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On the Waring-Goldbach problem with almost equal
summands
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Abstract

We use transference principle to show that whenever s is suitably large depending on
k > 2, every sufficiently large natural number n satisfying some congruence conditions can
be written in the form n = p¥ + .-+ + p*, where p1,...,ps € [x — 2%z + ,CEG] are primes,
z = (n/s)’* and § = 0.525 + e. We also improve known results for § when k > 2 and
s> k?*+k+1. For example when k > 4 and s > k> + k + 1 we have § = 0.55 +e. All
previously known results on the problem had 6 > 3/4.

1 Introduction

Let k > 2. For each prime p, define 7(k,p) so that p™*P)||k. Notation p™(*P)||k means that
p™® Pk and pT* P { k. Let Ry = [T, 1y 2" where

| 7(k,p)+2 ifp=2and7(k,p) >0
n(k.p) = { 7(k,p) +1 otherwise (1)

First result concerning Waring-Goldbach problem is from Hua [Hua38] who showed that every
sufficiently large natural number n = s (mod Ry) can be written in the form

n=pf+ - +ph (2)

where p1,...,ps are primes and s > 2*. Since then the number of required summands has been
greatly reduced, the latest improvement being from Kumchev and Wooley [KW17] who proved
that (2) holds, for large k, if s > (4k — 2)logk — (2log2 — 1)k — 3.

Another interesting way to study the Waring-Goldbach problem is to replace the set of primes
with some sparse subset of the primes. A natural way to choose such subset is to restrict primes
to lie in a short interval Zp = [v — 2%, 2 4+ 2], where x = (n/s)"/* and 6 € (1/2,1) '. Let 6y,
be the least exponent such that (2) can be solved, for all sufficiently large n = s (mod Ry) and
D1,...,Ps € Iy, whenever 0 > 0, . Wei and Wooley [WW15] were first ones able to show that for
every k > 2 there exists s such that 6 s < 1. They showed that if s > max(6, 2k(k — 1)), then

19/24 if k=2
Oprs <¢ 4/5  ifk=3
5/6  if k> 4.

Huang [Hual6] improved that result by showing that 0y, , < 19/24, for all k > 3 and s > 2k(k—1).
The latest result is from Kumchev and Liu [KL17] who showed that 65 s < 31/40, when k > 2
and s > k? + k + 1. As we can see from the previous results there has been difficulties to prove
that 0 s < 3/4. We break that barrier in this paper. ?

IThe limitation @ > 1/2 is a consequence of a slight modification of Wright’s argument (see [Wri37]). We talk
more about it in Section 2.

2Recently this barrier has also been broken in [MS19] as a consequence of finding a new estimate for the
exponential sum: >y, <Ny N0 A(n)e(an®). In the paper, it is obtained that 0y s < 2/3, when s > k? + k + 3.



Our goal is to prove that 05, < 0.525, when £ > 2 and s is sufficiently large. Note that value
0.525 is a necessary limit due to what we currently know about primes in short intervals [BHPO1].
We use the transference principle to obtain our main result. This approach is motivated by the
work of Matomiki, Maynard and Shao [MMS17]. They used transference principle to show that
every sufficiently large natural number n can be written as the sum of three primes which lie in
the interval [n/3 — n'1/20%¢ p /3 4 n'1/204€] Our main result is the following.

Theorem 1. Let s,k € N, k> 2, ¢ >0 and 0 € (1/2,1). Let a= > 0 be such that, whenever x
is sufficiently large, we have for each interval I C [x,z + x%7¢] of length |I| > 2°~¢ and for every
¢,d € N such that (¢,d) =1 and d < logz,

a” |1
D = : (3)
= ¢(d)logx
n s prime
n=c (mod d)
Suppose that
2 k+2 .,
> , & k)
5~ ax (a—(Qe “1 e T
Then, for every sufficiently large integer n = s (mod Ry), there exist primes p1,...,ps such that

|(n/s)% —pi| < (n/s)/* for eachi=1,...,k and
nepk bk

When 6 > 11/20 inequality (3) holds for = = 99/100 (see [Har07, Theorem 10.3]) and when
6 > 0.525 inequality (3) holds for o= = 9/100 (see [Har07, Theorem 10.8]). Thus

027 < 893/1386 = 0.644,
0313 < 1487/2574 = 0.578,
Ok.s < 11/20 = 0.55, when k > 4 and s > k% + k,
Ok« < 0.525, when k > 2 and s > max(k? + k, 444, 4000(k + 2)/189).

These significantly improve previously known results which always had 6 > 3/4.

2  Outline

In this section we give an outline of the proof of Theorem 1. We will introduce the used notation
in Section 3.

In Section 4 we prove the following transference lemma that is the main ingredient in proving
Theorem 1.

Lemma 1. Let s > 3 and ¢,n € (0,1). Let N be a natural number and, for eachi € {1,...,s} let
fi : [N] = Rxo be a function that satisfies the following assumptions:

1. (Mean condition) For each arithmetic progression P C [N] with |P| > nN we have
Enepfi(n) 2 1/s +¢;

2. (Pseudorandomness condition) There exists a majorant v; : [N] — Rxo with f; < v,

—

pointwise, such that ||V; — 1in)|loe < nIV;

3. (Restriction estimate) We have ||ﬁ\|q < KN4 for some q, K with s —1 < ¢ < s and
K >1.

Then for each n € [N/2, N| we have
froeox fo(n) = (c(€) = Ocreqg ()N,

where c(€) > 0 is a constant depending only on €.



The idea of the proof is following: If function f satisfies conditions 1-3, then we can find
functions g : [N] — [0,1] and h : [N] — R such that f = g + h, both g and h satisfy condition 3,
g satisfies condition 1 and h is Fourier uniform (i.e. |[2]|oc < 7N). Functions g and h are often
called anti-uniform and uniform part of f, respectively. Using Holder’s inequality we can then
reduce the problem to showing that

g1 % xgs(n) > NeL.

This problem can be solved using induction and strategy that is very similar to the proof of
[EGM14, Theorem 4.1]. One of the key ingredient using this strategy is an arithmetic regularity
lemma regularizing multiple functions simultaneously (Lemma 3).

Next we explain how Lemma 1 implies Theorem 1.

Let fi : {1,...,N} — R be a weighted W-tricked characteristic function of k-th powers of
primes in short interval (for precise definitions, see Subsection 5.1). We define the functions v; in
a similar way, but we replace the characteristic function of primes with a majorant function based
on the linear sieve. In Section 5 we show that if conditions 1-3 of Lemma 1 hold for the function
fi, then by Lemma 1 it follows that every sufficiently large natural number n = s (mod Ry) can
be written as the sum of s kth power of primes, which belong to the short interval. So it remains
to show that the function f; satisfies conditions 1-3 of Lemma 1.

In Section 6 we establish condition 1 for our precise choice of f; with an easy calculation using
knowledge about primes in arithmetic progressions in short intervals.

In Section 7 we establish condition 2 which essentially corresponds to understanding the func-

tion -
dr"o
fda)= Y ()
xld/k STS(X+§;)1/’“

dbr*=b  (mod W)

where b,d, W, X, Y € N, a € [0,1] and Y =< X'~Vk+0/k We split [0, 1] into two disjoint sets,
major arcs 9 and minor arcs m, using the Hardy-Littlewood decomposition, and treat the function
f(b,d, @) differently in those two. In Subsection 7.1 we prove that

fl(b,d,0) = o(Y X/k~1),

if & € m. In Subsection 7.2 we establish similar bound for those a € 9t that are not very close to
zero. We also show that if « is very close to zero, then

1/k=1 __
ik 1[N](Oz)+O(YX1/k71).

f(b,d,a) ~

With these results we are able to prove the pseudorandomness of v.

In Section 8 we prove condition 3, by first using the main conjecture in Vinogradov’s mean
value theorem established by Bourgain, Demeter and Guth [BDG16, Theorem 1.1]> and Daemen’s
result concerning localized solutions in Waring’s problem [Dael0, Theorem 3] to show that

1]l < N1/ ek (4)

for u > k? + k. Then we apply Bourgain’s strategy (see [Bou89, Section 4]) to the inequality (4)
in order to get N
11l < N2

for u > k2 + k as requested.

3Wooley has an alternative proof of the main conjecture in Vinogradov’s mean value theorem in [Woo17].



Remark 1. Let us now say a few words about the lower bound of the number of required
summands. In Theorem 1 we need

2 k+2
a=(20-1)" a0’

S>max( k‘2—|—k;).

The first requirement s > % comes from the pseudorandomness condition on the minor
arcs. This essentially says that the number of required summands goes to infinity as 6 approaches
1/2. We expect this kind of behaviour because, when 6 < 1/2; we cannot anymore represent every
sufficiently large natural number n at form n = n¥ + --- +n¥* where |(n/s)/* —n;| < c(n/s)?/*
and c is some small coefficient. This can be seen from Wright’s argument (see [Wri37]). The idea
of this argument is to take n = s(m* + km*~1) and write n; = m + a;. Comparing both sides
of equation n = n¥ + .-+ nk we see that equality is impossible when m is large enough. Using
a slight modification of Wright’s construction (namely taking n = s(m® + km*~1) + u, where

u = o(n'=%/¥)), we can see that non-representability concerns also those numbers n for which
n =s (mod Ry).

The second requirement s > % comes from the pseudorandomness condition on the major
arcs. If we had a™ = 1, then the term % would be dominated by max(%, k2 + k).

The third requirement s > k2 + k comes from the restriction estimate. Since the third require-
ment is the most limiting one when k is large, it is interesting to ask whether it can be improved.
When 6 = 1 we can replace k? + k by approximately k? using similar calculations as in [Chol8,
Section 5|. This suggests that, for 6 € (1/2,1), k? + k can be replaced by something that depends
on . Therefore at least minor improvements to the requirement s > k2 + k should be possible
when 0 > 1/2.

Remark 2. When k£ = 1 we can establish a similar result to Theorem 1 requiring only that the
number of summands is s > %. Based on the proof of Theorem 1 we only need to establish the
restriction estimate and the pseudorandomness condition for the transference function defined in
(26) when k = 1. That can be done in a similar way to how we do it in this paper when k& > 2,
but the calculations are much simpler. The value o~ in requirement s > ﬁ follows from the
mean value estimate, and part 2/6 is a consequence of the linear sieve.

