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Abstract

Simplifying the Einstein field equation by assuming the cosmological prin-
ciple yields a set of differential equations which governs the dynamics of the
universe as described in the cosmological standard model. The cosmologi-
cal principle assumes the space appears the same everywhere and in every
direction and moreover, the principle has earned its position as a funda-
mental assumption in cosmology by being compatible with the observations
of the 20th century. It was not until the current century when observations
in cosmological scales showed significant deviation from isotropy and homo-
geneity implying the violation of the principle. Among these observations
are the inconsistency between local and non-local Hubble parameter eval-
uations, baryon acoustic features of the Lyman-α forest and the anomalies
of the cosmic microwave background radiation. As a consequence, cosmo-
logical models beyond the cosmological principle have been studied vastly;
after all, the principle is a hypothesis and as such should frequently be
tested as any other assumption in physics.

In this thesis, the effects of inhomogeneity and anisotropy, arising as a
consequence of discarding the cosmological principle, is investigated. The
geometry and matter content of the universe becomes more cumbersome
and the resulting effects on the Einstein field equation is introduced. The
cosmological standard model and its issues, both fundamental and obser-
vational are presented. Particular interest is given to the local Hubble
parameter, supernova explosion, baryon acoustic oscillation, and cosmic mi-
crowave background observations and the cosmological constant problems.
Explored and proposed resolutions emerging by violating the cosmological
principle are reviewed. This thesis is concluded by a summary and outlook
of the included research papers.
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Tiivistelmä

Kosmologinen periaate, jonka otaksutaan pätevän kosmologisessa standar-
dimallissa, olettaa avaruuden näyttävän samalta joka pisteessä ja joka suun-
nassa. Tämä periaate on ansainnut paikkansa hyvänä oletuksena sopimalla
havaintoihin erittäin hyvin aina 2000-luvun vaihteeseen asti sekä yksin-
kertaistamalla Einsteinin yhtälön kauniiseen ja yksinkertaiseen muotoon.
Vasta vuosituhannen vaihteen jälkeen tehdyissä havainnoissa on löytynyt
uskottavia todisteita kosmologista periaatetta vastaan. Tällaisia havaintoja
ovat muun muassa ristiriitaiset tulokset Hubblen parametrin määritykses-
sä, Lyman-α-metsän baryoniakustiset oskillaatiot sekä anomaliat kosmises-
sa taustasäteilyssä. Lisäksi, vaikka havaintoja kosmologista periaatetta vas-
taan ei olisikaan vielä löytynyt, periaatetta tulee testata kuin mitä tahansa
oletusta fysiikassa.

Tässä väitöskirjassa tutkitaan ilmiöitä, jotka seuraavat kosmologisen pe-
riaatteen hylkäämisestä. Yleisellä tasolla voidaan sanoa, että periaattees-
ta luovuttaessa universumin geometria monimutkaistuu ja materiasisältö
monimuotoistuu. Tämän seurauksena systeemiä kuvaavien yhtälöiden rat-
kaiseminen hankaloituu, joka tässä kirjassa havainnollistetaan esittelemällä
kosmologinen standardimalli sekä joitakin kosmologista periaatetta rikko-
via malleja. Myös kosmologisen standardimallin ongelmia havainnolliste-
taan konkreettisesti. Erityistä huomiota saavat Hubblen parametri, super-
novat, baryoniakustiset oskillaatiot, kosminen taustasäteily sekä pimeän
energian ongelma. Kosmologista periaatetta rikkovia malleja on tutkittu
laajasti yrittäen löytää niistä ratkaisu kosmologisen standardimallin ongel-
miin; näitä ratkaisuyrityksiä kuvaillaan. Lopuksi väitöskirjassa esitellyistä
artikkeleista tehdään yhteenveto.
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Chapter 1

Introduction

It was 101 years ago, in 1915, when Albert Einstein provided his theory
on gravity, known as general relativity. In cosmological scales, the theory
has persisted as the most graceful and beautiful description of gravity. By
this I mean that it is the simplest theory accurately capable confronting
cosmological observations.

In 1917 general relativity was applied to cosmology for the first time,
this was done by Einstein himself in Ref. [5] (see [6] for the English trans-
lation). In this paper, he introduced his view on our universe by presenting
a static and finite model complying with the cosmological principle. In
order to achieve this he had to introduce the cosmological constant to his
equations; a constant that was not originally present in general relativity.
We have to keep in mind that in those days the cosmological observations
were far from that they are today and Einstein’s static world view was ac-
tually supported by the fact that stars appear quite immobile in the sky.
Let me add that Einstein’s world view was actually quite progressive as for
example Herschels’s universe, where the universe is heliocentric, was still
vital at the time [7].

General relativity inspired other physicists to construct alternative views
of our universe too: in 1917 Willem de Sitter constructed an alternative
static model in Ref. [8] and in 1922 and 1924 Alexander Friedmann in-
troduced the radical idea that the universe might not be static [9, 10],
respectively. However, Einstein did not recognise these models physically
viable as de Sitter’s model contained no ordinary matter and Friedmann’s
models were non-static [11].

First evidence against Einstein’s static universe arose in the 1920’s when
the redshifts of some distant galaxies were measured; the static models were
not ruled out, but favoured de Sitter’s model over Einstein’s model [11].

13



14 Introduction

However, Einstein’s model remained also viable as long as the redshifts
are interpreted being caused by "the normal movement" (or the peculiar
motion) of the galaxies [7]. Georges Lemaître gave an alternative interpre-
tation in 1927 (an English translation is given in [12]) for the measured
redshifts by utilising the expansion of the universe instead of peculiar ve-
locities. His interpretation was not well accepted by the community of
the physicist; the general opinion was well reflected by Einstein’s comment
on the model "from the physical point of view, that appeared completely
abominable" [11].

In 1929 Edwin Hubble published his famous paper [13], where he gave
a linear fit to his velocity-distance data of galaxies, nowadays known as
Hubble’s law. The results of Hubble’s paper were not favourable for the
static models but fitted well to Lemaître’s expanding model, in fact, in his
1927 paper Lemaître presented Hubble’s law before Hubble. Hubble’s paper
together with the discovered instability in the Einstein’s static universe
dealt a dead blow to the static models and lead to the acceptance of the
expanding universes [11, 7]. However, the static models left their imprints
on the model development. The ideology in the static models that the
universe has always been and always will be as it is now kept on and
resulted in e.g. the steady state model, where the universe expands but
creates matter continuously in order to keep the matter density of the
universe constant.

Lemaître saw things in a different light. In a series of papers (see [11]),
he proposed and developed a universe that started from a much smaller and
denser state than seen today and has expanded since. Fred Hoyle, a sup-
porter of the steady state model, even ridiculed Lemaître for his model by
calling him "the big bang man" [11], as if the universe was born is some big
explosion. This name-calling eventually resulted in a name for Lemaître’s
model that is still in use, the big bang model. Despite of the rivals, the
big bang model gathered also advocates and was further developed by sev-
eral physicists. Gamow, Alpher and Hermann, for example, predicted that
the big bang model should produce a blackbody radiation that would be
observed today at ∼ 5 K temperature [11, 14]. This prediction turned out
particularly important as the detection of ∼ 3.5 K isotropic excess antenna
temperature in 1965 by Penzias and Wilson [15] gave the death sentence
for the steady state models and established the big bang model.

The big bang model has been developed since and the version giving the
best concordance between the model and observations today is called the
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ΛCDM model. A notable fact in the above given historical review is that
the most popular cosmological model based on general relativity, starting
from Einstein’s static model to the presently favoured ΛCDM model, has
always relayed on the cosmological principle. For the very first models,
this was justifiable due to the simplicity and beauty of the principle and
the lack of observations. Today, the ΛCDM model can be justified by its
simplicity, beauty and its remarkable compatibility with observations and
phenomena. However, there is also evidence piling up against the ΛCDM
model, like there was evidence piling up against the static and steady state
models. If we were to learn anything about history, it would be that we
should not reject alternatives due to our stubbornness and adherence to old
norms.

Indeed, the lesson has been learned as many alternatives to the ΛCDM
model are under active investigation, like the dark energy models and the
models violating the cosmological principle. Put simply, the cosmological
principle means that space looks the same everywhere and in every direc-
tion, and in more technical terms, space is homogeneous and isotropic at
every point in space. Beauty and simplicity have always been cherished
amongst the physicists, but on the other hand, beauty is in the eye of the
beholder. The cosmological principle is usually assumed to hold in the dark
energy models, which means that the mathematics of the models remains
simple and beautiful. On the other hand, dark energy is often not needed
when studying the inhomogeneous models, which implies the physical side
of the model remains simple and beautiful. Then again, it might turn out
that we have to discard the simplicity and beauty aspects and describe
our universe with an ugly inhomogeneous dark energy model. After a long
enough period of time, I am confident that someone will present the new
theory in an elegant form, hence making it simple and beautiful again.

Papers [1, 2, 3, 4] are devoted to the study of whether relaxing the cos-
mological principle can resolve the paradigms of the concordance ΛCDM
model. In particular, the effects of radial inhomogeneity have been in-
vestigated the dark energy problem in mind. In addition, the anisotropic
evolution of the universe has been explored in order to gain understanding
about the anomalies in the cosmic microwave background.

The thesis is organised as follows. Features of the Einstein field equation
are covered in Chapter 2. A particular emphasis is laid on the geometrical
properties, fluid properties and methods on solving the equations. In addi-
tion, some solutions are presented. Outlines of the cosmological standard
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model are introduced in Chapter 3. In particular, features and observa-
tional aspects, relevant in the light of papers [1, 2, 3, 4], are scrutinized.
Paradigms of the cosmological standard model are reviewed in Chapter 4,
issues related to the aforementioned papers are stressed. Moreover, sug-
gested and studied resolutions to these paradigms arising by violating the
cosmological principle are contemplated. Chapter 5 is devoted to give a
summary and outlook of the research papers.



Chapter 2

Einstein’s theory of
gravitation

Electromagnetism and gravity are the only forces effectively present in our
everyday lives, other forces are negligible due to the large size of the "hu-
man" scales. Most astrophysical objects appear electrically neutral, hence it
is justified to approximate that the cosmic scales are dominated by gravity.
With these assumptions and approximations, a theory of gravity sufficiently
describes the universe, in particular, the dynamics of the universe.

I consider Einstein’s general relativity as the theory of gravitation. In
this chapter, the theory is presented in the extent that is relevant to this
work. More details can be found in various books and lecture notes, like
Refs. [16, 17, 18, 19, 20]. Within the framework of general relativity, the
dynamics are given by the Einstein field equation1

Gab + Λgab = κTab. (2.1)

Broadly speaking, this equation describes the interplay between geometry
(Gab) and matter (Tab), but the meaning of the components Gab and Tab
are presented in more detail in this chapter. In addition, the Einstein field
equation contains the coupling constant κ and the cosmological constant,
Λ, of which significance is discussed in the later chapters. The coupling con-
stant κ = 8πG, where G is the Newtonian gravitation constant, describes
the strength of the interplay between the gravity and matter. Throughout
this introduction, I shall use the units where 8πG = 1.

1The derivation of the Einstein field equation is given e.g. in [16] and [18].

17



18 Einstein’s theory of gravitation

2.1 Geometrical properties

2.1.1 Vectors, 1-forms and tensors

In general relativity, the space-time is a four-dimensional differentiable
manifold which can locally be expressed by a coordinate system. Con-
sequently, the vector fields are also four-dimensional and they are referred
to as four-vectors (or vectors for short). Each vector is associated with a
fixed point in space-time, p, and the set of vectors associated with the point
p is the tangent space at p, which is denoted by Tp. A vector field is a set
of vectors where there is only one vector at each point of the space-time. A
parametric curve which is tangential to a vector field at each point is called
an integral curve and the set of integral curves (of a vector field) is the
congruence of curves. A basis of vector fields {ea}, where a = 0, 1, 2, 3, is
a linearly independent set of vectors that spans a vector space. Therefore,
any vector field X can be given as the linear combination

X = Xaea, (2.2)

where Xa are the components of the vector field X. I have used here the
Einstein summation convention and shall use it throughout the book.

A vector space has a dual vector space which maps all objects from the
vector space to real numbers. In particular, a vector basis {ea} has the
dual basis called 1-forms {ωa} so that when a 1-form operates on a vector
field (or vice versa), one has

ωa(eb) = δab , (2.3)

where δab is the Kronecker delta. Every dual vector ω can be written as

ω = ω̂aω
a, (2.4)

where ω̂a are the components of the dual vector field ω.
Tensors T are constructed from vectors and 1-forms so that the basis of

the tensor space is provided by a tensor product of the bases of the vectors
and 1-forms. Tensors of type (p, q) are constructed from p vectors and q
1-forms. Consequently, vectors are type (1, 0) tensors, 1-forms are type
(0, 1) tensors and scalars are type (0, 0) tensors. An important tensor is
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the metric tensor g = g(ea, eb), which gives the line-element

ds2 = gabω
aωb, (2.5)

where {ωa} is the dual basis of a vector field basis {ea}. I consider only
pseudo-Riemannian metric which is symmetric and indefinite. Brackets ()
are used to denote the symmetric indices and brackets [ ] to denote the
antisymmetric indices in a tensor, e.g. T(ab) = (Tab + Tba)/2 and T[ab] =
(Tab − Tba)/2.

