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Kvanttipisteet ovat pieniä, muutamien nanometrien kokoisia puolijohdesysteemejä,
joilla on ainutlaatuisia ominaisuuksia niiden koon ja rakenteen ansiosta. Kvant-
tipisteet ovat saaneet paljon huomiota viimeisten vuosikymmenien aikana, ja ni-
illä on useita mahdollisia sovelluskohteita. Esimerkiksi niitä voidaan käyttää yk-
sifotonilähteinä ja laserlähteinä, sekä mahdollisesti fyysisinä kubitteina kvantti-
laskennassa, hyödyntäen niiden kykyä kontrolloida yksittäisiä elektroneja. Tyyp-
illisesti kvanttipisteitä muodostetaan kasvattamalla niitä puolijohteiden pinnoilla.
Tämän kasvatustavan seurauksena kvanttipisteet vangitsevat elektroneja paikka-
avaruudessa, joka tekee niistä efektiivisesti nollaulotteisia, jolloin niiden energiata-
sot ovat kvantittuneet. Näin ollen kvanttipisteitä voidaan ajatella keinotekoisina
atomeina, ja monet atomeille tyypilliset ilmiöt, kuten resonanssifluoresenssi ja yk-
sittäisten fotonien emissio, ovat kokeellisesti havaittavissa.

Teoreettisesti kvanttipiste edustaa perustavanlaatuista avointa kvanttisysteemiä.
Tämän vuoksi kvanttipisteiden tutkiminen tarjoaa mahdollisuuden tutkia avointen
kvanttisysteemien keskeisiä ilmiöitä ja prosesseja, kuten dekoherenssia ja termal-
isaatiota. Avointen kvanttisysteemien dynamiikan tarkasteluun on kehitetty useita
lähestymistapoja ja menetelmiä. Tässä työssä syvennytään ei-Markoviseen kvantti-
tiladiffuusioformalismiin (engl. non-Markovian quantum state diffusion, NMQSD)
ja erityisesti puhtaiden tilojen hierarkiamenetelmään (engl. hierarchy of pure states,
HOPS). NMQSD-formalismin avulla voidaan ratkaista avointen kvanttisysteemien
dynamiikkaa, kun ne ovat kytkeytyneet ei-Markoviseen ympäristöön. NMQSD-
yhtälön ratkaiseminen onnistuu joissain erikoistapauksissa tarkasti, mutta usein vaa-
ditaan approksimaatioiden käyttöä. HOPS on numeerisesti tarkka menetelmä, joka
on kehitetty ratkaisemaan NMQSD-yhtälö ilman approksimaatioita.

Tässä tutkielmassa tarkastellaan kvanttipistettä kaviteetissa, joka on kytköksissä
ympäristön hilavärähtelyihin. Käyttäen HOPS-menetelmää simuloidaan kvanttip-
isteen ominaisuuksia, kuten absorptiota ja resonanssifluoresenssia, sekä lasketaan
vastefunktioita. Tavoitteena on osoittaa HOPS-menetelmän tehokkuus kvanttipis-
teiden dynamiikan tutkimisessa myös vaikeissa parametrialueissa.

Asiasanat: kvanttipiste, kaviteetti, puhtaiden tilojen hierarkia, HOPS, absorp-
tiospektri, emissiospektri, vastefunktio, ei-Markovinen dynamiikka
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Introduction

Quantum dots (QDs) are tiny semiconductor systems, typically ranging from nanome-

ters to tens of nanometers, showcasing unique quantum mechanical properties due

to their structure and size. Over the past 30 years, extensive research has focused

on studying these particles [1]. One method of forming the QDs involve depositing

a thin layer of indium arsenide (InAs) onto a gallium arsenide (GaAs) base which

induces strain due to the difference in lattice constants. Upon reaching a critical

thickness, the InAs layer spontaneously starts nucleating, giving rise to the QDs

[2–6]. As these particles form within the semiconductor materials, they confine elec-

trons in all spatial dimensions because of the band-gap difference between the two

alloys, resulting in energy level quantization similar to those of atoms [7]. These

energy levels depend on the size of the QD, and the confinement makes the QDs be

effectively zero-dimensional systems, from which the name ’quantum dot’ originates.

Much like atoms, QDs have transition dipole moments, enabling optical excitation

and photon emission, thus being sometimes described as "artificial atoms." In fact,

QDs have demonstrated several phenomena observed in atomic quantum optics,

such as driven Rabi oscillations [8–11], resonance fluorescence [12–15], single photon

emission [16, 17] and entangled photon emission [18].

From a theoretical point of view, a single QD represents a fundamental open

quantum system, characterized by a limited set of controllable electronic states inter-

acting with uncontrollable surrounding environment, the solid-state lattice. There-

fore QDs offer an avenue for exploring fundamental processes of open quantum

systems, such as quantum decoherence and thermalization [19]. Beyond theoretical

considerations, QDs are also studied for their potential technological applications,

such as single photon sources and few-emitter lasers, and furthermore, their poten-

tial in quantum computing emerges from their ability to control single electrons,

possibly serving as physical realisations of quantum bits [20–22].
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In this thesis, we consider a quantum dot system confined in a cavity and coupled

to the surrounding environment lattice, modeled as a phonon bath. The aim is to

demonstrate the efficacy of the hierarchy of pure states (HOPS) method [23] in sim-

ulating the dynamics of quantum dots across various parameter regimes, including

weak and strong phonon coupling as well as finite temperature. HOPS is a numer-

ically exact method for solving the dynamics of open quantum systems that are

coupled to non-Markovian environments. It is based on the non-Markovian quan-

tum state diffusion (NMQSD) formalism [24]. Essentially, a problematic functional

derivative that appears in the NMQSD equation is transformed into a hierarchy of

coupled stochastic differential equations which allows it to be solved numerically.

HOPS is considered to be numerically exact since the error can, in principle, be

made arbitrarily small by increasing the size of the hierarchy.

Using HOPS, we simulate the absorption spectrum of the quantum dot and

demonstrate a general method for computing linear response functions using HOPS.

Additionally, we calculate the spectrum of resonance fluorescence for the quantum

dot and illustrate how, particularly in the case of two-level systems, HOPS enables

the propagation of arbitrary operators. The aim of these results is to highlight the

applicability of HOPS in studying the optical properties of QDs and to suggest that

it potentially provides a reliable framework for accurately simulating QD dynamics

in more challenging parameter regimes.

We start in the first section by presenting the necessary theory for studying the

dynamics and optical properties of the QD system. We present the total Hamiltonian

and discuss the environment coupling Hamiltonian and other necessary quantities

for describing this coupling. Then we study the independent boson model, a model

of pure-dephasing, where only the environment coupling is present and solve it ex-

actly. Then we discuss how the driving of the QD can be modeled and how the

surrounding cavity mode interactions can be incorporated. Subsequently, we study
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linear response theory in general and derive the Kubo’s formula, from which we

move to study the linear absorption of the QD by applying linear response theory.

Finally we derive the formula for the spectrum of resonance fluorescence. In section

2, we discuss the non-Markovian quantum state diffusion. We derive it at zero tem-

perature and present methods for incorporating finite temperature into the model.

Subsequently, in section 3, we derive the HOPS method for solving the NMQSD

equation and briefly qualitatively discuss its implementation in this work. In sec-

tion 4, we apply HOPS to study the dynamics of the QD and the optical properties

presented in section 1. We simulate the independent boson model to establish the

validity of HOPS. Subsequently, we compute the absorption spectra of the QD under

various circumstances and demonstrate a general method for computing response

functions using HOPS. Then we calculate the spectrum of resonance fluorescence in

two different scenarios. First by directly driving the QD without coupling to the

cavity, and second, by coupling the QD to the cavity and driving the cavity instead.

In the latter case, we eliminate the cavity operators through adiabatic elimination.

Finally, we compare the results provided by Redfield theory and HOPS. In this

thesis we use units where kB = ℏ = 1.
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1 Theoretical Background

In this section, we will present the necessary theoretical tools for studying the dy-

namics and optical properties of the quantum dot system of interest. First, we will

introduce the QD system itself, including the total Hamiltonian, and present the

exact form of the phonon coupling Hamiltonian and the spectral density specific to

the QD. Next, we will consider a simple model that is exactly solvable. Following

that, we will present the exact forms of the Hamiltonians for cavity coupling and

external drive and provide a general overview of linear response theory. Finally,

we will derive the necessary formulas for computing the absorption and emission

spectra of the system.

1.1 Quantum Dot System and Phonon Coupling

In this thesis, we are primarily interested in a coherently driven quantum dot that is

placed in a cavity. In particular we consider semiconductor quantum dots where the

exciton, i.e. the electron-hole pair, is coupled to the lattice vibrations or phonons

which are mathematically modeled as quantum harmonic oscillators. The QD is

represented as a two-level system with basis states |g⟩ and |X⟩, which correspond to

the ground and excited states, respectively. In addition to the lattice phonons, the

QD is also coupled to the cavity modes which are treated in a quantized manner.

The coherent drive field is treated as a classical field. The total Hamiltonian is given

by

H = HQD +HPh +HPt +HI,Ph +HI,Pt +HD, (1.1)

where HQD is the system Hamiltonian

HQD = ωX |X⟩ ⟨X| (1.2)

with the transition energy ωX , HPh the free field Hamiltonian for the environment

phonons, HPt the free field Hamiltonian for the cavity modes, HI,Ph the interaction
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Hamiltonian for the exciton-phonon coupling, HI,Pt the interaction Hamiltonian for

the exciton-photon coupling andHD the Hamiltonian for the coherent external drive.

The exact forms of HPt, HI,Pt and HD will be discussed in the following sections.

Let us briefly consider the Hamiltonians relevant to the exciton-phonon coupling.

The free field Hamiltonian is given in the harmonic approximation by

HPh =
∑︂
λ

ωλa
†
λaλ, (1.3)

where a†λ and aλ are the creation and annihilation operators for modes of frequency

ωλ, respectively. By considering linear coupling to the phonons, the interaction

Hamiltonian is given by [25]

HI,Ph = |X⟩ ⟨X|
∑︂
λ

gλ(a
†
λ + aλ), (1.4)

where gλ ∈ R measure the coupling strength of each phonon mode. To move to

the continuum limit, it is convenient to define the exciton-phonon spectral density

which measures the exciton-phonon coupling strength and is defined as

Jph(ω) =
∑︂
λ

|gλ|2δ(ω − ωλ). (1.5)

We assume throughout this thesis that in the continuum limit the spectral density

takes the form

Jph(ω) = αω3e
−ω2

ξ2 , (1.6)

where α denotes the coupling strength and ξ is the cut-off frequency. This form

is typical for semiconductor QDs where the deformation potential is the dominant

exciton-phonon coupling mechanism [25].

1.2 Independent Boson Model

Let us now consider the Hamiltonian (1.1) with only the QD and phonon coupling

Hamiltonians; in other words, the total Hamiltonian is

HIBM = HQD +HPh +HI,Ph, (1.7)
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where HQD, HPh and HI, Ph are given in (1.2), (1.3) and (1.4), respectively. The

environment phonons are assumed to be independent, and consequently, this form

of the Hamiltonian is known as the independent boson model [26–29]. It serves as

an example of a model demonstrating pure-dephasing and is a special case of the

spin-boson model [30, 31]. Dephasing refers to a process in which the coherences

or off-diagonal entries of the density operator decay. Pure dephasing specifically

indicates that the population or diagonal elements remain constant. The effect

of pure-dephasing is evident directly from the Hamiltonian since [σz, HIBM] = 0.

Studying the independent boson model is valuable, as it represents one of the few

models in the theory of open quantum systems that can be solved exactly. It can thus

serve as a benchmark model for measuring the accuracy of other methods used to

solve the dynamics of open quantum systems. Furthermore, some optical properties

of the system can be computed analytically, such as linear absorption.

1.2.1 Evolution of Pure States

In the literature, the most common approach to solving this model involves applying

a suitable unitary transformation to the Hamiltonian [27, 32]. However, here we take

a different approach by considering pure state evolution. Since the environment

phonons are modeled as independent harmonic oscillators, we can describe them

using coherent states

|z(t)⟩ =
∏︂
λ

e−
1
2
|zλ(t)|2ezλ(t)a

† |0⟩ =
∏︂
λ

Dλ(zλ(t)) |0⟩ ,

where Dλ(zλ(t)) = exp (zλ(t)a
†
λ − z∗λ(t)aλ) are displacement operators and |z(t)⟩ =

|z1(t), z2(t), ...⟩. We’ll first consider the state

|ψt⟩ = f(t) |g⟩ |zg(t)⟩
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with initial conditions f(0) = 1 and |zg(0)⟩ = |z1(0), z2(0), ...⟩. Taking the time

derivative gives us

∂ |ψt⟩
∂t

=

(︄
ḟ(t)− 1

2
f(t)

∑︂
λ

∂|zg,λ(t)|2
∂t

)︄
|g⟩ |zg(t)⟩+ f(t)

∑︂
λ

żg,λ(t)a
†
λ |g⟩ |zg(t)⟩

and from the Schrödinger equation we obtain

∂ |ψt⟩
∂t

= −iH |ψt⟩ = −if(t)
∑︂
λ

ωλzg,λ(t)a
†
λ |g⟩ |zg(t)⟩ .

By comparing the terms of these two equations we get the following system of

equations ⎧⎪⎪⎪⎨⎪⎪⎪⎩
ḟ(t) = 1

2
f(t)

∑︂
λ

∂|zg,λ(t)|2
∂t

żg,λ(t) = −iωλzg,λ(t) for each λ

.

The second equation, for a fixed λ, can be solved directly and has the solution

zg,λ(t) = zλ(0)e
−iωλt. (1.8)

Inserting this into the first equation gives ḟ(t) = 0 which implies that f(t) = f(0).

Next we apply the same approach to the state

|ψt⟩ = h(t) |X⟩ |zX(t)⟩ ,

with initial conditions h(0) = 1 and |zX(0)⟩ = |z1(0), z2(0), ...⟩. Taking the time

derivative gives us

∂ |ψt⟩
∂t

=

(︄
ḣ(t)− 1

2
h(t)

∑︂
λ

∂|zX,λ(t)|2
∂t

)︄
|X⟩ |zX(t)⟩+ h(t)

∑︂
λ

żX,λ(t)a
†
λ |X⟩ |zX(t)⟩ .

Comparing with the Schrödinger equation

∂ |ψt⟩
∂t

=− ih(t)

(︄
ωX +

∑︂
λ

gλzX,λ(t)

)︄
|X⟩ |zX(t)⟩

− ih(t)
∑︂
λ

(ωλzX,λ(t) + gλ)a
†
λ |X⟩ |zX(t)⟩
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we get the system of equations⎧⎪⎪⎪⎨⎪⎪⎪⎩
ḣ(t) = h(t)

(︄
1
2

∑︂
λ

∂|zX,λ(t)|2
∂t

− iωX − i
∑︂
λ

gλzX,λ(t)

)︄

żX,λ(t) = −i(ωλzX,λ(t) + gλ) for each λ

.

The first equation has the formal solution

h(t) = h(0) exp

(︄
−iωXt− i

∑︂
λ

gλ

∫︂ t

0

dszX,λ(s) +
1

2

∑︂
λ

(|zX,λ(t)|2 − |zλ(0)|2)
)︄
,

(1.9)

and from the second equation for each zX,λ(t) we obtain

zX,λ(t) = zλ(0)e
−iωλt − gλ

ωλ

(︁
1− e−iωλt

)︁
. (1.10)

By inserting (1.10) into (1.9) we can write h(t) = h(0)e−iϕ(t) where ϕ(t) is a real

function

ϕ(t) =

(︄
ωX −

∑︂
λ

g2λ
ωλ

)︄
t−
∑︂
λ

gλ
ωλ

Im
[︁
zλ(0)(e

−iωλt − 1)
]︁
−
∑︂
λ

g2λ
ω2
λ

sinωλt.

This conveniently implies that h(t)h∗(t) = 1. Thus far we have shown that for the

propagator Ut = e−iHt, with the Hamiltonian given in (1.7), the states evolve as

Ut |g⟩ |z0⟩ = |g⟩ |zg(t)⟩ = |g⟩ ⊗
∏︂
λ

Dλ(zg,λ(t)) |0⟩ (1.11)

Ut |X⟩ |z0⟩ = h(t) |X⟩ |zX(t)⟩ = h(t) |X⟩ ⊗
∏︂
λ

Dλ(zX,λ(t)) |0⟩ (1.12)

with zg(t), h(t) and zX(t) given in (1.8), (1.9) and (1.10), respectively.

1.2.2 Decoherence Function

We want to consider the case where the phonon bath is in the thermal state

ρE =
e−βHPh

tr[e−βHPh ]
.
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It is useful, and in our case essential, that we represent it in terms of coherent states

by using the Sudarshan-Glauber P representation [33, 34]

ρE =

∫︂
d2ξP (ξ) |ξ⟩ ⟨ξ| , (1.13)

where d2ξ ≡∏︁λ dRe(ξλ)dIm(ξλ). The Glauber-Sudarhan P function for the thermal

state is derived in detail in appendix A. For the independent boson environment we

have

P (z) =
∏︂
λ

Pλ(zλ) =
∏︂
λ

e
− |zλ|2

n̄λ

πn̄λ
, (1.14)

where n̄λ = (eβωλ − 1)−1 is the Bose-Einstein distribution for the mode λ.

Now we can consider the general initial state

ϱ0 = |ψ⟩ ⟨ψ| ⊗ ρE = ρ0 ⊗ ρE,

where |ψ⟩ = Cg |g⟩ + CX |X⟩, Cg, CX ∈ C and ρE is prepared in the thermal state.

