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1. Introduction

This Licentiate thesis has been written under the supervision of Prof. Matti
Vuorinen at the University of Turku in the academic year 2008-2009. The topic of
this thesis is geometric function theory, more precisely the theory of quasiconformal
mappings in the Euclidean n-dimensional space. For an authoritative survey of the
field, see F. W. Gehring [G] in the handbook of Kiihnau [K] which also contains
many other surveys on quasiconformal mappings and related topics. In this study,
some of the main sources have been the monographs of O. Lehto and K.I. Virtanen
[LV], of J. Vaisald [Va] and of M. Vuorinen [Vul].

In the early of 1960’s, F. W. Gehring and J. Vaisala originated the theory of
quasiconformal mappings in the Euclidean n-space. Their work generalized the
theory of quasiconformal mappings due to H. Grotzsch 1928, O. Teichmiiller in the
period 1938-44, and L. Bers, L. V. Ahlfors from the early 1950’s in two-dimensional
case.

In this thesis, which is largely motivated by [Vu3], the notion of a metric space
plays a central role. In particular, the hyperbolic metric and related metrics are often
used. Some useful references are the textbook [KL] and the collection of surveys
[PSV]. The thesis is divided into seven sections. The results are largely based on
the cited literature. We give some preliminary definitions in the second section,
and also we define the j and j metrics. In Section 3, we discuss the absolute ratio
metric 0 and its comparison with various other metrics, and Lipschitz mappings
with respect to d metric [S]. Section 4 starts with the modulus of a curve family
and then proceeds to basic properties of quasiconformal mappings. We give here
the properties of the distortion function and the Holder constant with respect to
the 0 metric under quasiconformal mappings. In Section 5 we discuss the Holder
continuity of quasiconformal mappings of the proper subdomains of R? and R”
with respect to j and j metrics. In Section 6 we discuss the Holder continuity of
quasiconformal mappings of the unit ball with respect to the Euclidean metric. In
the last section, we discuss the Hoélder continuity ofquasiregular mappings of the
unit ball with respect to the hyperbolic p metric. F. W. Gehring and K. Hag gave
some results, which discussed in two-dimensional case the j and p metrics [GH1].
We improve their results in two-dimensional case as well as prove those results for
n-dimensional case. In 1988 G. D. Anderson and M. K. Vamanamurthy gave the
Holder constant of the quasiconformal mappings of the unit ball with respect to
the Euclidean metric [AV]. A sharp version of this result was proved at the same
time by R. Fehlmann and M. Vuorinen [FV]. Here we give same kind of constant
which is better than [AV] and [FV] in some specific range [BV]. The last theorem
of Section 7 is the explicit form of the Schwarz lemma, probably a new result. This
kind of results are also given in [EMM, Theorem 5.1] and [Vul, Theorem 11.2] in
implicit form.



2. Topology of metric spaces

This section consists of some elementary definitions, which will be used frequently
later on. Most of this section is taken from the first part of the book [GGJ.

2.1. Metric space. A non-empty set X, whose elements we shall call points, is
said to be a metric space if with any two points p and ¢ of X there is associated a
real number d(p, q), called the distance from p to ¢, such that

) d(p,p) = 0;

) d(p,q) >0 if p #¢;

) d(p,q) = d(q, p);

) d(p,r) < d(p,q) +d(q,r), for all p,q,r € X.

If (1) and (4) hold, then d is pseudometric. If also (2) and (3) hold then d is a
metric and (X, d) is a metric space.

(1
2
(3
(4
)

2.2. Open balls. Let (X, d) be any metric space. The open ball B(x,r) with center
x € X and radius r > 0 is defined by

B(z,r)={y € X :d(x,y) <r}.

The balls centered x form a nested family of subsets of X that increase with r, that
is, B(z,r1) C B(x,rs) if ry < ry. Furthermore,

UB(Q:,T) =X

r>0

2.3. Open and closed sets. Let Y be a subset of X. A point x € X is an interior
point of YV if there exists r > 0 such that B(z,r) C Y. The set of interior points of
Y is the interior of Y, and it is denoted by int(Y"). Note that every interior point
of Y belongs to Y:
int(Y) C Y.
A subset Y of X is open if every point of Y is an interior point of Y, that is, if int
(Y) =Y. In particular, the empty set () and the entire space X are open subsets of
X.
Let Y be a subset of a metric space X. A point x € X is adherent to Y if for all
r >0,
B(z,r)NY #0.

The closure of Y, denoted by Y, consists of all points in X that are adherent to

Y. Evidently each point of Y is adherent to Y, so that

Y CY.
A point x € X is a boundary point of a subset Y of X if x is adherent both to Y

and to X \ Y. The boundary of Y, denoted by 0Y, is the set of boundary points of
Y. Then

Y =YN(X\Y),
so that Y is closed.



The subset Y is closed if Y = Y. In particular, the empty set () and the entire
space X are closed subsets of X.

2.4. Compact sets. A family {U,},ca of sets is said to be a cover of a set S if
S is contained in the union of the sets U,. An open cover of a metric space X is a
family of open subsets of X that covers X. A metric space X is compact if every
open cover has a finite subcover. In other words, X is compact if, for each open
cover {U, }aca of X, there are finitely many of the sets U,, say Uy, ..., U,,,, such
that

XcU,u...ul,,.

A metric space X is totally bounded if for each € > 0, there exists a finite number
of open balls of radius € that cover X.

2.5. Continuous mappings. Let (X,d;) and (Y, ds) be metric spaces. We say
that f: X — Y is continuous at € X if whenever {z,} is a sequence in X such
that z,, — x, then f(z,) — f(x). The function f is continuous if it is continuous
at each x € X. Moreover, f is continuous if and only if the preimage of every open
(resp. closed) set A of Y is open (resp. closed) in X. Also f(A) C f(A) for all
A C X implies that f is continuous.

2.6. Homeomorphism. A function f from one metric space to another is a
homeomorphism if f is continuous, one to one, and onto and if moreover the in-
verse function f~! is continuous. A homeomorphism preserves all the properties of
a metric space that are definable in terms of open sets only.

2.7. Isometry. Let (X,d;) and (Y, dy) be metric spaces and let f : X — Y be a
homeomorphism. We call f an isometry if

dQ(f(x>7f<y)) - dl(x7y)
for all z,y € X.

2.8. Lipschitz mappings. Let (X, d;) and (Y, dy) be metric spaces, let f: X — Y
be continuous and let L > 1. We say that f is L-Lipschitz if

dy(f(2), f(y)) < Ldy(z,y)
for all z,y € X. If, in addition, f is homeomorphism and

di(z,y)/L < do(f (), f(y)) < Ldi(z,y)
for all z,y € X, we say that f is L-bilipschitz.

2.9. Modulus of continuity. Let (X,d;) and (Y,ds) be metric spaces and let
f X — Y be a continuous mapping. Then we say that f is uniformly continuous
if there exists an increasing continuous function w : [0,00) — [0, 00) with w(0) =0
and dy(f(x), f(y)) < w(di(x,y)) for all z,y € X. We call the function w the
modulus of continuity of f. If there exists C,a > 0 such that w(t) < Ct* for all
t € (0,%,] (t, > 0 is fixed), we say that f is Holder-continuous with Hélder constant

Q.
4



2.10. Open, closed and discrete mappings. Let (X,d;) and (Y, dy) be metric
spaces. Then f: X — Y is open if fA is open whenever A C X is open, and closed
if fK is closed whenever K C X is closed. In general, these are not equivalent (but
for bijective mappings they are). A function f : X — Y is discrete if for every
y €Y, f~1(y) consists of isolated points.

2.11. Metric space topology. Let X be a non-empty set. A collection 7 of subsets
of X is topology on X if

(1) A; € 7,0 € I implies | J A; € 7, for countable [

(2) Ay,..., A, €7 implies ", A, €7

(3) 0,X €.
If (X,d) is a metric space, then we denote by 7, the topology defined by the balls
B(z,r). This is the standard topology we use for X.

If (X,d) is a metric space and G is a subset of X with nonempty boundary, then

d(x) = d(z,0G) is the distance between a point € G and the boundary 0G.

2.12. Lemma. [S, Lemma 2.2] Let (X, d) be a metric space and G C X an open set
with nonempty boundary. The formula

iotw) =tos (14 bt ) wvee

defines a metric on G.
Proof. We need only to prove the triangle inequality
Jjo(x,y) + ja(y, 2) > jo(x,2) forall z,y,z € G.
By symmetry, we may assume that d(z) < d(z). Then we need to prove that

eyl ly—el |z = ylly — 2|
min{d(z),d(y)} = min{d(y),d(z)} ~ min{d(z),d(y)} min{d(y),d(z)}
id
>
— d(x)
If d(y) < d(x), then (2.13) follows immediately. Next, suppose that d(z) < d(y).
Then the left hand side of (2.13) is equal to

ﬁ (p: —yl+ly -4 (ﬁff{)dwfcig})) |

which is greater than or equal to |y — z|/d(z), since d(x) + |x — y| > d(y). O

(2.13)

We shall use this metric only when X is the Euclidean space R".

2.14. Lemma. [S, Lemma 2.3] Let (X, d) be a metric space and G C X be an open
set with nonempty boundary. The formula

3G(x,y) = log <1—|— |x—y|> + log <1—|— |x—y|>7 x,y € G,
5
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defines a metric on G.
Proof. We only need to prove the triangle inequality
ja(z,y) + jaly, 2) > ja(z,z) forall z,y, 2 € G.
This is equivalent to the inequality
(2.15) log(d(x)+|x—yl) +log(d(y) + |z —y|) +log(d(y) + |y — =) +log(d(z) + [y —2[)

> log(d(z) + |x — z|) + log(d(2) + |z — z|) + 2log d(y).
Now we have

log(d(z) + [z — y[) — log(d(z) + [z — 2])
> log(d(z) + [z — y|) —log(d(z) + |z — y| + |y — 2)
> logd(y) —log(d(y) + [y — =|),
and similarly,

log(d(z) + ly — 2|) —log(d(z) + |z — 2|) > log d(y) — log(d(y) + |z — y]).

We obtain (2.15) by combining these inequalities. O
2.16. Remark. Since
|fL’ — y| |.I' B y| —1— ejc(:p,y)7

max{d(x),d(y)} ~ min{d(x),d(y)} + |z —y|

we always have

jG(J:a y) + IOg(2 - e—jc(:l?,y)) = log(26jc(x7y) - ]-) S 5G($a y) S 2]0(93',?/)
3. Geometry of Euclidean and hyperbolic spaces

In this section we discuss the absolute ratio metric, and its comparison with other
metrics. We have taken this section from [S]. Here the hyperbolic tangent and its
inverse function are denoted by th and arth, respectively.

3.1. Notation.

We shall write
B"(z,r)={z€R": |z — x| <71},
B"(r) = B"(0,r), B" = B"(0,1),
S Har)y={z€eR": |z — 2| =1},
S () = S"10,r), St = S5"H(1)
and
H" ={(zy,...,2,) € R" : z, > 0}.
The standard unit vector of R™ are denoted by ey, es,...,¢e,. In addition, w,_; is
the surface area of the unit sphere S*~! and 2, is the volume of the unit ball B™.