The basis can always be chosen according to the situation. Frequently,
it is convenient to choose the basis {ea} to be a coordinate basis2 {∂/∂xa}
which dictates the dual basis to be the coordinate 1-forms {dxa}. The
abbreviation {∂xa} = {∂/∂xa} is employed. As a consequence of Eq. (2.2),
the general basis and its dual can be given with respect to a coordinate
basis and its dual:

ea = eba∂b, ωa = ωab dx
b. (2.6)

The line-element (2.5) in terms of a coordinate basis and its dual is

ds2 = gabdx
adxb, (2.7)

where gab = g(∂a, ∂b). Another commonly used basis is the so-called or-
thonormal frame, where the vectors ea are of unit length, orthogonal to
each other, and e0 is time-like, hence one can write

g(eaeb) = ηab, (2.8)

where ηab is the Minkowski metric with one negative component. The line-
element (2.5) in terms of an orthonormal basis and its dual is

ds2 = ηabω
aωb. (2.9)

2A common practice is to label a coordinate basis using different characters than is
used to label a general basis in order to facilitate reading. I do not follow the practice
here, because it would lead to a notation that is inconsistent with the notation in papers
[1, 2, 3, 4]. Nevertheless, the notation used here should not lead to misconceptions as I
merely introduce some other bases and work only in a coordinate basis.
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2.1.2 Connection

In order to compare vectors in Tp and Tq, p 6= q, one needs to know how the
tangent spaces are connected with each other. This can be described with
the connection operator ∇. A connection on space-time maps two vector
fields X, Y to a vector field Z: ∇(X,Y) ≡ ∇XY = Z. Furthermore, it is a
linear map with respect to the first argument, additive with respect to the
second argument, and comply with Leibnitz’s rule of differentiation:

∇fX+YZ = f∇XZ +∇YZ
∇X(Y + Z) = ∇XY +∇XZ (2.10)
∇X(fY) = (∇Xf)Y + f∇X(Y)

where f is a scalar function and

∇Xf = Xf. (2.11)

The connection coefficients Γcab are defined through the relation

∇eb
ea = Γcabec. (2.12)

Employing Eqs. (2.6), (2.10), (2.11), and (2.12) one finds the covariant
derivative for a vector field X:

∇eaX = (e i
a ∂iX

b)eb +XbΓcbaec, (2.13)

which after some index manipulation yields the component form

∇eaX
b = e i

a ∂i(Xb) +XcΓbca, (2.14)

where the abbreviation ∇eaX
b = (∇eaX)b has been used. Applying Eq.

(2.3) to any vector and its dual vector results in a scalar: V(ω) = V aω̂a.
Operating on the obtained scalar with the connection operator and em-
ploying Eqs. (2.3), (2.11) and (2.14), one arrives with an expression that
determines how the connection operates on 1-forms:

ea∇eb
ωc = −Γcab. (2.15)
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Furthermore, the result can be generalised to tensors and for example, the
covariant derivative of a type (1, 1) tensor reads as

∇ecT
a
b = ec(T ab) + ΓadcT db − ΓdbcT ad. (2.16)

I shall sometimes follow the common practice that the covariant derivative
is denoted by a semicolon. For example, in this notation, the covariant
derivative of a type (1, 1) tensor with respect to ec is T ab;c.

The commutator maps any two vector fields, X,Y, to a vector field Z.
In particular, if the vector fields are chosen to be components of a basis {ea},
the commutators define location dependent coefficients γcab = γcab(xj):

[ea, eb] = γcabec. (2.17)

The coefficients γcab are knows as the commutation functions and the def-
inition (2.17) clearly exhibits them to be antisymmetric with respect to
the last two indices, γabc = γa[bc]. The explicit forms of the commutation
functions depend on the used basis, and for example, they are zero for a
coordinate basis.

I take the connection to be the Levi-Civita connection, thus it is torsion-
free

∇XY−∇YX = [X,Y], (2.18)

and metric

∇g = 0. (2.19)

Now one can write an equation for Γcab using the metric components and
commutation functions and it is obtained as follows. Eqs. (2.12), (2.17)
and (2.18) can be combined to give

Γcab = Γcba − γcab (2.20)

The metric condition and the formula for the covariant derivative of a tensor
yield

0 = ∇ecgab = ec(gab)− Γdcagdb + γdacgdb − Γdbcgad. (2.21)
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where Eq. (2.20) is substituted in. Equivalently,

0 = ∇eagbc = ea(gbc)− Γdabgdc + γdbagdc − Γdcagbd, (2.22)
0 = ∇eb

gca = eb(gca)− Γdbcgda + γdcbgda − Γdabgcd. (2.23)

Adding Eqs. (2.21) and (2.23) together and then subtracting Eq. (2.22)
from the obtained equation yields

Γabc = 1
2[eb(gca) + ec(gab)− ea(gbc) + γdcbgda + γdacgdb − γdbagdc], (2.24)

where Γabc = gadΓdbc.

2.1.3 Space-time curvature

The curvature of the space-time is characterised by the Riemann tensor
R(X,Y), which is defined through

R(X,Y)Z = ∇X∇YZ−∇Y∇XZ−∇[X,Y]Z (2.25)

for any vector fields X, Y and Z. By setting X = ec, Y = ed and Z = eb,

R(ec, ed)eb = ∇ec∇ed
eb −∇ed

∇eceb −∇[ec,ed]eb, (2.26)

and by applying Eqs. (2.10), (2.11), (2.12) and (2.17) the Riemann tensor
can be expressed in terms of the commutator functions, connection coeffi-
cients and a basis {ea}:

R(ec, ed)eb = ∇ecΓabdea −∇ed
Γabcea −∇γa

cd
eaeb

= ec(Γabd)ea − ed(Γabc)ea
+ΓabdΓeacee − ΓabcΓeadee − γacdΓebaee. (2.27)

The components of the Riemann tensor Rabcdea becomes defined by setting

R(ec, ed)eb = Rabcdea, (2.28)

yielding

Rabcd = ec(Γabd)− ed(Γabc) + ΓebdΓaec − ΓebcΓaed − γecdΓabe. (2.29)



Einstein’s theory of gravitation 23

Because the commutation functions (2.17) are antisymmetric with respect
to the last two indices, γabc = γa[bc], one can readily see that the components
of the Riemann tensor are also antisymmetric with respect to the last two
indices

Rabcd = Rab[cd]. (2.30)

Evaluating the Riemann tensor in a coordinate basis, a straightforward
calculation shows that the Riemann tensor satisfy also the so-called Jacobi
identity:

Ra[bcd] = 0. (2.31)

In a coordinate basis it is also evident that the Riemann tensor obey the
Ricci identity

Xa
;dc −Xa

;cd = RabcdX
b, (2.32)

and the Bianchi identity

0 = Rab[cd;e]. (2.33)

These are all tensor identities and therefore hold in any basis.

In a space-time where the metric is pseudo-Riemannian and the con-
nection is the Levi-Civita connection, the underlying manifold is a pseudo-
Riemannian manifold. Consequently, the Riemann tensor possesses further
symmetries. The simplest way to find them is in Riemann normal coordi-
nates, where the basis is a coordinate basis and locally Γabc = 0 for all a, b, c
running from 0 to 3. Now, the metric condition (2.19) implies ∂agbc = 0
locally. The connection coefficients vanish in these coordinates and the
Riemann tensor (Ra′bcd = ga′aR

a
bcd) assumes the form

Ra′bcd = ga′a [∂c(Γabd)− ∂d(Γabc)] . (2.34)

This can be further reduced by substituting Eq. (2.24) in and employing
the condition ∂agbc = 0, yielding

Ra′bcd = 1
2 [∂c∂bga′d − ∂c∂a′gdb − ∂d∂bga′c + ∂d∂a′gcb] . (2.35)
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Because the metric tensor is symmetric with respect to its indices and the
partial derivatives commute, the right side of the above expression reveals
that

Rabcd = R[ab]cd, (2.36)
Rabcd = Rcdab. (2.37)

These equations hold in any basis as they are tensor identities.
In general, the Riemann tensorRabcd has n4 components in n-dimensional

space-time. Taking into account the symmetries given in Eqs. (2.30) and
(2.36), the remaining number of independent components is [n(n− 1)/2]2
([n(n− 1)/2] for the pair a and b and the same number for the pair c and
d). The independent components of these pairs can be rearranged into a
[n(n− 1)/2] × [n(n− 1)/2] matrix, which is symmetric according to Eq.
(2.37) and therefore consisting of (n4 − 2n3 + 3n2 − 2n− 1)/8 independent
components. Finally, the Jacobi identity introduces [d(d−1)(d−2)(d−3)]/4!
new constraining equations and hence the number of independent compo-
nents in the four-dimensional Riemann tensor is 20.

By defining the Ricci tensor as

Rbd ≡ Rabad, (2.38)

and furthermore the Ricci scalar as

R ≡ Raa, (2.39)

one can finally present the definition for the Einstein tensor introduced in
Eq. (2.1):

Gab ≡ Rab −
1
2Rgab. (2.40)

As the Ricci tensor and metric tensor are symmetric in their indices, so is
the Einstein tensor, hence having 10 independent components.

The Riemann tensor has 20 independent components, but as a sym-
metric tensor the Ricci tensor has only 10 independent components; the
missing 10 independent components are in the Weyl tensor

Cabcd = Rabcd − 2δ[a
[cR

b]
d] + 1

3R2δa[cδ
b
d]. (2.41)
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However, as the metric tensor consists of ten independent components and
the Einstein field equation includes 10 independent equations, the metric
components can be solved from the Einstein field equation (modulo bound-
ary conditions). Moreover, as all components of the Riemann tensor can
be presented with respect to the metric and its derivatives, the compo-
nents of the Weyl tensor can be presented this way too. Consequently, the
Weyl tensor cannot bring additional information in the system, but can
merely act as convenient tools at some cases. The Weyl tensor possesses
the symmetries

Cabcd = Ccdab = C[ab][cd], Ca[bcd] = 0, Cabad = 0. (2.42)

The Weyl tensor is a conformal tensor as it remains invariant under con-
formal transformations. This implies that Cabcd describes non-local grav-
itational effects. In analog to the electromagnetic field tensor, the Weyl
tensor is associated with its electric part Eab and magnetic part Hab with
respect to the four-velocity ua, which will be defined in Section 2.2.1:

Eab = Cabcdu
bud, Hab = ∗Cabcdu

bud, (2.43)

where

∗Cabcd = 1
2η

st
ab Cstcd. (2.44)

The Levi-Civita symbol εabcd, which is antisymmetric with respect to every
index and ε0123 = 1, defines the antisymmetric tensor

ηabcd = 1√
−g

εabcd, (2.45)

where g is the determinant of the metric tensor.

The Bianchi identity (2.33) leads to the conservation of the covariant
derivative of the Einstein tensor,

Gab;b = 0, (2.46)

introducing four additional equations in four-dimensional space-time.

The choice of a basis has a substantial effect on the Riemann tensor, and
consequently on the Einstein tensor. In an orthonormal basis, the metric
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takes Minkowskian form and hence the connection components (2.12) do
not depend on the derivatives of the metric. Consequently, the components
of the Riemann tensor (2.28) depend on the commutation functions γcab and
their first order derivatives edγcab. On the other hand, in a coordinate basis
the commutation functions vanish and the connection components (2.12) do
depend on the derivatives of the metric. As a consequence, the components
of the Riemann tensor (2.28) depend on the components of the metric, gab,
and its first and second order derivatives, ∂cgab and ∂d∂cgab, respectively.
That is, the choice of the basis affects the order of the Einstein field equa-
tion: the coordinate basis yields second order differential equations whereas
the orthonormal frame yields first order differential equations.

2.1.4 Killing vectors and space-time symmetry

The Lie derivative can be considered dragging objects along any congruence
of curves and hence is a mapping of a manifold into itself. The Lie derivative
with respect to a vector field X is denoted by LX. If

LXgab = 0, (2.47)

the metric remains invariant when dragged along any congruence stipulated
by the vector field X and LX is an isometry. Eq. (2.47) can be equivalently
written as

Xa;b −Xb;a = 0, (2.48)

which is known as the Killing equation and a vector field X satisfying the
Killing equation is a Killing vector field. The set of all Killing vector fields
forms a Lie algebra and if its basis is denoted by {ξA}, where A = 1, 2, . . . , r
and r is the dimension of the algebra, one has

[ξA, ξB] = CCABξC . (2.49)

The structure constants of the algebra CCAB are antisymmetric with respect
to the two lower indices.

The set of the isometries of a manifold generated by {ξA} forms the
corresponding r dimensional Lie group Gr. The elements of Gr defines
orbits on a manifold: the set of points where the elements of Gr maps a
fixed point p ∈M is called the orbit of a point p under the group Gr. There
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can be orbits of different dimensions, but they cannot exceed the dimension
of the group r. In the case where the dimension of the orbit is equal to
the dimension of the group Gr, the Killing vector fields {ξA} are linearly
independent at point p and the group is said to be simply transitive. If
the dimension of the orbit is s and s < r, the Killing vector fields {ξA} are
linearly dependent at point p and the group is said to be multiply transitive.
In the latter case, the Killing vector fields generate a subgroup of isometries
of dimension d, so that

r = s+ d, (2.50)

and this subgroup is known as the isotropy subgroup of p. The isotropy
subgroup of p leaves point p fixed thus describing local symmetries.

