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Abstract
The world is becoming more prominent and more complex every day.
The resources are limited and efficiently use them is one of the most
requirement. Finding an Efficient and optimal solution in complex
problems needs to practical methods. During the last decades, several
optimization approaches have been presented that they can apply to
different optimization problems, and they can achieve different
performance on various problems. Different parameters can have a
significant effect on the results, such as the type of search spaces. Between
the main categories of optimization methods (deterministic and stochastic
methods), stochastic optimization methods work more efficient on big
complex problems than deterministic methods. But in highly complex
problems, stochastic optimization methods also have some issues, such as
execution time, convergence to local optimum, incompatible with
distributed systems, and dependence on the type of search spaces.
Therefore this thesis presents a distributed and lightweight metaheuristic optimization method (MICGA) for complex problems focusing
on four main tracks. 1) The primary goal is to improve the execution time
by MICGA. 2) The proposed method increases the stability and reliability
of the results by using the multi-population strategy in the second track. 3)
MICGA is compatible with distributed systems. 4) Finally, MICGA is
applied to the different type of optimization problems with other kinds of
search spaces (continuous, discrete and order based optimization
problems).
MICGA has been compared with other efficient optimization
approaches. The results show the proposed work has been achieved enough
improvement on the main issues of the stochastic methods that are
mentioned before.
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Tiivistelmä
Maailmasta on päivä päivältä tulossa yhä monimutkaisempi. Resurssit
ovat rajalliset, ja siksi niiden tehokas käyttö on erittäin tärkeää. Tehokkaan
ja optimaalisen ratkaisun löytäminen monimutkaisiin ongelmiin vaatii
tehokkaita käytännön menetelmiä. Viime vuosikymmenien aikana on
ehdotettu useita optimointimenetelmiä, joilla jokaisella on vahvuutensa ja
heikkoutensa suorituskyvyn ja tarkkuuden suhteen erityyppisten
ongelmien ratkaisemisessa. Parametreilla, kuten hakuavaruuden tyypillä,
voi olla merkittävä vaikutus tuloksiin. Optimointimenetelmien pääryhmistä
(deterministiset ja stokastiset menetelmät) stokastinen optimointi toimii
suurissa monimutkaisissa ongelmissa tehokkaammin kuin deterministinen
optimointi.
Erittäin
monimutkaisissa
ongelmissa
stokastisilla
optimointimenetelmillä on kuitenkin myös joitain ongelmia, kuten korkeat
suoritusajat,
päätyminen
paikallisiin
optimipisteisiin,
yhteensopimattomuus hajautetun toteutuksen kanssa ja riippuvuus
hakuavaruuden tyypistä.
Tämä opinnäytetyö esittelee hajautetun ja kevyen metaheuristisen
optimointimenetelmän (MICGA) monimutkaisille ongelmille keskittyen
neljään päätavoitteeseen: 1) Ensisijaisena tavoitteena on pienentää
suoritusaikaa MICGA:n avulla. 2) Lisäksi ehdotettu menetelmä lisää
tulosten vakautta ja luotettavuutta käyttämällä monipopulaatiostrategiaa. 3)
MICGA tukee hajautettua toteutusta. 4) Lopuksi MICGA-menetelmää
sovelletaan erilaisiin optimointiongelmiin, jotka edustavat erityyppisiä
hakuavaruuksia (jatkuvat, diskreetit ja järjestykseen perustuvat
optimointiongelmat).
Työssä MICGA-menetelmää verrataan muihin tehokkaisiin
optimointimenetelmiin. Tulokset osoittavat, että ehdotetulla menetelmällä
saavutetaan selkeitä parannuksia yllä mainittuihin stokastisten
menetelmien pääongelmiin liittyen.
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Chapter 1
Introduction
As the level of computing complexity become larger, artificial intelligence
has shown enormous power in decreasing this complexity.
Generally, improving one parameter in a complex problem (e.g.
accuracy in the machine learning problem), might have some side effects
on other parameters. Therefore, optimization techniques in solving
complex problems are the best solution to reduce such side effects.
Therefore, evolutionary algorithms are selected as a meta-heuristic
approach to optimization problems.
Evolutionary algorithms (EAs) are population-based search
optimization methods that mimic the processes of natural selection and
evaluation. They work based on the combination of some random
operations with guided ideas. The guided ideas Inspired from
understandable samples in natural competitions. They do not need
particular assumptions like differentiability or continuity. They are really
suitable for dealing with multi-objective-problems (MOP). In the past few
decades, plenty of evolutionary algorithms have been proposed by
researchers.
The main aim of an EA is to find the nearest optimal solution for some
real-world problems [1]. The algorithm keeps on producing multiple
generations of solutions until a generation achieves the most optimal
solution. EA's first step is to establish a convertible link between the real
world and a computational world of EA. This step relies on two
fundamental concepts: phenotype and genotype.
A candidate solution (called an individual) is phenotype in the real world
and the corresponding sample in the algorithm is a genotype that is called
a chromosome in the genetic algorithm (GA). If the algorithm wants to
optimize an equation integer variable, the algorithm can make a binary code
of integer digits as a genotype. Also, a representation of a phenotype by a
genotype is called encoding, while mapping of a genotype to a phenotype
is called decoding.
In fact, the performance of EAs highly depends on multiple factors like
a search space area, the number of optimization objects, the behaviour of
3

the problem (dynamic and static), and the complexity to evaluate a solution.
So such factors are the origin of emerging new EAs.
The majority of EA starts from the stochastic generation of the initial
population of genotypes in the overall search space according to a specific
probability distribution. We can evaluate the fitness function for each
genotype, which describes the requirements to which the population should
adopt. A fitness function allocates quality measures to the genotypes and
forces the population improvement. An evaluation of a fitness function
typically requires decoding of a genotype into the corresponding phenotype
and computing a certain quality measure.
An EA estimates the fitness function for all genotypes of a given
population. The genotypes with the greater values of the fitness function
take the higher probability to be accepted as the parents of the next
generation. The chosen parents undergo variation to create offsprings. A
variation consists of mutation and recombination [2]. The mutation is a
unary operator applied to a genome to create a mutated mutant – a child
(offspring). The mutation is stochastic, for instance, the child depends on
the outcomes of random choices. EAs usually follow the same structures
but they make a change by the ability of the operations and competition
idea between populations.
In this thesis, different EAs have been reviewed while the behaviour of
each EA is explored within the different context of problems.

1.1 Contributions of the Thesis
This thesis has dealt with the following open problems:
 EAs are not enough fast to apply for extremely complex problems
and real-time applications. How can we reduce their execution
time?
 EAs can converge to local optimum in complex problems. How can
we improve the reliability of their results?
 Usually, EAs work based on the main population. How can we
make them fit for distributed systems?
 EAs have different performance on different problems. How can we
introduce an EA to apply to different applications?
To tackle these problems, the following solutions have been presented
in this thesis:
 To reduce the execution time, we have implemented the parallel
implementations of ICA and GA on Paper I and II.
4



To improve the accuracy of our parallel method, we have
introduced Paper II and tested our methods in two different areas.
 To make it fit for distributed systems we have selected multipopulation method and tested it on different application domains on
papers III, IV, V and VI.
 Finally, we have introduced a hybrid method, an efficient
combination of multi-population ICA (PICA) and Multi-population
GA (MPGA), to reduce the execution time, improve the accuracy
of results, and make the ability to apply on different application
domains and have tested on Paper VII and VIII.
Figure 1.1 illustrates the general overview of the works accomplished in
this thesis and the cohesion of the publications.
Distributed Evolutionary Algorithms

Multi-population ICA
Paper I

Improve the Accuracy

Efficient Parallelization Methods
Paper II

Different Application
Domains
Task Scheduling for Distributed
Real-Time Environments
Paper IV

Non-linear & MICA
Paper III

Placement of SMAP
Paper V & VI

Reducing the Execution Time

MICGA
Paper VII

NoMeS
Paper VIII

Figure 1.1 Illustration of papers cohesion. Each category is labelled with
different colors.
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Chapter 2
Related Works
Optimization problems have different levels of complexity and various
search spaces. To optimize NP problems, the execution time is the primary
objective. By growing the size of NP problems, optimization takes lots of
time, so generally, ECs are more popular than other optimization problems
because they are faster than other methods. In the last decades, many
different ECs have been presented such as genetic algorithm (GA) [4],
particle swarm optimization (PSO) [79], ant colony optimization (ACO)
[18], simulated annealing (SA) [80], and grey wolf optimization (GWO)
[81]. Also, krill herd (KH) [82] is proposed for solving optimization tasks.
The KH algorithm is based on the simulation of the herding behaviour of
krill individuals. The minimum distances of each individual krill from food
and from the highest density of the herd are considered as the objective
function for the krill movement [82]. The interior search algorithm (ISA)
[83] as a novel method for solving optimization tasks achieves high accurate
results.
Among them, GA is selected as an efficient and straightforward method
for discrete problems, and imperialist competitive algorithm (ICA) [6] is
chosen as a highly accurate method for continuous problems. Also, the
parallel implementation of different EC methods has been studied to
analyze how the execution time and accuracy of an EC method can be
improved. This chapter introduces GA, ICA and some of the well-known
parallel EA methods.

2.1 Genetic Algorithm (GA)
Genetic algorithms are population-based search methods that mimic the
process of natural selection and evolution, which some of their
characteristics can help researchers for optimization [3]. Each serial GA has
an initial population (several random chromosomes that each one is an
individual) and executes routine operations, such as selection, crossover,
mutation, and replacement [3]. All operations are repeated until leading to
a proper result or ending in a specific generation.
The simple model of GA was presented in 1970 by Goldberg and Holand
[4]. In the last 40 years, plenty of research studies have been carried out to
improve GA. These improvements make the GA more applicable to
complex problems. The standard GA works with binary coding [5], which
is suitable for discrete problems [3]. However, the performance on
continuous data and convergence to local optimums are the key bottlenecks
of GA.

7

2.2 Imperialist Competitive Algorithm (ICA)
In 2008, the Imperialist Competitive Algorithm (ICA) was introduced by E.
Atashpaz and C. Lucas [6], inspired by imperialistic competition. ICA is an
EA to optimize the linear and nonlinear NP-complete problems. It is a
population-based method in which each possible solution is a country,
corresponding to the chromosome concept in the genetic algorithm [6]. The
algorithm starts by generating a set of countries, as the initial population.
Then all countries are separated into two classes: imperialist and colonies.
Imperialistic competition is the main operation of this algorithm, and the
expectation is that the colonies converge to the global optimum of the cost
function, or at least very close to this optimum.
The primary sorting of the countries is based on their fitness function
values. The best countries are elected to be the imperialists, and the rest of
the countries will be the colonies of these imperialists (Figure 2.1, step 1)
and they (imperialist and colonies) make different empires.
After distributing all colonies among the imperialists, colonies move
toward their relevant imperialist countries. This movement operated by
assimilation and revolution operations (Figure 2.1, step 2). In the
assimilation, colonies change their positions in the search space to some
places that are closer to their imperialist. This operation is similar to
recombination operation in EAs and crossover in GA. Ordinarily,
assimilation does exploitation in the search space and helps to have a more
accurate search around the solutions. Using the assimilation (exploitation)
alone as the recombination operation in the EAs can push our solution to
the local optimum. As the best solution for this problem, the revolution
operation as an exploration method can force the algorithm to try another
part of the search area and avoid converging to a local optimum.
1.Initialize the Empires

2.Assimilation
3.Exchange Imperialist
and the best Colony

Imperialist 1
START

Is there a colony that is
dominating its relevant
imperialist?

Imperialist 2

YES

NO

Imperialist 3

5.Imperialistic Competitive

YES

Are Stop
Conditions
satisfied?

4.Compute Total Cost
T.C.n=Cost(Imperialistn)+ mean{Cost(colonies of empiren)}

NO

END

The Weakest Empire

2

Empire 1

Empire 2

Empire 3

Figure 2.1 ICA Flowchart

For each colony in each iteration, two random real numbers ranging
between zero and one are generated. Then these values are compared with
the probabilities of assimilation and revolution (i.e. revolution rate). If the
generated numbers are lower than these probabilities, the procedure of
assimilation or revolution is performed. In the next step, ICA calculates the
total power of each empire and the imperialistic competition begins. The
weakest empire loses its weakest colony and randomly one imperialist
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capture this colony. These steps are repeated until the termination condition
is satisfied.
The ICA is a suitable method for a variety of optimization problems, but
there exist certain challenges concerning the evolutionary algorithms in
general such as convergence to local optimum or long execution time.

2.3 Parallel Evolutionary Algorithms
EAs can help to solve various problems, but there are some disadvantages
associated with them. For instance, if the search space is very large, it is
possible that an EA does not converge towards the global optimum or even
to near-optimal solutions. To improve the result in such cases, the initial
population should be expanded. The execution time of EAs is another
challenge which can be intolerably high in complex cases. Parallelization
can enhance the quality of decisions and reduce the time of obtaining
results.
Several parallel EA methods have been proposed to achieve better results
(e.g., parallel genetic algorithm [3][7][8][9], parallel ant colony
optimization (PACO) [10][11][12], parallel memetic algorithm [13],
parallel ABC (PABC) [14][15], and parallel PSO [16][17]). Parallel EAs
are categorized into four main groups [3], master-slaves, multi-population,
fine-grain and hierarchical methods. They have different usage based on
different problems, goals, and computational resources. The master-slave
method applies to problems that have a complex fitness function [18] to
improve computation time (execution time). The execution time of EAs is
not the only concern, but the reliability of the results and avoiding to
converge to local optimums are two important challenges in EAs which can
be enhanced by Multi-population (Coarse-grain) method. The fine-grain
parallel method is similar to multi-population, but require huge
computational resources [3]. The hierarchical method can be designed as a
combination of the other three methods (e.g. using the multi-population
strategy on the top layer and master-slaves on the lower level). Both the
fine-grain and hierarchical methods are resources hungry.

2.3.1 Parallel Genetic Algorithm
Here we will explore different types of parallel GA [3]. In coarse-grain
methods, several processors are available and each of which has
independent initial populations; and each processor runs a serial GA. After
a definite number of iterations, all processors will stop and transfer some
chromosomes (the migration operation) with a predefined strategy, e.g.,
worse or best. By this operation, the processors share the results of solutions
among each other. In the coarse-grain, the most three important parameters
are migration gap (the number of iterations between two migration),
migration rate (the number of chromosomes that migrate at each the
migration time), and interconnection topologies such as the ring or fully
connected topology.
Another parallel GA method is master-slave. In this method, one
processor is specified as a “master” to do the more complex computations
of GA, such as replacement, and selection, whereas the other processors
(slaves) evaluate the fitness function and transfer the results to the master
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processor. The fitness function defines the quality of each individual
(chromosome). Master-slave nodes can be implemented either
synchronously or asynchronously. In the asynchronous method, the master
processor proceeds with its work without waiting for the transferred data of
slave nodes. In the synchronous method, the master node holds until it
receives the results of all tasks from slaves.
Fine-grain methods are suitable for parallel computing with a massive
number of processors where each processor is able to communicate with the
neighboring processors where each chromosome can recombine with each
chromosome on the neighborhood of processors. This method is faster than
the master-slave method but the required resource (such as the number of
processors and communication rate) is too high.
The hybrid method is composed of 2 levels: the upper level uses the
coarse-grain method while the lower level utilizes either the master-slave,
the multi-population, or the fine-grain method. This is more efficient and
faster than other methods because it can utilize the advantages of two
methods at the different levels of hierarchy.

2.3.2 Parallel Ant Colonies
Ant colony optimization (ACO) [19] is a technique for approximate
optimization. The inspiring source of ACO algorithm is real ant colonies.
More specifically, ACO is inspired by the ants’ foraging behaviour. At the
core of this behaviour is the indirect communication between the ants by
means of chemical pheromone trails, which enables them to find short paths
between their nest and food sources. This characteristic of real ant colonies
is exploited in ACO algorithms in order to solve, e.g., discrete optimization
problems. Two main parallel implementations of ACO are PACO [11] and
PACO-CGD [10].
PACO is applied to different optimization problems and is based on the
multi-population method, where each processor has an independent
population and runs the standard ACO independently. After a specified
number of generations, a processor transfers some useful information to
other processors. In PACO-CGD, the constructor graph decomposes into
smaller pieces and each part is assigned to a processor, and then each
processor runs the ACO method by itself; this method is faster than the
PACO.

2.3.3 Parallel ABC
Artificial Bee Colony (ABC) [20] is inspired by honeybees. The ABC, as
an optimization mechanism, provides a population-based search function in
which the artificial bees modify individuals called food positions as time
passes. The bees aim to explore the places of good quality and food sources
with high nectar amounts and finally the one with the highest nectar
amount. ABC can be parallelised in three ways: based on either the coarsegrain, master-slave, or hybrid method. Similar to the master-slave method
for GA, one processor is selected as the master and others as the slaves.
There is also the same similarity between multi-population and hybrid
method of ABC with GA.
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2.3.4 Parallel PSO
Many applications have taken advantage of particle swarm optimization
(PSO) [21]. The PSO emulates the behaviour of animal societies that do not
have any unique leader in their swarm, such as fish schooling and bird
flocking. The PSO is used efficiently for continuous search space problems.
Parallel PSO is an efficient method for optimal task scheduling in
distributed systems [16], which has been implemented with two different
multi-population techniques: Multi-population PSO (MPSO) and Multipopulation Repulsive PSO (MRPSO).
MPSO runs like other coarse-grain methods where each processor has an
independent population, and the simple PSO runs on its population
independently [16]. The migration operation is also similar to GA.
The MRPSO is the enhanced MPSO method that combines an extra
component to MPSO called "repulsive component". Trying to make a
diverse population in each processor is the primary rule of this component.
This causes a high degree of diversity in PSO which helps obtain better
results.

2.3.5 Parallel Memetic Algorithm
Memetic algorithms (MAs) [22] are population-based and heuristic search
approaches for optimization problems similar to GAs. GAs, however, rely
on the concept of biological evolution but MAs mimic cultural evolution.
Parallel MA [13] is implemented as a coarse-grain approach called
PARME. It is used on optimization problems in the work of Vanneschi.
Typically, parallel MA is implemented as a coarse-grain method called
PARME [13].
The PARME is a coarse-grain method that uses a different population in
each processor that runs a serial MA independently. One of the processors
is selected as the master processor. This is the main difference between
PARME and the other methods as mentioned earlier in parallel GAs. The
master processor controls the tasks of other processors and generates a task
table in each iteration and shared it with other processors. This task table
has the information of significant parameters such as the fitness value of the
best and the worst populations while the table will update in each iteration.
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Chapter 3
Thesis Contributions and Case Studies
It is clear that different problems should be solved by different optimization
methods. Here, we have improved our optimization method and use
different types of coding, encoding, fitness functions and other needed
operations based on the requirement of problems.

3.1 Thesis Contributions and the Hybrid Evolutionary
Algorithm
As mentioned before, there are several open questions about the EAs that
this thesis has addressed some of them. Today, due to the complexity of
modern applications in IoT (internet of things) and CPS (cyber physical
systems) domains, optimization methods have emerged as a vital solution.
Generally, EAs are time-demanding computational models for complex
problems, particularly when search spaces, and the number of objectives are
increased. So, in the first effort, we did some research to select a fast
evolutionary method, and we selected ICA due to its performance and
accuracy.
ICA is an optimization method based on imperialistic competition. In
this method, all countries (same as chromosomes in the GA) are divided
into two categories: colonies and imperialist states. The main part of this
method is imperialistic competition which causes the colonies to converge
to the global minimum.
ICA can converge to the global optimum in the smaller iteration
compared to other EA methods but was not fast enough for our use-cases.
To improve the execution time of ICA, we decided to find a parallel solution
where we have presented two different parallel implementations of ICA. In
the first try (Paper I), we have proposed a multi-population implementation
of ICA. We have connected the processors with the ring topology and tested
our method on some well-known benchmarks. The results of these
implementations show that we got considerable improvement in the
execution time and accuracy in which super-linear performance [23] and
system of nonlinear equations (in Paper III) achieved the best results. This
improvement indicates that the migration operation has enough effect on
getting the algorithm out from the local optimum and help the algorithm to
have more exploration and exploitation in the search space.
Next, we implemented the multi-population and master-slave models of
ICA in Paper II and evaluated it with different benchmarks. The results
show that the master-slave can only improve the performance, while the
multi-population can increase the accuracy at the same time.
We evaluated this method with another case study as a multi-objective
problem. We introduced the concept of smart mobile access points
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(SMAPs) to enhance node placement in wireless sensor networks (WSN).
Finding the best placement of SMAPs is a multi-objective problem, and our
algorithm should obtain the most coverage and connectivity of the network
at the same time. The search space simulated as a 3-D mesh and each SMAP
can select one point in the mesh. We used PICA to solve this problem (Paper
V). However, as this problem requires a discrete-based EA, we presented
an MPGA (Paper VI). With this, the execution time has been improved by
using fast and straightforward exploration and exploitation operations
(crossover and mutation) but could not guarantee the convergence to global
optimum as PICA is able to do. This motivated us to discover why GAbased solutions cannot converge easily and accurately to the global
optimum.
The GA operations are fundamentally suitable for discrete problems
therefore not suitable for the convergence strategy in continuous problems
is not useful [24], because the selection operation in GA misses some
chromosomes that have a probability to become potential genes for
obtaining the best results. However, In the ICA, we use countries as the
population, all the countries will be available in all iterations; they may only
move to other places in the search space. However, the selection operation
highly depends on random functions which can easily converge to a local
optimum. Therefore, we use an efficient convergence strategy in order to
improve the reliability of results.
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Figure 3.1 Flowchart MICGA

To make this combination, we have selected and combined the best parts
of each method (ICA and GA) and proposed MICGA (PICA & GA).
MICGA uses the following steps from ICA: generates countries and creates
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empires and imperialistic competition. Then the crossover and mutation will
be executed from GA. With this combination, we take advantage of ICA’s
efficiency in the convergence of global-optimum along with the fast
exploration and exploitation operation of GA. We have tested the proposed
method on task graph scheduling problem as another multi-objective
optimization problem (in Paper VII and IV). The results show that we have
a considerable improvement in accuracy and performance. Finally, we
adopted the proposed hybrid method on task scheduling for real and
complex applications [Paper VIII].

3.2 list of case studies
In this thesis, different types of case studies with various level of complexity
have been used.

3.2.1 Synthetic benchmarks
Generally, several well-known benchmarks have been used to assess EC
methods. In the Paper I and II, eight test functions (mathematical benchmark
functions) along with three case studies have been used and presented in
Table 2.1, in order to analyse and compare the proposed method with the
sequential ICA and some other parallel EC methods.
Table 3.1 MATHEMATICAL BENCHMARKS
Name

Equation

𝒇𝟏
𝒇𝟐

𝐺1
𝐺2

𝑥. sin(𝑥) + 1.1𝑦. sin(2𝑦)
sin √𝑥 2 + 𝑦 2 − 0.5
0.5 +
1 + 0.1(𝑥 2 + 𝑦 2 )

𝒇𝟑

Sphere

𝒇𝟒

Rosenbrock

𝒇𝟓

Rastrigin

𝒇𝟔

Akley

𝒇𝟕

Ellipse

𝒇𝟖

Griewank

𝐷

∑
𝑖=1

𝑛−1

𝑥𝑖2

∑ 100(𝑥𝑖+1 − 𝑥𝑖2 )2 + (𝑥𝑖 − 1)2
𝑖=1

∑

𝑛

𝑥𝑖2 − 10 cos(2𝜋𝑥𝑖 ) + 10

𝑖=1

𝐷
𝐷
1
1
20 + 𝑒 − 20exp(−0.2√ ∑ 𝑥𝑖2 − exp( ∑ cos(2𝜋𝑥)
𝐷
𝐷
𝑖=1
𝑖=1
𝐷

𝑖−1

∑ 104𝐷−1 𝑥𝑖2
𝑖=1

𝑛

𝑛
1
𝑥𝑖
∑ 𝑥𝑖2 − ∏ cos ( ) + 1
4000 𝑖=1
√𝑖

Min.
Value
-18.5547
-0.5231

Bounds
0 < x, y <10
-∞ < 𝑥, 𝑦 < ∞

0

-∞ < 𝑥𝑖 < ∞

0

𝑥𝑖 ∈ [-50, 50]

0

𝑥𝑖 ∈ [-5. 2, 5.2]

0

𝑥𝑖 ∈ [-32, 32]

0

𝑥𝑖 ∈ [-5, 5]

0

𝑥𝑖 ∈[-600, 600]

𝑖=1

3.2.2 Nonlinear equations
Solving nonlinear equations are one of the NP-Hard problems [25], which
match the categories of multi-objective optimization problems. Systems of
nonlinear equations are used in a large range of engineering applications,
such as petroleum geological prospecting, weather forecast, control fields
and computational mechanics. In the classic methods, the quality of answers
depends on the initial guess of the solution. The Newton-type methods are
an example of classic methods. However, choosing suitable initial solutions
for the systems of nonlinear equations is extremely complex and takes a lot
of time and computations.
Therefore, to improve the performance several methods have been
introduced for optimization problems. These methods can be categorized
into two major categories: mathematical methods and evolutionary
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computing (EC) methods where a large group of them are implemented in
a serial mode and some of them are in a parallel mode.
Serial methods are more popular than other mathematical methods in
nonlinear equations. However, the serial implementation does not always
provide sufficient accuracy while parallel implementation can improve
accuracy.
First, we explore some of the serial implementations of EAs. El-Emary
and El-Kareem used Gauss-Legendre integration as a serial method to the
system of nonlinear equations and used GA to find the results without
turning the nonlinear equations to linear equations [26]. Mastorakis applied
GA to solve a nonlinear equation as well as systems of nonlinear equations
[27].
For solving a set of nonlinear equations, Li and Zeng [28] trained a
neural-network algorithm. A simple gradient descent rule with variable
step-size levels used to carry out the computation [28].
Huan-Tong et al. introduced an improved evolution strategy based on a
probability ranking system to solve difficult nonlinear systems of equations
problems [29]. ICA was implemented for solving nonlinear systems of
equations by M. Abdollahi et al. [30]. The PSO method focuses more
on”exploration”, but the Nelder-Mead simplex system adjusts on
“exploitation” [31]. Wu et al. used a new turn of the social-emotional
optimisation method called MSEOA, principally inspired by the Metropolis
Rule [32]. In another try, M. Abdollahi et al. used a cuckoo optimization for
solving nonlinear systems equations [33] [34].
Luo et al. introduced an efficient combination of the Newton-type
method and Chaos search [35]. Grosan and Abraham used a new
perspective of the EA [36], Mo et al. introduced a simple combination of
the conjugate direction method (CD) [37], and M. Jaberipour used the
standard implementation of PSO [38]. Pourjafari et al. [39], and Henderson
at al. [40] proposed a methodology based on a polarization and novel
optimization methods using Invasive Weed Optimization for finding all
roots of a system of nonlinear equations.
Wu and Kang applied a parallel elite subspace EA for solving systems of
nonlinear equations [12]. The initial guess can have an undeniable effect on
the results of mathematical methods. On the other hand, a large and enough
well-distributed population of the EAs can improve the convergence of
them to the global optimum, which makes them slow. The EAs are
ineffective for large-scale problems, like systems of nonlinear equations
because of massive memory requirements and their high linear algebra
costs. Based on all issues presented above, finding an efficient method for
solving systems of nonlinear equations is necessary.
To solve nonlinear equations (in Paper III), we have utilized a coarsegrained method to parallelize ICA (PICA). Among parallelized techniques
of EAs, the multi-population method has faster convergence and more
reliable results than other parallel methods.
In the multi-population method, each processor has an independent
population, each exploring its area of the search space. Their area can be
separated or merged, and the ICA is run in each processor independently.
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Each processor can use different values for parameters. Different rates of
exploration and exploitation can help avoid converging to local optimums.
The migration operation in the multi-population method can significantly
increase the performance of solving nonlinear equations so that it is the most
critical parallel operation in the coarse-grain implementation. The
processors share the best results together to discover better results in a
shorter number of iterations. The proposed method selects the best
imperialist to be migrated between processors, and the migrated imperialist
replaces the worst colonies.
In this problem, each colony or imperialist is a possible solution for the
nonlinear equation. Therefore, the proposed method creates the initial
populations in each processor randomly, which are the possible solutions.
Some of the countries are selected to be processed by our proposed method
to converge them towards better results at each iteration.
The multi-population architecture has been made by connecting the
processors as ring topology by message passing based communication. The
low-cost communication and simplicity of the ring topology are the main
reason that it has used in our implementation. The initial population happens
for each processor independently. The initial population size is the same,
and the serial ICA runs independently on them. After some iterations, the
best imperialist migrates from each processor Pi to the next processor Pi+1
in the ring and replaces the worst colony in Pi+1.
In the proposed method, growing the initial population size increases the
selection pressure to converge to the global optimum faster. Therefore it is
advantageous to increase the number of countries.

3.2.3 Task Scheduling
Over the last two decades, parallel processing in contemporary
Multiprocessor System-on-Chips, or MPSoCs, in a wide variety of
applications, is the result of many breakthroughs. Based on this
development of embedded MPSoCs, many application domains such as
video and audio processing, health monitoring, and autonomous vehicles
developed to use in real-time environments. To improve the response time
of these applications, the data and the computational tasks of these
applications are distributed on all computational resources such as available
multiple cores. By using an efficient task partitioning and scheduling
strategies, the performance of such parallel systems can be improved.
In [41], the modified critical path algorithm is introduced, based on the
latest possible start time of a task. A task’s latest possible starting time is
defined through the as-late-as-possible binding by crossing the task graph
upward from the final tasks to the entry tasks while pulling the tasks’ start
times downwards as much as possible. The delayed possible start time of
the task itself is followed by decreasing order of the latest possible start
times of its follower tasks.
Moreover, the dominant sequence clustering algorithm (DSC) is
performed in [41] that it works based on the dominant sequence, and at each
step computation of the critical path of the partially scheduled task graph is
necessary. At every track, DSC checks whether the greatest the critical path
of task graph (CP) node that is a ready node. DSC assigned it to a processor
17

allowing the smallest start time. Such a smallest start time may be obtained
by rescheduling some of the node’s predecessors to the same processor. If
the greatest CP task is not an immediate task, DSC does not choose it for
scheduling. Instead, it keeps the highest task which lies on a path reaching
the CP for scheduling. Furthermore, the mobility directed algorithm (MD)
is presented in [41]. MD selects a task at each iteration based on relative
movement which is determined as the difference between a task’s earliest
start time and latest start time. The earliest possible start time is allocated to
each task through the as-soon-as-possible (ASAP) binding that is similar to
the ALAP binding. This is executed by traversing the task graph downward
from the entry nodes to the exit nodes while pulling the nodes upward as
much as possible. Furthermore, relative mobility is achieved by distributing
mobility with the task’s computation cost. A coarse-grain implementation
of the genetic algorithm method (MPGA) is introduced in [42] which
outperforms nondeterministic and deterministic methods reported in [43],
[44].
A new encoding method with a multi-functional chromosome is
performed that uses a priority representation of chromosomes. This priority
method is called priority-based multi-chromosome (PMC) [45]. In this
method, GA uses to obtain near-optimal scheduling. Lei et al. proposed a
GA mapping algorithm to minimize application execution time [46]. The
target architecture is network on a chip (NoC) and graphs represent
applications. Wu et al. also used genetic algorithms [47]. They combined a
dynamic voltage scaling method with mapping and obtained 51% savings
in energy consumption. Murali et al. used the tabu search (TS) algorithm to
task mappings for several applications in NoC design [48]. Manolache et al.
tried to guarantee packet latency by using task mapping in NoCs [49]. Hu
et al. introduced a branch-and-bound algorithm to map a set of IP cores (IPs)
onto a NoC with bandwidth reservation [50]. Their energy savings in the
communication architecture is 51.7%. Marcon et al. compared several
methods, using an architecture that characterizes applications by their intertask communication volume. Xu et al. [51] used a multiple priority queues
GA (MPQGA) for task scheduling problem on heterogeneous systems.

3.2.3.1 Task graph scheduling
In Paper VIII, we used MICGA (the combination of the GA and ICA) and
customised this hybrid method for the scheduling problem. Operations of
The GA primarily fit for scheduling, but as mentioned before, GA’s
convergence strategy to obtain more accurate and reliable results is not
efficient enough [52]. Based on our previous knowledge in the ICA, The
population contains countries as the chromosome.
The ICA improves the convergence operation quality by keeping all the
countries available in all iterations. They may only relocate to other
positions in the search space. On the other hand, the selection operation in
the GA extremely depends on random functions which can quickly
converge to a local optimum. Therefore, MICGA uses a more efficient
convergence strategy (the convergence idea of ICA) to improve the
reliability of results.
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All the scheduled tasks in a directed acyclic graph (DAG) should satisfy
the priority relations so that we applied an order based coding mechanism
fitted for multiprocessor task scheduling. Therefore we had to fulfil the
following rules:
Before starting the execution of the task, all the predecessors of the task
must have completed their execution. Based on a DAG, all the tasks must
be executed at least once.
T1

T2

T3

T4

T6

T5
T7
T8

T9

Figure 3.2 DAG Task graph

3.2.3.1.1 Order-based country (OBC)
The multiprocessor scheduling problem was solved by several methods
[53], [54], [55] that they have used GA. Encoding a solution to the problem
into a chromosome is a fundamental issue here.
Two critical angles that should be satisfied are 1) converting the problem
from the genotype space to the phenotype space when chromosomes
(countries) are decoded into solutions [56], and 2) metamorphosis
properties when chromosomes are manipulated by GA operators [57].
Typically, the two common difficulties with respect to the encoding
problem are the following:
1) Needs for storing a huge number of chromosomes (countries)
corresponding to different suggested schedule.
2) Very complex operations (exploration and exploitation) in the case of
a large number of tasks.
To succeed these difficulties we use the concept of an order based
country (OBC) that strings the present task nodes in the DAG order of task
nodes with the corresponding processors simultaneously. Figure 3.4 is a
simple example that shows an OBC that represents nine tasks along with
two processors for the DAG shown in Figure 3.3.
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Figure 3.3 Chain of tasks based on the presented country

3.2.3.2 Scheduling a pack of application
In Paper VII, we have improved the previous work in task scheduling for a
pack (more than one) of jobs instead of only one job.
In normal task scheduling, some computational resources are useless and
with the pack of applications, the maximum capacity of resources can be
utilized.
Finding an encoding which can explain the priority constraint efficiently
among the jobs is a significant step. The suggested encoding order is based
on the priority of tasks, i.e. the pipelined execution representation of
applications at the same time. Generally, in the pipeline model, there is a
large data as input. This large data are divided into several small parts then
these parts are then one by one used as inputs to an application. We make a
pack of the parts and find the best schedule for this pack of data. Each part
is an application such as Sobel Application (Figure 4.11), and the number
of parts (applications) in each pack is. A proposed schedule of six Sobel
applications (pp=6) on four processors is illustrated in Figure 3.5.
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Figure 3.4 A proposed schedule of six Sobel application on four processors
(pp=6)

3.2.3.3 Task scheduling with more constraints on industrial
application
In Paper IV, an industrial application has been chosen to improve by a
heuristic task graph scheduling. Industrial applications often require
guaranteeing real-time execution, fault-tolerant implementations and
providing reliable functionality. In general, it is impossible for a single
machine architecture to satisfy all these needs. However, a distributed
processing environment provides a variety of computational capabilities,
which can be utilized to perform an application that has diverse execution
requirements. An application job can be decomposed into subtasks. Subtask
may have different computational requirements, where existing data
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dependences is possible among these subtasks. For distributing subtasks,
the following decisions should be made respectively:
1) Subtask matching, i.e. assigning subtasks to processing machines, and
2) subtasks scheduling, i.e. defining subtask execution order and the order
of data transfers among machines.
The general goal of using distributed environments is to minimize the
end-to-end cost of computation, i.e. minimizing the overall response time
of the application, minimizing the number of processing machines, or both.
Performance of such parallel systems can be optimized by employing an
efficient task matching and scheduling approach, however, the matching
and scheduling problem is an NP-Complete [58]. Using exhaustive
approaches for finding an optimal solution is time-consuming and is
impossible in practice. Many heuristic task scheduling strategies have been
proposed [56], [59] to find a near-optimal solution in a reasonable amount
of time.
To only focus on the matching and scheduling problem, we made the
following assumptions. First of all, we assumed that each subtask is written
in a machine-independent language. Moreover, it is assumed that an
application job is decomposed into multiple subtasks and we know all the
data dependencies among subtasks before the execution. The load
complexity of all the subtasks and their execution time on each machine is
known a priori. It is assumed that for each subtask, there is a couple of input
nodes that produce raw input data (sensors) and there are some output nodes
which consume subtasks processing results (Actuator). Obviously the input
of subtask is coming from sensors or the output of other subtasks and
similarly, the output results of each subtask will be consumed by actuators
or other subtasks. The distributed processing platform is non-uniform that
consists of multiple homogeneous machines with various processing
potential. All the processes on machines are non-primitive meaning each
machine completes the current task before calling of the next task.

Figure 3.5 Representing the use case including jobs, intra-task dependencies,
tasks load complexity, real-time deadlines and processing unit specifications
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Also, all input data items of a subtask must be received before its
execution can begin, and none of its output data items is available until the
execution of this subtask is finished. A data conditional is based on input
data, it is assumed to be contained inside a subtask. A loop that uses an input
data item to determine one or both of its bounds is also assumed to be
contained inside a subtask. When two communicating tasks are mapped
onto the same processor we assume that the communication delay is zero.
However, when they are mapped onto different processors a finite
communication delay is assumed and modelled. The task is represented by
a DAG, where each edge goes from a producer to a consumer. Figure 3.7
shows a DAG of an application job, seventh job, from the industrial use case
(Figure 3.6).