We always assume that n > 2. The complex plane is denoted by C. We denote
Mobius space R” U {oo} by R". If G ¢ R", and the metric space (G,d) is not
6



given explicitly, then G means the boundary of G with respect to the topology of
R" and d(x) is the Euclidean distance between z and dG, when = € G\ {oo} and
G # {oo}. For distinct points a,b,c,d € R", the absolute (cross) ratio is defined
by

_ qla,c)q(b. d)
(3.2) la,b,c,d| = —q(a, Da(e.d)

where ¢(x,y) is the spherical (chordal) metric, defined by the formulas

|z —y|

q(z,y) = , 2,y € R", x # 00 # vy,
V14221 + Jy?
1

q(r,00) = ——, r € R".
( ) V14 |z]?

It is not difficult to prove [Be, p.32] that a function from R" into R" is a M&bius
transformation if and only if it preserves absolute ratio. Note also that if a, b, c and

d are distinct points in R", then

la — ¢||b— d|
la,b,c,d| = @ bllc—d|
3.3. Definition. A path in R" (R") is a continuous mapping v : A — R" (resp.
R") where A C R is an interval. If A" C A is an interval, we call v]A" a sub
path of 7. The path ~ is called closed (open) if A is closed (resp. open). (Note
that according to this definition, e.g. the path v : [0,1] — R™ is closed and that
it is not required that v(0) = ~(1)). The locus (or trace) of the path v is the
set YA. The locus is also denoted by |y| or simply by -~ if there is no danger of
confusion. We use the word curve as the synonym for the path. The length ((7)
of the curve v : A — R" is defined in the usual way, with the help of polygonal
approximations and a passage to the limit (see [Va, pp. 1-8]). The pathy: A — R"
is called rectifiable if £(vy) < oo and locally rectifiable if each closed subpath of
is rectifiable. If v : [0,1] — R™ is a rectifiable path, then v has a parametrization
by means of arc length, also called the normal representation of ~. The normal
representation of 7 is denoted by v : [0, 4(v)] — R™.

Given x,y € G, I'(z,y) stands for the collection of all the rectifiable paths v € G
joining = and y. Let w : G — (0,00) be continuous, the w-length is defined by

) = [l
gl
for all v € I'(x, y). We define the w-metric by

wg(m, 3/) = »yeil“rg W) C (7)
7



for all v. For A C R" let A, = {x € A : z, > 0}. We define a weight function
w:R? - Ry ={xe€R:2z>0} by
1
w(zr) =—, = (z1,...,2,) € R}
If v:[0,1) — R is a continuous mapping such that [0, 1) is a rectifiable curve with
length s = ¢(7), then  has a normal representation 7° : [0, s) — R parametrized
by arc length. Then the hyperbolic length of [0, s) is defined by

b= [ 0y (e = [ 141,

Ty
3.4. Hyperbolic metric. The hyperbolic metric pg» in B" is defined by

2|dz|
" ) =1 f ) ’ € Bn7
pBn (,Y) }ylelF/,yl—|Z|2 z,Y

~

and the hyperbolic metric pg» in H" is defined by

(2,y) = inf |dz|
n(,y) = in -
Pt ¥ = e | d(z, oEny’
where I" is the family of all rectifiable curves in B" and H", respectively, joining x
and y. Note that pg» and pg» are the particular cases of the w-metric wg(z,y).

x,y € H",

If D is a simply connected domain of the extended complex plane C and carddD >
1, then by the Riemann mapping theorem there exists a conformal mapping f from
D onto the unit disk {z € C: |z| < 1}. The hyperbolic metric in D is defined by
the formula

: 2|f'(2)|
x,y) = inf z)|dz|, Z) = ——",
pote) =inf [ ol ole) = 7250
where I is the family of all rectifiable curves in D joining x and y.
The hyperbolic density is monotonic with respect to the domain. If Dy is a simply

connected subdomain of D and z € Dy, then

(3.5) np(2) < 1o, (2)-

Let f and f; be conformal maps of D and D; onto the unit disk, both vanishing at
z. Then np(2) = |f (2)|, np, (2) = | f,(2)], and the application of Schwarz’s lemma
to the function f o f;! yields (3.5). Similar reasoning gives an upper bound for
np(z) in terms of the Euclidean distance d(z,0D) from z to the boundary of D.
Now we apply Schwarz’s lemma to the function £ — f(z+d(z,0A)¢) and we obtain

()< =

2) < ——.

A=) = d(z,0D)

For simply connected set D, not containing co we also have the lower bound
1

(3.6) np(z) = W
8



If f is a conformal mapping of the unit disk A with f(0) =0, f(0) =1, f(co) #
then d(0,0f(A)) > 1/4. We apply this to the function w +— (g(w) —2)/g'(0), Where
g is a conformal mapping of A onto D with ¢(0) = z. Inequality (3.6) follows,
because np(z) = 1/|g'(0)|. Hence

1 1

(37) 1G.00) =" = 350

for every z € D.

3.8. Quasihyperbolic metric. Let D C R" be a domain. The quasihyperbolic
metric kp is defined by

k =inf [ ———
plw.y) = inf _d(z,0D)’
where I is the family of all rectifiable curves in D joining x and y.

3.9. Definition. A finite curve in a metric space is a continuous map of the unit
interval [0, 1] into a metric space; an infinite curve is a continuous map of the real
line (—o00, 00) into a metric space; a semi-infinite curve is a continuous map of the
half line [0, 00) into a metric space. The word curve stands for any one of these.

We can use the third condition of the definition of the metric known as the triangle
inequality to characterize straight lines in the Euclidean geometry.

3.10. Definition. We say a curve is a straight line or geodesic in the Euclidean plane
if for every triple of points 21, 23, 25 on the curve with 23 between z; and z, we have
d(Zl, 22) = d(Zl, 2’3) + d(23, 252).

If the curve satisfying this condition is finite we call it a straight line segment or
geodesic segment; if it is semi-finite curve satisfying the condition it is called a ray
or geodesic ray and if it is infinite it is called an infinite geodesic or an extended line.

3.11. Ferrand’s metric. Let D C R" be a domain with card D > 2. We define
a density function

wp(z) = sup o — bl z € D\ {o0},

—7
a,bedD |Z - CL||Z - |

and a metric o in D,
UD('ray) = il’lf/’wD(Z)le|,
vyel y

where I' is the family of all rectifiable curves joining x and y in D.

3.12. Apollonian metric. For a proper subdomain G of R", the Apollonian metric
is defined by

ag(z,y) = sup logla,z,y,b| forall z,y € G.
a,bedG

9



3.13. Absolute ratio metric ;. Let G be an open subset of R" with card G > 2.
Set

(3.14) me(z,y) = sup |a,z,b,y|
a,bedG

and

(3.15) dc(v,y) = log(1 + mg(z,y))

for all z,y € G. Here 0G is the boundary of G, and the absolute (cross) ratio
la, z,b,y| is defined in (3.2). For the proof that s is a metric, see Theorem 3.19.
3.16. Remark.

(1) The supremum in (3.14) is also the maximum.

(2) The function m¢ has the following monotonicity property [Vul, p. 116]: if
G and G5 are sets for which mg, and mg, are defined, and G; C G5, then
mGl Z mG2.

(3) It follows from the definitions that dgn\(a} = Jjrr\(o} for all a € R™.

The following Bernoulli inequalities will be used frequently:

(3.17) log(1+ sx) <slog(l4+xz), x>0,s>1,

(3.18) log(1+4 sx) > slog(l4+z), 2>0,0<s<1.
3.19. Theorem. The function dq is a metric in G.

Proof. Clearly dg(z,y) = 0 if and only if x = y. Also g is symmetric, because
la, z,b,y| = |b,y,a,z|. For the triangle inequality, let =,y and z be points in G.
Then there exist distinct points v and v in G such that
ma(z, z) = |u, x,v, z|.
Since
06 (7, y) +06(Y, 2) 2 Or™ fuw} (T Y) + 0r™ (w0} (U5 2)
and
og(z,2) = 5ﬁ"\{u,v}<$7 z),
we need to prove the triangle inequality only when G = R" \ {u,v}. In addition,

since d¢g is a Mdobius-invariant, we can assume that {u,v} = {0,00}. But then
0a = jag, and the triangle inequality follows, because jg is a metric by Lemma
2.12. O

3.20. Theorem. The inequalities jo < 6c < ja < 2ja hold for every open set
G CR"

Proof. Let x and y be distinct points in G, with d(xz) < d(y). Choose a,b € 0G
such that d(z) = |z — a| and |b — a| > |b — y| (possibly b = c0). Then
[z — 9]

d(z)

mG(:U7y) Z ’(I,.CL", bay’ Z

10



and we obtain the first inequality.
For the second inequality, let a and b be in 0G. If a,b # oo, then

lz =yl (la—=| |z—y
bl < G (=g oo )
lz—yl |z —yl® | |z -y
T d(y)  d(x)d(y)  d(=)
and we get

Sa(z,y) < log ((1 + %) (1 - %)) = j(z,y).

If b = oo, then |a,x,b,y| = |z — y|/d(x) and similarly if a = co. O

3.21. Remark. The equality d¢(z,y) = j(z,y) holds if and only if 2 = y or there
exist points a,b € OG such that d(x) = |z — y|, d(y) = |y — b, and a,z,y and b
lie on the same line in this order. In particular, dgn(x, —x) = 2jgn(z, —z) for all
x € B™. Also,

dmn (rey, se,) = 2jun (re,, se,) = |log(r/s)|
for all r, s > 0.

3.22. Theorem. If G is an open subset of R with card G > 2 and the metric Je
18 defined by

. q(z,y) ) ( q(z,y) )
zy)=log 1+ =" ) tlog(1+ -2 ) z,9y€eq,
Jo(w,y) = log ( o) Hlee\Mt ypag ) oY

then 6q < j¢.

Proof. The function j¢, is a metric by Lemma 2.14. The inequality d¢ < j& can be
proved in the same way as the second inequality in Theorem 3.20. U

3.23. Notation. Let GG be an open set for which jg is defined. We define the open
ball B;(z,t), with centre x and radius ¢, in this metric as the set

Bj(z,t) ={2 € G : jg(z,z) < t},
for all z € G and ¢ > 0. The balls B;(z,t) and Bs(z,t) are defined similarly.
3.24. Theorem. If G C R" is open, x € G and t > 0 then
B"(z,r) C Bj(z,t) C B"(z, R),
where r = (1 — e Y)d(z) and R = (' — 1)d(x). The formulas for r and R are the
best possible expressed in terms of t and d(x) only.

Proof. Let y € G and write j = jg(z,y). Then

|z —y| = (1 - e7?)(min{d(z), d(y)} + [z —y|) > (1 - e7/)d(x)
and the first inclusion follows. The second inclusion follows from the inequality

o —yl= (e - 1)min{6f§l’)>d(y)} < (¢/ = 1)d(x).