Cosmological models can be classified using these symmetry properties.
An extensive classification is given in [19] and I shall only present here the
scenarios relevant to this work. The dimension of the orbits, s, describes
the homogeneity properties of the space-time, whereas the dimension of the
isotropy subgroup, d, determines the isotropy properties of the space-time.

The case s = 3 corresponds to homogeneous three-dimensional orbits.
If the orbits are space-like, three cosmologically interesting scenarios arise
and they differ from each other by their dimension of isotropy subgroup d.
For d = 3, the homogeneous space-like orbits are also isotropic and such
space-time is used in the Friedmann models. For d = 0, the homogeneous
space-like orbits contain no isotropy and such space-time is used in the
Bianchi models. Locally rotationally symmetric (LRS) Bianchi models are
obtained if d = 1.

Homogeneous two-dimensional orbits are obtained if s = 2. If the orbits
are space-like and d = 1, the symmetry properties allow for the radially
inhomogeneous Lemaître-Tolman-Bondi (LTB) models.

2.1.5 Hypersurfaces

Hypersurfaces are submanifolds of dimension m − 1 in a manifold of di-
mension m and one can always choose coordinates so that one of the coor-
dinates remains constant on the family of non-intersecting hypersurfaces.
In cosmology, it is often convenient to choose the coordinates so that time
remains constant on the hypersurfaces, but this is not always the best foli-
ation of the space-time and the coordinates should be chosen according to
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the situation.
A time-like unit vector u satisfying the condition

uaua = −1 (2.51)

defines a projection tensor

hab = gab + uaub, (2.52)

which projects into the hypersurface orthogonal to vector u:

habu
b = 0, h c

a h
d
c = h d

a , h a
a = 3. (2.53)

In the special case where the hypersurface orthogonal to u is constant in
time (or spatial), I denote

ua = na, ĥab = gab + nanb. (2.54)

and the line-element can be locally given in synchronous Gaussian normal
coordinates:

ds2 = −dt2 + ĥijdx̃
idx̃j , (2.55)

where ĥ = ĥij(t, x̃) is the metric of the three-dimensional submanifold and
i, j = 1, 2, 3 (I shall preserve indices i, j, k, . . . to label only the spatial
components). That is, the metric can be foliated into spatial surfaces.

2.2 Matter content

2.2.1 Classical source

According to Einstein, the curvature of the space-time is sourced by the
matter content of the universe. The matter content is described by the
energy-momentum tensor Tab, which can be decomposed with respect to
the four-velocity ua as

Tab = ρuaub + p(gab + uaub) + qaub + uaqb + πab, (2.56)

where ρ is the energy density, p is the pressure, qa is the energy conduc-
tion, and πab is the anisotropic shear as measured by the observer moving
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with the four-velocity ua. These quantities are subject to the following con-
straints: qa and πab are orthogonal to the four-velocity and πab is traceless
and symmetric,

qau
a = 0, πabu

a = 0, π a
a = 0, πab = πba, (2.57)

respectively. The four-velocity is defined as

ua = dxa

dτ
⇒ uaua = −1, (2.58)

where xa = xa(τ) describes the world lines of the cosmic fluid in the local
coordinates with respect to the proper time τ . The results given in Section
2.1.5 for the vector u applies to the four-velocity as it is a time-like unit
vector satisfying Eq. (2.51). Moreover, the four-velocity assumes the form

ua = δa0 , (2.59)

if the observer is comoving with the non-tilted fluid flow.

If the world lines are orthogonal to the hypersurfaces of constant time,
or equivalently n is tangential to the world lines, the fluid flow is called non-
tilted. The coordinate system of the observer comoving with non-tilted fluid
can be written as in Eq. (2.55). On the other hand, if the world lines are
not orthogonal to the hypersurfaces of constant time, or equivalently n is
not tangential to the world lines, the fluid flow is called tilted. Now, the
observer in the coordinate system (2.55) is not comoving with the tilted
fluid and the four-velocity can be written as

ua = Γ(na + va), (2.60)

where va exhibit the velocity of the fluid in the observer’s frame and

uava = 0, Γ = (1− v2)−1/2, v2 = vava. (2.61)

Alternatively, a tilted four-velocity can be given with respect to the so-
called tilting angle λ(t). For example, in Ref. [3] the tilted four-velocity is
written as

ua = (cosh[λ(t)], 0, 0, sinh[λ(t)]e2β(t)−α(t)), (2.62)
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where α(t) and β(t) are dynamical variables of the metric, introduced in
Section 2.4.4. The relation between the variables of the two expressions is

Γ = cosh[λ(t)], v1 = v2 = 0, v3 = sinh[λ(t)]
cosh[λ(t)]e

2β(t)−α(t). (2.63)

The interpretation of the fluid properties is not unambiguous, but de-
pendent on the choice of the frame. For example, consider a observer
comoving with tilted perfect fluid, where qa = πab = 0 and the energy-
momentum tensor reads as

Tab = ρuaub + p(gab + uaub). (2.64)

Now, the four-velocity is (2.59) and ρ and p are respectively the matter
density and pressure of the fluid as observed in the fluid frame. However,
the four-velocity of the fluid assumes the form (2.60) for the observer in the
coordinate system (2.55). Consequently, this observer experiences also the
shear and the energy flux, because in this frame

T̃ab = ρ̃nanb + p̃(gab + nanb) + q̃anb + naq̃b + π̃ab, (2.65)

where

ρ̃ = ρ+ Γ2v2(ρ+ p),

p̃ = p+ 1
3Γ2v2(ρ+ p), (2.66)

q̃a = Γ2(ρ+ p)va,

π̃ab = Γ2(ρ+ p)
[
vavb −

1
3Γ2v2(ρ+ p)

]
,

are respectively the energy density, the pressure, the energy conduction,
and the trace-free anisotropic shear as experienced by this observer. Note
that T̃ab = Tab and tilde merely emphasises that the tensors are evaluated
in different coordinate systems.

In cosmological context, the cosmic fluid is frequently assumed to com-
ply with the equation of state

p = wρ, (2.67)

where the equation of state parameter w is constant. This assumption is
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convenient when exploring the properties of a cosmic era where the dy-
namics is dominated by a single component. The most important eras
are the cosmological constant, dust, and radiation dominated eras, which
respectively correspond to w values −1, 0, and 1/3.

Two approaches appear useful when studying phase transitions between
eras. The quantities in the energy-momentum tensor (2.56) are considered
as effective or the energy-momentum tensor (2.56) is assumed to be com-
posed from components T Iab as

Tab =
∑
I

T Iab, (2.68)

where the index I refers to different components of energy density, like
dark energy, radiation, or dust. In general, each energy component has its
own four-velocity uIa. It is convenient to give each uIa with respect to some
chosen four-velocity, for example na, in which case each uIa and T Iab becomes
decomposed as

uIa = Γ(nIa + vIa), (2.69)
T̃ Iab = ρ̃Inanb + p̃I(gab + nanb) + q̃Ianb + naq̃

I
b + π̃Iab, (2.70)

where ρ̃I , p̃I , q̃Ia, and π̃Iab are as in Eq. (2.66) only if T Iab is perfect fluid in
its own frame; otherwise the expressions for ρ̃I , p̃I , q̃Ia, and π̃Iab are more
cumbersome. Applying this to each energy component I and employing
Eq. (2.68) yields

Tab =
∑
I

T̃ Iab = ρ̃nanb + p̃(gab + nanb) + q̃anb + naq̃b + π̃ab = T̃ab, (2.71)

where

ρ̃ =
∑
I

ρ̃I , p̃ =
∑
I

p̃I , q̃a =
∑
I

q̃Ia, π̃ab =
∑
I

π̃Iab, (2.72)

and ρ̃I , p̃I , q̃Ia, and π̃Iab are respectively the energy density, the pressure,
the energy conduction, and the shear of the energy component I as experi-
enced by the observer in the coordinate system (2.55). Therefore ρ̃, p̃, q̃a,
and π̃ab are the corresponding effective quantities explicitly giving the con-
nection between the effective energy-momentum tensor and its component
decomposition in Eq. (2.68).
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2.2.2 Conservation of energy and momentum

The Einstein field equation (2.1) together with the vanishing divergence of
the Einstein tensor (2.46) yield four important conservation equations, the
conservation of energy-momentum tensor:

∇aT ab = 0. (2.73)

The energy-momentum tensor (2.56) is decomposed into parts parallel
and orthogonal to the four-velocity of the fluid ua. The component parallel
to ua gives the energy conservation equation,

ρ̇ = −3H(ρ+ p)− hab∇aqb − 2u̇aqa − σabπba, (2.74)

and the components projected to the hypersurface hab result in three equa-
tions for the conservation of momentum,

habq̇
b = −4Hqa − hab∇bp− (ρ+ p)u̇a − hachbd∇bπcd

−u̇bπab − σabqb + ηabcdωbqcud. (2.75)

2.2.3 Kinematical quantities and spatial curvature

The covariant derivative of the four-velocity can be decomposed into its
irreducible parts:

ua;b = σab + ωab + 1
3Θhab − u̇aub, (2.76)

where

Θ = ua;a, (2.77)
u̇a = ua;bu

b, (2.78)

σab = u(a;b) −
1
3Θhab + u̇(aub), (2.79)

ωab = u[a;b] + u̇[aub]. (2.80)

The scalar Θ describes the rate of volume expansion. Thus, by defining

H ≡ 1
3Θ, (2.81)
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H can be considered as a generalised Hubble scalar as it becomes the con-
ventional Hubble scalar in isotropic and homogeneous space-times. The
vector u̇a is the relativistic acceleration vector induced by other forces than
gravity; it vanishes for freely falling particles. The type (0, 2) tensor σab
is the so-called rate of shear tensor and it is trace-free, symmetric, and
orthogonal to the four-velocity:

σaa = 0, σab = σ(ab), σabu
b = 0. (2.82)

The type (0, 2) tensor ωab describes the antisymmetric part of the covariant
derivative of the four-velocity that is orthogonal to it,

ωab = ω[ab], ωabu
b = 0, (2.83)

and is referred as the vorticity tensor.

It proves convenient to define the vorticity vector ωa and the magnitudes
of the above defined tensors. The vorticity vector is

ωa = 1
2η

abcdubω[cd], (2.84)

which is also orthogonal to the four-velocity ωaua = 0. The magnitudes of
the vorticity ω, shear σ, and acceleration u̇ are defined as

ω = (ωaωa)1/2 =
(1

2ω
abωab

)1/2
, (2.85)

σ =
(1

2σ
abσab

)1/2
, (2.86)

u̇ = (u̇au̇a)1/2 . (2.87)

The four-velocity is said to be irrotational, if the vorticity is zero.

For the metric ĥij(t, x̃), it is intuitively clear to define a curvature tensor
analogous to Eq. (2.29). The three dimensional spatial curvature tensor is
obtained from the four-dimensional by "removing" the time-components
from it. Furthermore, as the four-dimensional Ricci scalar R was ob-
tained from the four-dimensional curvature tensor, analogously, the three-
dimensional Ricci scalar 3R is obtained from the three-dimensional curva-
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ture tensor by replacing gab by ĥij(t, x̃), yielding

3R = −2
3Θ2 + 2σ2 + 2ρ+ 2Λ. (2.88)

The Einstein tensor, defined in (2.40), is essentially dependent on the
metric components and/or the commutation functions and their deriva-
tives, which do not necessarily have directly recognisable physical meaning.
The kinematical quantities and the spatial curvature are intuitively compre-
hended and therefore it is useful to write the Einstein tensor with respect
to them.

2.3 Solving the field equations

Above the Einstein field equation and its components Gab and Tab are
introduced in detail. Amongst many aspects, it is noted that the Einstein
field equation includes 10 linearly independent equations. In addition, the
Bianchi identity and the Einstein field equation were found to introduce
four additional equations in the system via the conservation of energy-
momentum tensor. These equations lay the foundation for the dynamics of
any system described by general relativity.

2.3.1 Decomposition of the equations

As the energy-momentum tensor is decomposed into parts parallel and
orthogonal to the four-velocity, it is convenient to perform the same 1+3
decomposition for the Einstein field equation as well. In order to do this,
let us rewrite the Einstein field equation as

Rab = Tab −
1
2Tgab + Λgab, (2.89)

where T = T cc. The 1+3 decomposition of the above expression yields

Rabu
aub = 1

2(ρ+ 3p)− Λ, (2.90)

Rabu
ahbc = −qc, (2.91)

Rabh
a
ch
b
d =

[1
2(ρ− p) + Λ

]
hcd + πcd, (2.92)
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where the energy-momentum tensor (2.56) is assumed. The latter two
equations yield dynamical equations for vorticity and shear and some con-
straining equations, whereas the uppermost equation gives the well-known
Raychaudhuri equation.

