢ : {0,1}T —
{0,1} defined by ¢(u) = 0 if u is a prefix of z, and ¢(u) = 1 otherwise. Following [6,
Lemma 3.4], since 0 is not uniformly recurrent in z, it follows that = does not admit
a prefixal factorization, i.e., x is not a concatenation of its prefixes. It follows that x
does not admit a p-monochromatic factorization. In contrast, by Theorem 1, for every
finite coloring ¢ : {0,1}T — C, there exists a suffix of z which admits a y-sequentially
monochromatic factorization. Finally, let ¢ : {0,1}* — {0,1} be defined by p(u) = 0
if w is a factor of x, and ¢(u) = 1 otherwise. We claim that no suffix of x admits a
p-ultra monochromatic factorization. In fact, suppose to the contrary that some suffix
2’ of x admits a p-ultra monochromatic factorization 2’ = VyV1 Vs - - -. By concatenating
several of the V; together (as in the proof of Theorem 1), we can assume that each V;

contains at least two occurrences of 0. Then, V;V; is not a factor of x whenever i < j.
Thus 0 = ¢(Vo) # ¢(V;V;) = 1.

The following proposition illustrates how in some very special cases, Theorem 1 can
be used to construct an ultra monochromatic factorization:

Proposition 2. Let C be a finite semigroup and ¢ : AT — C' a morphism. Let v € A¥.
There exists a suffiz ' of x which admits a p-ultra monochromatic factorization.
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Proof. By Theorem 1 there exists a suffix 2’ of x which admits a p-sequentially
monochromatic factorization ' = VoVi---V,, ---. Thus there exists ¢ € C such that
for all ¢ > 0, one has ¢(V;---V;1;) = ¢, for all 4,5 > 0. This implies p(VuV1) = ¢ =
©(Vo)p(V1) = 2. Therefore, ¢ is an idempotent of the semigroup C. Thus ¢(u) = c
for any u € {V; | ¢ > 0}. Whence the factorization ' = VoV;---V,, - -+ is also p-ultra
monochromatic. O

In view of the preceding results, it is natural to ask the following question:

Question 2. Let ¢ : AT — C be a finite coloring of AT and x € A®. Does there exist
y € Q(x) admitting a @-ultra monochromatic factorization?

It turns out that in general Question 2 does not admit an affirmative answer. We
begin by exhibiting a ¢ : AT — C and z € A“ such that no y € Q(x) admits a ¢-ultra
monochromatic factorization.

Lemma 1. Let r € NT and x € {0,1}* be a r-power free Sturmian word. Then for each
infinite sequence w = Vo, Vi, Va, ... with V; € {0, 1}+ there exist k > 1, 0 < ny < ng <
- < ng, and a permutation o of {1,2,...,k} such thatV, .. V, Vi, ¢ Fact(z).

(1) ' No(2)

Proof. For each w = Vp, Vq, Vs, ... with V; € {0,1} 7,4 > 0, set N(w) = [VoVi---V,|. We
proceed by induction on N(w) to show that for each w = Vy, Vi, Va, ... with V; € {0,1}T,
and each r-power free Sturmian word z there exist £k > 1, 0 < ny < ng < --- < ng and
a permutation o of {1,2,...,k} such that V,,, Vi, -+ Vi, & Fact(z).

The base case of the induction is when N(w) =r+1,ie., |[Vo| =|Vi| =--- = |V, = 1.
Let = be a r-power free Sturmian word. For a € {0,1}, put @ = 1 — a so that {a,a} =
{0,1}. Fix a € {0,1} so that aa ¢ Fact(x). First suppose that V; = V; = a for some
0 < < j. In this case V;V; ¢ Fact(z). Thus we can assume that at most one V; = a. In
this case, there exist 0 < ny < ng < --- <n, <rsuch that V,,, =a foreach 1 <i <r.
It follows that V,,, V,,, - -+ Vi, = a" ¢ Fact(x).