Remark 3. Using [Koul5, Theorem 1.3] in the proof of Theorem 1 one can easily prove that if
k>1,0>1/2 and s are as in Theorem 1, then for almost every sufficiently large integer n = s
(mod Ry), there exist primes pi, ..., p, such that |(n/s)'/* — p;| < (n/s)/* for each i =1,... k
and

nzp’f—k“-—i-p];.
We can also prove a similar result when £k =1, 6 > 1/15 and s > %. The author want to thank
Trevor Wooley for helping to observe this fact.

3 Notation
For finitely supported functions f, g : Z — C, we define convolution f * g by

Frgn) =Y fla)g(d).

a+b=n

For aset A, write 1 4(x) for its characteristic function. Define [N] = {1,...,N}. Let A, B C [N]
and n > 0. We define S, (A, B) by

Sy(A,B) ={n:14x1p(n) >nN}.

The Fourier transform of finitely supported function f : Z — C is defined by

flo) =" f(n)e(—na)

neEZ



where e(r) = €27, We will also use notation ey (n) as an abbreviation for e(n/W).

Let f:R— Cand g: R — Ry. We write f = O(g), f < g if there exists a constant C' > 0
such that |f(z)| < Cg(x) for all values of = in the domain of f. If f takes only positive values we
then define similarly f > g if there exists a constant C' > 0 such that f(z) > Cg(x) for all values
of x in the domain of f. If the implied constant C' depends on some contant € we use notations
O, L, > If f < gand f>> g we write f < g. We also write f = o(g) if

f(@)

lim —% =0
z—o0 g(x)

The function f is asymptotic to g, denoted f ~ g if

We will use notation T for R/Z. We also define norms

1/p
(-nomm) [|f vy = (Basn 1)),
1/p
(p-norm) Jgll, = ( [ lo(@)rda) ",
(Lipschitz norm) ||A||Lip = Inf{K e R |Vx,y € X :|h(x) — h(y)| < Kd(x,y)},

for functions f : N - C, g : R — C and h : X — C where X is a metric space with metric
d: X x X >R,

For the function f : [N] — C we define Gowers U?-norm by || f||v2(ny = ||f|lv2e) /11w llo2(e)
where G = Z/N'Z for some arbitrary N’ > 4N and

I fll2(c) = Bapyhoea F(@) f(@+ ha) f( + ho) f(z + hy + ho)) /%,

The functions f and 1jy] are regarded as functions on G by defining f(x) = 1jn(z) = 0 if
x € G\ [N], where [N] is regarded as embedded in G in a natural manner. Note that || f||2(n
is independent of the choice of N’.
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topic and for many useful discussions. The author also thanks Joni Terévéiinen for reading the
paper and giving useful comments. The author thanks the referee for careful reading of the paper
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4 Transference principle

In this section our aim is to prove Lemma 1 that is a generalization of [MMS17, Proposition 3.1].
Lemma 1 is based on the transference principle. The transference principle was first introduced by
Green [Gre05] and it has appeared to be a powerful tool to study additive problems. The following
example shows how the transference principle works.
Let A be a sparse set of positive integers and say that we are interested in existence of solutions
of linear equation
Ty 4+ + T =n,

where x1,...,2; € A and n € N. That corresponds to finding a positive lower bound for the sum
> la(a) - La(we).
T1+-+xs=n

Depending on the set A that might be difficult to find directly.



Let f := v14, where v : N — R, is some suitably chosen weight function. The key of the
transference principle is to find some set B C N with positive density such that f ~ 1p. Due to
the positive density of B one might hope to prove that

Y. (). 1p(x,) > 0. (5)

Ti+-+xTs=n

Then

> ) f) = [ Fleyeanda

Q

/Tl/;(a)se(an)da
= i)

Tit-txTs=n

> 0,

which, once made rigorous, implies that

> la(@r) - la(zs) > 0.

T1+-+xTs=n

4.1 Sumset estimates

In this subsection we prove some helpful lemmas about sumsets which we use later to prove the
result that is similar to (5).

Lemma 2. For any € > 0, there exists a constant 1 = n(e) > 0 such that the following statement
holds. Let N be a natural number and o, € [0,1]. Let A,B C [N] be two subsets with the
properties that

|ANP| > «|P| and |BN P| > B|P|,

for each arithmetic progression P C [N] with |P| > nN. Then
|Sy(A, B)| > 2N min(a + 3,1) — eN.

The proof we are going to present mainly follows ideas of the proof of [EGM14, Theorem 4.1].
The main differences are that we only need part of that proof and we consider S, (A, B) instead
of S;(A,—A). In order to prove Lemma 2 we need to first establish an arithmetic regularity
lemma that is valid for multiple sets simultaneously. In general the arithmetic regularity lemma
says that bounded function f : [N] — C can be decomposed into a (well-equidistributed, virtual)
s-step nilsequence, an error which is small in L?-norm and a further error which is minuscule in
the Gowers U*T!-norm, where s > 1 is a parameter. The proof and some applications of such
regularity lemma can be found in [GT10]. We only need the arithmetic regularity lemma in the
case s = 1, and the proof of this simpler case can be found also in [Ebel6] which we will utilise.

Before we present and prove our regularity lemma, we need some necessary definitions. We
define a metric on T? by

d(,y) = min [|le —y — 2]l
z€7Z4

Using usual metric on [0, 1], the previously defined metric on T¢ and the discrete metric on Z/qZ
we define a metric on [0, 1] x Z/qZ x T? by the sum of these metrics. Let A, N € N. We say that
0 € T is (A, N)-irrational, if @ = (q1,...,qa) € Z% and Y, |¢;| < A implies that ||q - 0||r > A/N.
We say a subtorus T of T? of dimension d’ has complexity at most M if there is some L € SL4(7Z),
all of whose coefficients have size at most M, such that L(T') = T4 x {O}d_d/. In this case we
implicitly identify T" with T using L. For instance, we say 6 € T? is (A, N)-irrational in T if
L(0) is (A, N)-irrational in T By a growth function, we mean increasing function F : R — R



Lemma 3. Let N € N. For k > 1, let f1,..., fr : [N] — [0,1] be functions, F : N — Ry a
growth function and € > 0. Then there exist a quantity M <. r 1, positive integers q,d < M and
(F(M), N)-irrational 6 € T such that, for each i € {1,...,k}, we have a decomposition

fi= 19+ fs(QLz + fff;Ef

of fi into functions fs(zl, fs(;)ﬂ,f(izf : [N] = [-1,1] such that

u

1. fs(zz = F;(n/N,n (mod q),0n) for some function F; : [0,1] x Z/qZ x T¢ — [0,1] with
|Filleip < M,

2. 12 ey < 6

3N vy < 1/F(M).

Proof. This proof is a straight-forward generalization of the proof of [Ebel6, Theorem 7]. Let
F. and, for i € {1,...,k}, F; be growth functions depending on € > 0 and F in a manner to
be determined. By [Ebel6, Theorem 5], for each i € {1,...,k}, there exists M; <. r, 1 and a
decomposition

fi= 1+ fiir)zl + fiQf

of f; into functions fs(i) o filrzf : [N] = [-1, 1] such that

trr J sml
1. f% = F/(6;n), where F! : T% — [0,1] and 6; € T% with d;, ||F!||Lip < M;,
2. 11122 < &
3. 1D ey < L/Fi(M).

Let 0/ = (0y,...,0;) € T4+ % be the concatenation of the vectors 6;. We define functions
F!'(z1,...,71) = F!(x;) for x; € T%.
By [Ebel6, Theorem 6] we can find M, <z, ... M, 7, 1suchthat M, > M, foralli e {1,...,k}
and 0’ decomposes as
0 = esmth + grat + eirrata

where
L. d(esmthyo) < M*/Na
2. qBrqt = 0 for some g < M, and

3. Oirrar is (Fu (M, ), N)-irrational in a subtorus of complexity < M., which means that L(6;rqt)
is (F.(M,), N)-irrational in T .

Then for each ¢ € {1,...,k}
E(0'n) = F'(Osmenn + Oratn + 0irarn) = Fi(n/N,n (mod q), nL(0irrat)),
where F; : [0,1] x Z/qZ x T% — [0,1] is defined by
Fi(z,y,2) = F' (NOsminx + 0rary + L71(2)).

Noting that ||F;||rip <, 1, we can find M <y, 1 exceeding M, and ||F;||pip foralli € {1,...,k}.
But since M <y, 1, if F, grows rapidly enough depending on F then F,(M,) > F(M), and sim-
ilarly M, <. .M, 7. 1, so if F; grows rapidly enough depending on F, for all ¢ € {1,...,k}
then F;(M;) > F(M,) > F(M) for all i € {1,...,k}. After all these dependencies are fixed we
have M < r 1, and the conclusion of the theorem holds. O



Proof of Lemma 2. We can assume that IV is sufficiently large depending on e, since other-
wise we can choose 1 = % and lemma is trivially true. Let 7' : N — R, be a growth function
depending on e. Let ¢ = min(e, 25) Then by Lemma 3 there exists M’ < # 1, positive integers
q,d < M’ and (F'(M’), N)-irrational § € T? such that

La = flon+ [l + ffnf,
ey < €B|f nf||U2(N <1/F(M') and
JA.(n) = Fa(n (mod q),n/N, 0n)
for some Fy4 : Z/qZ x [0,1] x T¢ — [0 1] with ||Fal|rip < M’. Similarly

ftor + sml +fuan7

where ||f2

sml | ‘

where f2., 5 . B ;7 satisfy same requirements with subscripts and superscripts A replaced by
B.
Let M = [¢/73°M’] and consider, for a € Z/qZ and i € {1,..., M}, the progressions

(i—1)N iN7
{ne( i ,M}.n:a(modq)}.
Define Fa o, : T¢ — [0,1] by Faai(z) = Fa(a,i/M,z) and Fg,,; : T* — [0,1] by Fpq:(z) =
Fg(a,i/M,x). Define also

Iai:

)

Qruct(n) = Z Z 1Ia i FA Lo l(en)

a (mod q) i=1

and

gruct( ) = Z lea7 FBat(an)

a (mod q) =1

struct fti‘)rHOO S 6/30 Slmﬂa’rly || struct ftBorHOO S 6/30'

Since F4 is M’-Lipschitz we see that || fZ
Now we have decomposition

A A
= fstv"uct + f ml =+ funf

where || 12, [li2(v) < 230, || f nf||U2(N < 1/F'(M’). Similar bounds hold with A replaced by B
Now given an arbitrary growth function F depending on €, we may choose F' to grow sufficiently
rapidly depending on € so that F'(M') > F(M), whence ||f; f||U2 Vol sl vy < 1/F(M)
and 0 is (F (M), N)-irrational. Write §4(a, ¢) for the density of “A'in Iy and 05(a, 1) for the density
of Bin I, ;.