Figure 3.6 Dataflow of Job #7

3.2.4 Placement of Swarm of drones
Wireless sensor networks (WSN) and cyber-physical systems (CPS) are two
critical current fields of technology that are tightly intertwined [60], [61].
The combination of WSNs and other modern technologies, such as
unmanned aerial vehicles (UAV) and mobile robots, has created a novel
revolution in this area. An efficient combination of WSNs with mobile
nodes can obtain better performance by using mobile access points
embedded in UAVs or mobile robots [62], [63].
Smart mobile access points (SMAPs) can make a cluster together for
distributed computing and make decisions for improving the quality of the
network. SMAPs change their positions their decisions based on the current
situation in the environment. Therefore, placement of SMAPs is a critical
problem in this concept.
The Placement problem is a multi-objective optimization
problem. There are different kinds of methods such as static or dynamic
methods used to solve this problem [64]. The general method to solve the
initial placement, a static placement problem, is the evolutionary algorithm
[9], [65] such as PSO.
SMAPs are mobile access points that are able to create a dynamic and
smart sensor network. The main task of SMAPs is to monitor and predict
the behaviour of the network and decide the best method to maintain the
network at any given time. SMAPs collect and broadcast signals such as
battery levels, and help requests, from and to the other network nodes.
Based on the collected information, SMAPs predict the next actions based
on this information and run these actions.
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Normally, a SMAP uses previous information and operations or
generates a new solution by learning or evolving through machine learning
algorithms. The most major tasks of SMAPs are the following:
1) Compute new (near-optimal) locations for access points to obtain
greater coverage of sensors.
2) Making decisions about how the access point must move to new areas
[66]
3) Participating in distributed communication and computation tasks (fog
computing [67]) other than the processing carried out as an inherent part of
the decision making in 1) and 2).
A SMAP can move to a new position based on different situations, such
as reconfiguration of the network, supporting specific tasks (e.g. tolerating
faults by replacing a faulty access point with a functioning one) or covering
a missed area of sensors that are not covered currently by any other access
point. SMAPs increase quality and flexibility of WSNs with the following
advantages:
 Improving the system by increasing the coverage in large scale networks.
 Solving hotspot problems in the network.
 Handling dynamic reconfiguration of WSNs.
 Replacing faulty access points.
 Forming a grid network to run real-time tasks in parallel.
Therefore, an optimised placement of SMAPs has a significant effect on
the ability and performance of the network. Therefore, we focused on the
initial placement to illustrate the efficiency of our method. Also, SMAPs
should have the best initial placement and clustering [68], [69].
Additionally, they should have the ability to move dynamically to new
locations, because the behaviour of the network can be changed at run-time.
This network reconfiguration method is a response to the current status of
the network, and SMAPs should update their locations for the new
configuration. Our method is based on the following:
Each access point or cluster centre always has a distinct weight. These
weights are equal to the probability of the request for reconfiguration. The
Weights can be calculated based on various effective parameters, such as
the current traffic of network at these access points, properties of the
covered area or the lifetime of their batteries.
In a dynamic WSN, mobile nodes can be repositioned to new positions
e.g. a sensor can change its location to the new location to collect extra
information from the environment, or it can be replaced with another sensor
that has a different performance on sensing physical phenomena.
Dynamic replacement of nodes during network operation is very
complex. It is clear that there is a significant difference between static and
dynamic placement. In the dynamic replacement, more complex parameters
such as the environment base, mobile targets, and lifetime of sensors can
have an effect on the placement problem. Furthermore, the dynamic
placement of a node needs very accurate handling because it can probably
cause a disruption in data connectivity and delivery.
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Also, sensors can migrate to new locations to obtain better readings or to
sense extra information. Therefore, dynamic placement is a really
challenging problem particularly when the following two aspects are also
taking into consideration:
1) The ability of nodes to migrate and reposition to an infinitive number
of positions.
2) The responsibility of the network to keep full connectivity of covering
all sensors.
Placement in WSNs can be categorised to two main groups: placement
of sensors and placement of access points that in this case study, we only
focused on the placement of access points.
The Placement problem of access points is a complex multi-objective
optimization problem that all goals must be satisfied. The two more critical
goals are:
1) To guarantee continuous network connectivity. In fact, at least each
sensor and a node should have a connection to one access point that is
connected to the network at any given time.
2) Implementing a new reliable communication in the case of access
point failures, meaning that other nodes in the network should find a new
configuration to keep their communication.
The best solution to achieve this goal is to use extra (redundant) access
points which increases the number of feasible access points for sensors in
the network.
Heterogeneous WSNs are more popular and they have three different
kinds of nodes: sensors, access points, and gateways.
Sensors communicate with their corresponding access points. Access
points can communicate with all other types of nodes. Additionally, access
points have extra memory and computing capacity than sensors.
Finding a near-optimal placement to improve reliability, connectivity,
and energy consumption is an NP-hard problem [70]. Different heuristic
methods used to solve this problem, which these methods are presented in
[66], [71], [72].
Resolving the problem of failing access points is necessary for real largescale WSNs. Also, it is apparent that using regular methods to achieve more
redundancy (i.e. adding fixed/stationary access points) is very costly.
SMAP can be used to solve this problem at a lower cost and with more
flexibility.
As mentioned before, the placement of SMAPs is a complex problem.
During our research, we have worked in this area and test our methods to
find a near optimal placement for SMAPs. At first in Paper V, we have
proposed an efficient optimization method to solve the placement problem.
Then in the next publication (Paper VI), we introduced a hierarchical
structure to improve the scalability of SMAPs. To address the scalability of
SMAPs, we proposed a complex coding to have the ability to optimize a
multi-layers placement.
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3.2.4.1 Placement of SMAPs
In the first method [Paper V], a multi-population implementation of ICA is
performed to improve the efficiency of solving the initial placement
problem in SMAP based systems. e We have categorized our method into
two critical layers: an architectural layer and an algorithmic layer. The
architectural layer is more related to the structure of SMAPs and there is not
any relation to the optimization concept and only describing the algorithm
part.
In the proposed method, all access points are categorized into two main
categories, SMAPs and normal access points, to have the best placement of
SMAPs. Normal access points are static and they only transfer data and
control connectivity in the network.
SMAPs have an extra ability compared to normal access points. They
can move around the network area to improve the total performance of the
network. Normal access points (static access points) have been selected as
objects that should be covered by SMAPs. Each static access point has its
weight and this weight indicates the probability of requiring support from
SMAPs. The weight can be derived from various parameters such as
battery lifetime and communication traffic. To simplify the work, the rate
of communication traffic is picked for this purpose. More details about the
modelling of the problem are available on Paper V. The PICA has been used
to solve this problem.
Like PICA, processors are connected in a ring topology and we use
message passing to implement this idea.
First, independent populations are generated in each processor by
running the sequential ICA independently. After each migration gap
(chapter 1.3.1) (some certain iterations) the best imperialist moves
(migrates) from the processor 𝑃𝑖 to 𝑃𝑖+1 in the ring topology and replaces
the worse colony in the weakest empire in 𝑃𝑖+1. This operation has been
run synchronously. Different migration strategies can provide different
results.
When a sparse connection topology, like a ring topology, is used low
migration rates and short migration gap can work better. In turn, in a fully
connected topology such as the star topology, the best optimal solution are
obtained when the migration rates are higher. A processor does not execute
any other operations during the migration operation.
MICA is an efficient parallel method which improves the execution
time, stability, and reliability of results (Paper I). This is sufficient
motivation to apply PICA to the placement of SMAPs. In order to
appropriately modify the method, each SMAP is considered a processor,
and a ring topology is assumed.

3.2.4.2 Hierarchical Placement of SMAPs
In Paper VI, we have presented a hierarchical placement structure for
SMAPs to satisfy the scalability condition of them. In the proposed method,
a parallel implementation of GA (MPGA) is implemented to improve an
efficient method for solving the initial placement problem in hierarchical
SMAPs based systems.
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Here again, the focus is on the algorithmic layer rather than the
architectural layer. To simplify the placement problem, all access points are
divided into two types which are normal access points and SMAPs. Normal
access points and SMAPs are the same as a previous case study in terms of
their ability (static and dynamic), but both of them transfer data and
maintain connectivity in the network (Paper V).
Normal access points have been chosen as objective points to cover by
SMAPs in the lowest layer. In each layer in the hierarchical method, SMAPs
are distributed into several clusters, and each cluster is chosen as objective
points (same as normal access points for the first layer) for other SMAPs in
the higher level.
We let that SMAPs works on a 3-D mesh and they can select a position
from this mesh. Also, our method should work on a discrete space;
therefore, a GA is a fit option to solve the placement problem [9], (Paper I),
(Paper V).ُ Since, The multi-population GA is more efficient than a serial
GA for a complex problem, we have utilized it to achieve the best possible
results for choosing the best positions.
The critical points of MPGAs, regarding their practical usage in this
problem, are 1) Making the better diversity of the initial population, 2)
Increasing the selection pressure and 3) Migration operator [9], (Paper V).
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Chapter 4
Experimental Results
In this chapter, the results of thesis contributions are presented. Only some
of the results from the original papers have been selected, and they are
presented based on the order of the published papers. The results are based
on convergence stability diagrams (show the convergence and reliability of
our methods), the statistical results (shows the accuracy of our methods)
and performance.
We used the multi-population approach to parallelise our methods via the
message passing interface (MPI) [73] using MPICH2 [74] which allows
distributing the algorithm on several processors which are connected in a
ring topology. The proposed methods have been tested on an Intel Core i545705 desktop computer clocked at 2.90 GHz (64-bit) with 24GB of
memory. The implementation parameters are presented in Table 4.1.
Table 4.1: parameters of implementation
Parameters
Number of Countries
Number of Empires
Termination Condition
Number of Processors
Exploitation Rate
Exploration Rate
Migration Rate

Values
100
5
20 Iterations
5
0.8
0.3
1 Chromosome

In the rest of this chapter, the results of benchmarks and case studies are
presented.

4.1 Synthetic benchmarks
In Papers I and II, we introduced two parallel methods of ICA (PICA and
Master-Slave ICA) implemented by MPI. We assessed them on eight
mathematical benchmarks presented in Table 2.1. The obtained results are
compared with relevant state-of-the-art methods such as the sequential ICA,
PABC, Coarse Grain parallel PSO, Multi-Population Genetic Algorithm,
Dynamic Neighborhood Structures in Parallel Evolution Strategies
(Neighborhood GA), cuckoo optimization algorithm (COA), coursegrained PSO (C-PPSO) [30] and PSO-TM.
The results have been assessed based on our four principal parameters
which are speed up, stability, accuracy and ability to apply on different
areas. Regarding the performance (execution time) the results shown in
Figures 4.1, 4.2, 4.3 and Table 4.2, reflect that both of our methods are faster
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but PICA is superior to others. Table 4.2 shows the speedup and efficiency
of PICA and C-PPSO. C-PPSO has been selected as the best-related works,
and the results illustrate that PICA is three times faster and more efficient
than C-PPSO.

Figure 4.1 Speed up diagram and parallel Efficiency diagram for 𝑓3

Figure 4.2 Speed up diagram and parallel Efficiency diagram for 𝑓4

Figure 4.3 Speed up diagram and parallel Efficiency diagram for 𝑓5
Table 4.2 Values of Speedup and Efficiency on Some Benchmarks by PICAs and C-PPSO

Sphere
Rosenbrock
Rastrigin
Griewank

Multi-Population PICA
CPU=4
CPU=6
Speed
Efficiency
Speed
up
up
12.2
3.05
18.6
11.6
2.90
17.88
18.1
4.52
28.26
16.3
4.07
25.32

Efficiency
3.10
2.98
4.71
4.22

CPU=8
Speed
up
25.12
24.4
37.84
34.08

Efficiency
3.14
3.05
4.73
4.26

C-PPSO
CPU=4
Speed
Efficiency
up
3.9029
0.9757
3.9572
0.9893
3.9580
0.9895
3.9114
0.9778

CPU=6
Speed
up
5.7555
5.7793
5.7774
5.9128

Efficiency
0.9593
0.9632
0.9629
0.9855

CPU=8
Speed
up
6.7519
5.9724
7.7703
7.3851

Efficiency

The stability diagrams and statistical results confirm more reliable results
are obtained from different runs. The stability diagram shows the results of
a method in different runs and the method is more accurate if the results
have a lower standard deviation. As an example, the stability diagram of
PICA on Akley as a most complex benchmark in Table 2.1 is illustrated in
Figure 4.4, and statistical results are presented in Table 4.3 and Table 4.4.
PABC has been selected as the most reliable method among others. Table
4.4 presents values of different statistical results. Values of standard
division (SD) shows the variation or dispersion of final results in different
runs. Based on the presented values, the SD values of PABC are at least two
times larger than the SD values of PICA, which shows that PICA is more
reliable than other related methods.
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0.8440
0.7465
0.9713
0.9231

Figure 4.4 Stability diagrams of f8 with PICA
Table 4.3 Statistical table of multi-population PICA on 𝑓3 , 𝑓4 , 𝑓5 , 𝑓6 , 𝑓7 𝑎𝑛𝑑𝑓8
with PICA with 30 runs
𝒇𝟑
𝒇𝟒
𝒇𝟓
𝒇𝟔
𝒇𝟕
𝒇𝟖

Mean

SD

STE

Median

Worse

0.001810433333333
0.007084433333333
0.001589366666667
8.014333333333334e-004
0.006058700000000
4.893666666666666e-004

0.002970555267766
0.009400134634705
0.002425782099026
0.001179387178196
0.008992364052446
8.566241876403997e-004

5.423467094903584e-004
0.001716221927671
428851917428874e-004
2.153256538433475e-004
0.001641773545608
1.563974636250617e-004

0
0.00158750
0
0
0
0

0.001810433333333
0.028145000000000
0.007724000000000
0.003326000000000
0.028145000000000
0.002942000000000

Table 4.4 Results obtained for the PICA and PABC algorithms on some benchmark functions.
PICA
𝐟

D

MCN

Multi-Population
P=4
Mean
SD
1.64297E2.28976E16
17

P=16
Mean
1.52341E16

SD
2.18497E17

𝐟𝟑

30

2000

𝐟𝟒

30

2000

2.322891E02

3.462278E02

1.876391E02

2.964761E02

4.823789E03

5.213874E03

𝐟𝟓

30

2000

1.993628E16

4.736478E17

1.862283E16

4.732892E17

1.722862E16

4.378971E17

𝐟𝟖

30

2000

4.728617E18

6.598321E19

3.927344E18

5.668102E19

3.367451E18

4.962713E19

𝐟𝟑

30

2000

-

-

2.49479E16

4.043068E17

2.467389E16

4.100729E17

𝐟𝟒

30

2000

-

-

2.182352E02

3.250047E02

2.282869E02

2.585128E02

𝐟𝟓

30

2000

-

-

1.946071E16

4.615336E17

1.931904E16

5.386725E17

𝐟𝟖

30

2000

-

-

4.896980E18

7.036649E19

4.756034E18

6.995602E19

PICA

PABC
[15]

Master-slave
P=4
Mean
SD
2.51354E3.66295E16
17

4.2 Nonlinear equations
To examine the accuracy of PICA, we utilized three nonlinear equations.
The results show that PICA obtained the most accurate results in the
continuous search spaces problems.
In the first case study (nonlinear equation), the results compared with
[38] and [75] have been obtained with 120 generations with an unknown
number of population sizes. In [30], the parameters of ICA have been set to
50 iterations with 250 countries. As shown in Table 4.5, PICA achieved
better and more accurate results than the previous works. The accuracy of
PICA is more than 𝑒 −32 instead of 𝑒 −30 that obtained by serial ICA and C-
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Bes
t
0
0
0
0
0
0

PPSO. The related convergence and stability diagram have been presented
in Figures 4.5, and 4.6, respectively; and statistical results are presented in
Table 4.6.

Figure 4.5 The convergence history
of case 1 with PICA

Figure 4.6 The stability chart of case
1 with PIC

Table 4.5 Comparison Results of PICA for Case 1 with [38], [75], [33] and [30]
Methods
PPSO [38] and
Gyurhan [75]
PPSO [38] and
Gyurhan [75]
COA [33]
COA [33]
ICA [30]
ICA [30]
ICA [30]
PICA (present
study)
PICA (present
study)
PICA (present
study)

𝒙𝟏
-0.29051455550725

𝒙𝟐
1.08421508149135

𝒇(𝒙)
4.686326815078573e-029

-0.793700525984100

-0.793700525984100

1.577721810442024e-030

1.08421508149135
-0.29051455550725
1.084215081491351
-0.793700525984100
-0.290514555507251
1.0842150814913511

-0.29051455550725
1.08421508149135
-0.290514555507251
-0.793700525984100
1.084215081491351
-0.2905145555072514

4.686326815078573e-029
4.686326815078573e-029
3.562200025138631e-030
1.577721810442024e-030
3.562200025138631e-030
4.9303806576313238e-032

-0.79370052598409995582

-0.79370052598409995582

3.9443045261050590e-031

-0.2905145555072514

1.0842150814913511

4.9303806576313238e-032

Table 4.6 Statistical results of PICA
Problem
Case 1
Case 2
Case 3

N

Mean

Std. Deviation

Std. Error Mean

Worst

Best

30
30
30

1.988586000000001e-031
1.046312443884771e-026
6.898049999999997e-037

1.739458967563944e-031
1.511543708264576e-026
1.150107106181705e-037

3.175803047964731e-032
2.759688618905053e-027
2.099798685342363e-038

3.944300000000000e-031
4.414500000000001e-026
9.039099999999999e-037

4.930400000000000e-032
0.0
5.800000000000000e-037

In case 2, the best results in [77], [76], [30], and [33] with 50 iterations and 250
population sizes were compared with PICA (Paper III). PICA obtained these
results with 250 countries and 35 decades. Also, the convergence and stability
diagram are illustrated in Figures 4.7 and 4.8.

Figure 4.7 The convergence history of case 2 with PICA

Figure 4.8 The stability chart of case 2 with PICA
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Case 3 has been solved by the filled function method in [77] and has been
proposed as a problem in [76] and [30]. The presented methods in [77], [76], and
[30] have been tested for 1000 iterations, and their population size has been set to
300. The results of the PICA are illustrated in Table 4.6.
The convergence diagram of PICA has been presented in Figures 4.9. Figure
4.10 shows the stability diagram of PICA for Case 3. The speedup and efficiency
results of all three cases have been listed in Table 4.7. Achieving the super-linear
performance demonstrates that PICA has an excellent performance gain for
continuous problems.

Figure 4.10 The stability chart of
case 3 with PICA

Figure 4.9 The convergence history
of case 3 with PICA

Table 4.7 The Comparison Statistical Results of Serial ICA, and PICA
Problem
Case 1
Case 2
Case 3

Speed
Up
2.82
5.1
6.24

Efficiency
1.41
2.55
3.12

Serial ICA
time
0.0341
2.1
6.78

PICA
time
0.012
0.411
1.08

#processors
2
2
2

Super linear
performance?
Yes
Yes
Yes

4.3 Task Graph Scheduling
In Paper VII and VIII, four well-known real applications, Sobel, SUSAN, RASTAPLP and JPEG encoder [78] (Figure 4.11) have been used to exhibit the
performance of MICGA. The collected results have been compared with those of
the other EC methods that have used these applications in their evaluations such
as MPGA [42], PMC [45] and MPQGA [51].
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Figure 4.11 Task graph scheduling benchmarks
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First, we present the results of MICGA reported in the paper VIII (NoMeS).
MICGA is named NoMeS in the paper. Figure 4.12, Figure 4.13, Figure 4.14 and
Figure 4.15 show the end to end execution times of the benchmarks for all
optimization methods with various numbers of processors. Based on the results,
MICGA decreases end to end execution time more than 29.5%, 68.1%, 47.4%, and
10.1% for the Sobel, SUSAN, RASTA-PLP, and JPEG encoder applications,
respectively.

×2

×2

Figure 4.14 The Execution Time of
RASTA-PLP filter with different
numbers of processors

Figure 4.12 The Execution Time of
Sobel filter with different numbers of
processors

×2

×2

Figure 4.15 The Execution Time of
JPEG-encoder with different
numbers of processors

Figure 4.13 The Execution Time of
Susan filter with different numbers of
processors

Another critical factor to select the best method is the stability and reliability of
the experimental results. The heuristic and metaheuristic methods cannot converge
to the best results in all execution runs. Therefore, each method is executed several
times and their results in all iterations show the stability. Figure 4.16 illustrate the
stability diagram of each method. The results confirm that our method is more
reliable with fewer errors values than the others. Figure 4.17 illustrate the
convergence diagrams of MICGA on all applications. Based on the quality and
accuracy of the results, MICGA is a prominent candidate for task graph scheduling
problems.
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Figure 4.16 The stability diagram of MICGA, MPGA, PMC and MPQGA on Sobel,
SUSAN, RASTA-PLP and JPEG encoder with 2 processors

Figure 4.17 The convergence diagram of MICGA on Sobel, SUSAN, RASTA-PLP and
JPEG encoder with 2 processors.

Figure 4.18 The stability diagram of MICGA, MPGA, PMC and MPQGA on Sobel,
SUSAN, RASTA-PLP and JPEG encoder with 4 processors
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Figure 4.19 The execution time of MICGA on all benchmarks with different number of
pp on six processors

Here, we report the results of the paper VII related to the idea of a pack of tasks.
The results obtained using the same applications to show the stability of each
method in Figure 4.18. MICGA is compared with MPGA [42], PMC [45] and
MPQGA [51] in the same conditions and other methods.
Figure 4.20, Figure 4.21, Figure 4.22 and Figure 4.23 illustrate the end to end
execution time of all method on the applications on six processors. MICGA
decreases the execution time by more than 46%, 8%, 15%, and 18% for the Sobel,
SUSAN, RASTA-PLP, and JPEG encoder applications, respectively. It seems that
the used packing method decreases the execution time.

×6

Figure 4.20 The execution time of all methods on 100 of Sobel application (pp=100)

One of the main limitations of evolutionary algorithms is that they decrease the
convergence speed by increasing the number of iterations leading to nonconvergent results in low iterations. In the Paper IV, Figure 4.24 and Figure 4.27
represent the convergence of fitness functions for both single and multi-objective
optimization, respectively. It can be easily observed from the convergence figures
that both strategies are highly convergent toward the optimal results by a
contentious reduction in fitness functions (see Equation (1) and Equation (2)).
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×6

Figure 4.21 The execution time of all methods on 100 of SUSAN application
(pp=100)

×6

Figure 4.22 The execution time of all methods on 100 of RASTA-PLP application
(pp=100)

×6

Figure 4.23 The execution time of all methods on 100 of JPEG-encoder application
(pp=100)

4.3.1 Single Objective Optimization
Figure 4.25 illustrates the variation trend of the total number of utilized processing
units by increasing the number of iterations. As mentioned before, the aim of single
objective optimization is to decrease the number of processing units used in jobs
scheduling. Figure 4.26 shows considerable improvement in finding scheduling
with lower required processing units. According to the results of Figure 4.25, we
need 22 processing units for scheduling in the first iteration, while by proceeding
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the exploration algorithm; we found a solution with only seven required processing
units. Although there exist some breaks in continuous improvement, the overall
trend moves toward improvement.

4.3.2 Multi-Objective Optimization
As mentioned earlier, the total number of processing units and end-to-end run-time
for all the jobs are the two main objectives of MPGA. Figure 4.27 and Figure 4.28
illustrate the convergence figures of required processing units for scheduling and
end-to-end run-time for all the scheduled jobs, respectively. We can conclude from
the figures that both the objectives are approaching toward optimized results.
Although there are some failures or stops in achieving better results in each
iteration, the overall progression of MPGA always approaches toward superior
outcomes.
Table II shows three different solutions on the Pareto frontier of the last
Population. We have a variety of options based on user needs. Solution 1 is
scheduling with a minimized number of processing units (7 processing units) while
takes more time, 210tu, for running. On the other hand, Solution 3 provides the
minimum elapsed end-to-end run-time (160tu), while needs 9 processing units for
running.

Figure 4.24 Convergence diagram of single objective optimization (# Processing
units).

Figure 4.25 Convergence diagram of MPGA (# processing units, end-to-end runtime).
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Figure 4.26 Convergence diagram of the variations # processing units based on in single
objective optimization.

Figure 4.27 Convergence diagram of # processing units in multi-objective optimization
by using MPGA approach.

Figure 4.28 Convergence diagram of end-to-end run-time in multi-objective optimization
by using MPGA approach.
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Figure 4.9 presents the allocation and scheduling results of the use case (Figure
3.6) described in Subchapter 3.2.3.3. The results of optimizing the use-case with
MPGA are shown in Figure 4.9 valid scheduling for all jobs and their related tasks
with the minimum number of processing units (Solution1).

Figure 4.29 The best solution for multi-objective optimization with a minimum number
of processing units (solution1)

4.4 Placement of Swarm of drones
Placement of SMAPs, described in Subchapter 3.2.4 has been implemented in two
different works (Paper V and Paper VI). Paper V presents an efficient placement
of SMAPs while Paper VI proposed a hierarchical placement of SMAPs.
In Paper V, we used PICA for finding the optimal placement using four wellknown 2-D benchmarks and all the collected results are compared with the serial
ICA, deterministic and random method [70], for the placement problem.
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4.4.1 Single SMAP
The initial placement in the first three benchmarks is coordinated at (0, 0). The first
three benchmarks are used to find the best placement for only one SMAP. But, the
fourth benchmark is considered for more than one SMAP. All the methods have
been run for 40 times on each benchmark,
In the first benchmark, eight static access points have been placed around the
SMAP in a circular manner. The radius of the circle is 500 meters. The second
benchmark has eight static access points that are symmetric based on the center
point.
In the third benchmark, there are 50 access points that are randomly placed
around the SMAP. The weights of all static access points are equal in all
benchmarks. PICA and ICA have been run in 100 iterations and their population
size are equal to 500. The placements that has been selected by PICA is shown in
Figure 4.30, Figure 4.32, Figure 4.34. The results show that our placements are
very close to the optimal point based on the best and the worst distance in Table
4.8.

PICA
Random
Serial ICA
Mathematical
PICA
Serial ICA
Random
Mathematical
PICA
Serial ICA
Random
Mathematical

3

2

1

The Best
Distance

The Worst
Distance

0
13.2549
0
0
0
0
52.9906
0
0
0
846.77
0

2.8635
78.1004
11.5873
0
61.4191
127.3185
1.0572e+03
0
475.0343
4.6043e+03
1.0447e+04
0

Correct
Placement
Count

Benchmarks

Table 4.8 Statistical Results

35
0
7
40
36
4
0
40
21
2
0
40

Figure 4.30 The placement of PICA on benchmark 1.
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Figure 4.31 The placement of ICA on benchmark 1.

Figure 4.32 The placement of PICA on benchmark 2

Figure 4.33 The placement of ICA on benchmark 2

Figure 4.34 The placement of PICA on benchmark 3.
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Figure 4.35 The placement of ICA on benchmark 3.

Figure 4.36 The placement of PICA on benchmark 4.

Figure 4.37 The placement of ICA on benchmark 4

4.4.2 Multiple SMAPs
The fourth benchmark considers 5 SMAPs and 16 standard access points.
To check the reliability of the results of the PICA and serial ICA, for each
method we run 40 times each with 100 iterations. The initial country is equal to
500. Figures 4.36 show the placement of the proposed method on the fourth
benchmark.
The overall results confirm that the proposed fitness function is extremely
efficient, letting PICA and ICA obtain the best placement also in the complex
placement cases. The results also demonstrate that PICA performs much better
than ICA.
In the hierarchal placement (Paper VI), three well-known 2-D benchmarks have
been utilized. The static-access points have different weights in the second and the
third benchmarks; hence, benchmarks 2 and 3 are more complex than the first
one. The results of MPGA have been compared with sequential GA and standard
mathematical method.
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In these benchmarks, the proposed method should choose the best placement
for several SMAPs in two layers. In the first benchmark, twenty-four normal
access points and nine SMAPs have been divided into two layers (six SMAPs in
the first layer and three SMAPs in the second layer). SMAPs should have different
positions. The results also show that MPGA performs much better than GA.
The main aim is to obtain the best placement for multiple SMAPs in two
different layers. The first benchmark includes twenty-four static access points,
which have a regular arrangement. All normal access points have the same
weights.
The second benchmark has thirty-two static access points and divided into two
subsets (i.e., A and B).
The third benchmark has sixty static access points, stayed on two hyperbolic
curves (a horizontal curve and a vertical one). They also indicate that the proposed
MPGA method is successful in both simple and complex case studies.
TABLE 4.9 The stability diagram of all methods on case study 3. Statistical Results
Case
PGA
Serial GA
Mathematical
PGA
Serial GA
Mathematical
PGA
Serial GA
Mathematical

3

2

1

The Best Distance
0
0
0
0
0
0
-

Correct Placement Count
27
11
0
26
7
0
28
13
0

The Worst Distance
17.436
43.261
11.814
34.899
9.465
18.927
-

Figure 4.38 The placement of MPGA on
case study 1.

Figure 4.40 The placement of MPGA on
case study 2.

Figure 4.39 The placement of serial GA
on case study 1.

Figure 4.41 The placement of serial GA
on case study 2.
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Figure 4.42 The placement of serial
MPGA on case study 3

Figure 4.43 The placement of serial GA
on case study 3.
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Chapter 5
Discussion and Conclusion
In conclusion, this thesis improved the execution time and accuracy of metaheuristic methods for optimization problems. Commonly, in really complex
optimization problems, Evolutionary Computing (ECs) are popular ones. Although
ECs show a better performance in comparison with other optimization methods,
convergence to local optimums and large execution time motivated us to improve
them.
The thesis contribution is threefold as follows:
Reducing the execution time of ECs to apply for extremely complex problems
and real-time applications.
Changing the exploration and exploitation to prevent convergence to local
optimum in complex problems, and raise the reliability of results. Developed a
framework to adapt ECs running in a distributed manner.
Therefore, the main conclusions of this study are summarized as follows:
1) We have selected the GA and ICA as two popular optimization methods for
discrete and continuous problems. To improve the execution time of ECs methods
we have parallelized GA and ICA, and our experimental results show that not only
we have achieved an improvement on the execution time, but the reliability of the
results have also been improved by the multi-population technique. The statistical
results and stability diagrams show these successes. In Paper I, multi-population
ICA (PICA) has been presented, and its results compare with some other methods
based on the synthetic benchmarks.
The results show a faster convergence, more reliability and super-linear
performance. The improvement of convergence after each migration indicates that
the migration operation has a significant effect of converging method to the global
optimum.
In Paper II, master-slave ICA and PICA have been presented. Improving the
convergence and reliability of results were the primary concern in this paper. These
methods and some other related methods have been compared together on more
synthetic benchmarks. The results explain that multi-population improves the
execution time and reliability of the results, but master-slave only reduces the
execution time.
After improving the convergence in Paper I and II, the PICA applied on nonlinear equations to test the accuracy of results. The proposed method was compared
with other related methods. More accurate results obtained by multi-population
ICA.
All the benchmarks and non-linear equations have continuous search spaces
based on the behaviour of serial ICA.
In Paper IV, a task scheduling problem has been selected as an order based
problem (a type of discrete problems), and MPGA was chosen to apply on it. GA
works efficiently on discrete problems. The results confirm the obtained results are
reliable, but the convergence does not have enough improvement. Then, in
Paper V, PICA applied on complex placement problems (a discrete problem) and
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the convergence and reliability of results were improved, but the execution time
was not changed.
2) Missing convergence improvement in MPGA (Paper IV) and execution time
in PICA (Paper V) have motivated us to find the main reason for these problems.
Therefore, MICGA has been proposed from the combination of PICA and MPGA.
In MICGA the convergence strategies of PICA and exploration (mutation) and
exploitation (crossover) operations of MPGA work together as an efficient
optimization method.
In Paper VI, MICGA has been applied on more complex placement problem
(Hierarchical placement of smart mobile access points). The results of Paper VI
show that we have achieved a faster convergence, less execution time and more
reliability. The results show that MICGA has achieved most of our goals in this
thesis. In Paper VII and VIII, MICGA is applied on two more complex scheduling
problems and their results illustrate that MICGA can satisfy all mentioned objects.
We combined ICA and GA, named MICGA, which takes advantage of the
distributed, and convergence strategies of ICA, along with the crossover and
mutation operations of GA. With this combination, MICGA not only increases the
execution of PICA and GA but also has a great potential to be used for both
continuous and discrete problems.
3) We adapted PICA, MPGA and MICGA to be executed in a distributed
manner using a ring topology (minimum connection) with a low rate of migration
(low communication cost) using message passing systems. The experimental
results show that we achieved considerable efficiency in comparison with central
computation systems.
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Chapter 6
Overview of Original Publications
Articles published including the results and analysis from the thesis are
summarized below.

6.1 Paper I: PICA: Multi-Population Implementation of Parallel
Imperialist Competitive Algorithms
In this paper, a multi-population implementation of ICA is proposed to improve
the execution time of ICA. The processors are connected as a ring topology to
communicate together. The proposed work starts its process by initializing some
independent populations. This helps avoid converging to a local optimum in
different populations at the same time.
The key contribution of this paper is the migration operation. By the migration
operation, some chromosomes from each processor migrate to another processor
to share their genome.
The migration operation helps different populations to change their position
from local optimums. The evaluation shows our solution improves the execution
time and the stability.

6.2 Paper II: Parallel Imperialist Competitive Algorithms
In this paper, two different types of parallel ICA are introduced, multi-population
and master-slave. One processor is selected as a master processor and manages the
tasks of other processors. Slaves run some tasks such as chromosome evaluation
and return the corresponding values to the master processor.
In this work, our proposed works are evaluated in eight well-known
benchmarks, and their outcomes compare with some other parallel EC methods.
The results show that the master-slave ICA improves only the execution time,
but PICA promotes reliability and execution time.

6.3 Paper III: Parallel Imperialist Competitive Algorithm Based
on Multi-Population Technique for Solving Systems of Nonlinear
Equation
In this paper, we have used PICA to solve nonlinear equation systems. Vast uses
of non-linear equations are undeniable. Some of their applications are in chemistry,
economics, mechanics, engineering, medicine, and robotics.
The complexity of nonlinear equations proves the performance of our method.
To qualify our method, we applied PICA on three well-known nonlinear equations.
The presented results, such as stability diagram, convergence diagram, statistical
results and table of speed up, illustrate that our method has a significant
achievement. The accuracy of our results confirms the reliability of PICA. Also,
we obtain the super-linear performance and shows the efficiency of our method on
continuous problems.
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6.4 Paper IV: Finding Near-Optimal Task Scheduling for
Distributed Real-Time Environments
In this paper, we proposed an MPGA approach for near-optimal scheduling
optimization that guarantees end-to-end deadlines of tasks in distributed
processing environments. We analyse two different exploration scenarios,
including single and multi-objective explorations.
The principal goal of the single objective exploration algorithm is to achieve a
minimal number of processing units for all tasks, whereas a multi-objective
optimization tries to optimize two conflicting objectives simultaneously
considering the total number of processing units and end-to-end finishing time for
all the jobs. The potential of the proposed approach is demonstrated by
experiments based on a use case for mapping a number of jobs covering industrial
automation systems, where each of the jobs consists of several tasks in a distributed
environment.

6.5 Paper V: Placement of Smart Mobile Access Points in Wireless
Sensor Networks and Cyber-Physical Systems using Fog
Computing
In this paper, a PICA is applied to develop an efficient method for planning the
initial placement problem in SMAP based systems. In PICA, we have divided our
method into two layers: an algorithmic layer and an architectural layer. To have
the optimal placement of SMAPs, all access points are divided into two major
groups that are SMAPs and static access points. Static access points only transfer
data and maintains the connectivity in the network. SMAPs can work like static
access points, but they also can accomplish other tasks, like maintaining other
access points when required. To clarify the problem, static access points have been
elected as target points for SMAPs, as we are considering the initial placement
only. Also, each static access point has an independent weight. The weight of each
access point shows the probability of requiring support from SMAPs.
PICA has been tested on four Well-known 2-D benchmarks. The achieved
results have been compared with the ICA, and other similar placement methods.

6.6 Paper VI: Hierarchical Placement of Smart Mobile Access
Points in Wireless Sensor Networks using Fog Computing
In this paper, the idea of a hierarchical smart mobile access point (HSMAP), which
is a significant building block for an intelligent network, has been proposed. The
placement of SMAPs is a fundamental factor in the dynamic network. Since the
placement of HSMAPs is an NP problem, we solve the initial placement of them
using an MPGA with an efficient evaluation.
Also, since SMAPs can be used in a large scale WSN, scalability of SMAPs
placement is considerably important. Therefore, we have presented a hierarchical
implementation of SMAPs to solve the scalability problem. The proposed method
has been tested on four Well-known 2-D benchmarks. The achieved results have
been compared with the serial ICA, and other similar placement methods.
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6.7 Paper VII: Optimizing Scheduling for Heterogeneous
Computing Systems using Combinatorial Meta-heuristic Solution
In this paper, a new task graph scheduling approach is presented. To perform our
work more complicated, NoC is assumed as a heterogeneous multiprocessor
system. We tackle this task scheduling problem by MICGA. In this paper, the main
goal is to improve execution time and reliability. The presented encoding method
is based on task priority, and our work focuses on the pipelined execution model
of applications. In the pipeline model, input data is divided into several parts, and
these parts are then one by one used as inputs to an application. We make a pack
of the parts and find the best schedule for this pack of data. To test and compare
our method, four commonly explored real applications have been utilized to
demonstrate the performance of the MICGA.

6.8 Paper VIII: NOMeS: Near-Optimal Metaheuristic Scheduling
for MPSoCs
In this work, we use a stochastic model for the task-scheduling problem, where the
data communication times between tasks and the execution times of tasks are
known. The task scheduling problem based on a directed acyclic task graph (DAG)
that specifies the preference relations of the tasks is known to be an NP-hard
problem. In general, priority constraints between tasks can be non-uniform, but we
consider here, for simplicity, that the MPSoC platform is uniform (a homogeneous
multiprocessor system) and non-primitive (each processor completes the current
task before starting the execution of the next task).
In this paper, we tackle this problem by introducing a perfect combination of a
GA and the PICA. Moreover, we explicitly estimate the communication delays
between processors. When two communicating tasks are mapped onto the same
processor, we assume that the communication delay is zero. However, when they
are mapped onto different processors, a finite communication delay is assumed and
modelled.
We have used the concept of an order-based country (OBC) as an extension of
the order-based coding method. This coding defines the order of tasks and the
selected processor to run each task. To improve the outcome of the optimization
process, we used MICGA which takes advantage of both ICA and GA. This
combination improves the convergence policy and selection pressure, by keeping
all countries in all iterations and avoiding the use of a general selection operation
such as tournament schemes and roulette wheel.
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INTRODUCTION

Optimization algorithms can be categorized into
two categories: heuristic and meta heuristic. In the
class of heuristic algorithms, there are some
constructions and improvement algorithms such as the
meta heuristic algorithms manage a chain or flow of
executions of classical heuristics, e.g. tabu search,
simulated annealing, genetic or memetic algorithms.
Computability is a significant problem for many
researchers especially in NP-hard problems, which do
not have suitable solutions, which are able to find the
best answers in a limited time. There are several
techniques to solve some NP-hard Problems, but
Evolutionary Computing (EC) are the better and more
popular ones. Different types of EC methods are useful
for various kinds of problems, for instance, genetic
algorithms are an old method that is suitable for
discrete problems. Genetic algorithms are populationbased search methods that mimic the process of natural
selection and evolution, which some characteristics of
them help researchers to optimize their problems.
Particle Swarm Optimization (PSO) is another
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evolutionary method that mimics behavior of birds
when they migrate to other places.
EC methods enhance to solve different problems,
but there are some disadvantages associated with
them. For example, it is impossible for some
algorithms, which have a large search space, to
converge to optimum solutions. Hence, the initial
population should be increased to improve the results.
Speed of algorithms is the other challenge in this area.
Sometimes, answers are found taking a long time.
Parallel algorithms are the proper solutions that
enhance to improve the quality and time of obtaining
results.
Previously, researchers have utilized several
parallel EC techniques to achieve better results (e.g.
parallel ant colony optimization (PACO) [4], parallel
genetic algorithms [3], parallel ABC (PABC) [5],
parallel memetic [7], and parallel PSO [6]). We know
from [15] that some parallel EC methods can achieve
super-linear performance. Super-linear performance is
an expression for some scarce parallel algorithms that
their efficiency is more than one (efficiency value
normally is between zero and one.
Recently, several EC methods have been created,
but some of them have not been yet parallelized. For
example, Imperialist Competitive Algorithm (ICA) is
an efficient method that is outstanding for continuous
problems. In this paper, a parallel implementation of
ICA (PICA) is proposed. The PICA is implemented in
multi-population (coarse-grain) strategy. We have
implemented PICA and tested it on four mathematical
benchmarks; meanwhile it has obtained a super-linear
performance. They have been implemented on two
different platforms and have been utilized the Message
Passing Interface (MPI) instructions on the ring
connection topology.
In Section 2, a parallel multi-population
implementation of ICA will be introduced. In Section
4, PICA will be compared with ICA then some
algorithms, such as PICA, PABC, GPU Based PSOTM, and C-PPSO will be compared.

Abstract—The importance of optimization and NPproblems solving cannot be over emphasized. The
usefulness and popularity of evolutionary computing
methods are also well established. There are various
types of evolutionary methods that are mostly sequential,
and some others have parallel implementation. We
propose a method to parallelize Imperialist Competitive
Algorithm (Multi-Population). The algorithm has been
implemented with MPI on two platforms and have tested
our algorithms on a shared- memory and message
passing architecture. An outstanding performance is
obtained, which indicates that the method is efficient
concern to speed and accuracy. In the second step, the
proposed algorithm is compared with a set of existing
well known parallel algorithms and is indicated that it
obtains more accurate solutions in a lower time.

I.

Masoud Daneshtalab
Royal Institute of
Technology (KTH),
Stockholm, Sweden,
masdan@kth.se
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II.

PARALLEL ICA

topology in the message passing method, but in the
shared- memory method there is not any topology. In
each processor, we first initiate independent countries
and run the ICA independently, and after some
decades (which is different on different runs) the best
country is migrated from processor ܲ݅ to ܲ݅+1 and
replaces it on the worse country. We utilize the ring
topology to connect processors together. The numbers
of whole countries in all processors are equal even
when countries migrate to other processors. All
migrations
between
processors
are
done
synchronously. We know the migration strategy can be
different leading to different results. For example,
when we use a sparse connection topology, it is better
that a migration strategy is utilized with low rates, and
the distance of migration should be short. The
important problem is the time of routing. In a fully
connection topology, the best results are obtained
when the migration rates are high. Therefore, we know
that a migration operation is useful with suitable rates;
we have a sparse connection topology (ring topology),
so we use the migration operation with low rates. In
figure 1, the pseudo code for the multi-population ICA
is presented.
In the multi-population ICA, we increase the
number of all countries and increase the selecting
pressure; therefore, it helps us to obtain more accurate
results in the shortest time, and convergence to results
is faster than in the sequential ICA.