Let us derive the Raychaudhuri equation by first taking the trace of the
Ricci identity (2.32), which results in the Ricci tensor with respect to the
four-velocity as

(∇a∇d −∇d∇a)ua = Rbdu
b. (2.93)

Contracting with ud gives

∇au̇a −∇aud∇dua − Θ̇ = Rbdu
bud. (2.94)

Noting that ω d
a ω

a
d = −2ω2, σ d

a σ
a
d = 2σ2, h d

a h
a
d Θ2/9 = Θ2/3 and the

other components of ∇aud∇dua are zero, one finds

∇au̇a − (2σ2 − 2ω2 + 1
3Θ2)− Θ̇ = Rbdu

bud. (2.95)

Substituting the Einstein field equation (2.89) and the energy-momentum
tensor (2.56) in the above equation, the well-known Raychaudhuri equation
is obtained:

Θ̇ + 1
3Θ2 − u̇a;a + 2(σ2 − ω2) = −1

2(ρ+ 3p) + Λ. (2.96)

It describes the dynamics of the volume expansion Θ, thus being a signifi-
cant equation in cosmological models.

The 1+3 decomposed Eqs. (2.74), (2.75), (2.90), (2.91), and (2.92) are
equivalent to (2.89) (or (2.1)) and (2.73).

2.3.2 Solving the field equations

Simplifications of the Einstein field equation and the conservation of energy-
momentum tensor are frequently applied due to the complexity of the equa-
tions. A simplification is often considered as an averaging procedure over
large, cosmological scales. A rather common approach is to take an aver-
aged metric and substitute it in the equations. This procedure is, however
against the common practice in physics, where any system should be av-
eraged as a whole instead of averaging its components. In this case, the
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Einstein tensor Gab is dependent on the metric tensor gab and in general the
average of the Einstein tensor 〈Gab(gab)〉 is not equivalent to the Einstein
tensor with respect to the average metric Gab(〈gab〉), that is

〈Gab(gab)〉 6= Gab(〈gab〉). (2.97)

However, Gab(〈gab〉) can be considered as an approximation of 〈Gab(gab)〉
and therefore be physically viable.

2.4 Cosmological models

I shall next bring out the averaging problem by presenting Friedmann’s and
Buchert’s approaches to homogeneous and isotropic universes, the former
assumesGab(〈gab〉) and the latter 〈Gab(gab)〉. I shall also write the equations
for the Lemaître-Tolman-Bondi (LTB) models studied in [1, 2, 4] and for
the type IX Bianchi models studied in [3].

2.4.1 Fiedmann’s model

In the Friedmann model, the orbits are space-like and three-dimensional
(s = 3) and the Killing vector fields generate an isotropy group of dimen-
sion d = 3 at each point of an orbit. That is, the space is homogeneous
and isotropic thus complying with the cosmological principle. The met-
ric of such space-time is called the Friedmann-Lemaître-Robertson-Walker
(FLRW) metric and it can be written as

ds2 = −dt2 + a2
{

dr2

1− kr2 + r2[dθ2 + sin2(θ)dφ2]
}
, (2.98)

where a = a(t) and k = +1, 0, or −1 respectively for hyperbolic, parabolic,
or elliptic space. The energy-momentum tensor (2.56) assumes the perfect
fluid form (qa = 0 = πab) and the observer is comoving with the fluid
flow. Therefore, the four-velocity of the fluid reads as in Eq. (2.59) and the
observer experiences no shear, vorticity, or acceleration, that is, ω = σ =
u̇ = 0.

By using Eq. (2.81), the Raychaudhuri Eq. (2.96) assumes the form

Ḣ +H2 = −1
6(ρ+ 3p) + Λ

3 , (2.99)
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the conservation of energy-momentum tensor reduces to

ρ̇+ 3H(ρ+ p) = 0, h b
a ∇bp = 0, (2.100)

and the equation for the spatial curvature (2.88) reads as

3R = −6H2 + 2ρ+ 2Λ. (2.101)

The rest of the components of the Einstein field equation are identically
zero. Using the definition for Θ one finds H = ȧ/a and hence the Hubble
parameter depends only on time. Moreover, the latter of Eqs. (2.100) im-
ply that the pressure can depend only on time due to the vanishing spatial
pressure gradients. Consequently, ρ and 3R depend only on time too (be-
cause of Eqs. (2.99) and (2.101)) and therefore the whole dynamical system
is dependent only on time.

2.4.2 Buchert’s model

In Ref. [21] was demonstrated that tensors can lose their invariance under
coordinate transformations after the averaging. This implies that scalars
are the only tensors with well-defined averages as scalar equations remain
invariant under coordinate transformation. In Buchert’s approach, first for-
mulated in [22], this was acknowledged by averaging only scalar quantities.

In Ref. [22], the matter source is irrotational (ω = 0) dust and the
coordinates are chosen to be comoving with the fluid (ua = δa0). The line-
element can now be chosen to be of the form (2.55). The Einstein field
equation, conservation of energy-momentum tensor and Eq. (2.88) yield
three scalar equations: the Raychaudhuri equation

Θ̇ = −2σ2 − 1
3Θ2 − 1

2ρ+ Λ, (2.102)

the energy conservation equation

ρ̇ = −Θρ, (2.103)

and the Hamiltonian constraint

3R = −2
3Θ2 + 2ρ+ 2σ2 + 2Λ, (2.104)
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where the dot denotes derivation with respect to time. These three equa-
tions corresponds to Eqs. (2.99), (2.100), and (2.101) of the Friedmann
model, however with a few important differences. The Friedmann model
includes pressure, which is absent here, whereas the shear is zero in the
Friedmann model but not here. Excluding the shear and pressure, Eqs.
(2.99), (2.100), and (2.101) formally appear similar as Eqs. (2.102), (2.103),
and (2.104), but have a distinct difference: the Friedmann equations depend
only on time, whereas the Buchert equations depend also on location.

In order to obtain the location independent equations of motion, Ref.
[22] continue by introducing an averaging procedure. To assure the coordi-
nate invariance, Buchert defines the spatial average of a scalar field S(t, xi)
as

〈
S(t, xi)

〉
D
≡
∫
D S(t, xi)

√
ĥdx3∫

D

√
ĥdx3

, (2.105)

where ĥ = det[ĥij(t, xi)], and D is an averaging domain, which is a com-
pact portion of a constant time hypersurface. The volume of a spatial
hypersurface inside a domain D is

VD(t) =
∫
D

√
ĥdx3. (2.106)

This enables introducing a dimensionless time-dependent scale factor that
is effective inside a spatial domain D,

aD(t) ≡
(
VD(t)
VD(t0)

)1/3
, (2.107)

where t0 denotes present time. The average expansion rate within D can
be now given,

〈Θ〉D =
∫
D ∂t

√
ĥdx3∫

D

√
ĥdx3

= 3 ȧD
aD

, (2.108)

giving also rise to the domain dependent Hubble function,

HD ≡
1
3 〈Θ〉D . (2.109)
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Taking the average of both sides of Eqs. (2.102) and (2.103) yields the
components 〈θ̇〉D and 〈ρ̇〉D. In order to obtain proper differential equations,
these components need to be expressed in terms of 〈θ〉D, 〈σ〉D, 〈ρ〉D, and
〈3R〉D or their time derivatives. By applying Eqs. (2.105), (2.108) and
noting that

Θ = ∇µuµ = Γµµ0 = ∂t
√
ĥ√
ĥ

= ĥij∂tĥij , (2.110)

the time derivative of any spatially averaged quantity can be written as

∂t 〈S〉D = 〈∂tS〉D + 〈ΘS〉D − 〈S〉D 〈Θ〉D . (2.111)

By defining the so-called backreaction,

QD(t) ≡ 2
3
(〈

Θ2
〉
D
− 〈Θ〉2D

)
− 2

〈
σ2
〉
D
, (2.112)

the averaged scalar equations (2.104), (2.102) and (2.103) can be written
as

3 äD(t)
aD(t) = −κ2 〈ρ〉D (t) +QD(t) + Λ (2.113)

3
(
ȧD(t)
aD(t)

)2
= κ 〈ρ〉D (t)− 1

2
〈

(3)R
〉
D

(t)− 1
2QD(t) + Λ (2.114)

∂t 〈ρ〉D (t) = −3 ȧD(t)
aD(t) 〈ρ〉D (t) (2.115)

These equations are recognised as the Buchert equations, and differ from
the Friedmann equations in two ways; Buchert equations are domain de-
pendent and contain the backreaction function. These equations have been
generalised in Ref. [23].

2.4.3 Lemaitre-Tolman-Bondi models

The line-element containing two-dimensional space-like orbits clearly in-
cludes the special case

ds2 = −dt2 + R̃2dr2 +R2
(
dθ2 + sin2 θ dφ2

)
, (2.116)
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which is radially inhomogeneous but spherically symmetric with respect to
one point (R̃ = R̃(r, t) and R = R(r, t)). By assuming a model which obeys
such metric, has Λ = 0, and is sourced only by dust (which is comoving
with a frame orthogonal to the surfaces of homogeneity), one obtains the
LTB model first studied by Lemaître [24] and Tolman [25] and later by
Bondi [26].

Applying the metric Eq. (2.116) to the Einstein field equation (2.1)
yields four algebraically independent equations. Three of these equations
are functionally independent and after some manipulation can be presented
as

R̃ = R,r√
1 + 2e(r)2 , (2.117)(

R,t
R

)2
= 2M(r)

R3 + 2e(r)r2

R2 + Λ
3 , (2.118)

ρ = 2M,r(r)
R,rR2 , (2.119)

whereM(r) and e(r) are undetermined functions emerging from integration
over t, but e(r) is constrained by 2e(r)r2 ≥ −1. A parameter after a comma
means partial derivation with respect to the parameter.

The fluid in the LTB models is pressure-less perfect fluid. Therefore,
the momentum part of the conservation of energy-momentum tensor, Eq.
(2.75), vanishes identically, whereas Eq. (2.119) is a solution for the equa-
tion rising from the energy part of the conservation of energy-momentum
tensor, Eq. (2.74).

2.4.4 Axisymmetric Bianchi IX model

Here is presented the axisymmetric type IX Bianchi model studied in Ref.
[3]. The used line-element was obtained from Ref. [27]:

ds2 = −dt2 + e2α+2β
[
(ω1)2 + (ω2)2

]
+ e2α−4β(ω3)2 , (2.120)
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where the one-forms ωi read as

ω1 = sinψdθ − sin θ cosψdφ , (2.121)
ω2 = cosψdθ + sin θ sinψdφ , (2.122)
ω3 = cos θdφ+ dψ . (2.123)

As the homogeneous space-like orbits are three dimensional, the dynamical
functions are only dependent on time: α = α(t) and β = β(t).

The energy-momentum tensor is of the form (2.56) with πab = 0 and the
four-velocity is chosen to be as in Eq. (2.62), hence the fluid is tilted with
respect to the coordinate system. The fluid is assumed to obey the equation
of state (2.67) with the time-dependent equation of state parameter, w =
w(t). The Einstein field equation does not yield a dynamical equation for
w(t), hence it is to be determined by using additional assumptions. The
cosmological constant is assumed to vanish.

In Ref. [3] we employ the standard notation for the expansion normalised
quantities

Ω = ρ(t)
3H2 , K = −

3R(t)
6H2 , (2.124)

but in order to shorten the presentation of the dynamical equations, a novel
notation for the Hubble parameter and for the expansion normalised shear
and vorticity is introduced:

H ≡ Θ(t)
3 cosh[λ(t)] , Σ ≡ σ(t)√

3 cosh[λ(t)]H
, V ≡ ω(t)

sinh[λ(t)]H . (2.125)

During the time interval where 0 < α′(t), α can be used as conformal
time. The volume expansion is related to α as H = α′(t), therefore, for any
function f(t),

f ′(t)
H(t) = f ′(t)

α′(t) = f ′(α) , (2.126)

where the prime denotes differentiation with respect to the argument. Ap-
plying this to the conservation of energy-momentum tensor and the Einstein
field equation yield four dynamical equations,

Σ′(α) = −1 + 2K(α) + Σ(α)2 + (ε− 3)Σ(α) + V(α)2 + Ω(α) , (2.127)



42 Einstein’s theory of gravitation

Ω′(α) = Ω(α)
(

2ε+ 2Σ(α)− 4 + 1− 3w − 2Σ(α)
W (α)

)
− Ω(α)
W (α)W

′(α) , (2.128)

V ′(α) = V(α) (ε− 4Σ(α)− 1) , (2.129)

K ′(α) = −2
{
K(α)[−ε+ 1 + Σ(α)] + Σ(α)V(α)2

}
, (2.130)

and one constraining equation,

1 = W (α)Ω(α) +K(α) + Σ(α)2 , (2.131)

where the auxiliary functions

ε = 1
2 [3w(α)− 1] Ω(α)−K(α) + 2 + Σ(α)2 , (2.132)

W (α) ≡ 1
2

(
1− w(α) + w(α) + 1

cosh[2λ(α)]

)
, (2.133)

have been exploited. Let us note that ε ≡ −H ′(t)/H(t)2 and that the
momentum Eq. (2.75) vanishes here identically.



Chapter 3

Standard cosmology

The cosmological principle is one of the cornerstones of the cosmological
standard model, but there is much more involved. In this chapter, I shall
briefly introduce the standard cosmological model by the parts relevant to
the rest of the book. In particular, I shall discuss its acceleration history
and present some of its observational success. The framework of the cos-
mological standard model is well established, but all the details are not
written in stone. The short review below gives one version.