Let E be set of those pairs (a,i) € Z/qZ x {1,...,M} for which E,cp, , |fA
or Encr, , [f/B,(n)] > €15, We see that

(n)| > €

ml

|B| < 2¢qM (6)
since otherwise
N
]EnﬁN |f;g@l(n)| Z |fsml AT (W - 2) qM€/29 > 26,30
( )EENELL,; q

for either C' = A or C = B, and that leads to a contradiction using Cauchy-Schwarz because
129 ]i2(vy < 2€/3°. Now using deductions of the proof of [EGM14, Lemma 4.4] we get that if
(a,i) ¢ E then

/ Fo.ai(w)dre > dc(a,i) — (7)
Td

for both C' = A and C = B.
Next we prove a variant of [EGM14, Lemma 4.7].



Claim 1. Let a,b € Z/qZ and i,j € [M] be such that (a,i), (b,j) € E and 64(a,i),dp(b,j) > 2¢>.

Then N 2N
. . . 10e
|Serz0 j1om2) (A, B) N Tanivj| = ] min(é4(a, i) +0p(b, j),1) — o

Proof. By (7) it suffices to prove

S (A, B) N\ Lospini| > ﬁm'n(/ F v(x)d:z:+/ Fpy(x)da 1) 8N
€20 /(10M2) s a+b,itj| = qM 1 T Aa,i T B,b,j ) qM .
From 64(a,i),05(b,j) > 262 we get that
[ Frastorte, [ Fap ) e, ®)
']I‘d, ']I‘d
Let I, be the set of those integers ¢ € I444,4+; for which
€?N
LiN(c—1I;)| > . 9
i 0o = Tl = 7 Q

We see that |Io4pi+5 \ L] < 2¢2N/gM (only values near the right end of I,4p4; do not belong
to I).

Note that a product of two M-Lipschitz functions, each of which is bounded pointwise by 1, is
2M-Lipschitz. Therefore, when ¢ € I, and F is sufficiently rapidly growing, we can use [EGM14,
Lemma A.3] to the function F(z) = Fa,q,i(x)Fps,;(0c — x) to get that

£Tu6t|la,i * £Tu6t|1b,j (C) = Z FA,a,i(en)FBb,j (6‘(0 - TL))
n€ly ;N(c—1y ;)

1
i N (¢ = Ty j)|(Faai* Fppj(0c) — 16’12)7

%

where

Faini * Fang(2) = [ Fansn)Foi(e — )y,
Td

By [EGM14, Lemma A.11] we have that Fa ,; * Fpp ; is M-Lipschitz. Since 0 is (F (M), N)-
irrational and F can be chosen to grow arbitrarily fast, we have by [EGM14, Lemma 4.5] that

Toroir] e € Tatviv : Faai* Fppj(0c) > *?/2}| > u(Y) — €2,
a+b,i+j

where
Y ={y€T?: Fa,ixFpy;ly) > 2}

But by (8) and [EGM14, Lemma 4.6] with 7 = ¢/!? we have that

w(Y) > min </Td Faqi(z)dr + /’ﬂ‘d Fpy j(z)de, 1) — 4€?,

Putting this all together,
6/14N

>
= AgM

A B
fstruct|1a,7‘, * fstructhb,j (C)
for a set of ¢ € Iq4p,4; of size at least

N . 7¢2N
i min </1rd Faqi(z)dz + /Td Fppj(z)de, 1) — o

provided that N is large enough depending on €. We denote the set of those values ¢ by I’.




Now using the fact that Eney, , [f25,(n)] < €'® when (b,j) ¢ E and [EGM14, Lemma A.12]

with n = ¢! we see that
/15
A B € N
fStTuCt|Ia,i * f;ml‘jb,j (C)‘ < qM
for all ¢ € I’ Similar bounds apply to |fi 1., * f5eln, (c)’ and |f10 |1, . % f1B|5,.,(c)|.
Therefore i N Sy
( struct + f )| Io,; ( struct + mel)‘Ib,j (C) Z 5qM

for all ¢ € I'. Recalling that

1A = struct + f ml + unf’

1p = fstruct + f ml T funf?

|| anU2 (N)» ||funf||U2 )<1/]: )
and provided that F grows fast enough [EGM14, Lemma A.13] implies that
6/14]\]

>
— 8qM

1A|Ia,z' * 1B|Ib,j (C)

for all ¢ in a subset I, 4, of size at least

N . 82N
q—M min <./1rd Faqi(z)dr + /Td Fpy j(z)de, 1) - L

All these c lie in Sena/gqpr(A, B), which is of course contained in Se20/10pr2 (4, B). O

Conclusion of the proof of Lemma 2. Set n = €'?°/10M?2. We can assume that N > n~! since oth-

erwise the claim is obvious. Then |1, ;| > qlM —2>nNforalla € Z/gZ and i € {1,...,2M}. Now

we have by assumption that §4(a,i) > aand 0g(b,j) > Sforalla,b € Z/qZ and i,j € {1,...,M}.

Thus by Claim 1 we get that

102N
qM '

N
1S, (A, B) N 14| > q—Mmin(a-l-B,l) - (10)

where (a,i) € Z/qZ x{1,...,2M} excluding an exceptional set with size at most 2|E|. Now using
(6), (10) and the fact that ¢’ = min(e, 1/25) it follows that

‘SU(A’B” = Z |S77(A’B) mla,i'
a€l/qLie{l,...2M}

12
> (2Mg - 20B|) (o mina + 6,1) - S )
> 2Nmin(a+ §,1) — 2|E|£ —20€”2N
> , o
) N
> 2N min(a+ 8,1) — 46'14quW —206”N
> 2N min(a+ §,1) —eN.

O

Lemma 4. For any ¢,0 € (0,1), there exists constant n = n(e,d) > 0 such that the following
statements holds. Let N be natural number and o, B € (e,1). Let A, B C [N] be two subsets with
the properties that

|[ANP| > a|P|,|BNP|>B|P|,

for each arithmetic progression P C [N] with |P| > nN. Then
15y(A, B) N Q| = |Q|min(a + 3,1) — €@
for each arithmetic progression @ C [2N] with |Q| > 20N .
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Proof. Let 1 be as 1 in Lemma 2 and set that n = n'de. We can assume that N > 2p~!
since otherwise statement is obvious. Given ) we see that there exist progressions @1 C [N]
and Q2 C [N] with the same common difference such that @1 + Q2 C @, |Q1] = |Q2| and
Q] <1Q1|+|Q2]. (Simply choose Q1 = ¢H + L&;QJ and Q2 = qH + fmiSQL where ¢ is common
difference of @ and H = {0, ..., Lw%j}) Let A’ = ANQ1 and B’ = BN(Qs. Clearly A’+ B’ C Q.
Recall that n = n'de. Since |Q1],|Q2| > dN it follows that

7' max(|A’[,|B']) > 7' max(a|Q1],5]Q2|)
> 7n'edN
> nmax(|Al,|B|)
and therefore
1Sy(A, B)N Q| > [S, (A", B'). (11)

Now define A” = % and B" = %, where ¢ is the common difference of the pro-
gression ). We see that
Sy (A',B") =S, (A", B").

Our aim is now to use Lemma 2 to sets A” and B”. Recall that n = n'de. Let N’ = |Qq| and
P C [N’] be progression such that |P| > N’ > /6N > nN. Set P’ = ¢P + minQ;. Then by
assumption

|[A"NP|=|ANP|=|AnQ:iNP|=|ANP'| > a|P'| = a|P|.

Similarly |B” N P| > B|P|. Since 2N’ = |Q1| + |Q2| > |Q| > N’ it follows by Lemma 2 that
1Sy (A", B")| > 2N'min(a+ 8,1) — eN’' > |Q|min(a + 3,1) — €]Q)|.

Thus by (11)
15,(4, B) N Q| > |Qmin(a + 53, 1) — €[ Q).

4.2 Transference lemma

In this subsection we will finally establish Lemma 1, that is a crucial ingredient in proving our main
theorem. Before that we use induction over Lemma 4 to get the following lemma that essentially
is our version of (5).

Lemma 5. For any € € (0,1) and s € N, there exists a constant n = n(e,s) > 0 such that
the following statement holds. Let N be natural numbers, s > 2 and, for i € {1,...,s}, let
fi 1 [N] = [0,1] and o; > 0 be such that

Enepfi(n) > a; +€ (12)
for each arithmetic progression P C [N] with |P| > nN. Assume that
ar+ -+ as > 1.
Then, for each n € [N/2, N], we have
frxeox fon) > N1

Proof. We may assume that N is sufficiently large, since the claim is obvious when N < n~!

(and we can choose 71 to be sufficiently small). Fix a positive integer ng € [N/2, N]. Let us define
Ny = |no/2°7%] and N1 = 2°N; fori € {1,...,5—2}. Let

A1 = {Tl € [Nl] : fl(n) Z 6/2} and Al = {Tl € [Ni—l] : fz(n) Z 6/2}, (13)

11



for i € {2,...,s}. By (12) we see that |A;| > (a; + €/2)N;_1, for i € {2,...,s}, provided that 7
is sufficiently small. Let ¢ = 0s—1 = 1/2 and, for i € {2,...,s — 1}, d;—1 := n(¢,d;), where
1(€, 0) is as in Lemma 4. Let

€
4s?