For the inductive step, let N > r + 1, and suppose that for each w = V,, Vi, Vs, ...
with V; € {0,1}" and N(w) < N and for each r-power free Sturmian word z there
exist Kk > 1,0 < np < ng < - - < ng, and a permutation o of {1,2,...,k} such that
Voo, Vitoy = Vg & Fact(z). Now let w = Vo, Vi, Vs, ... with V; € {0,1}F, 7 > 0
and N(w) = N and let & be a r-power free Sturmian word. Without loss of generality
we may assume 11 ¢ Fact(z) and that x begins with 0. Note that if 11 ¢ Fact(x)
and x begins with 1, we can replace z with Ox which is Sturmian and r-power free.
We claim that for some £ > 1, and 0 < n; < ng < --- < ni and permutation o
of {1,2,...,k} we have Vi, Vi o -+ Vo, ¢ Fact(z). Suppose to the contrary that
for every k > 1,0 < nj < ng < -+ < ng and permutation o of {1,2,...,k} we have
Vigay Vi Vi, € Fact(z). Since  is r-power free, we have limsup,,_, o [V,,| = +oc.

Suppose first that for some a € {0,1} there exist 0 < i < j such that V; begins with
a and V; begins with a. Pick j < m < n such that |V,,| > r|V;,|. Since V;,V,, Vi, Vi, Vo, V5,
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ViV Vi, and V,,V,,,V; are each factors of z, it follows that each of V,,V,, and V,,V,, is a
right special factor of x. But since |V,,,V,,| = |V,,Vin| and = has exactly one right special
factor of each length, it follows that V,,,V,, = V,,V,,,, from which one easily derives that
VI is a prefix of V;, and hence in particular V;), € Fact(x), a contradiction. Thus we may
suppose that all V; begin with the same letter a € {0,1}. A similar argument shows that
all V; terminate with the same letter b € {0,1}. Moreover, as 11 ¢ Fact(x), either a or b
must equal 0. Since Fact(z) is closed under reversal, short of replacing each V; in w by
its reversal, we may suppose that a = 0, i.e., each V; begins with 0. Thus V;0 € Fact(x)
for each i > 0.

Now consider the morphism Lo : 0 — 0, and 1 — 01. For each ¢ > 0, define V/ €
{0,1}* by Lo(V/) = V; and put w’ = V{,V{,VJ,.... Finally, as = begins with 0, define
x' € {0,1}¥ by Lo(2') = x. Then, as is well known, 2’ is a Sturmian word. Moreover, since
x is r-power free, so is 2’ and at least one V; with 0 < 7 < r—1 must contain an occurrence
of 1. Thus N(w') < N(w). For each k > 1,0 < n3 < mng < --- < ng and permutation o
of {1,2,...,k}, we have V,,_  V,, - Vp. 0 € Fact(z). Thus V,, V! ...V! €

No(1) ' No(2) No (k) No(1) ' Mo (2) Mo (k)
Fact(a’), and this is a contradiction to our inductive hypothesis. O

We mention that very recently Anna Frid [7] has extended the validity of previous
lemma to the case of any infinite word of linear factor complexity.

Proposition 3. Let r € N and x € {0,1}* be a r-power free Sturmian word. Define
©:{0,1}" = {0,1} by o(u) =0 if u is a factor of v and ¢(u) = 1 otherwise. Then no
y € Q(x) admits a p-ultra monochromatic factorization.

Proof. Let y € Q(z) and consider any factorization y = VyViVa---. Then since V; is
a factor of x, we have that ¢(V5) = 0. On the other hand, since y is also Sturmian
and r-power free, by the previous lemma there exist £ > 1, 0 < nj < ng < -+ < ng
and a permutation o of {1,2,...,k} such that V,,_ ,\ Vi, ., -+ Vi, & Fact(y). Hence
¢V, ) Vo Vi

Mo (k)

) = 1 from which it follows that no y € Q(z) admits a e-ultra
monochromatic factorization. 0O

We next show (cf. Corollary 1) that if A is finite, then Question 2 admits an affirmative
answer for almost all x € A¥, where “almost all” refers to the Bernoulli measure on A%.
We begin by showing that Question 2 admits a positive answer in case z is periodic. Even
this simplest case however turns out to be somewhat nontrivial, and in fact is equivalent
to the so-called Finite Sums Theorem proved by N. Hindman in [10].