By representing ρE using the P-representation (1.13) and taking the trace over the

environmental degrees of freedom [32], we obtain the reduced density matrix

ρt = trE
{︂
Utρ0 ⊗ ρEU †

t

}︂
=

∫︂
d2z0P (z0)trE

{︂
|Cg|2 Ut |g⟩ |z0⟩ ⟨g| ⟨z0| U †

t + CgC
∗
XUt |g⟩ |z0⟩ ⟨X| ⟨z0| U †

t

+ C∗
gCXUt |X⟩ |z0⟩ ⟨g| ⟨z0| U †

t + |CX |2 Ut |X⟩ |z0⟩ ⟨X| ⟨z0| U †
t

}︂
= |Cg|2 |g⟩ ⟨g|+ CgC

∗
X |g⟩ ⟨X|

∫︂
d2z0P (z0)h

∗(t)trE{|zg(t)⟩ ⟨zX(t)|}

+ C∗
gCX |X⟩ ⟨g|

∫︂
d2z0P (z0)h(t)trE{|zX(t)⟩ ⟨zg(t)|}+ |CX |2 |X⟩ ⟨X|

= |Cg|2 |g⟩ ⟨g|+ CgC
∗
XΛ(t) |g⟩ ⟨X|+ C∗

gCXΛ
∗(t) |X⟩ ⟨g|+ |CX |2 |X⟩ ⟨X| .

Here we have used (1.11) and (1.12), and utilized the fact that h(t)h∗(t) = 1. We can

clearly see that the populations are kept constant and only the coherences evolve,

which is expected for a process of pure-dephasing. The function Λ(t) is given by

Λ(t) =

∫︂
d2z0P (z0)h

∗(t) ⟨zX(t)|zg(t)⟩ . (1.15)
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By inserting (1.8), (1.9), (1.10) and (1.14) into (1.15) we get

Λ(t) =
eiωX t

π

∏︂
λ

exp(−i g
2
λ

ωλ
t− g2λ

ω2
λ
(1− eiωλt))

n̄λ

×
∫︂

d2zλ exp

(︄
−|zλ|2

n̄λ
+
gλ
ωλ

(1− e−iωλt)zλ +
gλ
ωλ

(1− e+iωλt)z∗λ

)︄
.

Using the change of variables yλ = zλ− n̄λgλ
ωλ

(1−eiωλt) and defining the phonon-shifted

transition energy ω′
X = ωX −∑︁λ

g2λ
ωλ

[19], we get

Λ(t) = eiω
′
X t exp

[︄
−
∑︂
λ

g2λ
ω2
λ

((1 + 2n̄λ)(1− cosωλt)− i sinωλt)

]︄
.

To consider the continuum limit we use the exciton-phonon spectral density defined

in equation (1.5). Then in the continuum limit we have

ω′
X = ωX −

∫︂
dω

JPh(ω)

ω
(1.16)

Λ(t) = eiω
′
X teΓ(t) (1.17)

where the function Γ(t) is the decoherence function [32]

Γ(t) = −
∫︂

dω
JPh(ω)

ω2

(︃
coth

(︃
βω

2

)︃
(1− cosωt)− i sinωt

)︃
. (1.18)

Figure 1 shows the evolution of the coherence of the QD, which is initially pre-

pared in the equal superposition state |ψ⟩ = |+⟩ = 1√
2
(|g⟩+ |X⟩). We have moved to

a reference frame that rotates at the phonon-shifted transition frequency (1.16). For

each temperature, we observe an initial decrease in coherence, which then reaches a

constant value that decreases as the temperature increases.

1.3 Monochromatic Drive

It is desirable to be able to excite the QD in a controlled way, as it enables us to

study optical phenomena such as spontaneous emission and resonance fluorescence.

This can be done by externally driving the QD with a monochromatic light source.
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Figure 1. The evolution of the QD coherence in various temperatures with coupling
strength α = 0.027 ps2 and cut-off frequency ξ = 1.447 meV.

For this we simply consider the Hamiltonian (1.1) with only the QD and drive

Hamiltonians and treat the driving field as a classical field. Now in the dipole

approximation the Hamiltonian is [35]

H = HS +HD = ωX |X⟩ ⟨X| − d · E(t), (1.19)

where E(t) = ϵE0 cosωDt is the monochromatic field with the polarization vector

ϵ, amplitude E0 and driving frequency ωD, and d is the dipole operator. We define

the two-level transition dipole moment as

µ̃ = ⟨g|d|X⟩ . (1.20)

Now since the dipole operator has odd parity, i.e., ⟨g|d|g⟩ = ⟨X|d|X⟩ = 0 and

assuming no permanent dipole moment, we can write [26]

d = µ̃ |g⟩ ⟨X|+ µ̃∗ |X⟩ ⟨g| . (1.21)

From this form we can see that the drive field causes transitions between the basis

states |g⟩ and |X⟩. Without loss of generality we can assume that the dipole matrix
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elements ⟨g|d|X⟩ are real [35] and thus we can write the Hamiltonian (1.19) in the

form

H = ωX |X⟩ ⟨X|+ Ωcos(ωDt)(|g⟩ ⟨X|+ |X⟩ ⟨g|). (1.22)

Here Ω = −E0 ⟨g|d|X⟩ · ϵ is called the Rabi frequency. It quantifies the coupling

strength between the system and the field. By defining a time-dependent field

amplitude E0(t) it would be possible to consider pulsed excitations. In that case the

Rabi frequency would also become time-dependent. For our case continuous-wave

driving suffices so the Rabi frequency is time-independent.

Later we are interested in the situation where the driving frequency is close

to the excitation energy ωX , i.e., close to resonance. Thus we can simplify the

Hamiltonian (1.22) by making a rotating-wave approximation, which removes fast

oscillations [35]. The Hamiltonian in the rotating frame, frequency ωD, is given by

the transformation

H ′ = U(t)HU †(t)− iU(t)
∂

∂t
U †(t),

where U(t) = eiωD|X⟩⟨X|t. This gives

H ′ = (ωX − ωD) |X⟩ ⟨X|+ Ω
eiωDt + e−iωDt

2
(e−iωDt |g⟩ ⟨X|+ eiωDt |X⟩ ⟨g|).

Now the rotating-wave approximation is performed by neglecting the fast oscillations

at frequencies ±2ωD. With this we obtain the Hamiltonian

HRWA = ∆ |X⟩ ⟨X|+ Ω

2
(|g⟩ ⟨X|+ |X⟩ ⟨g|) (1.23)

= ∆σ+σ− +
Ω

2
(σ− + σ+),

where ∆ = ωX−ωD denotes the detuning. It is worth noting that the rotating-wave

approximation is valid when ∆ << ωD and Ω << ωD.
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1.4 Cavity Coupling

In the independent boson model the QD has only coupling to the environment

phonons. We are interested in having the two-level system to also have coupling

to a cavity, i.e., we want to confine the system inside a cavity. As such it will be

coupled to the surrounding field modes. Instead of considering classical fields, as we

did for the drive in the previous section, we will consider a fully quantized model.

For simplicity let us consider only a single field mode. Again assuming that the

dipole approximation is valid, the system-field interaction Hamiltonian takes the

form

HI = −d · E,

where for a uniform cavity we have [35]

E = ϵ

√︃
ωc

2ϵ0V
(b+ b†),

where b and b† are the annihilation and creation operators of the cavity mode, ϵ is the

polarisation vector, ωc is the cavity mode frequency, V is the quantization volume.

The annihilation and creation operators define the harmonic cavity Hamiltonian

Hcav = ωcb
†b.

Assuming the same form for the dipole operator as (1.21), we have

HI = u(|g⟩ ⟨X|+ |X⟩ ⟨g|)(b+ b†),

where u describes the coupling strength

u = −
√︃

ωc
2ϵ0V

⟨g|d|X⟩ · ϵ.

Again for later purposes, we assume that the system and cavity modes are close to

resonance ωX ≈ ωc. Thus we can perform the rotating wave approximation. It can

be shown that b(t) and b†(t) evolve in the free field case as [35]

b(t) = b(0)e−iωct, b†(t) = b(0)eiωct.
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Similarly |g⟩ ⟨X| = σ− and |X⟩ ⟨g| = σ+ can be shown to evolve in the free QD case

as

σ±(t) = σ±(0)e
±iωX t.

Thus we discard terms σ−b and σ+b
† in the rotating-wave approximation, and we

obtain

HI,RWA = u(|g⟩ ⟨X| b† + |X⟩ ⟨g| b).

The total Hamiltonian is now of the Jaynes-Cummings form [36]

H = ωX |X⟩ ⟨X|+ ωcb
†b+ u(|g⟩ ⟨X| b† + |X⟩ ⟨g| b).

This can be generalized for multimode fields with

HPt =
∑︂
λ

νλb
†
λbλ,

with [bλ, b
†
κ] = δλκ1. With the rotating-wave approximation applied again, the

interaction Hamiltonian is

HI,Pt =
∑︂
λ

uλ(|g⟩ ⟨X| b†λ + |X⟩ ⟨g| bλ), (1.24)

where the coupling strengths are

uλ =

√︃
νλ

2ϵ0V
⟨g|d|X⟩ · ϵλ.

1.5 Linear Response Theory

Linear response theory [37] provides a framework to describe how a physical sys-

tem responds to small external perturbations. In particular for quantum systems,

it provides a way to examine how atoms or molecules respond to external fluctu-

ations, such as an electric field. In linear response theory it is assumed that this

response is linearly proportional to the magnitude of the external perturbation and
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all that needs to be calculated is the proportionality constant [38]. Linear response

theory introduces the concept of response functions or after-effect functions. These

functions quantify how the system responds to the perturbations of the system and

can often be measured experimentally [39]. For example electric conductivity, mag-

netic susceptibility and optical absorption can be examined through linear response

theory [38].

Let us consider a system that is in thermal equilibrium. An external force F (t) is

then applied to it from the distant past, specifically when t→ −∞, at the time when

the system was in thermal equilibrium. The dynamics of the system is described by

the total Hamiltonian

H = H0 + V (t),

where H0 is the time-independent or equilibrium Hamiltonian and V (t) = −AF (t)

represents the perturbation induced by the external force F (t), where A is an oper-

ator that is the dynamical quantity conjugate to the force F (t) [40]. The response

function or after-effect function ϕBA(t) of an observable B under the influence of

the operator A is defined by [37]

δ ⟨B(t)⟩ = ⟨B(t)⟩ − ⟨Beq⟩

=

∫︂ ∞

0

dτϕBA(τ)F (t− τ). (1.25)

We can obtain the eigenvectors |ψn(t)⟩ of the total Hamiltonian H by using time-

dependent perturbation theory [41]. In the first order of the external perturbation

we obtain

|ψn(t)⟩ = e−iϵnt |n⟩+
∑︂
k

ank(t)e
−iϵkt |k⟩+O(V 2), (1.26)

where {|n⟩} are the eigenvectors of the equilibrium Hamiltonian H0 and the coeffi-

cients ank(t) are given by [41]

ank(t) = −i
∫︂ t

−∞
ds ei(ϵk−ϵn)s ⟨k|V (s)|n⟩ . (1.27)
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The thermal statistical mean of an observable O is given by

⟨O(t)⟩ =
∑︂
n

Pn ⟨ψn(t)|O|ψn(t)⟩ , (1.28)

where Pn is the probability of the system to be in the perturbed state |ψn(t)⟩.

The next step is to assign the probabilities {Pn}. This is done via the thermal

assumption [40] which states that the perturbation is small enough such that the

thermal statistical distribution of the eigenstates is left unchanged. Under this

assumption we have

Pn ≈ Peq,n.

Using this we can calculate the mean value ⟨B(t)⟩ by insterting (1.26) into (1.28)

⟨B(t)⟩ =
∑︂
n

Peq,n ⟨ψn(t)|B|ψn(t)⟩

=
∑︂
n

Peq,n ⟨n|B|n⟩+
∑︂
n,k

Peq,n
[︁
⟨k|B|n⟩ a∗nk(t)ei(ϵk−ϵn)t

+ ⟨n|B|k⟩ ank(t)ei(ϵn−ϵk)t
]︁
+O(V 2).

The first term on the second line is the mean value in the equilibrium state ⟨Beq⟩.

Since we are considering linear response, we get

δ ⟨B(t)⟩ = ⟨B(t)⟩ − ⟨Beq⟩

=
∑︂
n,k

iPeq,n

∫︂ t

−∞
ds
[︁
eiϵk(t−s) ⟨n|V (s)|k⟩ ⟨k|B|n⟩ e−iϵn(t−s)

−e−iϵk(t−s) ⟨n|B|k⟩ ⟨k|V (s)|n⟩ eiϵn(t−s)
]︁
.

Using the fact that the eigenvectors {|k⟩} form a basis, and denoting ϱeq =
∑︁

n Peq,n |n⟩ ⟨n|,

we obtain

δ ⟨B(t)⟩ =
∫︂ t

−∞
ds i

∑︂
n

Peq,n ⟨n|V (s)eiH0(t−s)Be−iH0(t−s) − eiH0(t−s)Be−iH0(t−s)V (s)|n⟩

=

∫︂ t

−∞
ds i

∑︂
n

Peq,n ⟨n|V (s)B(t− s)−B(t− s)V (s)|n⟩

=

∫︂ t

−∞
ds itr{ϱeq[V (s), B(t− s)]}.
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Now performing the change of variables τ = t− s and writing explicitly the pertur-

bation V (s) = −AF (s) we finally get

δ ⟨B(t)⟩ =
∫︂ ∞

0

dτitr{ϱeq[B(τ), A]}F (t− τ).

By comparing this with equation (1.25) we get the response function

ϕBA(τ) = itr{ϱeq[B(τ), A]} = itr{B(τ)[A, ϱeq]}. (1.29)

This is known as Kubo’s theorem [37, 40]. To ensure causality it is assumed that

τ > 0 so the Heaviside stepfunction is often included [42]

ϕBA(τ) = iΘ(τ)tr{ϱeq[B(τ), A]}.

If the external force is periodic, i.e., F (t) = F0 cosωt and using the convolution

theorem, the complex susceptibility or admittance χBA(ω) is then given by the half-

sided Fourier transform of the response function [37]

χBA(ω) =

∫︂ ∞

0

dτϕBA(τ)eiωt.

1.6 Linear Absorption

Absorption is one of the three fundamental interactions between light and matter.

Linear absorption is considered when the material absorbs light at a rate that is

linearly proportional to the intensity of the incident light. Nonlinear absorption

involves more complex interactions, such as multi-photon interactions where the

absorptions depends on higher powers of the intensity of the incident light [42]. We

will consider only linear absorption.

1.6.1 Polarization

When an electric field is applied to a medium, the charges of each atom or molecule

comprising the medium will react to the external field, leading to a distortion in the
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molecular charge density. Furthermore, the multipole moments of each constituent

will deviate from their values in the absence of the external field. Assuming that the

medium consists of a single type of atom or molecule and that the dominant molec-

ular multipole moment is the dipole moment, the macroscopic electric polarization

vector P(x) is given by [43]

P(x) =
Nmol

∆V
d(x, t) = nmold(x, t), (1.30)

where nmol is the volume density of molecules in the sample volume ∆V and d(x, t)

is the molecular dipole moment.

Considering a medium that is isotropic, the polarization vector is parallel to the

external field E [43]

P = χE, (1.31)

where χ is the electric susceptibility of the medium which is in general a second rank

tensor. In general P would be a nonlinear functional of the electric field E [39]. Since

we are considering only linear absorption, the first order approximation is sufficient.

In reality a material doesn’t polarize instantly in response to the external field and

as such we have generally [42]

P(t) =

∫︂ t

−∞
dsχ(t− s)E(s). (1.32)

For an isotropic and linear system, it is convenient to take the Fourier transform of

(1.32) and using the convolution theorem we obtain the frequency dependence

P(ω) = χ(ω)E(ω).

We see that in the first order approximation the response of the system is determined

completely by the susceptibility χ. The linear absorption coefficient A(ω) is then

given by [44]

A(ω) =
4πω

n
Imχ(ω), (1.33)
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where n is the reflection coefficient of the medium. The frequency dependence of

χ(ω) is determined by the properties of the medium through linear response theory

discussed in the previous section.

1.6.2 Dipole-dipole Correlation Function

Let us consider the Hamiltonian

H = H0 +Hfield(t), (1.34)

where H0 describes the system, possibly with an environment and its associated

coupling, and Hfield(t) is the electric field Hamiltonian

Hfield(t) = −µ · E(t) = −(µ · ϵ)E(t) = −µeffE(t)

where we have defined the effective dipole moment operator µeff = µ · ϵ with the

dipole moment operator µ and polarization ϵ. We can now employ linear response

theory. Using Kubo’s theorem (1.29), we can write the linear dielectric susceptibility

χ(τ) as the response function [42]

χ(τ) = ϕµeffµeff(τ) = iΘ(τ)M(τ),

where M(τ) is the dipole-dipole correlation function [39]

M(τ) = tr{ϱeq[µeff(τ), µeff]},

where ϱeq = exp(−βH0)/tr{exp(−βH0)} is the equilibrium density matrix with no

electric field present and µeff(τ) = U ′†
τ µeffU ′

τ with the propagator U ′
τ = exp(−iH0τ).

This can also be expressed in a form that is sometimes more convenient

M(τ) =
∑︂
j

tr {ϱeq[µeff(τ), µeff]}

= tr
{︂
µeffU ′

t[µeff, ϱeq]U ′†
t

}︂
= tr{µeffκ(τ)}. (1.35)
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With this form, one can calculate the dipole-dipole correlation function by prop-

agating the commutator κ(τ). If we consider pure states instead of mixed states,

equation (1.35) can be put into an explicit form. We assume that ϱeq = |Ψg⟩ ⟨Ψg|

where |Ψg⟩ is the ground state, an eigenstate of H0, i.e., U ′
t |Ψg⟩ = e−iEgt |Ψg⟩ where

Eg is the ground state energy. Now M(t) gets the form

M(t) = tr
{︁
µeff(U ′

tµeff |Ψg⟩ ⟨Ψg| eiEgt − e−iEgt |Ψg⟩ ⟨Ψg|µeffU ′
t)
}︁

= eiEgt ⟨Ψg|µeffU ′
tµeff|Ψg⟩ − e−iEgt ⟨Ψg|µeffU ′†

t µeff|Ψg⟩ .