To show that r and R are the best possible, let G = R™\ {0}, z € G, and t > 0.
Now, choose y = e’z and z = e~*x. Then jg(x,y) = jo(x,2) =t, |v —y| = R, and
v —z| =7, O

3.25. Theorem. If G C R" is open, x € G and t > 0, then
B"(z,r) C Bs(z,t) C B"(z, R),
where r = (th(t/2))d(z) and R = ((e' — 1)/2)d(z). The formulas for r and R are

the best possible expressed in terms of t and d(x) only.

Proof. By Remark 2.16, j < log((e/ +1)/2). Then

Bi(x,1) C B; (x,log (et ! 1)) c B <x ¢ - 1d(a:)>

by Theorem 3.24. For the first inclusion, let y € G and denote j = jg(z,y). If
|x —y| < d(x), then

<o (12 2) (10 i)

) +lo =l ol =l
d(x) — |z =yl d(x)
and |z — y| > (th(j/2))d(z). The case |z — y| > d(z) is clear.

To show that r and R are the best possible, let G = R"\ {0}, x € G and ¢t > 0.
Now, choose y = ((e! +1)/2)x and z = (2/(e! + 1))x. Then jg(x,y) = ja(z,2) =
t, |t —y|=Rand |[x — z| =r. O

3.26. Corollary. If G C R" is open, x € G and t > 0, then
B"(z,r) C Bs(x,t) C B"(z, R),

where r = (th(t/2))d(z) and R = (¢! — 1)d(x). In addition, for all x € H" there
exists y € 0Bs(x,t) such that |v —y| = R. If H" = B"(2,d),d > 0, then Bs(x,t) =
B"(x,r).

= log

Proof. The inequalities jo < d¢ < je imply that
B;(x,t) C Bs(x,t) C Bj(x,t).

The inclusions follow now from Theorems 3.24 and 3.25. For the cases where G is
a half-space or a ball, see [Vul, p. 22,25]. O

The following theorem gives a connection between the Apollonian metric ag and
the absolute ratio metric d¢.

3.27. Theorem. Let G C R be an open set with card 0G > 2. Then
ag < 0g <log(e® +2) < ag + log 3.

The first two inequalities are the best possible for dg expressed in terms of ag only.
12



Proof. Let x,y € G. The first two inequalities follow if
(3.28) la,z,0,y] <1+ |a,z,b,y| <l|a,z,b,y|+ 2

for all a,b € 0G. Since the absolute ratio is invariant under Mobius maps, we may
assume that b = co. But then (3.28) takes the form

o=yl 2=yl eyl
la — x| — la — x| = |a— x|

+ 2,

and the result follows from the triangle inequality. The third inequality is obvious.
O

For curves v : [0,1] — D, we write d(,0D) = infycpo17 d(v(t), 0D).

3.29. Theorem. The inequality op > dp holds for any domain D C R" with card
oD > 2.

Proof. Since both metrics are Mobius-invariant, we may assume that D C R". Let
v : [0,1] — D be a rectifiable curve with end points 7(0) = x and (1) = y. Set

= d(v,0D) and choose € € (0,d). Now divide [0, 1] into m subintervals [t;,¢;11],
i=0,1,...,m — 1, such that the diameters of the sets ([t;, t;1+1]) are less than e.
Set y(t;) = x; and y(t;41) = y; foralli =0,1,...,m — 1. Because (1 —¢/d) < 1, we

have
N 2 la — bl €\2 mp(xi, ;)
o2 (05 () - (05 e
p(v(#)) d) \ebo 1es — ally: — 0] d/ o — yil

for every ¢ € [t;, t;11], where wp is as in 3.11 . Now

m—1
€\2 mp(Ti, Ys)
wp(y(8)|dy(t)] = o=yl (1 —) ——
€ 2m_15 € 2(5
> _ = ) > _ -
> (1-9) > dolry) 2 (1-5) ool
and we obtain op(x,y) > dp(x,y) as € tends to 0. O

3.30. Theorem. If D is a simply connected domain of C and card 0D > 1, then
pp < op < 2pp.
3.31. Remark. In [Be] there is an example of a domain D such that ap(0,00) =

2pp(0,00). This implies that the constant 2 in the second inequality of Theorem
3.30 is the best possible, because ap < op.

Next we shall study the behavior of ¢ and o under Euclidean bilipschitz maps.
Using the definition of the absolute ratio, one can easily prove the following lemma.

3.32. Lemma. Let G,G' C R" be open sets and f : G — G an L-bilipschitz
mapping. Then

(3.33) ma(z,y) < L'mey (f(2), f(y)) for all v,y € G.
13



The inequality (3.33) also holds if G and G are open subsets of R" with at least two
boundary points and f : G — G is an L-bilipschitz map with respect to the spherical
metric.

3.34. Theorem. Let G,G' C R™ be open sets and f : G — G an L-bilipschitz
mapping. Then

Z20a (@), S0) < dal9) < Do (@), S(9) for all 2y € G.

The inequalities (3.35) also hold if G and G are open subsets of R" with at least

two boundary points and f : G — G is an L-bilipschitz map with respect to the
spherical metric.

(3.35)

Proof. The proof follows from Lemma 3.32 and the Bernoulli inequality (3.17). O

3.36. Lemma. Let D C R" be a domain with card D > 2. For every e € (0,1/2),
ife,y € D and ép(z,y) < e, then op(z,y) < c(e)dp(z,y), where c(e) = (1—¢)/(1—
2¢)2. Also, c(0+) = 1.

Proof. We can assume that D C R"™ and d(z) < d(y). Let ¢ € (0,1/2) and
Jp(z,y) < dp(z,y) < e, then |x — y| < d(x) so that the segment [z, y] is contained
in D, and

| — ] |z — a ly — 0l

< —
s ) P e e

d(z) 21 1
< _ | <—94 P S
>~ mD(x7y> (d(w) _ |x _ yl) = c D(x’ y) (2 . 65)2

The formula for ¢(g) follows now from the inequality e < 1/(1 — ¢). O

3.37. Theorem. Let D, D" C R" be domains and let f : D — D' be an L-bilipschitz
mapping. Then

(335)  Tiop (@) ) < on(e,) < Loy (f(2), /) for all 2,y € D.

The inequalities (3.38) also hold if D and D' are open subsets of R with at least
two boundary points and f : D — D' is an L-bilipschitz map with respect to the
spherical metric.

Proof. Since op is Mobius-invariant, we may assume that D,D" C R". Let v :
[0,1] — D be a rectifiable curve with end points v(0) = = and y(1) = y. Set
d = d(vy,0D). For e € (0,1/2), divide [0, 1] into subintervals [t;, t;11], 0 =tg < t; <
oo <tm =1, sothat |[v(t;),v(tis1)| < ed/2for all i =0,1,...,m—1. Let z; = y(t;)
and y; = Y(t;r1). Then op(x;, ;) < 2jip(wi,y;) < &, and by Lemma 3.37,

op(wi,y;) < c(€)dp(wi, ys)

foralli=0,1,...,m — 1. Now
14



op(z,y) < ZUD(%%) < Lle(e) > o (f (i), f(wi))

< Lele) Y o (7). Fw)) < Lele) [ @i

Next, we can choose 7 so that ff(v) wpy (t)]dt| is arbitrarily close to o, (f(x), f(y)).
Then, letting € tend to 0, we obtain

op(z,y) < Loy (f(2), f(y))-
The first inequality in (3.38) follows from the second one applied to f~1. O

3.39. Notation. Let f : G — R" be a continuous injective function, where G is a
subdomain of R™. The linear dilatation of f at a point z € G is

. L(x, f,r)
H(z, f) = TIL%L Sup Uz, for)’

where
Lz, f,r) = max{|f(2) = f(z)] : |z =] =71},
Uz, f,r) =min{|f(z) = f(2)] : |z — 2| =1}
for all r € (0,d(x)).

3.40. Lipschitz maps with respect to dg. Next we shall study maps f : G —
G’ = fG that are bilipschitz with respect to the absolute ratio metric, namely there
exists a constant L > 1 such that

T0a(r.y) < by (@), f(9) < Logla,y) for all 2.y € G.

It follows from Corollary 3.26 that these maps are homeomorphisms.

Now we shall find an upper bound for the linear dilatation H(x, f), when f is a
bilipschitz map with respect to 9.
3.41. Lemma. Let G C R" be an open set and xq € G. Then

li 5@(1’,%‘0)
im ———=
r—0+ 0¢ (Y, To)

where |x — xo| = |y — x| = r € (0,d(x0)).

=1,

Proof. Let a,b,c,d € G be points for which mg(z, x¢) = |a, x, b, xo| and mg(y, xo) =
le,y, d, xo|. Then

a—1y 2r
TTLG(Q?,LU()) = |aay7b7 x0| : ||CL— l’|| S mG(yV?:O) (1 + m) ’

15



Similarly,

2r
> 1l——— ).
mg(SC,lCo) = mG(y7$O) ( d((ﬁo) _ T)>
Using the Bernoulli inequalities (3.17) and (3.18), we have
- 2r < da(x, o) <14 2r ‘
d(xg) —r = d¢(y, o) d(xg) —r

O

3.42. Theorem. Let G,G' C R" be open sets and f : G — G an L-bilipschitz map
with respect to the metric dg. Then H(x, f) < L? for allx € G.

Proof. Let xg € G and r € (0,d(zg)). Choose z,y € S" ! (xg,r) such that
m = l(xo, f,r) = |f(x) = f(20)]
and
M = (o, f,r) = [f(x) = f(zo)],
and let a,b € G be points for which m/ (f(z), f(20)) = |a, f(z),b, f(x0)|. Then

% _ |aaf(y)vb7f($0)| |a—f(y)|
m " Jaf().b fzo)| Ja— f(@)]
mer (). f(0)) m+ M
= e (f(@), (o) (1 T A (w0)) — m) |
and
M (g () o) =1 Dhaly o)
AL S S G (Fla), f(20)) — 1 = Sala,a0)/L
by Lemma 3.41. O

4. Growth estimates under quasiconformal maps

Now we will discuss the behavior of the absolute ratio metric d¢ under quasicon-
formal maps of R". For this purpose, we need to define a distortion function NKn-
We denote the hyperbolic sine function and its inverse by sh and arsh, respectively.

4.1. Definition. A domain D in R" is called a ring, if R" \ D has two components.
If the components are Cy and C; we write D = R(Cy, C1). The complementary
components of the Grétzsch ring R ,(s) in R™ are B" and [sey, 00|, s > 1, while
those of the Teichmiiller ring Rr,(t) are [—eq, 0] and [te;, 00|, t > 0.