Ry = Ay and R;yq1 = Ss,(Aiy1, Ri) (14)
for each i € {1,...,s —2}. We shall choose < (min; J;)/2°. Then it follows from Lemma 4 that
|[Ra N P| =[Sy (e ,65) (A2, A1) N P| > (min(oy + ag,1) — €)|P]

for each arithmetic progression P C [2N7] = [Na]| with |P| > §32N; = 02 N5. Similarly

|R3 N P| = |Sy(e.55) (A3, R2) N P (min(min(a; + ag,1) — €) + as, 1) — €)|P|

>
> (min(ag + az + asz, 1) — 2¢')| P|

for each arithmetic progression P C [2N3] = [N3] with |P| > 632N; = d3N3. Repeating this
argument inductively, for each ¢ € {1,...,s — 2}, we get that

|Rix1 N P|> (min(ag + -+ + ajq1, 1) —ie’)|P| (15)
for each arithmetic progression P C [N;y1] with |P| > §;41N;1+1. Hence in particular
|R;| > (min(aq + -+ + ay, 1) — (i — 1)€")N;
forie {1,...,s—1}. Let N(ng) = |{(a,b) € As x Rs_1 : a+b=ng}|. We see that
N(no) = [As N (no = Rs1)| = [As \ ([n0] \ (n0 — Rs-1))|

since Ag, Rs—1 C [ng], where ng — Rs_1 = {ng —r:r € Rs_1}. Thus

N(no) = [As| = (no — |Rs-1l) (16)
> (as+€/2)Ng_1 + (min(ag + -+ as_1,1) — (s — 2)€'))Ns_1 — ng
> (/2 —s€)Ny_q — 252
> €N, (17)

since ng < Ny_1 + 2572, From (13) and (14) we get that for b € Ry

freewfoa®) 250D frrex fuma(i)la, L ()

i+j=b
1€ERs_2
JEAs 1
€
> —0s_9Ns;_o min x -k fo_o(t
= 9 s—24iVs 2i63572f1 fs 2()

Repeating previous argument, it follows that

5—2
e\s—1
froox fooa(b) > (5) il:[l(siNi
> 657177372N572. (18)
Since fs(a) > € whenever a € A, it follows by (17) and (18) that

fix-x fo(no) >es N

We are now ready present and prove the transference lemma.
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Lemma 6. (Transference Lemma) * Let s > 3 and e,n € (0,1). For alli € {1,...,s}, let ¢;
and a; be positive real numbers such that

At a2 1
and

q1 q2 ds

Let N be a natural number and, for each i € {1,...,s} let f; : [N] = R be a function that
satisfies the following assumptions:

1. (Mean condition) For each arithmetic progression P C [N] with |P| > nN we have
Enepfi(n) > ai +¢;

2. (Pseudorandomness condition) There exists a majorant v; : [N] — Rxo with f; < v,

—

pointwise, such that ||; — 1n||eo < NIN;
3. (Restriction estimate) We have ||ﬁ|\q < KNV for some K > 1.
Then for each n € [N/2, N| we have
frxex fo(n) = (e(€) = Ocrq())N* 7,
where c(€) > 0 is a constant depending only on €.

Proof. A symmetric version of the case s = 3 has been shown in [MMS17, Section 4.3] by
Matoméki, Maynard and Shao. With minor changes the same proof works for the asymmetric
version with any s > 3 using Lemma 5 in place of [MMS17, Proposition 3.2]. The main difference
is that when [MMS17] uses Holder’s inequality to get that

A\hl(v)hz(v)hz('y)ldv < [[ha I3[ llg=2 [P llg 1]l

we use Holder’s inequality to get that

/T|h1(7)"'hs(7)\d7 < [lhallas Nhallg llh2llgs - - - 11hs]la.
where a € (0,1) is chosen such that < + L ...+ L =1, O
o a2 as

Lemma 1, which we will use to prove our main theorem, is a symmetric version of the previous
lemma.

5 Proof of the Main Theorem

In this section we will prove Theorem 1 using Lemma 1 assuming some lemmas which we will
prove later.

5.1 Definitions
Let X,Y,W,N,m,b € N such that (W,b) = 1,

W= 2°C, [] p. (19)

p<w

4Using this asymmetric version of the transference lemma and some other results of this paper one should be
able to establish results concerning Waring-Goldbach problem with mixed powers on short intervals.
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X = Wm+b, (20)
Y = WN, (21)

Yy = (1+0(1))#X1_1/k+9/k, (22)

where w = logloglogm, C, = [n7]!12 and n € (0,1). We see that W < loglog X. Let p be the
characteristic function for the primes. Next, we define a majorant function p* for the function p

based on the linear sieve. Let
prn)= > u(d), (23)

where

poy= 11 »
p<D
p is prime

DY ={d=pip1...pr | P < - <p1 < DAVm =1 (mod 2):(p1...pm)1/2pm<D1/2}
and
D=X’° (24)

for certain & > 0 to be chosen later. We know that p(n) < p*(n), for all n € N (see [Nat96,
Theorem 9.3]). Set

b o(W) p(d)

o= log X Z 7 (25)
d|P(D)
(d,W)=1
deDt

We will prove in Subsection 7.2.1 that 0 < a™ < 2t¢. We now define functions f, v : [N] = R
by

__ W) x1-1/k . _ ik
foln) ={ aTWow(®) X log Xp(t) if W(m +n)+b=t (26)
0 otherwise
and w
_ (W)  y1-1/k + . _ gk
vp(n) =< atWow(b) X log Xp™(t) if W(W +n)+b=t (27)
0 otherwise
where
ow(b) =#{z€[W]:2"=b (mod W)}. (28)

5.2 Key lemmas

We will apply Lemma 1 to the functions f, and 1. The following three lemmas (to be proven
later) show that the functions f, and v, satisfy the conditions of Lemma 1. We use the notation
of Subsection 5.1.

Lemma 7. (Mean condition) Let €.6 € (0,1), 2 = X% and k > 1. Let n € (0,1) and
fo : [N] = R be as in (26). Let also a= > 0 be such that, for each interval I C [x,z + 22°] of
length |I| > (n/3)2?, and every c,d € N such that (c¢,d) = 1 and d < logx, we have

a”|I|
> 1> , (29)
= o(d)logx
n s prime

n=c (mod d)

when x is sufficiently large. Let P C [N] be an arithmetic progression such that |P| > nN. If N
is sufficiently large then

Encpfo(n) > %(1 — o).
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We shall quickly establish Lemma 7 in Section 6.

Lemma 8. (Pseudorandomness condition) Let « € T, 0 € (1/2,1), n € (0,1) and k > 2. Let
d be as in (24) and vy : [N] = R be as in (27). Assume that § < max (L,;l, W) Then

[7p(a) — 1wy (a)] < N
when N is sufficiently large depending on 7.

We establish Lemma 8 in Section 7. The pseudorandomness condition (Lemma 8) is the hardest
condition to establish and therefore we will spend most of the remaining paper proving Lemma 8.
As stated in Section 2 to prove pseudorandomness we split the interval [0, 1] into minor and major
arcs and treat those sets differently. For the minor arcs, we use an application of the [Hual6,
Lemma 1] and for the major arcs, we develop some ideas that are from [Vau97, Section 4] and
[Chol8, Section 4].

Lemma 9. (Restriction estimate) Let s > k> +k+1 and let f, : [N] — R be as in (26). Then
there exists ¢ > 0 such that s — 1 < q < s and

1ol < N1/

We establish Lemma 9 in Section 8. The proof follows mostly by combining [BDG16, Theorem
1.1], [Dael0, Theorem 3] and some ideas of [Bou89, Section 4.

5.3 Conclusion

In this subsection we prove Theorem 1 assuming the lemmas presented in the previous subsection.
Before presenting the proof we need the following lemma about local solutions of Waring’s problem.

Lemma 10. Let s,k,q € N and m € Z; be such that m = s (mod (¢, Ri)), where R =
H(p_l)‘kp"(k’p) and n(k,p) is as in (1). If s > 3k, then congruence

m=y+---+yl (mod g) (30)
has a solution with yi,...,ys € Zy.
Proof. Let My,(q) be the number of solutions of the congruence (30). Let

S(g,a) = Z eqlaz®).
z(q)
(z,9)=1

Let us first show that M,,(q) is multiplicative. For this, let ¢ = wv, where (u,v) = 1. Using
[Hua65, Lemma 8.1] it follows that

GMp(q) = > o Y Y egla(af -+t —m))

z1(q) zs(q) a(q)
(g,x1)=1 (g,z1)=1

— ZS(q,a)seq(—am)
a(q)
= Z ZS(uv,vx + uy)’eyy (— (v + uy)m)

@(u) y(v)
= Z S(u, CU)seu(_‘mn) Z S(U7 y)sev(—ym)
= UMm(u)UMm(U)'
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Thus M,,(q) is multiplicative and so it suffices to prove the lemma with ¢ = p*, where p is a prime
and t € N. If t > n(k, p) we get from [Hua65, Lemma 8.3] that

PMu(p) = > o DY > eplalal + 2k —m))
z1(p") zs(p*) a(p?)
(px1)=1  (pz1)=1

— Zept(_am)( Z ept(axk))s

a(pt) z(p*)

(p,x)=1
= Z ept(—am)( Z ept (awk))s
a(p?) z(p*)
pla (p,z)=1
= Z ept—1(—am) (p Z epzfl(azk))s
a(p'™h) z(p' ™)
(px)=1
— P M (pih).
Together with [Hua65, Lemma 8.8] and [Hua65, Lemma 8.9] this implies the claim. O

Proof of Theorem 1 assuming Lemmas 7, 8, 9. Let ng be a natural number for which ng = s
(mod Ry,) and let 2 = (ng/s)'/*. Our goal is to show that ny can be written in form

no =py -+ +pf,

where py, ..., ps are primes which belong to the interval [z — 2% /s, z + 29].
We now define the exact values of the variables m and N. Let
0 _ Wk — (g — 20 /5)F 00k
N:{(x—i—:c )W (x m/s)Jandm:{(x ;It//s)J (31)

We see that WN ~ k(1 +1/s)x*~17% and Wm ~ z*. Hence (22) holds.

By lemma 10 we can choose by, ..., b, with (b;, W) = 1 such that b; = ¢¥ (mod W) for some
¢ € [W]and by + -+ + by = ng (mod W). We shall apply Lemma 1 with f; = f,, where f, is as
in (26).

Assuming Lemmas 7, 8 and 9 we have by Lemma 1 that, for each n € [N/2, N], there exists a
representation

n=mny+- - +ng

where for each ng there exists a prime p; € [z —2%/s, x + 2%] such that p¥ = W(n; + m)+b;. Thus
W(n+sm)+by+ - +bs=pf+--+pk

Set n = (ng — by — -+ — bg)/W — sm. Now if n € [N/2, N], it follows that ng = p§ +--- + p¥ as
claimed. From (31) and definition of x we see that

k
Wm =zF — (1 +o(1))=2F 17,
s

k k
s+ =140
S

WN = (1+0(1))

and

no = sz*.

Using these it follows that
n = (ng—by—- - —bs)/W—sm
(14 o(1))ka™=110 /.