A. Imperialist Competetive Algorithm (ICA)
ICA is an optimization method based on
imperialistic competition. ICA is a new EC algorithm
and optimizes results of problems. In this algorithm,
all countries are divided into two categories: colonies
and imperialist states. The major part of this algorithm
is imperialistic, and hopefully causes the colonies to
converge to the global minimum. In the first step, the
algorithm creates some countries and sorts them, then
selects the best countries to be imperialists, and the
remaining countries form the colonies of these
imperialists. These colonies start moving toward their
relevant imperialist after dividing all colonies among
imperialists [10]. The next step computes the power of
each imperialist and the imperialistic competitive step
follows. The weakest imperialist loses its weakest
colony and the selected imperialist obtains this colony
and these steps are repeated until reaching a
termination condition. The termination condition can
be different, for example, the ICA stops when we have
one imperialist with all colonies as members of this
imperialist. This algorithm starts by creating colonies
in initial population and in the next step it sorts all
colonies and divides them among imperialists with the
best evaluation; in the next step, imperialistic
competition will start. In this step, some operations
will be repeated until arriving at the termination
condition.
ICA is a suitable method to optimization problems,
but there would be similar problems in ICA as in the
other EC algorithms; in case we confront with a big
problem with a far-reaching search area, we need a big
initial population to obtain a more accurate and
reliable result, but with a processor we cannot realize
this requirement. In another case, when we are
confronted with a complex problem that needs
complex computation, the run time will increase.
Therefore, we need to utilize some new methods to
improve speed and efficiency. A parallel computing
method for ICA presented here to improve its speed
and efficiency. The proposed method is a multipopulation implementation of the ICA.
Sequential ICA algorithm has a parallel structure,
but there is no parallel implementation for the ICA. In
the ICA, each imperialist and colonies work
independently and after a decade a colony moves to
another imperialist; so this algorithm works like a
multi-population method that executes on a processor.
In the following, we implement a multi-population
method for the ICA.

Processorࡼ:
1. Create independent initial countries.
2. Run ICA algorithm independently.
3. If now is time of migration do
3.1 Wait when all processors arrive to this point.
3.2 Send the best country to processor (ܲାଵ ) mod
(number of processors).
3.3 Receive a country from (ܲିଵ ) mod (number of
processors) and replace it with the worst country.
4. If termination condition is obtained then terminate
algorithm Else go to 2.
5. Show the best country.
6. End.
Figure 1. Pseudo code of Multi-Population ICA.

III.

TEST FUNCTIONS AND BENCHMARKS

In this paper, we use four test functions or
mathematical benchmark functions to compare our
algorithm (PICA) with sequential ICA and some other
parallel EC methods. All these problems are
minimization problems. We can show mathematical
benchmarks on table 1.
IV.

B. Multi-population PICA
In our work, we utilize a multi-population model to
implement the PICA using selective local search
strategy. In our implementation, we have several
processors that are connected together on a ring

EVALOUATION AND EXPRIMENTAL RESULTS

We use all four test functions with different
conditions and different kinds of platforms. The
algorithms are implemented on the share memory and
massage passing structure. First, we compare our
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algorithms with sequential ICA and follow our
comparison with some other parallel EC methods.
We implement parallel ICA on share memory and
massage passing model. Also we utilize MPI to
parallelize our algorithms and MPICH2 to run the
algorithms. In the multi-population ICA, we connect
processors in a ring topology with different processors
on different tests. We test our algorithms on two
platforms; the first platform’s specification is on table
2 and the second platform is an Intel core i3-330M,
processors 2.13 GHz(64-bit), memory 4 GB.
TABLE I.

algorithms are stable and accurate. Our results show
that our algorithms are more stable and more accurate
than that of other methods.

Figure 2. Convergence diagrams of ݂ସ

MATHEMATICAL BENCHMARKS
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TABLE II.

SPECIFICATION OF 8 PROCESSORS PC
CLUSTER SYSTEM.

CPU
Mother Board
RAM
HDD
NIC
Network Switch
Operating System
MPI Library
Compiler
GPU

Intel Core i7 2.67 GHz
Gigabyte EX-58 EXTREME
6 GB DDR3
500 GB
Gigabyte
Cisco Catalyst 3750
WINDOWS XP 64-bit
MPICH2 1.4
Visual C++ 6.0
NVIDIA GeForce 9600 GT

Figure 4. Convergence diagrams of ݂

A. Convergence
In this section, we show convergence diagrams of
benchmarks and we can compare our results and
diagrams with the results and diagrams of [8], [10],
[23], [24], [25] and [26]. These results obtained with
different number of processors and different numbers
of population size on multi-population PICA.
After the comparison between our algorithm
convergence diagram and those of [8], [10], [23], [24],
[25] and [26], we can claim that our algorithm
convergence obtain results faster than other methods in
lower iteration. Convergence diagrams are shown in
figures 2, 3, 4 and 5.

Figure 5. Convergence diagrams of ଼݂

B. Stability
In this section we want to show that our algorithms
are stable; so we test it on benchmarks and drawing
stability diagrams of them. Stability diagrams shown
in figures 6, 7, 8 and 9 and the results claim that our

Figure 6. Stability diagrams of ݂ସ
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after 10 iterations and in the PICA after 3 iterations; so
this benchmark is very simple and when we find
results with 6 processors after 3 iterations, it is not
useful to use more processors.
In figures 10, 11, 12 and 13 we show the efficiency
and speed up with an increase in the number of
processors, and they show that the parallel
implementations are useful.
Super linear performance is the main Achievement
of our algorithms. In all benchmark diagrams, we can
show that we obtain the super linear performance. So
we can claim that our implementation and our
algorithms are efficient, and the parallel ICA is a better
choice for solving problems.

Figure 7. Stability diagrams of ݂ହ

D. Comparation between ICA and Parallel ICA
In this section, we compare them with each other;
we use two different type kinds of comparisons: we
use the convergence diagram, decades of convergence,
and the table of speed up to compare the multipopulation PICA and the ICA; and we use the speed
up diagram to compare between PICA and ICA. We
use two important benchmarks that are used in [10]
and we can illustrate the results of them with our
algorithm.
In this experiment, we use two platforms; when we
use 2 processors we implement our algorithm on Plat1
platform and when we use 6 processors we implement
our algorithm on Plat2 platform, and we use message
passing architecture. In our algorithms we have 100
countries and 8 imperialists in each processor.
Revolution’s rate is 0.4 and zeta parameter is 0.1; we
know that we can obtain different result by changing
these parameters, but we test our algorithms using a
constant value. Our connection strategy is the ring
topology that is a spars connection strategy.
We can reveal some good points for our
algorithms. It is clear that the multi-population method
of PICA converge faster than ICA. The speed of the
convergence of PICA is better than that of sequential
method and our algorithms converge to the best result
faster than those of the sequential methods. Other good
points of our algorithms are the stability of them that
are illustrated in figures 6, 7, 8 and 9 and the assurance
of the PICA results. We illustrate that the results and
the convergence, when used by 6 processors, are better
than when we use 2 processors; of course, both of them
are better than that of sequential methods. There are
two other criteria: speed up and efficiency. The speed
up values are shown in tables 3, 4 and 7. We can
conclude that when we use more processors we can
obtain better results, but it is essential to illustrate how
many processors are useful? This answer is obtained
from the efficiency values. We have illustrated that the
speed up of PICA is better than that of ICA and it has
a very good advantage, but now we need to discuss
another view of parallelization, which is the efficiency
diagram. The results of this diagram are very fantastic

Figure 8. Stability diagrams of ݂

Figure 9. Stability diagrams of ଼݂

C. Speedup and Efficiency
Speedup value is an important parameter to check
quality of parallelization that is obtained from this
function and m is the numbers of processors:
ܵ ݑ݀݁݁ൌ

   
   
ܶሺͳሻ
ൌ
ܶሺ݉ሻ

(1)

And the efficiency (normalized speedup) was
calculated using:
 ݕ݂݂ܿ݊݅ܿ݅ܧൌ

ܵݑ݀݁݁
݉

(2)

These are suitable parameters for deciding whether
parallel algorithms are suitable or not. We could use
these parameters to compare the speed of our
algorithms with that of other parallel EC methods
without similar platforms. In this method, we know
from [18], [19] and [20] that serial ICA is faster than
GA, ES, ABC and PSO. Therefore, if our speed up and
efficiency values are bigger than the parallel
implementation of these EC algorithms, then our
algorithm is faster than those of parallel EC methods.
The reason for this decrease is the behavior of the
benchmark; in the ICA, the best results are obtained
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and illustrate that PICA is suitable and can be used to
solve and optimize the complex and big problems that
have a widespread search space area. We know that the
speed up of 6-processor PICA is higher than that of 2processors, and the efficiency of 6-processor PICA is
higher than that of 2-processor, so the 6-processor
method is more efficient than the 2-processor one, but
both of them are very efficient because their efficiency
is bigger than 1, and this illustrates that PICA is an
extremely good and efficient method.
We have used a different gap of migration and
found good results. When we increase the migration
gap we obtain better results because it is a fact that
migration is useful, but in different papers of other
parallel EC methods the communication time of
migration is an important parameter that has important
influence on the run time of algorithm, and it has side
effects in the other methods as a balance between the
migration rate and communication time should be
created. But in our algorithm, the communication time
is very low because, in each migration time, only one
country (imperialist) moves to another processor; so,
the communication time is little.
As a result, we have illustrated that the Multipopulation PICA is a suitable method and we can
obtain better results by increasing the number of
processors.

succeeded to create a coarse grain parallel method
while using all the parallelized potential of the ICA.
We have shown that PICA is more successful than
PABC and it obtains better results. We can’t compare
the number of evaluation fitness function because
there is not any information about it in [8].
The results of tables 3, 4, 5, 6 and 7 illustrate that
our algorithms are efficient and suitable and can be
used to solve different complex problems. We have
shown that the increase of processors’ number is
efficient and obtains better speedup and efficiency
values.
Now, we need to compare the speed of PICAs and
PABC, but our platform is different from PABC
platform; so, we cannot compare them in a normal way
and we should use the speed up for comparison. We
know from [20][21][22] that ICA is faster than ABC
and if our algorithms have higher speed up values then
we can claim that our algorithms are faster than that of
PABC. We have tested our algorithms on Griewank on
different numbers of processors, 2, 3 and 4 [8]. Our
algorithms are faster than PABC. Therefore, we can
claim that PICAs are faster than PABC.
F. Comperasion between PICA and GPU based on
PSO-TM
In this section, we want to compare the PICA and
a parallel PSO-TM based on GPU. Our algorithms
implemented on platform 1. We ran our algorithm on
two different population sizes: 1024 and 8192 on four
processors.
We know from [20][21][22] that the sequential
ICA is faster than the sequential PSO and we can
compare the speed of the PICA and the GPU PSO-TM
with a comparison between their speed up. We ran
algorithms on Akley, Rastrigin and Rosenbrock. In
table 4, we have illustrated that the speed ups of our
algorithm are higher than that of GPU PSO-TM and
we can claim that our algorithm is faster than the GPU
PSO-TM.

E. Comperasion between PICA and Parallel ABC
The proposed parallel algorithm was evaluated on
three well-known benchmark functions [8]. In MultiPopulation PICA we have created 160 independent
countries in all processor and each processor has 8
imperialists. We tested it on Plat2 and the migration
interval was done every 100 decades. The connection
topology was the ring.
We have implemented our algorithms and their
parameters like PABC and run them in similar
conditions and compared them in table 3 and 6. We
have illustrated that the results of Multi-Population
PICA are better than that of PABC. A has a better SD
value.

TABLE IV.
VALUES OF SPEEDUPAND EFFICENCY ON SOME
BECHMARKS BY PICAS AND GPU PSO-TM

TABLE III.
SPEEDUP AND EFFICENCY VALUES ON ଼݂ BY
MULTY-POPULATION ICA AND PABC

Number
of
threads
2
3
4

Multi-Population
PICA
Speed
Efficiency
up
11.8
5.9
14.3
4.7
16.1
4.0

PABC[8]
Speed
up
1.990
2.965
3.934

Efficiency

Akley
Rastrigin
Rosenbrock

0.995
0.988
0.983

Multi-population
PICA
N=1024
N=8192
Speedup
Speedup
12.2
16.4
18.1
28.9
11.6
15.2

GPU PSO-TM[25]
N=1024
Speedup
8.2
16.6
8.2

N=8192
Speedup
14.6
25.5
16.9

G. Comperasion between PICA and C-PPSO
In this section, we want to compare the PICA and
a Corse grain Parallel PSO-TM (C-PPSO). We have
tested our algorithms on a similar state and each
experiment was repeated 30 times and the maximum
iteration number was 10000 for all functions. In the CPPSO, we investigated the coarse-grain models with

Multi-Population PICA has the best mean value
and SD value. The Main factors for this success are
migration in a small gap and the parallel characteristic
of ICA that works like a parallel method and we have
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different numbers of subpopulations and the entire
population consisted of 100 individuals. The results of
the C-PPSO model were compared with a standard
PSO.
It is shown, in table 7 that our algorithms have higher
speed up and efficiency values and we can claim that
our algorithms are faster and more efficient than that
of C-PPSO.
V.

that is they are faster than the other methods in the
lower iteration.
This fact is derived from the characteristic of the
ICA and the ability of the migration operation. It also
evaluated less fitness; and obtained suitable run times.
In figures 6, 7, 8 and 9, we have illustrated the stability
diagrams of Multi-Population ICA; their results have
proven to show that our parallel methods truly work.
In addition, we compared the PICA with the PABC,
GPU Based PSO-TM and C-PPSO and utilized four
mathematical benchmarks. We illustrated table 6 and
compared the accuracy of the results, it is illustrated
that the results of the Multi-Population PICA are more
accurate than that of the PABC.
We have compared the speed and efficiency of
PICAs, GPU-Based PSO-TM and C-PPSO in tables 4
and 7 illustrating that PICAs are faster than the others
and they converge faster than the other methods in the
lower iteration.
As a result, we claim that the PICA methods are so
fast and accurate that they can be used to solve and
improve complex problems, and they try to obtain the
best results to the problems. In this article, we have
illustrated that our algorithms achieve a super-linear
performance.

CONCLUSION

In this paper, we introduced a parallel methods of
ICA and implemented it with MPI instructions (MultiPopulation PICA). We also tested them on two
different platforms, on four mathematical benchmarks,
and compared them with the sequential ICA, PABC,
Coarse Grain parallel PSO, and GPU-Based PSO-TM.
We have found some considerable results that show
PICAs are very efficient in solving different kinds of
complex problems and they are faster and more
efficient than other methods. We have illustrated in
figures 6, 7, 8 and 9 that our algorithms are stable and
the speedup illustrated in figures 2, 3, 4 and 5 showed
that our algorithms convergence to the best results,

Figure 10. Speed up diagram and Efficiency diagram for ݂ସ

Figure 11. Speed up diagram and Efficiency diagram for ݂ହ
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Figure 12. Speed up diagram and Efficiency diagram for ݂

Figure 13. Speed up diagram and Efficiency diagram for ଼݂

TABLE V.

݂ସ
݂ହ
݂
଼݂

N
30
30
30
30

Mean
0.007084433333333
0.001589366666667
8.014333333333334e-004
4.893666666666666e-004

SD
0.009400134634705
0.002425782099026
0.001179387178196
8.566241876403997e-004

TABLE VI.

ࢌ

STATISTICAL TABLE OF MULTI-POPULATION PICA ON ݂ସ ǡ ݂ହ ǡ ݂ ଼݂ܽ݊݀

STE
0.001716221927671
428851917428874e-004
2.153256538433475e-004
1.563974636250617e-004

Worst
0.028145000000000
0.007724000000000
0.003326000000000
0.002942000000000

RESULTS OBTAINED FOR THE PICA AND PABC ALGORITHMS ON SOME BENCHMARKS FUNCTION

PICA
Multi-Population
D

Median
0.001587500000000
0
0
0

MCN

P=4
SD

Mean

PABC[8]
P=4

P=16
SD

Mean

P=16

Mean

SD

Mean

SD

ࢌ

30

2000

1.876391E-02

2.964761E-02

4.823789E-03

5.213874E-03

2.182352E-02

3.250047E-02

2.282869E-02

2.585128E-02

ࢌ

30

2000

1.862283E-16

4.732892E-17

1.722862E-16

4.378971E-17

1.946071E-16

4.615336E-17

1.931904E-16

5.386725E-17

ࢌૡ

30

2000

3.927344E-18

5.668102E-19

3.367451E-18

4.962713E-19

4.896980E-18

7.036649E-19

4.756034E-18

6.995602E-19

TABLE VII.

CPU=4
Rosenbrock
Rastrigin
Griewank

Speed
up
11.6
18.1
16.3

VALUES OF SPEEDUP AND EFFICENCY ON SOME BENCHMARKS BY PICAS AND C-PPSO

Multi-Population PICA
CPU=6

Efficiency
2.90
4.52
4.07

Speed
up
17.88
28.26
25.32

Efficiency
2.98
4.71
4.22

CPU=8

Speed
up
24.4
37.84
34.08

Efficiency
3.05
4.73
4.26
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CPU=4
Speed
up
3.9572
3.9580
3.9114

Efficiency
0.9893
0.9895
0.9778

C-PPSO[26]
CPU=6
Speed
up
5.7793
5.7774
5.9128

Efficiency
0.9632
0.9629
0.9855

CPU=8
Speed
up
5.9724
7.7703
7.3851

Efficiency
0.7465
0.9713
0.9231

Best
0
0
0
0
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Summary
The importance of optimization and NP-problem solving cannot be overemphasized. The usefulness and popularity of evolutionary computing methods are also well established. There are
various types of evolutionary methods; they are mostly sequential but some of them have paral-
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lel implementations as well. We propose a multi-population method to parallelize the Imperialist
Competitive Algorithm. The algorithm has been implemented with the Message Passing Interface
on 2 computer platforms, and we have tested our method based on shared memory and message passing architectural models. An outstanding performance is obtained, demonstrating that
the proposed method is very efficient concerning both speed and accuracy. In addition, compared
with a set of existing well-known parallel algorithms, our approach obtains more accurate results
within a shorter time period.
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1

INTRODUCTION

Optimization algorithms can be divided into 2 categories: heuristic and metaheuristic methods. Heuristic algorithms are problem dependent and
are often greedy and prone to get stuck in local optima, failing to obtain the global optimum or even a near-optimal solution. Metaheuristic methods
such as tabu search, simulated annealing, and genetic or memetic algorithms are problem-independent techniques or frameworks that improve
performance of a heuristic search by allowing more thorough exploration of the search space and avoiding local optimum traps.
Computability is a significant challenge especially in NP-hard problems; there are no guarantees that such problems can be solved in a satisfactory
manner in a limited time. Several techniques have been proposed to improve solving of NP-hard problems. Among these, evolutionary computing (EC) methods are the most prominent and popular. The EC methods are useful for solving various kinds of problems. For instance, well-known
genetic algorithms (GA) are very suitable for discrete problems.1 They are population-based search methods that mimic the process of natural selection and evolution, as some characteristics of this process can be utilized in optimization problems. Particle swarm optimization (PSO) is another
population-based evolutionary method that mimics the flocking behavior of birds when they migrate from a place to another.2
EC methods can enhance solving of different problems but there are some disadvantages associated with them. For example, if the search space is
very large, it is possible that an evolutionary algorithm does not converge towards the global optimum or even to near-optimal solutions. To improve
the outcome in such cases, the initial population should be increased. The execution time of algorithms is another challenge in this area; it can be
intolerably high in some cases. Parallel approaches provide a viable means to enhance the quality of results and reduce time of obtaining results.
Previously, several parallel EC techniques have been proposed to achieve better results (eg, parallel ant colony optimization (PACO),3 parallel
genetic algorithm,1 parallel ABC (PABC),4 parallel memetic algorithm,5 and parallel PSO6 ). According to the works of Digalakis and Margaritis and
Alba,7,8 some parallel EC methods can even achieve super-linear performance. Super-linear performance means that parallel efficiency, ie, speedup
per processor, is higher than one. Normally, it is between zero and one.
Among the EC methods, the Imperialist Competitive Algorithm (ICA)9 is an efficient approach for continuous problems. In this paper, a parallel
implementation of the ICA (PICA – Parallel ICA) is proposed. We extend our previous works (see the works of Majd et al9,10 ) by presenting two different parallel implementations of PICA (multi-population and master-slave) to improve the speed and accuracy. The results are extensively analyzed
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with eight benchmarks and three case studies. The PICA is based on a multi-population (coarse-grain) strategy, and to the best of our knowledge,
this is the first attempt towards parallelizing the ICA. We evaluate the PICA under eight mathematical benchmarks, showing that a super-linear
performance is achieved. The experimental results are obtained through simulations on two different computer platforms, using Message Passing
Interface (MPI) instructions and a ring connected system model.
The remainder of this paper is organized as follows. In Section 2, a review of different parallel evolutionary algorithms is presented, and in
Section 3, parallel master-slave and multi-population implementations of the ICA are introduced. The experimental results are provided in
Section 4, and concluding remarks are given in Section 5.

2

REVIEW OF PARALLEL EVOLUTIONARY ALGORITHMS

In this section, some of the parallel EC methods and their common features, which have been utilized in our work, will be explored.

2.1

Parallel genetic algorithms

Genetic algorithms are population-based search methods that mimic the processes of natural selection and evolution, as some characteristics of
these processes can be utilized in solving optimization problems. Each GA has an initial population (several random chromosomes each of which is
an individual) and executes frequent operations such as selection, crossover, mutation, and replacement. All operations are repeated until reaching a suitable result or ending in a certain generation. In multi-population methods,1 there are several processors each of which has independent
populations, and each processor runs a simple GA. After a certain number of generations, all processors will stop and send some chromosomes
(migration operation) with a certain strategy, eg, best or worse, and share the results of solutions among each other. In this method, some of the
important parameters are: migration rate (number of countries that migrate at each migration time), migration gap (number of iterations between
two migration events), and interconnection topologies.
Master-slave is another approach used for different problems, eg, solving a task graph scheduling with coarse-grain GA like in the works of
Lotfi et al.11,12 In this method, one processor is assigned as a “master” to do the important operations of GA, such as crossover, mutation, replacement,
and selection, whereas the other processors that are called “slaves” evaluate the fitness function and send back the results to the master processor. The fitness function is an equation that defines the quality of each chromosome. These methods can be implemented either synchronously or
asynchronously. In the synchronous method, the master processor sends tasks to slave processors and waits until it receives results of all tasks from
slave processors. In the asynchronous method, the master processor continues its work without waiting for results of slave processors.13
Fine-grain methods are suitable for parallel computing with a massive number of processors where each processor is able to communicate with
the adjacent processors and each individual can recombine with each individual on the neighborhood of processors. The execution time of this
method is considerable but the resource (such as number of processors and communication rate) footprint is too high.
Hybrid GAs are compound methods composed of 2 levels: the upper level uses a multi-population method and the lower level utilizes either
a multi-population, master-slave, or fine-grain method. This approach is more efficient and faster than other methods because it can exploit the
strengths of different methods at the different levels of hierarchy.

2.2

Parallel ant colony optimization

Ant colony optimization (ACO) is a technique for approximate optimization.14 The inspiring source of ACO algorithms are real ant colonies. More
specifically, ACO is inspired by the ants’ foraging behavior. At the core of this behavior is the indirect communication between the ants by means
of chemical pheromone trails, which enables them to find short paths between their nest and food sources. This characteristic of real ant colonies
is exploited in ACO algorithms in order to solve, eg, discrete optimization problems.3,15 There are two parallel implementations of ACO: PACO and
PACO-CGD.
PACO is used on different optimization problems and is based on multi-population method, where each processor has an independent population
and runs the sequential ACO independently. After a certain number of iterations, a processor sends some useful information to other processors,
which is called “migration.” In PACO-CGD, the constructor graph decomposes into smaller parts and each part is sent to a processor, and then each
processor can run the ACO method by itself; the execution time of this approach is better than that of PACO.13

2.3

Parallel artificial bee colony algorithm

Artificial Bee Colony (ABC) is motivated by the intelligent behavior of honey bees. It is as simple as particle swarm optimization (PSO) and differential evolution (DE) algorithms and uses only common control parameters such as colony size and maximum cycle number.16 ABC, as an optimization
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tool, provides a population-based search procedure in which individuals called food positions are modified by the artificial bees as time passes, and
the bees' aim is to discover the places of food sources with high nectar amounts and finally the one with the highest nectar amount. In the ABC system, artificial bees fly around in a multidimensional search space and some (employed and onlooker bees) choose food sources depending on the
experience of themselves and their nest mates and adjust their positions accordingly. Some (scouts) fly and choose the food sources randomly without using experience. If the nectar amount of a new source is higher than that of the previous one in their memory, they memorize the new position
and forget the previous one. Thus, the ABC system combines local search methods carried out by employed and onlooker bees with global search
methods, managed by onlookers and scouts, attempting to balance exploration and exploitation processes. Artificial bee colony can be parallelized
in three ways: based on either a master-slave, multi-population, or hybrid method. In the master-slave method for ABC, similar to the master-slave
method for GA, one processor is assigned as a master in order to run the repetitive operations like an evaluation operation.
In multi-population ABC, each processor has an independent population and runs the sequential ABC method on its population with parameters
such as migration gap, migration rate, and network topology.
Hybrid ABC is a mixed method that, in the high level, uses the multi-population method, and in the low level, exploits the master-slave method,
which works similarly to the hybrid GA.13

2.4

Parallel particle swarm optimization

Theory of particle swarm optimization (PSO) has been advancing rapidly. PSO has been used by many applications on several problems. The algorithm
of PSO emulates the behavior of animal societies that do not have any leader in their group or swarm, such as bird flocking and fish schooling.
Typically, a flock of animals that has no leaders will find food randomly, following one of the members of the group that has the closest position with
respect to a food source (potential solution). The flocks achieve their best condition simultaneously through communication among members who
already have a better situation. PSO is used for continuous problems, whereas parallel PSO is an efficient solution for optimal task assignment in
distributed systems,17 which can be implemented with two parallel techniques: MPSO and MRPSO.
Multi-population PSO works like other multi-population methods where each processor has a different population and runs a simple PSO on its
population independently; a migration operation is also available.
MRPSO is an improved version of MPSO that adds an extra component to MPSO, called a repulsive component. This component in each processor
tries to make a diverse population. Particles that migrate between the swarms should be as different as possible from the particles already contained
in these swarms. The high degree of diversity in EC methods is very useful and helps obtaining better results.13

2.5

Parallel memetic algorithms

Memetic algorithms (MAs) are population-based and heuristic search approaches for optimization problems similar to GAs. GAs, however, rely on
the concept of biological evolution but MAs mimic cultural evolution. Parallel MAs are implemented as a coarse-grain approach called PARME. It is
used on optimization problems in the work of Vanneschi.18
PARME is a multi-population method that uses an independent population in each processor that runs MA independently. There is a big difference
between PARME and the other aforementioned methods like parallel GAs. The master processor controls the behavior of other processors and
creates an operation table in each iteration and sends it to other processor nodes. This operation table has the values of critical parameters such as
values of the best and the worst populations. The table will change in each iteration.13

3

PROPOSED METHODS

The Imperialist Competitive Algorithm (ICA), introduced by Gargari and Lucas,19 was inspired by imperialistic competition as its name suggests.
The ICA belongs to the class of evolutionary algorithms and is meant for solving linear and nonlinear NP-complete optimization problems. It is
a population-based method in which each possible solution is a country, corresponding to the chromosome concept in a genetic algorithm. The
algorithm first generates a set of countries, ie, the initial population. Then, all countries are divided into two types: imperialist states and colonies.
Imperialistic competition is the main instrument of this algorithm, and the expectation is that the colonies converge to the global minimum of the cost
function, or at least very close to this minimum. The initial sorting of the countries is based on their fitness function values. The best countries are
selected to be the imperialists, and the rest of the countries form the colonies of these imperialists (Figure 1, step 1). After dividing all colonies among
the imperialists, these colonies start moving toward their relevant imperialist countries. This takes place by revolution and assimilation operations
(Figure 1, step 2). In each iteration, two random real numbers varying between zero and one are generated for every colony. Then, these values
are compared with the predetermined assimilation (ie, Zeta19 ) and revolution probabilities (rates). If the random numbers are lower than these
probabilities, the procedure of assimilation or revolution is performed. In the next step, the ICA computes the power of each imperialist and the
imperialistic competition begins. The weakest imperialist loses its weakest colony and the selected imperialist captures this colony (Figure 1, step 5).
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Imperialist competitive algorithm

These steps are then repeated until the termination condition is satisfied. The termination condition can be defined in different ways. For example,
the ICA could be set to stop after a certain number of iterations, or when all countries have become colonies of one imperialist, ie, when there is only
one empire left (see Figure 1).
The ICA is a suitable approach for a variety of optimization problems but there exist certain challenges concerning the evolutionary algorithms in
general. For example, when we are dealing with a large search space, we need a large initial population to obtain acceptable accuracy of results; but
in a resource constrained processing environment, we may not be able to satisfy this requirement. Also, in the case of a complex problem that needs
complex computations, the run time of the algorithm will increase and may become intolerable. Therefore, we need to find an efficient approach to
improve the speed, stability, and accuracy of the method.
The ICA has an inherent parallel structure, and, consequently, parallel implementation provides a viable path to enhance the performance of
the algorithm. In the ICA, each imperialist and its colonies work independently, and after a decade (iteration), a colony moves to another imperialist. The behavior is similar to that of a multi-population method running on a single processor. We will look at two different approaches for PICA
implementation.

3.1

Master-slave PICA

In this method, we have several processors that are connected in a star topology using message passing but in a shared memory setup. One of the
processors (P0 ) is the master and the others are slaves. The master processor is the manager of the algorithm coordinating all involved operations
and dividing tasks among slave processors. The slave processors perform the tasks given to them, assisting the master processor. The master processor initiates the algorithm and determines how many countries should be created by the processor Pi (0 < i< number of processors), and which
fitness function evaluations Pi is to execute. It also divides the imperialists among the slave processors to assimilate colonies to imperialists and carries out a revolution operation on all colonies, enabling them to obtain new positions. The assimilation and revolution operations are, respectively,
exploitation and exploration operations from the EC perspective. Moreover, the master processor divides the imperialists among all slave processors to calculate the total cost of each empire. It performs imperialistic competition, selects the weakest imperialist and its weakest colony, and then
moves this weakest colony to the strongest (winner) imperialist. The master processor repeats the aforementioned operations until it reaches the
set termination condition.
The master-slave method is especially useful for complex problems or problems that have a complex fitness function. It can provably speed up
the optimization process. The implementation of the method is based on the synchronous paradigm, and its operation is in essence similar to that
of the sequential ICA with improved performance due to the parallel-operating slave processors. For this method, the shared memory setup is more
efficient than the message passing approach because the communication costs between the master and slave processors would be too high with
the message passing scheme. The pseudocode for the master-slave PICA is presented in Figure 2.

3.2

Multi-population PICA

The multi-population approach enables us to implement the PICA with a selective local search strategy. Our underlying system model consists of
a number of processors that are connected in a ring topology and use a message passing scheme for communication. In each processor, we first
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FIGURE 2

Pseudocode of master-slave PICA

initiate an independent set of countries and run the ICA independently of the other processors. Then, after some decades (iterations), the best
country migrates from the processor Pi to the processor Pi+1 (for all i) and replaces the worse country in Pi +1. The migration interval varies from
a run to another. All migrations between the processors take place synchronously (simultaneously), and, therefore, the numbers of the countries
in all processors are equal after each migration event.9 The behavior of the multi-population PICA is illustrated in Figure 3, and the pseudocode is
presented in Figure 4. The sparse connected ring topology enables a low migration rate due to the simple routing scheme and the short (single-hop)
migration distance.

FIGURE 3

Multi-population migration operation10

FIGURE 4

Pseudocode of multi-population PICA9
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TABLE 1

Mathematical benchmarks
Name

f1

G1

f2

G2

f3

Equation
x. sin (x) + 1.1y. sin (2y)

∑D
∑

i=1

−18.5547

f5

Rastrigin

−0.5231

f6

Akley

0

Equation

Min. Value

− 10 cos(2πxi ) + 10
√
∑
20 + e − 20 exp(−0.2 D1 Di=1 xi2
∑
− exp( D1 Di=1 cos(2π𝑥)

0

∑n

2
i=1 xi

f7

∑

Ellipse

10

i−1
4 D−1

i=1

(
)2
100 xi+1 − xi2 + (xi − 1)2

TABLE 2

Name

D

2
i=1 xi

Sphere
Rosenbrock

√
sin x2 +𝑦2 −0.5
1+0.1(x2 +𝑦2 )

0.5 +

n−1

f4

Min. Value

0

f8

Griewank

1
4000

∑n

2
i=1 xi

∏

xi2

−

cos

i=1

0
0

(

n

0

x
√i

)
i

+1

0

Specification of platforms.
Platform 1

Platform 2

CPU

4 ×Intel Core i7 2.67 GHz

Intel Core i3-330M, 2.13 GHz

Mother board

Gigabyte EX-58 EXTREME

-

6 GB DDR3

4 GB

HDD

500 GB

300 GB

NIC

Gigabyte

-

RAM

Network switch
Operating system
MPI library
Compiler
GPU

Cisco catalyst 3750

-

WINDOWS XP 64-bit

WINDOWS XP 64-bit

MPICH2 1.4

MPICH2 1.4

Visual C++ 6.0

Visual C++ 6.0

NVIDIA GeForce 9600 GT

-

By using the multi-population PICA, we increase both the size of the overall population, ie, the total number of countries and the selection pressure, which helps obtaining more accurate results within a fewer number of iterations. Indeed, convergence to results takes place much faster than
in the case of the sequential ICA, as will be demonstrated in Section 4.

4

EVALUATION AND EXPERIMENTAL RESULTS

We use eight test functions, ie, mathematical benchmarks, presented in TABLE 1, to compare our algorithms, ie, the two implementations of PICA
presented in Section 3, with the sequential ICA and some other parallel EC methods. All the considered problems are minimization problems.
In addition to the eight mathematical benchmarks, we will also have three case studies in the field of nonlinear equations. The algorithms are
implemented based on both shared memory and message passing communication models. First, we compare our algorithms with the sequential ICA,
followed by a comparison with a set of other well-known parallel EC methods. We utilize the MPI to parallelize our algorithms and MPICH220 to run
the algorithms. In the multi-population PICA, we connect processors in a ring topology with different numbers of processors on different tests. We
test our algorithms on two computer platforms, named Platform 1 (higher-end platform) and Platform 2 (lower-end platform), that are specified in
Table 2.

4.1

Comparision between multi-population parallel ICA and ICA

In this section, we compare the multi-population version of the PICA and the serial ICA. The comparison of these algorithms is based on their convergence diagram and potential speedup (Tables 3, 4, 5, 10, 11, 13, and 18). We employ 2 important benchmarks from the work of Gargari and Lucas19
in our tests, ie, f1 and f2 , as presented in Table 1.
In the experiment, we use two system models and two platforms (Table 2); in the case of a two-processor system model, we implement our
algorithm on Platform 2, and in the case of a six-processor system model, we implement it on Platform 1. Message passing based communication is
utilized in both cases. We have 100 countries and 8 imperialists in each processor. The revolution rate is set to 0.4 and the Zeta parameter to 0.1, corresponding to the exploration and exploitation rates in any EC method, respectively. We would obtain different results by varying these parameters
but we choose to test our algorithms using the mentioned constant values for simplicity. The architecture is based on the ring topology.
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TABLE 3 Speedup and efficiency values on f8 by multi-population ICA
and PABC

Number of threads

PABC16
Speedup
Efficiency

Multi-population PICA
Speedup
Efficiency

2

11.8

5.9

1.990

0.995

3

14.3

4.7

2.965

0.988

4

16.1

4.0

3.934

0.983

Values of speedup and efficiency on some
benchmarks by PICAs and GPU PSO-TM

TABLE 4

Multi-population PICA
N=1024
N=8192
Speedup
Speedup

TABLE 5

GPU PSO-TM2
N=1024 N=8192
Speedup Speedup

Akley

12.2

16.4

8.2

Rastrigin

18.1

28.9

16.6

25.5

Ellipse

11.2

14.8

7.2

12.8

Rosenbrock

11.6

15.2

8.2

16.9

14.6

Values of speedup and efficiency on problems f1 and f2
PICA
Master slave

P= 2
Speedup Efficiency

P= 6
Speedup Efficiency

Multi-population
P= 2
P= 6
Speedup Efficiency Speedup Efficiency

G1

1.72

0.86

4.98

0.83

12.2

6.1

67.7

9.45

G2

1.82

0.91

5.52

0.92

14.9

7.45

73.6

12.26

Statistical table of multi-population PICA on problem f1

TABLE 6

#P

N

Mean

SD

STE

Median

Worse

Best

2

100

−18.5350

0.0466

0.0047

−18.5544

−18.2159

−18.5547

6

100

−18.5473

0.0149

0.0015

−18.5543

−18.4892

−18.5547

The aforementioned analysis seems to indicate that the more processors we use, the better results we get. Closely related to this, let us now look
into another aspect of parallelization, ie, the parallel efficiency diagram (Figures 31 to 38).
The results demonstrate that the multi-population PICA is very suitable for solving and optimizing complex problems that have a large search
space. Based on the analysis, we know that the speedup of the six-processor PICA is higher than that of the two-processor PICA, and that the parallel
efficiency of the six-processor PICA is higher than that of the two-processor one, so the six-processor implementation clearly outperforms the
two-processor implementation. However, both of these implementations are actually very efficient because their parallel efficiency values are larger
than 1. This highlights the observation that the PICA is an extremely competitive and capable method, independently of the number of processors
used. With two processors, the parallel efficiency values are 6.1 and 7.45 for f1 and f2 , respectively, and with six processors, they are 9.45 and 12.26
for f1 and f2 , respectively. In other words, the results are relatively very close to each other. How many processors should be used in a real-life
application depends on the application-specific requirements and constraints.
We have also examined different migration gaps (intervals) and found interesting results. Having the migration operation as part of our method
is, in general, very beneficial; it improves the performance and outcome of the algorithm. However, in other parallel EC methods, the communication
time of migration is an important factor that has a significant influence on the run time of the algorithm, and therefore it has negative side effects in
these methods. This means in practice that a balance between the migration rate and communication time has to be found. In our algorithm, in turn,
the communication time is very small because in each migration event, every processor sends a single country (the best one) to the next (adjacent)
processor, as a single synchronous step.
As an overall result, we have demonstrated that the multi-population PICA is a prominent method and that we can improve the performance and
the quality of results by increasing the number of processors.
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Statistical table of multi-population PICA on f3 , f4 , f5 , f6 , f7 , and f8

TABLE 7

N

Mean

SD

STE

f3

30

0.001810433333333

0.002970555267766

5.423467094903584e-004

f4

30

0.007084433333333

0.009400134634705

0.001716221927671

Median

Worse

Best

0

0.001810433333333

0

0.00158750

0.028145000000000

0
0

f5

30

0.001589366666667

0.002425782099026

428851917428874e-004

0

0.007724000000000

f6

30

8.014333333333334e-004

0.001179387178196

2.153256538433475e-004

0

0.003326000000000

0

f7

30

0.006058700000000

0.008992364052446

0.001641773545608

0

0.028145000000000

0

f8

30

4.893666666666666e-004

8.566241876403997e-004

1.563974636250617e-004

0

0.002942000000000

0

4.2

Comparison between master-slave PICA and ICA

In this section, we compare the master-slave PICA with the serial ICA. Like in the previous experiment, we use two platforms (Table 2). In the case
of a two-processor system model, we implement our algorithm on Platform 2, and when the model has more than two processors, we implement
it on Platform 1. We utilize both message passing and shared memory architectures and use the MPI instructions with MPICH2-1.4. Furthermore,
we have 100 countries and 8 imperialists in each processor. The revolution rate and the Zeta parameter are set to the constant values of 0.4 and
0.1, respectively, like in the previous experiment. In our system model, we have a master processor whose rank is 0, and the other processors are
slaves. The master processor runs all the important tasks and manages the algorithm. The slave processors run all the tasks that are determined by
the master processor. The architecture is based on a fully topology in which the master processor is the central node.
In the master-slave setup, the parallel implementation of an EC algorithm, when implemented synchronously, is essentially similar to the sequential implementation on a single processor from the behavioral perspective. So, the convergence speeds of the serial ICA and the master-slave PICA
are the same. However, as illustrated in Table 5, the speedup of the master-slave PICA is significant (ie, clearly higher than 1) because the slave processors are computing tasks in parallel. Moreover, the speedup gets actually higher when the complexity of the problem increases, ie, the benchmark
f2 is more complex than f1 .
We can also see that increasing the number of processors leads to better results, as well as higher speedup and parallel efficiency. However, even
though the master-slave PICA is an efficient method, the multi-population PICA clearly outperforms it in this respect.