For sets E,F C G, and G ¢ R", let A(E, F;G) denote the curve family of all
curves joining the sets £ and F' in G, and let A(E, F) = A(FE, F:R").
16



4.2. Modulus of a curve family. Let T' be a family of curves in R". That is, the
elements of T are curves in R”". We denote by F(I") the set of all non-negative Borel
functions p : R — R U {oc} such that f,y pds > 1 for every locally rectifiable curve
v € I'. We define the modulus

M) = inf / p"dm,

peF () Jp

where m stands for the n-dimensional Lebesgue measure.
The capacity of a ring R(E, F) is

capR(E, F) = M(A(E, F)).
The capacities of Rr,(s) and Rg,(s) are denoted by functions 7,(s) and 7,(s),
respectively. The functions 7, : (0,00) — (0,00) and 7, : (1,00) — (0,00) are
decreasing homeomorphisms and they satisfy the functional identity
(4.3) Yu(t) = 2" 1, (2 = 1), t>1,
(see [Vul, lemma 5.53]).

4.4. The conformal invariants \¢ and puq. If G is a proper subdomain of R,
then for z,y € G with z # y we define

(4.5) Aa(z,y) :Ciné M(A(C,, Cy; G)),

where C, = 7,[0,1) and v, : [0,1) — G is a curve such that z € |7,| and v,(t) — 0G
whent — 1, z =z,y.
For a proper subdomain G of R" and for all z,y € G define

/’LG('Ta y) = ICIlf M(A<ny7 aG? G))7
where the infimum is taken over all continua C,, such that C, = [0,1] and v is a
curve with v(0) = z and (1) = y.
4.6. Remark. If D, and D, are proper subdomains of En, D, C Dy and z,y € D,
are distinct points, then up, (x,y) > pp,(z,y) and Ap, (z,y) < Ap,(z,y).
4.7. Special functions. The function yx : (0,1] — [0,00) is defined by the formula

uir) = TV

1 1) =
2 x0) ,0<r<1, pu(l)=0,

where

0 v1—7r2sin“t

For all K > 0 and n > 2, the distortion function g, : [0,1] — [0, 1] is defined by

1
(4.8) Pralt) = 7;1([(7?7(1/15))’

te(0,1),



0rn(0) =0 and ¢k, (1) = (1).

The function p is a decreasing and ¢, is an increasing homeomorphism. It can
be shown that ¢ (r) = pxa(r) = p~(u(r)/K) for all r € (0,1) and K > 0.

4.9. Quasiconformal mapping. Given domains D, D’ in R"n > 2, let f: D —
D' be a homeomorphism. For z € D, r € (0,d(x,dD)), let

L(z,r) = max{|f(z) = f()| : |z =yl =},

((z,r) = min{[f(z) = f(Y)| : |z —y| =71},
and let C' € [1,00). We say that f is in the class F(D, D', C), if for each point
xr €D,

_ L(z,r)
H(z, f) = hmiglg ) < C.
4.10. Metric definition. It is clear that we can regard the class F(D, D', 1) as
consisting of the conformal maps of D onto D'. The maps of the class F(D, D", C)
are said to be quasicon formal. The quantity H(x, f) is called the linear dilatation
of f at x. Following [Va, p. 113] we give also another definition of quasiconformal
mappings. As shown in [Va] these definitions are equivalent, but interrelation of the
parameters C' and K in these definitions is an involved question (see [Val,[Vu2]).

4.11. Geometrical definition. Given domains D, D" in R", let f: D — D’ be a
homeomorphism. We let
M(I") M(I) F,

() = sup 7+ o) = sup s
K(f) = ma’X{KI(f)a Ko(f)}’

where the suprema is taken over all curve families I in D such that moduli M(T")
and M(T") are not simultaneously 0 or co. We call K;(f) the inner dilatation,
Ko(f) the outer dilatation, and K(f) the mazimal dilatation of f. We say that f
is a K-quasiconformal if K(f) < K < oo, and f is said to be quasicon formal if it
is K-quasiconformal for some K, 1 < K < oo.

= f(I),

4.12. Theorem. (Schwarz lemma for quasiconformal mappings) Let f : B* — fB™
be K -quasiconformal map with fB™ C B". Then

thp(f(x)é fW)) < oren (thp(ﬂ;, y)) 7

for all z,y € B™.
In particular, if f(0) =0, then

|f(@)| < ¢rnl|z]) for all x € B".
Following Lemmas will be used frequently onward.

4.13. Lemma. [Vul, Theorem 7.47] Forn >2, K > 1 and 0 <r <1 we have
18



(1) prn(r) < Amore o = K1/0-n),
(2) p1/kn(r) =A% B=1/a.

4.14. Lemma. [AVV1, Lemma 8.75] Forn > 2, K > 1 and a = K0 = 1/3,
the following inequalities hold:

(1) A7 <2l7o K < 27VKE,
(2) AL > 21K =6 > ol-K (K
4.15. Definition. Let D be a domain of R". A mapping f : D — R" is n-
quasisymmetric, if there exists an increasing homeomorphism 7 : [0,00) — [0, 00)
such that
[f(a) = f(e)] = " \la—¢
for all a,b,c € D with a # c.

For domains D and D’ in R" we let QCx (D, D') denote the class of K-quasiconformal
mappings of D into D. We also let QCx (D, D) = QCx(D).

We introduce some necessary notation before we give the proof of Theorem 4.19.
Forn>2 1<K < oo,t € [0,00), we let

Micn(t) =sup{|f(2)| : |z < t, f € QCk(R"),
£(0) =0, f(e1) = e1, f(o0) = 00}

(4.17)

for t > 0.

4.18. Lemma. [Vu2, Lemma 2.8] Fort > 0 we have

i) = s { Pl =l > 0.7 € #0160}
|f(x)

sup { F0 ol =l = 1. € Flo. 1)

|
|
:oqd( { ; y| =t f € F(n, )})

Agn(t)
in ,
0<t<1 B (%)

where

o @K,n(\/g)z
A= T (VT

Bicalt) = ouyicn (y/750) = A1),
and F(n,K) = {f € QCx(R"), f(e1) = e1}.

4.19. Theorem. [Vu2, Theorem 1.8] Forn > 2 and K > 1,

(1) M (1) <exp (6(K +1)°VK —1);
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(2) n;{,n(t) < UK,n(l)WK,n(t)a 0<t<1;
(3) M () < nin(1)/01/kn(1/8), > 1.

Proof. The main part of this theorem is (1), where it is crucial that the majorant
of 7 (1) tends to 1 as K — 1. By Lemma 4.13(1) we have 1 — g, (V1)? > 1 —
AT TR AT = 1)K then t, = AV (K—1)/K)?, sot, < (K—1)/K.
Thus 1 — ngm(\/z_f)2 > 1/K for 0 <t <t,. Therefore by Lemmas 4.13 and 4.18

Ak (t) 2(B— -
(1) < =mmol <« g \RBe)e=Bq 4y )8
77K,n() — BK,n(to)_ n o ( )
2(6-a) 4(a—p) 1\’
< K)\B-ajgla=p) (o —

= KPOD(K - )NV 1) = E.
Since max,~oz~® = e'/¢ by elementary calculus, it follows that
(K = D) < exp (2/)VE 1),
where we have used r = /K — 1. We will also need the estimate \3~! < 2K-1 K

by Lemma 4.14(2). The rest of the proof is divided into two cases.

Case 1. If K > 2, then (K —1)""% <1 and

KREDNAZ-D (oK — 1)K

=
IN

< KKE-D (2K71KK)2(K+1) (2K — 1)K
_ KK(K—1)22(K2—1)K2K(K+1)(2K . 1)K
< (2K)3EUEHD

< exp(6(K +1)°VK —1).

Case 2. Next, if 1 < K < 2, we have

1 B—1 1 K—-1 9
- < | —— < -vVK -1
(emi) =(e) = (vim)



SO
2
E < KRED (@8R o) 1)K exp (—(K +1VE — 1>
e

KgK(K+1)22(K71)(K+1)K2K exp (2([{ —+ 1) K — 1)
e

IN

exp[(3K* +5K)log K +2(K — 1)(K + 1) + Z(K + 1)VK — 1]
< exp[(3K? +5K)WVK — 1+ 3(K + 1)VK — 1]
= exp[(3K°*+ 8K + 3)VK — 1]
< exp(6(K +1)°VK — 1)
where we have used the inequality logz < /z — 1, = > 1. O
For r € (0,1)
Pia(r) = sup{|f(z)| : f € QUK(B"), f(0) =0, f(B") C B", x| <1},
also ¢k (1) < wra(r) by [AVVL, (13.3)].
4.20. Lemma. [AVV1, Lemma 14.5] The following equalities hold forn > 2, K > 1:

(1) mien(1) = sup {% el =y > 0,f € f(n,m}
(2) mie(1) = sup {% el =yl =t.f € f(n,m}

for each t > 0, where F(n, K) = {f € QCx(R"), f(0) = 0 and f(c0) = co}.
4.21. Theorem. [AVV1, Theorem 14.6] For n > 2 and K > 1:

(1) M (t) < i (D)@ (1), 0 <<
(2) M) < i (1)/ 917500 (1/1), 8 > 1.

A refined version of the proof of Theorem 4.19 gives the next theorem.
4.22. Theorem. [AVV1, Theorem 14.8] Forn > 2 and K > 1,
Nin(1) < exp(4K (K + 1)VEK —1).

4.23. Theorem. [AVV1, Theorem 14.18] Let f : R" — R" be K-quasiconformal
mapping. Then

(4.24) |f(a), f(b), f(c), F(A)] < minlla,b, e d])
for all distinct points a,b,c,d € R".

4.25. Theorem. Let f : R* — R" be a K-quasiconformal mapping with f(0) =
0, f(e1) = e; and f(o0) = 00. Then
()] < 287 KR exp(AK (K + 1)VEK — 1) max{|z|, [2|"}
forz € R" and B = K"V =1/a.
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Proof. By the definition of 7y ,,, we have

f(@)] < i p(l])-
Write |z| =t and d(K) = exp(4K (K + 1)K —1). For t > 1, we get
M (t) < Mie (1) 0180 (L)1) < d(K)XTH

by Theorems 4.21(2), 4.22 and Lemma 4.13(2).
Again for 0 <t <1, we obtain

@) < Wien(®) < Wi n (D@ (t) < iy (Dprcn(t) < d(E)A, ¢
by [AVV1, (13.3)] and Theorem 4.21(1). We conclude
d(K)NHW8, > 1,
‘f($)| S { d(K))\TI;ata’ OStS 1.
Observing that max{An /7 A8=1} = A= we have
1f(2)] < d(K)N max{t*, t7} < d(K)25 K5 max{t*,t°}

by Lemma 4.14(2). O
4.26. Corollary. Let f : R" — R" be a K -quasiconformal mapping. Then
|F(21), F(22), f(23), f(z0)] < e(K) max{(|21, 22, z3, 2])%, (|21, 22, 23, 24])7}
for each quadruple of points z1, 22, 23,74 € R, where § = KV = 1/a and
co(K) =2851KK exp(4K (K + 1)VK —1).
Proof. We get
|f(21), f(22), f(23), f(za)| < mic (|21, 22, 23, 2a])
< e(K)max{(|z1, 22, 23, 24])%, (|21, 22, 23, 24])° }
by Theorems 4.23 and 4.25. U

4.27. Lemma. [KMV, Lemma 4.13] Let g(t) = max{t®,t*}, 0<a <1 <b. If

c>1 then fort >0
log(1+ cg(t)) < cbmax{log(1l +t),log"(1 +t)}.