3.1 ΛCDM model

The cosmological standard model, the Λ cold dark matter (ΛCDM) model,
is capable of darning different eras and phenomena together in concordance
with each other and most of the cosmological observations. The evolution
of the background geometry of the universe is described using the FLRW
metric (2.98) throughout the history. That is, the evolution of the back-
ground geometry is similar everywhere and in every direction and therefore
determined by the evolution of a single scale factor a(t), which is the only
variable in the line-element (2.98). The dynamics of the scale factor is dic-
tated by Eq. (2.101) and the energy content of the universe. By introducing
the dimensionless and expansion normalised quantities

Ω = ρ

3H2 , K = −
3R

6H2 , ΩΛ = Λ
3H , (3.1)

and substituting them in Eq. (2.101) yields

1 = Ω +K + ΩΛ. (3.2)
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This equation constraints quantities (3.1) so that simply comparing their
values reveals which type of energy density is dominating the energy budget
of the universe at a given time. Taking into account that dust, radiation,
and curvature dilutes respectively as ∝ a−3, ∝ a−4, and ∝ a−2, one can
rewrite Eq. (3.2) as

H2 = H2
0

[
Ωm0

(
a0
a

)3
+ Ωr0

(
a0
a

)4
+ Ωk0

(
a0
a

)2
+ ΩΛ

]
, (3.3)

where decomposition (2.72) have been employed and H0 = H(t0), Ωm0 =
Ωm(t0), Ωr0 = Ωr(t0), Ωk0 = Ωk(t0), a0 = a(t0) with t0 being the present
time. Eq. (3.3) is known as the Friedmann equation.

The expansion history of the universe is characterised by the assumption
that the universe has expanded since its beginning. The phenomena taking
place during the first moments are under speculation (and what does the
first moments even mean) but it is assumed that fairly quickly the universe
becomes sufficiently homogeneous and isotropic; the era reckoned to be re-
sponsible for this is called inflation. The hypothesis that inflation makes the
universe homogeneous and isotropic relies on the cosmic no-hair conjecture.
It is based on a theorem which states that the eternally expanding homo-
geneous cosmological models approach the de Sitter solution, if the models
satisfy the Einstein field equation with 0 < Λ and the energy-momentum
tensor comply with the dominant and strong energy conditions [28].1 The
likelihood for an inflation to emerge from generic initial conditions is still
under a debate as different inflationary scenarios and evaluation methods
yield inconsistent results [29]. Observations have not been able to specify
the preferred inflationary scenario, but a rather common assumption is that
it is driven by a scalar field (or fields) called the inflaton. In such scenarios,
a rather commonly accepted feature is that the inflation has to last & 50
e-folds, that is the scale factor has to be & 50 e-folds larger at the end of
the inflation than it was at the beginning. However, the expected number
of e-folds of a given inflationary scenario can be much higher that 50 [30].

Inflation is followed by an era where the inflaton field decays into parti-
cles due to various complex procedures, like non-perturbative and pertur-
bative decay [31]. The details of this era, often dubbed as reheating, are

1An additional condition is required for the theorem to hold for the type IX Bianchi
models: the cosmological constant needs to be large enough compared with the spatial
curvature.
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not completely understood for several reasons. One of them is the uncer-
tainty in the inflationary scenario as different scenarios result in different
decay mechanisms. Another aspect blurring the details of reheating is the
non-linearity of the governing equations which makes the decay procedure
complex and hard to follow analytically. Nonetheless, the majority of the
reheating models result in a radiation dominated universe that has reached
local thermal equilibrium. Hence, the universe has transfered to a radiation
dominated era. As radiation dilutes faster in an expanding universe than
dust, the universe gradually becomes dominated by dust. Photons decouple
from matter shortly after the radiation-matter equality, this era is known
as decoupling. The only component in our universe that does not dilute
as the universe expands is Λ and hence, after time has passed sufficiently,
the universe undergoes a transition from matter to cosmological constant
domination; the universe has recently gone through this transition.

Most of the cosmological observations are in agreement with the flat
ΛCDM model [32, 33] and the latest Planck data reports the best fit values
Ωm = 0.3089 ± 0.0062 and H0 = 67.74 ± 0.46 [33] for combined Planck,
supernova Ia, H0, and baryon acoustic oscillation data sets. However, some
observations are in tension with the ΛCDM model and these issues are
discussed in the following chapter.

3.2 Observations

3.2.1 Supernovae

Accretion of a white dwarf over the Chandrasekhar limit (about 1.4 Solar
masses) is expected to initiate a thermonuclear explosion. This process is
expected to result in the so-called type Ia supernova (SNIa). Even though
we cannot take pleasure in fully understanding the process, SNIa is believed
to exhibit observationally distinct features which can be used to give an
estimate for the distance of a given supernova explosion [34].

The data releases of SNIa surveys include the distance modulus µ and
the redshift z for each SNIa event. In FLRW space-times, the redshift is
related to the scale factor as

a

a0
= 1

1 + z
, (3.4)

and the distance modulus is related to the luminosity distance DL through
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the relation

µ = 5 log10DL + 25. (3.5)

The luminosity distance is related to the angular diameter distance DA

through the equation DL = (1 + z)2DA [35] and DA = ar for the ho-
mogeneous and isotropic metric (2.98). In addition, the metric gives the
coordinate distance for a radially propagating light ray by setting ds =
dθ = dφ = 0:

dr√
1− kr2

= ±dt
a
, (3.6)

where the minus sign corresponds to incoming light. By integration and
with the aid of Eq. (3.4), we find:

r =


1

H0
√
|Ωk|

sin
(∫ z

0
H0
√
|Ωk|

H(z̃) dz̃

)
if k > 0,∫ z

0
1

H(z̃)dz̃ if k = 0,
1

H0
√
|Ωk|

sinh
(∫ z

0
H0
√
|Ωk|

H(z̃) dz̃

)
if k < 0.

(3.7)

Now the distance modulus µ can be given with respect to z within the
framework of the Friedmann models. Consequently, the preferred values for
the free parameters of the model can be obtained from (µ, z) data using sta-
tistical methods. The authors of Refs. [36, 37] were the first to notice that
the SNIa distance estimators favoured the existence of a positive cosmolog-
ical constant. The sequential analyses have confirmed these results and the
most recent analysis for a flat ΛCDM model gives Ωm = 0.295± 0.034 [38].

3.2.2 Local Hubble value

As described in Sec. 3.2.1, the luminosity distance can be expressed with
respect to the redshift, DL = (1 + z)a(z)r(z). For the close by objects
having redshifts smaller than unity, DL(z) can be expanded in a Taylor
series, giving

DL = 1
H0

(
z − 1

2(1− q0)z2
)

+O(z3), (3.8)
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where H0 is the local Hubble value, q0 ≡ −ä0a0/ȧ
2
0 is the so-called decel-

eration parameter. Note that Eq. (3.8) is independent on the curvature
parameter k. Assuming q0 is obtained from other observations, the best
fit local Hubble value can be evaluated from a set of (µ, z) data (or from
(DL, z) data, see Eq. (3.5)).

The local Hubble value was determined using Cepheid variables in Ref.
[39]. The (µ, z) data of the Cepheids host galaxies was known via SNIa
observations and the deceleration parameter was fixed2 q0 = −0.55; they
found the best fit value H0 = 73.8± 2.4 km s−1 Mpc−1. They were able to
improve the accuracy of their results due to the observations of Cepheids
in new host galaxies with known (µ, z) relation. The new best fit turned
out to be H0 = 73.02 ± 1.79 km s−1 Mpc−1 [40]. On the other hand,
Ref. [41] reanalysed the data and found H0 = 70.6 ± 3.3 km s−1 Mpc−1.
Hence, it appears that the process for locally evaluating H0 is not fully
comprehended.

3.2.3 Baryon acoustic oscillations

Baryon acoustic oscillation (BAO) surveys track spherical wavefronts in the
galaxy distribution. According to the ΛCDM model, these wave fronts are
remnants of the pressure waves from the era where matter and radiation
were coupled. Roughly speaking, after the radiation and matter stopped
interacting, at the decoupling time, the pressure waves froze and since have
been affected only by gravity [42].

Using Eq. (3.4) and the metric (2.98) the diameter of a spherical wave-
front in the radial direction can be given as

∆zBAO = (1 + z)H(z)lphys = H(z)lcphys, (3.9)

where lphys is the physical length of the radius of the spherical wavefront
(lphys ≈ ds) and lcphys = (1 + z)lphys is its comoving counterpart. In the
ΛCDM model the physical length is obtained from the speed of the sound
waves at the decoupling time. The corresponding equation for the angular
diameter is given explicitly in the metric (2.98),

∆θBAO = lphys
DA

=
lcphys
Dc
A

, (3.10)

2This value for q0 is consistent with the ΛCDM model with Ωk = 0 and Ωm = 0.3.
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where Dc
A = (1 + z)DA is the comoving angular distance. Furthermore,

the two diameters can be combined to give a measure for the volume of the
sphere:

dzBAO =
(

∆θ2
BAO

∆zBAO
zBAO

)1/3
. (3.11)

The BAO surveys report their results in dzBAO , ∆θBAO, or ∆zBAO with
respect to the effective redshift zeff . Low redshift (zeff < 1) BAO results
by 6dF Galaxy Survey (6dFGS) [43] at zeff = 0.106, Sloan Digital Sky
Survey (SDSS) [44, 45] at zeff = 0.35 and zeff = 0.57, and WiggleZ survey
[46] at zeff = 0.44, zeff = 0.60 and zeff = 0.73 are compatible with
the nine-year WMAP data [47]. The results by 6dFGS, more up to date
analyses of SDSS by [48] at zeff = 0.15 and [49] at zeff = 0.32 and zeff =
0.57 are compatible with the latest Planck data, yielding H0 = 67.6 ± 0.6
km s−1 Mpc−1 and Ωm = 0.310± 0.008 for a flat ΛCDM model[33]. 3

3.2.4 Cosmic microwave background radiation

In modern cosmology, the assumption that the universe has expanded to
the present state from a denser state is nearly a model independent. In
such models, it is inevitable for the photons to decouple from dust at some
point and propagate practically without scattering thereafter. Such epoch
is referred to as decoupling epoch and it effectively defines a surface where
photons scatter the last time, the surface of last scattering. We observe
∼ 3 K radiation in each direction in the sky and assume it originates from
the surface of last scattering; this radiation is called the cosmic microwave
background (CMB) radiation. Because the radiation has the same temper-
ature in each direction, it is justified to approximate (in temperature-wise)
that the surface of last scattering is a sphere and we are in the centre of
it. Therefore, the surface of last scattering can be modelled with spherical
harmonics Ylm(θ, φ) by doing a multipole expansion for the temperature
contrast:

δT

T
(θ, φ) =

∑
l,m

almYlm(θ, φ). (3.12)

3The WiggleZ data is excluded from the analysis of Ref. [33] due to the unquantified
correlation between WiggleZ and [49] at zeff = 0.57.



Standard cosmology 49

Here, T is the average temperature at the last scattering surface and δT
is a small deviation from T . The sum runs over l = 1, 2, . . . ,∞ and m =
−l,−l+1, . . . , l−1, l. The spherical harmonics are orthogonal to each other
and the multipole coefficients are obtained from

alm =
∫
Y ∗lm(θ, φ)δT

T
(θ, φ)dΩ. (3.13)

Dipole, quadrupole, and octopole correspond to l values 1, 2, and 3, respec-
tively. In cosmological context, the dipole has a special role because it is
difficult to evaluate how much of it is due to cosmic origin and how much
due to our peculiar velocity with respect to the CMB frame. Therefore,
the dipole is usually examined separately from the other multipoles and
it is a common practice that multipoles having l < 2 are excluded when
discussing low multipoles (or large angles). I shall also use this common
convention. The two point correlation function is

W (θ) ≡ 〈δT (γ)δT (γ′)〉
T 2 , (3.14)

where γ and γ′ are unit vectors, γ ·γ′ = cos θ, and the average is taken over
all pairs of points separated by angle θ in the CMB sky.

In the standard description, the factors alm are taken to be Gaussian
random variables and independent on m. Furthermore, as alm describe a
deviation from the average temperature, they have zero expectation value
(〈alm〉 = 0), and it is convenient to introduce the so-called theoretical
angular power spectrum

Cl ≡ 〈|alm|2〉 = 1
2l + 1

∑
m

〈|alm|2〉. (3.15)

The theoretical angular power spectrum represents our expectation of the
CMB of all the possibilities whereas we observe only one realisation of which
angular power spectrum Ĉl is defined as

Ĉl ≡
1

2l + 1
∑
m

|alm|2. (3.16)
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The variance of Ĉl,

〈(Ĉl − Cl)2〉 = 2
2l + 1C

2
l , (3.17)

is called the cosmic variance and gives the limits for the accuracy of our
measurements that cannot be exceeded by any means.

The information about the temperature fluctuations is in Cl via Eqs.
(3.13) and (3.15) and the assumptions of the standard cosmology enable
extracting information from Cl. For example, taking the flat six-parameter
ΛCDM model to represent standard cosmology, six parameter values can
be extracted from the CMB. Here, only two parameters, Ωm and H0, are
needed and they are derived from these six fit parameters. For the flat
six-parameter ΛCDM model, the nine-year CMB data by WMAP gives the
best fit values for the baryon density Ωb = 0.0463±0.0024, cold dark matter
density Ωc = 0.233± 0.023 (Ωm = Ωc + Ωb), and H0 = 70.0± 2.2 [47]. The
latest Planck data [33] gives the best fit values Ωm = 0.308 ± 0.012 and
H0 = 67.8± 0.9 for the same model.