If we assume no permanent dipole moment, we can consider the dipole operator of

the form

µ =
∑︂
n

µn(|Ψn⟩ ⟨Ψg|+ |Ψg⟩ ⟨Ψn|),

where µn are the transition dipole moments. With this form the dipole-dipole

correlation function can be written as

M(t) = eiEgt
∑︂
n

|µn · ϵ|2 ⟨Ψn|U ′
t|Ψn⟩ − e−iEgt

∑︂
n

|µn · ϵ|2 ⟨Ψn|U ′†
t |Ψn⟩ . (1.36)

1.6.3 Linear Absorption Coefficient

The linear absorption spectrum can now be obtained from (1.33)

A(ω) =
4πω

n
Imχ(ω).

Here χ(ω) is the Fourier transform of χ(τ)

χ(ω) =

∫︂ ∞

−∞
dτχ(τ)eiωτ

We can express the absorption spectrum directly in terms of the dipole-dipole cor-

relation function

A(ω) =
4πω

n
Im
[︃∫︂ ∞

−∞
dτiΘ(τ)M(τ)eiωτ

]︃
=

4πω

n
Re
∫︂ ∞

0

dτM(τ)eiωτ . (1.37)
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We are considering only positive frequencies ω > 0, so using (1.36) and discarding

the antiresonant contribution we get

A(ω) =
4πω

n

∑︂
k

|µk · ϵ|2Re
∫︂ ∞

0

dτei(ω+Eg)τ ⟨Ψk|U ′
t|Ψk⟩ .

If we further consider a two-level system, we have

A(ω) =
4πω

n
|µ̃ · ϵ|2Re

∫︂ ∞

0

dτei(ω+Eg)τ ⟨Ψ(0)|Ψ(t)⟩ , (1.38)

where µ̃ is the two-level transition dipole moment (1.20) and |Ψ(t)⟩ = U ′
t |Ψ(0)⟩

with |Ψ(0)⟩ = |ΨX⟩ = |X⟩ ⟨g|Ψg⟩.

As an example, it is straightforward to calculate the absorption spectrum for

the independent boson model discussed in section 1.2. Here we set the ground state

energy Eg = 0, so for the absorption spectrum we have from (1.38)

A(ω) ∝ Re
∫︂ ∞

0

dτeiωτ ⟨Ψ(0)|Ψ(t)⟩ .

In this case it is easy to verify, by using (1.11) and (1.8), that the ground state

|Ψg⟩ = |g⟩ |0⟩ is an eigenstate. Then |Ψ(0)⟩ = |ΨX⟩ = |X⟩ |0⟩ and inserting equation

(1.10) into (1.9) we obtain

h(t) = exp

(︄
−iωXt+ i

∑︂
λ

g2λ
ωλ
t−
∑︂
λ

g2λ
ω2
λ

(1− e−iωλ) +
1

2

∑︂
λ

|zX,λ(t)|2
)︄
.

For the overlap ⟨Ψ(0)|Ψ(t)⟩ we now get

⟨Ψ(0)|Ψ(t)⟩ = ⟨X| ⟨0|h(t) |X⟩ |zX(t)⟩

= exp

(︄
−i(ωX −

∑︂
λ

g2λ
ωλ

)t−
∑︂
λ

g2λ
ω2
λ

(1− e−iωλ)

)︄
.

In the continuum limit, with the spectral density (1.5), we have

⟨Ψ(0)|Ψ(t)⟩ = exp

(︃
−iω′

Xt−
∫︂
dω
J(ω)

ω2
(1− e−iωt)

)︃
,

with the phonon-shifted transition energy ω′
X defined in (1.16). To ease the subse-

quent calculations, we add a damping term of −γt to the exponent. For all calcula-

tions, we set γ = 0.015 ps−1.
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Figure 2. Linear absorption spectra for the independent boson model both with and
without coupling to the environment with the cut-off frequency ξ = 1.447 meV.

Figure 2 shows the absorption spectrum for the independent boson model with

and without coupling to the reservoir phonons. In the case of no coupling, a singular

peak is observed at the transition energy which in this case is the same as the

phonon-shifted transition energy ω′
X due to the lack of coupling. The finite width

of the singular peak is due to the added damping term. When the coupling is

present, a clear asymmetry appears to the right of the peak which is due to the

phonon reservoir. We used the spectral density specific to our QD system defined

in equation (1.6).

Figure 3 shows the linear absorption spectrum with different spectral density

parameters. In figure 3(a) the cut off frequency is varied and in figure 3(b) the cou-

pling strength is varied. In both cases, as expected, the peak is clearly shifted since

the phonon-shifted transition energy decreases as the coupling strength increases.

As already seen in figure 2 the phonon reservoir induced asymmetry in the spectrum
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Figure 3. Linear absorption spectra for the independent boson model with different
(a) environment coupling strengths α and (b) spectral density cut-off frequencies ξ.
For (a) the coupling strength is α = 0.087 ps2 and for (b) the cut-off frequency is
ξ = 1.447 meV.

appears and gets spread out as α and ξ increase.

1.7 Spectrum of Resonance Fluorescence

The spectrum of resonance fluorescence is another important experimentally acces-

sible quantity of quantum optics and was first theoretically studied by Mollow in

[45]. In this section we will derive the equation for the spectrum of resonance fluo-

rescence. We start with relating the radiated output field to the system operators.

Finally we express the emission intensity spectrum in terms of a correlation function

involving only system operators.

1.7.1 Output Field

Let us consider the total Hamiltonian (1.1) in frame rotating at frequency ωD.

Performing the rotating-wave approximation, we have for the QD Hamiltonian

HS = ∆ |X⟩ ⟨X|
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with the detuning ∆ = ωX − ωD and the drive Hamiltonian

HD =
Ω

2
(|g⟩ ⟨X|+ |X⟩ ⟨g|)

and the exciton-cavity interaction Hamiltonian (1.24) has the form

HI,Pt =
∑︂
λ

uλ(e
−iωDt |g⟩ ⟨X| b†λ + eiωDt |X⟩ ⟨g| bλ),

with the other Hamiltonians staying unchanged. Now we consider the electric field

operator

E(t) = E+(t) + E−(t),

where

E+(t) =
∑︂
λ

E0
λϵλbλ(t),

with the field amplitude E0
λ =

√︂
ωλ

2ϵ0V
, polarization ϵλ and E−(t) = E†

+(t). Our

goal is to find a relation between the field operators and the system operators. By

considering the Heisenberg equation of motion for the ladder operators with the

total Hamiltonian we get

d

dt
bλ(t) = −i[bλ(t), H] = −iωλbλ(t)− iuλe

−iωDtσ−(t),

where σ− = |g⟩ ⟨X|. This has the formal solution

bλ(t) = e−iωλtbλ(0)− i

∫︂ t

0

dsuλe−iωDsσ−(s)e
−iωλ(t−s).

Inserting this into E+(t) gives us the positive frequency component

E+(t) =
∑︂
λ

E0
λϵλe

−iωλtbλ(0)− i
∑︂
λ

E0
λϵλ

∫︂ t

0

dsuλe−iωDsσ−(s)e
−iωλ(t−s).

The free field evolution that would be obtained when the QD is absent is described

by the first term. It remains in the vacuum state so it can be ignored since it
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doesn’t contribute to the field correlation functions. Now we assume that the light-

matter coupling is approximately constant uλ ≈
√
κ and E0

λ ≈ E0 [46] and take the

continuum limit

E(t) ≈ −iE0
√
κ

∫︂ t

0

ds
∫︂ ∞

−∞
dωe−iωDsσ−(s)e

−iω(t−s)

= −2iπE0
√
κ

∫︂ t

0

dse−iωDsσ−(s)δ(t− s)

= −iπE0
√
κe−iωDtσ−(t). (1.39)

Note that we have dropped the polarization vectors since they induce geometric

factors for the field correlation functions but do not affect their qualitative behaviour

[47].

1.7.2 Emission Spectrum

Thus far, we have derived a relationship between the system’s internal dynamics and

the output field. We can now determine the emission spectrum under resonant driv-

ing conditions, i.e., when we consider resonance fluorescence. The Wiener-Khinchin

theorem states that for a stationary random process, the spectral decomposition of

the autocorrelation function can be obtained from the power spectral density of the

process [48]. More precisely, the power spectral density is the Fourier transform

of the autocorrelation function. Utilizing the optical Wiener-Kinchin theorem and

equation (1.39), we can express the emission intensity spectrum as [19]

I(ω) =
1

2π

∫︂ ∞

−∞
dτ ⟨E−(t)E+(t+ τ)⟩

= (E0)2π2κ

∫︂ ∞

−∞
dτ ⟨σ+(t)σ−(t+ τ)⟩ ei(ω−ωD)τ .

The spectral component can then be defined as the Fourier transform [19]

S(ω) = lim
t→∞

I(ω) =
1

2π

∫︂ ∞

−∞
dτg(1)(τ)ei(ω−ωD)τ ,
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where g(1)(τ) is the system first order correlation function in the long time limit

g(1)(τ) = lim
t→∞

⟨σ+(t)σ−(t+ τ)⟩

= lim
t→∞

tr{σ+(t)σ−(t+ τ)ρ(0)}

= lim
t→∞

tr{σ+σ−(τ)ρ(t)}

= ⟨σ+σ−(τ)⟩ss ,

where the subscript denotes the steady state expectation value.

The spectrum decomposes into two components

S(ω) = Scoh(ω) + Sinc(ω),

where Scoh(ω) corresponds to coherent scattering and Sinc(ω) corresponds to incoher-

ent scattering which arises from quantum fluctuations [47]. These can be expressed

as

Scoh(ω) =
1

2π

∫︂ ∞

−∞
dτ ⟨σ+⟩ss ⟨σ−⟩ss ei(ω−ωD)τ = ⟨σ+⟩ss ⟨σ−⟩ss δ(ω − ωD)

Sinc(ω) =
1

2π

∫︂ ∞

−∞
dτ ⟨σ̃+σ̃−(τ)⟩ss ei(ω−ωD)τ , (1.40)

where we have defined

σ̃±(t) = σ±(t)− ⟨σ±⟩ss ,

with the steady state expectation values ⟨σ±⟩ss = tr{σ±ρ(∞)}. Evidently the oper-

ators σ̃±(t) characterise the fluctuations of σ+(t) and σ−(t) from their steady state

values. As expected, the coherent scattering produces a singular peak at the driving

frequency. The incoherent scattering has to be calculated by other means, e.g. via

the quantum regression theorem.
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2 Non-Markovian Quantum State Diffusion

In the theory of open quantum systems, the evolution of the reduced density matrix

is given by the linear map

ρS(t) = L(ρS).

This form does not take into consideration whether the quantum process is Marko-

vian or non-Markovian. For a Markovian process, the evolution is described by the

Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) master equation [49, 50]

∂tρS(t) = −i[H, ρS(t)] +
∑︂
m

γm

(︃
LmρS(t)L

†
m − 1

2
{L†

mLm, ρS(t)}
)︃
,

where γm ≥ 0 are the decay rates and Lm are the jump operators describing the

decoherence and dissipation, i.e., how the environment acts on the system. The

GKSL master equation applies to many physically relevant scenarios and allows for

both analytical and numerical solutions.

This can be unraveled into stochastic quantum trajectories or stochastic unravel-

ings [47]. Such unravelings are stochastic Schrödinger equations (SSE) for the state

|ψt(z∗)⟩ where z∗t is a stochastic noise process, such that the mean of the solutions

of the SSE is equal to the density operator

ρS(t) = M[|ψt(z∗)⟩ ⟨ψt(z∗)|].

However, these unravelings are not unique; in fact there exist infinitely many for

any master equation. Some notable examples of these unravelings include the Monte

Carlo wave-function method, also known as quantum jump trajectories [47, 51, 52],

and the quantum state diffusion (QSD) unraveling [53].

The stochastic unraveling of the master equation can also be studied for non-

Markovian processes. One notable such unraveling is the non-Markovian quantum

state diffusion (NMQSD) [24, 54], which, in the Markovian limit, reduces to the

QSD unraveling. In this section we will present NMQSD. First, we will present
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the unnormalized coherent states and their properties required for the subsequent

derivations. Following that, we will perform the derivation of the linear NMQSD

equation considering zero temperature, and subsequently derive a non-linear version

of the NMQSD equation. For these derivations, we follow refs. [24, 54, 55]. Finally,

we will incorporate finite temperature into the model in various ways.

2.1 Bargmann Coherent States

The Bargmann coherent states [56] are defined as

||z⟩ = eza
† |0⟩ =

∑︂
n

zn√
n!

|n⟩ ,

where z ∈ C. Comparing them to the Glauber coherent states

|z⟩ = D(z) |0⟩ = e−
1
2
|z|2eza

† |0⟩ ,

it is evident that the Bargmann states lack the normalization factor and are thus

also called unnormalized coherent states. Notably, Bargmann states depend solely

on the complex number z and not its conjugate.

Bargmann coherent states have some important properties. Firstly the resolution

of identity ∫︂
d2z

e−|z|2

π
||z⟩ ⟨z|| = 1, (2.1)

where d2z = dRe(z)dIm(z). Any state |ψ⟩ can be mapped to an analytic function

f(z∗) = ⟨z||ψ⟩ . (2.2)

The argument z∗ is justified since Bargmann states depend solely on z. The creation

and annihilation operators act on the analytic function as

⟨z||a|ψ⟩ = ∂

∂z∗
f(z∗), ⟨z||a†|ψ⟩ = z∗f(z∗). (2.3)
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Another key property is a type of orthogonality

f(z̃∗) =

∫︂
d2z

e−|z|2

π
f(z∗) ⟨z̃||z⟩ . (2.4)

Note that Bargmann coherent states are not orthogonal. In the multimode case we

have

||z⟩ =
∏︂
λ

ezλa
†
λ |0⟩ ,

and the aforementioned properties generalize accordingly.

2.2 Linear NMQSD

Let us consider a system that is linearly coupled to an environment which is modeled

as a bath of quantum harmonic oscillators. The total Hamiltonian is given by

H = HS +HE +HI,

where HS is the system Hamiltonian, arbitrary for now, HE =
∑︁

λ ωλa
†
λaλ the en-

vironment Hamiltonian and system-environment interaction Hamiltonian is given

by

HI =
∑︂
λ

(g∗λLa
†
λ + gλL

†aλ).

Here the operator L is an operator in the system’s Hilbert space and gλ ∈ C quan-

tifies the coupling strength of the system and the mode ωλ. By moving to the

interaction picture with respect to HE we get the following Schrödinger equation for

the total state |Ψt⟩

∂t |Ψt⟩ = −iHS |Ψt⟩ − i
(︁
LB†(t) + L†B(t)

)︁
|Ψt⟩ , (2.5)

where the operator B(t) is given by

B(t) =
∑︂

gλe
−iωλtaλ.
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The dynamics of the system is clearly influenced by the environment operator B(t)

whose statistical properties are characterized by the bath correlation function (BCF)

α(t, s). The BCF provides information about how the system and environment are

correlated in time and characterizes the memory of the environmental fluctuations.

In this case it is given by [39]

α(t, s) = trE{(B(t) +B†(t))(B(s) +B†(s))ρE}.

If we assume that the environment is in the thermal state and tr{a†λρE} = tr{aλρE} =

0, we find the bath correlation kernel of the quantum Brownian motion model [57]

α(t− s) =
∑︂
λ

|gλ|2
(︃
coth

(︃
βωλ
2

)︃
cos(ωλ(t− s))− i sin(ωλ(t− s))

)︃
. (2.6)

Recalling the definition for the spectral density (1.5), we can write in the continuum

limit

α(τ) =

∫︂ ∞

0

dωJ(ω)
(︃
coth

(︃
βω

2

)︃
cos(ωτ)− i sin(ωτ)

)︃
,

where τ = t− s.

Now we eliminate the bath operators. To do this we consider zero temperature

case. The BCF then obtains the form

α(τ) =
∑︂
λ

|gλ|2e−iωλτ .

The state vector can be expressed in terms of the Bargmann coherent states

|Ψt⟩ =
∫︂ ∏︂

λ

d2zλ
e−|zλ|2

π
|ψt(z∗)⟩ ||z⟩ ,

where |ψt(z∗)⟩ = ⟨z||Ψt⟩. The reduced density matrix can now be obtained by

tracing over the environment

ρS(t) = trE{|Ψt⟩ ⟨Ψt|}

=

∫︂ ∏︂
λ

d2zλ
e−|zλ|2

π
⟨z||Ψt⟩ ⟨Ψt||z⟩

=

∫︂ ∏︂
λ

d2zλ
e−|zλ|2

π
|ψt(z∗)⟩ ⟨ψt(z)| .
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The crucial step is to interpret this in a Monte-Carlo sense. The coherent state

amplitudes zλ are turned into complex valued Gaussian distributed random variables

with zero mean

M[zλ] = M[z∗λ] = 0 (2.7)

and covariance

M[zλzµ] = M[z∗λz
∗
µ] = 0, M[zλz

∗
µ] = δλµ. (2.8)

Thus the reduced density matrix can be regarded as an ensemble average

ρS(t) = M[|ψt(z∗)⟩ ⟨ψt(z)|].