4.28. Theorem. Let D C R", f: R" — R" be a K -quasiconformal mapping. Then

51p(£(2), (3)) < () B max{6p (), 6p (1)},
where ¢(K) = 2K ' KX exp(4(K + 1)VK — 1) and 3 = K0 = 1/a.
Proof. Fix x,y € D. For a,b € 9D by Corollary 4.26
1£(@), £(@), £B), F(9)] < e() mas{ ([, 2,b,y1)?, (la 2, b, 1)

Write
mep(f(z), f(y) = sup  |f(a), f(z), f(D), f(y)],
F(a),F()ED(f D)
mp(z,y) = ilelgDm,:v,b,y!-
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Choose a,b € 9D such that
myp(f(x), f(y)) = |f(a), f(x), f(b), f(y)]-
Then
c(K)max{|a,z,b,y|°, |a,z,b,y|*} + 1
c(K) max{mp(x,y)’, mp(z,y)*} + 1.

myp(f(x), f(y)) +1

IA A

This yields

log(e(K) max{mp(z,y)’, mp(x,y)*} + 1)
c¢(K)Bmax{log(1 + mp(z,y)),log"(1 + mp(z,y))}
= C(K)ﬁ maX{5D (.’E, y)a 5%(1’, y)}

by Lemma 4.27. O
4.29. Theorem. [AQV] For K > 1, the function f(t) = nk(t) —log(1 4+ nk (e’ — 1))
is strictly increasing on (0,00). In particular,

(4.30) M (t) > log(1 +nx (e — 1))

forall K > 1 and t > 0.

log(msp(f(x), f(y)) +1)

4.31. Corollary. [S, Corollary 5.8] If f : R" = R" is a K-quasiconformal mapping,
G and G = fG open sets of R" with card 0G > 2, and z,y € G, then

Ocr (f(2), f(y)) < nx(da(2,y)).

Next we shall study the conformal invariants Ap and up, especially when D is a
quasiball.

4.32. Theorem. [Vul, Theorem 8.6] For all distinct z,y € B",

1
(4.33) pn(T,Y) = (W) ’

1
(4.34) Apn(z,y) = 37 (sh*(p(z,9)/2)) .
4.35. Theorem. [S, Theorem 5.10] If f : D — D" is a K-quasiconformal map,
where D and D' are proper subdomains of R, then

IO <y (), 50) < Kn(esy) for all .y € D.

If also card 0D > 2, then

Tk S
for all distinct x,y € D.

D'(f(x)u f(y)) < K/\D<x’y)
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4.36. Theorem. [S, Theorem 5.11] Let D C R" be a K-quasiball and let x,y € D
be distinct points. Then

50 i (7)< e <0 (q75)
and

(4.38) %Tn (sh2§) < Ap(z,y) < %Tn (sh2g) :
where

r =log(l+ n}—{}n(eép(x,y) — 1)),

5 = log(1 + nig (€7@ — 1)),
If n =2, then also

o (am) <0 << ()
and
(4.40) %TQ (shQ@) < Ap(z,y) < gTQ <sh2@> :

Proof. Let f:R" — R" be a K-quasiconformal map for which f(D) = B". Theo-
rem 4.23 implies that
log(1 + i, (0¥ — 1)) < p(f(x), f(y)) < log(1 + nica(e”) = 1)).

The inequalities (4.37) and (4.38) now follow from Theorem 4.32 and 4.35. The in-
equalities in the case of n = 2 follow from (4.37) and (4.38), since r > nl}}n(cSD(x, v))
and s < ng(dp(z,y)) by (4.30). O

4.41. Theorem. [S, Theorem 5.12] Let D; C R" be a K;-quasiball, i = 1,2 and
f Dy — fDy a K-quasiconformal map such that fDy C Dy. Then

(4.42) thg < Pk n (th§> :

where
ro= log(1 4 ng, . (exp(dp, (f(x), f(y)) = 1)),
s = log(l + UKl,n(eXPle(x,y)) - 1))7

K' = KK \K,, and z,y € Dy. In particular, if K1 = Ky = 1, this reduces to the
Schwarz lemma 4.12. If n = 2, then also

thnl};(éD2<f(x)7f(y>>> < O (thnK1(5D1(x7y))>
2 TR '

(4.43) ;
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Proof. By (4.37), Remark 4.6 and Theorem 4.35,

R (m> < una(f(@), (1) < pp(w,y) < KK (@) |

Then

r 1 s
s < SRR < o (13)

by formula (4.8). For n = 2, the inequality (4.43) follows, since r > ny. (dp, (f(2), f(y)))
and s < g, (0p, (z,y)) by (4.30). O

5. Bounds for various metrics

F. W. Gehring and K. Hag [GH1] investigated the variation of metrics in the
two-dimensional case. Here we refine their results with new constant and also we
discuss the n-dimensional case of their results. We also discuss some other results
in this section.

5.1. Theorem. If f : R =R is K -quasiconformal mapping which fixes 0,1 and
oo, then

[f ()] < eV max{[a ¥, |25}
forx € R’
Proof. We have

[F(@)] < Mo (2]) = nxca(|2])
by the definition of ny , and [AVV1, (14.4)]. This implies

[f(@)] < nxallz])
< A(K) max{|a]*, |2}
< eﬁ(K*l/K) max{|ac|K, ‘I|1/K}
by [AVV1, Theorem 10.24] and [Vul, Remark 10.31]. O

5.2. Corollary. If f : R’ R is K -quasiconformal mapping, then

[f (1), f(22), f(23), f(za)| < T max{(21, 22, 25, 2a])", (121, 22, 23, 24) V)

for each quadruple of points z1, z2, 23, 24 € R2.
Proof. We get
|f(21), f(22), f(23), f(24)]

77}},2(|Z1722,23,Z4|) = 77K,2(|Z1722,2372’4|)
(

MEK) max{(|z1, 22, 23, 24])%, (|21, 22, 23, 24])° }
(K—1/K)

ININIA

max{(|zl, 22, 23, Z4|>a7 <|z17 22,23, Z4|)/6}

by Theorem 4.23, [AVV1, (14.4), Theorem 10.24] and [Vul, Remark 10.31]. O
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5.3. Theorem. If [ : RE-Risa K -quasiconformal mapping with f(oco) = oo,
then for each proper subdomain D of R?,

Jrp(f(21), f(z2)) < ™ FVE K max{jp (2, 22),315/[((21, %)}
for z1,20 € D.
Proof. Fix z1, 20 € D and choose wq, ws € 0D so that

|f (zr) = fwe)| = dist(f (z), 0(f D))
for £k =1,2. By Corollary 5.2 we get

|f(z1) - f(22)|

dist(f(z1), 0(f D)) +1 = |(f(z), f(o0), f(z1), f(w1))] + 1

< e K-1/K) max{ (|22, 0o, Zl,wl\)K> (|22, 00, 21,w1|)1/K} +1

— or(E-1/K) o 21 — 2 * |21 — 22 E 11
- e dist(z1,0D) ) 7\ dist(z1,0D) .

Similarly

|f(21) - f(22)|

dist(f(z2),a(fD))+l = [(f(z1), f(00), f(22), f(w2))] + 1

e (E—1/K) 1o 21— 2\ |21 — 2 K 1
X T = = .
dist(z0,0D) ) "\ dist(z2,0D)
a0 — 21 — 2 b— |21 — 2
dist(z1,0D) )’ dist(z2,0D) )’

(1) — f(z2) (1) — f(z2)
tos (dist(f(zl),c?(fD» * 1) (dist(f(z2),8(fD>> " 1)

log (e”(K_l/K) max{a’, al/K} + 1) + log (e’r(K_l/K) max{b’", bl/K} + 1)

™ E=VE) - max{log (1 + a)(1 4 b)), log" X ((1 +a)(1 4 b))}
(K =1/K)

IN

We denote

and conclude that

Jro(f(z1), f(z2))

IN A

K max{jp(z1,22).jp " (21, 22)}

by Lemma 4.27. O
If D is a disk or half plane then

(5.4) pp(21,22) < jp(21, 22)

(see [GH2]), where p is the hyperbolic metric.
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5.5. Corollary. If D is a domain in R? and if there exists a K-quasiconformal self
mapping f of R? which maps D conformally onto a disk or a half plane, then

,OD(Z1, 22) < " KK )¢ maX{jD(Zla 2’2)75})“(217 2’2)}
for z1,2z9 € D.
Proof. If 21,25 € D, then

PD(21722) = pr(f(Zl)af(Z2>>
< Jro(f(z1), f(z2))

< SO R max{jp(a,2),Jp " (21, 22)}
by the conformal invariance of hyperbolic distance, (5.4) and Theorem 5.3. U

5.6. Theorem. If D C R? is a K-quasidisk, then

~ 2

(5.7) ppl21, 2) < VD K2 max{jp (21, 22), 5 " (21, 22)}
for zy, 29 € D.

Proof. By hypothesis there exists a K-quasiconformal self mapping of C which maps
D onto a disk or a half place.

If D is bounded, then by composing f with a Mobius transformation we may
assume that f fixes oo and f(D) is the unit disk B. The existence theorem for the
Beltrami equation implies there exists a K-quasiconformal self mapping of g : B —
B which fixes 0 such that g o f is conformal in D. Reflection in 0B extends to a
K-quasiconformal self mapping of C. Then h = go f is K2-quasiconformal and we
can apply Corollary 5.5 to obtain (5.7). If D is unbounded, then D is the union of
an increasing sequence of bounded K-quasidisks D,, which contains 27, 29 and

pp(21,22) = lim pp (21,22),  Jp(a,22) = lim jp, (21, 22).
Hence (5.7) follows from what was proved above. O

5.8. Theorem. Let f : R" — R" be a K-quasiconformal mapping with f(co) = oo,
then for each proper subdomain D of R™ with fD C R",

Jip(f(21), f(22)) < o(K)Bmax{jp(z1, 22), ji5 (21, 22)}

for 21,20 € D, where c¢(K) = 28 KK exp(4K (K 4+ 1)VK — 1) and o = K"/~ =
1/5,

Proof. Fix z1, 20 € D and choose wq,ws € 0D so that

| f(2) — f(wy)| = dist(f(2x), 0(f D))
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for k = 1,2. By Corollary 4.26 we get

|f(z1) — f(z2)] _
Gsi(f(z0).00/D)
<

Similarly
|/ (z1) = f(z)] +1 =

dist(f(22),0(fD))

IA

Write

g

Now we conclude that

Jrp(f(z1), f(z2))

log

(K
(

I IAIA

by Lemma 4.27.

dist(z1,0D)

log

c(K

|(f(21), f(w1), f(z2), (00

C(K) maX{(‘Zb wy, 22, OO|>57

¢(K) max { (

NI+1
(|21, w1, 22,00[)*} + 1

|21 — 22 o
dist(z1,0D) ) "’

|21 — 2]

dist(zl,(“)D)) } L

|f(22), f(w2), f(21),00] + 1

C<K>max{( )ﬁ(
)’ 21 = 2|

dist(zq,0D)
|f(z1) —
t

dist(f(21),
(e(K)
)
)

|21 —Z2|

dist(z2,8D)) } 1

)

|21 — 2|

diSt(Zg, 8D)

f(22)] |f (21
by ) (@ ooy 1)
) max{a’,a®} + 1) + log (c(K) max{b’, 6>} + 1)
max{log ((1 +a)(1+b)),log” ((1+a)(1+0b))}

max{jp(zbzz) ]D(Zlv’z?)}

|21 — 2o

) — f(2)|

g
g
O

5.9. Theorem. [KMV, Theorem 4.17] Let G = R*\ {0}, f: R" — R" be a K-

quasiconformal mapping with f(0) = 0 and f(co

that for all z,y € G

) = 0o. There exists a(K) such

jG(f(x)a f(y)) < CL(K) max{jg(x,y),jg(x,y)o‘},

where a = KV~ q(K) =

5.10. Theorem. Let G = R™\ {0}, f

with f(0) =0 and f(o0) =

(exp(60v K —1))/a and a(K) — 1 as K — 1.