4.3

Comparison between PICA and parallel ABC

The proposed parallel algorithms are next evaluated on a set of well-known benchmark functions that were used in the work of Narasimhan16 to
analyze the PABC method. In the case of the multi-population PICA, we create 160 independent countries in every processor, and each processor
has 8 imperialists. We test it on Platform 1 with a migration operation taking place every 100 decades (iterations). The connection topology is the
ring. In the case of the master-slave PICA, we create 160 countries in the master processor and have 7 slave processors that run parallel operations
controlled by the master processor.
In the PABC experiments presented in the work of Narasimhan,16 the size of the bee colony was chosen to be 160 with 50% employed bees
and 50% onlooker bees (SN = 80). A maximum of one scout bee is produced per cycle. The PABC algorithm was run for 2000 iterations on a set
of benchmark functions. The algorithm was simulated for a different number of processors. The best mean values and the standard deviation (SD)
were recorded over 30 runs for 4, 8, and 16 processors.
In our experiments on the PICA, we mimic the test conditions used in the work of Narasimhan16 to enable fair comparison between the PICA
and the PABC method. The results are listed in Tables 8, 9, and 12. They indicate that the multi-population PICA performs better than PABC and
the master-slave PICA but the results of PABC and the master-slave PICA are almost the same. The PABC method has a better mean value but the
master-slave PICA has a better SD value (in Table 8).
The multi-population PICA has the best mean and SD values, and can therefore be considered the most prominent method of the three. The main
factors for this success are the efficient migration strategy and process and the inherent parallel characteristics of the ICA that seamlessly facilitate
efficient parallel implementation of the algorithm. We cannot compare the numbers of fitness function evaluations because there is no information
about it in the work of Narasimhan.16
We also need to compare the execution speeds of the PICA and PABC but our platform is different from the platform used in the work of
Narasimhan16 for analyzing PABC. Therefore, we cannot compare the speeds directly but we need to use speedup values for indirect comparison.
We know from other works21-23 that the sequential ICA is faster than the sequential ABC method; so, if our parallel algorithms have higher speedup
values, then we can claim that our proposed algorithms are faster than PABC. We have tested our algorithms on the Griewank benchmark (Table 1)
with 2, 3, and 4 processors, like what was done in the work of Narasimhan16 for PABC. The speedup values are shown in Table 9. Comparing these,
we can see that our methods have better speedup values. In the case of the multi-population PICA, the difference is very clear, whereas in the case

D

30

30

30

30

f

f3

f4

f5

f8

TABLE 8

2000

2000

2000

2000

MCN

4.728617E-18

1.993628E-16

2.322891E-02

2.51354E-16

6.598321E-19

4.736478E-17

3.462278E-02

3.66295E-17

Master-slave
P=4
Mean
SD
Mean

3.927344E-18

1.862283E-16

1.876391E-02

1.64297E-16

SD

5.668102E-19

4.732892E-17

2.964761E-02

3.367451E-18

1.722862E-16

SD

4.962713E-19

4.378971E-17

5.213874E-03

2.18497E-17

P=16

4.823789E-03

1.52341E-16

Mean

Multi-population

2.28976E-17

P= 4

PICA

Results obtained for the PICA and PABC algorithms on some benchmark functions

Mean

4.896980E-18

1.946071E-16

2.182352E-02

2.49479E-16

SD

3.250047E-02

7.036649E-19

4.615336E-17

Mean

2.282869E-02

4.756034E-18

1.931904E-16

SD

6.995602E-19

5.386725E-17

2.585128E-02

4.100729E-17

P=16

2.467389E-16

PABC16

4.043068E-17

P=4

MAJD ET AL.
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Speedup and efficiency values on f8 for PICA and PABC

TABLE 9

Number of threads

Master-slave PICA
Speedup Efficiency

Multi-population PICA
Speedup
Efficiency

PABC16
Speedup Efficiency

2

1.936

0.968

11.8

5.9

1.990

0.995

3

2.967

0.989

14.3

4.7

2.965

0.988

4

3.964

0.991

16.1

4.0

3.934

0.983

Values of speedup and efficiency on problem f3 by PICAs, multi-population GA and
Neighborhood GA

TABLE 10

Problem Master-slave PICA
P= 8
G3

Multi-population GA24 Neighborhood GA25

Multi-population ICA
P= 8

P= 8

P= 8

Speedup

Efficiency

Speedup

Efficiency

Speedup

Efficiency

Speedup

Efficiency

7.52

0.94

23.44

2.93

3.28

0.41

4.7

0.58

of the master-slave PICA, the difference is very small. We can therefore conclude that the multi-population PICA is the champion among the three
methods by a clear margin.

4.4

Comparison between PICA and multi-population parallel genetic algorithm

In this section, we compare both PICA versions with the multi-population PGA. The comparison is based on the benchmark Sphere (Table 1,
function f3 ). We focus on the speed of these algorithms. To compare the speeds straightforwardly, we would need to run the PICA and PGA on the
same platform. To compare these algorithms without actually implementing the PGA (ie, by using the results from an earlier publication instead), we
utilize another approach that is based on the speedup and parallel efficiency, like the aforementioned statements where we compared the speeds of
the PICA and the PABC method. In other words, we divide the task into two steps. In the first step, we compare the sequential ICA and the sequential GA on the same platform and on the same benchmark. In the second step, we compute the speedups of the PICA and the PGA to find out which
algorithm is faster. First, we know from other works21-23 that the sequential ICA is faster than the sequential GA on the Sphere benchmark but let
us assume here that their speed is the same just to be on the safe side. Second, we compute the speedup and parallel efficiency of the PICA on the
Sphere benchmark; the results are given in Table 10. Then, we take the PGA’s speedup and parallel efficiency values from the work of Alba et al24
and insert them in Table 10. Now, we can compare the ICA and the PGA; the one that has a higher speedup and parallel efficiency is the winner. We
have run our 2 PICA versions 100 times under the same conditions to obtain the results shown in Table 10.
Based on the results (Table 10), we can conclude that both PICA versions outperform the multi-population PGA by a clear margin, the
multi-population PICA being superior among the 3 candidates.

4.5
Comparison between PICA and dynamic neighborhood structures in parallel evolution strategies
(Neighborhood GA)
In this section, we compare our 2 PICA versions with an approach known as the Dynamic Neighborhood Structures in parallel ES (ie, the Neighborhood GA). We use the Sphere benchmark (Table 1) and the same speedup and parallel efficiency based comparison method, as aforementioned. We
run our algorithms 100 times under the same conditions.
We know that the sequential ICA converges to the best result faster than the sequential GA does19 but let us assume modestly that their speeds
are equal. In Tables 10 and 11, we show the simulation results for our multi-population and master-slave PICAs and the results for the Neighborhood

Values of speedup and efficiency on problem f3 by PICAs and
Neighborhood GA

TABLE 11

Problem Master-slave PICA

Multi-population ICA

P= 4
G3

Neighborhood GA25

P= 4

P= 4

Speedup

Efficiency

Speedup

Efficiency

Speedup

Efficiency

3.84

0.96

11.6

2.9

3.1

0.75

MAJD ET AL.
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GA that are obtained from the work of Weinert et al.25 By comparing the results (Tables 10 and 11), we can conclude that both PICA versions clearly
outperform the Neighborhood GA from both speedup and parallel efficiency perspectives.

4.6

Comparison between multi-population PICA and GPU-based PSO-TM

In this section, we compare the multi-population PICA with the parallel PSO-TM method implemented on a GPU.2 The GPU-PSO-TM was deployed
in the work of Zhou and Tan2 on the CUDA platform based on an Intel Core 2 Duo 2.20 GHz CPU, 3.0 GB RAM, with the NVIDIA GeForce 9800GT
display adapter and the Windows XP operating system. Our multi-population PICA is implemented on Platform 1 (Table 2). We run our algorithm
on two different population sizes, ie, 1024 and 8192, using a four-processor system model with the ring topology.
Based on other works,21-23 we know that the sequential ICA is faster than the sequential PSO, and therefore we can compare the speeds
of the PICA and the GPU-PSO-TM method by comparing their speedup values like we did with some other methods in the previous subsections. We run the multi-population PICA on the Akley, Rastrigin, Ellipse, and Rosenbrock benchmarks (Table 1). The results are shown in Table 4.
We can see that the speedup of the PICA is generally higher than that of the GPU-PSO-TM approach, especially with the smaller population
size. From the speedup perspective, our algorithm outperforms the GPU-PSO-TM method in all tests except for 1 case. With the larger population size, the GPU-optimized PSO-TM solution becomes relatively stronger, even surpassing our multi-population PICA’s speedup value in one of
the tests.

4.7

Comparison between multi-population PICA and C-PPSO

In this section, we compare the multi-population PICA with the coarse-grain parallel PSO-TM method (C-PPSO).26 We have tested our PICA on the
Sphere, Rosenbrock, Rastrigin, and Griewank benchmarks (Table 1) using four-, six-, and eight-processor system models (with the ring topology).
Each experiment was repeated 30 times, and the maximum iteration number was 10 000 for all benchmarks. In the case of the C-PPSO approach,
based on the work of Basturk et al,26 we investigated the coarse-grain models with different numbers of subpopulations, and the entire population
consisted of 100 individuals. The results of the C-PPSO model were compared with the results of a standard PSO to determine the speedup and
parallel efficiency values.26
The results shown in Table 13 demonstrate that our algorithm has higher speedup and parallel efficiency values, and therefore we can conclude
that our multi-population PICA is faster and more efficient than the C-PPSO method. The difference is clear and becomes even clearer when the
number of processors increases.

4.8

Convergence

In this section, we show the convergence diagrams of the benchmarks in order to compare our results and diagrams with the results and diagrams
presented in other works.2,16,19,24-26 These results have been obtained with different numbers of processors and different population sizes on the
multi-population PICA method. The convergence diagrams for our approach are shown in Figures 5 to 12, 23, 26, and 29. After the comparison
between our algorithm's convergence diagrams and those of the mentioned other works, we can claim that our algorithm converges faster than the
other methods within a lower number of iterations.

4.9

Stability

In this section, we demonstrate that our multi-population PICA is stable (producing similar results in different runs) and accurate (producing results
that are near to the global optimum) by testing it on the different benchmarks and drawing the corresponding stability diagrams for it. Each stability
diagram shows the behavior of the method in different runs for a given benchmark. These diagrams are illustrated in Figures 13 to 20, Figure 24,
Figure 27, and Figure 30. The minor fluctuation of the graphs indicates that our algorithm is indeed stable and accurate. Moreover, the statistical
results listed in Tables 6, 7, 8, 12, and 16 also indicate that the multi-population PICA is more stable and accurate than the other considered methods.
In these tables, there are five important parameters. The standard deviation (STD) is a measure that is utilized to quantify the amount of variation or
dispersion of a set of data values. A method cN runs. The best and the worst are the best and the worst values of all N. The mean is the average value
of all the best results in all N runs. A method can be considered the most accurate one when it has the lowest values of STD and the mean and the
lowest values of the best and the worst. We can conclude that our algorithm indeed is more accurate, with fewer errors, than the other considered
methods.

30

30

30

f4

f5

f8

3.927344E-18

1.862283E-16

1.876391E-02

Mean

P=4

5.668102E-19

4.732892E-17

2.964761E-02

SD

3.367451E-18

1.722862E-16

4.823789E-03

Mean

PICA
Multi-population
P=16

5.213874E-03

18.1

16.3

Rastrigin

Griewank

4.07

4.52

11.6

Rosenbrock

3.05
2.90

12.2

Sphere

25.32

28.26

17.88

18.6

4.22

4.71

2.98

3.10

34.08

37.84

24.4

25.12

Multi-population PICA
CPU=6
CPU=8
Efficiency
Speedup
Efficiency
Speedup

SD

4.962713E-19

4.378971E-17

2.182352E-02

3.14

4.26

4.73

3.05

Mean

3.9029

3.9114

3.9580

3.9572

P=4

7.036649E-19

4.615336E-17

3.250047E-02

SD

Mean

0.9757

0.9778

0.9895

0.9893

5.9128

5.7774

5.7793

5.7555

0.9855

0.9629

0.9632

0.9593

7.3851

7.7703

5.9724

6.995602E-19

5.386725E-17

2.585128E-02

SD

0.9231

0.9713

0.7465

0.8440

Speedup

P=16

6.7519

4.756034E-18

1.931904E-16

2.282869E-02

PABC16

C-PPSO 26
CPU=6
CPU=8
Efficiency
Speedup
Efficiency

4.896980E-18

1.946071E-16

CPU=4
Efficiency
Speedup

Values of speedup and efficiency on some benchmarks by PICAs and C-PPSO

2000

2000

2000

MCN

CPU=4
Efficiency
Speedup

TABLE 13

D

Results obtained for the PICA and PABC algorithms on some benchmarks function

f

TABLE 12
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Comparison results of PICA for Case 1 with other works25,27,28,30

TABLE 14

Methods
PPSO 27

and Gyurhan 28

x1

x2

f(x)

−0.29051455550725

1.08421508149135

4.686326815078573e-029

−0.793700525984100

−0.793700525984100

1.577721810442024e-030

COA 30

1.08421508149135

−0.29051455550725

4.686326815078573e-029

COA 30

−0.29051455550725

1.08421508149135

4.686326815078573e-029

PPSO 27 and Gyurhan 28

Ica 29

1.084215081491351

−0.290514555507251

3.562200025138631e-030

Ica 29

−0.793700525984100

−0.793700525984100

1.577721810442024e-030

Ica 29

−0.290514555507251

PICA (present study)

1.0842150814913511

PICA (present study)

−0.79370052598409995582

PICA (present study)

−0.2905145555072514

1.084215081491351

3.562200025138631e-030

−0.2905145555072514

4.9303806576313238e-032

−0.79370052598409995582

1.0842150814913511

FIGURE 5

Convergence diagram of multi-population PICA with 2 processors in problem f1

FIGURE 6

Convergence diagram of multi-population PICA with 6 processors in problem f1

FIGURE 7

Convergence diagrams of f3

3.9443045261050590e-031
4.9303806576313238e-032
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FIGURE 8

Convergence diagrams of f4

FIGURE 9

Convergence diagrams of f5

40
Mean
Best

f(x)

30
20
10
0
10 0

10 1

10 2

Iteration
FIGURE 10

Convergence diagrams of f6

FIGURE 11

Convergence diagrams of f7

10 3
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FIGURE 12

Convergence diagrams of f8

FIGURE 13

Stability diagram for 100 runs by multi-population PICA with 2 processors in problem f1

FIGURE 14

Stability diagram for 100 runs by multi-population PICA with 6 processors in problem f1

FIGURE 15

Stability diagrams of f3

FIGURE 16

Stability diagrams of f4
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FIGURE 17

Stability diagrams of f5

FIGURE 18

Stability diagrams of f6

FIGURE 19

Stability diagrams of f7

FIGURE 20

Stability diagrams of f8
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FIGURE 21

The convergence history of case 1 (from the work of Jaberipour et al27 )
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FIGURE 22

The convergence history of case 1 (from the work of Abdollahi et al29 )

FIGURE 23

The convergence history of case 1 with PICA

FIGURE 24

The stability chart of case 1 with PICA
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TABLE 15

Comparison results of Case 2

Methods

X

Variable values

f

Functions values

F(x)

The best in the work of Wang et al31

x1

0.500432850000000

f1

−0.000238520000000

7.693745216994211e-008

The best in the work of Floudas et al32

x2
x1

3.141863170000000
0.299450000000000

f2
f1

0.000141590000000
6.139739265609290e-007

1.014347133848949e-012

x2

2.836930000000000

f2

−7.983627943186633e-007

x1

0.500000000000000

f1

2.111655261760603e-007

5.316365008296489e-012

The best in COA30

x2
x1

3.141590000000000
0.299300000000000

f2
f1

−2.296034435467220e-006
−7.128922385554737e-005

5.792081721117691e-009

The best in ICA29

x2
x1

2.836600000000000
0.299448692495720

f2
f1

2.664447941302939e-005
1.305289210051797e-012

5.631272867601562e-024

x2

2.836927770471037

f2

2.284838984678572e-013

x1

0.500000000000000

f1

0

x2
x1
x2
x1
x2

3.141592653589794
0.29944869249092598
2.8369277704589400
0.500000000000000
3.141592653589794

f2
f1
f2
f1
f2

0
−1.387778780781446e-016
2.220446049250313e-016
0
0

The best of PICA

0

0

10

Best Cost
Mean Cost

−5

10
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−15

f(x)
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10
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Iteration

FIGURE 25

The convergence history of case 2 (from the work of Abdollahi et al29 )

FIGURE 26

The convergence history of case 2 with PICA
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6.856310602018560e-032
0
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FIGURE 27

The stability chart of case 2 with PICA
0

10

Best Cost
Mean Cost

−5

10

−10

10

−15

f(x)

10

−20

10

−25

10

−30

10

−35

10

0

100

200

300

400

500
600
Iteration

FIGURE 28

The convergence history of case 3 (from the work of Abdollahi et al29 )

FIGURE 29

The convergence history of case 3 with PICA

FIGURE 30

The stability chart of case 3 with PICA

700

800

900

1000

30

6.898049999999997e-037

1.046312443884771e-026
1.150107106181705e-037 2.099798685342363e-038

1.511543708264576e-026 2.759688618905053e-027

9.039099999999999e-037

4.414500000000001e-026

5.800000000000000e-037

0.0

4.930400000000000e-032

30

3.944300000000000e-031

0.0

Case 3

1.739458967563944e-031 3.175803047964731e-032

0.0

Case 2

1.988586000000001e-031

0.0

30

0.0

Case 1

0.0

30

Best

30 −1.215981999999999e+002 7.226896453227138e-014 1.319444736062194e-014 −1.215982000000000e+002 −1.215982000000000e+002

Worst

Test 2

Std. error mean

Test 1

Std. deviation

N

Problem

Mean

Statistical results of multi-population ICA

TABLE 16
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TABLE 17

Comparison results of Case 3

Methods

X

Variables values

f

Functions values

The best in the work of Wang et al 31

x1
x2
x3
x4
x5
x6
x7
x8
x1
x2
x3
x4
x5
x6
x7
x8
x1
x2
x3
x4
x5
x6
x7
x8
x1
x2
x3

0.67154465
0.74097111
0.95189459
−0.30643725
0.96381470
−0.26657405
0.40463693
0.91447470
0.1644
−0.9864
−0.9471
−0.3210
−0.9982
−0.0594
0.4110
0.9116
0.164431665854327
−0.986388476850967
0.718452601027603
0.718452601027603
0.997964383970433
0.063773727557003
−0.527809105283546
−0.849363025083964
0.164431665854327405
−0.986388476850967110
0.718452601027603350

f1
f2
f3
f4
f5
f6
f7
f8
f1
f2
f3
f4
f5
f6
f7
f8
f1
f2
f3
f4
f5
f6
f7
f8
f1
f2
f3

−0.00000375
0.00001537
0.00000899
0.00001084
0.00001039
0.00000709
0.00000049
−0.00000498
−8.8531e-005
3.5894e-005
6.6216e-006
2.1560e-005
1.2320e-005
3.9410e-005
−6.8400e-005
−6.4440e-005
2.775557561562891e-016
−1.110223024625157e-016
−1.110223024625157e-016
1.734723475976807e-018
0
0
0
0
5.368529659036217811e-019
2.548307417523678423e-019
−3.378192205891815512e-019

x4
x5
x6
x7
x8

−0.695575919707310931
0.997964383970432520
0.063773727557002571
−0.527809105283546241
−0.849363025083964123

f4
f5
f6
f7
f8

3.389211820587187123e-019
0
0
0
0

The best in the work of Floudas et al 32

The best of ICA 29

The best of PICA

TABLE 18

Problem

FIGURE 31

4.10

The comparison statistical results of serial ICA25 and PICA
Speedup

Efficiency

Serial ICA time

PICA time

#processors

Super linear performance?

Case 1

2.82

1.41

0.0341

0.012

2

Yes

Case 2

5.1

2.55

2.1

0.411

2

Yes

Case 3

6.24

3.12

6.78

1.08

2

Yes

Speedup diagram and parallel efficiency diagram for f1

Case studies

In this section, three commonly explored systems of nonlinear equations have been used to demonstrate the performance of the proposed method,
and the obtained results have been compared with the other known methods.
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FIGURE 32

Speedup diagram and parallel efficiency diagram for f2

FIGURE 33

Speedup diagram and parallel efficiency diagram for f3

FIGURE 34

Speedup diagram and parallel efficiency diagram for f4

FIGURE 35

Speedup diagram and parallel efficiency diagram for f5

Case 1. This example has been given in other works27-30
⎧
⎪x1 − 3x1 x22 − 1 = 0
⎨
⎪3x12 x2 − x23 + 1 = 0.
⎩

(1)
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FIGURE 36

Speedup diagram and parallel efficiency diagram for f6

FIGURE 37

Speedup diagram and parallel efficiency diagram for f7

FIGURE 38

Speedup diagram and parallel efficiency diagram for f8

The solutions in the works of Jaberipour et al27 and Gyurhan and Nedzhibov28 have been obtained with 120 iterations with unknown population
sizes. The parameters of the sequential ICA method29 have been set to 50 iterations with 250 countries. The results of case 1 are compared with
the PICA in Table 14. The obtained solutions by the PICA are better and more accurate than those of the previous works. Figures 21 to 23 indicate
the convergence history of Case 1. Figure 24 shows the stability diagram of this case.
Case 2. (Problem 2 in the work of Wang et al,31 Test Problem 14.1.4 in the work of Floudas et al,32 and Case Study in the works of
Abdollahi et al29,30 )
𝑓1 (x1 , x2 ) = 0.5 sin (x1 x1 ) − 0.25x2 ∕π − 0.5x1 = 0
𝑓2 (x1 , x2 ) = (1 − 0.25∕π) ((exp(2x1 ) − e) + ex2 ∕π − 2ex1 = 0.

(2)

The results of case 2 in other works29-32 with 50 iterations and the population size of 250 are compared with the PICA in Table 15. The obtained
solutions show that PICA outperforms the mentioned methods with 250 countries and 35 iterations. The results are illustrated in Figures 25 to 27.
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Case 3. (Problem 6 in the work of Wang et al31 and Test Problem 14.1.6 in the work of Floudas et al32 )
Case 3 has been solved by the filled function method in the work of Wang et al31 and has been proposed as a problem in the work of
Abdollahi et al.29,32
4.731 × 10−3 x1 x3 − 0.357x2 x3 − 0.1238x1 + x7 − 1.637 × 10−3 x2 − 0.9338x4 − 0.3 = 0
0.2338x1 x3 + 0.7623x2 x3 + 0.2638x1 − x7 − 0.07745x2 − 0.6734x4 − 0.6022 = 0
x6 x8 + 0.3578x1 + 4.731 × 10−3 x2 = 0
−0.7623x1 + 0.2238x20.3461 = 0
x12 + x22 − 1 = 0

(3)

x32 + x42 − 1 = 0
x52 + x62 − 1 = 0
x72 + x82 − 1 = 0
−1 ≤ xi ≤ 1,

i = 1, 2, … , 8.

The number of iterations for this problem in other works29,31,32 is 1000 and the population size is 300. Our results with the same numbers of
iterations and countries have been compared in Table 17. The convergence history of ICA 29 and PICA is shown in Figures 28 and 29, respectively.
Figure 30 shows the stability diagram of PICA for Case 3. The statistical results of the tests and cases are illustrated in Table 16. The comparison
between the statistical results of the serial ICA and the parallel ICA is given in Table 18.

4.11

Speedup and parallel efficiency

As already discussed above, speedup and parallel efficiency, defined in Equations 4 and 5, are important parameters, indicating the quality of parallelization. They reveal whether parallel algorithms are suitable or not for given problems. As already demonstrated by the above analyses, we can
also use these parameters to compare the speed of our algorithms with that of another parallel EC method. For example, we know based on other
works15,21,33 that the serial ICA is faster than the GA, ES, ABC, and PSO. Therefore, if our speedup and parallel efficiency values for the PICA are
higher than those of the parallel implementations of the other mentioned EC algorithms, then our parallel algorithm is provably faster than the
others.
Speedup =
Parallel Efficiency =

T (1)
Execution time on one processor core
=
T (m)
Execution time on m processor cores

(4)

Speedup
m

(5)

For the benchmark f1 (Table 1), the sequential ICA obtains the best results after 10 iterations, while the multi-population PICA obtains them
after three iterations. So, this benchmark is very simple, and when we find the results with six processors after three iterations, there is clearly no
need for a larger number of processors. In Figures 31 to 38, we show the parallel efficiency and speedup as a function of the number of processors
on all the benchmarks; they convincingly demonstrate efficiency and usefulness of the parallel implementations. Super-linear speedup means that
using M processors leads to an algorithm that runs more than M times faster than the sequential version. However, reporting super-linear speedup
is somewhat controversial, especially for the “traditional” research community, since some non-orthodox practices could be thought of being the
cause for this result.8 Super-linear performance is nevertheless the main achievement of our algorithms. Indeed, in all benchmark diagrams, we can
see that we obtain super-linear performance. Based on our extensive experiments, the PICA is the best choice for solving the considered problems.

5

CONCLUSION

We have introduced two parallel versions of the ICA, ie, the multi-population PICA and the master-slave PICA, utilizing MPI instructions in their
implementations. We tested them on two different computer platforms, on eight mathematical benchmarks and three nonlinear case studies, and
compared them with the sequential ICA and a large set of other parallel evolutionary computing methods. Our extensive experiments show that
both PICA implementations are very efficient in solving different kinds of complex problems and they are in general faster and more efficient and
stable than the other parallel methods considered. The multi-population PICA has been proven to be especially prominent approach. In fact, both
approaches have been shown to achieve a super-linear performance. Figures 13 to 20, Figure 23, Figure 27, and Figure 30 highlight the stability of
the proposed multi-population PICA, and Figures 21 to 23, Figure 25, Figure 26, Figure 28, Figure 29, and Figures 31 to 38 demonstrate that our
multi-population algorithm converges fast to the best results and has very high speedup and parallel efficiency values. Overall, compared with the
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competing parallel methods, its run time is significantly lower (there is a smaller number of fitness function evaluations) and its accuracy is better.
Indeed, the proposed multi-population PICA is the champion among the analyzed evolutionary methods by a clear margin.
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$EVWUDFW² WKH ZLGHVSUHDG LPSRUWDQFH RI RSWLPL]DWLRQ DQG
VROYLQJ 13KDUG SUREOHPV OLNH VROYLQJ V\VWHPV RI QRQOLQHDU
HTXDWLRQVLVLQGLVSXWDEOHLQDGLYHUVHUDQJHRIVFLHQFHV9DVWXVHV
RIQRQOLQHDUHTXDWLRQVDUHXQGHQLDEOH6RPHRIWKHLUDSSOLFDWLRQV
DUH LQ HFRQRPLFV HQJLQHHULQJ FKHPLVWU\ PHFKDQLFV PHGLFLQH
DQGURERWLFV7KHUHDUHGLIIHUHQWW\SHVRIPHWKRGVRIVROYLQJWKH
V\VWHPVRIQRQOLQHDUHTXDWLRQV2QHRIWKHPRVWSRSXODURIWKHP
LV (YROXWLRQDU\ &RPSXWLQJ (&  7KLV SDSHU SUHVHQWV DQ
HYROXWLRQDU\ DOJRULWKP WKDW LV FDOOHG 3DUDOOHO ,PSHULDOLVW
&RPSHWLWLYH $OJRULWKP 3,&$  ZKLFK LV EDVHG RQ D PXOWL
SRSXODWLRQWHFKQLTXHIRUVROYLQJV\VWHPVRIQRQOLQHDUHTXDWLRQV
,QRUGHUWRGHPRQVWUDWHWKHHIILFLHQF\RIWKHSURSRVHGDSSURDFK
VRPHZHOONQRZQSUREOHPVDUHXWLOL]HG7KHUHVXOWVLQGLFDWHWKDW
WKH3,&$KDVDKLJKVXFFHVVDQGDTXLFNFRQYHUJHQFHUDWH
.H\ZRUGV² SDUDOOHO LPSHULDOLVW FRPSHWLWLYH DOJRULWKP
3,&$  PXOWLSRSXODWLRQ WHFKQLTXH HYROXWLRQDU\ FRPSXWLQJ
(&  VXSHU OLQHDU SHUIRUPDQFH QRQOLQHDU HTXDWLRQV PXOWL
REMHFWLYHRSWLPL]DWLRQ

, ,1752'8&7,21
6\VWHPV RI QRQOLQHDU HTXDWLRQV DUH RQH RI WKH 13+DUG
SUREOHPV ZKLFK UHVHPEOH WKH PXOWLREMHFWLYH RSWLPL]DWLRQ
SUREOHPV6\VWHPVRIQRQOLQHDUHTXDWLRQVDUHXWLOL]HGLQDUDQJH
RI HQJLQHHULQJ DSSOLFDWLRQV VXFK DV ZHDWKHU IRUHFDVW
SHWUROHXP JHRORJLFDO SURVSHFWLQJ FRPSXWDWLRQDO PHFKDQLFV
DQG FRQWURO ILHOGV 7KH TXDOLW\ RI DQVZHUV RI WKH FODVVLFDO
PHWKRGVOLNHWKH1HZWRQW\SHPHWKRGVGHSHQGVRQWKHLQLWLDO
JXHVV RI WKH VROXWLRQ +RZHYHU VHOHFWLQJ VXLWDEOH LQLWLDO
VROXWLRQV IRU WKH PRVW V\VWHPV RI QRQOLQHDU HTXDWLRQV LV
H[WUHPHO\GLIILFXOW
6RIDUVHYHUDOPHWKRGVKDYHEHHQSURSRVHGIRURSWLPL]DWLRQ
SUREOHPV 7KH\ FDQ EH FODVVLILHG LQWR WZR PDMRU FODVVHV
PDWKHPDWLFDO PHWKRGV DQG HYROXWLRQDU\ FRPSXWLQJ (& 
PHWKRGV7KHUHDUHGLIIHUHQWW\SHVRI(&PHWKRGVPRVWRIWKHP
DUH LPSOHPHQWHGLQD VHTXHQWLDO PRGHDQGVRPHLQDSDUDOOHO
PRGH
6HTXHQWLDO (& PHWKRGV DUH PRUH SRSXODU WKDQ RWKHU
PDWKHPDWLFDOPHWKRGVIRUVROYLQJQRQOLQHDUHTXDWLRQVEXWWKH\
GRQRWDOZD\VSURYLGHVXIILFLHQWDFFXUDF\7KHUHDUHGLIIHUHQW
NLQGVRISDUDOOHO(&PHWKRGVWKDWDUHFDSDEOHRILPSURYLQJWKH
DFFXUDF\RIUHVXOWV,QWKLVZRUNZHXWLOL]HDPXOWLSRSXODWLRQ
(&PHWKRGWKDWLPSURYHVWKHUHVXOWVRIWKHXVHGEHQFKPDUNV
7KHUHVWRIWKHSDSHULVRUJDQL]HGDVIROORZV,Q6HFWLRQ,,WKH
LPSHULDOLVW FRPSHWLWLYH DOJRULWKP LV UHYLHZHG 6HFWLRQ ,,,
LQWURGXFHVWKHSDUDOOHOLPSOHPHQWDWLRQRIWKH,&$EDVHGRQWKH
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PXOWLSRSXODWLRQ WHFKQLTXH ,Q 6HFWLRQ ,9 WKH SURSRVHG
DOJRULWKPLVFRPSDUHGZLWKWKHUHODWHGSUHYLRXVZRUNV)LQDOO\
6HFWLRQ9FRQFOXGHVWKHSDSHUDQGLQGLFDWHVWKHIXWXUHZRUNV
,, 5(/$7(':25.
/HWXVILUVWORRNLQWRWKHVHTXHQWLDODOJRULWKPVWKDWKDYHEHHQ
SURSRVHGIRUVROYLQJV\VWHPVRIQRQOLQHDUHTXDWLRQV(O(PDU\
DQG (O.DUHHP HPSOR\HG *DXVV/HJHQGUH LQWHJUDWLRQ DV D
WHFKQLTXHWRVROYHWKHV\VWHPRIQRQOLQHDUHTXDWLRQVDQGXVHG
JHQHWLF DOJRULWKP *$  WR GLVFRYHU WKH UHVXOWV ZLWKRXW
FRQYHUWLQJ WKH QRQOLQHDU HTXDWLRQV WR OLQHDU HTXDWLRQV >@
0DVWRUDNLVHPSOR\HGJHQHWLFDOJRULWKP *$ WRVROYHDQRQ
OLQHDUHTXDWLRQDVZHOODVV\VWHPVRIQRQOLQHDUHTXDWLRQV>@
/LDQG=HQJ>@XVHGDQHXUDOQHWZRUNDOJRULWKPIRUVROYLQJ
DVHWRIQRQOLQHDUHTXDWLRQV7KHFRPSXWDWLRQLVFDUULHGRXWE\
D VLPSOH JUDGLHQW GHVFHQW UXOH ZLWK YDULDEOH VWHSVL]H OHYHOV
>@+XDQ7RQJHWDOSURSRVHGDPRGLILHGHYROXWLRQVWUDWHJ\
(6  EDVHG RQ D SUREDELOLW\ UDQNLQJ PHWKRG WR VROYH
FRPSOLFDWHG QRQOLQHDU V\VWHPV RI HTXDWLRQV 16(  SUREOHPV
>@ 0 $EGROODKL HW DO DSSOLHG WKH LPSHULDOLVW FRPSHWLWLYH
DOJRULWKP IRU VROYLQJ QRQOLQHDU V\VWHPV RI HTXDWLRQV >@
2X\DQJHWDOHPSOR\HGDK\EULGSDUWLFOHVZDUPRSWLPL]DWLRQ
+362  DOJRULWKP 7KH SDUWLFOH VZDUP RSWLPL]DWLRQ 362 
PHWKRGIRFXVHVRQ´H[SORUDWLRQ´DQGWKH1HOGHU0HDGVLPSOH[
PHWKRG 60 IRFXVHVRQ´H[SORLWDWLRQ´>@ ZKLOH:XHWDO
XVHG D QHZ YDULDWLRQ RI WKH VRFLDO HPRWLRQDO RSWLPL]DWLRQ
DOJRULWKP FDOOHG 06(2$ PDLQO\ LQVSLUHG E\ WKH 0HWURSROLV
5XOH>@0$EGROODKLHWDOSURSRVHGDFXFNRRRSWLPL]DWLRQ
DOJRULWKP IRU VROYLQJ QRQOLQHDU V\VWHPV HTXDWLRQV >@ >@
/XR DW DO DSSOLHG D FRPELQDWLRQ RI WKH FKDRV VHDUFK DQG
1HZWRQ W\SH PHWKRGV >@ *URVDQ DQG $EUDKDP HPSOR\HG D
QHZSHUVSHFWLYHRIWKHHYROXWLRQDU\DOJRULWKPV ($ >@0RHW
DOSURSRVHGDFRPELQDWLRQRIWKHFRQMXJDWHGLUHFWLRQPHWKRG
&' >@DQG0-DEHULSRXUXVHGWKHSDUWLFOHVZDUPDOJRULWKP
>@+HQGHUVRQDWDO>@DQG3RXUMDIDULHWDO>@LQWURGXFHG
DPHWKRGRORJ\EDVHGRQDSRODUL]DWLRQWHFKQLTXHDQGDQRYHO
RSWLPL]DWLRQ PHWKRG EDVHG RQ ,QYDVLYH :HHG 2SWLPL]DWLRQ
,:2  UHVSHFWLYHO\ IRU ILQGLQJ DOO URRWV RI D V\VWHP RI
QRQOLQHDUHTXDWLRQV
,Q SDVW \HDUV UHVHDUFKHUV KDYH XWLOL]HG VRPH SDUDOOHO (&
PHWKRGV IRU RSWLPL]DWLRQ SUREOHPV VXFK DV 3DUDOOHO *HQHWLF
$OJRULWKPV >@ DQG 3DUDOOHO 362 >@ 3DUDOOHO $%& 3$%& 
>@3DUDOOHO$QW&RORQ\2SWLPL]DWLRQ 3$&2 >@DQG3DUDOOHO
0HPHWLF>@DOJRULWKPV:XDQG.DQJXVHGDSDUDOOHOHOLWH
VXEVSDFH HYROXWLRQDU\ DOJRULWKP IRU VROYLQJ V\VWHPV RI