Next we find the equation of motion for |ψt(z∗)⟩. Since we are considering zero

temperature, we assume the initial condition |Ψ0⟩ = |ψ0⟩ |0⟩. Applying ⟨z|| on both

sides of equation (2.5) and using the properties (2.3) we get

∂t |ψt(z∗)⟩ = −iHS |ψt(z∗)⟩+ z∗tL |ψt(z∗)⟩ − iL†
∑︂
λ

gλe
−iωλt ⟨z||aλUt|Ψ0⟩ , (2.9)

where Ut is the propagator in the interaction picture and we have defined

z∗t = −i
∑︂
λ

g∗λz
∗
λe
iωλt. (2.10)

The last term in (2.9) can be written as

⟨z||aλUt|Ψ0⟩ = ⟨z||Utaλ(t)|Ψ0⟩ .

Here the Heisenberg equation of motion for aλ(t), with initial condition aλ(0) = aλ,

can be formally solved to yield

aλ(t) = aλ − i

∫︂ t

0

dsgλeiωλsL(s), (2.11)

where L(s) = U †
sLUs. Inserting this back into (2.9) we have in the continuum limit

∂t |ψt(z∗)⟩ = −iHS |ψt(z∗)⟩+ z∗tL |ψt(z∗)⟩ − iL†
∫︂ t

0

dsα(t− s) ⟨z||UtL(s)|Ψ0⟩ .

(2.12)
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As discussed above, by the Monte-Carlo interpretation, the function z∗t turns into a

stochastic process. By using (2.7) and (2.8) we obtain the statistics

M[zt] = M[z∗t ] = M[z∗t z
∗
s ] = M[ztzs] = 0,

M[ztz
∗
s ] = α(t− s),

i.e., the process z∗t is determined by the BFC.

To obtain the standard form the NMQSD equation, we can study the mean

M[zt |ψt(z∗)⟩ ⟨ψt(z)|]. Using the properties of the Bargmann states and the evolution

of aλ(t) we have

M[zt |ψt(z∗⟩ ⟨ψt(z)|] = i
∑︂
λ

gλe
−iωλtM[zλ |ψt(z∗⟩ ⟨ψt(z)|]

= i
∑︂
λ

gλe
−iωλtM[⟨z||aλ|Ψt⟩ ⟨ψt(z)|]

=

∫︂ t

0

dsα(t− s)M[⟨z||UtL(s)|Ψ0⟩ ⟨ψt(z)|].

On the other hand the Furutsu-Novikov theorem [58–60] states that

M[zt |ψt(z∗)⟩ ⟨ψt(z)|] =
∫︂ t

0

dsM[ztz
∗
s ]M

[︃
δ

δz∗s
|ψt(z∗)⟩ ⟨ψt(z)|

]︃
=

∫︂ t

0

dsα(t− s)M
[︃
δ

δz∗s
|ψt(z∗)⟩ ⟨ψt(z)|

]︃
.

Thus we have

⟨z||UtL(s)|Ψ0⟩ =
δ

δz∗s
|ψt(z∗)⟩ .

Inserting this into (2.12) we obtain the linear NMQSD equation

∂t |ψt(z∗)⟩ = −iHS |ψt(z∗)⟩ − z∗tL |ψt(z∗)⟩ − L†
∫︂ t

0

dsα(t− s)
δ

δz∗s
|ψt(z∗)⟩ . (2.13)

Here we have denoted the dependence on z∗ by z∗ due to the fact that z∗t is linearly

dependent on z∗.

The NMQSD equation is a stochastic differential equation. The reduced density

matrix is obtained by solving it with many independent realisations of the noise z∗t
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and then taking the ensemble average M[|ψt(z∗)⟩ ⟨ψt(z)|]. The difficulty arises from

the functional derivative because it is generally difficult to determine how it acts on

the state |ψt(z∗)⟩. One way to determine it is through the Ansatz [24]

δ |ψt(z∗t )⟩
δz∗s

= O(t, s, z∗) |ψt(z∗t )⟩ , (2.14)

and requiring the consistency condition

∂

∂t

δ

δz∗s
|ψt(z∗t )⟩ =

δ

δz∗s

∂

∂t
|ψt(z∗t )⟩ .

Inserting the Ansatz (2.14) into the linear NMQSD gives

∂t |ψt(z∗t )⟩ = (−iHS + z∗tL− L†Ō(t, z∗)) |ψt(z∗t )⟩ ,

where Ō(t, z∗) =
∫︁ t
0

dsα(t − s)O(t, s, z∗). Now using the consistency condition we

find the formal equation of motion for the operator O(t, s, z∗)

∂tO(t, s, z∗) = [−iHS + z∗tL− L†Ō(t, z∗),O(t, s, z∗)]− L† δŌ(t, z∗)

δz∗s
, (2.15)

which has to be then solved for all s with the initial condition O(t, s, z∗) = L.

2.3 Non-linear NMQSD

The linear NMQSD doesn’t preserve the norm ||ψt(z∗)|| and consequently each tra-

jectory contribute with different weight to the ensemble

ρS(t) = M[|ψt(z∗)⟩ ⟨ψt(z)|] =
∫︂ ∏︂

λ

d2zλ
e−|zλ|2

π
⟨ψt(z)|ψt(z∗)⟩

|ψt(z∗)⟩ ⟨ψt(z)|
⟨ψt(z)|ψt(z∗)⟩

.

For strong system-environment coupling, this becomes especially problematic since

the norm of the trajectories may vary significantly [55]. In theory this isn’t a problem

since we would consider infinite number of trajectories. In practice, we have to limit

to finite number of trajectories to approximate the ensemble mean. Consequently, a

few trajectories may dominate the ensemble, rendering other realizations obsolete.

This problem can be remedied by using importance sampling [61, 62]. In this case, it
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is done through the Girsanov transform [63]. Ultimately, this leads to the non-linear

NMQSD equation.

We begin by writing the reduced density matrix

ρS(t) = M[|ψt(z∗)⟩ ⟨ψt(z)|]

=

∫︂ ∏︂
λ

d2zλ
e−|zλ|2

π
|ψt(z∗)⟩ ⟨ψt(z)|

=

∫︂ ∏︂
λ

d2zλ
e−|zλ|2

π
||ψt(z∗)||2

|ψt(z∗)⟩ ⟨ψt(z)|
||ψt(z∗)||2

=

∫︂
d2zQt(z, z

∗)
|ψt(z∗)⟩ ⟨ψt(z)|

||ψt(z∗)||2

and identifying the Husimi Q-function [35]

Qt(z, z
∗) =

∏︂
λ

e−|zλ|2

π
⟨Ψt||z⟩ ⟨z||Ψt⟩ .

Utilizing (2.5), we can consider the time evolution of the Husimi function

∂tQt(z, z
∗) =

∏︂
λ

e−|zλ|2

π
(⟨Ψ̇t||z⟩ ⟨z||Ψt⟩+ ⟨Ψt||z⟩ ⟨z||Ψ̇t⟩)

= −
∑︂
λ

∂

∂z∗λ
[igλe

−iωλt ⟨L†⟩tQt(z, z
∗)] + h.c.

where ⟨L†⟩t = ⟨ψt(z)|L†|ψt(z)⟩
||ψt(z∗)||2 . Since the Husimi Q-function can be regarded as a

pseudo probability distribution, namely it is normalized, we can interpret the time

evolution above as the Liouville equation [64]. The Liouville equation describes

deterministic drift with

ż∗λ(t) = igλe
−iωλt ⟨L†⟩t (2.16)

for which we have

Qt(z, z
∗) =

∫︂ ∏︂
λ

d2zλ,0Q0(z0, z
∗
0)δ

2(z− zt(z0)).

The ordinary differential equation (2.16) has the formal solution

z̃∗λ(t) = z∗λ + igλ

∫︂ t

0

dse−iωλs ⟨L†⟩s .
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This leads to a shifted noise process

z̃∗t = −i
∑︂
λ

g∗λz̃
∗
λe
iωλt

= −i
∑︂
λ

g∗λz
∗
λe
iωλt +

∫︂ t

0

ds
∑︂
λ

|gλ|2eiωλ(t−s) ⟨L†⟩s

= z∗t +

∫︂ t

0

dsα∗(t− s) ⟨L†⟩s . (2.17)

The reduced density matrix is now given by the modified ensemble average

ρS(t) =

∫︂
d2zQt(z, z

∗)
|ψt(z∗)⟩ ⟨ψt(z)|

||ψt(z∗)||2

=

∫︂
d2z

∫︂
d2z0Q0(z0, z

∗
0)δ

2(z− z̃t(z0))
|ψt(z∗)⟩ ⟨ψt(z)|

||ψt(z∗)||2

=

∫︂ ∏︂
λ

d2zλ,0
e−|zλ,0|2

π

|ψt(z̃∗)⟩ ⟨ψt(z̃)|
||ψt(z̃∗)||2

= M
[︃ |ψt(z̃∗)⟩ ⟨ψt(z̃)|

||ψt(z̃∗)||2
]︃
.

Clearly now each realisation is taken into account with equal weight which will

prove to be important for numerical performance. By utilizing the linear NMQSD

equation (2.13) with the new shifted noise process, we obtain

d

dt
|ψt(z̃∗)⟩ =

∂ |ψt(z̃∗)⟩
∂t

+
∑︂
λ

∂z∗λ(t)

∂t

∂ |ψt(z̃∗)⟩
∂z∗λ

=

[︃
−iHS + z̃∗tL− L†

∫︂ t

0

dsα(t− s)
δ

δz̃∗s

]︃
|ψt(z̃∗)⟩

+
∑︂
λ

igλe
−iωλt ⟨L†⟩t ⟨z̃||aλUt|Ψ0⟩ .

Treating the last term the same way as for the linear NMQSD equation, we obtain

finally the sought after non-linear NMQSD equation

∂t |ψt(z̃∗)⟩ = −iHS |ψt(z̃∗)⟩+ z̃∗tL |ψt(z̃∗)⟩ − (L† − ⟨L†⟩t)
∫︂ t

0

dsα(t− s)
δ

δz̃∗s
|ψt(z̃∗)⟩ .

(2.18)
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2.4 Finite Temperature

2.4.1 Encoding the Temperature in the BCF

The derived NMQSD equations in the previous section assumed zero temperature.

As outlined in ref. [24], assuming L ̸= L†, non-zero temperature can be incorporated

by using two independent noise processes leading the the linear NMQSD equation

∂t |ψt(z−∗, z+∗)⟩ =
[︃
−iHS + z−∗

t L− L†
∫︂ t

0

dsα−(t− s)
δ

δz−∗
s

]︃
|ψt(z−∗, z+∗)⟩

+

[︃
z+∗
t L† − L

∫︂ t

0

dsα+(t− s)
δ

δz+∗
s

]︃
|ψt(z−∗, z+∗)⟩ ,

where the processes z−∗
t and z+∗

t follow the statistics

M[z−∗
t ] = M[z−t ] = M[z−∗

t z−∗
s ] = M[z−t z

−
s ] = 0,

M[z−t z
−∗
s ] =

∑︂
λ

(n̄λ + 1)|gλ|2e−iωλ(t−s) ≡ α−(t− s),

M[z+∗
t ] = M[z+t ] = M[z+∗

t z+∗
s ] = M[z+t z

+
s ] = 0,

M[z+t z
+∗
s ] =

∑︂
λ

n̄λ|gλ|2eiωλ(t−s) ≡ α+(t− s),

where n̄λ is the Bose-Einstein distribution for the environmental mode ωλ. This way

of treating the temperature is called the thermo field method [65]. As expected,

as temperature approaches zero, the NMQSD equation above reduces to the zero

temperature case (2.13). This can be simplified for the special case L = L†. Here

the noise processes are combined into a sum process zt = z−t + z+t with

M[zt] = M[z∗t ] = M[ztzs] = M[z∗t z
∗
s ] = 0,

M[ztz
∗
s ] = α−(t− s) + α+(t− s) ≡ α(t− s),

where α(t− s) is the BCF given in (2.6). Now the linear NMQSD is the same form

as in the zero temperature case, only now the BCF is the finite temperature version

given in (2.6).



37

2.4.2 Thermal Stochastic Process

Encoding the temperature dependence in the BCF is convenient but numerically

brings complications since the noise process and BCF increases in magnitude as

temperature increases. Another way to incorporate temperature into the model is

by introducing a new noise process to model the temperature fluctuations [55]. We

assume that the environment is in the thermal state

ρE =

∫︂ ∏︂
λ

d2ηλ
e
− |ηλ|2

n̄λ

πn̄λ
|η⟩ ⟨η| (2.19)

and define a new state |Φ(t)⟩ = D†(η) |Ψt⟩ where |Ψt⟩ is a solution to the equation

(2.5) with the initial condition |Ψ0⟩ = |ψ0⟩ |η⟩. This state in turn satisfies the

Schrödinger equation

∂t |Φ(t)⟩ =D†(η)UtD(η) |ψ0⟩ |0⟩

=− iHS |Φ(t)⟩ − i
∑︂
λ

(gλL
†(aλ + ηλ)e

−iωλt + g∗λL(a
†
λ + η∗λ)e

iωλt) |Φ(t)⟩

=− iHS |Φ(t)⟩+ (LB†(t) + L†B(t)) |ϕ(t)⟩ − i(η∗tL+ ηtL
†) |Φ(t)⟩

where we have defined the function

ηt =
∑︂
λ

gλe
−iωλtηλ.

By comparing to equation (2.5), we see that there are additional terms present.

Proceeding with a Monte-Carlo interpretation, the initial thermal state is obtained

by sampling the initial condition η from the distribution (2.19). By direct calculation

we get the following statistics

M[ηλ] = M[η∗λ] = M[ηληµ] = M[η∗λη
∗
µ] = 0, M[ηλη

∗
µ] = δλµn̄λ.

With these the function ηt becomes a Gaussian stochastic process with the statistics

M[ηt] = M[η∗t ] = M[ηtηs] = M[η∗t η
∗
s ] = 0,

M[ηtη
∗
s ] =

∑︂
λ

n̄λ|gλ|2e−iωλ(t−s).
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In the continuum limit we obtain for the correlation

M[ηtη
∗
s ] =

∫︂
dωn̄(ω)J(ω)e−iω(t−s),

with n̄(ω) = (eβω − 1)−1. The reduced density matrix now becomes

ρS(t) =

∫︂ ∏︂
λ

d2ηλ
e
− |ηλ|2

n̄λ

πn̄λ
trE{D†(η)UtρS(0)⊗D(η) |0⟩ ⟨0|D†(η)U †

tD(η)}

=

∫︂ ∏︂
λ

d2ηλ
e
− |ηλ|2

n̄λ

πn̄λ
trE{Ũ t |Ψ0⟩ ⟨Ψ0| Ũ t}

=

∫︂ ∏︂
λ

d2ηλ
e
− |ηλ|2

n̄λ

πn̄λ
ρt(η),

where Ũ t = D†(η)UtD(η). By the Monte-Carlo interpretation we can write

ρS(t) = M
η
[ρt(η)],

i.e., we can compute the reduced density matrix as an average over the density

matrices ρt(η) where η is sampled from the thermal distribution. Each density

matrix ρt(η) can in turn be computed using the NMQSD equations with the added

noise term η∗tL+ ηtL
† with the initial condition ρS ⊗ |0⟩ ⟨0|. Thus we average over

two independent noise processes z∗t and ηt and therefore we can write

ρS(t) = M
z∗,η

[|ψt(z∗, η)⟩ ⟨ψt(z, η)|].

3 Hierarchy of Pure States

NMQSD determines the dynamics of open quantum systems that are linearly cou-

pled to a bath of quantum harmonic oscillators. While numerical errors and sam-

pling errors may arise during numerical calculations, the derivation does not rely on

any approximations, and thus it is considered exact. The most challenging aspect

of solving NMQSD lies in handling the functional derivative. In section (2.2) the

formal evolution equation (2.15) was derived for the ansatz (2.14). However, this



39

evolution equation also involves a functional derivative and generally approxima-

tions are necessary for this to be solved. One such approximation is the so-called

zeroth-order functional expansion (ZOFE) [66, 67], where the functional derivative

is essentially approximated as O(t, s, z∗) ≈ O0(t, s), with O0(t, s) representing the

zeroth-order term in the functional expansion of O(t, s, z∗) in terms of z∗t . This

makes the evolution of O0(t, s) simpler to solve but at the cost of being an approxi-

mation. Fortunately, an exact method for solving the NMQSD has been developed,

known as the hierarchy of pure states method (HOPS) [23].

In this section, we will present the HOPS formalism and derive the hierarchy of

stochastic pure states, a system of coupled stochastic differential equations. Follow-

ing this, we will qualitatively describe its numerical implementation in this thesis.

Subsequently, the non-linear HOPS will be introduced with a discussion on its im-

plementation. Finally, we will explore a method to express the BCF as a sum of

exponential functions and demonstrate how the stochastic processes z∗t and ηt ap-

pearing in NMQSD and HOPS can be generated for numerical computation. For

the derivation of HOPS we follow ref. [23].

3.1 Linear HOPS

We will first consider zero temperature. The HOPS method relies on the BCF being

expressed as a sum of exponential functions

α(t− s) =
K∑︂
µ=1

Gµe−Wµ(t−s). (3.1)

In fact this form is suitable for a wide variety of spectral densities and BCF [68].

Now we write the linear NMQSD (2.13) as

∂t |ψt(z∗)⟩ = −iHS |ψt(z∗)⟩+ z∗tL |ψt(z∗)⟩ − L† |ψ(1)
t (z∗)⟩ , (3.2)

where we have defined the auxiliary state

|ψ(1)
t (z∗)⟩ =

∫︂ t

0

dsα(t− s)
δ

δz∗s
|ψt(z∗)⟩ .
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The initial condition |Ψ0⟩ = |ψ0⟩ |0⟩ used in the derivation of the linear NMQSD

equation implies that δ|ψ0(z∗)⟩
δz∗s

= 0 for s ∈ R. Furthermore |ψt(z∗)⟩ must be inde-

pendent of the noise process z∗s for s < 0 and s > t. This allows us to write the

auxiliary state as |ψ(1)
t (z∗)⟩ = Dt |ψt(z∗)⟩ with

Dt =

∫︂ ∞

−∞
dsα(t− s)

δ

δz∗s
. (3.3)

Using the reasoning which lead to the above in reverse allows us to write [23]

Ḋt |ψt(z∗)⟩ =
∫︂ t

0

dsα̇(t− s)
δ

δz∗s
|ψt(z∗)⟩ .