Chapter 4

Cosmology beyond the
cosmological principle

The universe is inhomogeneous and anisotropic, at least in small scales.
Such theoretical models do exists and they have been studied, however,
they are very cumbersome. It is beneficial to study simpler models first,
like those exhibiting only inhomogeneity or anisotropy, before proceeding
to more general models. After learning the benefits and the drawbacks of
such simpler models, we are more instructed to investigate the more general
and cumbersome inhomogeneous and anisotropic models.

In this chapter, I shall review some of the problems of the ΛCDM model
and present attempts to solve these problems by employing models that go
beyond the cosmological principle.1 I will mostly concentrate on the LTB
and the Bianchi models, but also discuss more general models. This gives
perspective on the comprehension how simpler models have affected the
investigation of more cumbersome models. As the cosmological principle
refers to space-time, the Buchert formalism can be acknowledged to go
beyond the principle, albeit it is statistically homogeneous and isotropic. I
shall shortly discuss Buchert’s formalism, too.

4.1 Apparent acceleration

The concordance cosmological ΛCDM model assumes the existence of the
mystical constant Λ. The mystique of Λ probably originates from the idea
that Λ should arise from quantum field theory and embody the vacuum

1The list of incompatibilities I shall present below is not comprehensive and further
discrepancies between the ΛCDM model and observations are listed e.g. in [50, 33].
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energy density in cosmic scales. Quantum field theory, as it is currently
understood, predicts a finite number for the quantised vacuum energy den-
sity by imposing a cut-off scale. However, if the cut-off is at the Planck
scale, as is usually assumed, quantum field theory predicts Λ to be some 120
orders of magnitude larger than cosmological observations indicate [51, 52].
This is known as the old cosmological constant problem. This problem was
acknowledged well before the SNIa observations [36, 37], which invoke the
new cosmological constant problem: why is ΩΛ ∼ 1 today? The signifi-
cance of these problems is debatable and Λ does not need to be mystical if
one simply assumes it is a constant of nature, like Newton’s gravitational
constant [53]. Whatever the truth, the hypothesis of Λ is to be tested.
Consequently, the cosmological constant problems have extended to the
so-called dark energy problem, which suggests Λ is not responsible for ac-
celerating the universe but some other effect is instead. Probably the most
popular approaches to the dark energy problem are the dark energy and
the modified gravity models [51, 52], but present observations are not accu-
rate enough to distinguish between them and the ΛCDM model [54]; future
observations are expected to clarify this issue [42].

The cosmological constant, dark energy, and modified gravity all imply
that accelerating expansion is required in order to explain the SNIa data.
The same data, however, can result from differential expansion with respect
to location so that no region is accelerating. This requires inhomogeneity
and suggests acceleration is only required in the FLRW space-times, that
is, the acceleration is apparent.

4.1.1 Inhomogeneity

As mentioned above, by discarding the assumption of the FLRW space-
time and exploring more general solutions of the Einstein field equation
and conservation of energy and momentum, the dimming of supernovae
can be explained using radially inhomogeneous LTB models without dark
energy, modified gravity or Λ. This was first proposed in Ref. [55], where
also an example was given. Since then, it has been shown that the LTB and
ΛCDM models provide a comparable fitting for SNIa data [56, 57, 58, 59,
60, 61, 62]. These promising results induced further interest towards the
models. Because the LTB models are inhomogeneous only radially and the
inhomogeneity explaining the SNIa is typically notable, the interest have
focused on two aspects: the fine-tuning of the observer’s location and other
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cosmological observations.

Fine-tuning of the observer’s location

As the LTB models admit a preferred point in space, the centre of spheri-
cal symmetry, it was presumed that the isotropy of the observations would
place Earth in the vicinity of the preferred point. In [63] was studied how
far the observers can be removed from the symmetry centre without dis-
crepancy to SNIa and CMB dipole data. They found that the observer
should not be located further away than ∼ 1% of the radius of the void
or the dipole amplitude becomes too large (order of 10−3 is the maximum
for the amplitude). Another approach to this issue was conducted by the
authors of Ref. [58]. First they found that SNIa data constrains the ob-
server in the vicinity of the centre within ∼ 15% of the radius of the void.
Including the CMB dipole data this number dropped to ∼ 1%. They also
studied how extra velocity of the observer would affect here. Larger veloc-
ity allows for larger displacement, but larger displacement away from the
centre induces deterioration of the fit of SNIa data.

An interesting question is whether the fine-tuning issue vanishes in more
complex models than the spherically symmetric LTB model, suitable can-
didates for studying this are e.g. the Szekeres models. Indeed, it has been
shown that these models permit Earth to be further shifted from the cen-
tre of the void than the LTB models [64]. However, it appears that the
fine-tuning issue only emerges elsewhere and does not disappear: in the
quasispherical models, the observer’s location is fine-tuned close to a point
where the shear disappears (which is not at the symmetry centre) [65].

Of course, it could be that the fine-tuning issue vanishes when fully
general Szekeres, or even more general models are considered. Fully general
Szekeres models do not admit any Killing vector fields but are special as
the magnetic part of the Weyl tensor (2.43), the vorticity and the fluid
acceleration is zero [19]. More general models can be constructed e.g. by
"gluing" LTB or Szekeres models together, see e.g. Refs. [66, 67].

Nevertheless, it is not know whether the fine-tuning issue simply dis-
appears by employing more general models. We confront the fine-tuning
issue by employing a different approach in papers [1, 4]. The approach will
be further discussed in Chapter 5
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Cosmological observations

The LTB models contain only dust, hence they hardly serve as a fair ap-
proximation throughout the history of the universe. This is problematic as
the universe is expected to undergo a radiation dominated period before the
matter domination. Consequently, only the local observations can reliably
be fitted, like SNIa, local Hubble, and BAO using the LTB model, whereas
non-local observations, like CMB, do not enjoy the same pleasure. The ap-
proximation is sufficient only, if inhomogeneities become important during
matter domination and the evolution before that is described using a model
that acknowledges the presence of pressure. The type of scenarios, where
a LTB model coincides with the Friedmannian cosmology before radiation
becomes important have been ruled out by several authors [60, 61, 68, 69].
We deepened the comprehension for the reason of the failure of these mod-
els in [2], this will be discussed in Chapter 5. In these models, however, a
significant degree of freedom, the bang time function tb(r), is constrained
to be constant. Such models are called void models. Indeed, SNIa data can
be explained using inhomogeneous bang time function alone [70] and fit to
other observations improve by removing the constant bang time condition
[71, 72]. However, even inhomogeneous tb(r) is not enough to explain the
kinematic Sunyaev-Zel’dovich (kSZ) effect, at least if the effects of radiation
are neglected (which I already noted to be quite harsh approximation) [72].

A detailed examination of the above presented studies reveals two mat-
ters. First, the LTB models have not been ruled out by covering the effects
of pressure sufficiently. Secondly, some of the observables prefer consider-
able inhomogeneity, like SNIa and combined local Hubble and CMB data,
whereas some prefer approximate homogeneity, like the kSZ effect. This
discrepancy was further studied in [4], where we investigated whether the
LTB models can be "homogenised" while remaining compatible with SNIa
data. In fact, we generalised our investigations from the LTB models to
the ΛLTB models. Next the ΛLTB models will be introduced.

4.1.2 Inhomogeneity + Λ

It is straightforward to generalise the LTB model to include Λ, the resulting
models are called the ΛLTB models. These models introduce interesting
possibilities as both the LTB and ΛCDM models are included in the ΛLTB
models. The authors of Ref. [73] aimed to discover the best fit ΛLTB model.
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However, some of their priors are biased towards the ΛCDM and LTB
models, hence it is not surprising that they find observables to prefer these
models. In Ref. [61] the authors compared the LTB and ΛCDM models
between each other and moreover, tested the Copernican principle. They
used only data independent on the details of structure formation, because
the linear perturbation theory of the LTB models is poorly understood.
Hence, the authors used the Local Hubble rate, SNIa and CMB (but did
not include the effects of radiation) observations and assumed the early
universe to be homogeneous. They improved the priors used in Ref. [73]
e.g. by modelling the local matter density profile by linear interpolation,
cubic interpolation and Laguerre polynomials; results were qualitatively
similar in each case: reasonable fit to CMB dictates too low H0, which in
their studies can never exceed H0 ∼ 62km/s/Mpc and data favours the
ΛCDM model. The main result in their studies on the ΛLTB models is
interesting. The best fitting model is nearly homogeneous and information
criteria2 favour the ΛCDM model. However, the inhomogeneities can not
be ruled out, but ∼ 15% deviations from homogeneity are compatible with
the data.

In addition to the ΛLTB models, other approaches to test the robust-
ness of the ΛCDM model against inhomogeneity have also been conducted.
The effects of large scale isotropic inhomogeneities to the value of the equa-
tion of state parameter w was investigated in Ref. [77]. The best fit value
for w is often negative in dark energy models, see e.g. [33], which corre-
sponds to phantom energy that introduces unphysical phenomena. In Ref.
[77] was found that the best fit w value corresponding to phantom energy
might be due to large scale isotropic inhomogeneities while the true value
of w is negative unity. In addition, the filamented large scale structure
may alter our estimate for the distance of the surface of last scattering
compared with the distance evaluated using the ΛCDM model due to the
effects unobtainable using the homogeneous models. When incorporating
a modified distance estimate (obtained e.g. from the Dyer-Roeder approx-
imation or from a Swiss-Cheese model) in the ΛCDM model, these effects
alter the best fit parameters; in Ref. [78] is demonstrated how Cl becomes
modified and for simple toy models the preferred cosmology becomes open
with ΩΛ ∼ 0.8− 0.9.

2Information criteria takes both likelihoods and the number of free parameters into
account. Further information about different information criteria can be found in Refs.
[74, 75, 76].
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4.1.3 Backreaction

Even though the Buchert equations include Λ, it appears from the math-
ematical point of view that the backreaction can explain the apparent ac-
celeration and consequently remove the need for Λ. This can be seen from
Eqs. (2.102), (2.112), and (2.113): the local expansion θ is decelerating
everywhere if Λ = 0, but the average acceleration äD in the domain D is
positive as long as the variance of θ is large enough compared with the
shear and the fluid density.

Even though mathematically sound, it is not physically evident that Λ
can be replaced by a physically viable backreaction. In Ref. [79] is shown
how a domainD causing a backreaction can be composed from an over dense
region next to an under dense region: both regions are initially expanding,
the over dense region turns eventually to collapse implying large variance
for θ in the domain D and resulting an accelerating aD. This idea is further
developed: in Ref. [79], the author illustrates how structure formation can
induce average acceleration and moreover, semirealistic models following
Ref. [79] have been constructed and the results appear encouraging [80].
However, the effects of a realistic backreaction are still under a debate
[81, 82]. These examples illustrate how Buchert’s formalism can be used to
give an alternative to Λ or dark energy, but the averaging procedure has an
impact on other cosmological phenomena too, like light propagation [80].

4.2 Observations

4.2.1 Local Hubble value

Ref. [83] investigates the anisotropy and inhomogeneity of the Hubble flow.
They take the COMPOSITE sample of 4534 galaxies and clusters which
has good angular coverage. Hence it is a good sample to study large angle
anisotropies in the Hubble expansion. They found the data to exhibit dipole
structure (both in Local Group and CMB frames) of which amplitude is
dependent on distance. Ref. [84] studied the matter further by investigating
also quadrupole anisotropies in the Hubble flow. They found that observa-
tions suggest both dipole and quadrupole are anisotropic at high confidence
for redshifts smaller than ∼ 0.045. Furthermore, they found the best fit flat
ΛCDM model to be compatible with the Hubble dipole if the boost of the
frame of the Local Group with respect to the CMB frame is approximately
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350 km/s; this is only half of the boost required in order to explain the
CMB dipole by the peculiar velocity alone. They continued by studying
axisymmetric Szekeres models that are inhomogeneous for r smaller than
∼ 100h−1Mpc and coincide with the ΛCDM at that limit. They found the
Szekeres model, which effectively exhibits the Local Void and the Great
Attractor, to give a better fit for the Hubble dipole than the ΛCDM model
with peculiar velocity. However, the quadrupole predicted by the Szekeres
model was too small in comparison with the observations.

4.2.2 Baryon acoustic oscillations

As mentioned earlier, the low redshift BAO observations are in good agree-
ment with the ΛCDM model. BAO data have been tested against the LTB
models by several authors and with conflicting results. The discrepancy,
however, might have a simple explanation: the studies using BAO data from
wider redshift range [61, 68, 60] found more tension between the data and
the LTB model than those exploring data from a narrower range [57, 59].
In Ref. [2] is further studied the conjecture that wider redshift range brings
more tension between BAO and the LTB models.

The high redshift BAO (z > 2) data obtained from the Lyman-α forest
[85, 86] exhibits incompatibility with the ΛCDM model [33]. This issue was
confronted with the LTB models for the first time in [2] and the results will
be presented in Section 5.2.