Theorem 4. The following statements are equivalent:

1. For every finite coloring ¢ : AT — C, each periodic word x € A¥ admits a p-ultra
monochromatic factorization.
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2. For each finite coloring ¢ : NT — C of the positive integers, there exist c € C' and
an infinite sequence (ny)pe, such that FS((nk)iy) = {d ;epni | F € Fin(N)} C
-1
e (c).

Proof. We note that item (2) is the Finite Sums Theorem by Hindman. We begin by
showing that (1) = (2). Let ¢ : Nt — C be a finite coloring of the positive integers,
and let x be the periodic word x = a¥, with @ € A. Then ¢ induces a finite coloring
¢ : {a}t — C given by ¢'(a") = ¢(n). By (1) there exists a ¢’-ultra monochromatic
factorization z = VoViVa---. Put ¢ = ¢'(Vp). For k > 0, set ny = |Vi| so that each
Vi = a™*. Then for each finite subset F' of N, we have

(Y _n) = Vi =e( [[Vi) =¢ (][ Vi) =¢

i€F ieF ieF i€l

since [[;cp Vi = aXeier ™ and hence is a factor of z. Whence FS((ny,)2,) = D icr il
F e Fin(N)} C ¢~ 1(¢).

To see that (2) = (1), let ¢ : AT — C, u € AT, and z = u¥. Define ¢’ : Nt — C
by ¢'(n) = ¢(u"). By (2) there exist ¢ € C' and an infinite sequence (nj)72, such that
FS((nk)i2y) = {>;erni | F € Fin(N)} C ¢’ ~!(c). For each k > 0 set Vi, = u™. Then
clearly the factorization x = VoV Vs - - - is p-ultra monochromatic. 0O

As an immediate consequence we obtain:

Corollary 1. Let A be a finite set, and let p be the Bernoulli measure on A¥. Let
p: AT — C be any finite coloring. Then for p-almost all x € A® there exists y € Q(z)
which admits a p-ultra monochromatic factorization.

Proof. As is well known almost all words & € A with respect to the measure p, are of
full complexity, meaning Fact(z) = AT (see, for instance, [1, Theorem 10.1.6]). (As an
example, normal words [13, Chapter 8] are of full complexity.) Thus for almost all words
x € A¥, relatively to measure pu, there exists a € A such that a* € Q(z). The result now
follows from Theorem 4. 0O

The above results suggest the following questions:

Question 3. Let x € A% be a uniformly recurrent word. Suppose that for each ¢ : AT — C,
there exists y € Q(z) admitting a p-ultra monochromatic factorization. Then does it
follow that x is periodic?

Let ¢ : AT — C and € A¥. A factorization x = VoV Vs --- with V; € AT, i > 0,
is called @-conditionally monochromatic if 3¢ € C such that Vk > 1, for all n; < ny <
-+ < ny and for all permutations o of {1,2,...,k} we have either Vi, | Vi o -+ Vi, () €
Fact(z) or ¢(Vn,, Va A

s(2) no(k)) =cC.
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Thus a @-ultra monochromatic factorization of a word z € A“ is a (-conditionally
monochromatic factorization, but not wvice wversa. For instance, consider =z =
010110111011110- - -. We saw in Example 1 that relative to the coloring ¢ : {0,1}T —
{0,1} defined by ¢(u) = 0 if u is a factor of x, and ¢(u) = 1 otherwise, no suffix of =
admits a ¢-ultra monochromatic factorization. On the other hand given any coloring ¢ of
{0,1}*, by Theorem 1 there exists a suffix 2’ admitting a ¢-sequentially monochromatic
factorization x = VpV;1Vs---. By concatenating several of the V; together (as in the
proof of Theorem 1), we can assume that each V; contains at least two occurrences of 0.
The resulting @-sequentially monochromatic factorization is then also ¢-conditionally
monochromatic since the only concatenation of blocks which yields a factor of = are
consecutive concatenations.