By expressing the BCF as the sum of exponential functions (3.1), we can decompose

Dt into

Dt =
K∑︂
µ=1

Dµ,t =
K∑︂
µ=1

∫︂ t

0

dsGµe−Wµ(t−s) δ

δz∗s
,

from which we have

Ḋµ,t = −WµDµ,t.

With the decomposed form, we get for (3.2)

∂t |ψt(z∗)⟩ = −iHS |ψt(z∗)⟩+ z∗tL |ψt(z∗)⟩ − L†
K∑︂
µ=1

Dµ,t |ψt(z∗)⟩ . (3.4)

Next we consider the commutator [Dµ,t, z
∗
s ]F [z

∗], where F [z∗] is some operator de-

pending on the noise z∗t . We obtain

[Dµ,t, z
∗
s ]F [z

∗] = Dµ,t (z
∗
sF [z

∗])− z∗sDµ,tF [z
∗]

= Dµ,t(z
∗
s)F [z

∗] + z∗sDµ,tF [z
∗]− z∗sDµ,tF [z

∗]

=

∫︂ t

0

ds′Gµe−Wµ(t−s′) δz
∗
s

δz∗s′
F [z∗]

=

∫︂ t

0

ds′Gµe−Wµ(t−s′)δ(s′ − s)F [z∗]

= Gµe−Wµ(t−s)F [z∗],
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and thus we have

Dµ,t (z
∗
tF [z

∗]) = GµF [z∗] + z∗tDµ,tF [z
∗]. (3.5)

This can be generalized further by induction. Furthermore we consider the tuple

k = (k1, k2, ..., kK), with kµ ≥ 0, kµ ∈ N and for this we define

Dk
t =

K∏︂
µ=1

(Dµ,t)
kµ . (3.6)

With this notation we can also write

Dµ,t = Deµ
t ,

where eµ is the µ:th unit tuple. We claim that (3.5) is generalized for Dk
t as

Dk
t (z

∗
tF [z

∗]) =

(︄∑︂
µ

kµGµDk−eµ + z∗tD
k
t

)︄
F [z∗]. (3.7)

To prove this we consider Dk+eν
t (z∗tF [z

∗])

Dk+eν
t (z∗tF [z

∗]) = Deν
t Dk

t (z
∗
tF [z

∗])

= Deν
t

(︄∑︂
µ

kµGµDk−eµ
t F [z∗] + z∗tDk

t F [z
∗]

)︄

=

(︄∑︂
µ

kµGµDk−eµ+eν
t + GνDk

t + z∗tDk+eν
t

)︄
F [z∗].

On the second line we used the induction hypothesis (3.7) and on the third the base

case (3.5). Since we can write GνDk
t F [z

∗] = GνDk+eν−eν
t F [z∗], we can include it in

the sum and obtain the final form

Dk+eν
t (z∗tF [z

∗]) =

(︄∑︂
µ

kµGµDk+eν−eµ
t + z∗tDk+eν

t

)︄
F [z∗].

Hence by mathematical induction (3.7) is correct for k ̸= 0 with kµ ≥ 0 for all

µ ∈ {1, ..., K}. For the case k = 0 we have D0
t = 1. For the derivative Ḋk

t we have

Ḋk

t =
d

dt

[︄
K∏︂
µ=1

(Dµ,t)
kµ

]︄
= −

K∑︂
µ=1

kµWµ

K∏︂
ν=1

(Dν,t)
kν = −

K∑︂
µ=1

kµWµDk
t . (3.8)
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Let us now consider the time-evolution of the state |ψk
t (z

∗)⟩ = Dk
t |ψt(z∗)⟩

∂t |ψk
t (z

∗)⟩ = Ḋk

t |ψt(z∗)⟩+Dk
t |ψ̇t(z∗)⟩ .

By using (3.4), (3.7) and (3.8) we finally get an infinite system of coupled stochastic

differential equations, i.e., hierarchy of pure states (HOPS)

∂t |ψk
t (z

∗)⟩ =
(︄
−iHS −

K∑︂
µ=1

kµWµ + z∗tL

)︄
|ψk
t (z

∗)⟩+ L
K∑︂
µ=1

kµGµ |ψk−eµ
t (z∗)⟩

− L†
K∑︂
µ=1

|ψk+eµ
t (z∗)⟩ . (3.9)

Solving this hierarchy of equations is equivalent to solving the linear NMQSD for

|ψt(z∗)⟩ = |ψ0
t (z

∗)⟩. Note that the initial conditions are |ψ0
t (z

∗)⟩ = |ψ0⟩ and

|ψk
0 (z

∗)⟩ = 0 for all k ̸= 0 [23].

For the finite temperature case, if L = L† and the temperature is encoded in the

BCF, HOPS has the same form as above, with the sum process z∗t = z−∗
t +z+∗

t defined

in section 2.4.1. If the temperature is modeled by using the thermal stochastic

process, the stochastic potential η∗tL+ ηtL
† is simply added to the HOPS

∂t |ψk
t (z

∗)⟩ =
(︄
−iHS −

K∑︂
µ=1

kµWµ + z∗tL− i
(︁
η∗tL+ ηtL

†)︁)︄ |ψk
t (z

∗)⟩

+ L
K∑︂
µ=1

kµGµ |ψk−eµ
t (z∗)⟩ − L†

K∑︂
µ=1

|ψk+eµ
t (z∗)⟩ .

In principle HOPS gives exact solutions to the NMQSD. However, in practice the

hierarchy needs to be truncated at some finite level for it to be a practical method.

This is done by setting a terminator state for the last level of the hierarchy. An

example of such terminator would be [23]

|ψk+eµ
t (z∗)⟩ =

K∑︂
ν=1

(k+ eµ)νGν
(k+ eµ) ·W

L |ψk+eµ−eν
t (z∗)⟩ ,

where W = (W1,W2, ...,WK) and k is chosen such that the components are large.

The value of k can be determined in several ways. One of the simplest ways is
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by using the triangular truncation condition where k is chosen such that |k| =∑︁
µ kµ ≤ K, for some predetermined K. More sophisticated truncation conditions

and terminators have also been considered, e.g. see ref. [69]. In this thesis, we will

use the triangular truncation condition with the simple terminator

|ψk+eµ
t (z∗)⟩ = 0.

The final size of the hierarchy, i.e., the number of auxiliary states, depends on two

factors. Firstly, it clearly depends on the depth of the hierarchy, meaning that the

truncation condition dictates how deep the hierarchy will be. Secondly, the width

of the hierarchy depends on how many terms we include in the exponential sum

representing the BCF. Depending on the truncation condition, varying the depth

of the hierarchy might have a more significant impact on its size. However, for the

triangular truncation condition, increasing the number of terms in the BCF sum

increases the size of the hierarchy significantly more compared to varying the depth.

The linear HOPS, where the hierarchy has been truncated with some condition,

can be written formally as

∂tΨ = BΨ+ z∗tLΨ, (3.10)

where Ψ = (|ψ0
t (z

∗)⟩ , |ψe1
t (z∗)⟩ , ...)T contains the pure states of the hierarchy. The

block matrices B and L can be expressed illustratively

B =

⎛⎜⎜⎜⎜⎝
−iHS −L† −L† 0 · · ·

k1G1L −iHS −
∑︁

µ kµWµ 0 0 · · ·
...

...
...

... . . .

⎞⎟⎟⎟⎟⎠ ,

L = diag(L,L, · · · )

where the blocks in B are placed such that (3.10) produces the HOPS. If the Hamil-

tonian HS is time-independent, then the matrix B is truly constant and can be

calculated once in the beginning of the simulation. This is desirable, since most
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of the entries in B are zero and for this reason the matrix can be represented as

a sparse matrix. Sparse matrices are both memory efficient and allow for efficient

matrix vector multiplication. However, sparse matrices aren’t efficiently modifiable

and thus they should be constructed once. This is also the reason why the noise

process in (3.10) is separated from B. To incorporate the noise in an efficient man-

ner, we can sample the noise first, multiply L with Ψ and then scale the resulting

vector with the noise z∗t . One could also first scale the vector with the noise and

then perform the matrix vector multiplication.

For a time dependent Hamiltonian we have the following form

∂tΨ =
∑︂
i,j

HS,ij(t)H(ij)Ψ+ B′Ψ+ z∗tLΨ.

Here HS,ij(t) are the entries of the Hamiltonian and H(ij) the block matrix corre-

sponding to those entries. For example for a two-level system we would have

H(ij) = diag

⎛⎜⎝
⎛⎜⎝δ0iδ0j δ0iδ1j

δ1iδ0j δ1iδ1j

⎞⎟⎠ ,

⎛⎜⎝δ0iδ0j δ0iδ1j

δ1iδ0j δ1iδ1j

⎞⎟⎠ , · · ·

⎞⎟⎠ .

The block matrix B′ is otherwise the same as B but the Hamiltonians have been

removed from the diagonal. For finite temperature, when L = L† and the tempera-

ture is encoded in the BCF, i.e., in {Gµ}, {Wµ} and z∗t , the forms presented above

apply. For the thermal noise process a slight modification needs to be made

∂tΨ =
∑︂
i,j

HS,ij(t)H(ij)Ψ+ B′Ψ+ (z∗t − iη∗t )LΨ− iηtL†Ψ

with L† = diag(L†, L†, · · · ). The integration of each of the presented situations can

be done with an ordinary differential equation integrator since the noise processes z∗t

and ηt are coloured noise. In this thesis we use the explicit Runge-Kutta method of

order 4(5), which uses the Dormand-Prince pair of formulas [70], which is provided

in scipy [71].
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3.2 Non-linear HOPS

The convergence of NMQSD was improved by the use of importance sampling,

where the trajectories get equally weighted in the ensemble average, resulting in the

non-linear NMQSD equation (2.18). HOPS can also be derived for this case. The

only difference in the derivation is that the starting point is the non-linear NMQSD

equation instead of the linear one. One then arrives at the non-linear HOPS

∂t |ψk
t (z̃

∗)⟩ =
(︄
−iHS −

K∑︂
µ=1

kµWµ + z̃∗tL

)︄
|ψk
t (z̃

∗)⟩+ L

K∑︂
µ=1

kµGµ |ψk−eµ
t (z̃∗)⟩

− (L† − ⟨L†⟩t)
K∑︂
µ=1

|ψk+eµ
t (z̃∗)⟩ , (3.11)

where z̃∗t is the shifted noise process (2.17) and the expectation value is now given

by the zeroth level state

⟨L†⟩t =
⟨ψ0

t (z̃)|L†|ψ0
t (z̃

∗)⟩
⟨ψ0

t (z̃)|ψ0
t (z̃

∗)⟩ .

When considering finite temperature, the temperature is represented using the ther-

mal stochastic process ηt and the thermal noise terms are just added as in the case

of linear HOPS

∂t |ψk
t (z̃

∗)⟩ =
(︄
−iHS −

K∑︂
µ=1

kµWµ + z̃∗tL− i
(︁
η∗tL+ ηtL

†)︁)︄ |ψk
t (z̃

∗)⟩

+ L
K∑︂
µ=1

kµGµ |ψk−eµ
t (z̃∗)⟩ − (L† − ⟨L†⟩t)

K∑︂
µ=1

|ψk+eµ
t (z̃∗)⟩ .

Similarly to the linear HOPS, the truncated non-linear HOPS can be formally

written as

∂tΨ = BΨ+ z̃∗tLΨ+ ⟨L†⟩tPΨ,

where B and L are the same block matrices as for the linear HOPS but a new term

is added where the block matrix

P =

⎛⎜⎜⎜⎜⎝
0 1 1 · · · 0 · · ·

0 0 · · · 1 0 · · ·
...

... . . . ...
... . . .

⎞⎟⎟⎟⎟⎠
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contains identity matrices on the indices of the positive neighbour states, i.e., for a

fixed k the indices of the auxiliary states |ψk+eµ
t (z̃∗)⟩. This separation is again done

due to the use of sparse matrices. In the time-dependent case matrix B is split into

the time-dependent and time-independent parts resulting in

∂tΨ =
∑︂
i,j

HS,ij(t)H(ij)Ψ+ B′Ψ+ z̃∗tLΨ+ ⟨L†⟩tPΨ,

where HS,ij, H(ij) and B′ are the same as for the linear case.

One non-trivial challenge is the computation of the shifted noise process z̃∗t . A

naive way of implementing this is by storing the expectation values ⟨L†⟩t at each

time step and then computing the convolution like integral
∫︁ t
0

dsα∗(t−s) ⟨L†⟩s. This

integral has to be recomputed at each time step which will become inefficient if the

time step is very small and if one wishes to simulate for a long time period. In

other words the the time complexity of each time step would be O(N) where N is

the number of time steps taken. This will become very inefficient compared to the

linear HOPS which has constant or O(1) time complexity each time step.

Due to the construction of HOPS, this can be solved quite simply [55]. Since it

is already assumed that the BCF is expressed as a sum of exponential functions, we

can rewrite the shifted noise as

z̃∗t = z∗t +

∫︂ t

0

dsα∗(t− s) ⟨L†⟩s

= z∗t +
K∑︂
µ=1

∫︂ t

0

dsG∗
µe

−W ∗
µ (t−s) ⟨L†⟩s

= z∗t +
K∑︂
µ=1

ξµ(t),

where we have defined ξµ(t) =
∫︁ t
0

dsG∗
µe

−W ∗
µ (t−s). By taking the time derivative of

ξµ(t) we find

ξ̇µ(t) = G∗
µ ⟨L†⟩t −

∫︂ t

0

dsG∗
µW

∗
µe

−W ∗
µ (t−s)

= G∗
µ ⟨L†⟩t −W ∗

µξµ(t).
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Using this we can compute the shifted noise by propagating each ξµ(t) along with

the HOPS and then summing them together. This has two obvious benefits. Firstly,

each time step is now O(1) as in the case of linear HOPS. Secondly, the expectation

values ⟨L†⟩t no longer need to be stored, reducing memory usage.

For completeness, when considering finite temperature, the noise terms are added

for the thermal stochastic process resulting in

∂tΨ =
∑︂
i,j

HS,ij(t)H(ij)Ψ+ B′Ψ+ (z̃∗t − iη∗t )LΨ− iηtL†Ψ+ ⟨L†⟩tPΨ.

3.3 Approximating the BCF Exponential Sum

HOPS formalism requires the BCF to be expressed as a series of exponential func-

tions. Some bath correlation functions may already be in an exponential form but

for the general case this sum has to be approximated. There are two major re-

quirements for this approximation. Firstly, it ought to be accurate. Secondly, we

want to achieve this high accuracy with the least amount of terms in the sum as

possible. This is because the numerical effort required to solve the HOPS is directly

proportional to the size of the hierarchy. The accuracy of HOPS also increases with

the depth of the hierarchy [55]. To be able to increase the depth of the hierarchy,

we don’t want the size of the hierarchy to increase unnecessarily much due to its

width. A popular method of constructing this approximation is by using the Padé

spectrum decomposition method [72]. In this thesis we use the time-domain Prony

fitting decomposition (t-PFD) method [73] which we will walk through next.

Let us write the BCF as

α(τ) = α(r)(τ) + iα(i)(τ),

where α(r)(τ) = Re α(τ) and α(i)(τ) = Im α(τ). The t-PFD method will be applied

separately to the real- and imaginary part, i.e., we will have

α(τ) ≈
K∑︂
µ=1

Gµe−Wµτ =
Kr∑︂
µ=1

G(r)
µ e−W

(r)
µ τ + i

Ki∑︂
µ=1

G(i)
µ e

−W (i)
µ τ ,
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where K = Kr+Ki. Let us consider the real part. First α(r)(τ) is sampled to obtain

ϕi = α(r)(k∆τ), k = 0, ..., 2N,

where ∆τ = τc
2N

with τc being the cut-off time of α(r)(τ). Next from these samples

the corresponding Hankel matrix is constructed

S =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

ϕ0 ϕ1 · · · ϕN

ϕ1 ϕ2 · · · ϕN+1

...
... . . . ...

ϕN ϕN+1 · · · ϕ2N

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

This can be decomposed with Takagi’s factorization [74]

Sum = σmu
∗
m, m = 0, ..., N,

where σm are the c-eigenvalues and um the corresponding c-eigenvectors. The values

{|σm|} are sorted in descending order with vectors {um} sorted accordingly. The

Kr:th vector uKr is then chosen with which the following polynomial is constructed

f(z) =
N∑︂
n=0

(uKr)nz
n,

whose roots we denote {zi}Ni=1. Kr of these roots are inside the unit circle [75], i.e.,

|zk| < 1. Now the exponents {W (r)
µ } are obtained by

W (r)
µ = −2N

τc
(ln |zµ|+ iarg(zµ)) ,

where arg(zµ) ∈ (−π, π]. The coefficients {G(r)
µ } are obtained by least-square fitting

the system of 2N + 1 equations

ϕk =
Kr∑︂
µ=1

G(r)
µ zkµ, k = 0, ..., 2N,

where the roots zµ are those for which |zµ| < 1. Now we have obtained the expo-

nential series expansion for α(r)(τ). Using the same steps for α(i)(τ), we obtain the

final series expansion for α(τ).
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Figure 4. t-PFD fittings of the BCF were performed with varying numbers of terms
included, with N = 3000. The spectral density parameters used were α = 0.027 ps2

and ξ = 1.45 meV.