4.2.3 Cosmic microwave background

Several unlikely features have been observed in the CMB, albeit their sig-
nificance is under a debate. In this section, some of the anomalies are first
introduced and then later some approaches aiming to resolve the anomalies
are presented. A more comprehensive review of the anomalies is given in
Ref. [87].

Lack of power of the lowest multipole moments

The missing power of the lowest multipole moments, the most significant
on the quadrupole, was first reported by COBE (due to observational lim-
itations it was not considered significant) and then confirmed by WMAP
[88]. This was confirmed also by Planck and the present estimate for the
p-value from the Planck data for the occurrence of the low variance of low
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multipoles is ≤ 0.5% [89], when the ΛCDM model is taken as the zero
hypothesis.

Lack of angular two-point correlation of the largest scales

Unexpectedly low two-point correlation for scales larger than about 60%
was also first discovered by COBE and then confirmed by WMAP [88] and
Planck [89]. The significance of this anomaly depends on the used mask
and statistical methods [87], but assuming the ΛCDM model the p-values
of the observed two-point correlations for the large angular scales are at
most some per cents [89].

Planarity and alignment of the quadru- and octopoles

In Ref. [90] the authors demonstrated that the octopole moment is unex-
pectedly planar with a p-value ∼ 5%. Furthermore, the authors found an-
other feature that is even more unexpected: the normal to the quadrupole is
anomalously well aligned with the preferred axis exhibited by the octopole
"plane" (p-value ∼ 1.5%). The quadrupole moment is necessary planar and
therefore it has a well-defined normal. The octopole moment is almost
planar and its preferred axis, analogous to its normal, cannot be unam-
biguously determined but various different methods have been applied [87].
What is notable is that these anomalies appear to persist independently on
the used map or the statistical method in both WMAP and Planck data,
and in fact, further anomalous alignments have discovered as the preferred
axes of quadrupoles and octopoles appear to be also aligned with the dipole
momentum of the CMB and the normal to the Ecliptic plane [87]. The most
resent evaluation for the significance of the quadrupole-octopole alignment
has p-value ≤ 0.5% [91].

Cold spot

Departure from Gaussianity on the CMB was first reported using first-
year WMAP data in Ref. [92], where a non-Gaussian signal was detected
on the southern hemisphere at scales corresponding to ∼ 10◦ in the sky.
The authors of Ref. [93] discovered the non-Gaussianity to be induced by a
cold spot on a southern hemisphere as the CMB map becomes compatible
with Gaussianity after excluding this spot. Furthermore, they report the
probability of such a cold spot to exist in a Gaussian model is about ∼ 0.2%.
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The most resent evaluation for the significance of the anomaly is evaluated
in Ref. [89], where the corresponding p-value is found to be ≤ 1.0%.

Hemispherical power asymmetry

The amplitudes of the large scale fluctuations between opposite hemispheres
were compared with each other in Ref. [94] and unexpected asymmetry was
discovered. The maximum asymmetry was found when the opposing hemi-
spheres are close to those defined by the ecliptic plane, albeit it is somewhat
dependent on the used multipoles. The power spectrum is unexpectedly
low on the northern hemisphere and unexpectedly high on the southern
hemisphere so that the ratio of the powers of the northern and southern
hemispheres is low at 3 σ level. Presently, the asymmetry is considered
unexpected at the level of p-value ≤ 0.1% [89]. Alternative methods of
describing the hemispherical asymmetry have also been presented, like the
so-called dipolar modulation [95].

Resolutions

The LTB voids have been considered alleviating the anomalous alignment
of the lowest multipoles in the CMB, in particular, the effect was presumed
to emerge when the observer is removed from the symmetry centre [63].
As expected, they found that increasing the displacement also increased
the amplitudes of the multipoles. However, the growth of the amplitudes
of the quadrupoles and octopoles as a function of the displacement is not
strong enough compared with the growth of the dipole amplitude: when
the dipole amplitude reached its maximum amplitude (order of 10−3), the
quadrupole is of order 10−7 and the octopole is of order 10−9. Therefore,
the quadrupoles and octopoles induced by displacement from the symmetry
centre in a giant void can hardly explain the low l multipole alignment,
which is a observed anisotropy of the order 10−5. Furthermore, the authors
concluded that even if a giant void and peculiar motion are both taken into
account, the alignment remains without an explanation: if the observer
has enough velocity in the right direction so that the displacement can
be increased to bring the dipole and quadrupole amplitudes to the correct
order, the octopole still remains too small.

In Ref. [96], the type VIIh Bianchi model is compared with the first year
data of WMAP on large angular scales (l ≤ 64). They apply the formalism
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of Ref. [97], where the models are sourced by dust and characterised by
the parameters Ωm, x, and handedness. Here, Ωm is the energy density of
dust today and x =

√
h/(1− Ωm), where h gives the scale where the basis

vectors changes orientation. In addition, Ωm is subject to the constraint
Ωm + Ωk = 1, where Ωk is the present curvature density. These models
contain a preferred axis: the basis changes its orientation with respect to
the preferred axis and Ωm is related to the asymmetry along the preferred
axis. Ref. [96] finds the best fit model to be right-handed and have

x = 0.55, Ωm = 0.5, Σ = 2.4× 10−10, V = 4.3× 10−10,

where all the quantities represent their present day values. Effectively, their
Bianchi models arise so that the excess power of the southern hemisphere
over the northern hemisphere stipulates low Ωm whereas the cold spot and
its surrounding structure is responsible for the x value. They continue the
investigation by creating a "Bianchi-corrected" CMB sky map by removing
the best fit Bianchi sky map from the original WMAP sky map. Their
statistical analysis of the Bianchi-corrected data shows that the best fit
parameter values are sufficient to reduce the significance of the hemispher-
ical power asymmetry into a non-anomalous level and resolve the cold spot
anomaly. In addition, the quadrupole amplitude in the Bianchi-corrected
data is no longer unexpectedly low as in the original WMAP data and the
quadrupole and octopole are no longer aligned with each other. That is,
they were able to dissipate four anomalies, but at the cost of Ωk = 0.5. On
the other hand, they used the method given in Ref. [97], which dates back to
the time when dark energy was not considered as part of the energy density
of the universe and dust was considered as the dominating component.

The type VIIh Bianchi model was further studied in Ref. [98], now
including dark energy. The authors of Ref. [98] extended the formalism
of Ref. [97] by inserting the cosmological constant Λ in the equations,
which expands the parameter space of that used in Ref. [96] by ΩΛ. The
main result of Ref. [98] is that there is a number of members in the three-
dimensional parameter space (Ωm,ΩΛ, x) so that each member manifests a
similar Bianchi-corrected structure as the best fit model in Ref. [98], but
none of the members is compatible with other cosmological observations
(the results are confirmed by Ref. [99]). The Bianchi-corrected structure
in question includes geodesic focusing and spiral turns, which create hemi-
spherical asymmetry and hot or cold spots [97, 96]. The authors of Ref. [98]
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discussed also dynamical dark energy models and reasoned them to result
in a similar outcome as the present values of dark energy and curvature
density appear more significant than the preceding dynamics.

In addition to the above proposed settlements, a number of other ap-
proaches have also been taken in order to explain the anomalies, like elon-
gated local voids [100], anisotropic inflation [101, 102], and imperfect dark
energy [103, 104, 105, 106, 107]. The anomalies of the CMB, however re-
main unexplained hence providing the motivation for paper [3].
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Chapter 5

Summary of papers

The cosmological principle is relaxed in papers [1, 2, 3, 4] in order to inves-
tigate the effects of inhomogeneity and anisotropy in cosmology. In papers
[1, 4] we examined if the present observer’s luminosity distance is converg-
ing to an asymptotic curve and furthermore, is already very close to it.
This would imply lack of information about the initial conditions of the
universe, in particular, a family of bang time functions would lead the lu-
minosity distance to converge to the same asymptotic curve. By picking
up the most homogeneous tb(r) of this family we refer to as homogenising
the system and conjecture this dispels the fine-tuning issue and some of
the observational discrepancies discussed in Section 4.1.1. In [2] we exam-
ine some of the discrepancies between observations and the LTB models in
detail. In [3] we take a step towards non-perfect fluid Bianchi cosmology
by investigating a specific model. This is motivated by the unexplained
anisotropies in the CMB, discussed in Sections 4.2.1 and 4.2.3.

5.1 Homogenising inhomogeneous models

As discussed in Section 4.1.1, some of the observations, like SNIa, prefer
inhomogeneity whereas some of the observations, like kSZ, prefer homo-
geneity. Furthermore, the fine-tuning issue of the observer’s location is
caused by the inhomogeneity. We studied in papers [1, 4] if these apparently
conflicting preferences vanish by considering some unusual configuration of
inhomogeneities. In practice, we took a SNIa compatible ΛLTB model and
examined if it can be homogenised.

The idea for homogenising inhomogeneous models is introduced in [1, 4]
and goes as follows. Let us denote the luminosity distance of the Fried-
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mannian model by DF
L (z) and assume that the present observer sees the

luminosity distance DF
L (z) + δDL(z), where

|δDL| � DF
L (z) (5.1)

for some range of redshift, say when z ∈ [0, 1.2]. Furthermore, let us assume
δDL(z) is observationally indistinguishable when z ∈ [0, 1.2]. Consequently,
the future observer cannot distinguish the evolving of the luminosity dis-
tance, if

lim
t0→∞

δDL(z) = 0, (5.2)

and z ∈ [0, 1.2]. On the other hand, the present observer cannot tell how
far in the past δDL(z) has been below observational limits and hence have
no information on the initial conditions of the universe at z ∈ [0, 1.2].1
The form of the bang time function tb(r) of the inhomogeneous model is
therefore out of reach of the present observer and in fact, there is a family of
functions tb(r) which lead the luminosity distance of the system to approach
DF
L . Selecting the most homogeneous function tb of the family we refer to as

homogenising the system. It is notable that homogenising the model should
make it also older in the process: making the universe older suggests it is
closer to the asymptote, whereas making it younger suggests it is further
away from the asymptote and δDL(z) may no longer be indistinguishable.

In paper [1] we proposed the condition (5.2) takes place when

lim
t0→∞

dz

dt0
= 0, (5.3)

that is, the redshift drift2 dz/dt0 converges to zero as the observer’s time
t0 → ∞. The redshift drift was first introduced in Ref. [111] within the
Friedmann models. The authors of Ref. [112] were the first to derive the
redshift drift equation for the LTB models. In [1] we presented an alter-
native derivation, discussed the meaning of the condition (5.3) within the
ΛLTB models and analysed the ΛCDM model. The analysis revealed the
condition (5.3) cannot hold but for one non-zero z per a null geodesic and

1The situation is analogous to a physical system, where the system has reached a
stable state thus hiding its initial state.

2The redshift drift is observationally achievable for us in the next generation surveys,
see [108, 109, 110]. However, here we employ the theoretical aspects it provides.
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the distance r, for which the condition holds, changes in time. Thus, the
luminosity distance cannot converge to a constant value for any observable.
Of course, this analysis was only an exercise before proceeding to more
cumbersome cases; the result was expected as the alternative would imply
the absurdity of homogenising a homogeneous model.

In Ref. [4] we continued the study further by thoroughly scrutinising
the ΛLTB model. We extracted three separate cases which can satisfy the
condition (5.3):

I The static universe, where the expansion freezes both in radial and
angular directions (R and R,r tend to a constant for each r).

II The big universe, where the expansion in the angular direction has
grown large enough.

III The bizarre universe, where the scales grow in the angular direction
and crunch in the radial direction.

After fixing the gauge, the ΛLTB models contain two free functions which
need to be fixed in order to close and solve the system. Demanding the
model to be compatible with SNIa data fixes one of them, we imposed
DL = DF

L . Moreover, we imposed dz/dt0 ≈ 0 implying Eq. (5.1) is satis-
fied. Consequently, what was left to do was to solve the system and check
whether Eq. (5.2) holds.

We solved the system for different values of Λ and found that each solu-
tion belongs in Case I. Further analysis showed that Eq. (5.2) does not hold
for any Λ and the luminosity distance before and after the homogenising
procedure distinctly differs from each other. The fact that we find solutions
using constraint dz/dt0 ≈ 0 but still Eq. (5.2) does not hold implies that
the condition dz/dt0 ≈ 0 holds only momentarily. This is similar to that
found in [1] when investigating the ΛCDM model, where dz/dt0 = 0 can
hold only for one r per a null geodesic and the distance r is not the same for
different null geodesics. The difference between this and the ΛLTB model
is that in the latter case the inhomogeneous degrees of freedom allows to set
dz/dt0 = 0 simultaneously for a range of distances r. The common factor
between the models is that both can have dz/dt0 = 0 only momentarily.
On the strength of these results, we concluded the ΛLTB models cannot be
homogenised.
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5.2 The line of sight vs. local growth

The main purpose of [2] was to investigate which properties introduce dif-
ference between the LTB and the ΛCDM models so that observables de-
pendent on these properties are capable pointing out the preferred model.
We assumed the LTB model to be approximately homogeneous at the early
times and have a constant tb(r) function. In addition, we imposed the
ΛCDM luminosity distance for the LTB model, which permitted us to in-
vestigate the issue without SNIa data fitting. The analysis of the properties
of these models led us to investigate observables dependent on local growth
in more detail. We paid special attention to the discrepancy (discussed in
more detail in Section 4.2.2) encountered when fitting void models simul-
taneously to the line of sight (like SNIa) and local growth (like BAO) data.
We were the first ones fitting BAO data to the void model characterised by
the ΛCDM luminosity distance and moreover, we were the first fitting the
BAO features of the LαF within the framework of the LTB models.