QRQOLQHDU HTXDWLRQV >@ 6RPH SDUDOOHO (& PHWKRGV FDQ
DFKLHYH VXSHUOLQHDU SHUIRUPDQFH >@ ZKHUH HDFK RQH LV
LPSOHPHQWHGZLWKGLIIHUHQWWHFKQLTXHVDQGKDUGZDUHSODWIRUPV
)RUH[DPSOH3DUDOOHO*HQHWLF$OJRULWKPVDUHLPSOHPHQWHGLQ
WKH IROORZLQJ IRXU FDWHJRULHV >@ 0DVWHU6ODYH *HQHWLF
$OJRULWKPV &RUVH *UDLQ *HQHWLF $OJRULWKPV 0XOWL
3RSXODWLRQV *HQHWLF $OJRULWKPV  )LQH *UDLQ *HQHWLF
$OJRULWKPVDQG+\EULG*HQHWLF$OJRULWKPV>@
7KHREWDLQHGUHVXOWVRIPDWKHPDWLFDOPHWKRGVDUHVHQVLWLYHWR
WKH LQLWLDO JXHVV RI WKH VROXWLRQ 7KH SRSXODWLRQ VL]H RI WKH
HYROXWLRQDU\ DOJRULWKPV LV ODUJH DQG WKH FRQYHUJHQFH RI WKH
HYROXWLRQDU\PHWKRGVWRWKHJOREDOPLQLPXPLVVORZ7KH(&
PHWKRGVDUHLPSUDFWLFDOIRUODUJHVFDOHSUREOHPVOLNHV\VWHPV
RIQRQOLQHDUHTXDWLRQVEHFDXVHRIWKHLUKLJKOLQHDUDOJHEUDFRVWV
DQGODUJHPHPRU\UHTXLUHPHQWV)RUWKLVUHDVRQLWLVQHFHVVDU\
WRILQGDQHIILFLHQWDOJRULWKPIRUVROYLQJV\VWHPVRIQRQOLQHDU
HTXDWLRQV/HWV\VWHPVRIQRQOLQHDUHTXDWLRQVEHRIWKHIRUP
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:KHUHI [ LVWKHJOREDOPLQLPXPWKDWZLOOEHPLQLPL]HG
,Q WKLV SDSHU D SDUDOOHO LPSHULDOLVW FRPSHWLWLYH DOJRULWKP
3,&$  EDVHG RQ WKH PXOWLSRSXODWLRQ WHFKQLTXH IRU VROYLQJ
V\VWHPV RI QRQOLQHDU HTXDWLRQV SUREOHPV LV SUHVHQWHG 7KH
SURSRVHG PHWKRG RYHUFRPHV WKH PHQWLRQHG ZHDNQHVVHV RI
HYROXWLRQDU\ PHWKRGV IRU VROYLQJ WKH V\VWHPV RI QRQOLQHDU
HTXDWLRQVSUREOHPV:HKDYHDOVRVHOHFWHG VRPH ZHOONQRZQ
SUREOHPVIRUWKHHYDOXDWLRQ
,,, %$&.*5281'
7KH,PSHULDOLVW&RPSHWLWLYH$OJRULWKP ,&$ ZDVLQWURGXFHG
E\ ( $WDVKSD] DQG & /XFDV >@ DQG LV LQVSLUHG E\
LPSHULDOLVWLFFRPSHWLWLRQ,&$LVDQHYROXWLRQDU\DOJRULWKPDQG
RSWLPL]HVUHVXOWVRISUREOHPV,QWKLVDOJRULWKPDOOFRXQWULHV
DUH GLYLGHG LQWR WZR W\SHV LPSHULDOLVW VWDWHV DQG FRORQLHV
,PSHULDOLVWLFFRPSHWLWLRQLVWKHPDLQSDUWRIWKLVDOJRULWKPDQG
WKH H[SHFWDWLRQ LV WKDW WKH FRORQLHV FRQYHUJH WR WKH JOREDO
PLQLPXPRI WKH FRVWIXQFWLRQ,QWKH ILUVWVWHS WKH DOJRULWKP
FUHDWHVVRPHFRXQWULHVDQGDIWHUVRUWLQJWKHPWKHEHVWFRXQWULHV
DUHVHOHFWHGWREHLPSHULDOLVWVDQGWKHUHVWRIWKHFRXQWULHVIRUP
WKHFRORQLHVRIWKHVHLPSHULDOLVWV )LJVWHS $IWHUGLYLGLQJ
DOO FRORQLHV DPRQJ LPSHULDOLVWV WKHVH FRORQLHV VWDUW PRYLQJ
WRZDUGWKHLUUHOHYDQWLPSHULDOLVWFRXQWULHV )LJVWHS ,QWKH
QH[WVWHSWKH,&$FRPSXWHVWKHSRZHURIHDFKLPSHULDOLVWDQG
WKH LPSHULDOLVWLF FRPSHWLWLRQ EHJLQV 7KH ZHDNHVW LPSHULDOLVW
ORVHVLWV ZHDNHVWFRORQ\DQG WKHVHOHFWHGLPSHULDOLVWFDSWXUHV
WKLVFRORQ\ )LJVWHS 7KHVHVWHSVDUHWKHQUHSHDWHGXQWLO
WKH WHUPLQDWLRQ FRQGLWLRQ LV VDWLVILHG 7KH WHUPLQDWLRQ
FRQGLWLRQV FDQ EH GLIIHUHQW )RU H[DPSOH WKH ,&$ DOJRULWKP
FRXOG VWRS DIWHU FHUWDLQ QXPEHU RI LWHUDWLRQV RU ZKHQ DOO
FRORQLHVKDYHEHFRPHPHPEHUVRIRQHLPSHULDOLVW VHH)LJ 
,&$LVDVXLWDEOHPHWKRGIRURSWLPL]DWLRQSUREOHPVEXWWKHUH
H[LVWVRPHFKDOOHQJHVFRQFHUQLQJWKHHYROXWLRQDU\DOJRULWKPV
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)RU H[DPSOH ZKHQ ZH DUH FRQVLGHULQJ D IDUUHDFKLQJ VHDUFK
DUHDZHQHHGDODUJHLQLWLDOSRSXODWLRQWRREWDLQDQDSSURSULDWH
UHVXOWEXWZLWKDUHVRXUFHFRQVWUDLQHGSURFHVVRUZHPD\QRWEH
DEOHWRVDWLVI\WKLVUHTXLUHPHQW$OVRZKHQZHIDFHDFRPSOH[
SUREOHP WKDW QHHGV FRPSOH[ FRPSXWDWLRQV WKH UXQ WLPH ZLOO
LQFUHDVHDQGWKHUHIRUHZHQHHGWRXWLOL]HDQHIILFLHQWPHWKRGWR
LPSURYHWKHVSHHGVWDELOLW\DQGDFFXUDF\
7KH VHTXHQWLDO ,&$ DOJRULWKP LQKHUHQWO\ KDV D SDUDOOHO
VWUXFWXUH DQG WKHUHIRUH D SDUDOOHO ,&$ LPSOHPHQWDWLRQ LV D
YLDEOHVROXWLRQWRLPSURYHWKH,&$,QWKH,&$HDFKLPSHULDOLVW
DQGFRORQLHVZRUNLQGHSHQGHQWO\DQGDIWHUDGHFDGHDFRORQ\
PRYHV WR DQRWKHU LPSHULDOLVW +HQFH WKLV DOJRULWKP ZRUNV
VLPLODUO\ DV D PXOWLSRSXODWLRQ PHWKRG WKDW ZRUNV RQ D
SURFHVVRU ,Q WKH QH[W VHFWLRQ ZH XWLOL]H D PXOWLSRSXODWLRQ
,&$WRVROYHVRPHFRPSOH[SUREOHPV
,9 7+(352326('0(7+2'
,Q WKLV ZRUN ZH XWLOL]H D PXOWLSRSXODWLRQ PRGHO WR
LPSOHPHQW WKH 3DUDOOHO ,PSHULDOLVW &RPSHWLWLYH $OJRULWKP
3,&$ E\DSSO\LQJDVHOHFWLYHORFDOVHDUFKVWUDWHJ\LQRUGHU
WRVROYHV\VWHPVRIQRQOLQHDUHTXDWLRQV:HLQWHQGWRXWLOL]HWKH
IXOO FDSDFLW\ RI HYROXWLRQDU\ DOJRULWKPV HJ IDVWHU
FRQYHUJHQFH UXQ WLPH VSHHG DQG DFFXUDF\  IRU VROYLQJ VXFK
SUREOHPV 7KHUH DUH GLIIHUHQW DSSURDFKHV IRU SDUDOOHOL]LQJ
HYROXWLRQDU\ DOJRULWKPV VXFK DV WKH PDVWHU VODYH PXOWL
SRSXODWLRQ ILQHJUDLQ DQG K\EULG PHWKRGV EXW PXOWL
SRSXODWLRQ PHWKRG KDV EHWWHU FRQYHUJHQFHV DQG KDV PRUH
DFFXUDWHUHVXOWVWKDQRWKHUSDUDOOHOPHWKRGV 2IWKHVHZHXVH
WKHPXOWLSRSXODWLRQPHWKRG,QWKHPXOWLSRSXODWLRQPHWKRG
WKHUHDUHVRPHLQGHSHQGHQWSRSXODWLRQVLQGLIIHUHQWSURFHVVRUV
HDFK FRYHULQJ LWV RZQ LQGHSHQGHQW DUHD RI WKH VHDUFK VSDFH
(DFKSURFHVVRUUXQVWKH,&$RQLWVSRSXODWLRQZLWKLQGHSHQGHQW
SDUDPHWHUYDOXHV'XHWRWKLVLQGHSHQGHQF\GLIIHUHQWOHYHOVRI
H[SORUDWLRQDQGH[SORLWDWLRQFDQEHXWLOL]HGDQGWKHUHIRUHWKH
DSSOLFDWLRQ FDQ JHW RXW IURP ORFDO RSWLPXPV 7KH RWKHU
DGYDQWDJH RI WKH PXOWLSRSXODWLRQ PHWKRG LV LWV DELOLW\ IRU
PLJUDWLRQ ZKLFK FDQ VLJQLILFDQWO\ LPSURYH SHUIRUPDQFH RI
VROYLQJ QRQOLQHDU HTXDWLRQV ,W LV WKH PRVW LPSRUWDQW SDUDOOHO
RSHUDWLRQ LQ WKH PXOWLSRSXODWLRQ LPSOHPHQWDWLRQ DV OHWWLQJ
SURFHVVRUVWRVKDUHWKHEHVWUHVXOWVDQGLQYHVWLJDWHDUHDVZLWK
RWKHUSURFHVVRUVKHOSGLVFRYHUEHWWHUUHVXOWVLQDVPDOOHUQXPEHU
RILWHUDWLRQV7KHUHDUHGLIIHUHQWNLQGVRIPLJUDWLRQWHFKQLTXHV
IRU H[DPSOH HDFK SURFHVVRU FDQ VHOHFW WKH EHVW RU ZRUVW
FRXQWULHV WR EH VHQW WR WKH RWKHU SURFHVVRUV RU FDQ UDQGRPO\
VHOHFWVRPHFRXQWULHV,QRXUZRUNZHVHOHFWWKHEHVWFRXQWULHV
WR EH PLJUDWHG EHWZHHQ SURFHVVRUV WR VKDUH WKH EHVW UHVXOWV
WRJHWKHUDQGWKHSURFHVVRUVUHSODFHWKHLUZRUVWFRXQWULHVZLWK
WKH UHFHLYHG EHVW FRXQWULHV 5HFHLYHU SURFHVVRUV DUH VHOHFWHG
EDVHGRQWKHFRQQHFWLRQWRSRORJ\XVHG)LJXUHLOOXVWUDWHVWKH
PLJUDWLRQEHKDYLRXU)RUH[DPSOHIRUDQHWZRUNZLWKWKHIXOO\
FRQQHFWHGWRSRORJ\HDFKSURFHVVRUFDQUHFHLYHFRXQWULHVIURP
DQ\ RWKHU SURFHVVRU ,W FDQ EH YHU\ XVHIXO LI DOO SURFHVVRUV
UHFHLYHDOOPLJUDWHGFRXQWULHVEXWLQSUDFWLFHZHKDYHWRILQG
EDODQFH EHWZHHQ GDWD FRPPXQLFDWLRQ FRVW FRPPXQLFDWLRQ
WLPH DQGDFKLHYHGLPSURYHPHQWLQUHVXOWV
,Q WKLV ZRUN HDFK FRXQWU\ LV D SRVVLEOH VROXWLRQ IRU WKH
VHOHFWHG QRQOLQHDU HTXDWLRQ +HQFH WKH DOJRULWKP UDQGRPO\
FUHDWHVWKHLQLWLDOSRSXODWLRQVZKLFKDUHWKHSRVVLEOHVROXWLRQV
6RPH RI WKHP DUH WKHQ VHOHFWHG DW HDFK LWHUDWLRQ VWHS WR EH
SURFHVVHGE\WKH,&$LQRUGHUWRFRQYHUJHWKHPWRZDUGVEHWWHU
UHVXOWV


)LJ ,PSHULDOLVW&RPSHWHWLYH$OJRULWKP>@

,Q RXU LPSOHPHQWDWLRQ VHYHUDO SURFHVVRUV DUH FRQQHFWHG
WRJHWKHU XVLQJ D ULQJ WRSRORJ\ DQG PHVVDJH SDVVLQJ EDVHG
FRPPXQLFDWLRQ7KH ULQJ WRSRORJ\KDVEHHQVHOHFWHG EHFDXVH
RILWVORZFRPPXQLFDWLRQFRVWDQGVLPSOLFLW\(DFKSURFHVVRU
LV ILUVW LQLWLDOL]HG ZLWK D VHW RI LQGHSHQGHQW FRXQWULHV WKH
QXPEHURIFRXQWULHVLQHDFKSURFHVVRULVWKHVDPH DQGWKH,&$
WREHLQGHSHQGHQWO\UXQRQLW$IWHUVRPHGHFDGHV WKHSHULRG
YDULHVIURPDQH[HFXWLRQWRDQRWKHU WKHEHVWFRXQWU\PLJUDWHV
IURPHDFKSURFHVVRU3LWRWKHQH[WSURFHVVRU3LLQWKHULQJ
DQGUHSODFHVWKHZRUVWFRXQWU\LQ3L6LQFHZHXWLOL]HWKHULQJ
WRSRORJ\ WR FRQQHFW SURFHVVRUV WRJHWKHU DQG EHFDXVH WKH
PLJUDWLRQ WDNHV SODFH LQ DOO SURFHVVRUV V\QFKURQRXVO\ WKH
QXPEHUV RI FRXQWULHV LQ DQ\ WZR SURFHVVRUV DUH HTXDO DW DQ\
JLYHQWLPH7KHPLJUDWLRQVWUDWHJ\FDQDIIHFWWKHUHVXOWDVZHOO
*HQHUDOO\ LW LV EHWWHU WR HVWDEOLVK D EDODQFH EHWZHHQ WKH
PLJUDWLRQ UDWH DQG GDWD FRPPXQLFDWLRQ 7KH FKRVHQ ULQJ
WRSRORJ\LVXWLOL]HGWRUHGXFHWKHPLJUDWLRQUDWHDQGWRGHFUHDVH
WKHGLVWDQFHRIWKHPLJUDWLRQV
P1

Best
Best

Worst

,Q WKH PXOWLSRSXODWLRQ ,&$ WKH SUHVVXUH RI VHOHFWLRQ
LQFUHDVHVE\JURZLQJWKHQXPEHURIFRXQWULHVZKLFKKHOSVWR
REWDLQPRUHDFFXUDWHUHVXOWVLQDVKRUWHVWWLPHDQGFRQYHUJHWR
WKH UHVXOWV IDVWHU WKDQ WKH VHTXHQWLDO ,&$ 7KHUHIRUH LW LV
EHQHILFLDOWRLQFUHDVHWKHQXPEHURIFRXQWULHV
3URFHVVRUܲ 
&UHDWHLQGHSHQGHQWLQLWLDOFRXQWULHV
5XQ,&$DOJRULWKPLQGHSHQGHQWO\
,IQRZLVWLPHRIPLJUDWLRQGR
D :DLWXQWLODOOSURFHVVRUVDUULYHWRWKLVSRLQW

E 6HQG

WKH
EHVW
FRXQWU\
ܲାଵ ሻPRG SURFHVVRUV 

WR

SURFHVVRU

F 5HFHLYH D FRXQWU\ IURP ܲିଵ ሻPRG SURFHVVRUV  DQG

UHSODFHWKHZRUVHFRXQWU\ZLWKWKHUHFHLYHGRQH
,IWHUPLQDWLRQFRQGLWLRQLVUHDFKHGWKHQWHUPLQDWHDOJRULWKP
6KRZWKHEHVWFRXQWU\
(QG

P2

Best

3RSXODWLRQ ,&$ SVHXGR FRGH ,Q RXU LPSOHPHQWDWLRQ DOO
SDUDPHWHUV LQ GLIIHUHQW SURFHVVRUV DUH HTXDO DQG DOO ,&$
FRPSXWDWLRQVUXQLQGHSHQGHQWO\LQGLIIHUHQWSURFHVVRUV2QWKH
RWKHU KDQG WKH PLJUDWLRQ RSHUDWLRQV UXQ V\QFKURQRXVO\ DV
H[SODLQHGDERYH

)LJ 0XOWLSRSXODWLRQ,&$SVHXGRFRGH
Worst

Best
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Best

P4

P3

Best

Best
Best

Worst

Worst


)LJ 0XOWLSRSXODWLRQPLJUDWLRQRSHUDWLRQ

)LJXUH  VKRZV WKH DUFKLWHFWXUH RI WKH PXOWLSRSXODWLRQ
VWUXFWXUH ZLWK D ULQJ WRSRORJ\ )LJXUH  SUHVHQWV WKH 0XOWL
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,QWKLVVHFWLRQILYHFRPPRQO\H[SORUHGSUREOHPVKDYHEHHQ
XWLOL]HG WR GHPRQVWUDWH WKH SHUIRUPDQFH RI WKH 3,&$ 7KH
REWDLQHGUHVXOWVKDYHEHHQFRPSDUHGZLWKWKHRWKHUZHOONQRZQ
PHWKRGVWKDWKDYHXVHGWKHVDPHSUREOHPV7KHSDUDOOHO,&$
KDV EHHQ LPSOHPHQWHG RQ ERWK VKDUH PHPRU\ DQG PDVVDJH
SDVVLQJPRGHOV7KHPDVVDJHSDVVLQJLQWHUIDFH 03, KDVEHHQ
XWLOL]HG WR SDUDOOHOL]H RXU DOJRULWKP DQG 03,&+ WR UXQ WKH
DOJRULWKP
,QWKH PXOWLSRSXODWLRQ,&$SURFHVVRUVKDYHEHHQFRQQHFWHG
LQ D ULQJ WRSRORJ\ ZLWK GLIIHUHQW SURFHVVRUV RQ WKH GLIIHUHQW
WHVWV7KHSURSRVHGDOJRULWKPKDVEHHQWHVWHGRQDQ,QWHOFRUH
L0SURFHVVRUV*+] ELW DQGPHPRU\*%7KH
EHVW UHVXOWV RI EHQFKPDUNV KDYH EHHQ REWDLQHG E\ 
LQGHSHQGHQW UXQV 7KH XVHG SDUDPHWHUV IRU VROYLQJ WKH
SUREOHPVKDYHEHHQLOOXVWUDWHGLQ7DEOH

3,&$ LQ 7DEOH  7KH REWDLQHG VROXWLRQV RI 3,&$ KDYH
RXWSHUIRUPHG WKH PHQWLRQHG PHWKRGV ZLWK  FRXQWULHV DQG
LWHUDWLRQV7KHVSHHGXSRIWKHSURSRVHGDOJRULWKPJHWVEHWWHU
WKDQWKHRWKHUOLWHUDWXUHV VHHILJXUHV 

&DVH 3UREOHPLQ>@DQG7HVW3UREOHPLQ>@ 
&DVHKDVEHHQVROYHGE\WKHILOOHGIXQFWLRQPHWKRGLQ>@DQG
KDVEHHQSURSRVHGDVDSUREOHPLQ>@DQG>@

$%HQFKPDUNV
7HVWGLPHQWLRQ5DVWULJLQ)XQFWLRQ
ଵ



݂ሺݔሻ ൌ ሾݔଶ െ ͳͲ ሺʹߨݔ ሻ  ͳͲ݊ሿȁݔ ȁ  ͷǤʹ
ୀଵ

7KHDQVZHURIWKLVWHVWZLWKI « LV7KLVWHVWKDV
EHHQVROYHGE\0RHWDO>@DQG,&$>@ZLWKLWHUDWLRQV
DQGSRSXODWLRQVL]HV3,&$KDVEHHQDSSOLHGWRRSWLPL]HLW
ZLWKWKHVDPHSDUDPHWHUV
7$%/(,

7HVW


7HVW


&DVH


&DVH


&DVH
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ͲǤʹ͵͵ͺݔଵ ݔଷ  ͲǤʹ͵ݔଶ ݔଷ  ͲǤʹ͵ͺݔଵ െ  ݔെ ͲǤͲͶͷݔଶ
െ ͲǤ͵Ͷݔସ െ ͲǤͲʹʹ ൌ Ͳ

86('3$5$0(7(56,13,&$)257(676$1'&$6(6

3DUDPHWHUV
7RWDOSRSXODWLRQ
VL]H
1XPEHURIHPSLUHV
1XPEHURI
LWHUDWLRQ
5HYROXWLRQUDWH

ͶǤ͵ͳ ൈ ͳͲିଷ ݔଵ ݔଷ െ ͲǤ͵ͷݔଶ ݔଷ െ ͲǤͳʹ͵ͺݔଵ   ݔെ ͳǤ͵
ൈ  ͳͲିଷ ݔଶ  െ ͲǤͻ͵͵ͺݔସ െ ͲǤ͵ ൌ Ͳ

 ଼ݔ ݔ ͲǤ͵ͷͺݔଵ  ͶǤ͵ͳ ൈ ͳͲିଷ ݔଶ ൌ Ͳ
െͲǤʹ͵ݔଵ  ͲǤʹʹ͵ͺݔଶ Ǥଷସଵ ൌ Ͳ
ݔଵଶ  ݔଶଶ െ ͳ ൌ Ͳ
ݔଷଶ  ݔସଶ െ ͳ ൌ Ͳ
ݔହଶ  ݔଶ െ ͳ ൌ Ͳ
ݔଶ  ଼ݔଶ െ ͳ ൌ Ͳ
െͳ  ݔ  ͳǡ݅ ൌ ͳǡʹǡ ǥ ǡ ͺǤ

7KH UHVXOWV RI 0R HW DO >@ ,&$ >@ DQG RXU SURSRVHG
DOJRULWKPKDYHEHHQSUHVHQWHGLQ7DEOHV
)LJXUHV  DQG  LQGLFDWH WKHFRQYHUJHQFH KLVWRU\ RI ,&$ DQG
3,&$ UHVSHFWLYHO\ 7KH VWDELOLW\ FKDUW RI 3,&$ KDV EHHQ
LQGLFDWHG LQ )LJXUH  3,&$ KDV UHDFKHG WR WKH RSWLPL]HG
DQVZHUEHIRUHLWHUDWLRQV
7HVW7KLVH[DPSOHKDVEHHQXVHGDVDEHQFKPDUNLQ>@DQG
>@


 ݂ሺݔሻ ൌ  
ୀଵ

ʹݔ
ሺݔ ሻ  ሺ ሻ൨
͵
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7KHDQVZHURIWKHWHVWLV'DQGWKHYDULDEOHVRIWKH
IXQFWLRQDUHLQ  7KHFRPSDULVRQUHVXOWVRI,&$>@DQG
3,&$ZLWKLWHUDWLRQVDQGSRSXODWLRQVL]HVKDYHEHHQ
JLYHQ LQ 7DEOH  3,&$ KDV VROYHG 7HVW  TXLFNHU WKDQ SULRU
PHWKRGVEHIRUHLWHUDWLRQV VHH)LJXUHV 
%&DVHVWXG\
,QWKLVVHFWLRQWKUHHFRPPRQO\H[SORUHGV\VWHPVRIQRQOLQHDU
HTXDWLRQVKDYHEHHQXVHGWRGHPRQVWUDWHWKHSHUIRUPDQFHRIWKH
SURSRVHGPHWKRGDQGWKHREWDLQHGUHVXOWVKDYHEHHQFRPSDUHG
ZLWKWKHRWKHUNQRZQPHWKRGV
&DVH7KLVH[DPSOHKDVEHHQJLYHQLQ>@>@>@DQG>@
 ݔെ ͵ݔଵ ݔଶଶ െ ͳ ൌ Ͳ

൜ ଵଶ
͵ݔଵ ݔଶ െ ݔଶଷ  ͳ ൌ Ͳ



7KH VROXWLRQV LQ >@ DQG >@ KDYH EHHQ REWDLQHG ZLWK 
LWHUDWLRQV ZLWK DQ XQNQRZQ QXPEHU RI SRSXODWLRQ VL]HV 7KH
SDUDPHWHUV RI WKH ,&$ PHWKRG >@ KDYH EHHQ VHW WR 
LWHUDWLRQVZLWKFRXQWULHV7KHREWDLQHGVROXWLRQVE\3,&$
DUHEHWWHUDQGPRUHDFFXUDWHWKDQWKHSUHYLRXVZRUNV VHH7DEOH
 )LJXUHVLQGLFDWHWKHFRQYHUJHQFHKLVWRU\RIWKH&DVH
)LJXUHVKRZVWKHVWDELOLW\FKDUWRIWKLVFDVH
&DVH  3UREOHP  LQ >@ 7HVW 3UREOHP  LQ >@ DQG
&DVHVWXG\LQ>@DQG>@ 
݂ଵ ሺݔଵ ǡ ݔଶ ሻ ൌ ͲǤͷ ሺݔଵ ݔଵ ሻ െ ͲǤʹͷ ݔଶ Τߨ െ ͲǤͷݔଵ ൌ Ͳ

7KHQXPEHURILWHUDWLRQVIRUWKLVSUREOHPLQ>@>@DQG>@
LVDQGWKHSRSXODWLRQVL]HLV2XUUHVXOWVZLWKWKHVDPH
LWHUDWLRQV DQG FRXQWULHV KDYH EHHQ FRPSDUHG LQ 7DEOH 7KH
FRQYHUJHQFHKLVWRU\RI,&$>@DQG3,&$KDYHEHHQVKRZQLQ
)LJXUHVDQGUHVSHFWLYHO\)LJXUHVKRZVWKHVWDELOLW\
FKDUWRI3,&$IRUWKH&DVH7KHVWDWLVWLFDOUHVXOWVRIWHVWVDQG
FDVHV KDYH EHHQ LOOXVWUDWHG LQ 7DEOH  7KH FRPSDULVRQ
VWDWLVWLFDO UHVXOWV RI WKH VHULDO ,&$ DQG WKH SDUDOOHO ,&$ KDYH
EHHQJLYHQLQ7DEOH



݂ଶ ሺݔଵ ǡ ݔଶ ሻ ൌ ሺͳ െ ͲǤʹͷΤߨ ሻ൫ሺሺʹݔଵ ሻ െ ݁൯  ݁ ݔଶ Τߨ െ ʹ݁ݔଵ ൌ Ͳ

7KHUHVXOWVRI&DVHLQ>@>@>@DQG>@ZLWKWKH
LWHUDWLRQV DQG WKH  SRSXODWLRQ VL]HV ZHUH FRPSDUHG ZLWK
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,QWKLVSDSHUDSDUDOOHOLPSOHPHQWDWLRQRI,&$EDVHGRQWKH
PXOWLSRSXODWLRQPHWKRGKDVEHHQXWLOL]HGWRVROYHWKHV\VWHPV
RIQRQOLQHDUHTXDWLRQV7KHUHDUHGLIIHUHQWNLQGVRIWKH3,&$
LPSOHPHQWDWLRQVXFKDVWKHPDVWHUVODYHWKHPXOWLSRSXODWLRQ
DQGWKHK\EULGPHWKRGVWKDWHDFKRQHKDVGLIIHUHQWDGYDQWDJHV
)RUH[DPSOHWKH0DVWHU6ODYHPHWKRGFDQEHXWLOL]HGZKHQZH
VLPSO\LQWHQGWRLQFUHDVHWKHVSHHGRIRXUDOJRULWKPEXW0XOWL
3RSXODWLRQ PHWKRG PXVW EH XVHG ZKHQ ZH LQWHQG WR LQFUHDVH
ERWK VSHHG DQG DFFXUDF\ 0XOWL3RSXODWLRQ PHWKRG LQFUHDVHV
WKHQXPEHURIWKHLQLWLDOSRSXODWLRQDQGWKHUHIRUHWKHSUHVVXUH
RIVHOHFWLRQJURZVWKDWLWFDXVHVWRILQGPRUHDFFXUDWHUHVXOWV
,QRXULPSOHPHQWDWLRQWKHULQJFRQQHFWLRQWRSRORJ\KDVEHHQ
FRQVLGHUHG WR FRQQHFW WKH SURFHVVRUV ,Q RXU DOJRULWKP WKH
PLJUDWLRQRSHUDWLRQFDXVHVWKDWHDFKSURFHVVRUKDVWKHDELOLW\
WR VHQG LWV FRXQWULHV WR QH[W SURFHVVRUV DQG UHFHLYHV VRPH
FRXQWULHV IURP SUHYLRXV SURFHVVRUV :LWK WKH DIRUHPHQWLRQHG
DELOLW\ HDFK SURFHVVRU VKDUHV WKH EHVW UHVXOWV ZLWK RWKHU
SURFHVVRUV ZKLFK UHGXFHV WKH QXPEHU RI LWHUDWLRQV
FRQVLGHUDEO\
,QWKLVSDSHU3,&$KDVEHHQFRPSDUHGZLWKRWKHUPHWKRGV
WKURXJKVRPHZHOONQRZQEHQFKPDUNVDQGFDVHVWXGLHV3,&$
KDV REWDLQHG PRUH DFFXUDWH UHVXOWV ZLWK WKH ORZHU QXPEHU RI
LWHUDWLRQV
7KH PRVW LPSRUWDQW UHVXOW RI 3,&$ LV DERXW VXSHU OLQHDU
SHUIRUPDQFH ZKHUH WKH HIILFLHQF\ YDOXH RI WKH DOJRULWKP LV
PRUHWKDQRQH 2XULPSOHPHQWDWLRQDFKLHYHGWKHVXSHUOLQHDU
SHUIRUPDQFHWKDWPHDQVLWLVDQRXWVWDQGLQJPHWKRGDQGLVWKH
EHVWZD\WRVROYHQRQOLQHDUSUREOHPV




)LJ 7KHFRQYHUJHQFHKLVWRU\RI5DVWULJLQ)XQFWLRQ IURP>@ 

)LJ 7KHFRQYHUJHQFHKLVWRU\RI3,&$IRUWHVWZLWK' 





)LJ 7KHFRQYHUJHQFHKLVWRU\RI5DVWULJLQZLWK3,&$ WHVW 

)LJ 7KH6WDELOLW\FKDUWRIWHVWZLWK' 





)LJ 7KHVWDELOLW\FKDUWRI5DVWULJLQZLWK3,&$ WHVW 

)LJ7KHFRQYHUJHQFHKLVWRU\RIFDVH IURP>@ 





)LJ 7KHFRQYHJHQFHKLVWRU\RIWHVWZLWK'  IURP>@ 

)LJ7KHFRQYHUJHQFHKLVWRU\RIFDVH IRUP>@ 
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)LJ7KHFRQYHUJHQFHKLVWRU\RIFDVHZLWK3,&$

)LJ7KHFRQYHUJHQFHKLVWRU\RIFDVHZLWK3,&$





)LJ7KHVWDELOLW\FKDUWRIFDVHZLWK3,&$

)LJ7KHVWDELOLW\FKDUWRIFDVHZLWK3,&$





)LJ7KHVWDELOLW\FKDUWRIFDVHZLWK3,&$

)LJ7KHFRQYHUJHQFHKLVWRU\RIFDVH IURP>@ 





)LJ7KHFRQYHUJHQFHKLVWRU\RIFDVH IURP>@ 

)LJ7KHFRQYHUJHQFHKLVWRU\RIFDVHZLWK3,&$
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)LJ7KHVWDELOLW\FKDUWRIFDVHZLWK3,&$
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,QLWLDO
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$IWHU 
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LWHUDWLRQ


$IWHU 
LWHUDWLRQ


$IWHU 
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7$%/(9,
0HWKRGV
3362>@DQG*\XUKDQ>@
3362>@DQG*\XUKDQ>@
&2$>@
&2$>@
,&$>@
,&$>@
,&$>@
3,&$ SUHVHQWVWXG\ 
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7$%/(9,,, &203$5,6215(68/762)&$6(
0HWKRGV
7KHEHVWLQ>@

;
ݔଵ 
ݔଶ 
ݔଵ 
ݔଶ 
ݔଵ 
ݔଶ 
ݔଵ 
ݔଶ 
ݔଵ 
ݔଶ 
ݔଵ 
ݔଶ 
ݔଵ 
ݔଶ 
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WR VROYH WKH V\VWHPV RI QRQOLQHDU HTXDWLRQV  7KH 3,&$ ZDV
FRPSDUHGZLWKWKHVHULDO,&$DQGVRPHRIWKHRWKHUSURSRVHG
PHWKRGV  $FFRUGLQJ WR WKH REWDLQHG UHVXOWV WKH 3,&$ LV
VXLWDEOHIRUVROYLQJGLIIHUHQWNLQGVRIFRPSOH[SUREOHPVDQGLW
LVIDVWHUDQGPRUHHIILFLHQWWKDQWKHRWKHUPHWKRGV7KHILJXUHV
LQGLFDWHGWKDWWKHDQVZHUVRIRXUDOJRULWKPDUHVWDEOHDQGWKH
FRQYHUJHQFHRIWKH3,&$WRWKHEHVWVROXWLRQLVIDVWHUWKDQWKH
RWKHUPHWKRGVZLWKWKHORZHUQXPEHURILWHUDWLRQVDQGEHWWHU
UXQ WLPH $V D UHVXOW ZH FODLP WKDW WKH SURSRVHG 3,&$ LV D
IDVWHU DQG PRUH DFFXUDWH PHWKRG ZKLFK FDQ EH HPSOR\HG WR
VROYHDQGLPSURYHWKHFRPSOH[SUREOHPV$WWKHHQGRXUIXWXUH
ZRUNVZLOOFRQVLVWRIXVLQJWKHSURSRVHGSDUDOOHODOJRULWKPWR
VROYH VRPH RI WKH PRUH SUDFWLFDO RSWLPL]DWLRQ SUREOHPV OLNH
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>@ <=/XR*-7DQJ/1=KRX+\EULGDSSURDFKIRUVROYLQJV\VWHPVRI
QRQOLQHDUHTXDWLRQVXVLQJFKDRVRSWLPL]DWLRQDQGTXDVL1HZWRQPHWKRG
$SSO6RIW&RPSXW  -&OHUN0D[ZHOO$7UHDWLVHRQ
(OHFWULFLW\ DQG 0DJQHWLVP UG HG YRO  2[IRUG &ODUHQGRQ 
SS±
>@ <0R+/LX4:DQJ&RQMXJDWHGLUHFWLRQSDUWLFOHVZDUPRSWLPL]DWLRQ
VROYLQJV\VWHPVRIQRQOLQHDUHTXDWLRQV&RPSXW0DWK$SSO  

>@ 0 -DEHULSRXU ( .KRUUDP % .DULPL 3DUWLFOH VZDUP DOJRULWKP IRU
VROYLQJV\VWHPVRIQRQOLQHDUHTXDWLRQV&RPSXW0DWK$SSO  

>@ (&DQWX3D]$6XUYH\RI3DUDOOHO*HQHWLF$OJRULWKPV'HSDUWPHQWRI
&RPSXWHU6FLHQFHDQG,OOLQRLV*HQHWLF$OJRULWKPV/DERUDWRU\8QLYHUVLW\
RI,OOLQRLVDW8UEDQD&KDPSDLJQ
>@ +/LX3/LDQG<:HQ3DUDOOHO$QW&RORQ\2SWLPL]DWLRQ$OJRULWKP
:RUOG &RQJUHVV RQ ,QWHOOLJHQW &RQWURO DQG $XWRPDWLRQ &KLQD -XQH

>@ 5 3DUSLQHOOL & %HQLWH] DQG 6 /RSHV 3DUDOOHO $SSURDFKHV IRU WKH
$UWLILFLDO %HH &RORQ\ $OJRULWKP +DQGERRN RI 6ZDUP ,QWHOOLJHQFH
  
>@ & *URVDQ $ $EUDKDP $ 1HZ $SSURDFK IRU 6ROYLQJ 1RQOLQHDU
(TXDWLRQV 6\VWHPV ,((( 7UDQV 6\VW 0DQ &\EHUQ $     
6HQLRU0HPEHU,(((
>@ &:DQJ5/XRN:X%+DQ$QHZILOOHGIXQFWLRQPHWKRGIRUDQ
XQFRQVWUDLQHGQRQOLQHDUHTXDWLRQ&RPSXW$SSO0DWK  

>@ /9DQQHVFKL'&RGHFDVDDQG*0DXUL$&RPSDUDWLYH6WXG\RI)RXU
3DUDOOHODQG'LVWULEXWHG3620HWKRGV1HZ*HQHUDW&RPSXW  

>@ -'LJDODNLVDQG.0DUJDULWLV$3DUDOOHO0HPHWLF$OJRULWKPIRU6ROYLQJ
2SWLPL]DWLRQ 3UREOHPV WK 0HWDKHXULVWLFV ,QWHUQDWLRQDO &RQIHUHQFH
3DUDOOHO'LVWULEXWHG3URFHVVLQJ/DERUDWRU\*UHHFH

>@ *\XUKDQ + 1HG]KLERY $ IDPLO\ RI PXOWLSRLQW LWHUDWLYH PHWKRGV IRU
VROYLQJ V\VWHPV RI QRQOLQHDU HTXDWLRQV - &RPSXW $SSO 0DWK
  
>@ (&*:LOOH(<+6/RSHV'LVFUHWH&DSDFLW\$VVLJQPHQWLQ,3
QHWZRUNVXVLQJ3DUWLFOH6ZDUP2SWLPL]DWLRQ$SSO0DWK&RPSXW
 
>@ & $ )ORXGDV 3 0 3DUGDORV & 6 $GMLPDQ : 5 (VSRVLWR = +
*XPXV 6 7 +DUGLQJ - / .OHSHLV & $ 0H\HU & $ 6FKZHLJHU
+DQGERRNRI7HVW3UREOHPVLQ/RFDODQG*OREDO2SWLPL]DWLRQ.OXZHU
$FDGHPLF3XEOLVKHUV'RUGUHFKWWKH1HWKHUODQGV
>@ $ 0RXVD : :DKHG 5 $OODK $ +\EULG $QW &RORQ\ 2SWLPL]DWLRQ
$SSURDFK %DVHG /RFDO 6HDUFK 6FKHPH IRU 0XOWL 2EMHFWLYH 'HVLJQ
2SWLPL]DWLRQV(OHFWU3RZ6\VW5HV  
>@ ,EUDKLHP00(O(PDU\DQG0RQD0$EG(O.DUHHP7RZDUG8VLQJ
*HQHWLF$OJRULWKPIRU6ROYLQJ1RQOLQHDU(TXWLRQ6\VWHPV:RUOG$SSO
6FL-  
>@ 0$EGROODKL$,VD]DGHK'$EGROODKL6ROYLQJV\VWHPVRIQRQOLQHDU
HTXDWLRQVXVLQJLPSHULDOLVWFRPSHWLWLYHDOJRULWKP7KHWK,QWHUQDWLRQDO
,QGXVWULDO(QJLQHHULQJ&RQIHUHQFH  
>@ 1LNRV ( 0DVWRUDNLV 6ROYLQJ 1RQOLQHDU (TXDWLRQV YLD *HQHWLF
$OJRULWKPV 3URFHHGLQJV RI WKH WK :6($6 ,QW &RQI RQ
(YROXWLRQDU\&RPSXWLQJ/LVERQ3RUWXJDO-XQH  
>@ * /L =K =HQJ $ QHXUDOQHWZRUN DOJRULWKP IRU VROYLQJ QRQOLQHDU
HTXDWLRQ V\VWHPV ,((( ,QWHUQDWLRQDO &RQIHUHQFH RQ &RPSXWDWLRQDO
,QWHOOLJHQFHDQG6HFXULW\&,6  
>@ *+XDQ7RQJ6<L-LH64LQJ;L:7LQJ7LQJ5HVHDUFKRI5DQNLQJ
0HWKRGLQ(YROXWLRQ6WUDWHJ\IRU6ROYLQJ1RQOLQHDU6\VWHPRI(TXDWLRQV
,(((,QWHUQDWLRQDO&RQIHUHQFHRQ,QIRUPDWLRQ6FLHQFHDQG(QJLQHHULQJ
,&,6(  
>@ $ 2X\DQJ < =KRX 4 /XR +\EULG 3DUWLFOH 6ZDUP 2SWLPL]DWLRQ
$OJRULWKP IRU 6ROYLQJ 6\VWHPV RI 1RQOLQHDU (TXDWLRQV ,(((
,QWHUQDWLRQDO &RQIHUHQFH RQ *UDQXODU &RPSXWLQJ *5&   
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>@ - :X =K &XL - /LX 8VLQJ +\EULG 6RFLDO (PRWLRQDO 2SWLPL]DWLRQ
$OJRULWKP ZLWK 0HWURSROLV 5XOH WR 6ROYH 1RQOLQHDU HTXDWLRQV ,(((
,QWHUQDWLRQDO &RQIHUHQFH RQ &RJQLWLYH ,QIRUPDWLFV  &RJQLWLYH
&RPSXWLQJ,&&, &&¶  
>@ 1+HQGHUVRQ:)6DFFR*0HQGHV3ODWW)LQGLQJPRUHWKDQRQHURRW
RI QRQOLQHDU HTXDWLRQV YLD D SRODUL]DWLRQ WHFKQLTXH $Q DSSOLFDWLRQ WR
GRXEOHUHWURJUDGHYDSRUL]DWLRQ&KHP(QJ5HV'HV  
>@ (3RXUMDIDUL+0RMDOODOL6ROYLQJQRQOLQHDUHTXDWLRQVV\VWHPV ZLWKD
QHZ DSSURDFK EDVHG RQ LQYDVLYH ZHHG RSWLPL]DWLRQ DOJRULWKP DQG
FOXVWHULQJ6ZDUP(YRO&RPSXW  
>@ 0 $EGROODKL $ ,VD]DGHK ' $EGROODKL ,PSHULDOLVW FRPSHWLWLYH
DOJRULWKP IRU VROYLQJ V\VWHPV RI QRQOLQHDU HTXDWLRQV &RPSXW 0DWK
$SSO  
>@ 0 $EGROODKL 6K /RWIL ' $EGROODKL 6ROYLQJ V\VWHPV RI QRQOLQHDU
HTXDWLRQV XVLQJ FXFNRR RSWLPL]DWLRQ DOJRULWKP 7KH UG ,QWHUQDWLRQDO
FRQIHUHQFH RQ 7KH &RQWHPSRUDU\ ,VVXHV LQ &RPSXWHU 6FLHQFHV DQG
,QIRUPDWLRQ7HFKQRORJ\ &,&,6   
>@ ( $WDVKSD]*DUJDUL & /XFDV ,PSHULDOLVW FRPSHWLWLYH DOJRULWKP DQ
DOJRULWKPIRURSWLPL]DWLRQLQVSLUHGE\LPSHULDOLVWLFFRPSHWLWLRQLQ,(((
&RQJUHVVRQ(YROXWLRQDU\&RPSXWDWLRQSS
>@ $ 0DMG 6K /RWIL DQG * 6DKHEL ³5HYLHZ RQ 3DUDOOHO (YROXWLRQDU\
&RPSXWLQJDQG,QWURGXFH7KUHH*HQHUDO)UDPHZRUNWR3DUDOOHOL]H$OO(&
$OJRULWKPV´WK&RQIHUHQFHRQ,QIRUPDWLRQDQG.QRZOHGJH7HFKQRORJ\
,.7 
>@ $ 0DMG 6K /RWIL * 6DKHEL 0 'DQHVKWDODE DQG - 3ORVLOD ³3,&$
0XOWL3RSXODWLRQ ,PSOHPHQWDWLRQ RI 3DUDOOHO ,PSHULDOLVW &RPSHWLWLYH
$OJRULWKPV´ WK (XURPLFUR ,QWHUQDWLRQDO &RQIHUHQFHV RQ 3DUDOOHO
'LVWULEXWHGDQG1HWZRUN%DVHG3URFHVVLQJ3'3
>@0 $EGROODKL $ %RX\HU ' $EGROODKL ,PSURYHG FXFNRR RSWLPL]DWLRQ
DOJRULWKPIRVROYLQJV\VWHPVRIQRQOLQHDUHTXDWLRQV-6XSHUFRPSXW
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ABSTRACT

CCS CONCEPTS

Real-world applications are composed of multiple tasks which usually have intricate data dependencies. To exploit distributed processing platforms, task allocation and scheduling, that is assigning
tasks to processing units and ordering inter-processing unit data
transfers, plays a vital role. However, optimally scheduling tasks
on processing units and finding an optimized network topology is
an NP-complete problem. The problem becomes more complicated
when the tasks have real-time deadlines for termination. Exploring
the whole search space in order to find the optimal solution is not
feasible in a reasonable amount of time, therefore meta-heuristics
are often used to find a near-optimal solution.
We propose here a multi-population evolutionary approach for
near-optimal scheduling optimization, that guarantees end-to-end
deadlines of tasks in distributed processing environments. We analyze two different exploration scenarios including single and multiobjective exploration. The main goal of the single objective exploration algorithm is to achieve the minimal number of processing
units for all the tasks, whereas a multi-objective optimization tries
to optimize two conflicting objectives simultaneously considering
the total number of processing units and end-to-end finishing time
for all the jobs. The potential of the proposed approach is demonstrated by experiments based on a use case for mapping a number
of jobs covering industrial automation systems, where each of the
jobs consists of a number of tasks in a distributed environment.

