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Abstract. In this paper, we continue our investigation of function spaces on certain classes
of complex-valued functions. In particular, we give characterizations on Hardy-type, Bergman-type
and Dirichlet-type spaces. Furthermore, we present applications of our results to certain nonlinear
PDEs.

1. Introduction and main results

For a positive integer n > 1, let C™ denote the complex Fuclidean n-space.
For z := (z1,...,2,) and w = (wy,...,w,) in C", we let Z = (Z1,...,Z,), and
(z,w) := Y p_, 2wy, with the EBuclidean norm ||z|| := (z, 2% which makes C" into
an n-dimensional complex Hilbert space. For a € C™ and r > 0, B"(a,r) denotes
the (open) ball of radius r with center a. Also, we let B"(r) := B"(0,r) and denote
the unit ball by B" := B"(1). In particular, let B*(r) = D(r) and D = B!. For a
domain 2 C C™ with non-empty boundary, let do(z) be the Euclidean distance from
z to the boundary 09 of Q. Moreover, we always use d(z) to denote the Euclidean
distance from z to the boundary of B". We denote by C™(B™) the set of all m-
time continuously differentiable complex-valued functions f of B™ into C, where
m € {0,1,...}.

For k € {1,...,n}, z = (21,...,2,) € C" and f € C'(B"), we introduce the
following notations:

vf:(f217”’7fzn>7 vf:(le7”’7f2n) and Df:(v-ﬁvf)?
where f,, = 0f/0z, = 1/2(0f |0z — i0f/Oys), fz, = Of/0zk = 1/2(0f /Oy, +
i@f/&yk) and zj, = xy, + iy, with x5, and y; real. Let ||Dy|| be the Hilbert-Schmidt
semi-norm given by B
1Dsll = (IVFIP + IV F1%) 2.

Let f = u+iv € C'(B"), where v and v are real-valued functions. Then for
z2=(21,...,2n) = (x1 +iy1, ..., 2, +1iy,) € B™,
(1.1) IVFI+ IV < [[Vu(2)]| + [[Vo2)],

where

I T T A Vi
-\ Oz Oy Oy Oy, C\ Oz oy 0, Oy )
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Note that the converse of (1.1) is not always true (see [5]).

Generalized Hardy spaces. For p € (0,00|, the generalized Hardy space
HP(B™) consists of measurable functions f: B" — C such that M,(r, f) exists for all
r € (0,1) and || f]|, < oo, where

Osupl Mp(r> f)a if pE (07 00)7 1/p
_ <r< M,(r, f) = Pd
O PR ([ 1reopaso)

and do denotes the normalized Lebesgue surface measure in B™.

There are numerous characterizations of the classical analytic Hardy spaces in
the literature, see for example [12, 17, 18, 21, 22, 27|. But, to our knowledge, there
are few analogous results for general complex-valued functions. In this paper, we give
the following characterization of a class of complex-valued functions f in Hardy-type
spaces.

Theorem 1. For p > 2, let f € C?(B") with Re(fAf) > 0. Then,

/n d(2)A (|f(2)]?) dViy(2) < o0

if and only if f € HP(B"), where dVy denotes the normalized Lebesgue volume
measure in B" and A is the usual complex Laplacian operator

- 0? - 0? 0?
A=) G 2 (% + @)

k=1

for z = (21,...,2n) = (x1 +iy1, ..., T, +iy,) € B™.

Yukawa PDE. Let 7,7: B” — [0, 00) be continuous and f = u + iv € C*(B"),
where v and v are real-valued functions in B”. The nonlinear elliptic partial differ-
ential equation (PDE) of the form

(1.2) Af(2) = 7(2)f(2) + n(2)Re(f(2))

is called the non-homogeneous Yukawa PDE, where z € B™. If 7 in (1.2) is a positive
constant function and n = 0, then we have the usual Yukawa PDE. This equation
arose from the work of the Japanese Nobel physicist Hideki Yukawa, who used it to
describe the nuclear potential of a point charge as e~V7" /r (cf. [1, 3, 7, 9, 10, 11, 16,
30, 34]).

As an application of Theorem 1, we obtain the following result.

Corollary 1.1. For p > 2, let f € C*(B") satisfying (1.2). Then,

/n d(2)A (|f(2)]?) dViy(2) < o0

if and only if f € HF(B").

A continuous increasing function w: [0, 00) — [0, 00) with w(0) = 0 is called a
magorant if w(t)/t is non-increasing for ¢ > 0 (cf. [14, 15, 25, 26]). Given a subset €2
of C", a function f: Q — C is said to belong to the Lipschitz space L, () if there is
a positive constant C' such that

1f(2) — f(w)| < Cw(]z —w|) forall z,w € Q.
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A classical result of Hardy and Littlewood asserts that if p € (0, 00], @ € (1, 00)
and f is an analytic function in D, then (cf. [12, 21, 22])

MP(va/):()((liT)a) asr — 1,
1 a—1
Mp(r,f):O<<log1_r) ) as r — 1.

In [17], via the closed graph theorem, Girela, Pavlovi¢ and Peléez refined the
above result for the case a = 1 as follows.