Question 4. Let ¢ : AT — C be a finite coloring of AT and © € A¥. Does there exist
y € Q(z) admitting a @-conditionally monochromatic factorization?

We have not a single example of an aperiodic uniformly recurrent word in which we
can give an answer (positive or negative) to the above question.

3. Shift invariant monochromatic factorizations

Let ¢ : At — C be a finite coloring of AT, x € A¥, and k be a positive integer.
A p-monochromatic (resp., p-sequentially monochromatic, p-ultra monochromatic) fac-
torization x = VyV1 V5 - - - is said to be k-shift invariant if for each 1 < j < k the induced
factorization T7(z) = WoW1 Wy - -+ with |W;| = |V;|, i > 0, is p-monochromatic (resp.,
p-sequentially monochromatic, ¢-ultra monochromatic). A @-monochromatic (resp.,
-sequentially monochromatic, ¢-ultra monochromatic) factorization x = VyViVs - -+ is
called shift invariant if for each positive integer j, the induced factorization T7(z) =
WoW1 Wy - - - with |W;| = |V;] is ¢o-monochromatic (resp., ¢-sequentially monochromatic,
@-ultra monochromatic).

We begin with the following simple variation of the infinite Ramsey theorem, whose
proof is omitted as it is a simple iterated application of the usual version of Ramsey’s
theorem.

Proposition 5. Let ¢ : X9(N) — C be a finite coloring and k a nonnegative integer. There
ezist an infinite set N C N and a sequence (ci)fzo such that for each 0 < i < k we have
c; € C and

Yo(N +14) € o ().
As an immediate consequence we deduce that

Corollary 2. Let ¢ : AT — C, 2 € A¥, and k > 1. Then there exists a suffix ¥’ of ©
which admits a k-shift invariant p-sequentially monochromatic factorization.
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Proof. As in the proof of Theorem 1, we apply the above variation of Ramsey’s theorem
to the coloring ¢’ : ¥5(N) — C given by ¢'({m < n}) = p(tmTmi1 - Tn-1). O

Proposition 6. A word x € A¥ is ultimately periodic if and only if for every finite coloring
w : AT — O there exists a suffix of x which admits a shift invariant p-monochromatic
factorization.

Proof. Clearly, if x is ultimately periodic, and hence of the form x = uv* for some u,v €
A* with v # ¢, then for any ¢ : AT — C, the factorization v-v-v - --- of the suffix v* is
shift invariant ¢-monochromatic. Conversely, suppose z is aperiodic. Choose a recurrent
word y € Q(x). Thus each prefix of y occurs infinitely often in x. Let ¢ : AT — {0,1} be
given by ¢(u) = 0 if u is a prefix of y and p(u) = 1 otherwise. Let 2’ be any suffix of x.
We claim that 2’ does not admit a shift invariant p-monochromatic factorization. In fact,
suppose to the contrary that ' admits a shift invariant ¢-monochromatic factorization
2’ = VyVi Vs - -+ . Since y is recurrent and each prefix of y occurs infinitely often in x, there
exist 0 < i < j such that if we consider the shifted factorizations T%(z') = WoW; Wy - - -
and T7(x') = W{W{W} - where |W;| = |[W/| = |V;| for each i > 0, both Wy and W
are prefixes of y. It follows that W, and W/ are prefixes of y for each ¢ > 0. But since
they are of equal length, we have W; = W/ for each i > 0. Thus T%(2’) = TV («") which
implies that x is ultimately periodic, a contradiction. O