• Computer systems organization → Embedded systems; Scheduling; Sensor; • Computer Science → Optimization.
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1

INTRODUCTION

Industrial applications often require guaranteeing real-time execution, fault tolerant implementations and providing reliable functionality. In general, it is impossible for a single processing unit to
satisfy all these needs. However, a distributed processing environment provides a variety of computational capabilities, which can
be utilized to perform an application that has diverse execution requirements. An application job can be decomposed into tasks. Tasks
may have data dependencies and it is possible that each task needs
a certain computational throughput. For distributing tasks, the following decisions should be made respectively: ○
1 task allocation,
i.e. assigning tasks to processing units, and ○
2 tasks scheduling,
i.e. defining task execution order and the order of data transfers
among processing units. The general goal of task allocation and
scheduling is to minimize the end-to-end cost of computation, i.e.
minimizing overall response time of the application, minimizing
the number of processing units, or both.
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Performance of such parallel systems can be optimized by employing an efficient task allocation and scheduling approach, however, the allocation and scheduling problem is an NP-complete
problem [1]. Using exhaustive approaches for finding optimal solution is time-consuming and is impossible in practice. Many heuristic task scheduling strategies have been proposed [2, 3] to find a
near-optimal solution in a reasonable amount of time. Evolutionary
Computing (EC) is a set of methods proposed to solve the allocation
and scheduling problem. Genetic Algorithm (GA) is a popular EC
method which can better locate a near-optimal solution than other
similar approaches in most cases [4–7]. Although GA is a powerful
solution, defining a proper fitness function is always challenging
and requiring expertise especially when the size of design space
is huge. Plus, GA is relatively slow and may be trapped in local
optima [8].
To overcome aforementioned challenges, a Multi-Population
Genetic Algorithm (MPGA) [9] is leveraged in this research for
task allocation and scheduling over a collection of nonuniform
processing units. MPGA is a static scheduling strategy, where the
execution times of tasks and the data transfer times between tasks
are known. MPGA is the parallel version of GA that provides better
convergence rate and more speedup compared to single population
GA [8]. In addition, MPGA highly reduces the probability of falling
into local optima trap. Two different MPGA strategies have been
considered to solve the allocation and scheduling problem including:
○
1 Single objective optimization and ○
2 Multi-objective optimization.
While the single objective optimization minimizes the number of
processing units, the multi-objective optimization considers the
second conflicting metric, jobs end-to-end finishing time, to find
solutions satisfying multiple user needs.
Contribution. In a nutshell our main contributions are:
• In this paper, we solved task allocation and scheduling problem in a distributed environment. To attain this purpose,
we leveraged a MPGA optimization method with different
optimization scenarios.
• Defining novel fitness functions to efficiently explore the
design space in both single and multi-objective optimization
scenarios.
• The evaluation results based on an industrially inspired use
case show the impact of the proposed fitness function while
converging to better solutions.
Paper Organization. The paper is organized as follows. Section II defines the allocation and scheduling problem and our use
case. Section III explains the MPGA and the specifications of fitness
functions for both single objective and multi-objective optimization
scenarios. Section IV presents the experimental results and demonstrates the efficiency and convergence of the proposed algorithm.
Some related work reviewed in Section V. We end with concluding
remarks and future work in Section VI.

2

PROBLEM DEFINITION

We start here by describing a generic distributed process control
system. In such systems, a series of computing devices operate on
data collected from sensors placed close to a physical process, and
update control signals to other devices - actuators - able to control
the evolution of the process. A process may be exemplified by a
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simple tank-filling operation or by more complex systems, such
as ore separation, water purification, etc. The process parameters
(such as liquid levels, temperatures, etc.) are usually required to
be maintained within a certain range of values, even when the
environment is disturbed. Whenever new values are presented
via sensors to the processing devices, certain procedures hosted
within these devices are launched, and potential new values are
sent to the process-responsible actuators. In large systems, there
are potentially thousands or more such procedures, installed in tens
to hundreds of control devices.
The main problem that we raise here is how to allocate the
number of processing operations on an as small as possible set of
processing devices, such that planned operations are not affected
with respect to their timing and duration, and the processing devices
are operating within their nominal characteristics.
In order to cover most of the aspects of interest when solving
this, in the following we employ a synthetic example of a system
as use case, with elements presented in Fig. 1. Here, we have a
control system composed of 8 jobs, their characteristics and further
decomposition being detailed below.

2.1

System Model Elements

The system we consider is composed of a number of complex control
processes, referred from now on as jobs. The system reads data from
a set of input elements - the sensors S1,...,S11 and processes the data
on a number of available processing units (P1,..., P24). The processed
data is sent further in the system to other elements - the actuators
A1,...A11 - notice that having a similar number of sensors and
actuators is a coincidence of no relevance in the analysis to come.
A job refers to the data trip from sensors to actuators.
A job can be further described as a collection of tasks, acting
mostly sequentially, but not excluding parallel processing - especially if tasks belong to different jobs. To illustrate a more critical situation, we assume that all the considered tasks are noninterruptible. A task is a unitary, and with the assumed non-interruptible
characteristic, an atomic system element, to be executed on one of
the available processing units. Each task has input either a sensor,
or the output of a precedent task. At the output of a task stays
either an actuator, or the input of a follower task. Multiple inputs to
a task are possible (see task T13 in Job8 on actuator A10), in which
case all of them must be present for the task to start its operation.
Differently, if a task has more than one output (see task T21 in Job7),
all of them are presented at the same moment.
Fig. 1 describes additional information pertaining to task and job
execution, as well as some characteristics of interest for the processing units. Thus, a task is also defined with a potential maximal
load that it presents to the processing unit, and with a maximal
execution time. For instance, task T1 in Fig. 1 produces a maximal
load of 10, and it executes in maximum 10tu ("time units": µ-seconds
to seconds, for instance. However, an actual specification of these
units is not of interest in our work here). At the same time, the
available processing unit P1 can withhold a maximum load of 100,
and possess 5 connection interfaces.
In their turn, the jobs have an execution time (the sum of the
execution times of the composing tasks), and a frequency: how

Multi-objective Optimization of Real-Time Task Scheduling Problem for Distributed Environments

ECBS ’19, September 02 - 03, 2019, Bucharest, Romania

Figure 1: Representing The use case including jobs, intra-task dependencies, tasks load complexity, real-time deadlines and
processing unit specifications.
often data is read from sensors, and it has to be sent to the actuators. For instance, Job1 - a sequence of T1, T14 and T18 - has a
maximal execution time of 60tu, and it is recurring every 70tu. A
more complex situation is presented by jobs 3, 7 and 8, where two
actuators are related to each job. The times for processing the data
corresponding to each actuator may be different, but what holds
them together is the execution frequency (200tu, 400tu and 500tu,
per job, respectively). Fig. 2 shows the dependency graph between
tasks of a job example from the use case (see Section II.A).

it is assumed that we know all the data dependencies among tasks
before execution (as described by Fig. 1 and partially by Fig. 2).
The distributed processing platform is nonuniform, consisting of
multiple homogeneous processing units with various processing
potential.
If a data conditional is based on input data, it is assumed to be
contained inside a task. A loop that uses an input data item to
determine one or both of its bounds is also assumed to be contained
inside a task. When two communicating tasks are mapped onto the
same processing units we assume that the communication delay is
zero. However, when they are mapped onto different processors a
finite communication delay is assumed and modeled by 1tu.
Moreover, we do not (yet) consider here aspects related to reliability, fault tolerance, safety, etc. These aspects may (such as in the
case of fault tolerance) require a duplication of allocation and synchronization of data across duplicated locations. These additional
objectives are subject of further work analysis.

3

Figure 2: Dataflow of Job #7.

2.2

Problem Assumption

To only focus on the allocation and scheduling problem, we made
the following additional assumptions. First of all, we assumed that
each task is written in a machine-independent language. Moreover,

MPGA DESCRIPTION

GA is an iterative population-based exploration solution mimicking
the process of natural selection and evolution where the characteristics of the process can be utilized in solving optimization problems.
All GA-based methods have an initial population where selection,
crossover, mutation operators are applied to initial population for
producing improved population. The operations will be repeated
until satisfying user criteria (reaching suitable results) or stopping
after a predefined number of iterations. The following subsections
explain the basic components of GA.
Step 1. Generating Initial Population. The initial population
includes random solutions in the design space, where each solution

ECBS ’19, September 02 - 03, 2019, Bucharest, Romania

Salimi et al.

Figure 3: Representing a valid allocation and scheduling by
GA/MPGA chromosome type.

represented by chromosome is a schedule for all the jobs. The size
of initial population depends on the size of design space. To check
the validity of solutions in the initial population, each solution is
examined by using the objective function represented in Equation
(1). Invalid solutions will be removed from the population.
Step 2. Fitness Evaluation. Objective function (fitness function)
is a metric for comparing different scheduling that satisfy problem
constraints. Equation (1) and Equation (2) represent the fitness
functions for single-objective and multi-objective optimization,
respectively.
Fitness_1 = #Processors + (γ × (α + β + θ ))

Fitness_2

=

#Processors
+
γ
Run − time
+ 3 × (α + β + θ )
BiддestDeadline

(1)

(2)

where α is the total extra loads of the all assigned tasks that exceed
the load of processing units, β is the total extra deadline of all
assigned tasks that exceed the real-time deadlines, θ is the total
extra ports of all job assignments that exceed the total number
ports per processing units, and γ is equal to 23, the total number of
processing units. BiддestDeadline is the maximum possible time for
finishing the slowest job. The scale of extra load (α), extra deadline
(β), and extra ports (γ ) could be very different, thus all the α, β, and γ
parameters should be normalized. However, we did not normalized
them since the range of these parameters are deterministic and the
fitness functions are customized for the studied use case.
In (1), minimizing the number of processors (#Processor ) is the
exploration objective. Whereas in (2), minimizing both the end-toend finishing time of all the jobs (Run − time) and #Processor are
the exploration objectives.
Step 3. Selection. Obviously the schedules with better fitness function are selected as the next generation and the others will be
removed from population set. The goal is to find a solution in design space with lowest fitness function in both Equations (1) and
(2).
Step 4. Crossover Operator. Is the most important operator of GA.
GA randomly selects two genomes from the population set based on
a certain crossover rate. Then two genome strings exchange parts
of their corresponding chromosomes to create two new genomes.
In our use case, the chosen scheduling are exchanged with the
other scheduling for producing two new schedules with most likely
better schedules. Fig. 3 illustrates the representation of the all jobs
scheduling by a genome type. Each genome consists of 42 portions
since the use case has 42 different tasks. All possible assignments

to processing units for each task is γ =23. This representation also
indicate the task scheduling by prioritizing the assigned tasks to
the same processor. Such that the processor operates on the tasks
from left to right i.e, if Task #4 (T4), Task #7 (T7)and Task #11 (T11)
are assigned to Processor #2 (P2), the processor first runs T4, then
T7 and T11 respectively.
Step 5. Mutation Operator. The main goal of mutation operator
is to increase genetic diversity. Mutation alters one gene value
(assigned processor to task) in a chromosome string from its initial
state. The solution may be better or even worst solution by using
mutation. Mutation forces GA to get rid of local optima. For doing
mutation, we need to randomly select one gene in chromosome
and modify its assigned value to a new valid number.
After each cycle of selection, crossover and mutation, the newly
generated set of solutions (schedules) is called as new generation.
All the generations are evaluated based on the fitness function to
determine if they represent a good enough solution to satisfy the
fitness function. This determines if the GA can stop searching, or if
otherwise, for the GA to continue searching until the predefined
stopping criteria is met. The stopping criteria could be the number
of generations, or evolution time, or fitness threshold, or fitness
convergence, or population convergence. In our case, the number
of generations was set as the stopping criteria. The schedule obtained after the stopping criteria will be the optimal or near optimal
schedule.

3.1

MPGA Algorithm

Although EC methods can improve the quality of results, using them
have some difficulties. First of all, an evolutionary algorithm may
not converge towards the optimal solutions or even to near-optimal
solutions in the case of very huge exploration space. One possible
solution is to increase the initial population size, but leading to
increase the execution time of evolutionary algorithms. Parallelizing these algorithms can remarkably diminish their execution time
and improve the quality of results. In the parallelized GA, multiple
processors work together where each one runs a simple GA and
has an independent populations.
Step 6. After a predefined number of iterations, all processors share
their best chromosomes among each other (migration operation).
Step 6 above is specific to the parallel procedure, which, including
the previous 5 steps is called MPGA. Sharing the best individuals
aids the MPGA to get avoid of local optima. This procedure comes
to be utilized in the algorithm that we propose in further.
Fig. 4 represents the behavior of the MPGA and the flowchart
of consequent operations is shown in Fig. 5. The pseudo-code of
MPGA is presented in Algorithm 1. The inputs of proposed metaheuristic optimization approach include: ○
1 the specification of
processing units including maximum processing potential, the total
number of input/output ports, and ○
2 the specifications of jobs
and tasks including load complexity, run-time deadlines, and task
dependencies.

4

EVALUATIONS

This section presents the results of experiments that have been
fulfilled to evaluate the impact of the proposed MPGA on the use
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Figure 4: Multi-population migration operation.
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Algorithm 1: Pseudo Code of MPGA
Input: • Processor Pi : 1 ≤ i ≤ # Processors
• Distributed processing units Specifications
• Jobs and related tasks Specifications
• N : Population Size
• T : Maximum Number of Iterations
Output: A Set of Near-Optimal Solutions
Function MPGA(N , T ):
(Step 1): U i,0 = Random_Population (N); //Creating
initial random population and assign to each Pi
(Step 2): Fitness_Function (U i,0 ); //Evaluating the
objectives of each solution in the all populations
t = 1;
while t ≤ T | Satis f yinдU ser N eeds do
(Step 3): U ′ i,t = Select (U i,t ); //Select some
chromosomes from the U i,t randomly.
(Step 4): U ′′ i,t = Crossover (U ′ i,t )
(Step 5): Y i,t+1 = Mutation (U ′′ i,t )
(Step 2): Fitness_Function (Y i,t+1 );
(Step 6): if #Iterations%MiдrationRate == 0 then
Select the best chromosome from Y i,t+1
Send the best chromosome to Pi+1
Receive the best chromosome from Pi-1
t = t + 1;
return Y i,t+1
Table 1: MPGA Algorithm Parameters.
Parameter
N: Initial Population Size (Each Processor)
# Populations
Maximum # Iterations
Crossover Rate
Mutation
Migration Rate
Migration Gap
Mutation Rate

Value
100
15
750
{0.1, 0.5, 0.9}
per each 5 populations
One-Point Mutation
3
25
1 - Crossover Rate

Figure 5: Flowchart of MPGA.
Table 2: Experimental Results Compared to [11].
case. The evaluations have been done based on two different optimization scenarios including single objective and multi-objective
optimization. It is necessary to mention that the single objective optimization has been solved with simple GA, while we leveraged MPGA
to solve the multi-objective optimization.

4.1

Implementation Details

MPGA is implemented in C++ and MPI library has been utilized
for parallelization. Ring topology is used for connections between
processors for running MPGA. For the implementations, an Intel
Core i7-4770 CPU 3.40 GHz with 16.0 GB RAM running on 64-bit
Windows 10 has been used. Seven cores have been leveraged in the
parallel implementation. The specification of MPGA parameters is
shown in Table 1.

Exploration Approach
Our Single Objective
Equation(1)
(Solved by simple GA)
Our Multi-Objective
Equation(2)
(Solved by MPGA)
Single Objective [11]
Multi-Objective [11]

4.2

End-to-end finishing time

# Processing units

250

7

Solution○:
1 210
Solution○:
2 250
Solution○:
3 160
210
180

7
8
9
9
11

Experimental Results Convergence

One of the main limitations of evolutionary algorithms is decreasing the convergence speed by increasing the number of iterations
leading to make non-convergent results in low iterations for difficult problems. Fig. 6 and Fig. 7 represent the convergence of fitness
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Figure 6: Convergence diagram of the fitness function for
the single objective optimization ((1)).

Figure 7: MPGA convergence diagram of the fitness function
for the eight different populations ((2)).

functions for both single and multi-objective optimization, respectively. It can be easily observed from the convergence figures that
both strategies are highly convergent toward the improved results
by contentious reduction in fitness functions as the system cost
(see Equation (1) and Equation (2)).
a) Single Objective Optimization. Fig. 8 illustrates the variation
trend of total number of utilized processing units over the number
of iterations. As mentioned before, the aim of single objective optimization is to decrease the number of processing units used in
jobs scheduling. Fig. 8 shows considerable improvement in finding scheduling with less required processing units. According the
results of Table 2, we need 22 processing units for scheduling in
the first iteration, while by proceeding the exploration algorithm,
we found a solution with only seven required processing units.

Salimi et al.

Figure 8: Convergence diagram of the variations # processing units in single objective optimization solved by simple
GA.

Although there exist some breaks in continuous improvement, the
overall trend moves toward improvement.
b) Multi-Objective Optimization. As mentioned before, the total
number of processing units and end-to-end finishing time (represented as Run − time in (2)) for all the jobs are the two main
objectives of MPGA. Fig. 9 and Fig. 10 illustrate the convergence
figures of required processing units for scheduling and end-to-end
finishing time for all the scheduled jobs, respectively. We can conclude from the figures that both the objectives are approaching
toward optimized results. Although there are some failures or stops
in achieving better results in each iteration, the overall Progression
of MPGA always approaches toward superior outcomes (Fig. 11).
Table 2 shows three different solutions on the Pareto frontier
of the last Population. We have a variety of options based on the
user needs. Solution○
1 is a schedule with minimized number of
processing units (7 processing units) while takes more time, 210tu,
for running. On the other hand, Solution○
3 provide the minimum
elapsed end-to-end finishing time (160tu), while needs 9 processing
units for running.

4.3

Comparison between MPGA and simple GA

For evaluating the impact of multi-population optimization on the
allocation and scheduling problem, the results of single objective
optimization has been achieved by leveraging single population
GA (simple GA). On the other hand, the results of multi-objective
optimization has been achieved by using MPGA. We compared
MPGA and simple GA schemes in terms of exploration time and
quality of results in the following sections.
a) Exploration Time and Speedup. Fig. 8 and Fig. 9 represent
the convergence of processing units for single population GA and
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Figure 11: Improvement proceeding of exploration objectives including the number of processing units and end-toend use case run-time.
Figure 9: Convergence diagram of the # processing units in
the multi-objective optimization by using MPGA approach.

4.4

Comparison Between MPGA and Morady et
al. [11]

We compare the proposed MPGA solution with a similar evolutionary approach [11]. However, we customize the fitness functions
for the studied use case. Table 2 represents the evaluation results
after applying [11] on the industrial use case. As seen in Table 2,
our method in single objective scenario found a schedule with 7
required processing unit, while [11] proposed a solution with 9 required processing units. In addition, in multi-objective scenario, [11]
needs 180tu to finishe all the jobs, while compared to Solution○,
3
our proposed method needs 160tu. Therefore, we can conclude our
customized MPGA overcomes a similar EC method represented in
[11].

4.5
Figure 10: Convergence diagram of the end-to-end runtime in the multi-objective optimization by using MPGA approach.

We have considered here the use case described in section 2, and
illustrated entirely by Fig. 1. After applying MPGA to the use case
tasks, the near-optimal scheduling result is shown in Fig. 12, a
valid scheduling for all jobs and their related tasks with minimum
number of processing units (Solution○).
1

5
MPGA, respectively. MPGA achieve the best result after 400 iterations, while single population GA needs 750 iterations for finding
the best solution. Obviously converging to the best result needs in
less number of iterations by using MPGA which is the best proof
to show the benefits of applying the MPGA, especially when the
design space is large.
b) Quality of Results. According to the results of Table 2, MPGA
found a solution with 7 required processing units and 210tu for
the end-to-end finishing time, while single population GA found a
solution with the same required processing units but takes 250tu
for the end-to-end finishing time. MPGA provides more quality
of results compared to single population GA even when single
population GA tries to optimize only one objective.

Allocation and Scheduling Results

RELATED WORK

Here, we first explore more traditional list scheduling heuristics
that have considered communication costs.
The basic idea is to make an ordered list of nodes by assigning
them orders, and then to repeatedly execute the following two
steps until a valid schedule is obtained: ○
1 Select from the list the
node with the highest order for scheduling. ○
2 Select a processor
to accommodate this node. In realistic cases, scheduling needs to
exploit parallelism by identifying the task graph structure and take
into consideration task granularity, arbitrary computation, and
communication costs.
In [10], the modified critical path algorithm (MCP) is proposed,
based on the latest possible start time of a node. A node’s latest
possible start time is determined via the as-late-as-possible (ALAP)
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Figure 12: The best solution for multi-objective optimization with minimum number of processing units
(solution○).
1

binding by traversing the task graph upward from the exit nodes
to the entry nodes while pulling the node’s start times downwards
as much as possible. The latest possible start time of the node
itself is followed by a decreasing order of the latest possible start
times of its successor nodes. Furthermore, in [10], the dominant
sequence clustering algorithm (DSC) is presented. It is based on
the dominant sequence, which is essentially the critical path of the
partially scheduled task. CP (the critical path of task graph) node is

Salimi et al.

a ready node. If so, DSC schedules it to a processor allowing the
minimum start time. Such a minimum start time may be achieved by
rescheduling some of the node’s predecessors to the same processor.
If the highest CP node is not a ready node, DSC does not select it for
scheduling. Instead, it chooses the highest node which lies on a path
reaching the CP for scheduling. Moreover, also in [10], the mobility
directed algorithm (MD) is presented. MD selects a node at each
step based on relative mobility which is defined as the difference
between a node’s earliest start time and latest start time. Similar
to the ALAP binding, the earliest possible start time is assigned
to each node via the as-soon-as-possible (ASAP) binding. This is
performed by traversing the task graph downward from the entry
nodes to the exit nodes while pulling the nodes upward as much
as possible. Moreover, relative mobility is obtained by dividing the
mobility with the nodeâĂŹs computation cost. Basically, a node
with zero mobility is a node on the CP. At each step, MD schedules
the node with the smallest mobility to the first processor having a
large enough time to accommodate the node without considering
the minimization of the nodeâĂŹs start time. After a node has been
scheduled, the relative mobility values of the remaining nodes are
updated.
In [11], a MPGA is presented which outperforms deterministic
and non-deterministic methods described in [12, 13]. In [14], a
new encoding mechanism with a multi-functional chromosome is
presented, using a priority representation that is called prioritybased multi-chromosome (PMC). PMC can efficiently represent a
task schedule and assign tasks to processors. It is another metaheuristic method that uses a GA to achieve near-optimal scheduling
of tasks.
Research on static mapping methods includes the work of Lei
et al., who proposed a genetic mapping algorithm to optimize application execution time [15]. In their work, graphs represent applications and the target architecture is a NoC. Wu, et al. also
investigated genetic mapping algorithms [16]. By combining dynamic voltage scaling techniques with mapping, they achieved 51%
savings in energy consumption. Murali et al. explored mappings
for more than one application in NoC design, using the tabu search
(TS) algorithm [17]. Manolache, et al. investigated task mapping
in NoCs, trying to guarantee packet latency [18]. For this purpose,
both the task-mapping algorithm (TS) and the routing algorithm
are defined at design time. Hu et al. presented a branch-and-bound
algorithm to map a set of IP cores (IPs) onto a NoC with bandwidth
reservation [19]. Their results show energy savings of 51.7% in
the communication architecture. In [20] presented a task scheduling scheme on heterogeneous computing systems using a multiple
priority queues genetic algorithm (MPQGA). Their experimental
results for large-sized problems for a large set of randomly generated graphs as well as graphs of real-world problems with various
characteristics showed that the proposed MPQGA algorithm outperformed two non-evolutionary heuristics and a random search
method.

6

CONCLUSIONS AND FUTURE WORK

Leveraging a distributed environment for task scheduling can enhance reliably and provide a specification compliant processing
scheme. The inherent difficulties in distributing application jobs
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and scheduling them among processing units may lead applications to expose low performance, or the system may require extra
(unnecessary) resource costs. Here, a parallel Multi-Population
Genetic Algorithm is developed to overcome complexity barriers,
towards optimizing both operation time and resource numbers,
while preserving application requirements. For the evaluations,
a synthetic use case has been studied, grouping many aspects of
actual industrial systems. The final results offer a better resource
efficiency (requiring less number of processing unit) while guaranteeing real-time execution. In addition, MPGA provides better
efficiency compared to other similar evolutionary approaches. We
expect more complex problems to appear when we need to deal
with duplication of tasks and synchronization activities, related to
reliability and fault tolerance aspects, in future research actions.
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Abstract — Increasingly sophisticated, complex, and
energy-efficient cyber-physical systems and wireless sensor
networks are emerging, facilitated by recent advances in
computing and sensor technologies. Integration of cyberphysical systems and wireless sensor networks with other
contemporary technologies, such as unmanned aerial
vehicles and fog or edge computing, enable creation of
completely new smart solutions. We present the concept of
a Smart Mobile Access Point (SMAP), which is a key
building block for a smart network, and propose an
efficient placement approach for such SMAPs. SMAPs
predict the behavior of the network, based on information
collected from the network, and select the best approach to
support the network at any given time. When needed, they
autonomously change their positions to obtain a better
configuration from the network performance perspective.
Therefore, placement of SMAPs is an important issue in
such a system. Initial placement of SMAPs is an NP
problem, and evolutionary algorithms provide an efficient
means to solve it. Specifically, we present a parallel
implementation of the imperialistic competitive algorithm
and an efficient evaluation or fitness function to solve the
initial placement of SMAPs in the fog computing context.

utilization and power-performance (energy efficiency
[27], [3]) by selecting the positions for SMAPs of such a
CPS using Smart Mobile Access Points (SMAPs).
SMAPs can make a cluster for computing together
and make decisions for improving quality of the network.
SMAPs can change their positions based on their
decisions. Therefore, placement of SMAPs is a critical
problem in this concept.
Placement is a multi-objective optimization problem.
Different kinds of approaches, such as static or dynamic
methods, can be used to solve this problem [6]. For
initial placement, which is a static placement problem,
we can utilize an Evolutionary Computing (EC) method
[7], [10] such as Particle Swarm Optimization (PSO) [9]
and the Imperialist Competitive Algorithm (ICA) [8]. Of
these, we introduce a multi-population version of ICA
(PICA) [11] with an efficient fitness function for solving
the initial placement problem in SMAP. This is based on
the fog computing context in order to improve the speed
and accuracy of our approach.
In Section 2, SMAPs such as new concept is
presented. In section 3, a review of related works is
presented. In Section 4, a parallel multi-population
implementation of ICA based on fog computing to solve
the placement of SMAPs is introduced. In Section 5,
PICA is compared with ICA, random method, and
mathematical method.

Keywords- smart mobile access point; fog computing;
wireless sensor networks; cyber-physical systems; multiobjective optimization; evolutionary computing; parallel
approaches; ICA; parallel programming; multi-population;
placement.

I.

INTRODUCTION

II.

Wireless sensor networks (WSN) and cyber-physical
systems (CPS) are two current important fields of
technology that are tightly intertwined [1], [2]. There are
different kinds of real WSN applications implemented
for cyber-physical systems. The combination of wireless
sensor networks and the other new technologies, such as
unmanned aerial vehicles (UAV) and mobile robots, has
created a new revolution in this area. WSNs with mobile
nodes can obtain better performance by using mobile
access points embedded in UAVs or mobile robots [25],
[26]. In this paper, we aim at improving the resource
978-1-5090-2771-2/16 $31.00 © 2016 IEEE
DOI 10.1109/UIC-ATC-ScalCom-CBDCom-IoP-SmartWorld.2016.122

SMART MOBILE ACCESS POINTS

SMAPs are mobile access points that enable creation
of a smart sensor network. The task of SMAPs is to
predict the behaviour of the network and select the best
approach to support the network at any given time.
SMAPs receive and send signals (e.g. battery levels, the
number and IDs of sensors that have been covered, and
help requests) from and to the other network nodes,
collect the received information, predict the next
operations based on this data, and run these operations.
An SMAP sometimes utilizes previous knowledge and
operations, or creates new operations by learning or
680

 SMAPs can be used to replace faulty access points.

evolving through machine learning techniques. The most
important operations of SMAPs are the following: 1)
Finding new (optimal) positions for access points to
obtain a better coverage of sensors; 2) Making decisions
about moving the access points to new areas [17]; 3)
Participating in distributed communication and
computation tasks (fog computing [18]) other than the
processing carried out as an inherent part of the decision
making in 1) and 2).
Decision-making on moving an SMAP to a new
position can lead to different approaches, such as
creation of a new network configuration, supporting e.g.
fault tolerance by replacing a faulty access point with a
functioning one, or covering a missed area of sensors that
is not currently supported or covered by any other access
point. This scenario is illustrated in Figure 1. The
network has missed the red static access point (in Figure
1 (a)), then SMAPs move to new positions ( and  ) to
support the connectivity of the network (in Figure 1 (b)).
SMAPs make a cluster connection for essential
computing together by fog connection that is illustrated
in Figure 1.
SMAPs improve quality and flexibility of WSNs.
Their advantages can be summarized as follows:

It is clear that placement of SMAPs has a significant
effect on the performance of the network. This motivates
us to concentrate on the placement problem in this paper.
For simplicity, we will focus especially on the initial
placement to demonstrate efficiency of our approach.
SMAPs should have an initial placement and initial
clustering [18] (a cluster is a set of sensors that has been
covered by an access point). Also, they should be able to
dynamically move to new positions, because the
behaviour of the network can change at run-time. This
reconfiguration process is a reaction to the status of the
network, and SMAPs can update their positions for each
new configuration.
Such a placement and clustering problem can be
solved by utilizing either cloud computing or fog
computing [19], [20]. Our approach is based on the latter.
Each cluster center, access point, or area always has
a distinct weight. This weight is equal to the probability
of requesting for reconfiguration at the access point in
question. Weights can be computed based on different
effective parameters, such as the network traffic at these
access points, the lifetime of their batteries, or properties
of the covered area. This phase can be handled using a
reinforcement learning approach [28], where certain
features defined by users (e.g. battery life time) along
with some essential characteristics of the network (e.g.
connectivity) are utilized. The model for SMAPs is
illustrated in Figure 2.

 SMAPs enhance the system by improving coverage
in large scale networks.
 SMAPs enable dynamic reconfiguration of WSNs.
 SMAPs facilitate solving hotspot problems in the
network.
 SMAPs can together make a grid network to run realtime computing tasks in parallel, facilitating nearsensor processing and fog computing.

(a)

(b)

Fog Connection

Static Access
Point

SMAP

Sensor

Fig. 1. SMAP model that using Fog network.
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Normal
Connection

them are more critical. The first key objective is to
guarantee continuous network connectivity. This means
in practice that each sensor node should have a
connection to at least one access point at any given time.
The second key objective is about providing reliable
communication in the case of access point failures. In
other words, all other nodes in the network should
maintain their communication if an access point runs out
of power. Using extra (redundant) access points is the
best solution to obtain this goal. With this approach, the
number of possible access points for sensors is increased.
In the real world, there are heterogeneous sensor
networks with three different kinds of nodes: sensors,
access points, and gateways. Sensors can only
communicate with access points. Access points are
utilized for routing and can communicate with all other
types of nodes. Also, access points have more memory
and computing capacity than sensors. Access point nodes
can only communicate with access points. The following
three main conditions must be respected to obtain
efficient WSNs;

Data Center Cloud
Application Hosting,
Management

Core Networking
and Services

Centralized
Intelligence:
CLOUD
Computing

IP/MPLS Core

IP/MPLS, QoS, Multicast,
Security, Network Services,
Mobile Packet Core
Distributed Intelligence:
FOG Computing

Multi-Service
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Field Area
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3G/4G/LTE/WIFI/
Ethernet/PLC

Embedded Systems
and Sensors

Distributed
Intelligence: EndPoint Computing

Smart Things
Networks

Smart and less smart
things, Vehicles, Machines
Wired or Wireless

Fig. 2. SMAP model that using Fog network.

III.

BACKGROUND

In this section, brief reviews on sensor and access
point placement methods and on Evolutionary
Algorithms (EA), especially Imperialistic Competitive
Algorithms (ICA), are presented.

 Full connectivity: All access points and sensors must
have at least one connection (direct or indirect) to a
gateway.
 Configurable redundancy robustness [20]: It is
necessary to have more than one different route
between each sensor and gateways.
 Placement constraints: In practice, an access point
cannot be placed in every possible location, i.e., there
can be some obstacle to this placement.

A. Different Methods for Placement
In a dynamic WSN, some nodes can be repositioned
to new places. For example, sensors could be moved to
new locations to get more useful information, or they
could be replaced with different types of sensors to sense
other physical phenomena or to get more accurate
readings
Real-time replacement of nodes during network
operation is in general very complex. Indeed, there is a
considerable difference between static initial placement
and dynamic run-time placement. In dynamic placement,
there are more complex parameters such as the
environment base, mobile targets, and lifetime of
sensors. Furthermore, replacement of a node requires
very careful handling since it can potentially cause a
disruption in data connectivity and delivery. In some
cases, sensors can also move to new positions to obtain
better readings or to sense other information. In this kind
of scenarios, dynamic placement is very challenging.
Two major factors contribute to this complexity. The
first one is the ability of nodes to move and reposition to
an infinitive number of locations. The second factor is
the obligation of the network to maintain full
connectivity and to cover all sensors, i.e., to reliably
collect data from all static and dynamic sensors in the
network.
There are two main types of placement in WSNs:
placement of sensors and placement of access points. In
this paper, we only focus on placement of access points.
Placement of access points is a multi-objective
optimization problem in which most of the set goals
should be satisfied. There are different goals, but two of

Finding an optimal placement to improve
connectivity, reliability, and energy consumption is an
NP-hard problem [23]. There are different heuristic
methods to solve this problem, which are presented in
[24], [19].
Solving the problem of missing access points is
essential for real large-scale WSNs. Also, it is evident
that using ordinary methods to implement more
redundancy (i.e. adding fixed/stationary access points) is
very expensive. SMAPs can be used to solve this
problem at a lower cost and with more flexibility.
B. Evolutionary Algorithms
The multi-objective placement problem is an NPhard problem. Evolutionary Algorithms (EAs) are the
best choice to solve it. There are different kinds of EAs
that have been utilized for discrete and continues
problems. For example, Genetic Algorithms (GAs) [15]
are very popular to solve discrete problems. Also,
Particle Swarm Optimization (PSO) [16], [17] and Bee
Colony Optimization (BCO) [14] have been used for
continuous problems. The Imperialistic Competitive
Algorithm (ICA), in turn, is an efficient EA that has been
utilized for continuous problems [8], [12], [13].
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Fig. 3. Imperialist Competetive Algorithm

C. Imperialistic Competitive Algorithm
ICA is an optimization method, an efficient
evolutionary algorithm, based on imperialistic
competition. In this algorithm, all countries are divided
into two categories: colonies and imperialist states. The
main part of this algorithm is imperialistic competition,
which is expected to cause the colonies to converge to
the global minimum. ICA is a suitable method for
optimization [12], [13], but there are similar problems in
ICA as in other evolutionary algorithms. For example, in
the case of a large search space, a considerable initial
population is required to obtain a more accurate and
reliable result. However, we cannot realize this
requirement with a single processor. The computing
capacity would not be sufficient. When we face a
complex problem that needs complex computations, the
run time will increase, and therefore we need to utilize a
new method to improve speed and efficiency. A parallel
computing method for ICA, called PICA, which we have
previously proposed [11], is employed here to improve
performance. The method is a multi-population
implementation of ICA.

[8].

group of subnetworks form a larger network. The larger
network is controlled by a single main manager node
elected from the subnetwork managers with the support
of a cloud service. Since all manager nodes are connected
to the cloud, the communication between manager nodes
can take through the cloud. Optionally, near managers
can communicate directly without the need to pass
through the cloud.
Following the node types, there are different levels of
uptime. An application node is in a sleep state most of
the time and initiates communication whenever it wakes
up. Application nodes run algorithmic layer tasks. They
receive a manager advertisement, which contains the
address of the manager. Manager nodes manage
communication between their application nodes and
other SMAPs. For ease of discussion, Figure 5 presents
five subnetworks each having a single manager (blue
nodes in Figure 5) and communicating using an
appropriate protocol (such as 6LoWPAN or Bluetooth
Low Energy). The local manager is known as the home
manager for the application nodes in its subnetwork.
SMAP-1

IV.

SMAP-2

PROPOSED APPROACH
Best

In this section, a parallel implementation of ICA
(multi-population PICA) is applied to develop an
efficient method for solving the initial placement
problem in SMAP based systems. For this, we have
divided our approach into two layers: an architectural
layer and an algorithmic layer.

Best
Best

Best

A. Architectural Layer
In the proposed distributed system, a set of SMAPs
form a computing network. Each SMAP consists of two
node types; application nodes (AN) and a manager node
(MN). The nodes are organized in a federated manner as
shown in Figure 5, that is, each autonomous subnetwork
of ANs is managed by a single manager node, and a

Worst

Best

Worst

SMAP-3

SMAP-4

Best

Best
Best

Worst

Worst

Fig. 4. Multi-population PICA based on Fog computing by SMAPs
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SMAP

SMAP

AN

AN

MN

AN

AN

MN

MN

can be partitioned into the normal access point set A, and
and |P| =  .
the SMAP set P, with cardinalities |A| =
A = {( ,  ), ( ,  ), … , ( ,  )}
W = { ,  , … ,  }
P = {( ,  ), ( ,  ), … , ( ,  )}

SMAP

Given a pair of points (  ,  ) ෛ SS, or (i , j) for
short, their Euclidean distance ‖  −   is denoted by
 .

MN

MN

The whole distance set can be represented by a
AN

AN

SMAP

AN

AN

Euclidean distance matrix (EDM in short) EDM ෛ
ℝ× . For m points, the set of all possible Euclidean
distance matrices, denoted as  , is a rich algebraic
structure: the  is a convex cone contained in the
subspace of all symmetric hollow matrices, that is
closely related with the semi definite matrix cone.
To solve this problem, i.e., to find an optimal solution
for EDM, we use the multi-population PICA which is
described next2. Multi-Population PICA

AN

SMAP

Fig. 5. Federated architecture of SMAPs

B. Algorithmic Layer
To have the best placement of SMAPs, in our work,
all access points are divided into two main groups that
are SMAPs and normal access points. Normal access
points are static access point and only transfer data and
maintain connectivity in the network. SMAPs can work
like normal access points, but they also can perform other
tasks, like supporting other access points when needed.
In this paper, however, to simplify the problem, normal
access points have been selected as target points for
SMAPs, as we are considering the static initial placement
only. Also, each normal access point has an independent
weight. The weight of each access point indicates the
probability of needing support from SMAPs (i.e. the
need for network reconfiguration). This probability is a
value that can be derived from different parameters such
as communication traffic and battery lifetime. In our
approach, the rate of communication traffic is selected
for this purpose.
1. Modeling of the problem

In [11], we have utilized a multi-population model to
implement the PICA by applying a selective local search
strategy. In this implementation, several processors are
connected in a ring topology on the message passing
architecture, and they are illustrated in Figure 4. This
approach can run on both share-memory and message
passing architectures; although, shared-memory methods
actually do not have any specific topology.
As the first step, independent countries are initiated
in each processor, and then ICA is independently run in
each processor. After some decades (the time is different
on different runs) the best country migrates from the
processor  to +1 in the ring and replaces the worse
country in +1. The migration takes place
synchronously (simultaneously) in all processors in the
ring, There can be different migration strategies leading
to different results. In the case of a sparse connection
topology, such as a ring which we have utilized, it is
better to use low migration rates and as short migration
distances as possible. In a fully connected topology, in
turn, the best results are obtained when the migration
rates are high. The pseudo-code for PICA is presented
in Figure 6. A system-wide migration operation is
executed at each designated migration time point. During
the migration, the processors do not execute any other
tasks. The algorithm terminates either after a fixed
number of iterations or when some other termination
condition is reached.
PICA is a highly efficient parallel method which
improves the speed, stability, and accuracy of results
[11]. This motivates us to apply it to the SMAP
placement problem. In order to appropriately adapt the
method, each SMAP is considered a processor, and a ring
topology is assumed. A ring is a simple structure,
facilitating efficient short-distance migrations.