Thus n € [N/2, N] when ny is large enough. O
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6 Mean condition

Proof of Lemma 7 By (26) we see that

+
nep nep atWaw (b)
W(n+m)+b:pk
Since P is an arithmetic progression with |P| > nN, there exist integers ¢, a such that ¢ < n=! |

a € [N] and P = ¢[|P|] + a. Therefore, for n € P, there exists t € [|P|] such that W(n+m)+b=
W(a+qgt+m)+b=W(t+m')+V, where

W':=Wq,m' = L@J and b := Wq(m — {@J) +Wa+b.
q q q
By W =0 (mod [n71]!) (see eq. (19)) we see that

)
why) = (Wq,Wq(% - L%D +Wa+b)
(

Wq,Wm+ Wa+b)
< (W,Wm+Wa+b)?=(W,b)?=1
Set X' :=W'm/ + ¥ and Y’ := W’|P|. Note that X' = X + Wa and nY <Y’ <Y. Then
1 L (W) 1-1/k
D fn) = X' Flog X 1
L SYER L >
W/(t+m/)+bl:pk

1 p(W) 1-1
B ﬁoﬁWUW(b)X M*log X Z Z 1 (32)

z€[W'] X'<pF<X'4+Y’
2F=b"  (mod W')p=z (mod W’)

By the mean value theorem and (22) we have that

(XI+Y/)1/k _Xll/k, < v/

1 1 N v0/k
(X7 1=1/k SY <o < (1 +1/s+ €)X,

for any € > 0 provided that X is large enough. Similarly
1 1

kj(X’—I—Y’)l_l/ k(QX)l—l/k

Thus [X'V* (X' +Y")/¥] C [z, 2 + 22°) and (X' +Y')/F — X"V/F > (n/3)x?. We also get that
1

provided that X is large enough depending on e. Now if X is sufficiently large it follows by (29),
(32) and (33) that

L ST R VAN o (X Y)Yk — X

1P| ot 1/k
fyerd |P| atWoaow(b) e d(W')log X1/

ZP=b’  (mod W)

(X/ +Y/)1/k _ X/l/k 2 Y/

_ N\ yO/k
- =>nY >n/2(14+1/s —€) X",

L (,b(W) oW (b,)017Y/ (1 B 6)
[PlatWow(b)  ¢(W') '

By (19) we have that ¢|W and thus ¢(W’) = qp(W). Using (19), [IR90, Proposition 4.2.1] and
[IR90, Proposition 4.2.2] we get that ow (b) = ow (b'). Therefore

5 2 ) = S0,

neprP
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7 Pseudorandomness condition

We assume notation of Subsection 5.1. In this section we will prove Lemma 8. In order to do
so we divide T = R/Z into two disjoint sets, major and minor arcs, using Hardy and Littlewood
decomposition.

Let v
Q= X*0OHP) and T = < (34)

for p > 0 to be chosen later and ¢ as in (24). For ¢ > 1 and (a,q) = 1, write M(q,a) = {a :
la—¢[ < 7}. Let

qg—1
M = U M(q,a).
a=0
(a,q)=1
1<q<@Q

If p is suitably small, § < k;;j 9 and, if X is sufficiently large, then 7 > 2Q? and thus all intervals
M(q, a) are disjoint. Let also m =T \ M. We call 9 major arcs and m minor arcs.

Next we decompose 73,. From (27) we have that

Aa) = Y wne(na)

n

e((=b/W —m)a) o(W)

atWoaoy (b)

X1Vklog X Ey(a), (35)

where
Ey(a) := Z pT(tew (tFa).

X<th<X+Y
th=b (mod W)

Using (23) we can write

Eya)= Y wld)f(bd,a), (36)

where the function
fb,d,a) := Z ew (d*rka) (37)
Lti/k <r§7(x+§)l/k
d*r*=b (mod W)

is called generating function.

7.1 Minor arcs

In this subsection we will prove the following lemma which immediately implies Lemma 8 for
acm.

Lemma 11. Let ¢ > 0, § € (1/2,1), k > 2, a € m and § < min(2=L, ELE). Let also
vy 2 [N] = R be as in (27) and p be as in (34). Then

|7(er) — Tjp(a)| <e NX—P/RFe,

Lemma 11 will easily follow from the following estimate for the generating function f(b,d, «)
on the minor arcs.

Lemma 12. Lete >0, 0 € (1/2,1), k > 2, o € m and § < min(2=2, E-1H0) . Let p and T' be as

2k2
in (34). Let also Hg = (X+Y);I/;7Xl/k. Then

B TW\ 1/k
1—p+e
f(b.d.a) <, H: +Hd(—Y ) .
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We have the trivial bound |f(b,d, «)| < Hy. We also note that by the mean value theorem and
(22)
Y XQ/k
T AWXI-UE T aw
Proof. Let € m. By Dirichlet’s Theorem (see e.g. [Nat96, Theorem 4.1]) there exist integers a
and ¢ such that

Hg (38)

1
(a,q)zl,lgqgQand‘a—g‘gﬁ. (39)

Because o € m we must have |« — a/q| > 1/T. By (37)

Z Z ew (d*rFa)

L €W x1/k <T<<X+>;>1/’“‘
(zd)"=b (mod W) r=z (mod W)

= > > e(f(1)) (40)

z€[W] Xl/k_i<t<w_i
(z2d)*=b (mod W) Wd W= Wd w

f(b,d, o)

where f(t) = apth + -+ + a, with ag, = d*W*La. Let

T = > e(f(1)-

x1/k (X+Y)1/F
wd _%<t§ wWd W

w

In order to analyse T we will use a result of Huang [Hual6, Lemma 1]. Note that from underlying
proof it follows that [Hual6, Lemma 1] also holds when k = 2 and an* is replaced by agn*+- - -+a,.
Assume that § < QGT_I. Then, for small enough ¢,

X0/k X 1/(2k)+6/2+¢€ /2k Xl/(2k)+e'/k(Dw)1/2 XUk 1qe
dw dw dW dw

Now by [Hual6, Lemma 1] for suitable small p > 0 depending on ¢’ and any € > 0 either
T < Hy "t (41)

or there exist integers a; and ¢; such that

1-k
1< < HY (an,0) = Llad W o —a| < (S-) B (42)

aw

and
Hy
k—1

T <e Héipﬂ + 1/k"
X1/k kT k—1, —
Q1+ Hy aw ‘qld w « a1|

By (34), (39) and (42) we have

larq — aqud®W*t = |q(ay — d*WF Lagq)) — ud*W* 1 (a — aq)|

XVEkN1-k 1

< HY = 4 qReghwR

e dW ) HPT 0

< xkG+o) (Xl/k)lkakpq 4 gR Dk 1

= AW d d Xk(5+p)

< Xk(5+p)X1/k*ldkkafe/kXep +X9ka71 1k

Xkp

< X2kOH1/k—1-6/ktkp+Opyyk | (0—k)ppyrk—1
< Xﬁé”,

19



for some €’ > 0, when p is small enough and § < k;éje. Assuming that X is sufficiently large,

depending on €”, we have that

ai adFWk—1

q1 q

and consequently 1 = ¢;br—ry and a1 = %. Thus

)

Hy
xi/e)\F1 1/k

<Q1+Hd( qW ) \‘Zlde’“*la—alD
_ H,
- k=1 1/k

/k kyy k—

<W - Hd();V ) Gy 90 - a|)

_ (latwtyn 1,
q

e\ 1/k
(I—I—Hd( dW) dFwW |a—a/q|>
Hy

IN

1/k
(14 Hax1 -1/ y)

< Hd(g)l/k.

Now the claim follows from (40), (41) and (43). O

Proof of Lemma 11. Let a € m. By Dirichlet’s Theorem (see e.g. [Nat96, Theorem 4.1]) there
exist integers a and ¢ such that

a 1
a,q)=1,1<¢<@Q and ‘a—f‘g—.
(@) q! ™ qQ
Because o € m we must have | — a/q| > 1/T. Thus
Iiv(a) < [lof|™t < m <T < NXrte

From Lemma 12 and (34) we get that
f(b,d,a) <, HgX~P/k+e,
Together with (35), (36), (37) and (38) it follows that

ﬁb(a) < Xlil/k log X Z ["Id)(ip/lCJFE < NX*P/kJre.
d<D

7.2 Major arcs

In this subsection we will establish Lemma 8 when o € 91. In particular we need to understand
the generating function (37) on the major arcs. We use a standard strategy similar to [Vau97,
Section 4.1] to approximate our generating function. The result we will prove is the following.

Lemma 13. Letn > 0,0 € (1/2,1), k>2, a € M and 6 < W. Let also v : [N] = R be as
in (27). Then
() = 1iny ()] <N

when N is sufficiently large depending on 7.
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7.2.1 Auxiliary lemmas

In this subsection we state two lemmas that follow from standard linear sieve estimates. They are
needed in order to prove Lemma 13.

Lemma 14. Let € > 0 and a,D € N such that a < D. Let D be as in (23). Then

pld)  a (2+e 1
dPZ(D) d = o(a) (1ogD +O<(logD)2))'
(d,a)=1
deD™

Additionally, if D > 1, then

d 1
> “Ei)>> a =7
o) ¢(a) log
(dya)=1
deDt

Proof. Let the sieving range P be primes not dividing a. Then it follows by Mertens formula (see
e.g. [IKO04, formula (2.16)]) and from the theory of linear sieve (see e.g. [Nat96, Theorem 9.6] and
[Nat96, Theorem 9.8]) that, for any ¢ > 0,

= sinen(t+Olip)) (")

N ¢aa) <120;_l; +O<(1oglp)2>>'

Define
Xa(n) := H p'.

p'lIn
(p,a)=1

For the lower bound we use the following strategy.

w(d 1 D
> A = 5 X (|5 ow)
d|P(D) d|P(D)
(d,a)=1 (d,a)=1
deDt deDt

1 D2 .
= > Hd|T]row
d|P(D)
(d,a)=1
deDt

= o Y (alm) + 0D

n<D?2
1 —1
> o > 1+0(D™)
n<D?
pln=p>D or pla
>

2 S (m(D/d) ~ w(D)) + O(D)
d
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1 1
> logD;d

by the prime number theorem provided that D is large enough. Since Hp(l —p~2) # 0 we have

that ) ) . In-1
- a
I+ 2I0-H)II0-2) >
S p=T103) = 102 IT0-5) = 5
a pla P pla
O
From the previous lemma we get that
2+4¢€

! T < 44
¢ <at <o, (44)

for any € > 0 and for some ¢’ > 0 provided that X is large enough.