:R" - R" be a K-quasiconformal mapping
o0o. Then for all x,y € G

]fG<f(x)7f<y>> < b(K> max{jg(x,y),jg(x,y)o‘},
where b(K) = 2K 1 KX exp(4K (K + 1)vK — 1)3 and o = KY/0= = 1/3.
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F1GURE 1. Graphical comparison of bounds given in Theorems 5.9
and 5.10.

Proof. Fix x,y € G. For a,b € 0G by Corollary 4.26
[f(a), f(x), f(0), ()| < e(K) max{(|a, 2, b,y])", (la, 2, b,y])*}.
Write

f(a),f(0)€d(fG)

mG('Tay): sup |a,x,b,y|.
a,bedG

Choose a = 0,b = oo then a,b € 0G

myc(f(x), f(y)) = |f(a), f(z), f(b), f(y)l-
Then by Corollary 4.26 we have
mea(f(2), f(y) +1 < (b(K)/B) max{|a,z,b,y|" |a,z,b,y[*} +1
(b(K)/B) max{me(z,y)", ma(z,y)*} + L.

{ myea(f(x), f(y)) = sup  [f(a), f(z), f(b), f(y)l,

VAN

This yields
ora(f(x), f(y)) log(mysc(f(x), f(y) +1) = jra(f(2), f(y))
log((b(K)/B) max{mg(z,y)’, ma(z,y)*} + 1)

(K) max{log(1 4+ mg(x,y)),log*(1 + mg(z,y))}

IAIA

min{d(z), d(y)}

(K)max{jg(z,y), ja(z, )}
29
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0.5 .0

FIGURE 2. The set {y € C : |z —y| < |z|},z € B™\ {0} given in
(5.13) in two cases; (a) |z| < 1/2 (left) and (b) |z| € (1/2,1) (right).

by Remark 3.16(3), Lemma 4.27. O

Solving numerically the equation a(K) = b(K) for K we obtain K = 11.4664. It
is easy to see that b(K) is better than a(K) for K € (1,11.7641). For graphical
purpose, logarithmic scale is used (see Figure 1).

5.11. Theorem. Forn > 2.K > 1, let f : R* — R" be a K-quasiconformal
mapping with f(0) =0, f(e;) = e; and f(o0) = co. Then

(5.12) f(2) = F(y)] < e(K)?|e -yl
when 1 < |z| < |z —y| forx € R*\ B",y € R", and
(5.13) [f(x) = f)] < e(K)* |z -yl

when |z —y| < |z| <1 for x € B",y € R". Here ¢(K) = 25 ' K¥ exp(4K (K +
DVK —1) and B = KY"D = 1/a.

Proof. By Corollary 4.26

[f(2), £(0), f(y), f(00)] < ¢(K) max{|z,0,y,00]% |2,0,y, 00|}
this implies that

Yt s aamar{ ()" ()}
e { (=) (|x|;|y|>ﬁ}

< o(K)max{]al®, 2] }e(K) max { <|x|;|y|>a’ (|x|;|y|)ﬂ}

by Theorem 4.25, and we can see that inequalities (5.12) and (5.13) are obvious. [
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5.14. Theorem. Let f : R" — R" be a K-quasiconformal mapping, with f(0) =
0, f(e1) = e; and f(o0) = 00. Then

|f (@) = el < e, (DA max{|z — 1], |z — ea] "}
for allz € R™ and a = K=" = 1/3.

Proof. By the definition of quasisymmetry we have

f@) = fe)l _ . (le—aly o e
HIZL < (22 ) = 1760 = Sl < il i),

By Theorem 4.21 and Lemma 4.13 we get
Niea(lz = e1l) < nic, (DA e — e for 0< |z —ef <1

and
Mica(lz —e]) S ni (DA e —ea? for Jo—e] 21,
respectively. Hence
[f(2) — el < max{nj, (DA — er|*, nj,, (DA 2 — ea|”}
= Mo (DA max{lz — e, |2 — ed] "}
here we use the fact that max{\l=2 M~1} = \o~1, O

5.15. Lemma. [Vul, Lemma 7.35] Let R = R(E, F) be a ring in R" and let a,b €
FE.c,d € F be distinct points. Then

cap R= M(A(E,F)) > 1.(]a, b, ¢, d|).
Equality holds if b = tie1,a = tsey,c = tger,d = tge; and t; < ty < t3 < ty.

5.16. Theorem. Forn > 2, K > 1, let f : R" > R" bea K -quasiconformal
mapping with f(0) =0, f(e;) = e; and f(oo) = co. Then

[f(@)] < KA el
for 0 < |z| < (K —1)/K and for all x € R™\ {0}.

Proof. Let T' be the family A([0, ], [e1, 00; R") and T" = f(I'). Then by Lemma
5.15 and [AVV1, Theorem 8.47], we get

7a(1£(0), f(x), fler), f(o0)]) < M(I') < KM(T) < K7, (|0, 2, €1, 00| — 1)
this implies that 7,,(1/|f(x)|) < K7,(1/|z] — 1). By the identity (4.3) we get

1 1

Applying v, ! to (5.17), we obtain

o2 (4 ()
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which implies
1

(! (K (1/3/7)))* = 1

1 ka7
ok, (Vo) =1 1 - ¢, (V)
P (VT)

- 1/K

by the definition of px and Lemma 4.13, also here we use 1 — go%(n(\/i) > 1/K
from the proof of Theorem 4.19. 0

< KA ||

6. On the Holder continuity of Quasiconformal maps

In this section we will discuss the Holder continuity of quasiconformal mappings of
the unit ball with respect to Euclidean metric. This section is taken from [BV]. We
denote the hyperbolic cosine and its inverse function by ch and arch, respectively.

6.1. Lemma. Suppose that f : B" — B" is a K-quasiconformal mapping with
fB*=B", f(0) =0, and let h : R" — R" be the inversion h(z) = z/|z|*, h(c0) =
0, h(0) = oo, and define g : R" — R" by g(x) = f(x) for z € B", g(x) = h(f(h(z)))
for z € R*\ B" and g(z) = lim,_, f(2) for x € O9B", g(c0) = co. Then g is a
K -quasiconformal mapping, and we have for x € B"

(6.2) pr/ralle]) < 1f(@)] < ornllel).
For z € R"\ B"
(6.3) Vorn(/]2]) < lg(@)] < 1/e1kn(l/|2]).

Proof. Tt is well-known that the above definition defines g as a K-quasiconformal
homeomorphism. The formula (6.2) is well-known (see [AVV2, Theorem 4.2]) and
(6.3) follows easily. O

For z € R"\ {0,e1},n > 2, we define the Teichmiiller function by
pn(z) = inf M(A(E, F))

where the infimum is taken over all the pairs of continua E and F in R" with
0,e; € E and z,00 € F.

6.4. Lemma. [HV, Theorem 3.20] For z € R",|z| > 1, the following inequalities
hold:

Tu(l2]) = pu(—lzle1) < pu(z) < pallzler) = T([2] = 1)
where p,(2) is the Teichmiller function. Furthermore, for z € R"™\ {0,e1}, the
upper bound may be refined to

|z| + |z —e1] — 1
. n Sn
05wl <n (FHES

) = M(A(E, F;R") < 7,(|2] — 1)
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FiGure 3. Circular arc F and ray F' given in Lemma 6.4.

with equality in the first inequality both for z = —se;,s > 0, z = se;,s > 1, and
where E 1s a circular arc with 0,e; € E and F 1s a ray with z,00 € F'.

6.6. Theorem. Forn>2,K >1,let f: R — R" be a K -quasiconformal mapping
with fB" C B, f(0) =0 and f(co) = co. Then

s1+ |z —yl

— 1/2
f@)~ F) < <3+@1/K,n<1/t>—1>¢;n((M) )

< (34 ABTDH)N20) (—2Ix — | ) ,

s1+ |z —
where a = KY0=) = 1/3 and s, = max{t—l—|$|+|y—|—tﬁ|,t+|y|+|x+t’y—‘|},t > 1,
x y

for all x,y € B".