We assign a set, denoted by A, for normal access
points that have specific coordinates ( ,  ). This set
consists of the coordinates of all (normal) access points
in the system (static access point). Also, each access
point has a certain weight, denoted by  , and the set of
all weights is denoted by W.  can be a value that
represents connectivity, reliability, energy or any other
important parameter in the network. The objective of our
work is to discover the best locations for SMAPs in their
search space so that SMAPs are placed closer to points
that have higher values of  . These distances, which are
proportional, should be dependent on all  . The set
which consists of the points or coordinates where
SMAPs are to be placed is denoted by P .
In order to solve the placement problem, we consider
a set S of points  ๕ ℝ . Each  can represent either
an SMAP, a point whose position is not known, or a
normal access point whose position is known. Thus, S
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nearest normal access points. The Distance variable
equals the sum of distances between all SMAPs that is
presented in Equation 3.

Processor :
1. Create independent initial countries.
2. Run ICA algorithm independently.
3. If now is the time of migration do
3.1 Wait until all processors arrive to this point.
3.2 Send the best country to processor (+1) mod (number of
processors).
3.3 Receive a country from (−1) mod (number of
processors) and replace the worst country with the received
one.
4. If the termination condition is reached then terminate the
algorithm
Else go to 2.
5. Show the best country.
6. End.




Distance = ∑
% ∑% $( −  ) + ( −  )
>

2.3. Selecting imperialists and making colonies
In the next step, the most powerful countries (! )
are selected (the number of ! is equal to five percent
of the number of all contraries). In addition, each of them
becomes an imperialist and every imperialist selects
some other countries based on its power. After this, each
country in colonies starts moving towards its relevant
imperialist; this operation corresponds to the exploitation
operation in any other EAs and is illustrated in Figure 2.
Then some countries are randomly selected and their
positions are randomly changed. This operation explores
the search space and is well-known in all EAs. The most
significant advantage of this operation is that it prevents
the algorithm from dropping in local optimums.

Fig. 6. Pseudo-code of Multi-Population ICA.

2.1. Creation of countries
First, a matrix, in which each cell is a data structure
of the form ( ,  ), is created. Each row of the matrix is
a country, which is a set of points, and also, it can be the
best solution. These points are a possible placement of
the SMAPs in the proposed search space. Values of
 and  are real values ( ,  ∈ ) and are randomly
generated. Each column corresponds to the location of
each placement of a SMAP. Hence, the number of rows
is equal to the size of the initial population (!"! ) and
the number of columns is equal to the number of SMAPs.

2.4. Exchanging the position of an imperialist and a
colony
In every iteration, if the situation of a colony
improves and it becomes better than its imperialist, their
positions are exchanged. This operation is presented in
Figure 2.

2.2. Evaluation function
In all problems that are solved by EAs, the essential
task is to find a suitable fitness function to evaluate the
whole population. In our approach, the evaluation
function receives a country as its input and returns a real
value as its output. The output is computed based on the
distance between the SMAPs and all normal access
points and on the weight of each normal access point. A
country with the lowest value of the evaluation or fitness
function is the best country (solution). In other words,
this problem is a minimization optimization problem.
One common fitness function for solving the
placement of a single SMAP, which has been utilized in
most related work, is illustrated in Equation 1.



Fitness Function = ∑
% ∑% $( −  ) + ( −  )

2.5. Imperialist Competition
In this step, imperialists start a competition to obtain
new countries from other imperialists. In this phase,
power of all imperialists and their colonies are computed
to determine the probability of winning the computation.
Finally, the weakest imperialist is detected, and its
colonies are granted to the other imperialists. The
receiver imperialist is selected by a tournament operation
based on the probability of winning. The competition
operation is shown in Figure 2. All the above steps are
repeated until the next time of migration arrives.
2.6. Migration Operator
At a migration time point, processors stop their
current tasks and discover their best imperialists and the
worsts colonies. Then the processors synchronously send
their best imperialists to the next processors and receive
the best imperialists from the previous processors, and
replace their worst colonies with the received ones.
Finally, the algorithm stops after some certain
number of iterations, and the best imperialist is
determined. This represents the best solution for the
SAMP placement. This operation is presented in Figure
3.

(1)

Indeed, this function is suitable for selecting the
best place for a single SMAP, but when the number of
SMAPs is increased, the placement problem becomes
more complex, and the function presented in Equation 1
does not provide correct results anymore and cannot
therefore be applied. Here we propose a new and
efficient fitness function DM, presented in Equation 2,
which provides accurate results for any number of
SMAPs.
DM=∑0
% &(_ ) + '

*- /001
2

(3)

(2)

34:567 89

V.

EXPERIMENTAL RESULTS

The proposed work has been implemented on Intel®
Core™ i5, CPU @ 2.9GHz, RAM 8 GB at Department
of Information Technology, University of Turku,
Finland. VC++ 2015 has been utilized for the

D=;√ =

Here n equals the number of normal access points and
NA equals the number of SMAPs. The _ equals the
Euclidean distance between SMAP number i and D
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The worst distance presents the maximum distance
between the results of each method and the best position
of each benchmark. The correct placement count column
shows that how many times each method finds the best
position for each benchmark in the set of 40 consecutive
test runs.

implementation and MPI instructions for parallelization.
Furthermore, MPICH2.3.2 has been applied for parallel
execution of the algorithms. The proposed PICA based
approach has been tested on four processors in all tests
for four benchmarks. Well-known 2-D benchmarks have
been utilized. The obtained results have been compared
with the serial ICA, mathematical, and random
placement methods.

B. MULTIPLE SMAPS
Unlike in the three benchmarks considered above, in
the fourth benchmark the algorithms should choose the
best locations for several SMAPs instead of just for one.
In this benchmark, there are 16 normal access points and
5 SMAPs. The SMAPs should have different positions.
Such complex placement problems are relevant for realworld wireless sensor networks and cyber-physical
systems. In a single SMAP placement discussed above,
a mathematical method could find the best place, but
when dealing with several SMAPs, mathematical
methods are not applicable in practice, as they cannot
determine the best positions for the SMAPs in a finite
time.
In this paper, the PICA and serial ICA methods are
run on all the four benchmarks for 40 times with 100
iterations in each round. The number of initial countries
is 500. The results of these tests for the fourth benchmark
are indicated in Figures 19 and 20. In this placement
problem, the DM function (Equation 2) is utilized as the
fitness function for both PICA and ICA to obtain the best
results. The overall results show that the proposed fitness
function is very efficient, enabling PICA and ICA to find
the best positions also in the complex placement cases.
The results also demonstrate that PICA performs much
better than ICA.
Finally, the runtimes of all methods in all benchmarks
are illustrated in Table 2. The results for PICA in this
table is based on four cores. The results show that PICA
in all benchmarks finds the best place in a short time, but
mathematical methods cannot determine the best
positions for the SMAPs in the fourth benchmark.

In the first three benchmarks, the best place is in the
coordinate (0, 0). The aim in these cases is to find the
best place for a single SMAP on their search spaces. In
the fourth benchmark, the goal is to place more than one
SMAP to different positions. All the methods have been
run on these benchmarks, 40 times for each benchmark,
and the results have been compared with each other.
The first benchmark contains eight normal access
points (static access points) that have a circular
arrangement. The radius of this circle is equal to 500
meters. The second benchmark has eight normal access
points that are concurrent based on the center point. The
coordinate of the center point is (0, 0). The third
benchmark has 50 simultaneous access points that are
randomly created. In all these benchmarks, the weights
of the normal access points are equal. The results of
PICA and serial ICA have been obtained in 100 iterations
with 500 countries as an initial population.
Figure 7 shows the placements that have been
discovered by PICA. It clearly indicates that the results
are very close to the optimal point, and the best results
are obtained 35 times in the series of 40 runs. The results
of the random placement and serial ICA placement
methods are illustrated in Figures 8 and 9, respectively.
It can be clearly seen that the results of PICA are
significantly better than the results of the random and
serial ICA methods. Figures 10, 11 and 12 indicate the
results of the PICA, random, and serial ICA placement
methods, respectively, for the second benchmark.
Finally, for the third benchmark, Figures 13, 14 and 15
present results of all three placement methods. The
statistical results of the three methods and a
mathematical approach for all the benchmarks are
illustrated in Table 1. These results demonstrate that
PICA is more accurate and efficient than the other
methods. They also indicate that the proposed PICA
method is successful on both simple and complex
benchmarks. Figures 16, 17 and 18 present the stability
diagrams of all the methods for the first three
benchmarks. The migration operation in PICA is the
primary factor for the accuracy of results in our
approach. Also, this factor can be a strong motivation for
using PICA.
In Table 1, there are three important columns
described as follows: The best distance shows the
minimum distance between the results of each method
and the best position (center point) of each benchmark.

Benchmarks

TABLE I.

PICA
Random
Serial ICA
Mathematical
PICA
Serial ICA
Random
Mathematical
PICA
Serial ICA
Random
Mathematical
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3

2

1

STATISTICAL RESULTS

The Best
Distance

The Worst
Distance

0
13.2549
0
0
0
0
52.9906
0
0
0
846.77
0

2.8635
78.1004
11.5873
0
61.4191
127.3185
1.0572e+03
0
475.0343
4.6043e+03
1.0447e+04
0

Correct
Placement
Count

A. SINGLE SMAP

35
0
7
40
36
4
0
40
21
2
0
40

Fig. 7. The placement of PICA on benchmark 1.

Fig. 11. The placement of Random method on benchmark 2.

Fig. 8. The placement of random method on benchmark 1.
Fig. 12. The placement of ICA on benchmark 2.

Fig. 9. The placement of ICA on benchmark 1.
Fig. 13. The placement of PICA on benchmark 3.

Fig. 10. The placement of PICA on benchmark 2.
Fig. 14. The placement of Random method on benchmark 3.
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Fig. 15. The placement of ICA on benchmark 3.

Fig. 19. The placement of PICA on benchmark 4.

Fig. 16. The stability diagram of all methods on benchmark 1.

Fig. 20. The placement of ICA on benchmark 4.
TABLE II.

RUN TIME TABLE FOR ALL BENCHMARKS.

Benchmarks

Run Time (Sec)
1

2

3

4

PICA

11.26

10.67

16.02

40.81

ICA

43.23

41.71

63.34

159.97

Random

3.01

3.00

3.61

3.40

Mathematical

4.21

4.20

4.65

-----

Methods

VI.

CONCLUSION

In this paper, the concept of a smart mobile access
point (SMAP) was introduced, utilization of SMAPs in
wireless sensor networks and cyber-physical systems
was briefly discussed. The main focus of this study was
on the placement of SMAPs, especially on finding the
optimal initial placement. For this, we applied PICA as a
heuristic method for solving the placement problem and
proposed a new efficient fitness function tailored
especially for the complex placement of SMAPs. It was
demonstrated that this new fitness function improved the
results of PICA in placement of several SMAPs. In our
approach, SMAPs were utilized as a fog computing
platform to run our optimization algorithm in a
distributed manner. The proposed PICA method was
tested on four different benchmarks and was compared
with serial ICA, random placement and mathematical
methods. The obtained results demonstrated that PICA is

Fig. 17. The stability diagram of all methods on benchmark 2.

Fig. 18. The stability diagram of all methods on benchmark 3.
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an outstanding method and capable of solving efficiently
complex placement problems that are highly relevant for
real-world wireless sensor networks and cyber-physical
systems.
As a future research topic, we will focus on dynamic
runtime placement of SMAPs, which is a significantly
more challenging problem than the initial placement
problem discussed in this paper.
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Placement is a multi-objective optimization problem
which can be solved using static or dynamic methods [1].
For a static problem, such as initial placement of SMAPs,
Evolutionary Computing (EC) methods are the most wellknown approaches [2], [3]; and a Genetic Algorithm (GA)
is a powerful EC method [2]. There are several
improvements for GAs. Among them, in this paper, a multipopulation version of a GA (MPGA) [5] with an efficient
fitness function for solving the initial placement problem in
a hierarchical SMAP based system is proposed. The
proposed method is based on the distributed fog computing
model to enhance speed, accuracy, and scalability of the
approach. The aim of this work is to improve resource
utilization and energy-efficiency by the adopted
hierarchical system architecture and optimal positioning of
SMAPs.
The rest of the paper is organized as follows. Section II
provides the background of this work. Section III reviews
literature study in the area. Section IV proposes a parallel
multi-population implementation of a GA, based on fog
computing, to solve the initial hierarchical placement of
SMAPs. In Section V, the proposed MPGA is evaluated by
comparing with a traditional GA [17] and a mathematical
method [19]. Finally, Section VI concludes the paper.

Abstract — Recent advances in computing and sensor
technologies have facilitated the emergence of increasingly
sophisticated and complex cyber-physical systems and
wireless sensor networks. Moreover, integration of cyberphysical systems and wireless sensor networks with other
contemporary technologies, such as unmanned aerial vehicles
(i.e. drones) and fog computing, enables the creation of
completely new smart solutions. By building upon the concept
of a Smart Mobile Access Point (SMAP), which is a key
element for a smart network, we propose a novel hierarchical
placement strategy for SMAPs to improve scalability of
SMAP based monitoring systems.
SMAPs predict
communication behavior based on information collected from
the network, and select the best approach to support the
network at any given time. In order to improve the network
performance, they can autonomously change their positions.
Therefore, placement of SMAPs has an important role in such
systems. Initial placement of SMAPs is an NP problem. We
solve it using a parallel implementation of the genetic
algorithm with an efficient evaluation phase. The adopted
hierarchical placement approach is scalable; it enables
construction of arbitrarily large SMAP based systems.
Keywords- smart mobile access point; fog computing;
wireless sensor networks; cyber-physical systems; multiobjective optimization; evolutionary computing; parallel
approaches; genetic algorithms; parallel programming; multipopulation; placement.

I.

II.

INTRODUCTION

The combination of Wireless Sensor Networks (WSN)
and other new technologies, such as unmanned aerial
vehicles (UAV) and mobile robots in general, has created a
new revolution in the field of Cyber Physical Systems
(CPS). Performance of a WSN can be significantly
improved by using unmanned mobile nodes (either aerial or
ground vehicles) as access points and even as sensor or
monitoring nodes [10], [11].
The concept of a Smart Mobile Access Point (SMAP)
provides a novel way to use UAVs or mobile robots to build
an intelligent dynamic network. Such a network can consist
of several clusters of SMAPs. By optimizing the positions
of the SMAPs within each cluster, the quality of the network
can be improved [14]. As SMAPs can adaptively change
their positions, placement of SMAPs becomes a crucial
issue in this approach. Adopting a hierarchal model for
SMAP placement helps in expanding the network without
an additional network reconfiguration cost. In the hierarchal
model, there are two or more layers where an upper layer
manages behavior and positioning of its respective lower
layer. This hierarchical structure allows expansion of the
network by adding new layers when needed.
2377-5750/17 $31.00 © 2017 IEEE
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BACKGROUND

In this section, brief reviews on Smart Mobile Access
Points (SMAP), access point placement methods and
Evolutionary Algorithms (EA) are presented.
Smart Mobile Access Points
SMAPs are mobile access points that enable the creation
of a smart sensor network [14]. The SMAPs predict the
behaviour of the network. Also, they select and make the
best strategy to support the network at any given time. A
SMAP has authority to utilize previous knowledge and
operations or creates new operations by evolving or
learning through machine learning techniques [14]. A
SMAP carries out the following three key operations: 1)
Finding new (optimal) positions for access points to obtain
a better coverage of sensors; 2) Making decisions about
moving the access points to new areas [5]; 3) Participating
in distributed communication and computation tasks (fog
computing [6]) other than the processing carried out as an
inherent part of the decision making in 1) and 2), illustrated
in Figure 1.
Finding an optimal placement to improve energy
consumption, reliability, and connectivity is an NP-hard
problem [8]. Metaheuristic methods are the best approaches
to solve such a problem. Different metaheuristic methods
are presented for example in [9], [7].
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III.

RELATED WORK

parameters such as communication traffic and battery
lifetime. In our approach, the rate of communication traffic
is selected for this purpose.

Finding optimal placement to improve connectivity,
reliability and energy consumption is an NP-hard problem
[16]. There are different heuristic methods to solve it that
presented in [15], [14]. In this section, router placement
methods are divided into three main group: a) nonredundant placement, b) redundant and c) non-trivial
redundant router placement. Y. Thomas et al. [14] have
developed a heuristic algorithm to increase the network
lifetime by iteratively moving an RN to a better location. In
[18], its authors have presented several trajectory control
algorithms with different assumptions on locating
capabilities to achieve the objectives of reducing hop count
and reducing overhead. W. Youssef et al. [17] have
employed genetic algorithms for selecting the best spot for
placing each gateway so that sensors’ data can be delivered
to a gateway with the least latency (GAHO). A. Krause et
al. [19] have presented a data-driven approach (pSPIEL)
that addresses the three central aspects of this problem:
measuring the predictive quality of a set of sensor locations,
predicting the communication cost involved with these
placements, and designing an algorithm with provable
quality guarantees that optimizes the NP-hard tradeoff.
These methods have been utilized in the different problem,
but there are several gaps that the proposed work covers
them such as hierarchal architecture to solve the scalability
problem and weighted sensitive to increase the focus of
placement method to the more critical area for covering.
The proposed method has several critical properties that
motivate us to utilize it in these kinds of placement
problems. These properties are the hierarchal architecture,
the weighted sensitive fitness function, and the multipopulation implementation to increase the reliability of
results.
IV.

B. Multi-Population Genetic Algorithm
SMAPs work on a discrete space; therefore, a Genetic
Algorithm (GA) is a suitable choice to solve the placement
problem [2], [4], [14]. Furthermore, a multi-population GA
is more efficient than a sequential GA for these problems
since the multi-population method increases the selection
pressure and improves the diversity. Thus, we have utilized
a parallel multi-population genetic algorithm to achieve the
best results for selecting the best positions according to
Section II.
In this work, there are some important aspects
concerning the multi-population strategy that have been
efficiently matched with the problem of hierarchical
placement of SMAPs and enhanced to obtain more accurate
solutions. The key benefits of multi-population GAs,
regarding their efficient utilization in this problem, are: 1)
Increasing the diversity of initial population, 2) Increasing
the selection pressure, and 3) Migration operator [2], [14].

PROPOSED APPROACH

In this section, a parallel implementation of a multipopulation GA (MPGA) is proposed to establish an efficient
method for solving the initial placement problem in
hierarchal SMAP-based systems.
A. Algorithmic Layer
To have the best placement of SMAPs on different
layers, all access points are categorized in our work into two
main groups that are normal access points and SMAPs.
Normal access points are static nodes and only transfer data
and maintain connectivity in the network [14]. SMAPs can
emulate all functionalities of normal access points, but they
also can perform other tasks, like dynamically supporting
other access points when needed. In this paper, however, to
simplify the problem, normal static access points have been
selected as target points for SMAPs on the lowest layer.
Also, all SMAPs on each layer are divided into several
clusters, and each cluster represents target points for other
SMAPs on a higher level, as we are considering the static
initial placement only. Moreover, each normal access point
has an individual and independent weight which indicates
the probability of needing support from SMAPs (i.e. the
need for network reconfiguration) [14]. This probability is
equal to a value that can be derived from different

Fig. 1. SMAP model the using Fog network

The multi-population strategy leads to a better diversity
of population which improves the search space of the best
positions. This diversity also enhances the selection
pressure to obtain the most accurate placement.
Furthermore, the migration operator enables processors to
exchange their best genetic material, thereby improving
their genetic populations.
The proposed multi-population method uses a ring
topology because of its simplicity and efficiency in nearneighbor communication because communication cost is
the critical parameter, and the proposed work obtains the
lowest connections to communication in the ring topology.
Our approach can run on both the shared memory and the
message passing architectures. The algorithm obtains a
result which satisfies all conditions of an efficient
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placement. The main phases of our algorithm are shown as
follows:

Equation 3 is used for the layers other than the first layer: ɣl
layer. By combining Equations 1
is the fitness value for
and 3, we then obtain the fitness function DM2 presented in
Equation 4 that is total fitness value of all layers.

1)

Initialization
First, a matrix, in which each cell is a data structure of
the form ( ,  ), is created. Each row of the matrix is a
chromosome, which is a set of points, and also, it can be the
best solution. All of these points are a possible placement of
the SMAPs in the proposed search space on different layers.
Values of  and  are real values ( ,  ∈ ) and are
randomly generated. Let us assume that the number of
SMAPs on the first layer (the lowest layer) is equal to  ,
on the second layer is equal to  , and, correspondingly, on
layer (the highest layer) is equal to  , where  ≤
the
 ≤ ⋯ ≤  . Each column in this matrix corresponds to
the location of each placement of a SMAP. Hence, the
number of rows is equal to the size of the initial population
( ) and the number of columns is equal to the number
of all SMAPs on all layers. A sample chromosome for two
layers of SMAPs is illustrated in Figure 2.
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3)

Selection operator
The basic idea of the selection operator is that it gives
preference to better chromosomes and allows them to pass
on their genes to the next generation. The proposed
algorithm adopts the tournament method with three
members to select the best chromosome. First, three
chromosomes are randomly selected, and then the best one
is selected for the next generation in every cycle.

 , 

4)

Crossover operator
A GA has two main operators: crossover and mutation.
Since a GA is a semi-random optimization method, its
operators do not occur with 100% certainty. In other words,
they happen with less than 100% probability. The crossover
operator selects genes from chromosomes, that are the
parents, and creates a new offspring. This means that the
operator exploits the search space to find more accurate
solutions. The crossover chromosomes are chosen
randomly from the population according to a probability
called a crossover rate (R. ). The crossover rate determines
the frequency with which the crossover operator is applied
[12].

Chromosome Evaluation
In all problems that are solved by GAs, finding a
suitable fitness function to evaluate all chromosomes is the
essential task. In our approach, the evaluation function
receives a chromosome as its input and returns a real value
as its output. The output is computed based on the distance
between the SMAPs and all normal access points. A
chromosome for which the fitness function evaluates to the
lowest value is the best chromosome (solution). In other
words, this problem is a minimization optimization
problem.
There are some simple equations that are suitable for
selecting the best place for a single SMAP, but when the
number of SMAPs is increased, and SMAPs should be
placed in different layers, the placement problem becomes
more complex, and the simple functions do not provide
correct results anymore and cannot therefore be applied. We
propose a new and efficient fitness function DM2 in
Equation 4. It is a scalable fitness function, providing
accurate results for any number of SMAPs on different
hierarchy levels. This equation is compatible with the
scalability problem. To construct our fitness function, we
first define:
 _

(3)
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Fig. 2. Structure of the chromosome for two layers SMAPs
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5)

Mutation operator
The mutation operator is an exploration operation and
occurs with a probability called a mutation rate (R ) [28]. If
this operator happens on a chromosome, it randomly
changes the new offspring according to the mutation rate.
In other words, this operator explores the search space to
discover a new search area and prevents all solutions in a
population from falling into a local optimum. The mutation
rate is a measure for determining when mutations occur
over time [13].
6)

Replacement operator
The current generation of chromosomes is replaced by
the recently generated offspring based on a particular
replacement approach. In our algorithm, the steady-state
strategy is utilized for the replacement operator. The
operation compares each chromosome of the current
population with the last generation. If a chromosome in the
current generation is better than its corresponding
chromosome in the last generation, the new chromosome
replaces the old one.

(1)



* +-./ 

D=0√23

where n is the number of normal access points, and
4_ is the Euclidean distance between the SMAP
number i and D nearest normal access points on the first
layer. The 5_ is the total weights of all normal access
points in 4_ . 467892:; is the sum of distances
between all SMAPs in the 8 layer and is defined in
Equation 2. 5_<=> is the total weight of all SMAPs on the
? layer. So Ө is the fitness value for the first layer.

7)

Migration operator
During the migration process, some of the best
chromosomes, in each processor, are chosen and sent to the
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next processor in the ring at each migration time point.
Concurrently, each processor receives the chromosomes
sent by the previous processor and replaces its worst
chromosomes with the received ones.

respectively. According to the theory of hyperbolic curves,
parameters a, b, and c (in Equations 5, 6, and 7) are very
effective. In addition, the points (0, c) and (0, -c) in the
horizontal hyperbolic curve, and (c, 0) and (-c, 0) in the
vertical hyperbolic curve, have the minimum distances to
any points on these hyperbolic curves. These points are the
best places for placement of SMAPs on the first layer.

8)

Stopping strategy
Finally, the algorithm stops after some certain number
of iterations, and the best chromosome is determined. This
represents the best solution for the SMAP placement.
V.

\
]
−
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9
^
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−
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EXPERIMENTAL RESULTS

The proposed work has been implemented on Intel®
Core™ i5, CPU @ 2.9GHz, RAM 8 GB. VC++ 2015 has
been utilized for the implementation and MPI instructions
for parallelization. Furthermore, MPICH2.3.2 has been
applied for parallel execution of the algorithms. The
proposed MPGA based approach has been tested on four
processors in all tests for two case studies. Normal access
points have different weights. The results have been
compared with the GAHO (GAHO) [17] and a
mathematical method (pSPIEL) [19].
In the considered two case studies, presented as follows,
the algorithms should select the best locations for several
SMAPs in two layers. In a single SMAP placement, a
pSPIEL can find the best place, but when dealing with
several SMAPs, pSPIEL are not applicable in practice, as
they cannot determine the best positions for the SMAPs in
a finite time.
In this paper, the MPGA and GAHO methods are run on
all the two case studies for 30 times with 100 iterations in
each round. The size of the initial population is 500. The
results for the two case studies are shown in Figures 3-6;
and Tables 1. In these placement problems, the DM2
function (Equation 4) is utilized as the fitness function for
both MPGA and GA to obtain the best results. The overall
results indicate that the proposed fitness function is very
efficient, enabling MPGA and GA to find the best positions
also in the complex placement cases. The results also
demonstrate that MPGA performs much better than GA.
The first case study has 32 normal access points that are
concurrent based on the center point. They are divided into
two subsets, i.e., A and B, as shown below. The weight of
each normal access points in A and B is equal to 2 and 1,
respectively. The best places on the first layer are in the
coordinates (-10, 0), (0, -10), (10, 0), and (0, 10); and the
best places on the second layer are in the coordinates (5, 0)
and (-5, 0). The results of MPGA and GAHO have been
obtained in 100 iterations with 500 chromosomes as an
initial population.

(5)

9 = 3, ^ = 4

(6)

9 = 3, ^ = 4

(7)

b = √: − 9

Figure 3 shows the placements that have been
discovered by MPGA in the first case study. It clearly
indicates that the results are very close to the optimal points,
and the best results are obtained 35 times in the series of 40
runs. The corresponding results of the GAHO placement
method are illustrated in Figure 4. It can be clearly seen that
the results of MPGA are 47% in the first case study and 38%
in the second case study more reliable than the GAHO
method. Figures 5 and 6 indicate the results of the MPGA
and GAHO placement methods, respectively, for the second
case study. The statistical results of both considered
methods and pSPIEL, for all two case studies, are illustrated
in Table 1. These results demonstrate that MPGA is more
accurate and efficient than the other methods. They also
indicate that the proposed MPGA method is successful in
both simple and complex case studies. The migration
operation in MPGA is the primary factor for the accuracy
of the results in our approach. Therefore, the accuracy is a
strong motivation for using the MPGA method.
TABLE I.
Case

STATISTICAL RESULTS

The Best
Distance

Correct
Placement Count

The Worst
Distance

0

26

11.814

0

7

34.899

pSPIEL

-

0

-

PGA

0

28

9.465

0

13

18.927

-

0

-

PGA
GAHO

1

GAHO

2

pSPIEL

(−13,3), (−10,3), (−7,3), (−7,0), (−7, −3), (−10, −3), (−13. −3),
A=S
Y
(−13,0), (13,3), (13,0), (13, −3), (10,3), (10, −3), (7,3), (7,0), (7, −3)
(−3, −7), (−3, −10), (−3, −13), (0, −7), (0, −13), (3. −7), (3, −10),
B=Z (3, −13), (−3,7), (−3,10), (−3,13), (0,7), (0,13), (3,7), (3,10), [
(3,13)

The second case study has sixty normal access points,
residing on two hyperbolic curves (a horizontal curve and a
vertical one). The mathematical definitions of these curves
are presented in Equations 5 and 6. The weights of the
normal access points in Equation 5 (the horizontal curve)
and Equation 6 (the vertical curve) are equal to 2 and 1,

Fig. 3. Placement with MPGA in the case study 1.
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[5]

[6]

[7]

[8]

[9]
Fig. 4. Placement with GAHO in the case study 1.
[10]

[11]

[12]
[13]

[14]
Fig. 5. Placement with MPGA in the case study 2.
[15]

[16]

[17]

[18]
[19]
Fig. 6. Placement with GAHO in the case study 2.
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Abstract — Today, based on fast development especially in
Network-on-Chip (NoC)-based many-core systems, the task
scheduling problem plays a critical role in high-performance
computing. It is an NP-hard problem. The complexity increases
further when the scheduling problem is applied to
heterogeneous platforms. Exploring the whole search space in
order to find the optimal solution is not time efficient, thus
metaheuristics are mostly used to find a near-optimal solution in
a reasonable amount of time. We propose a compound method
to select the best near-optimal task schedule in the
heterogeneous platform in order to minimize the execution time.
For this, we combine a new parallel meta-heuristic method with
a greedy scheme. We introduce a novel metaheuristic method
for near-optimal scheduling that can provide performance
guarantees for multiple applications implemented on a shared
platform. Applications are modeled as directed acyclic task
graphs (DAG) for execution on a heterogeneous NoC-based
many-core platform with given communication costs. We
introduce an order-based encoding especially for pipelined
operation that improves (decreases) execution time by more
than 46%. Moreover, we present a novel multi-population
method inspired by both genetic and imperialist competitive
algorithms specialized for the scheduling problem, improving
the convergence policy and selection pressure. The potential of
the approach is demonstrated by experiments using a Sobel
ﬁlter, SUSAN ﬁlter, RASTA-PLP, and JPEG encoder as realworld case studies.
Keywords- parallel imperialist competitive algorithm (PICA);
multi-population technique; evolutionary computing (EC); task
graph scheduling; heterogeneous platform.

I.

INTRODUCTION

Contemporary multiprocessor system-on-chip (MPSoC)
based parallel processing, in a vast variety of applications, is
the result of many breakthroughs over the last two decades.
The development of embedded MPSoCs has led to their use
in many applications like health monitoring, video and audio
processing, and autonomous vehicles to mention just a few.
The data and program code for these applications can be
distributed among the available multiple cores, and thus
maximal benefits from these parallel systems can be obtained
by employing efficient task partitioning and scheduling
strategies. A homogeneous MPSoC contains a set of identical

978-1-5386-0435-9/17/$31.00 ©2017 IEEE

processing elements (PEs), typically programmable
processors. The usage of homogeneous MPSoCs simplifies
task migration, while heterogeneous MPSoCs support a wider
variety of applications, because they integrate different PEs
[26].
In this work, we consider the deterministic model for the
task scheduling problem, where the execution time of tasks
and the data communication time between tasks are assigned.
The directed acyclic task graph (DAG) that represents the
precedence relations of the tasks is well known as an NPcomplete problem. Task mapping, which consists of finding
a placement for a set of tasks that meets a specific requirement
such as energy consumption savings is an important issue.
Static mapping defines task placement at design time;
dynamic mapping defines task placement at runtime [27].
Many heuristic methods for the task scheduling dilemma have
been proposed [1]-[7] because the precedence constraints
between tasks can be non-uniform therefore rendering the
requirement for a uniformity solution. We assume that a NoC
is a heterogeneous multiprocessor system and nonpreemptive (each processor completes the current task before
the new one starts its execution).
Recently, evolutionary approaches have been developed
to solve this problem. For example, a genetic algorithm (GA)
based approach can better locate a near optimal solution than
a list schedule in most cases [8], [9], and [10]. For
multiprocessor scheduling problem, several GA methods
have been applied, but none of them have considered the
communication cost. On the other hand, a number of parallel
GA methods have been proposed to solve the task graph
scheduling problem in [13]. However, in all of them, there is
a fundamental problem that derives from the convergence
idea of a GA and our paper resolve this problem. In this paper,
we tackle this problem by a combination of a GA and the
Imperialist Competitive Algorithm (ICA) [14]. Moreover, we
explicitly consider the communication delays between
processors. When two communicating tasks are mapped onto
the same processor we assume that the communication delay
is zero, and if they are mapped on different processors, there
will be a communication cost. For this problem, we propose
an extension of the priority-order-based coding method as the
priority-order-based country (OBC) for the pipelined
execution of the tasks. This coding shows the priority and

selected processor to run each task. The priority-based
encoding [11] is the knowledge of how to handle the problem
of producing the encoding that can treat the precedence
constraints efficiently. To obtain the best result, we present a
new multi-population method, a combination of ICA and GA.
This combination helps our approach to match the scheduling
problem and addresses some problems of GA, such as the
convergence policy and selection pressure, by keeping all
countries (possible solutions) in all iterations and removing
the general selection operation such as roulette wheel and
tournament methods. In this paper, we propose a novel multipopulation implementation of the ICGA, a hybrid approach
using both ICA and GA, for solving the task scheduling
problem. The goal is to improve the execution time and
reliability (proximity of the achieved result and the best
result) of the task scheduling.
The rest of the paper is organized as follows. Section 2
discusses the related work. In Section 3, definitions and
important parameters in the task scheduling problem are
presented. In Section 4, the proposed parallel algorithm for
the scheduling problem (MICGA) is presented. Section 5
presents the experimental results and demonstrates the
efficiency of the proposed algorithm. We end with
concluding remarks in Section 6.
II.

RELATED WORKS

The basic idea is to make an ordered list of nodes by
assigning them priorities, and then to repeatedly execute the
following two steps until a valid schedule is obtained: (1)
Select from the list the node with the highest priority for
scheduling. (2) Select a processor to accommodate this node.
In realistic cases, scheduling needs to exploit the
parallelism by identifying the task graph structure and take
into consideration task granularity, arbitrary computation,
and communication costs.
The modified critical path algorithm (MCP) [29] is
proposed based on the latest possible start time of a node. A
node’s latest possible start time is determined via the as-lateas-possible (ALAP) binding by traversing the task graph
upward from the exit nodes to the entry nodes while pulling
the nodes start times downwards as much as possible. The
latest possible start time of the node itself is followed by a
decreasing order of the latest possible start time of its
successor nodes. In addition, the dominant sequence
clustering algorithm (DSC) [29] is based on the dominant
sequence, which is essentially the critical path of the partially
scheduled task graph at each step. At each step, DSC checks
whether the highest CP (the critical path of task graph) node
is a ready node. If so, DSC schedules it to a processor
allowing the minimum start time. Such a minimum start time
may be achieved by rescheduling some of the node’s
predecessors to the same processor. If the highest CP node is
not a ready node, DSC does not select it for scheduling.
Instead, it chooses the highest node which lies on a path
reaching the CP for scheduling. The mobility directed
algorithm (MD) [29] selects a node at each step based on
relative mobility which is defined as the difference between a
node’s earliest start time and latest start time. Similar to the
ALAP binding, the earliest possible start time is assigned to
each node via the as-soon-as-possible (ASAP) binding. This
is performed by traversing the task graph downward from the
entry nodes to the exit nodes while pulling the nodes upward
as much as possible. Moreover, relative mobility is obtained
by dividing the mobility with the node’s computation cost.
Basically, a node with zero mobility is a node on the CP. At
each step, MD schedules the node with the smallest mobility

to the first processor having a large enough time to
accommodate the node without considering the minimization
of the node’s start time. After a node is scheduled, all the
relative mobility is updated.
In [13], a multi-population implementation of GA
(MPGA) is presented which outperforms deterministic and
nondeterministic methods [2]-[8]. In [29], a new encoding
mechanism with a multi-functional chromosome is presented
and it uses the priority representation that called prioritybased multi-chromosome (PMC). PMC can efficiently
represent a task schedule and assign tasks to processors. PMC
is another metaheuristic method that is presented in [29] that
uses a priority model for encoding the chromosomes and use
a GA to achieve the results.
Research on static mapping method includes the work of
Lei et al., who proposed a genetic mapping algorithm to
optimize application execution time [20]. In their work,
graphs represent applications and the target architecture is a
NoC. Wu, et al. also investigated genetic mapping algorithms
[21]. By combining dynamic voltage scaling techniques with
mapping, they achieved 51% savings in energy consumption.
Murali et al. explored mappings for more than one application
in NoC design, using the tabu search (TS) algorithm [22].
Manolache, et al. investigated task mapping in NoCs, trying
to guarantee packet latency [23]. For this purpose, both the
task-mapping algorithm (TS) and the routing algorithm are
defined at design time. Hu et al. presented a branch-andbound algorithm to map a set of IP cores (IPs) onto a NoC
with bandwidth reservation [24]. Their results show energy
savings of 51.7% in the communication architecture. Marcon
et al. investigated how to map modules into a NoC, targeting
low energy consumption [25]. They compared several
algorithms, using a model that characterizes applications by
their inter-task communication volume. Y. Xu, K. Li, J. Hu
and K. li in [26] presented a task scheduling scheme on
heterogeneous computing systems using a multiple priority
queues genetic algorithm (MPQGA). Their experimental
results for large-sized problems for a large set of randomly
generated graphs as well as graphs of real-world problems
with various characteristics showed that the proposed
MPQGA algorithm outperformed two non-evolutionary
heuristics and a random search method in terms of schedule
quality.
III.

BACKGROUND

In the following we present the considered system model.
A. Hardware platform model
A heterogeneous MPSoC is a set of different PEs
interacting through a communication network. For our work,
a NoC-based heterogeneous MPSoC model is selected, in
which each PE manages execution of one task at a time. PEs
can support either software or hardware task execution.
Software tasks execute in instruction set processors (ISPs),
and hardware tasks in reconfigurable logic (RL) or dedicated
IPs [27]. Among the available PEs, one of the processors is
selected as a manager processor (MP). The MP is responsible
for resource control, configuration control, and four task
manipulation operations, namely: binding, scheduling,
migration, and mapping [27]. The MP runs each application’s
initial task. When a running task needs to communicate with
another task not yet mapped, the latter is loaded into a PE
from the task memory. A DAG, in which vertices represent
software or hardware tasks and edges define communicating
PE pairs, models each application. Each edge of a DAG
defines a master-slave communication channel. The edge

source vertex is the master of the communication, and the
edge destination vertex is the slave.
B. Application Model
We assume a weighted DAG. In such a DAG, each node
represents a task that has a finite execution time, and each
edge illustrates the communication cost between two
connected tasks. Also, the DAG can define the priority of all
tasks.
is modeled as a
We assume that each application
weighted DAG. In this DAG, each node represents a task that
has a finite execution time, and each edge illustrates the
communication cost between two connected tasks. The edges
be a
also represent the precedence relations. Let
=
weighted DAG defined as a 4-tuple
( , , , ), where
= { , , … , } is the set of
vertices (tasks),
=
= ( , ) is the set of
communication (dependency) edges,
is the set of task
is the set of edge weights
weights (execution times),
∈
is the execution time of
(communication times),
∈ , , ∈
is the communication cost (delay) on
task
the edge of , ∈ , that is assumed to be zero if
and
are bound to the same processor. We assume a simple
linear model between the execution times and PE frequencies,
runs two times faster than
, then task
also
e.g., if
than
.
runs two times faster on
is defined as the
The execution time of an application
completion time of its last task. When constructing a schedule
for execution of the applications, it is of great importance to
consider both task execution times and the communication
times. Since considering the communication times
significantly increases the number of schedules to be
explored, most of the previous work only consider the task
execution times. However, when running tasks with
precedence relation on different processing elements, the
communication overhead is not negligible and it has to be
considered in the model. To this end, we explicitly model the
communication delays.
T1

T2

T3

T4

T6

T5
T7
T8

T9

Figure 1. DAG Task Graph

C. Problem Statement
Our task scheduling method, MICGA, takes a set of task
,…,
} and a set of processing elements
graphs {
{
} as its inputs. The output of MICGA is the task
,…,
bindings, i.e. task to processor mappings and static schedules,

i.e. the order of task executions. The overall goal of the
scheduling is to minimize the execution times (also known as
the schedule length, latency or makespan) of all applications
while preserving the precedence constraints. Let represent
. We present the
the execution time of application
following mathematical formulation as our optimization
problem:
min , … ,
s. t.
−
−
≥ , ∈ [1, … N] , ∀
∈ ,
where is the completion time of . Note that the above
formulation is a multi-objective optimization problem as we
want to minimize the execution times of all applications. The
optimization is subject to the precedence relations imposed
by the application graphs.
IV.