Lemma 15. Let € > 0 and a,q,t,D € N be such that t|q. Let D be as in (23). Then

p(d) e a1
Z IR ¢(a)logD’

Proof. The proof follows the same general idea, which is used to prove the upper bounds with the
linear sieve (see e.g. [Nat96, Section 9]). Set ¢’ := ag/t. We can assume that ¢|P(d), which means
that t is also square-free. Therefore

u(d)’ ’ u(d)’
DDl S D D (45)
d|P(D) d|P(D)
(d,q")=1 (d,q)=1
tld (t,P(D))|d
deDt deDt
Let @ W
1 .— H + no._ H
Viatd)= Y =2 ViDatd)= Y =
d|lP(z) d|P(z)
(d,g")=1 (d,q')=1
(t,P(2))|d (t,P(2))|d
deDt
and
Va(D,z,t.q) = 3 #p1-pr)
Pr<<p1<2z P11 Dk
p1Pmp, <D,m<n,m=n (mod 2)
p1-pnpp>D
(p1--pr,q")=1
(t,P(2))|p1pr
Then
(oo}
VID,2t.q)=V(zt,d)— > Vu(D,2tq). (46)
nz1n(§11>d 2)

We also note the following estimate

|V(z,t,q’)|:’/"‘(t) 3 M(d)’§’ 3 u(d)}: 1T (17})§ qqt




Next we establish recursive formula for the upper bound of |V,,(D, z,t, ¢’)| which is similar to
[Nat96, Lemma 9.4]. In case n = 1 we see by (47) that

-1 n(d)
Vi(D, 2, t,q)| = ‘ _ —‘
I I o=
DY3<pi<z d|P(p1)
(p1,9")=1 (d,q")=1

(t,P(2))|dp1

1
< > =V t/(tp). )|
DI/SSP1<Z p1
(p1,9")=1
1 /
= Z 7|V(p17taQ)|
: b1
D1/3§p1<z
(p1,4")=1
q't 1
< “Vip1,1,1).
>~ ¢(q/t) 1/32: 1 (pl )
D/ <pi<z
Hence by [Nat96, Lemma 9.2]
/
t
Vi(D, z,t,¢)| < ———(V(D"3,1,1) — V(z,1,1)). (48)
o(q't)
Now let
| = if n is even
=\ min(DY3,z) if nis odd.

Then it follows that

-1
vt = | Y > s )
P1<2zn P Pr<--<p1 P2 Pk
(p1,q")=1 P2"'Pmpgn<D/p1,m<n,mEn (mod 2)
p2--Pnps>D/p1
(p2--pr,q")=1
(t,P(2))|p1Pr
1
S Z 7|Vn—1(D/plaplat/(tap1)aq/)|
Y41
P1<zn
1
= Z 7|Vn71(D/p17p17t7q/)|' (49)
P1<zn

By (48), (49) and [Nat96, Lemma 9.4] we have that

|V7I(szat7q/)‘ S ¢

where

T,.(D,z) = Z M

Pr < <p1<2z Pr-Pn
p1---pmpfn<D,m<n,mEn (mod 2)
p1-pnps>D

Therefore by (46), (47) and [Nat96, Lemma 9.3]

VH(D,z,t.q)| <

23



q't
= 2D VH(D,z1,1).

Thus by [Nat96, Theorem 9.6], [Nat96, Theorem 9.8] and Mertens formula (see e.g. [IK04, (2.16)])

q't q't 1
V(D,1,1) < :
oar)” DD < Gt g b

VH(D,D,t,q) <

Using Mertens formula again we get that

% :g< _%)_1 <pl;[q<1—;)_l < logq <. ¢°.

Since ¢’ = aq/t, it now follows that

VH(D,D,t,q) < ¢

a 1
¢(a) logD’
The claim now follows from (45). O

7.2.2 The generating function

Our main goal in this subsection is to approximate the generating function f(b,d, &) on the major
arcs M(q, a) by qid‘/(l(adk,b, d,0)v(b, ), where = a —a/q,

Lok
v0.8) = Y ot lew(BD) (50)
X<t<X+Y
t=b (mod W)

and

V:Z(av b,d, C) = Z Z qu(a’(Z + W’r)k + C(Z + W’I“))
z€[W] r mod q
(2d)*=b  (mod W)

= Z V,(a, z,c), (51)
z€[W]
(2d)*=b  (mod W)

say. For a,z,c € N we define

so that
Vi(a,z,c) = ewq(az® +cz)S,(a, 2, ¢). (53)

Set ¢ = wv so that (u,v) = 1. Then, for all h > 1,

Z eq(crh) = ZZeq(c(ul+vk)h)

r (mod q) k (u)l (v)
h . .
= Y Yale X (1))
k (u)l (v) i+j=h

D eq(c(vk)) Y eglc(ul)")
k (u) 1 (v)

= Z eu (kM) Z ey (calh),

k (u) 1 (v)
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where Tv =1 (mod u) and wu =1 (mod v). Hence
Sqla, z,¢) = S, (av, z,c0) S, (ak, z, cu). (54)
We need the following auxiliary lemma in order to estimate Sy (a, 2, ¢).

Lemma 16. Let p be a prime number, a,b,c,d € Z, l,h,k,i € N and (p,a) = (p,b) = 1. Let H
be the number of solutions of

c+dx\k
a( p ) +b=0 (modp))

with 1 < x < p" and p'|c + dx. Then
H <4 (d,p") max(1,p"")
Proof. The claim follows from the facts that the equation
y* = —ba"! (mod p)
has at most k solutions with y € [p'] and, for any such y, the equation
c+dx =p'y (mod p')

has at most (d,p') solutions with = € [p']. O

Now we can start estimating Sy(a, z, ¢). The following lemma is based on [Vau97, Lemma 4.1]
and has therefore a similar proof.

Lemma 17. Let a,z,¢,q € N and (a, W) = 1. Then
Sq(a, 2, ¢) < (g, 5(a)) (g, W)*¢"/* (g, ¢)

where k(a) =[]

pla P- This also means that

Vi(a,b,d, ) < (¢,5(a))(a, W)*q"/*(q, ).
Proof. By (54) its enough to prove that
Spi(a, z,¢) < (p,a) (P, W)*p/#H (0 ) (55)

where p is a prime number and [ > 1. Case | = 1 follows directly from [Sch76, Chapter II,
Corollary 2F]. Thus we can suppose that [ > 1.

Assume first that (p,aW) = 1. Then both z + Wa and Wz run through all residue classes
modulo p' when z runs through all residue classes modulo p'. Thus

Vp', (a,z,¢) = Z ewpt(a(z + Wr)F + c(z + Wr))

r (mod pl)

= Z ewpt (a(Wr)F + c(Wr))

r (mod pl)

= Z epl (aW 1k 4+ cr)

r (mod pt)

and thus (55) holds by [Vau97, Lemma 4.1] since |V} (a, 2, ¢)| = |Syi (a, 2, ¢)]-
Now it remains to prove (55) when plaW. Let

=15
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We have that 2(I — v) > [ — 1. Also when z runs through all residue classes modulo p'~¥ and y

runs through all residue classes modulo p? then z + p'~?y runs through all residue classes modulo
!

p'. Thus

k
Spi(a,z,¢) = Z eyt (az (];)Wi_lzk_iﬁ—l—cr)

z (mod pl—v) =1
k i— —ip 00—
X Z epu(y(az<i>W Lol 1—|—c)>
y (mod p¥) i=1
Ny
i—1 _k—i, i
= Z epz(aZ(Z Wilk—ig —|—ca:)
z (mod pl—v) i=1
X Z epr (y(ak(z + W)kt 4 c))
y (mod p¥)

Thus
|Spl (a7 2, C)| < pUH

where H is the number of solutions of the congruence
ak(z4+Wz)* " +¢c=0 (mod p¥) (56)

with 1 <z < p!=¥. Let 1,7 € N be such that p¥||c and p”||ak. If T > 6, then congruence (56) is
insoluble, which gives us the claim. Hence we can assume that 7 < ¢). We can also assume that
1 < v since otherwise (55) is trivial. Now we must have that k — 1|1 — 7 because otherwise (56)
is insoluble and (55) is immediate. Thus H is at most the number of solutions of

akp T(z4+Waz)F " p™¥ T L ep ¥ =0 (mod p¥ V) (57)
with 1 <z < pl_” and p(w_T)/(k_l)\z + Wx. From Lemma 16 we get that
H < (W,p"~¥)max(1,p' =~ #=%),

Therefore by plaW

1Sy (a,z,¢)| < (W,p"~ %) max(p”,p' =)
< (W, p") max(p”, p'~"p¥)
< (W, php' (', c)
< (W,p")(aW,p)p"*(p', c).

]
Next we show that the function v(b, 5) (defined in (50)) can be approximated by an integral.
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Lemma 18. Let b,d € N and § € [0,1]. Then

1/k g
v(b, B) 1 e k. k By |1
= — d d
d W o, w0 7)7+O<dw+d)
/
Proof. Let
U(n) 3 L _ +0(1)
n):= - = — .
t<n k 4
t=b (mod W)
Using partial summation and integration by parts it follows that
08 = Y ew(sn
X<t<X+Y
t=b (mod W)
X+Y
— UX +Y)ew (B(X +Y)) = U(X)ew (BX) — / i ew (30U (1)t
b'e
t1/k X4Y X+Y ,ﬁtl/k ‘Bl
- [Wew(ﬁt)] ) —/X 2mi eW(ﬂt)dt—i—O( )
X+Y 41/k—1
t |BlY
- 1
/X - eW(,Bt)dt—i—O( e )

d (X+Y)1/""/d 18]y
= — dF)dy + O+ 1).
W Jony w02
O
Now we are ready to prove an approximation lemma for the generating function f(b,d, «). The
proof will mostly follow the proof of [Vau97, Theorem 4.1].