Proof. Let I be a family A(E, F;R"), E and F are connected sets as in Lemma 6.4
with ,y € E, 2,00 € F, where z = —tz/|z| and I' = f(I'). By Lemma 5.15 and
(6.5), we have

- (M) < M) < KM(T)

f(z) = f(y)]
oo (Al —yl = e =yl _
= A ( 2|z —y| ) = Kmlu—1)

|z — 2|+ [z —y| + |z —y|
2|z — y|

where u = and by (4.3) we get
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Bn

Z=—t-X/|X|

FIGURE 4. Geometrical meaning of the proof of Theorem 6.6.

n ((\f(z) ~ f)]+ 1/ () - f(y)|)1/2> < Ko (W)

1/2
e [ttt e -y /
Coo 2]z — y| '

Write a = ¢ + || + [y + ;[ Applying 7! to (6.7) we have

1) = FW)+ 1 @) = ) o (- o+l u) 12
7@) = 1) - (”n (K%(< ) )))

Because fB" C B", by (6.3) and Lemma 4.13(2) we know that |f(z)
1f(z) = f(y)] <3+ o1rn(l/t)F <3+ ABDy8,
[f(z) = fy)] f(z) = fy)]

3PV = G — W) T 1@ — 7))
1

< ; 35
1/2
a—+ |x —
Yol | K ( | y’)
2|z —y|
- 2l —y| \"?
3 + AB=18y,2 ( )
— ( n )@K,n a_'_‘x_y‘

< 3+ )\(ﬁfl)tﬁ)V(l*a) M
- ! " a+ |z —yl

also

=
&
S~—
|
=
s
A
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by inequalities (4.3), (4.8) and Lemma 4.13(1).
Exchanging the role of x and y we see that

— 1/2
@) - ) < <3+Agfl>tﬁ>¢;n<< 2o ) )

max{a, b} + |z — y|

) B 2|z — y| :
< (34 \B-DyBY \2(1-0)
< GO a0 + 7 =]

where b =t + |y| + |z + 7] O
6.7. Corollary. Forn >2.K >1,let f: R" — R" be a K -quasiconformal mapping
with fB™ C B", f(0) =0 and f(oco) = oo. Then for all x,y € B"

. 2(1—a) 2|z — 9 >a
)~ fl < e (252

X

where o = KO and s = max{1+ Jo] + [y + 1+ Iyl + o+ 7o}
Y

|z]

Proof. Proof is similar to the proof of the previous theorem. Here we consider ¢ = 1.
Because fB™ C B", we know that |f(z) — f(y)| + | f(z) — f(y)| < 4,

[f@) = fl [f(z) — f(¥)|
4 = G = fWI () = f(y)l
1
<

(= (550 )

. 1/2
F@) — fy)l < 4@%((%) )

< 4)\2(1—&)( 2|z —y| )a
- a+ |z —yl

also

by (4.8) and Lemma 4.13(1), where a = 1+ || + [y + ;| Exchanging the roles of
x and y we get

_ (1-a) 2lz =y )
[f(x) = F)l < 4xH (max{a, b} + |z — y|>

where b =1+ [y| + [x + 1. O
6.8. Corollary. Forn > 2, K > 1,t > 1, let f be as in Theorem 6.6. Then

_ (B-1)48) y2(1—0) 2z — y] )a
09) 1)~ F)] < G AP (G )




for all x,y € B",

_ (8-1),8Y \2(1-0) it )
(6.10) [f(2) = Fy)l < B+ X7 V)A, <max{t+!x\,t+|y!}>’

for all x,y € B, and

6.11)  |f(@) — f)] < 3+ AP V)N (t+|x||ia$y|—y|)/2) |

if ly + il >t+ x|,y € B".
Proof. Write B(y,x) = |y + tl;’f—|| Inequality (6.9) follows because B(y,z) >t — |y
and B(x,y) >t — |z| for x,y € B", and hence
s1 2 max{2t + |z| — |y[, 2t + |y| — ||} = 2 + [|=[ = [yl].
It is clear that B(y,z) >t + |z| — |* — y|, and this implies that
s1 2 max{2(t + [z[) — [z —y[, 2(¢ + [y]) — [z — y|} = 2max{t + ||, 1 + |y[} — |2 -y

and hence inequality (6.10) follows. Because B(y,x) > t + |z|, we see that s >
2(t + |z|) and (6.11) holds. O

6.12. Definition. Let QCk(B"), K > 1, with f(0) = 0. Thenforall K > 1, n > 2,
there exists a least constant M (n, K') > 1 such that

1f(x) = fly)] < M(n,K)|z —y|*, a=KY0™™
for all f € QCk(B"),z,y € B".

It is natural to expect that for all n > 2, M (n, K) — 1 when K — 1. This fact
was pointed out by R. Fehlmann and M. Vuorinen in the following theorem.

6.13. Theorem. [FV, Theorem 1.3] Let f be a K-quasiconformal mapping of B"
onto B", n > 2, f(0) =0. Then
(6.14) |f(@) = fy) < M(n, K)|z —y|*
for all x,y € B™ where a = K"~ and the constant M (n, K) has the following
three properties:

(1) M(n,K) — 1 as K — 1, uniformly in n;

(2) M(n, K) remains bounded for fired K and varying n;

(3) M(n, K) remains bounded for fixed n and varying K ;

G.D. Anderson and M. K. Vamanamurthy proved the following theorem in [AV].
6.15. Theorem. Forn > 2, K > 1,
M(n, K) < 4X20-9)

where o = KO~ and )\, € [4,2e""1), \y = 4, is the Grétzsch ring constant [AN],
[Vul, p.89].
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As far as we know, the best upper bound known today for n = 2 is M(2, K) <
461K due to S.-L. Qiu [Q] (1997)
The following theorem 6.16 refines Theorem 6.15.

6.16. Theorem (1) Forn > 2, K > 1, M(n,K) < T(n, K) where fort > 1,a =
K100 =1/,

(6.17) T(n,K) <inf{h(t) : t > 1}, h(t) = (3 + NP 20

and A\, 1s as in Theorem 6.15.
(2) There ezists a number Ky > 1 such that for all K € (1, K;) the function h
has a minimum at the point t; > 1 and

(6.18)
1—a? _ a? 9 oa)\oz—l B—a
T(n, K)gh(tl):[?) (8 =) jomet Agl(@a) : ) ]A%la)'

a (ﬁ _ Oé)a
Moreover, for 3 € (1,2) we have

(6.19) h(ty) < 3172501 a>K5< v/ B — o+ exp(y/ 32 1))

In particular, h(t,) — 1 when K — 1.

Proof. (1) The inequality (6.17 ) follows easily from the inequality (6.10). (2) We see
that the function h has a local minimum at ¢; = (3a)*\2~(8—a)~®.Ift; > 1, then
the inequality (6.10) yields the desired conclusion. The upper bound for T'(n, K)
follows by substituting the argument ¢; in the expression of h. We next show that
the value K; = 4/3 will do. Fix K € (1,K;). Then a = K'Y= > 3/4 and
a/(l1—a?)>1.

Because \>~! > 2V/K-1~1 by 4.13(1), with d = (6/K)YX /2K we have

t1 = (30)°A27 (B — @) > (3/K)V/KQUK-1—1 ( a )a

1 —a?
a 3/4
o «
=d >d
(1—042) - (1—a2>

:(27"([() “ )3/4;7«(}():614/3/2.

1 —a?
It suffices to observe that t; > 1 certainly holds if 2r(K)(1%z) > 1 which holds for
a>1/(r(4/3) + /1 +1r(4/3)?) = 0.53..., in particular, ¢; > 1 holds in the present

case a > 3/4.
For the proof of (6.19) we give following inequalities
(6.20) Ae—ot < gall-a) o < gl-apea g >

(621) )\g—a _ )\5-%1—1—04 _ )\g(l—a)—&-l—a _ )\T(Iﬂ-i-l)(l—a) < (21—04K)3’ Be (172)
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by Lemma 4.14(1). We find upper bounds for both terms of h(t;) inequality indi-
vidually,

1—a? _ a? (1-a)(1+a) |, 9a(l—a)92(1—a) 2 _ a?
3 (ﬁ ~ O./) Aqo‘z_OéZ)\i(l_a) S 3 2 22 K (/8 O[) Ka
a“ a”

(9 .92. 4)17a}52(5 . a)a2 Ko

IN

I
~J
‘\1
3
Q
Q

I

~J

[N}

,_.

Q
~~ o~ o~

Q
\_/\_/\_/\_/

* K?K*exp(—a?loga)
o) K2K® exp(—alog )

2

* K2 exp((log K — log a)a)

1
’ ((1—1— 110gK)a>
272

IA
|
(]
H
Q

I
\]
[\.1
s
Q
Q
2
=
no
o

by inequality (6.20),

aya—1
e (B2) T g (a5 - a

IN

—a((B*-1)/B)
(21—04K)2>\§—a ((30[)06)\2_1)670[ (525_ 1)
(21701[()2 (3a)\n)ﬁ—a ﬁaz (52 N 1)7a2(ﬂ271)

2 2
(21 aK) 311 )\(B-i-l)(l a) exp ( @ A /52 _ 1)
(&
2 2
31—(12 (21—QK)2(21—04K)(ﬁ+1) exp ( @ /62 _ 1)
e

< 32K exp(y/32 — 1)

IN

IN

IN

here we assume that § € (1,2) this implies that o € (1/2,1), also inequalities
(K — 1)~ =D < exp((2/e)vVK — 1), (6.21) are used, and we get

(6.22) h(ty) < [72170(8 — ) K* 4+ 317" (279 K)% exp(/3% — 1)] .
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FIGURE 5. Graphical illustration of the various upper bounds for
Mori’s constant when n = 2 and Ay = 4 as a function of K: (a)
Mori’s conjectured bound 16'~'/% (b) the Anderson-Vamanamurthy
bound 4 -16'~'/% (c) the bound from (6.18). For K € (1,1.3089) the
upper bound in (6.18) is better than the Anderson-Vamanamurthy
bound.

) this implies that 2(8 — «) € (0,1) and
a? € (1,1) implies that (2(3 — @) < (3(8 — a))/*, therefore

(B—a) < (;) (%(6—0&)1/4 < (g)li VB —a
3

Next we prove that
(6.23) 72170 < 3l-e?gili-a) i
This inequality is equivalent to
22e-13(1-0) < [ ey —(1 —a)logd + (1 —a)*log3 <log K .

This last inequality holds because the left hand side is negative. Now from (6.22)
and (6.23) we get the desired inequality (6.19).
U

6.24. Graphical and numerical comparison of various bounds. The above

bounds involve the Grotzsch ring constant \,, which is known only for n = 2, A\ =
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FI1GURE 6. Graphical comparison of various bounds when n = 2 and
Ay = 4, as a function of K: (a) the bound from (6.18), (b) the
Fehlmann and Vuorinen bound [FV].

4. Therefore only for n = 2 we can compute the values of the bounds. Solving
numerically the equation 4 - 16'""/% = h(t;) for K we obtain K = 1.3089. We give
numerical and graphical comparison of the various bounds for the Mori constant.
Tabulation of the various upper bounds for Mori’s constant when n = 2 and
Ao = 4 as a function of K: (a) Mori’s conjectured bound 16'~*/% (b) the Anderson-
Vamanamurthy bound 4 - 16'~'/% (¢) the bound from (6.18). For K € (1,1.3089)
the upper bound in (6.18) is better than the Anderson-Vamanamurthy bound and
for K > 1.5946 the upper bound in (6.18) is better than the bound of Fehlmann and
Vuorinen. Numerical values of the [F'V] bound given in the table were computed
with the help of the algorithm for vk o(r) attached with [AVV1, p. 92, 439].
Formula for [FV] bound is given below:

K21 22K—3/K <K2 + 1)(K+1/K)/2
K241 (KQ _ 1)(K—1/K)/2'

M(2,K) < (1+¢K72<

For K > 1.5946 the upper bound in (6.18) is better than the Fehlmann-Vuorinen
bound.

For graphing and tabulation purposes we use the logarithmic scale. Note that
the upper bound for M (2, K) given in [FV, Theorem 2.29] also has the desirable
property that it converges to 1 when K — 1, see Figure 6.
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K [log(16=%) [1og(4 - 16'"V%) [ log(FV) | log(h(t1))
L1 0.2521 1.6384 0.7051 | 1.0188
1.2  0.4621 1.8484 1.2485 | 1.6058
1.3  0.6398 2.0261 1.7046 | 2.0107
14|  0.7922 2.1785 2.0913 | 2.3061
15|  0.9242 2.3105 2.4221 | 2.5296
16| 1.0397 2.4260 2.7094 | 2.7031
17| 1.1417 2.5280 2.9633 | 2.8409
1.8 1.2323 2.6186 3.1921 | 2.9521
19| 1.3133 2.6996 3.4020 | 3.0433
2.0 1.3863 2.7726 3.5979 | 3.1192

TABLE 1. Numerical comparison of the bounds with h(t;).