Figure 4 illustrates the t-PFD fittings obtained using various values for Kr and

Ki to represent the real and imaginary parts of the BCF, as given in (2.6), at zero

temperature with the QD spectral density (1.6). At Kr = Ki = 2, the shape of

the fitted real and imaginary parts closely resemble the exact curves. Already at

Kr = Ki = 4, an almost precise approximation is achieved which is highly desirable

for HOPS. Therefore for practical purposes, including more than four terms for each

part would be unnecessary and throughout this thesis we use Kr = Ki = 4.

3.4 Noise Generation

NMQSD and consequently HOPS yields the reduced density matrix by taking the

ensemble average over different realizations of the noise process z∗t . In other words,

each stochastic process results in a new stochastic pure state |ψt(z∗)⟩ and the reduced

density matrix is obtained by averaging over the dyads |ψt(z∗)⟩ ⟨ψt(z)|. For NMQSD
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and HOPS to be effective numerical methods, we need a way to generate these

processes. Additionally, when finite temperature is considered using the thermal

noise processes, those need to be generated as well. Both of these noise processes

can be generated similarly with a simple method.

Let us start by considering zero-temperature. The BCF can be expressed as the

Riemann sum

α(t− s) =

∫︂
dωJ(ω)e−iω(t−s) ≈

∑︂
k

∆ωJ(k∆ω)e−ik∆ω(t−s).

The noise process z∗t has the statistics as derived earlier

M[z∗t ] = 0, M[z∗t z
∗
s ] = 0, M[ztz

∗
s ] = α(t− s).

For a fixed ∆ω we define the noise process

Z∗
t =

∑︂
k

ξ∗k
√︁
J(k∆ω)eik∆ωt, (3.12)

where {ξ∗k} are random variables such that

M[ξ∗k] = M[ξk] = M[ξ∗kξ
∗
l ] = M[ξkξl] = 0, M[ξkξ

∗
l ] = ∆ωδkl.

By using these statistics, we obtain by direct calculation

M[Z∗
t ] =

∑︂
k

M[ξ∗k]
√︁
J(k∆ω)eik∆ωt = 0

M[Z∗
t Z

∗
s ] =

∑︂
k

∑︂
l

M[ξ∗kξ
∗
l ]
√︁
J(k∆ω)J(l∆ω)eik∆ωt−il∆ωs = 0

M[ZtZ
∗
s ] =

∑︂
k

∑︂
l

M[ξkξ
∗
l ]
√︁
J(k∆ω)J(l∆ω)e−ik∆ωt+il∆ωs

=
∑︂
k

∆ωJ(k∆ω)e−ik∆ω(t−s)

≈ α(t− s).

The process (3.12) satisfies the required statistics and is thus applicable to be used

as the noise z∗t . In practice, the noise is generated by sampling Gaussian distributed
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random variables {ξk} with zero mean and variance {ξkξ∗k} = ∆ω. Further more

since ξ∗k are complex numbers the real and imaginary parts can be sampled inde-

pendently from Gaussian distributions with

M[Re ξ∗k] = M[Im ξ∗k] = 0, M[(Re ξ∗k)
2] = M[(Im ξ∗k)

2] =
∆ω

2
.

Note that the noise generated by this method is periodic with period 2π
∆ω

. Thus one

needs to make sure that ∆ω is chosen such that the maximum simulation time tmax

does not exceed the period of the noise, i.e., tmax <
2π
∆ω

.

When incorporating the temperature in the BCF, we ended up with two noise

processes. These can be generated similarly by

z−∗
t =

∑︂
k

ξ−∗
k

√︁
J(k∆ω)eik∆ωt,

z+∗
t =

∑︂
k

ξ+∗
k

√︁
J(k∆ω)e−ik∆ωt,

where {ξ−∗
k } and {ξ+∗

k } are Gaussian random variables with

M[ξ−∗
k ] = 0, M[ξ−k ξ

−∗
l ] = ∆ω(n̄k + 1)δkl,

M[ξ+∗
k ] = 0, M[ξ+k ξ

+∗
l ] = ∆ωn̄kδkl,

where n̄k = (eβk∆ω − 1)−1. By direct calculation we get

M[z−t z
−∗
t ] =

∑︂
k

∆ω(n̄k + 1)J(k∆ω)e−ik∆ω(t−s) ≈ α−(t− s),

M[z+t z
+∗
t ] =

∑︂
k

∆ωn̄kJ(k∆ω)e
ik∆ω(t−s) ≈ α+(t− s).

For the special case L = L†, the noise z∗t = z−∗
t + z+∗

t can be generated by simply

generating z−∗
t and z+∗

t separately and then summing them together.

The thermal stochastic process can also be generated in the same way. By

sampling Gaussian distributed random variables {ξk} with zero mean and for a

fixed ∆ω

M[ξkξl] = 0, M[ξkξ
∗
l ] = ∆ωn̄kδkl,
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we can define the process

ηt =
∑︂
k

ξk
√︁
J(k∆ω)e−ik∆ωt. (3.13)

By direct calculation we find the correct covariance

M[ηtη
∗
s ] =

∑︂
k

∆ωn̄kJ(k∆ω)e
−ik∆ω(t−s) ≈

∫︂
dωn̄(ω)J(ω)e−iω(t−s).

4 Simulating Quantum Dot Dynamics Using HOPS

NMQSD and HOPS are methods to solve the dynamics of any system that is cou-

pled to a bath of harmonic oscillators and therefore we can apply them to the QD

system of interest. The derivation of NMQSD was based on the assumption that the

environment coupling is linear, without any specific assumptions made about the

strength of the coupling. As such, we can investigate the dynamics of the QD system

in both weak and strong coupling, and low and high temperatures. In this section,

as a benchmark, we will first compare the exact solution of the independent boson

model to the solutions obtained with HOPS. Then, we will compute the absorption

spectra for the QD in the absence of the cavity, only needing to consider one trajec-

tory. After that, we will demonstrate how HOPS can be used to calculate response

functions in general for the QD. Subsequently, we will compute the spectrum of

resonance fluorescence for the QD driven both directly and indirectly. In the direct

case, we consider the QD to have no cavity coupling, and the monochromatic drive

is applied to the QD directly. In the other case, we couple the QD to the cavity and

drive the cavity instead. The cavity operators are eliminated by adiabatic elimina-

tion to simplify the analysis. Finally, we will consider the weak coupling limit by

comparing the dynamics obtained from Redfield theory to the exact HOPS solution.
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4.1 Simulation of the Independent Boson Model

In Section 1.2, we derived the exact dynamics of the independent boson model.

Now, we can benchmark HOPS against it to assess its performance. In fact, for

the independent boson model, we can derive an exact expression for the functional

derivative that appears in the NMQSD equation. As outlined in Section 2.2, we can

try the ansatz

O(t, s, z∗) = O = L = |X⟩ ⟨X| .

We immediately see that this satisfies the evolution equation (2.15) since ∂tO = 0

and O commutes with HS, L and Ō(t). Thus for the independent boson model we

can set

δ

δz∗s
= |X⟩ ⟨X| ,

and the linear NMQSD obtains the form

∂t |ψt(z∗)⟩ =
(︃
−iωX + z∗t −

∫︂ t

0

dsα(t− s)

)︃
|X⟩ ⟨X|ψt(z∗)⟩ .

This enables us to compare single trajectories of NMQSD and HOPS to see how

different hierarchy depths compare to the exact solution given by NMQSD.

Figures 5 and 6 display the coherences of the QD calculated using linear HOPS.

For both figures, in panels (a), the temperature was incorporated with the thermal

stochastic process, and in panels (b), with the thermo field method. It is evident

from both figures that the thermal stochastic process yields more rapidly converging

results. Particularly in figure 6, we observe a significant deviation in coherence

at T = 75 K even with 16384 trajectories using the thermo field method. This

deviation is pronounced due to the fact that linear HOPS do not preserve the norm

of the state vector. Consequently, certain trajectories may dominate the ensemble

average, as illustrated in figure 6. The coherence obtained with non-linear HOPS

is presented in figure 7. Here, we clearly observe rapid convergence due to the
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Figure 5. Coherence of the QD for the independent boson model across various tra-
jectory amounts and temperatures. The temperatures are 0 K, 25 K and 75 K from
top to bottom on each panel. The gray lines represent the coherences acquired from
the exact solution. Panels (a) model the temperature using the thermal stochastic
process, while panels (b) employ the thermo field method. Other parameters used:
α = 0.027 ps2, ξ = 1.447 meV and K = 4.
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Figure 6. Coherence of the QD for the independent boson model across various tra-
jectory amounts and temperatures. The temperatures are 0 K, 25 K and 75 K from
top to bottom on each panel. The gray lines represent the coherences acquired from
the exact solution. Panels (a) model the temperature using the thermal stochastic
process, while panels (b) employ the thermo field method. Other parameters used:
α = 0.15 ps2, ξ = 1.447 meV and K = 4.
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Figure 7. Coherence of the QD for the independent boson model across various
trajectory amounts and temperatures obtained using non-linear HOPS. The tem-
peratures are 0 K, 25 K and 75 K from top to bottom on each panel. The gray lines
represent the coherences acquired from the exact solution. Other parameters used:
α = 0.15 ps2, ξ = 1.447 meV and K = 4.
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Figure 8. Population of the QD across various trajectory amounts calculated with
(a) linear HOPS and (b) non-linear HOPS. The gray lines represent the population
acquired from the exact solution for the density matrix. Other parameters used:
α = 0.027 ps2, ξ = 1.447 meV, K = 4 and T = 25 K.
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act solution. For reference, the gray lines represent the population and coherence
acquired from the exact solution for the density matrix. Other parameters used:
α = 0.15 ps2, ξ = 1.447 meV and T = 0 K.
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importance sampling, demonstrating significantly better performance compared to

the linear HOPS results. At 512 trajectories, the solutions have already converged

to an acceptable accuracy.

The population of the QD is depicted in figure 8. Here, we also observe that non-

linear HOPS yield results more consistent with the exact solution. In both cases, the

temperature was incorporated using the thermal stochastic process. As previously

mentioned, we can compare single trajectories to the NMQSD equation, since the

functional derivative obtains an explicit form, namely δ
δz∗s

= |X⟩ ⟨X|. Figure 9

displays the population and coherence of the QD for single trajectories with varying

hierarchy depths. At K = 4, we observe an almost perfect agreement between HOPS

and NMQSD.

4.2 Linear Absorption of the Quantum Dot

The linear absorption spectrum for the QD system can be calculated in a straight-

forward way using NMQSD and HOPS, by propagating only a single trajectory [66].

We neglect cavity coupling. The Hamiltonian is of the form

H = H0 +Hfield = ωX |X⟩ ⟨X|+
∑︂
λ

ωλa
†
λaλ + |X⟩ ⟨X|

∑︂
λ

gλ(aλ + a†λ) +Hfield.

Here the coupling operator can be identified to be L = L† = |X⟩ ⟨X|, which enables

us to write the NMQSD equation for the Hamiltonian without the external field

∂t |ψt(z∗)⟩ =
(︃
−iωX + z∗t −

∫︂ t

0

dsα(t− s)

)︃
|X⟩ ⟨X|ψt(z∗)⟩ . (4.1)

The QD is a two-level system and therefore we can compute the absorption spectrum

by using equation (1.38). Here we have Eg = 0 and |Ψ(0)⟩ = |X⟩ |0⟩ since the ground

state of H0 is |Ψg⟩ = |g⟩ |0⟩. To utilize NMQSD we express the state |Ψ(t)⟩ with

Bargmann states

|Ψ(t)⟩ =
∫︂ ∏︂

λ

d2zλ
e−|zλ|2

π
|ψt(z∗)⟩ ||z⟩ .
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Now we find for the overlap

⟨Ψ(0)|Ψ(t)⟩ =
∫︂ ∏︂

λ

d2zλ
e−|zλ|2

π
⟨X|ψt(z∗)⟩ ⟨0||z⟩ = ⟨X|ψt(z∗ = 0)⟩ .

Here we see directly that only one trajectory needs to be propagated since z∗t = 0.

For the NMQSD equation this means

∂t |ψt(z∗ = 0)⟩ =
(︃
−iωX −

∫︂ t

0

dsα(t− s)

)︃
|X⟩ ⟨X|ψt(z∗ = 0)⟩ ,

which has the solution

|ψt(z∗ = 0)⟩ = Cg |g⟩+ CX exp

(︃
−iωXt−

∫︂ t

0

ds
∫︂ s

0

ds′α(s− s′)

)︃
|X⟩ .

For the absorption spectrum we have by equation (1.38)

A(ω) ∝ Re
∫︂ ∞

0

dτ exp
(︃
−i(ωX − ω)t−

∫︂ t

0

ds
∫︂ s

0

ds′α(s− s′)

)︃
.

This is a case where encoding the temperature in the BCF is especially useful since

the noise process is set to be zero. This enables us to still only need to consider a

single trajectory while being able to study finite temperature. One could of course

use the thermal noise process to model the temperature but that would require

multiple trajectories to be computed.

In figure 10, we plotted the absorption spectrum of the QD obtained using both

the independent boson model and HOPS. As previously discussed, the HOPS sim-

ulation was performed by propagating a single trajectory at a hierarchy depth of

K = 7. We see that the spectra exhibit a strong agreement. Figure 11 displays

absorption spectra of the QD calculated using various hierarchy depths. Clearly we

see that the spectra converge rapidly toward the one obtained with NMQSD. Al-

ready at K = 4, we observe nearly perfect convergence, despite the relatively strong

phonon coupling strength. In figure 12, the QD absorption spectra are simulated

at various temperatures while maintaining a fixed hierarchy depth of K = 7. As

expected, we observe a decrease in the peak height and broadening of the spectra

as the temperature rises.
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Figure 10. QD absorption spectra calculated exactly for the independent boson
model, and with HOPS. Parameters used: α = 0.027 ps2, ξ = 1.447 meV, T = 0 K
and K = 7.
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Figure 11. QD absorption spectra calculated with HOPS for different hierarchy
depths and compared with NMQSD. Parameters used: α = 0.1 ps2, ξ = 1.447 meV
and T = 4 K.
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Figure 12. QD absorption spectra with different temperatures. Solid lines are
obtained using HOPS and dashed lines are the corresponding NMQSD solutions.
Parameters used: α = 0.027 ps2, ξ = 1.447 meV and K = 7.
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Figure 13. QD absorption spectra with different temperatures with a strong coupling
to the environment. Solid lines are obtained using HOPS and dashed lines are the
corresponding NMQSD solutions. Parameters used: α = 0.376 ps2, ξ = 1.447 meV
and K = 8.
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In figure 13, we have calculated the absorption spectra at two different temper-

atures with strong phonon coupling. We observe qualitative agreement with the

spectra calculated in reference [76] (FIG. 2). Here, we notice that although the

spectrum is dominated by the independent boson model lorenzian peak, slight side-

bands are also present. The asymmetry of the sidebands, particularly noticeable

in the T = 4 K case, arise from varying probabilities of phonon absorption and

emission. Specifically, at the lower temperature, phonon emission tends to be more

probable than phonon absorption [76].

4.3 Response Functions

The response function ϕBA(t) of an observable B under the influence of the operator

A is given by Kubo’s theorem (1.29)

ϕBA(τ) = itr{B(τ)[A, ϱeq]}.

This can be rewritten to a more useful form

ϕBA(τ) = itr{BUτ [A, ϱeq]U †
τ},

where Uτ = exp(−iH0τ) is the propagator for the unperturbed evolution [69]. To

utilize HOPS, we assume that the equilibrium state factorizes ϱeq ≈ ρeq
S ⊗ ρeq

E . With

this assumption, and defining κ(τ) = Uτ [A, ϱeq]U †
τ , we can write

ϕBA(τ) = itrS{Bκ(τ)},

κ(τ) = trE{Uτ [A, ρeq
S ]⊗ ρeq

E U †
τ}

= trE{UτκS ⊗ ρeq
E Uτ †},

where κS = [A, ρeq
S ]. To compute the response function, all that needs to be done

is to compute κ(τ). To be able to do this with HOPS, κS needs to be expressed as

a composition of pure states [69]. If we assume that A is Hermitian, then κS is a
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normal operator and it can be expressed using the spectral decomposition [77]

κS =
∑︂
λ

aλ |φλ⟩ ⟨φλ| ,

where aλ are the eigenvalues of κS and |φλ⟩ the corresponding eigenvectors. As-

suming that the equilibrium state for the environment is the thermal state, we can

write

κ(τ) =
∑︂
λ

aλtrE{Uτ |φλ⟩ ⟨φλ| ⊗ ρeq
E U †

τ} =
∑︂
λ

aλM[|φλ,t(z∗)⟩ ⟨φλ,t(z)|].

Thus κ(τ) can be computed by propagating each eigenvector |φλ⟩ using HOPS. Note

that the propagation of the eigenvectors |φλ⟩ is done by using same noise processes.

The reduced equilibrium state ρeq
S can be obtained by either calculating the exact

expression ρeq
S = exp(−βHS)/tr[exp(−βHS)] or by approximately computing ρeq

S ≈

ρS(∞), where ρS(∞) denotes the asymptotic reduced density matrix, which can be

computed using HOPS.

We again neglect the cavity coupling. The Hamiltonian used for the subsequent

calculations is of the form

HS = ∆ |X⟩ ⟨X|+ Ω

2
(|g⟩ ⟨X|+ |X⟩ ⟨g|)

with ∆ = 0.2 meV and Ω = 0.3 ps−1. We compute the response function ϕBA(t)

for A = B = σx across various temperatures and phonon coupling strengths. In

figures 14 and 15, we have computed the response functions at a temperature of

T = 4 K for both cases, with coupling strengths α = 0.027 ps2 and α = 0.15 ps2,

respectively. The propagation was performed with non-linear HOPS with a hierarchy

depth of K = 6. We notice that only a few trajectories need to be calculated.