We recall that a subset A of NT is called an IP set if A contains FS((n;)$2;) for some
infinite sequence (n;)52;. In terms of IP sets, Hindman’s theorem states that any finite
coloring of N* contains a monochromatic IP set. By using the so-called Finite Unions
Theorem, which is equivalent to Hindman’s Finite Sums Theorem (cf. [2,12]), one can
show that IP sets in NT are partition regular, i.e., if A is an IP set and A = Ule A;, then
there exists 1 < i < k such that A; is an IP set. We recall also the following well-known
theorem of Milliken—Taylor [12,16]:

Theorem 7. Let k be a positive integer and ¢ : X, (NT) — C a finite coloring. Then there
exist ¢ € C and an infinite sequence (n;)52, such that

{Z n;, Zni,..., Z ni} € o (c)

i€ i€l i€ Fy,

for each Fy < Fy < -+ < Fy, with F; € Fin(Nt), 1 < <k.

The next theorem shows that for each finite coloring ¢ : AT — C, and each periodic
word x € A¥ there exists a shift invariant ¢-ultra monochromatic factorization of x. We
present two proofs, one uses the fact that IP sets are partition regular and the other uses
the Milliken—Taylor theorem.

Theorem 8. For each finite coloring ¢ : AT — C, each periodic word x € A¥ admits a
shift invariant p-ultra monochromatic factorization.
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Proof. (First proof) Let ¢ : At — C be given. Let u = wjug---ur € A', u; € A,
i=1,...,k and = u*. Consider the coloring ¢; : Nt — C defined by ¢1(n) = ¢(u™).
Then by Hindman’s theorem there exist an infinite sequence (ngl));’il and ¢; € C such
that FS((nEl));’il) C @7 *(c1). This implies that the factorization

(1)

ny o .

"le) . us

r=u U

is p-ultra monochromatic. Next consider the coloring ¢ : FS((nZ(-l))fil) — C defined by
w2 (n) = o((ug - - - upuy)™). By partition regularity of IP sets it follows that there exist
an infinite sequence (nf))fil and ¢y € C such that FS((nEZ)){’il) C ¢y (ca). Tt follows

that the factorizations

(2)

R S

r=Uu U

and

(
T(z) = (ug-- '“kul)n?) (ug - ~uku1)"22) (ug--- uku1)n‘£’2)

are both y-ultra monochromatic. Continuing in this way up to stage k, we can find an

infinite sequence (nl(-k:))fi1 such that for each 0 <14 < k — 1 the factorization

; (k) (k) (k)
Tl(l-) = (Uip1 - UpUL - ui)nl (ui+1 e URUY - ui)”z (Ui-i-l coeupuycug)™ e

is p-ultra monochromatic. Since T*(x) = z the result now follows.
(Second proof) As before let ¢ : AT — C be given, u = ujus---up € AT, u; € A,
i=1,...,k, and x = u*. Then ¢ induces a finite coloring

TN (NT) — CF
defined by

\I/({’I?,l <Ng < - < le})

= (p((wrug - - ug)™), p((ugus - - - ugur)™), ..., p((ugur - - ug—1)"*).

By Theorem 7 there exist ¢ = (c1,ca,...,c;) € C* and (n;)$2, such that

@({Zni72ni,...72ni}):c (%)

i€F S 1€ Fy,

for each Fy < Fy < -+ < F}, with F; € Fin(N*"), 1 <i < k.
Fix1<j<kand F € Fin({k,k+ 1,k +2,...}). We claim that

Qp((u] ceeURUY vt uj_l)zieF nl) = Cj.
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This is a consequence of () by taking F; = {i} for 1 < i < j, F; = F, and Fj;; =
{M +i} for 1 < i < k—j where M = max(F). It follows that the factorization
x = ukuMEriy™+2 . s ghift invariant @-ultra monochromatic. O
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