6.25. Comparison of estimates for the Holder quotient. For a K-quasiconformal
mapping f: B" — fB" = B", f(0) = 0 we call the expression

HQ(f) = sup{|f(z) = f(W)l/|lz —y|" - z,y € B"}

the Holder coefficient of f. Clearly HQ(f) < M(n, K). Theorem 6.6 yields, after
dividing the both sides of the inequality by |z — y|*, the upper bound HQ(f) <
HQ(K) for the Holder coefficient with

(6.26) HQ(K) = sup{inf{U(t,z,y); t > 1}, =,y € B"}
_ ~1y,.2 2|z —y| s 1
Ult,z,y) = B+ oyxn(l/1) ) Pkn ((m) Tyl

For n = 2 we compare HQ(K) to several other bounds (a) Mori’s conjectured
bound, (b) the FV bound, (c¢) the AV bound give the result as a table. Because
the supremum and infimum in (6.26) cannot be explicitly found we use numerical
methods that come with Mathematica software. For the supremum we created
100,000 random points in the unit disk because of the computational load.

7. An explicit form of Schwarz’s lemma

This section is taken from [BV]. Recall that the hyperbolic metric p(z,y),z,y €
B", of the unit ball is given by (cf. [KL], [Vul])

p(z,y) |z —y[?
(7.1) th* =5 = T iE t* = (1— |2[*) (1~ [y*).

41




4

7 //
. log (iV}/

// ——
, .~ Tlog (HQK))
y. //

1 // _—
;7 // ///, log (16171
el
1.0 | | 1.2 | | 1.4 | | 1.6 | | 1.8 | | 2.0

F1GURE 7. Graphical comparison of various bounds when n = 2 and
Ay = 4, as a function of K: (a) the bound from (6.26), (b) the
Fehlmann and Vuorinen bound [FV], (¢) the bound of the Mori con-
jecture. Note that the bound (6.26), based on a simulation with
100,000 random points in unit disk, gives the best estimate in the
cases considered in the picture.

K | log(16"Y%) | log(4 - 16'"Y%) | log(FV) | log(HQ(K))
1.1 0.2521 1.6384 0.7051 1.0171
1.2 0.4621 1.8484 1.2485 1.5940
1.3 0.6398 2.0261 1.7046 1.9712
1.4 0.7922 2.1785 2.0913 2.1668
1.5 0.9242 2.3105 2.4221 2.2928
1.6 1.0397 2.4260 2.7094 2.4003
1.7 1.1417 2.5280 2.9633 2.4922
1.8 1.2323 2.6186 3.1921 2.5706
1.9 1.3133 2.6996 3.4020 2.6371
2.0 1.3863 2.7726 3.5979 2.6934

TABLE 2. Numerical comparison of the bounds with HQ(K).

7.2. Quasiregular mappings. Let G C R" be a domain. A mapping f: G — R”

is said to be quasiregular if f is ACL"™ (absolutely continuous on almost all lines)
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and there exists a constant K > 1 such that

(7.3) |f (@)" < KJp(x), | ()] = ﬁi)ﬂf'(l’)hl?

almost every where in G. Here f'(z) denotes the formal derivative of f at 2. The
smallest K > 1 for which this inequality is true is called the outer dilatation of f
and denoted by K,(f). If f is quasiregular, then the smallest K > 1 for which the
inequality

/

(7:4) Jr(@) < KU(f (@), Uf (@) = min | ()],

holds almost every where in G is called the inner dilatation of f and denoted by
K;(f). The mazimal dilatation of f is the number K(f) = max{K,(f), K;(f)}.
If K(f) < K, f is said to be K-quasiregular. If f is not quasiregular, we set

K, (f) = Ki(f) = K(f) = oc.

7.5. Theorem. [Vul, 11.2] Let f : B® — R™ be a nonconstant K -quasiregular
mapping with fB® C B" and let o = K=" | Then

2
(7.7) p(f(z), f(y)) < K(p(z,y) +log4),
for all z,y € B™, where A\, is the same constant as in (6.15). If f(0) =0, then
(7.8) f(@)] < A,

for all x € B™.

In the case of quasiconformal mappings with n = 2 formulas (7.6) and (7.8) also
occur in [LV, p. 65] and formula (7.7) was rediscovered in [EMM, Theorem 5.1].
Comparing Theorem 7.5 with Theorem 7.10 we see that for n = 2 the expression
K(p(z,y) + log4) may be replaced by c¢(K)max{p(z,y), p(z,y) X}, which tends
to 0 when x — y and to p(x,y) when K — 1, as expected.

7.9. Lemma. For K > 1 the function
2arth(pg (ths))
max{t, t1/K} 7
is monotone increasing on (0,1) and decreasing on (1,00) .
Proof. (1) Fix K > 1 and consider
= 2arth(p(th))

t )
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Let 7 = thi. Then ¢/2 = arthr, and ¢ is an increasing function of r for 0 < r < 1.
e h(pn(th)) _ arth(ex(r)
arth(pg (thy arth(eg (r
)= t/2 ~ arthr (r).
Then by [AVV1, Theorem 10.9(3)], F(r) is strictly decreasing from (0,1) onto
(K,00). Hence f(t) is strictly decreasing from (0, 0c0) onto (K, 00).
(2) Next consider

2arth(px (thi))
g(t) = R 2,

and let r = th%. Then t = 2arthr and

(t) = 2arth s 21"V Karth s
= 2V/K (arthr)/K — (arthr)/K
where s = g (r). We next apply [AVV1, Theorem 1.25]. We know - (arthr) =

dr
1/(1—r?).
Writing ' = /1 — 12,8’ = /1 — s2, we obtain the quotient of the derivatives
21—1/K<1/(1 —32>>% _ 21_1/KK(arth’r‘)l_l/KﬁiSS/2g<(s>2
= (arthr)/K=1(1/(1 — r2)) s2 K rr'2K(r)?
_ QUK (qrgh )oK s K(s)?
rK(r)?
by [AVV1, appendix E(23)]. By [AVV1, Lemma 10.7(3)], §§§ is increasing, since

K > 1, (arthr)/K=1 is increasing. Finally, s/r is increasing by [AVV1, Theorem
1.25] and E(23). So ¢(t) is increasing in ¢ on (0, c0).
(3) Fix K > 1. Clearly

VK for 0<t<1
/Ky _ t or STS
masc{t, £77} {t for 1<t< oo.

Thus
(1) = 2arth(¢k (ths))
© max{t, tV/K}
increases on (0, 1) and decreases on (1, 00). O

7.10. Theorem. If f : B> — R? is a non-constant K -quasireqular mapping with
fB? C B2, and p is the hyperbolic metric of B%, then

p(f(@), () < e(K) max{p(z,y), pla,y)""}
for all z,y € B where ¢(K) = 2arth(pg (th})) and
K <u(K —1)+1 <log(ch(Karch(e))) < c¢(K) <v(K —-1)+ K

with u = arch(e)th(arch(e)) > 1.5412 and v = log(2(1 + /1 — 1/¢e?)) < 1.3507. In
particular, ¢(1) = 1.
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Proof. The maximum value of the function considered in Lemma 7.9 is ¢(K) =
2arth(pg (thi)). The inequality now follows from Lemma 7.9. O

7.11. Bounds for the constant ¢(K). In order to give upper and lower bounds for
¢(K) given in Theorem 7.10, we observe that the identity [AVV1, Theorem 10.5(2)]
yields the following formula

0= 2 (e (522 ) e (L-2800).

A simplification leads to

o(K) = —logpi/r(l/e).
Next, from the inequality ¢1/x(r) > 21751 + )1 KrK for K > 1,7 € (0,1) (cf.
[AVV1, Corollary 8.74(2)]) we get, with v = log((2(1 + /1 — 1/e?))) < 1.3507

o(K) = —logpik(l/e) < —log2 (1 + /1 1/e3) e X
= (K —1)+ K < 1.3507(K — 1) + K.

In order to estimate the constant ¢(K') from below we need an upper bound for
¢1/k,2(r), K > 1, from above. For this purpose we prove the following lemma.

7.12. Lemma. For every integer n > 2 and each K > 1, r € (0,1), there exists
K -quasiconformal maps g : B" — B" and h : B" — B" with
(a) g(0) =0, gB*=B", h(0) =0, hB" = B"
2re 2rP
b rey) = - ~—, h(re;) = ; ;
(b) glrer) (1+7r)e+ (1 —1r) (rex) 1+ +(1—r)s
where v’ = /1 =12 and a = K" = 1/p.
In particular, forn =2 and K > 1, r € (0,1)
2k 2rt/K
< : > .
(C) 901/[((7’)_ (1+7'/)K+(1—7"/>K ) SOK(T) i <1+T/)1/K+(1—T/)1/K

Proof. Fix r € (0,1). Let T, : B® — B" be a Mobius automorphism with 7, (a) =
0 and 7,(B") = B". Choose s € (0,r) such that Ty, (0) = —Ts,(re;). Then
p(0,7e1) = 2p(0, se1) [Vul, (2.17)], or equivalently, (1+7)/(1—r) = ((1+s)/(1—s))?
and hence s = /(1 +r'). Consider the K-quasiconformal mapping f : B® — B",
f(z) = |z|* 'z, a = K=" Then f(&se;) = £5%,. The mapping g = T_ae, ©
foTs, : B" — B" satisfies g(0) = 0, g(re1) = te; where p(—s%ey, s%¢1) = p(0, tey)
and hence t = 2r®/((14+7)*+(1—r"))* by [Vul, (2.17)]. The proof for g is complete.
For the map h the proof is similar except that we use the K-quasiconformal mapping
m:x — |z|’~'z, B =1/a. Note that m = f~! and t = 1/ch(a arch(1/r)). For the
proof of (¢) we apply (a), (b) together with [LV, (3.4), p. 64]. O

7.13. Lemma. For K > 1, ¢(K) > log(ch(Karch(e))) > u(K — 1) + 1, where
u = arch(e)th(arch(e)) > 1.5412.
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FIGURE 8. Graphical comparison of lower and upper bounds for ¢(K)
with b(K') = log(ch(Karch(e))).

Proof. From Lemma 7.12(c), we know that
2/el

eyx(l/e) < (1+ /1 - 1/e)K + (1 — /T 1/e2)K
2
VDK + (e = V@ DK

" _log%/K(l/e)2_10g<<e+m>Ki<e_ 62_1>K>
- 10g(<6+m)K+(e— 62_1)1()

2
= log(ch(Karch(e))) > u(K — 1) + 1,

where the last inequality follows easily from the mean value theorem, applied to the
function p(K) = log(ch(Karch(e))). O
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