With 16 trajectories, we observe the response function taking its overall shape and

already with 256 trajectories we achieve significant convergence. In figure 16 we

have calculated the response function at T = 70 K. In this case we see that more

trajectories are needed to obtain a smooth result. At 512 trajectories significant



65

−0.25

0.00

0.25

0.50
Trajectories: 16 Trajectories: 64

0 100

−0.25

0.00

0.25

0.50
Trajectories: 128

0 100

Trajectories: 256

t (ps)

φ
B
A

(t
)

Figure 14. Response function ϕBA(t), A = B = σx, calculated with different amounts
of trajectories. QD parameters used: α = 0.027 ps2, ξ = 1.447 meV and T = 4 K.

artifacts are present and with 5120 trajectories some faint noise can still be seen.

The increase in needed trajectories is expected since the variance of the coefficients

in the generated noise (3.13) increases as the temperature increases. This increase

is due to the fact that the variance of the coefficients depend on the Bose-Einstein

distribution, which increases as temperature increases. With a greater variance, the

thermal noise process fluctuates significantly more and consequently this requires

more trajectories to be computed to smooth out the contribution of the thermal

processes.
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Figure 15. Response function ϕBA(t), A = B = σx, calculated with different amounts
of trajectories. QD parameters used: α = 0.15 ps2, ξ = 1.447 meV and T = 4 K.
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Figure 16. Response function ϕBA(t), A = B = σx, calculated with different amounts
of trajectories. QD parameters used: α = 0.027 ps2, ξ = 1.447 meV and T = 70 K.
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4.4 Emission Spectra

4.4.1 Directly Driven QD

Let us first consider the QD being directly driven by an external monochromatic

drive without coupling to the cavity, with the Hamiltonian given in (1.23) in the

rotating wave approximation. The spectrum of resonance fluorescence for incoherent

scattering is given by (1.40). By assuming the factorization of the system and

environment states, the steady state expectation value ⟨σ̃+σ̃−(τ)⟩ss can be calculated

by

⟨σ̃+σ̃−(τ)⟩ss = tr{σ̃+σ̃−ϱ(∞)}

= trS{σ̃−trE{Uτϱ(∞)σ̃+U †
τ}}

= trS{σ̃−trE{UτκS ⊗ ρeq
E U †

τ}},

where we have defined κS = ρS(∞)σ̃+. As discussed previously, the steady state

ρS(∞) can be computed by using HOPS. In general κS is neither Hermitian nor

normal so we cannot express it by using the spectral decomposition. However, since

we are considering a two-level system, we can utilize the fact that any complex

matrix A ∈ M2×2(C) can be expressed uniquely by using the Pauli spin matrices

A = λ01+ λxσx + λyσy + λzσz,

where the coefficients λi are obtained from the entries of the matrix

λ0 =
1

2
(A00 + A11), λx =

1

2
(A01 + A10),

λy =
i

2
(A01 − A10), λz =

1

2
(A00 − A11).

Since Pauli matrices are Hermitian, they can be decomposed into a sum of orthogonal

pure states and therefore any matrix can be decomposed as well. In particular for
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Figure 17. Spectrum of resonance fluorescence for the QD being directly driven.
Parameters used: Ω = 0.06 ps−1, α = 0.027 ps2, ξ = 1.447 meV and T = 4 K.

κS we have

κS = (λ0 + λz) |g⟩ ⟨g|+ (λ0 − λz) |X⟩ ⟨X|

+ λx(|+⟩x x⟨+| − |−⟩x x⟨−|) + λy(|+⟩y y⟨+| − |−⟩y y⟨−|), (4.2)

where |±⟩x = 1√
2
(|g⟩±|X⟩) and |±⟩y = 1√

2
(|g⟩± i |X⟩). Thus κ(τ) can be computed

by propagating each of the pure states present in the decomposition.

Figure 17 displays the incoherent emission spectrum of the QD across various

numbers of trajectories. The QD was driven with the phonon-shifted transition

frequency (1.16), i.e., ωD = ω′
X , and we propagated each of the pure states obtained

from the pure state decomposition (4.2) using non-linear HOPS with a hierarchy

depth of K = 5. With 128 trajectories, the distinct triple peaks of the Mollow triplet

are visible, albeit with significant noise. Increasing to 1024 trajectories reduces the

noise significantly, resulting in a smoother spectrum. Additionally we observe, more

prominently with 512 trajectories and fewer, the asymmetry of the sideband peaks,
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which is caused by the phonon coupling [76, 78].

4.4.2 Adiabatic Elimination

Thus far we have not taken into account the cavity. The QD has just been driven

directly by an external drive. We can approach this from a different viewpoint and

suppose that the QD is coupled with both the cavity and the phonon bath, but

instead now the cavity is being driven by an external drive. This however makes

the dynamics more complicated due to the additional Hilbert space that needs to

be considered for the cavity modes. To simplify the analysis, we eliminate the

cavity operators by using adiabatic elimination. Adiabatic elimination is a general

technique to reduce the number of equations that need to be considered to solve

the dynamics of the system. It is based on the fact that the system evolves in two

time scales, fast and slow. Initially the system evolves over the fast times scales and

the evolution is determined by the fast variables. At this stage the slowly evolving

variables are assumed to be constant. The fast variables eventually settle to values

that are determined by the slow variables and this results in a relation between the

fast and slow variables [79, 80].

To simplify the situation even further, we consider only a single cavity mode

being present. Omitting the phonon environment terms, the Hamiltonian is given

by

H = ωX |X⟩ ⟨X|+ ωcb
†b+ u(σ−b

† + σ+b) + f(t)b† + f ∗(t)b,

where f(t) is some arbitrary driving term. The corresponding NMQSD equation is

∂t |ψt(z∗)⟩ =− iH |ψt(z∗)⟩+ z∗tL |ψt(z∗)⟩ − L†
∫︂ t

0

dsα(t− s)
δ

δz∗s
|ψt(z∗)⟩

+ ξtb
† |ψt(z∗)⟩ −

1

2
κb†b |ψt(z∗)⟩ ,

where we have added the term ξtb
†− 1

2
κb†b which describes the cavity damping [79].

Here ξt is a white noise process with M[ξt] = 0 and M[ξtξ
∗
s ] = κδ(t − s). This
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damping term corresponds to the Lindblad term κ(b†ρSb− 1
2
{b†b, ρS}).

Now we eliminate the creation and annihilation operators b† and b by employ-

ing adiabatic elimination with a mean-field approximation. We start by consid-

ering the time-evolution of the annihilation operator expectation value ⟨b⟩z∗,ξ =

⟨ψt(z)|b|ψt(z∗)⟩ for a single trajectory

∂ ⟨b⟩z∗,ξ
∂t

= i ⟨[H, b]⟩z∗,ξ + (zt + z∗t ) ⟨Lb⟩z∗,ξ − ⟨(Ō†
L+ LŌ)b⟩z∗,ξ

+ ξ∗t ⟨b†b⟩z∗,ξ + ξt ⟨bb⟩z∗,ξ −
1

2
κ ⟨b†bb+ bb†b⟩z∗,ξ .

Here we have used L = L† and denoted Ō =
∫︁ t
0

dsα(t− s) δ
δz∗s

. We now approximate

that ⟨AB⟩ ≈ ⟨A⟩ ⟨B⟩, where A is a system operator and B is an operator for

the cavity. With this approximation and by the properties of the creation and

annihilation operators we have

∂ ⟨b⟩z∗,ξ
∂t

=− iωc ⟨b⟩z∗,ξ − iu ⟨σ−⟩z∗,ξ − if(t) + (zt + z∗t ) ⟨L⟩ ⟨b⟩z∗,ξ

− ⟨(Ō†
L+ LŌ)⟩z∗,ξ ⟨b⟩z∗,ξ + ξ∗t ⟨b†b⟩z∗,ξ + ξt ⟨bb⟩z∗,ξ − κ ⟨b†bb⟩z∗,ξ

− 1

2
κ ⟨b⟩z∗,ξ . (4.3)

The expectation value is given by the ensemble average ⟨b⟩ = M[⟨ψt(z∗)|b|ψt(z)⟩].

By averaging (4.3) over both z∗t and ξt and utilizing the Furutsu-Novikov theorem

we obtain

∂ ⟨b⟩
∂t

= −iωc ⟨b⟩ − iu ⟨σ−⟩ − if(t)− 1

2
κ ⟨b⟩ .

Now we can solve the steady state by setting ∂⟨b⟩
∂t

= 0 to obtain

⟨b⟩ss = −iu ⟨σ−⟩+ f(t)

iωc +
κ
2

.

We can simplify this further by assuming weak coupling between the QD and the

cavity, high photon leakage from the cavity u << κ, and a strong driving field. We

then obtain

⟨b⟩ss ≈
f(t)

−ωc + iκ
2

.
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Now we replace the annihilation and creation operators with the steady state ex-

pectation values to obtain

H̃ =ωX |X⟩ ⟨X|+ u

(︃
f ∗(t)

−ωc − iκ
2

σ− +
f(t)

−ωc + iκ
2

σ+

)︃
,

∂t |ψt(z∗)⟩ =− iH̃ |ψt(z∗)⟩+ z∗tL− L†
∫︂ t

0

dsα(t− s)
δ

δz∗s
,

where we have discarded the terms that are proportional to the identity operator

since they have no effect in the corresponding master equation. For the following

we consider the drive to be of the form f(t) = Ω cos(ωDt), where ωD is the driving

frequency. Moving to the rotating frame of the drive and performing the rotating

wave approximation we obtain the Hamiltonian

H̃RWA = ∆ |X⟩ ⟨X| − Ω̃
(︂
ωcσx +

κ

2
σy

)︂
,

where ∆ = ωX − ωD and Ω̃ = uΩ

2ω2
c+

κ2

2

, with the assumptions that ∆ << ωD and

Ω̃ << ωD.

Figure 18 shows the spectrum of resonance fluorescence of the QD with cavity

coupling. As for the directly driven case, we again drive with the phonon-shifted

transition frequency and the hierarchy depth of the non-linear HOPS was K = 5.

The spectra has great similarity to the directly driven case. One notable difference

is the more pronounced asymmetry of the sidepeaks of the Mollow triplet. In this

case the right peak is noticeably higher compared to the left peak.
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Figure 18. Spectrum of resonance fluorescence for the QD being driven through the
cavity coupling. Parameters used: Ω̃ = 1.46 · 10−5 meV, κ = 0.02 ps−1, ωc = ωX ,
α = 0.027 ps2, ξ = 1.447 meV and T = 4 K.

4.5 Weak Coupling

When the coupling between the QD and the phonon environment is weak, one can

approach the situation by using perturbation theory. In the context of a quantum

system coupled weakly to an environment, this approach is sometimes called Redfield

theory named after Alfred Redfield who first applied it to nuclear magnetic resonance

[81, 82]. In particular, Redfield theory is a second order perturbation theory. In the

case of the QD system, we consider the phonon coupling strength up to second order

g2λ. This can be done explicitly by truncating the HOPS at the first level. To see

this, we consider the zeroth level

∂t |ψt(z∗)⟩ = (−iHS + z∗tL) |ψt(z∗)⟩ − L†
∑︂
µ

|ψeµ
t (z∗)⟩ . (4.4)
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Since the BCF is already second order in gλ, any higher level terms are neglected

and by (3.9) we obtain for the first level auxiliary state |ψeµ
t (z∗)⟩

∂t |ψeµ
t (z∗)⟩ = (−iHS −Wµ + z∗tL) |ψeµ

t (z∗)⟩+ LGµ |ψt(z∗)⟩ − L†
∑︂
ν

|ψeµ+eν
t (z∗)⟩

≈ (−iHS −Wµ) |ψeµ
t (z∗)⟩+ LGµ |ψt(z∗)⟩ .

This has the formal solution

|ψeµ
t (z∗)⟩ =

∫︂ t

0

dsGµe−Wµ(t−s)e−iHS(t−s)L |ψs(z∗)⟩ . (4.5)

This can be simplified further. By definition of |ψs(z∗)⟩ we have

|ψs(z∗)⟩ = ⟨z||Us|Ψ0⟩ = ⟨z||U †
t−s|Ψt⟩ ≈ eiHS(t−s) |ψt(z∗)⟩ ,

where we have kept the contribution of the propagator that is zeroth order in gλ,

i.e., U †
t−s ≈ eiHS(t−s). Inserting this into (4.5), we obtain

|ψeµ
t (z∗)⟩ ≈

∫︂ t

0

dsGµe−Wµ(t−s)e−iHS(t−s)LeiHS(t−s) |ψt(z∗)⟩ .

Now inserting this back to the zeroth level (4.4) we have the corresponding NMQSD

equation

∂t |ψt(z∗)⟩ ≈ (−iHS + z∗tL) |ψt(z∗)⟩ − L†
∫︂ t

0

dsα(t− s)e−iHS(t−s)LeiHS(t−s) |ψt(z∗)⟩ .

In light of the derivation, solving this NMQSD equation corresponds to solving

HOPS where only the first level is included. For the triangular truncation condition

this means K = 1.

Figure 19 shows the expectation values ⟨σx⟩, ⟨σy⟩ and ⟨σz⟩ for the exact and

Redfield solutions. The Hamiltonian used was

HS = ∆ |X⟩ ⟨X|+ Ω

2
(|g⟩ ⟨X|+ |X⟩ ⟨g|),

where ∆ = 0.012 meV and Ω = 0.12 ps−1. For the exact case, we solved HOPS with

K = 9. For the weakest coupling, we effectively see identical dynamics for both cases.
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Figure 19. Exact (solid lines) and Redfield (dashed lines) expectation values
⟨σx⟩, ⟨σy⟩ and ⟨σz⟩ for increasing phonon coupling strengths. The simulations
were performed with 10000 trajectories at zero temperature and cut-off frequency
ξ = 1.447 meV
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Increasing the coupling to α = 0.01 ps2 resulted again in almost identical dynamics,

expect the slight deviation in the expectation value ⟨σx⟩. Further increase in the

coupling strength lead to the Redfield solutions to deviate noticeably from the exact

solutions. This deviation is expected since Redfield theory assumes weak coupling

to the environment, which in this case means values below α = 0.01 ps2.
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5 Conclusions

We derived and studied the NMQSD formalism to solve the dynamics of open quan-

tum systems and in particular our quantum dot system. This is achieved by solving

the corresponding NMQSD equation for an ensemble of trajectories and then taking

the average over them. While the derivation was done in zero-temperature, we pre-

sented two ways of incorporating temperature into the model, either by the thermo

field method or by adding a separate stochastic process to model the temperature

fluctuations.

For some special cases, such as the independent boson model, we can directly use

NMQSD to solve the dynamics of the QDs. In the general case this isn’t possible and

some kind of approximations need to be made to compute the functional derivative

appearing in the NMQSD equation. For this general case we derived the HOPS

method where the functional derivative is turned into a hierarchy of pure states

and, in principle, allows any NMQSD equation to be solved numerically exactly.

We briefly described qualitatively how the HOPS method in its linear and non-

linear forms can be implemented with efficiency in mind. We also presented how the

various stochastic processes can be generated for practical implementations and how

the exponential sum expansion of the BCF can be approximated with the t-PFD

method.

The HOPS method was then applied to study the dynamics of the QD. Firstly,

we compared it to the independent boson model as a benchmark. Subsequently, we

simulated the absorption spectra of the QD under various coupling strengths and

temperatures. This application also demonstrated the usefulness of incorporating

temperature using the thermo field method, reducing the necessity to consider mul-

tiple trajectories to only a single trajectory. Additionally, we presented a procedure

illustrating how HOPS can be used to compute response functions in general.

The emission spectrum of the QD was considered from two perspectives. First
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the QD was driven directly with a monochromatic drive and decoupled from the

cavity. In the second case we coupled the QD to the cavity, but instead of driving

the QD, we drove the cavity with the monochromatic drive. We demonstrated how

to eliminate the cavity operators by using adiabatic elimination and computed the

spectrum of resonance fluorescence for both cases with HOPS and observed the

expected Mollow triplets. We also illustrated how, particularly in the case of two-

level systems, HOPS enables the propagation of arbitrary operators. Finally we

compared the dynamics given by Redfield theory and HOPS and observed the weak

coupling assumption being necessary for the Redfield case.

The linear version of HOPS proved to be especially useful for the calculation of

absorption spectra where only one trajectory needed to be considered. To be able

to use the non-linear version for this, we would have needed to consider multiple

trajectories. However, for the cases where multiple trajectories were needed, e.g.

the independent boson model, and temperature was high or the phonon coupling

was strong, the non-linear HOPS has significantly better convergence properties

compared to the linear version. Conducting a quantitative analysis of the error

associated with the HOPS method would provide valuable and instructive insights,

given that the error analysis in this thesis was primarily qualitative.

These results not only highlight the applicability of HOPS in studying the optical

properties of QDs but also suggest that it potentially provides a reliable framework

for accurately simulating QD dynamics in strong coupling regimes. Throughout

most of this thesis, we neglected the cavity coupling. For further study, it would

be interesting to explore if HOPS yields good results when the cavity coupling is

included. This is particularly relevant in the strong cavity coupling regime where

adiabatic elimination isn’t applicable. In the light of the obtained results, the HOPS

methods shows promise as an effective tool for further exploration in understanding

the dynamics of quantum dots.
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A P-representation for the Thermal State

The thermal state of the phonon environment is given by

ρE =
e−βHPh

tr{e−βHPh} .