PROPOSED METHOD

In this work, we combine the GA and ICA methods and
customize the resulting hybrid method for the scheduling
problem in heterogeneous systems. The operations of GA are
suitable for scheduling but its convergence strategy to find
more reliable and accurate results is not efficient [15], [16],
[17], because the selection operation in GA misses some
chromosomes that have a probability to become potential
genes for obtaining the best results. In ICA (where we use
countries as the population), all the countries will be available
in all iterations and they may move to other places in the
search space. However, in GA, the selection operation highly
depends on random functions which can easily converge to a
local optimum. To solve this, we use an efficient convergence
strategy in order to improve the reliability of results.
All the scheduled tasks in a DAG should satisfy the
precedence relations, and therefore we use the order based
coding mechanism suited for multiprocessor scheduling. It
should fulfill the following rules:
1. All the predecessors of a task must have completed their
execution before initiating the task execution.
2. In a DAG, all the tasks must be executed at least once.
This representation eliminates the need to consider the
precedence relations between the computational tasks. The
precedence relation is encoded in the rule 1.
A. Order-based country (OBC)
There are several approaches [8], [10], and [12][12] that
have used GA for the multiprocessor scheduling problem, but
they suffer from inefficient coding methods. So, how to
encode a solution of the problem into a chromosome is a key
issue here. This has been investigated from two different
angles which are: mapping characters from the genotype
space to the phenotype space when countries are encoded into
a solution [29]; and metamorphosis properties when countries
are manipulated by genetic operators [14].
There are two main challenges involved with the encoding
problem: 1) there is a need for storing a huge number of
chromosomes for each schedule; 2) in the case of a large
number of tasks, the exploration and exploitation operators
will have difficulties in working on the precedence relations
among tasks.
To overcome these challenges, we introduce an extension
of OBC that strings a present task priority of task nodes with
the corresponding processor simultaneously. For example,
Figure 3 shows an OBC that represents nine tasks along with
three processors with mentioned DAG in Figure 1.
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Figure 2. A proposed schedule of six Sobel application on four processors (pp=6)

B. Priority-based encoding/decoding
Finding an encoding which can treat the precedence
constraint efficiently is a critical step. The proposed encoding
method is based on the task priority, and our work focuses on
the pipelined execution model of applications. In the pipeline
model, input data is divided into several parts, and these parts
are then one by one used as inputs to an application. We make
a pack of the parts and find the best schedule for this pack of
data. Each part is an application such as Sobel Application
(Figure 7), and the number of parts (applications) in each pack
is . A proposed schedule of six Sobel applications (pp=6) on
four processors is illustrated on Figure 2. The following
procedure explains the generation of the initial OBC:
First, we input the order-based task numbers [ ] (1 ≤
[ ] ≤ # Task, 1 ≤ ≤
1≤ ≤#
) randomly
independent from the processor number in the X rows. Then,
the algorithm fills the Y rows with random numbers [ ] (1 ≤
[]≤#
1 ≤ ≤ ).
C. ICGA Operation
Now, a fast review of ICGA is presented in this subsection
then in the next sections all operations with more detail are
presented. In the first ICGA generates k countries
({ , . . . , }), i.e., k is the the number of countries, (see Figure
4.1), then ICGA sorts the countries, so that:
if (i ≤ ) ℎ ( ( ) ≤ ( )) , where f is the fitness
function.
Then, the best countries, whose fitness values are the
lowest (because this problem is a minimizing problem)
} ℎ
=#
) will
({ , , … ,
be selected to become imperialists, and the remaining countries
, . . . , }) form the colonies of these imperialists. These
({
colonies start moving toward their respective imperialists, after
all colonies have been divided among the imperialists [14].
The next step computes the power of each imperialist and
the imperialistic competitive step follows. The weakest
imperialist loses its weakest colony and the selected imperialist
obtains this colony. These steps are repeated until reaching a
termination condition. There can be different types of
termination conditions. For example, ICGA could be set to
stop when we have one imperialist with all colonies as its
members.
Similarly to other ECs, when solving a large problem with
a far-reaching search area, we need a large initial population to
obtain a more accurate and reliable result. We can also prevent
convergence to local optima by using a multi-population
method, where each processor runs ICGA independently. If
one processor converges to a local optimum, all the other
processors can continue their work on other parts of the search
space.
D. Multi-Population ICGA (MICGA)
To implement MICGA, we use a selective local search
strategy which runs on MICGA, with several processors
connected together based on a ring topology and using a
message passing method for communication between the
processors. In each processor, we first initiate independent

countries and run the ICGA independently. Occasionally, the
to
, replacing
best country is copied from a processor
. This operation takes place
the worse country in
synchronously (simultaneously) in all processors. The number
of countries in each processor remains the same even when
countries migrate to other processors. In Figure 5, the pseudo
code for the multi-population ICGA is presented.
In the multi-population ICGA, we increase the number of
all countries along with the selection pressure [16], [17] which
helps in obtaining more accurate results in a short time period.
Also, the convergence to results is much faster than in the
sequential ICGA. In EC methods, when the diversity of
countries are high enough, the rate of convergence rises. The
following steps run until MICGA obtains the best results.
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Figure 3. Chain of tasks based on the presented country

1)

Make Countries.
As previously mentioned, each processor generates k
=
countries (such as Figure 3), having its own world (
{ , ,…, }
(
=
≠
)), where all worlds are independent.
2)

Evaluation of Countries.
In all problems that are solved by meta-heuristic methods
such as GAs and ICA, the essential task is to find a suitable
fitness function to evaluate the whole population. In the
proposed approach, the evaluation function receives a country
as its input and returns a real value as its output. The output is
computed based on the execution time of the application task
graph by each country. A country with the lowest fitness
function value is the best country (solution). In other words,
this is a minimization optimization problem. The evaluation
operation is composed of several steps that are introduced
below. Note that these steps run in all countries. The
Evaluation operation in ICGA run three step that presented as
follow:
a) Making Tasks Chains on each Processor.
It is clear that each country represents an arbitrary schedule
of tasks. For each processor, the algorithm makes a chain of
tasks based on Equation 1, the chain of tasks define that which
tasks should run on the same processor, then computes the total
execution time of each chain based on Equation 2. Chains of
tasks are presented in Figure 3.
ℎ

= (⋃

⋃

[] |

[ ]=

)

(1)

|

|

order to exchange two tasks of each colony. The indices of two
tasks will be generated randomly.

(2)

CCost =

b) Assigning Probabilities to Processors.
Since this algorithm is proposed for heterogeneous
systems, the greedy algorithm (Knapsack’s algorithm [28]) is
utilized to compute the mapping probability of chains to
processors. Based on the Knapsack idea, each chain with a
higher computation time has a higher probability to be
assigned to faster processors. Also, the algorithm computes the
probability of chains based on their total computation time and
then runs a Roulette wheel algorithm [12] to assign chains to
processors. In this phase, there is a competition among chains
to obtain faster processors.
} is the set of the processor’s
,
,…,
={
} is the corresponding
{
,
,…,
chains,
=
set
of
the
chain
execution
times,
=
} is the corresponding set of the chain
{
,
,…,
probabilities, and
(

≤

)⟶

(3)

≤

c) Compute Fitness Values.
In this step, the fitness value of each country, which has
been generated randomly based on OBC, will be computed
according to its power metric corresponding to the execution
time of the country’s scheduling.
3)

Initialize the Empire.
The algorithm selects the best set of countries as the
imperialists, and divides the remaining countries as colonies
among them. Each imperialist with its colonies form an
empire.
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4)

(4)

Total Cost
= Cost (
{
+ .

)
(

)}

6)

Imperialist Competition.
In this phase, all the imperialists try to achieve one
(randomly selected) colony from the weakest imperialist. The
algorithm searches among the empires and selects the weakest
empire based on their total cost. The taken colony will be
dedicated to the strongest empire.
Processor :
Begin
Creating independent initial countries
Running ICGA algorithm independently
If (migration time) then
Begin
Wait until all processors arrive to this point
Send the best country to (
) MOD (#processors))
Receive a country from (
) MOD (#processors) and
replace the weakest country with the received one
End
If
(termination condition) then Show the best

Figure 5. The Pseudocode of the Multi-Population ICGA

NO

4.Exchange Imperialist
and the best Colony

Exchange Position and Compute the Total Cost.
After the exploitation and exploration, if a colony obtains
a better fitness function value than its imperialist, the algorithm
exchanges the colony’s and its imperialist’s positions. After
the exchange operation, the algorithm computes the total cost
of the empire based on Equation 4.

country
End

3.Exploration Operation

Imperialist 2

5)

Exploitation and Exploration Operation.
In the exploitation phase, each colony can randomly pair
with its imperialist or another colony in its empire, but cannot
pair with any colonies from other empires. We use the orderbased crossover (OX) function [14] to replace the task numbers
between the paired colonies. As shown in Figure 4.2
(exploitation operation), OX selects two indices (e.g. 3 and 6
in their OBCs) of paired colonies and exchanges all the tasks
between two indexes of paired colonies. Then the remaining
tasks will be exchanged sequentially. Afterwards, the
exploration operation selects several colonies randomly in

7)

Migration Operation.
The migration operation is the key aspect of our method,
where several processors are connected together using a ring
topology and employing message passing protocol for
communication. The ring topology has been selected because
of its low communication cost and simplicity. Each processor
is first initialized with a set of independent countries (the
number of countries in each processor is the same) and running
ICGA independently in each processor. Occasionally, the best
to the next
country (colony) migrates from a processor
and replaces the worst country in
. Since we
processor
utilize the ring topology to connect processors together, and
because the migration takes place in all processors
synchronously, the number of countries in each processor
remains the same through the migration operation. The
migration strategy can affect the result as well. Generally, it is
better to establish a balance between the migration rate and
data communication. The chosen ring topology is utilized to
reduce the migration rate and to decrease the distance of the
migrations.
In MICGA, the pressure of selection increases when the
number of countries gets higher, which helps to obtain more
accurate results in a short time and converge to the results
faster than the sequential ICGA. Therefore, it is highly
beneficial to increase the number of countries.
V.

EXPERIMENTAL RESULTS

In this section, four commonly explored real applications
have been utilized to demonstrate the performance of the
MICGA. The obtained results have been compared with the

other well-known methods that have been used for the same
problems. The parallel ICGA has been implemented using both
shared memory and message passing models. The message
passing interface (MPI) has been utilized to parallelize and
MPICH2 to run our algorithm.
In the multi-population ICGA, processors have been
connected in a ring topology with different parameters. The
proposed algorithm has been tested on an Intel Core i5-45705,
processor clocked at 2.90 GHz (64-bit) and with 24GB of
memory. The best results of benchmarks have been obtained
by 15 independent runs. The used parameters for solving the
problems have been illustrated in TABLE I.
The proposed approach is tested on real applications such
as Sobel ﬁlter, SUSAN ﬁlter, RASTA-PLP and JPEG encoder
[18], [19] that are illustrated in Figure 7. Also, MICGA is
compared with MPGA [13], PMC [29] and MPQGA [26] in
the same conditions (e.g. the same platform and initial
population) on all benchmarks. These methods are reimplemented accurately, and they have been tested by their
results to obtain the best results.
TABLE I.

TABLE II.

THE STATISTICAL RESULTS WITH 6 PROCESSORS

Sobel

(ms)

SUSAN

(ms)

RASTA-PLP

(ms)

JPEGencoder

(ms)

TABLE III.

Values
100
5
20 Iterations
5
0.8
0.3
1 Chromosome

Figure 8, and show the execution time of all methods on
the benchmarks on six processors. MICGA improves
(decreases) execution time by more than 46%, 8%, 15%, and
18% for the Sobel, SUSAN, RASTA-PLP, and JPEG encoder
applications, respectively. Figure 6 shows the execution time
values of the MICGA with different values of pp (the number
of applications in each pack is ) on the benchmarks for 100
applications on six processors. It can be seen that the adopted
packing method improves the execution time.

MICGA
7458.4
7006
8456
665.7
7006
12491
12103
13246
4982
12103
12510
12103
13442
537.0
12103
87597
83440
108600
8631.5
83440

MPGA
1217.0
11465
13510
874.4
12065
15478
14860
17224
833.7
14860
15409
14860
15986
479.2
15670
112491
108600
119688
4473.1
108600

PMC
1314.1
12065
14865
1144.7
13510
17610
17224
18245
437.5
17465
17384
17224
17584
161.5
17465
115573
111006
119688
3290.6
115820

MPQGA
1415.5
13510
14962
714.7
13510
17740
17465
18245
351.1
17465
17617
17465
18012
195.66
17584
115146
111006
122865
4765.6
111006

THE SPEEDUP AND EFFICIECY OF NOMES ON 6 PROCESSORS

THE PARAMETERS OF MICGA

Parameters
Number of Countries
Number of Empire
Terminate Condition
Number of Processors
Exploitation Rate
Exploration Rate
Migration Rate

Mean
Best
Worst
STD
Median
Mean
Best
Worst
STD
Median
Mean
Best
Worst
STD
Median
Mean
Best
Worst
STD
Median

Sobel
SUSAN
RASTA-PLP
JPEG encoder

Serial
MICGA
Time (s)
45.32
75.6
89.67
133.12

MICGA
Time (s)

Speedup

Efficiency

11
18
21
32

4.12
4.20
4.27
4.16

0.824
0.840
0.854
0.832

The stability and reliability of experimental results are
other important factors for selecting the best method. It is a fact
that heuristic and metaheuristic methods cannot achieve the
best results in all runs, so the stability diagram is the best
criteria to show the reliability of results. We run each real
application 15 times to demonstrate how many times each
method can find the best results. The stability diagrams of all
mentioned methods are illustrated in Figure 14. The statistical
results have been listed in TABLE II.
TABLE II.
demonstrates that our algorithm is more accurate with fewer
errors than the existing other methods. Also, TABLE II. shows
that MICGA has obtained the optimal result for Sobel. In
TABLE III. , two critical parameters, speedup, and efficiency
are also compared to both serial and parallel approaches. The
speedup values show that the parallel method how many times
is faster than serial method, and the efficiency values achieve
from the portion of the speedup and the number of processors.
The table shows that the efficiency of the proposed parallel
implementation is outstanding, and it clearly outperforms the
existing serial methods.
⁄

=
=

⁄#

(5)
(6)

Finally, based on the quality and reliability of MICGA
results, and the efficiency of this method, as well as its
usability to real applications, MICGA is truly an outstanding
candidate for task graph scheduling.
Figure 6. The execution time of MICGA on all benchmarks with
different number of pp on six processors

Figure 10, Figure 11, Figure 12, and Figure 13 show the
execution time of all methods on the benchmarks with different
processors. The best and the worst possible case of execution
time for 100 application on 60 processors on Sobel are 7006
and 14112, Susan are 11846 and 20236, RASTA-PLP are 5412
and 11082; and JPEG encoder are 79608 and 147362. Also,
MICGA improves (decreases) execution time by more than
62.74%, 32.86%, 51.51%, and 37.13 % for the Sobel, SUSAN,
RASTA-PLP, and JPEG encoder applications, respectively.
These results show that MICGA has better effect in more
complex applications.

VI.

CONCLUSION

In this paper, we first introduced the new evolutionary
computing method, named ICGA, a combination of the
imperialist competitive algorithm (ICA) and the genetic
algorithm (GA). Then, we presented a multi-population
implementation of ICGA (MICGA) in order to improve the
performance (execution time) and reliability (proximity of
archived the best result) for task graph scheduling on
heterogeneous platforms using the pipelined execution model.
Experimental results revealed that MICGA is the best
candidate for solving the task graph scheduling problem. It is
faster and more reliable than the other state-of-the-art methods.
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Abstract — The task scheduling problem for Multiprocessor
System-on-Chips (MPSoC), which plays a vital role in
performance, is an NP-hard problem. Exploring the whole search
space in order to find the optimal solution is not time efficient, thus
metaheuristics are mostly used to find a near-optimal solution in a
reasonable amount of time. We propose a novel metaheuristic
method for near-optimal scheduling that can provide performance
guarantees for multiple applications implemented on a shared
platform. Applications are represented as directed acyclic task
graphs (DAG) and are executed on an MPSoC platform with given
communication costs. We introduce a novel multi-population
method inspired by both genetic and imperialist competitive
algorithms. It is specialized for the scheduling problem with the
goal to improve the convergence policy and selection pressure. The
potential of the approach is demonstrated by experiments using a
Sobel ﬁlter, a SUSAN ﬁlter, RASTA-PLP and JPEG encoder as
real-world case studies.
Keywords— parallel imperialist competitive algorithm
(PICA); multi-population technique; evolutionary computing
(EC), task graph scheduling, multi-objective optimization;

I. INTRODUCTION
Parallel processing in contemporary Multiprocessor Systemon-Chips, or MPSoCs, in a vast variety of applications, is the
result of many breakthroughs over the last two decades. The
development of embedded MPSoCs has led to their use in many
application domains such as health monitoring, video and audio
processing, and autonomous vehicles to mention just a few. The
data and the processing tasks of these applications are
distributed on the available multiple cores. Performance of such
parallel systems can be optimized by employing efficient task
partitioning and scheduling strategies.
In this work, we consider a deterministic model for the task
scheduling problem, where the execution times of tasks and the
data communication times between tasks are known. The
scheduling problem based on a directed acyclic task graph
(DAG) that represents the precedence relations of the tasks is
known to be an NP-hard problem. Many heuristic methods for
task scheduling have been proposed [1], and [2]. In general,
precedence constraints between tasks can be non-uniform, but
we assume here, for simplicity, that the MPSoC platform is
uniform (a homogeneous multiprocessor system) and nonpreemptive (each processor completes the current task before
starting the execution of the next task).
Recently, evolutionary approaches have been developed to
solve the scheduling problem. For example, a genetic algorithm
(GA) based approach can better locate a near optimal solution
than a list schedule in most cases [3-5]. Only a few of these
approaches have considered a task graph with a communication
cost. A number of parallel GA based methods have been
proposed for solving the task graph scheduling problem in [8].
However, in all of them, there is a fundamental problem that
stems from the relatively inefficient and unreliable convergence
strategy of a GA, originating from the selection operation of a
GA. In this paper, we tackle this problem by proposing a
combination of a GA and the Imperialist Competitive Algorithm
978-1-5386-4379-2/17/$31.00©2017 European Union

(ICA) [9]. Moreover, we explicitly consider the communication
delays between processors. When two communicating tasks are
mapped onto the same processor we assume that the
communication delay is zero. However, when they are mapped
onto different processors a finite communication delay is
assumed and modeled.
We propose the concept of an order-based country (OBC) as
an extension of the order-based coding method. This coding
specifies the order of tasks and the selected processor to run each
task. The order-based encoding [6] provides means to efficiently
deal with precedence constraints. To improve the outcome of the
optimization process, we present a new multi-population
method, called NoMeS, which takes advantage of both ICA and
GA. This combination enhances the convergence policy and
selection pressure, by keeping all countries in all iterations and
avoiding the use of a general selection operation such as roulette
wheel and tournament schemes. To the best of our knowledge,
this is the first effort using a combined multi-population method
to reach an optimal scheduling in MPSoCs.
The paper is organized as follows. In Section II, definitions
and important parameters in the task scheduling problem are
presented. Section III discusses the related work. In Section IV,
the proposed parallel algorithm for the scheduling problem
(NoMeS) is presented. Section V presents the experimental
results and demonstrates the efficiency of the proposed
algorithm. We end with concluding remarks in Section VI.
II. BACKGROUND
We assume that a set of N applications consists of n tasks
running on a multiprocessor with m processors. In the following,
we present the details of the assumed system model.
1) Hardware platform model:
We assume a homogeneous MPSoC is a set of processing
elements (PEs) {
,…,
} interacting through a
communication network. For our work, a Network-on-Chip
(NoC) based homogeneous MPSoC model is selected, in which
each PE manages execution of one task at a time. PEs can
support either software or hardware task execution. Software
tasks execute in instruction set processors (ISPs), and hardware
tasks in reconfigurable logic (RL) or dedicated IP blocks [19].
Among the available PEs, one of the processors is selected as a
manager processor (MP). The MP is responsible for resource
control, configuration control, and task manipulation operations,
namely: binding, scheduling, and migration [19]. The MP runs
each application’s initial task. When a running task needs to
communicate with another task not yet mapped, the latter is
loaded into a PE from the task memory.
2) Application model:
We assume that each application
is modeled as a
weighted DAG. In this DAG, each node represents a task that
has a finite execution time, and each edge illustrates the
communication cost between two connected tasks. The edges
also represent the precedence relations. Let
be a weighted
DAG defined as a 4-tuple
= ( , , , ), where
=

{ , , … , } is the set of vertices (tasks),
=
=
( , ) is the set of communication (dependency) edges,
is the set of task weights (execution times),
is the set of edge
∈
is the execution time
weights (communication times),
∈ , , ∈
is the communication cost (delay) on
of task
the edge of , ∈ , that is assumed to be zero if
and
are
bound to the same processor. We assume a simple linear model
between the execution times and PE frequencies, e.g., if
runs two times faster than
, then task also runs two
than on
.
times faster on
is defined as the
The execution time of an application
difference between the completion time of its last task and the
start time of its first task. When constructing a schedule for
execution of the applications, it is of great importance to
consider both task execution times and the communication
times. Since considering the communication times significantly
increases the number of schedules to be explored, most of the
previous work only consider the task execution times. However,
when running tasks with precedence relations on different
processing elements, the communication overhead is not
negligible and it has to be considered in the model. To this end,
we explicitly model the communication delays.
3) Problem statement:
Our task scheduling method, NoMeS, takes a set of task
graphs {
,…,
} and a set of processing elements
{
} as its inputs. The output of NoMeS is a set of
,…,
task bindings, i.e. task to processor mappings and static
schedules, i.e. the order and timing of task executions for each
application task graph. The overall goal of the scheduling is to
minimize the execution times (also known as the schedule
length, latency or makespan) of all applications while preserving
the precedence constraints. Let represent the execution time
of an application
. We present the following mathematical
formulation as our optimization problem:
min , … ,
s. t.

−

−

≥

,

∈ [1, … N] , ∀

∈

,

where is the completion time of . Note that the above
formulation is a multi-objective optimization problem as we
want to minimize the execution times of all applications. The
optimization is subject to the precedence relations imposed by
the application graphs.
III.

RELATED WORK

Here, we first explore more traditional list scheduling
heuristics that have considered communication costs.
The basic idea is to make an ordered list of nodes by
assigning them orders, and then to repeatedly execute the
following two steps until a valid schedule is obtained: (1) Select
from the list the node with the highest order for scheduling. (2)
Select a processor to accommodate this node.
In realistic cases, scheduling needs to exploit parallelism by
identifying the task graph structure and take into consideration
task granularity, arbitrary computation, and communication
costs.
In [1], the modified critical path algorithm (MCP) is
proposed, based on the latest possible start time of a node. A
node’s latest possible start time is determined via the as-late-aspossible (ALAP) binding by traversing the task graph upward
from the exit nodes to the entry nodes while pulling the nodes’
start times downwards as much as possible. The latest possible
start time of the node itself is followed by a decreasing order of
the latest possible start times of its successor nodes.
Furthermore, in [1], the dominant sequence clustering algorithm
(DSC) is presented. It is based on the dominant sequence, which
is essentially the critical path of the partially scheduled task

graph at each step. At each step, DSC checks whether the highest
CP (the critical path of task graph) node is a ready node. If so,
DSC schedules it to a processor allowing the minimum start
time. Such a minimum start time may be achieved by
rescheduling some of the node’s predecessors to the same
processor. If the highest CP node is not a ready node, DSC does
not select it for scheduling. Instead, it chooses the highest node
which lies on a path reaching the CP for scheduling. Moreover,
also in [1], the mobility directed algorithm (MD) is presented.
MD selects a node at each step based on relative mobility which
is defined as the difference between a node’s earliest start time
and latest start time. Similar to the ALAP binding, the earliest
possible start time is assigned to each node via the as-soon-aspossible (ASAP) binding. This is performed by traversing the
task graph downward from the entry nodes to the exit nodes
while pulling the nodes upward as much as possible. Moreover,
relative mobility is obtained by dividing the mobility with the
node’s computation cost. Basically, a node with zero mobility is
a node on the CP. At each step, MD schedules the node with the
smallest mobility to the first processor having a large enough
time to accommodate the node without considering the
minimization of the node’s start time. After a node has been
scheduled, the relative mobility values of the remaining nodes
are updated.
In [8], a multi-population implementation of the GA method
(MPGA) is presented which outperforms deterministic and
nondeterministic methods described in [2-3]. In [20], a new
encoding mechanism with a multi-functional chromosome is
presented, using a priority representation that is called prioritybased multi-chromosome (PMC). PMC can efficiently represent
a task schedule and assign tasks to processors. It is another
metaheuristic method that uses a GA to achieve near-optimal
scheduling of tasks.
Research on static mapping methods includes the work of
Lei et al., who proposed a genetic mapping algorithm to
optimize application execution time [12]. In their work, graphs
represent applications and the target architecture is a NoC. Wu,
et al. also investigated genetic mapping algorithms [13]. By
combining dynamic voltage scaling techniques with mapping,
they achieved 51% savings in energy consumption. Murali et al.
explored mappings for more than one application in NoC design,
using the tabu search (TS) algorithm [14]. Manolache, et al.
investigated task mapping in NoCs, trying to guarantee packet
latency [15]. For this purpose, both the task-mapping algorithm
(TS) and the routing algorithm are defined at design time. Hu et
al. presented a branch-and-bound algorithm to map a set of IP
cores (IPs) onto a NoC with bandwidth reservation [16]. Their
results show energy savings of 51.7% in the communication
architecture. Marcon et al. investigated how to map modules into
a NoC, targeting low energy consumption [17]. They compared
several algorithms, using a model that characterizes applications
by their inter-task communication volume. Xu et al. In [18]
presented a task scheduling scheme on heterogeneous
computing systems using a multiple priority queues genetic
algorithm (MPQGA). Their experimental results for large-sized
problems for a large set of randomly generated graphs as well as
graphs of real-world problems with various characteristics
showed that the proposed MPQGA algorithm outperformed two
non-evolutionary heuristics and a random search method in
terms of schedule quality.
IV.

NOMES

In this work, we combine the GA and ICA methods and
customize this combined approach for the scheduling problem.
The GA operations are basically suitable for scheduling but a
GA’s convergence strategy to find more reliable and accurate
results is not efficient [10], because the selection operation in a
GA misses some chromosomes that have a probability to

become potential genes for obtaining the best results. In the
ICA, where we use countries as the population, all the countries
will be available in all iterations; they may only move to other
places in the search space. However, the selection operation
highly depends on random functions which can easily converge
to a local optimum. Therefore, we will use an efficient
convergence strategy (the ICA approach) in order to improve the
reliability of results.
All the scheduled tasks in a DAG should satisfy the
precedence relations so that we use an order based coding
mechanism suited for multiprocessor scheduling, which should
fulfill the following rules:
1. All the predecessors of a task must have completed their
execution before initiating the execution of the task.
2. In a DAG, all the tasks must be executed at least once.
Such a representation eliminates the need to consider the
precedence relations between the computational tasks.
T1

T2

T3

T4

T6

T5
T7
T8

T9

Figure 1. DAG Task graph

A. Order-based country (OBC)
There are several approaches [3, 5, 7] using GA for the
multiprocessor scheduling problem, but they are suffering from
inefficient coding methods. How to encode a solution of the
problem into a chromosome is a key issue here. It has been
investigated from two different angles which are: 1) mapping
characters from the genotype space to the phenotype space when
countries are decoded into solutions [1]; and 2) metamorphosis
properties when countries are manipulated by genetic operators
[9].
The two main challenges with respect to the encoding
problem are the following: 1) there is a need for storing a huge
number of chromosomes for each schedule; and 2) in the case of
a large number of tasks, the exploration and exploitation
operations will become very complex due to the precedence
relations among tasks.
To overcome these difficulties we introduce the concept of
an order based country (OBC) that strings the present task order
of task nodes with the corresponding processors simultaneously.
For example, Figure 2 shows an OBC that represents nine tasks
along with two processors for the DAG shown in Figure 1. For
example, the third column shows that the third scheduling is for
the task number 2 which should be run on the processor 2.
B. Order-based encoding/decoding
Establishing an encoding which can treat the task precedence
constraints efficiently is a critical step. The proposed encoding
method is based on the task order and is therefore a viable
solution. The following procedure explains the generation of the
initial OBC:
First, we input the order-based task numbers (1 ≤ [ ] ≤
# Task) randomly in the second row, independently of the

processor number. Then, the algorithm fills in the third row with
random numbers Y[i] (1 ≤ [ ] ≤ # ).
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Figure 2. An order based country (OBC)

C. NoMeS Operation:
In the initial population, the algorithm generates several
countries such as the one presented in Figure 4.1. The major part
of this algorithm is imperialistic, and it causes the colonies to
converge to the global minimum. After the initial step, algorithm
sorts the countries. Then, the best countries (whose fitness
values are better than those of the others) will be selected to
become imperialists, and the remaining countries form the
colonies of these imperialists. These colonies start moving
toward their relevant imperialists after all colonies have been
divided among the imperialists [9]. The next step computes the
power of each imperialist and the imperialistic competition step
follows. The weakest imperialist loses its weakest colony, and
the selected imperialist obtains this colony. The above steps are
then repeated until reaching a termination condition. The
termination condition can be defined in different ways. For
example, the NoMeS could be set to stop when one imperialist
has all colonies as its members.
Like with other ECs, when solving a problem with a large
search space, we need a large initial population to obtain a more
accurate and reliable result. We can also prevent convergence to
local optima by using a multi-population method, where each
processor runs serial NoMeS independently. If one processor
converges to a local optimum, all the other processors can
continue their work on other parts of the search space.
D. Multi-population NoMeS
To implement the NoMeS algorithm, we use a selective local
search strategy which runs NoMeS on several processors
connected in a ring topology, using the message passing method
for communication. In each processor, we first initiate
independent countries and run the serial NoMeS independently.
Regularly, the best country is migrated from processor
to
+1 replacing the worse country in P +1. The number of
countries in each processor remains equal even when countries
migrate to other processors, because all migrations between
processors are done synchronously.
In the multi-population NoMeS, we increase the number of
countries to get a higher selection pressure [10]; this facilitates
obtaining more accurate results in a short time and much faster
convergence to results, compared with the sequential NoMeS
algorithm. Indeed, in EC methods, when the diversity of
population is high enough, the rate of convergence improves.
1) Initialize the Empires
In this step, the fitness value of each country (OBC), which
has been generated randomly, is computed based on its power
metric which corresponds to the execution time of the country’s
schedule. Then the algorithm selects the best set of countries as
the imperialists, and divides the remaining countries as colonies
among them. Each imperialist with its colonies constitute an
empire.
2) Exploitation and Exploration Operation
In the exploitation phase, each colony can randomly pair
with its imperialist or another colony in its empire, but cannot
pair with any colonies from other empires. We use the orderbased crossover (OCX) function [9] to replace the task numbers
between the paired colonies. As shown in Figure 3 (exploitation
operation), OCX selects two indices (e.g. 3 and 6 in their OBCs)

of paired colonies and exchanges all the tasks between two
indexes of paired colonies. Then the remaining tasks are
exchanged sequentially. Afterwards, the exploration operation
selects several colonies randomly in order to exchange two tasks
of each colony. The indices of the two tasks are randomly
determined.
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3) Exchange Position and Compute the Total Cost
After the exploitation and exploration, if a colony obtains a
better fitness value than its imperialist, the algorithm exchanges
the positions of this colony and the imperialist, i.e. the colony
becomes an imperialist and the imperialist becomes a colony.
After the exchange operation, the algorithm computes the total
cost (power) of the empire based on Equation 1.
)
Total Cost = Cost (
(1)
+ .

{

(

)}

4) Imperialistic Competition
In this phase, all the imperialists try to achieve one
(randomly selected) colony from the weakest imperialist. The
algorithm searches among the empires and selects the weakest
empire based on their total cost. The taken colony will be given
to the strongest empire.
5) Migration Operation
The migration operation is the key aspect of our method. We
consider a system, where several processors are connected in a
ring topology using message passing protocol for
communication. The ring topology has been selected because of
its low communication cost and simplicity. Each processor is
first initialized with a set of independent countries (the number
of countries in each processor is the same) and running serial
NoMeS independently on each processor. Now and then, in
some time intervals, the best country (colony) migrates from
processor Pi to the next processor Pi+1 and replaces the worst

country in Pi+1. Since we utilize the ring topology to connect
processors together, and because the migration takes place in all
processors synchronously, the numbers of countries in any two
processors are equal at any given time. The migration strategy
can affect the result as well. Generally, it is better to establish a
balance between the migration rate and data communication
between processors in multi-population implementations. The
chosen simple ring topology is utilized to reduce the migration
rate and to decrease the distance of the migrations.
V.

EXPERIMENTAL RESULTS

In this section, four well-known real applications have been
employed to demonstrate the performance of the proposed
NoMeS algorithm. The obtained results have been compared
with those of the other optimization methods that have used the
same applications. The parallel NoMeS has been implemented
based on both shared memory and message passing platforms.
The message passing interface (MPI) has been utilized to
parallelize our algorithm and MPICH2 to run the algorithm.
In the multi-population NoMeS model, five processors (the
processors that are used to run the NoMeS optimization
algorithm) have been connected in a ring topology, considering
different numbers of processors for executing the selected four
applications on a NoC based MPSoC platform. The proposed
algorithm has been tested on an Intel Core i5-45705 desktop
computer clocked at 2.90 GHz (64-bit) with 24GB of memory.
The results of the considered benchmark applications have been
obtained by 20 independent runs. The involved parameters for
solving the problems are specified in TABLE I.
The four real applications, used to test the proposed
approach, are: Sobel ﬁlter, SUSAN ﬁlter, RASTA-PLP and
JPEG encoder [11]. They are illustrated in Figure 9. The
benchmarksFigure 9. Also, NoMeS is compared with MPGA
[8], PMC [20] and MPQGA [18] in the same conditions (e.g. the
same platform and initial population) on all benchmarks.
Figure 5, Figure 6, Figure 7 and Figure 8 show the execution
times of the benchmarks for all the considered optimization
methods with different numbers of processors (the processors
that run the scheduled tasks on a NoC based MPSoC platform).
NoMeS improves (decreases) execution time by more than
29.5%, 68.1%, 47.4%, and 10.1% for the Sobel, SUSAN,
RASTA-PLP, and JPEG encoder applications, respectively.
These results show that NoMeS is more effective in more
complex applications. TABLE II. shows the execution times of
the benchmarks for all the methods. The execution time of each
predicted scheduling clearly demonstrates that NoMeS is more
fit and efficient than the other methods for the DAG scheduling
problem.
The stability and reliability of the experimental results are
the other important factors for selecting the best method. It is a
fact that heuristic and metaheuristic methods cannot achieve the
best results in all runs, so the stability diagram is the best
criterion to show the reliability of the results. We run each
optimization method for each benchmark application 20 times
to demonstrate how many times each method can find the best
results. The stability diagrams of the considered methods are
illustrated in Figure 10. The statistical results are listed in
TABLE III. The table demonstrates that our algorithm is more
accurate with fewer errors than the existing other methods. Also,
this table shows that NoMeS has obtained the best results for
Susan, RASTA-PLP and JPEG encoder. In TABLE IV. , two
critical parameters, namely speedup and efficiency (Equations 2
and 3), are also compared, considering both serial and parallel
(multi-population) NoMeS approaches. The speedup values
show how many times faster the parallel method is compared
with the serial method, and the efficiency values indicate the
average speedup per processor. The table shows that the

efficiency of the proposed parallel implementation is
outstanding, and it clearly outperforms the serial version of the
NoMeS method.
⁄
=
(2)
⁄#
=
(3)
The convergence diagrams of the NoMeS method on all
benchmarks are presented in Figure 11. Based on the quality and
reliability of the results, the efficiency of this method, as well as
its usability for real applications, NoMeS is truly a prominent
candidate for task graph scheduling.
VI.

CONCLUSION

In this paper, we first introduced a new evolutionary
computing method, called NoMeS, a combination of the
imperialist competitive algorithm (ICA) and a genetic algorithm
(GA). Then, we presented a multi-population implementation of
NoMeS, in order to improve its performance (execution time)
and reliability (proximity of achieved results), for task graph
scheduling which is a multi-objective optimization problem.
Experimental results revealed that NoMeS is the best candidate
for solving the task graph scheduling problem, being more
reliable and providing significantly better solutions than the
other considered state-of-the-art methods.
TABLE I.

2
Sobel
2
SUSAN
2
RASTA
2
JPEG
4
JPEG
6
JPEG
8
JPEG
10
JPEG
TABLE III.
Sobel

(Cycle)

SUSAN

(Cycle)

RASTAPLP

(Cycle)
JPEGencoder

(Cycle)

TABLE IV.

Sobel
SUSAN
RASTA-PLP
JPEG encoder

Values
100
5
20 Iterations
5
0.8
0.3
1 Chromosome

×2

EXECUTION TIMES OF THE BENCHMARKS FOR THE
CONSIDERED OPTIMIZATION METHODS

#p

Mean
Best
Worst
STD
Median
Mean
Best
Worst
STD
Median
Mean
Best
Worst
STD
Median
Mean
Best
Worst
STD
Median

Figure 5. The Execution Time of Sobel filter with different numbers
of processors

THE PARAMETERS OF NOMES

Parameters
Number of Countries
Number of Empires
Termination Condition
Number of Processors
Exploitation Rate
Exploration Rate
Migration Rate
TABLE II.

×2

Figure 6. The Execution Time of Susan filter with different numbers
of processors

NoMeS

MPGA
PMC
MPQGA
(ns)
(ns)
(ns)
(ns)
11440
11440
10946
10520
49120
49120
47218
41540
27040
28320
24126
20240
120200
117280
116320
109400
120200
117280
114806
108680
108680
108680
106354
95240
104630
105624
104658
95240
101460
101460
99468
95240
THE STATISTICAL RESULTS WITH 2 PROCESSORS
NoMeS
530.6
526
572
14.1585
526
2134.9
2077
2478
141.5953
2077
1012
1012
1012
0
1012
5475.8
5370
5840
203.6293
5370

MPGA
577.8
572
612
12.4799
572
2484.3
2456
2532
33.29
2478
1414.8
1352
1612
82.8960
1384
6233.3
6010
6580
259.4247
6010

PMC
583
572
612
15.728
572
2484.9
2456
2532
29.4974
2478
1470.2
1416
1612
66..6488
1464
6153
5864
6580
294.7416
6010

MPQGA
571
556
598
17.281
572
2372.8
2246
2532
131.502
2362
1343.4
1246
1564
128.5565
1246
5948.8
5812
6328
186.3369
5812

×2

Figure 7. The Execution Time of RASTA-PLP filter with different
numbers of processors

THE SPEEDUP AND EFFICIECY OF NOMES ON 5 PROCESSORS
Serial
NoMeS Time
(s)
45.32
75.6
89.67
133.12

NoMeS Time
(s)

Speedup

Efficiency

11
18
21
32

4.12
4.20
4.27
4.16

0.824
0.840
0.854
0.832

×2

Figure 8. The Execution Time of JPEG-encoder with different
numbers of processors
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Figure 10. The stability diagram of NoMeS, MPGA, PMC and
MPQGA on Sobel, SUSAN, RASTA-PLP and JPEG encoder with 2
processors.
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Figure 11. The convergence diagram of NoMeS on Sobel, SUSAN,
RASTA-PLP and JPEG encoder with 2 processors.
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