Lemma 19. Let a,b,d,q € N, a € [0,1], (a,q) =1 and B =a —a/q. If (d,W) =1 then
V,(ad*,b,d,0)v (b, B)

fb,d,a) = 24 T +0(( L d)W2q 1/2+€(1+‘/;|/ )10 X)

Proof We see that
flb,d,a) = Z ew (d¥t*a)

XUk oy et/
d*t*=b (mod W)

Wq
-y Yl
=1 /<t<(x+y)1/k

d* ’“=b (mod W)
t=r (mod Wq)

Wq 1
- 3 3 ew (dor+ 4 d"t"8) o ew (S0 — 1)
a2 (mod W) 2 << X ! s
1 e a cr ct
= e Z Z eW(dkrkg + ;) Z ew (d¥t*B — ;)
7%<c§ﬂ r=1 x1/k <t<(x+y)1/k

2 d*rkF=pb (mod W)

Writing r = z + Wr/ with z € [W] and ' € [g], we see that

Wyq
Z ewq(dfrFa+cr) = Z Z ewq(ad®(z + Wr' )k + c(z + Wr')).
. r=1 z€[W] r’ mod ¢q
d*r*=b (mod W) (zd)¥=b (mod W)
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Thus

1
f(b7 d7 O() = Wq ‘/;](a‘dka b7 d7 C)F(C)’ (58)
—Si<e< 52
where y
F(ec) = ew (dFtF 8 — 9.
(c) > w( q)

x1/k (x+Y)L/k
T<tS#

For ¢ € (-W¢q/2,Wq/2] and d,q € N let f(y) = Bd*+*/W — cy/(Wq). Then f” exists and is
continuous and f’ is monotonic on [X/*/d, (X + Y)¥/*/d]. We also see that f'(y) € [~H, H],
where H = |2|B|kdX*=D/* /W 4 3/2], when —W¢/2 < ¢ < Wgq/2. Thus by van der Corput
method (see e.g. [Vau97, Lemma 4.2]) we have that

H

F(e)= Y I(c+hWq)+O(log(2 + H))

h=—H
where
(X+Y)E /4
I(c) := / ew(ﬁdk’yk —cy/q)dr.
X1/k/d
Since 1 1 1
We Z(q,c):Wth > 1<<Wq2t dYoi<Y 1<« (59)
ce[Wq] tlg f(:G[V)Vqt] tlg cet[rVq] tlg
c,q)= c

by the divisor bound (see e.g. [Nat96, Theorem A.11]), we have from Lemma 17 and (58) that

1
f(bv da O[) - quq(adk7 bv d7 O)I(O)

1 1
= — Vo (ad®,b,d, c)F(c) — —V,(ad® b,d,0)I(0
g 2 JE(0) = g Val J1(0)
— i <e< 51
1 < 1
_ k k
= W > Vlad®,bd,c) Y I(c+th)quVq(ad ,b,d,0)1(0)
—Wa < Wa h=-H
+O0((g,d)W?q"**<log(2 + H))
1 €
= e 2 Valad'b,d,0)I(0) +O((g, d)IWg"/*  log(2 + H) (60)
—B;cogB

where B = (H + %)Wq Using integration by parts it follows that

(X+Y)V/* /d
1)) = / ew (8452 Yew (—cy/q)dry
X1/%/d

_ [—‘IW ew (Bd*y* — ey /q)dy

(X+)Eyd /(X”)l/k/d —qBd k"t
2mic

e (84" — ct/q) i

X1/k/d C

ky*tdy

Wq  g|gldt [
?*T/

X1/%/d
Wq 1BlY
Way , 1YY,
< c ( + W
Therefore by Lemmas 17, 18 and (60)
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Vq(adk, b,d,0)
qd

— f(bd,a) — Wiqn(adk,b,d,o)l(o) +O(|5‘|; + 1)

f(ba d,Oé) - V(b7 B)

BY 1
= V,(ad®,b,d, c)I(c) + O((q,d)W?q"/**<log(2 + H)) + O +
_;;;B (dW’ d)

c#0
2 1/2+e 1BlY (g,¢) 2 1/2+e
< (q,d)W?q (1+—W) 3 o @ d e log(2 4 H)
—B;%SB
C:

< (g dWig e (14 0 Libg ) log B.

We can write previous lemma as follows.

Lemma 20. Leta,b,d,q € N, a € [0,1], (a,q) =1 and 8 = a—a/q. If (d,W) =1 andY = O(X),
then

fda) = Yl 0d0) i ST ew(B)

qdk
X<t<X+Y
t=b (mod W)

+ 0(( L d)W2q 1/2+E(1+ g )logX+Y2X1/k’2$).

The following two lemmas will be needed for showing that the main contribution of the major
arcs comes when ¢ = 1.

Lemma 21. Let a,b,d,q,k € N be such that k > 2 and (a,q) = (b,W) = (d,W) = 1. Write
q = q1q2, where q1 is w-smooth and (g2, W) =1. Then

VQ(adk’ b7 d7 0) = f(Q)(h Z €qs (awq(d)kmrk) Z X(Z’ (d7 q))’

r (mod g2) z (mod W)
(2(d,q))*=b (mod W)

where
x(z,t) = ewq(atkzk)qu(—atkqulI/V),
=117
p'|ld
plg
aWaW =1 (mod g2)
and
1 ifg=1
=9 1 ifqlk andg>w

0 otherwise.

Proof. We mostly follow ideas presentend in [Chol8, Section 4].
Recalling (51) and (54) we see that

Vy(ad* b,d,0) = > V,(ad", z,0)

z€[W]
(zd)*=b  (mod W)
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= Z ewq(ad®2")S, (ad", 2,0)
z€[W]
(2d)*=b  (mod W)
= > ewq(ad®2?)S,, (ad*q, 2,0)S,, (ad*qr, 2,0).  (61)
zE[W]
(zd)*=b  (mod W)

Let a' = ad*q, h = (g1, W), ¢1 = hu and W = hW'. By (52)

k
Sz = (oS (V) ewy ).
r1  (mod u’) i=1
ro  (mod h)
Since
k k & )
! nNi—1 _ k—i i — 1. k—1 ’ Niel k—i i
a ; <z)(hW VT (4 urg)t = d'k2" T lurg +a Z_Zl (z)(hW )i=lzk=iri (mod hu)

i=1

we have that

k
Sg(d,2,0) = Z Ehu (a’ Z <l;> (hW’)iflzkfiri) Z en (a'kzkilrg).
i=1

r1 (mod u) ro  (mod h)

Because (¢,a) = 1 and (W, d*z) = 1, we see that (h,a’2*"1) =1 and

_ h if hlk
Z €h (a’kzk 17"2) :{ 0 z)th‘erwise

ro (mod h)

We split into several cases: (1) ¢ =1 (ii) g1 fk (iii) ¢ # 1, q1|k and ¢ < w (iv) ¢1]k and ¢ > w.

Case (i) ¢ = 1. Trivially true.

Case (ii) ¢1 Jk. We have (g1, W) [k, since ¢ is w-smooth and k?|W. Therefore in this case
S, (@', 2,0) = 0 from which it follows that V,(ad*,b,d,0) = 0 by (61).

Case (iii) ¢ # 1, ¢1|k and ¢ < w. Clearly ¢ = (¢,d) = 1. Also because g|k and k?|W we
have by (52) that S,(ad", z,0) = q. Thus by (53)

V,(ad®,b,d,0) = > Vi (ad", z,0)
z€[W]
(2d)*=b (mod W)

= q Z ewq(adkzk)

z€[W]
(zd)*=b (mod W)

1% k
Z Z ewq (ad’C (7" + ?s> )
krG[W/k] s (mod k)
(rd)"=b (mod W)

= q Z ewq(ad®rF) Z eq (ad™r*=1s),

re[W/k| s (mod k)
(rd)*=b (mod W)

Il
<

Now because ¢|k and (a,q) = (d,W) = 1 it follows that the inner sum in the last expression
vanishes. Therefore V,(ad*,b,0) = 0 in this case.

Case (iv) ¢1|k and ¢ > w. As in case (iii) we have that S, (a’,2,0) = ¢1. Since (W, g2) =1
we get that

k
Sy, (ad"qr, 2,0) = Z €qs (aqu—lz <Ij) Wi—lzkﬂ'ri>
i=1

r (mod g2)
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= Y (o qlz< )W’ LR ()

r (mod q2)
= Z eqo (ad" W ((z +1)F — 2%))
r (mod g2)
= Z €qs (ad®q W (r* — 2%))
r (mod g2)
— k117 Kk k7 k
= eq(—ad" W) Y eq (avg(d) e Wrt).
r (mod g2)

Because (d, W) =1 it also follows that

S xd) = S X))

z (mod W) z (mod W)
(zd)*=b (mod W) (2(d,q))*=b (mod W)

Thus by (61)
Viad* b d.0)=a Y eplaty @ aWrt) Y e (da)).
r (mod g2) z (mod W)
(2(d,q))*=b (mod W)
]

Lemma 22. Assume the notation of Lemma 21. Let D € N, D be as in (23) and ow (b) be as
in (28). Then

V,(ad®,b,d,0 bYW ¢~ 1/k+e
ORI UL
d o(W) logD

Proof. Case ¢ = 1 follows from Lemma 14. Case ¢ # 1 and ¢; fk or ¢ < w is clear since
V,(adk,b,d,0) vanishes by Lemma 21. Assume that ¢ # 1, ¢1|k and ¢ > w. We can write

V,(ad",b,d,0) V,(ad",b,d,0)
> u(d>7 >y uld) =

d|P(D) tlg  d|P(D)

(d,W)=1 (d,Wq/t)=1
deDt t)d
deDt

By Lemma 21 it follows that

V,(ad*,b,d,0)
> pld) =————

tlg  d|P(D)
(d,Wq/t)=1
t|d
deDt
d _
=Y Y My Y @@ Y«
tlq  d|P(D) r (mod ¢2) z (mod W)
(d,W%t)zl (zt)*=b (mod W)
t
deDt
< ow(b Z’ eq, (a)y(t) q1er)H Z M‘
q2 q d
tlg r (mod g2) d|P(D)
(d,Wq/t)=1
t|d
deDt
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Since g2 < g we have by [Hua40, Theorem]| that

> ew (o O @) <op g h (62)
r (mod q2)
The claim now follows by divisor bound (see e.g. [Nat96, Theorem A.11]) and Lemma 15. g

7.2.3 Proof of Lemma 13

Proof of Lemma 13 Let a € 9M(q,a). First we will analyse the function &, on 9t(q, a). Recall from
(35) that we essentially need to analyse the function Ej(c). By (36) and Lemma 20 we have that

Eb(a) = Z ,u(d)f(b,d,a)

d|P(z)
(d,W)=1
deDt
V,(ad®,b,d,0 _

d|P(z) 4 X<t<X4Y
(d,W)=1 t=b (mod W)
deDt

2 1/2+e 1BlY 2 1/k,‘—21
+0( D (g.dW?q L+ 5 log X + ) V?X y

d<D d<D

Similarly to (59) we note that >, (q,d) < Dg°. Hence by (35)

- S(W) b V,(ad*, b, d, 0)
nla) = ————<logXe((— —m)a) Z ew (Bt) Z w(d)—————
atkWow (b) w X<t<X+Y d|P(D) gd
t=b (mod W) (d,W)=1
deDt
+ O(DXl_l/kW2q1/2+25(1 + 7@/}/) (log X)? + Y2X 1 (log X)Q). (63)

From (21), (22), (24), (34) it follows that the error term is

Y
< Dlel/’“W2Q1/2+2€(1 + W)(logX)z +Y2X ! (log X)?