This can be represented in terms of coherent states by using the Glauber-Sudarshan

P representation

ρE =

∫︂
d2ξP (ξ) |ξ⟩ ⟨ξ| ,

where d2ξ ≡ ∏︁λ dRe(ξλ)dIm(ξλ). Since we consider the case where each phonon in

the bath is independent, we can express exp(−βHPh) =
∏︁

λ exp(−βωλa†λaλ). Thus

we consider only a single factor in the following. Using the over-completeness of

coherent states and the fact that for coherent states

e−
βω
2
a†a |α⟩ = e−

|α|2
2

(1−e−βω) |αe−βω
2 ⟩ ,

we have

e−βωa
†a

tr[e−βωa†a]
= (1− e−βω)e−

βω
2
a†a
1e−

βω
2
a†a

=
1− e−βω

π

∫︂
d2αe−

βω
2
a†a |α⟩ ⟨α| e−βω

2
a†a

=
1− e−βω

π

∫︂
d2αe−|α|2(1−e−βω) |αe−βω

2 ⟩ ⟨αe−βω
2 | .

Performing the change of variables ξ = αe−
βω
2 we get the final form

e−βωa
†a

tr[e−βωa†a]
=
eβω(1− e−βω)

π

∫︂
d2ξe−|ξ|2(eβω−1) |ξ⟩ ⟨ξ|

=

∫︂
d2ξ

e−
|ξ|2
n̄

πn̄
|ξ⟩ ⟨ξ| ,

where n̄ = (eβω − 1)−1 is the Bose-Einstein distribution. Comparing with (1.13) we

can read out the Glauber-Sudarshan P function of the thermal state

P (ξ) =
e−

|ξ|2
n̄

πn̄
.
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For the phonon bath we have immediately

ρE =

∫︂
d2zP (z) |z⟩ ⟨z| , (A.1)

with d2z =
∏︁

λ d
2zλ and P (z) =

∏︁
λ Pλ(zλ).
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B BCF Fit Data

Table I. BCF fitting data for parameters α = 0.001 ps2, ξ = 1.447 meV, Kr = 4,
Ki = 4 and T = 0 K.

µ Gµ Wµ

1 4.3463279e-4+9.6657029e-4i 0.62374785 + 0.29260882i

2 4.3463279e-4−9.6657029e-4i 0.62374785− 0.29260882i

3 2.0897779e-3−1.1158370e-3i 0.50699151 + 0.14516732i

4 2.0897779e-3+1.1158370e-3i 0.50699151− 0.14516732i

5 2.8179460e-5+7.8984774e-4i 0.68810647 + 0.31255675i

6 −2.8179460e-5+7.8984774e-4i 0.68810647− 0.31255675i

7 −2.9452570e-3−7.8505231e-4i 0.66378872− 0.16225912i

8 2.9452570e-3−7.8505231e-4i 0.66378872 + 0.16225912i

Table II. BCF fitting data for parameters α = 0.01 ps2, ξ = 1.447 meV, Kr = 4,
Ki = 4 and T = 0 K.

µ Gµ Wµ

1 −8.0902226e-3−2.7225979e-2i 1.2386066− 2.7269830i

2 −8.0902226e-3+2.7225979e-2i 1.2386066 + 2.7269830i

3 3.3768959e-2−4.1970595e-2i 1.0306663 + 0.13366070i

4 3.3768959e-2+4.1970595e-2i 1.0306663− 1.3366070i

5 7.3323847e-3+2.7962142e-2i 1.0732976 + 2.5648023i

6 −7.3323847e-3+2.7962142e-2i 1.0732976− 2.5648023i

7 1.0747893e-2−2.8668058e-2i 0.79269244 + 1.1798854i

8 −1.0747893e-2−2.8668058e-2i 0.79269244− 1.1798854i
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Table III. BCF fitting data for parameters α = 0.027 ps2, ξ = 1.45 meV, Kr = 2,
Ki = 2 and T = 0 K.

µ Gµ Wµ

1 9.1008110e-2−2.6598924e-2i 0.72610079 + 1.6328803i

2 9.1008110e-2+2.6598924e-2i 0.72610079− 1.6328803i

3 −0.10464960 + 3.0355629e-3i 0.75841966− 1.7819431i

4 0.10464960 + 3.0355629e-3i 0.75841966 + 1.7819431i

Table IV. BCF fitting data for parameters α = 0.027 ps2, ξ = 1.45 meV, Kr = 3,
Ki = 3 and T = 0 K.

µ Gµ Wµ

1 −0.24861094− 2.7974794e-12i 1.9357470 + 3.0427833e-13i

2 0.18235040− 5.3330420e-2i 1.1265958− 1.8847615i

3 0.18235040 + 5.3330420e-2i 1.1265958 + 1.8847615i

4 −0.12583471 + 1.2775555e-2i 0.91550670− 1.8788396i

5 0.12583471 + 1.2775555e-2i 0.91550670 + 1.8788396i

6 2.0084342e-14+4.7255434e-3i 0.14804665 + 2.4447566e-12i
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Table V. BCF fitting data for parameters α = 0.027 ps2, ξ = 1.45 meV, Kr = 4,
Ki = 4 and T = 0 K.

µ Gµ Wµ

1 −1.1630818e-2+7.6279499e-2i 1.2030471 + 2.6752567i

2 −1.1630818e-2−7.6279499e-2i 1.2030471− 2.6752567i

3 8.0807990e-2−0.11048017i 1.0102923 + 1.3089856i

4 8.0807990e-2+0.11048017i 1.0102923− 1.3089856i

5 2.9365640e-2+0.10655663i 1.1883583 + 2.4460374i

6 −2.9365640e-2+0.10655663i 1.1883583− 2.4460374i

7 −5.4086552e-3−0.10950872i 0.93848951 + 1.0235189i

8 5.4086552e-3−0.10950872i 0.93848951− 1.0235189i

Table VI. BCF fitting data for parameters α = 0.027 ps2, ξ = 1.447 meV, Kr = 4,
Ki = 4 and T = 0 K.

µ Gµ Wµ

1 −1.0445559e-2−7.6017052e-2i 1.1979284− 2.6626106i

2 −1.0445559e-2+7.6017052e-2i 1.1979284 + 2.6626106i

3 7.8941658e-2+0.10922132i 1.0059459− 1.3031258i

4 7.8941658e-2−0.10922132i 1.0059459 + 1.3031258i

5 −2.9452464e-2+0.10649790i 1.1886753− 2.4375437i

6 2.9452464e-2+0.10649790i 1.1886753 + 2.4375437i

7 6.3953461e-3−0.10942159i 0.94015781− 1.0180596i

8 −6.3953461e-3−0.10942159i 0.94015781 + 1.0180596i
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Table VII. BCF fitting data for parameters α = 0.027 ps2, ξ = 1.447 meV, Kr = 4,
Ki = 4 and T = 4 K.

µ Gµ Wµ

1 −2.5852605e-2+9.5061909e-2i 1.2934167 + 2.6341258i

2 −2.5852605e-2−9.5061909e-2i 1.2934167− 2.6341258i

3 9.8261018e-2−0.15245563i 1.1833395 + 1.2489527i

4 9.8261018e-2+0.15245563i 1.1833395− 1.2489527i

5 1.9568450e-2+7.1948428e-2i 1.0543061 + 2.5760800i

6 −1.9568450e-2+7.1948428e-2i 1.0543061− 2.5760800i

7 3.1813505e-2−7.3689153e-2i 0.77649304 + 1.1980856i

8 −3.1813505e-2−7.3689153e-2i 0.77649304− 1.1980856i

Table VIII. BCF fitting data for parameters α = 0.027 ps2, ξ = 1.447 meV, Kr = 4,
Ki = 4 and T = 10 K.

µ Gµ Wµ

1 −1.8545215e-2+0.10636416i 1.2376754 + 2.5659422i

2 −1.8545215e-2−0.10636416i 1.2376754− 2.5659422i

3 0.11497826− 0.19377765i 1.1040011 + 0.98964777i

4 0.11497826 + .019377765i 1.1040011− 0.98964777i

5 −1.3819159e-2+5.2283541e-2i 0.95559479− 2.6949511i

6 1.3819159e-2+5.2283541e-2i 0.95559479 + 2.6949511i

7 5.0452919e-2−5.3298032e-2i 0.70110901 + 1.3444128i

8 −5.0452919e-2−5.3298032e-2i 0.70110901− 1.3444128i
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Table IX. BCF fitting data for parameters α = 0.027 ps2, ξ = 1.447 meV, Kr = 4,
Ki = 4 and T = 25 K.

µ Gµ Wµ

1 −3.8939725e-2+0.19698108i 1.2085893 + 2.4642518i

2 −3.8939725e-2−0.19698108i 1.2085893− 2.4642518i

3 0.23149718 + 0.36149994i 1.0079069− 0.93012682i

4 0.23149718− 0.36149994i 1.0079069 + 0.93012682i

5 −1.3819159e-2+5.2283541e-2i 0.95559479− 2.6949511i

6 1.3819159e-2+5.2283541e-2i 0.95559479 + 2.6949511i

7 5.0452919e-2−5.3298032e-2i 0.70110901 + 1.3444128i

8 −5.0452919e-2−5.3298032e-2i 0.70110901− 1.3444128i

Table X. BCF fitting data for parameters α = 0.027 ps2, ξ = 1.447 meV, Kr = 4,
Ki = 4 and T = 70 K.

µ Gµ Wµ

1 −0.13486909− 0.57807569i 1.2356936− 2.4013976i

2 −0.13486909 + 0.57807569i 1.2356936 + 2.4013976i

3 0.65007290 + 1.1050674i 1.0483730− 0.89116928i

4 0.65007290− 1.1050674i 1.0483730 + 0.89116928i

5 1.6776230e-2+6.2383255e-2i 1.0093977 + 2.6291021i

6 −1.6776230e-2+6.2383255e-2i 1.0093977− 2.6291021i

7 4.1148269e-2−6.3778140e-2i 0.73651329 + 1.2656890i

8 −4.1148269e-2−6.3778140e-2i 0.73651329− 1.2656890i
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Table XI. BCF fitting data for parameters α = 0.027 ps2, ξ = 1.447 meV, Kr = 4,
Ki = 4 and T = 75 K.

µ Gµ Wµ

1 −0.14577563 + 0.6.2114742i 1.2369851 + 2.3996228i

2 −0.14577563− 0.6.2114742i 1.2369851− 2.3996228i

3 0.69731557− 1.1893839i 1.0503321 + 0.88993013i

4 0.69731557 + 1.1893839i 1.0503321− 0.88993013i

5 −1.6888717e-2+6.2750665e-2i 1.0111855− 2.6268666i

6 1.6888717e-2+6.2750665e-2i 1.0111855 + 2.6268666i

7 −4.0794171e-2−6.4158924e-2i 0.73794037− 1.2629214i

8 4.0794171e-2−6.4158924e-2i 0.73794037 + 1.2629214i

Table XII. BCF fitting data for parameters α = 0.05 ps2, ξ = 1.447 meV, Kr = 4,
Ki = 4 and T = 0 K.

µ Gµ Wµ

1 1.2118168e-2+0.14826670i 1.1582410 + 2.5595171i

2 1.2118168e-2−0.14826670i 1.1582410− 2.5595171i

3 0.11238764− 0.19120777i 0.97197806 + 1.2493642i

4 0.11238764 + 0.19120777i 0.97197806− 1.2493642i

5 −6.4599805e-2+0.22339575i 1.2310522− 2.3896601i

6 6.4599805e-2+0.22339575i 1.2310522 + 2.3896601i

7 −4.7641241e-2−0.22956713i 1.0071974 + 0.96242667i

8 4.7641241e-2−0.22956713i 1.0071974− 0.96242667i
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Table XIII. BCF fitting data for parameters α = 0.1 ps2, ξ = 1.447 meV, Kr = 4,
Ki = 4 and T = 0 K.

µ Gµ Wµ

1 9.6256494e-2−0.31047592i 1.1307878− 2.4480531i

2 9.6256494e-2+0.31047592i 1.1307878 + 2.4480531i

3 0.14806583 + 0.35442458i 0.93592755− 1.1807664i

4 0.14806583− 0.35442458i 0.93592755 + 1.1807664i

5 0.14499922 + 0.47104872i 1.2451339 + 2.3623288i

6 −0.14499922 + 0.47104872i 1.2451339− 2.3623288i

7 −0.13875902− 0.48376063i 1.0404338 + 0.93261628i

8 0.13875902− 0.48376063i 1.0404338− 0.93261628i

Table XIV. BCF fitting data for parameters α = 0.1 ps2, ξ = 1.447 meV, Kr = 4,
Ki = 4 and T = 4 K.

µ Gµ Wµ

1 −0.12417207− 0.37870149i 1.3393008− 2.6201118i

2 −0.12417207 + 0.37870149i 1.3393008 + 2.6201118i

3 0.39315064 + 0.61599424i 1.2255907− 1.2583633i

4 0.39315064− 0.61599424i 1.2255907 + 1.2583633i

5 9.4315302e-2+0.34655229i 1.1432982 + 2.4838809i

6 −9.4315302e-2+0.34655229i 1.1432982− 2.4838809i

7 3.3474864e-2−0.35590542i 0.87837636 + 1.0758240i

8 −3.3474864e-2−0.35590542i 0.87837636− 1.0758240i
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Table XV. BCF fitting data for parameters α = 0.15 ps2, ξ = 1.447 meV, Kr = 4,
Ki = 4 and T = 0 K.

µ Gµ Wµ

1 0.18521883 + 0.46682905i 1.1167548 + 2.4109850i

2 0.18521883− 0.46682905i 1.1167548− 2.4109850i

3 0.17941942− 0.50978092i 0.91986393 + 1.1521383i

4 0.17941942 + 0.50978092i 0.91986393− 1.1521383i

5 −0.22180270 + 0.70847666i 1.2442160− 2.3590786i

6 0.22180270 + 0.70847666i 1.2442160 + 2.3590786i

7 0.21669971− 0.72754587i 1.0436690− 0.92780958i

8 −0.21669971− 0.72754587i 1.0436690 + 0.92780958i

Table XVI. BCF fitting data for parameters α = 0.15 ps2, ξ = 1.447 meV, Kr = 4,
Ki = 4 and T = 4 K.

µ Gµ Wµ

1 −0.18998725− 0.57172931i 1.3432012− 2.6185949i

2 −0.18998725 + 0.57172931i 1.3432012 + 2.6185949i

3 0.59354399 + 0.93078202i 1.2290989− 1.2592063i

4 0.59354399− 0.93078202i 1.2290989 + 1.2592063i

5 0.15012128 + 0.54972408i 1.1628602 + 2.4644149i

6 −0.15012128 + 0.54972408i 1.1628602− 2.4644149i

7 1.5678644e-2−0.56477703i 0.90430030 + 1.0506685i

8 −1.5678644e-2−0.56477703i 0.90430030− 1.0506685i
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Table XVII. BCF fitting data for parameters α = 0.15 ps2, ξ = 1.447 meV, Kr = 4,
Ki = 4 and T = 25 K.

µ Gµ Wµ

1 −0.36040209− 1.3345957i 1.2966219− 2.4093338i

2 −0.36040209 + 1.3345957i 1.2966219 + 2.4093338i

3 1.4345122− 2.6715878i 1.1291186 + 0.87918611i

4 1.4345122 + 2.6715878i 1.1291186− 0.87918611i

5 −0.10455615 + 0.38333887i 1.0401172− 2.5907333i

6 0.10455615 + 0.38333887i 1.0401172 + 2.5907333i

7 0.19231323− 0.39250001i 0.76372937 + 1.2171690i

8 −0.19231323− 0.39250001i 0.76372937− 1.2171690i

Table XVIII. BCF fitting data for parameters α = 0.15 ps2, ξ = 1.447 meV, Kr = 4,
Ki = 4 and T = 75 K.

µ Gµ Wµ

1 −1.1902524− 4.0694381i 1.3083749− 2.3549745i

2 −1.1902524 + 4.0694381i 1.3083749 + 2.3549745i

3 4.2665533− 8.3663831i 1.1500307 + 0.85025323i

4 4.2665533 + 8.3663831i 1.1500307− 0.85025323i

5 0.11758970 + 0.43222364i 1.0798305 + 2.5482906i

6 −0.11758970 + 0.43222364i 1.0798305− 2.5482906i

7 0.14398553− 0.44319447i 0.80333735 + 1.1609627i

8 −0.14398553− 0.44319447i 0.80333735− 1.1609627i
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Table XIX. BCF fitting data for parameters α = 0.376 ps2, ξ = 1.447 meV, Kr = 4,
Ki = 4 and T = 4 K.

µ Gµ Wµ

1 −0.47941730− 1.4370274i 1.3445088− 2.6178105i

2 −0.47941730 + 1.4370274i 1.3445088 + 2.6178105i

3 1.4911597− 2.3401589i 1.2305360 + 1.2594535i

4 1.4911597 + 2.3401589i 1.2305360− 1.2594535i

5 −0.42615767 + 1.5324728i 1.2000151− 2.4261460i

6 0.42615767 + 1.5324728i 1.2000151 + 2.4261460i

7 0.15217999− 1.5750671i 0.95723069− 1.0036216i

8 −0.15217999− 1.5750671i 0.95723069 + 1.0036216i

Table XX. BCF fitting data for parameters α = 0.376 ps2, ξ = 1.447 meV, Kr = 4,
Ki = 4 and T = 10 K.

µ Gµ Wµ

1 −0.49885639 + 1.9404215i 1.3568296 + 2.4941702i

2 −0.49885639− 1.9404215i 1.3568296− 2.4941702i

3 1.8505523− 3.9099381i 1.2790571 + 0.92994070i

4 1.8505523 + 3.9099381i 1.2790571− 0.92994070i

5 −0.29349356 + 1.0784415i 1.0783015− 2.5498444i

6 0.29349356 + 1.0784415i 1.0783015 + 2.5498444i

7 −0.36594430− 1.1057278i 0.80166356− 1.1631235i

8 0.36594430− 1.1057278i 0.80166356 + 1.1631235i
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