Studying the properties of the LTB and ΛCDM models revealed that
local expansion rates differ the most between them. This can be illustrated
by the so-called relative local expansion rates (RLER), which gives a mea-
sure for the growth of scales from some early time te to the present null
geodesic relative to the same measure at the origin. By assuming approxi-
mately homogeneous early time and defining R(r, t) ≡ A(r, t)r, the RLERs
can be written as

RR = R,r[r(z), t(z)]
R,r[r(z), te]

A(0, te),

RT = R[r(z), t(z)]
R[r(z), te]

A(0, te), (5.4)

RF = 1
1 + z

,

where RR and RT are the RLERs in the radial and transverse directions
in the LTB model, respectively and RF is the RLER in the Friedmannian
model. In addition, the Hubble functions in radial and transverse directions

HR = R,tr[r(z), t(z)]
R,r[r(z), te]

, HT = R,tr[r(z), t(z)]
R,r[r(z), te]

, (5.5)

respectively, exhibit considerable deviation from their Friedmannian coun-
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Figure 5.1: The LTB and the ΛCDM models with HF
0 = 67.1 and ΩF

m = 0.32. The left
panel shows the radial Hubble function, HR(z) (dashed red), the transverse Hubble func-
tion, HT (z) (dotted blue), and the Hubble function of the ΛCDM model, HF (z) (solid
blue). All three Hubble functions coincides at z = 0. The relative difference between
HF (z) and HR(z) is approximately 6 % and 16 %, and the relative difference between
HF (z) and HT (z) is approximately 13 % and 18 %, at redshifts 1 and 6, respectively.
The right panel shows RLER’s, where RR, RT and RF correspond to dashed red, dot-
ted blue and solid blue curves, respectively. The relative difference between RF and
RR is approximately 43 % and 47 %, and the relative difference between RF and RT is
approximately 35 % and 45 %, at redshifts 1 and 6, respectively. Figure from [2].

terparts. The deviations are illustrated in Figure 5.1, which is taken from
[2]. Clearly, for both the RLERs and Hubble functions: the wider the
redshift range, the larger the difference.

On the strength of these results, we investigated BAO data, which is a
measure of a local growth. The relative difference of the RLERs and the
Hubble functions of the models is growing with respect to z, illustrated
in Fig. 5.1, and this is transmitted to the BAO measures, as can be seen
on the right panel of Fig. 5.2. This is in agreement with the conjecture
presented in Section 4.2.2 that the tension between the models grows when
BAO data is obtained from a wider range of redshift.

The low BAO data (zeff < 1) in itself gives similar χ2 values for both
models, which is displayed in the left panel of Figure 5.2. However, the
LTB model is clearly in more conflict with the combined SNIa and low
BAO data compared with the ΛCDM model and hence the combined data
set favours the ΛCDM model: the p-value imply that the LTB model is
ruled out by 98 % confidence and Bayesian information condemns strong
evidence against the LTB model.

The analysis of the LαF BAO data was executed with extra caution due
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Figure 5.2: The left panel: Different χ2(ΩF
m) curves for different models and data sets

are presented. The black vertical line in the middle of the vertical contours indicates
the preferred ΩF

m according to the SN data [38], whereas the vertical contours indicates
1-3 σ deviations from the best fit value. The right panel: The (black) points and bars
represent observations and their 1σ errors, the red solid curve represents the ΛCDM
model’s prediction and the dashed blue curve represent the LTB model’s prediction. For
both models, ΩF

m = 0.32 and ∆z is chosen to correspond LαFccR. Figure from [2].

to the questioned viability of the measurements [33]: we took the BAO data
of the LαF forest in the radial and transverse directions from two individual
surveys [86] and [85] and investigated them separately. Thus, we did four
analysis including low BAO and LαF BAO data. Two of the results are
plotted in Figure 5.2, the ones that are the most favourable to the LTB
models both in the radial and transverse directions. The acknowledged
discrepancy between LαF data and the ΛCDM model [33] is visible in the
figure. However, the incompatibility with the LTB void is even greater.

The homogeneity of the early times implies that the BAO observables
have evolved from inhomogeneities of the size of the first CMB peak (or
more precisely, the angular diameter of the first CMB peak at the surface
of last scattering θ∗) and the analysis made for BAO data was extended
to CMB data by the part of the ratio analysis. The procedure was not
unambiguous, because the LTB model cannot reproduce the ΛCDM lu-
minosity distance beyond z ≈ 7 without hitting to a shell crossing (SC)
singularity [113]. For 7 . z, we extended the model by several functions,
referred as tails, which were tailored to avoid the SC singularities and to
make the system approximately homogeneous for z & 1000. In addition, we
ignored the effects of pressure in this analysis. The results are illustrated
in Figure 5.3, where different tails are presented in the left plot and their
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Figure 5.3: The LTB and the ΛCDM models with HF
0 = 67.1 and ΩF

m = 0.32. In the
left panel several tails are plotted. In the right panel, (black) points and bars are observed
dz/θ

∗ values and their 1σ error bars, the solid blue curve represents the ΛCDM prediction
and non-solid colored curves represent the LTB models with tails, the curve color and
style indicates the corresponding left panel tails. The LTB curves can be arranged from
the worst to the best fit as follows: Ω6, Ω5, Ω1, Ω4, Ω2, and Ω3. Figure from [2].

corresponding ratio curves are drawn together with the ΛCDM ratio curve
and the data points in the right plot. The LTB curves on the right plot
are indistinguishable from each other indicating that chancing the tail has
insignificant impact. The better fit of the ΛCDM model is striking even
though the curves corresponding the LTB models are inside the 1σ error
bars. In addition to the tails presented in the figure, we considered more
complex functions as tails and allowed them to start at lower redshifts3

(z ≈ 2), but no significant improvement was found. The better fit of the
ΛCDMmodel is so striking that it is hard to believe the presence of pressure
would change it.

5.3 Anisotropic acceleration and non-perfect fluid

Paper [3] was devoted for studying the tilted axisymmetric type IX Bianchi
model presented in Section 2.4.4. The aim was to analyse the phase space
of the model by employing the dynamical systems analysis [19] and study
the cosmological applicability of the model.

3The luminosity distance with respect to the redshift is considered well known only
up to z ≈ 2, therefore it is sufficient that the luminosity distance of the LTB model is
equal to DF

L only up to z ≈ 2.
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The dynamics of the system is described by Eqs. (2.127), (2.128), (2.129),
and (2.130), which are subject to the constraint (2.131). We employ pa-
rameter ε as an indicator of cosmological applicability: ε < 1 indicates ac-
celeration, ε > 1 indicates deceleration and furthermore, from Eqs. (2.132)
and (2.133) can be seen that

ε = 1 in the curvature filled universe ,
ε = 3 in the shear filled universe ,

ε = 2− 1
1 + sech(2λ) in the dust filled universe ,

ε = 2 in the radiation filled universe ,
ε = 0 in the dark energy filled universe .

By treating λ and w as constant parameters and eliminating the dy-
namical equation for the curvature using the constraining Eq. (2.131), we
analysed the three-dimensional phase space (Ω,Σ,V). The system has seven
fixed points and we investigated their cosmological applicability by evaluat-
ing their stability and the value of ε in the (w, λ) parameter space. Several
interesting aspects arose and was discussed, like the shear-free conditions,
the role of universal rotation, and the freezing effect due to coshλ � 1.
However, the most interesting possibilities arose from the fixed point

V∗ = 0
K∗ = 0 (5.6)

Ω∗ = 3(w − 1)(3w − 4W + 1)
W (−3w + 2W + 1)2

Σ∗ = 2− 2W
−3w + 2W + 1

which allows for anisotropically accelerating stable solutions (the super-
script ∗ denotes that the quantity is evaluated at a fixed point). The fixed
point has non-zero shear if w 6= −1 and λ 6= 0 (⇒ W 6= 1) and then con-
sulting Figure 5.4, we find stable anisotropic acceleration to occur when
0 < λ and w . −1.

The anisotropic feature of the fixed point exhibits a counter example
to the cosmic no-hair conjecture by Wald [28]. The conjecture is based on
a theorem which assumes nothing else from the energy-momentum tensor
except it has to comply with the dominant and strong energy conditions.
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Figure 5.4: The left panel shows the stability properties of the fixed point (5.6). In
the white region the fixed point is an attractor, and a saddle point in the orange regions
(repelling in one direction in the lighter and two directions in the darker shaded areas).
On the black curves the fixed point is not defined, and on the dotted curves (including
w = 0) a Lyaponov exponent has a vanishing real part. If λ → ∞, then w3

+ → 1,
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3 → 1/2, w3
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− → 0. The right panel shows the values of ε. Figure from
[3].

The accelerated expansion in the theorem is induced by Λ, which of course
do violate the aforementioned energy conditions, but is excluded from the
energy-momentum tensor. In our paper, this would coincide with the as-
sumption that w = −1. Therefore, the difference between ours and Wald’s
paper is that we promoted Λ to be a tilted fluid which does not necessarily
implement the equation of state p = −ρ. This simple difference results in
qualitatively remarkably different solutions.

The extensive numerical analysis of anisotropic late time cosmology was
executed, where the system undergoes the radiation and matter dominated
epochs and then converges towards the dark energy dominated state given
by the attracting fixed point (5.6). This was executed by decomposing
the effective energy momentum tensor to dark energy, dust and radiation
components so that one of the fluids is tilted with respect to the frame
of reference whereas two of them are comoving with it. The main result
of the analysis is that taking the present-day energy density values to be
ΩΛ ≈ 0.7 and Ωd ≈ 0.3 and Ωr ∼ 10−5, the vorticity can easily reach the
value V ∼ 10−5 today. This is the same order of magnitude as where the
anomalies of the CMB appear. Moreover, the only fine-tuning a viable late
time cosmology requires here is that the curvature is small enough at the
beginning of the radiation dominated era. This is the same fine-tuning issue
as the ΛCDM model has without inflation.
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5.4 Conclusions and outlook

It is interesting to find out whether the cosmological observations become
ever so accurate that we are forced to discard the cosmological principle.
In order to find this out, the effects of inhomogeneity needs to be under-
stood beyond that of the standard perturbation theory. The studies so
far have shown that violating the cosmological principle introduces bene-
fits and drawbacks; we should take them as guiding lessons towards more
realistic modelling.

The spherically symmetric LTB models are hardly realistic descriptions
of our universe, but they offer valuable information about the effects of
radial inhomogeneity. For example, the results of the paper [2] imply that
the discrepancy between the ΛCDM model and the BAO features of the
LαF is not caused by a giant spherical void (where Earth is at the symmetry
centre). On the other hand, the results show that inhomogeneity has an
impact on the matter and therefore other type of inhomogeneity might
viably explain the incompatibility between data and modelling. Therefore,
more sophisticated models, like those composed of voids and overdense
regions (e.g. Refs. [66, 67]) might alleviate the tension.

On the other hand, inhomogeneities can introduce unexpected features,
for example the observed luminosity distance will no longer change in time
like in the Friedmann models. The results of the papers [1, 4] state that
our luminosity distance is not close to a attracting curve, or if it is, the
feature is not enclosed by the ΛLTB models. Indeed, these models are
merely another step towards the realistic description of the universe and
each step should be carefully investigated in order to discover their effects.
The fact that the feature suggested and studied in [1, 4] is not enclosed
by the ΛLTB models, does not imply the absence of the feature in more
general and realistic models. The method can be applied to more general
models.

The properties of the phase space of the tilted Bianchi models have been
extensively studied [114, 115, 116, 117, 118, 119, 19] but the non-perfect
fluid cases are not well known. Furthermore, observations are unable to
rule out dark energy that violates the cosmological principle, which gives
the physical motivation for examining non-perfect dark energy fluids [106].
The difference in phenomenology between perfect and non-perfect fluid de-
scriptions may be significant. Assuming the cosmic fluid to be tilted perfect
fluid, the maximum amount of vorticity in the present universe is less than
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∼ 10−10 in the most general Bianchi types IX and VIIh. As the anomalies
in the CMB are of the order 10−5, the vorticity cannot dispel any of the
anomalies by itself. By discarding the assumption of tilted perfect fluid and
allowing the energy content of the universe to experience energy conduc-
tion, we showed in [3] that the amount of vorticity can easily be increased
to the present value V ∼ 10−5. The vorticity could then alleviate some
anomalies. In addition, it could also be beneficial to reanalyse the stud-
ies of type VIIh Bianchi models which failed to dissipate the anomalies by
assuming perfect fluid, now by assuming non-perfect fluid.

On the other hand, sufficient amount of shear and vorticity should sur-
vive the inflation for the above scenario to take place. Such inflationary
model have not been presented so far. Therefore, in order to harness the
full explaining power of the Bianchi models, an inflation model with a hint
of shear and vorticity should be constituted. Furthermore, such anisotropic
inflation could mix even quite simple initial conditions to give much more
flavorful output than the standard description and alleviate some of the
anomalies in itself.
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