< NX70/k+5(k/2+1)+pk/2+26ke+2kps+pw(logX)2 + NXQ/kfl/kW(log X)2

< NX¢, (64)
for some ¢’ > 0, provided that p and € are sufficiently small and § < W. Now it follows from
Lemma 22 that for the main term of 7 («) in (63) holds that

(W) b Va(ad",b,d,0)
ey s Xe((q —m)a) D0 ew(B) Y pld)
atkWoaoy (b) w X<t<X+Y d|P(D) ad

t=b (mod W) (d,W)=1
deDt
Lok ‘ S ewBh)|g V" (65)

X<t<X4Y
t=b (mod W)

If ¢ > 1 then by Lemma 21 either the main term of (63) is 0 or we have ¢i|k and ¢ > w.
In case qi|k and ¢ > w we have by (65) that the main term is O.x(Nw?~'/*). Therefore
7y (a) K p Nw3=V* = o(N) when ¢ > 1.
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Assume now that ¢ = 1. Then a = 0 and « = 3 so that

(@) = Y e(na)

e((—%—m)a) > ew(Bn)

n=b (mod W)

by (20) and (21). Hence by (63) and (64)

~ (W) — 1(d)
np(a) = RV log X1[nj(a) dl%(:z) 0 + o(N).
(d.W)=1
deD™

Together with (25) this implies that
7i(a) = Tim(@) + o(N).

Now it remains analyse function 1/[;](04) when ¢ > 1. If ¢ # 1 then a#0 and

ol 2 = —Ja— )z — 12
al|Zz——la——|2——=> —.
q g T ¢
Thus, when p is small enough and ¢ # 1,
Tiw(@) < Jlaf| ! < Q = X*O+0) « X351 = o(N) (66)
since
o <1 1+Q
k/2 41 ko k
when £ > 2 and 0 < 1. O

Combining Lemmas 11 and 13, and noting that

. (20—1 k—1+6 0 )_ . (20—1 0 )
T T T e kG2 /) TR k211

we get Lemma 8.
We also record the following lemma for later use.

Lemma 23. Let € > 0 be suitably small, 0 € (1/2,1), a,q € N, ¢ < Q, k> 2, o € M(a,q) and

6 < W' Let also vy : [N] = R be as in (27). Then

qefl/kN

(@) Cok TNl — afal

+ONX™O).

Proof. The claim follows from the main term estimate (65), the error term estimate (64) and the

fact that 1
Z ew(ﬁt)’ < min (N, m).

X<t<X+Y
t=b (mod W)
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8 Restriction estimate

To establish Lemma 9 we will use a strategy which is very similar to what Sam Chow uses in his
case [Chol8, Section 5]. Most significant differences are that we have our function defined on short
interval and that we need to use Bourgain’s strategy (see [Bou89, Section 4|) only once, since we
have power saving on the minor arcs. First we prove the following restriction estimate that has
an additional V¢ factor.

Lemma 24. Let e >0, k > 2 and u > k?> + k. Let fy be as in (26). Then
1 Follt < NU=Fe,

Proof. Let t = ’“ZT'H“ Using orthogonality and the definition of f;, we see that

[h@Paa = [ 3 pln)e o) Filnen) - Folo)

T
e(a(ny + -+ +ne =gy — -+ —nat))
= > fo(na) -+« fo(nar)
PR L TR
< X2t(171/k) (logX)zt Z 1
X<zF<X+Y
R
— X2O-/R) (log X)2 /T ’ 3 e(xka)’%da.

X<zh<X+Y

Let H = (X +Y)Y* — X'/*_ By the mean value theorem H = ﬁ = X% Let Jt(k)(H)
denote the number of integral solutions for the following system

@y ay = ay e ahy, 1<i<E,

with 1 < 21,...,29; < H. Now it follows from [Dael0, Theorem 3] and [BDG16, Theorem 1.1]
that

2t H? )
/ ‘ E e(zka)‘ da < (W 4 1) (Xl/k)2—ka(k+1)/273Jt(k)(H)
T x<ab<x4y

<

N

2
(XH1/k +1)(Xl/k)2—ka(k+1)/2—3(Ht+e+H2t—k(k+1)/2+e)

< H2t—l+€(Xl/k)l—k
Y2t71+5

< (X1-1/k)2t+e”

Since Y = WN by (21) we obtain

/|f-b(a)‘2tda < N2t—1+e
T
The claim now follows since

/ (@) ["da < sup [fo(a)[*2* / Fo(e)|Ptdar < N2 / Fo(e)|Pdar
T T T T
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8.1 Bourgain’s strategy

To obtain Lemma 9 from Lemma 24 we will use a strategy that was originally introduced by
Bourgain [Bou89, Section 4] and is used similarly to our case in [Chol8, Section 5| and [BP17,
Section 6]. The following lemma is our version of the Bourgain’s argument. It essentially says
that if we have ||f| |“ < N“71K for a function f and a value K satisfying certain conditions, then
IFI[E < N*=! for all v > u.

Lemma 25. Let k,e > 0, M € N, K > 1 and u,v € Ry with u+e€ < v and u > 2/k. Let
¢ [M] = Ry and f : [M] — R be such that |f(n)| < ¢(n) for all n € [M]. Let us have a
Hardy-Littlewood decomposition:

a 1
Vg >1,(a,q) =1:M(q,a) = {aila—al < T}

q—1
Mm = U M(q,a)
(arp=1
1<q<@
m:=T\ M

where Q and T are some real variables with T > 2Q? and Q > C + K59+ for some large
contant C. Assume that

1.3 e #(n) < M
2. ||Ifl[s < MK
3. (Major arc estimate) If a € M then ¢(a) < % + o(MK~2/€)

4. (Minor arc estimate) If o € m then (o) = o( MK ~2/¢)

Then R
Iy <o MY~

Proof. For w € (0,1), define

~

Ry ={aecT:|f(a)] >wM}.

It is enough to prove that R, < ﬁ, for every w € (0,1), since that implies

1A < Z( M )Umeas{oze T: M/27 < |f()] <M/2J'*1}

271
j=0
< 21)Mv—1 Z(2u+e—v)j
j=0
<y M’U—l’

provided that u 4+ ¢ —v < 0.
Fix w € (0,1). Since by assumption 2

(wM)*meas(Ry) < ||f]|* < M 'K,

we get that
K

wue M’

meas(R,,) <

Thus we can assume that w > K~/
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It suffices to show that if §;,...,0g are any M ~!-spaced points in R,,, then necessarily

R< (67)

wute :

To prove (67), we define a,, € C such that |a,| < 1 and f(n) = app(n) for all n € [M]. Fur-

~ o~

)
thermore, we define c¢y,...,cg € C such that |¢,| =1 and ¢, f(6,) = |f(0,)| for all r € [R]. From
Cauchy-Schwarz-inequality and assumption 1 it follows that

WM2R? < ( 3 |f(9r)|)2

1<r<R

— ( Z cTZan(b(n)e(ner))Z

1<r<R n

< MZqﬁ(n)‘ Z cre(m%)2

1<r<R

Thus
MR < Y (60, —0.)].
1<r,r’'<R

Now let v > 1 be a parameter to be chosen later. Then by Hoélder’s inequality

WVIMYRE < Y |60, — 0,0)].
1<r,r’<R

Recalling w > K /¢, we obtain from the minor arc estimate (assumption 4) that

S 16(6r — 00 = o(w? MYR?).

1<r,r'<R
9r—97./€m
Therefore R
WIMIRE < YT (0, — 000)]. (68)
1<r,r'<R
0,—0,, M

Let Q' = C +w™", with 2/k < h < 2/k + e. Note that Q' < Q. From the major arc estimate
(assumption 3) we get that

>y S 160, —00)]) < QTNTMYR? + o(w? MTR?). (69)
q>Q' 0<a<gq 1<r,r’<R
(a,q)=10,—0, /Eim(q,a)

The right hand side of (69) is negligible compared to w?' M"Y R? provided that C' is large enough.

Thus, combining this with (68) and the major arc estimate (assumption 3), we get that

— Ky

q
TR Y Y Y (1 + M0, — 0, — a/q|])""

q<Q’ a€lq] 1<r’'<R

(a,9)=1
Hence
WIRP < > GO, —0,) (70)
1<r,r’<R
where
=) p =
P (RS
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The inequality (70) is very similar to [Bou89, Eq. (4.16)]. We have M instead of M2, ¢~ instead
of ¢ and ~ instead of v/2. Assuming that v > 1/k, we can then apply Bourgain’s strategy and
use [Bou89, Eq. (4.27)] and [Bou89, Lemma 4.28| to obtain

R < Q™ +C, pRQ' P, (71)

where 7 > 0 and B € N are some arbitrarily chosen constants with B > 7 and C; p > 0 is
a constant depending on 7 and B. If we choose B to be sufficiently large depending on + and
C > 20, g + 2, then w?? > 2C, pmax(C,w™")1=8 > QC’nBQ’l_B. Therefore

Qr 1 1 1

< <

R< w27 w2w+h'r w2/n+e < qure’

when v > 1/k and 7 > 0 are suitably chosen. Hence (67) holds and the claim follows. O
Now we are ready to prove Lemma 9.

Proof of the Lemma 9 The claim will follow applying Lemma 25 with M = N, u = k% + k,
K = N9, k= %Jr €2, f = fp and ¢ = 1, where ¢ > 0 and e5 > 0 are sufficiently small.
Note that fi(n) < vp(n) for all n € [N]. We also use Hardy-Littlewood decomposition defined in
Section 7. If €; is chosen to be suitable small depending on s and €, then Q > C + K?/(re)+1
provided that N is large enough. Assumptions 1 - 4 follow, respectively, from Lemma 8 (by it
>oav(n) = |7(0)] < N), Lemma 24, Lemma 23 and Lemma 11. Lemma 9 now follows from
Lemma 25. O

As noted in Section 5 this also completes the proof of Theorem 1.
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