Theorem A. [17, Theorem 1.1| Let p € (2,00). Forr € (0,1), if f is analytic in
D such that

if and only if

1

1—r

Mp(r,f’):O( ) asr — 1,

then

M,(r, f)=0 <<loglir)é) asr — 1

and the exponent 1/2 is sharp.

Theorem A gives an affirmative answer to the open problem in 18, p. 464, Equa-
tion (26)]. For related investigations on this topic, we refer to [3, 4, 7, 32].

Next we study the relationship between the integral means of solutions to the
equation (1.2) and those of their second order partial derivative. Our result is given
as follows.

Theorem 2. Let w be a majorant and f € C*(B") satisfying (1.2) withn+7 <
4n/p, where T and n are nonnegative constant functions. For p > 2 and r € (0,1), if

1
M,(r,D}) < M*
p(?", f)— w(]_ )7

—r

then

A :
My D) < VIE (IO + 017 [ oo (2 )

and f € HYS(B"), where M* is a positive constant,

1
n n 2
D} = [ZZ (|kaZJ|2 + |f2k5j|2 + |f§k2j|2 + |f§k5j|2>] )

j=1 k=1
My = 2p(2p — 3)(M*)*w(1) and M3 =1/ [1 — p(n +7)/(4n)].
In particular, by taking w(t) = ¢ in Theorem 2, we obtain the following result.

Corollary 1.2. Let p > 2 and f € C*(B") satisfying (1.2) with n+ 7 < 4n/p,
where T and 7 are nonnegative constant functions. For r € (0, 1), if

A@@Dp:@( 1

1—r

) asr — 1,

then

1

M,(r,Ds) = O (<log 1ir>§) asr — 1,

and f € H?(B").
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Dirichlet-type spaces and Bergman-type spaces. For v, i, t € R,
Dy (v, p, t) :/B @’ ()| f ()" |Ds(2)]]" dViv(2) < o0

is called Dirichlet-type energy integral of the complex-valued function f (cf. [1, 2, 7,
16, 17, 19, 31, 32, 33, 34]). In particular, for v > 0, p = 0 and 0 < ¢t < o0, we
use D, ;(B") to denote the Dirichlet-type space consisting of all f € C*(B") with the
norm

1D = |£0)] + (Ds(,0,0) " < o0

Moreover, for v > —1,0 < p < oo and ¢t = 0, we denote by b, ,(B"™) the Bergman-type
space consisting of all f € C°(B") with the norm

11l = 1£0)] + (Dy(v, 1,0)) " < oo

We refer to [13, 17, 19, 20, 26, 28, 35| for basic characterizations of analytic
(or harmonic) Bergman-type spaces and Dirichlet-type spaces. Again, for general
complex-valued functions, very little related research can be found from the litera-
ture. The following is a characterization of a class of complex-valued functions f in
Bergman-type spaces.

Theorem 3. Let f € C*(B") with Re(fAf) > 0. Then, for p > 2 and a > 2,

[ A= EPragsep av) < o.
if and only if f € by—_2,(B™).

The following result easily follows from Theorem 3.
Corollary 1.3. Let f € C*(B") satisty (1.2). Then, for p > 2 and a > 2,

/Bn“ — [2)°A (|f(2)|P) dVi(2) < o0

if and only if f € by—_2,(B™).

Definition 1. For m € {2,3,...}, we denote by HZ,,(B") the class of all func-
tions f € C™(B") satisfying Heinz’s nonlinear differential inequality (cf. [23])

[AF(2)] < a(2)[[Ds(2)]| +b(2)| f(2)] + (=),
where a(z), b(z) and ¢(z) are real-valued nonnegative continuous functions in B”™.

Theorem 4. Let M be a nonnegative constant and f € HZ3(B™) N D, (B")
with Re(fAf) >0 and Re {3, [for (AS)z + Fz(AS)z,]} >0, where 2 < o < 2n,
v >0, SUp.epn a(z) < 00, SUP.epn b(2) < 00 and ¢(z) < M(d(z)) . Then for p > 2,

/Bn (d(2)""A (| f(2)IP) dViy(2) < oo,

where ¢ = (2n +7)/a — 1.
The result given below is a consequence of Theorem 4.

Corollary 1.4. For 2 < a < 2n and v > 0, let f € HZ3(B") N D, .(B")
satisfying (1.2), where 7 and n are nonnegative constant functions. Then for p > 2,

/Bn (d(2)""A (| f(2)IP) dViy(2) < oo,

where ¢ = (2n +7)/a — 1.
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Proof. By elementary calculations, we see that if f is a solution to (1.2), then
f satisfies Heinz’s nonlinear differential inequality. Hence Corollary 1.4 follows from
(2.8), (2.9) and Theorem 4. O

By Corollaries 1.1, 1.3 and 1.4, we get

Corollary 1.5. For 2 < o < 2n and v > 0, let ¢ = (2n + v)/a — 1 and let
f € HZ35(B") ND,(B") satisfy (1.2), where T and n are nonnegative constant
functions.

(1) Ifp= % > 2, then f € Hb(B");
(2) If p> 2 and pq > 2, then f € by,—2,(B™).
Definition 2. For p > 2, t; > 0, t, > 0 and m € {2,3,...}, we denote by

THZ""2(B") the class of all functions f € C™(B") satisfying the inverse Heinz’s
nonlinear differential inequality

A(If(R)IF) Z ar(2) 1Dy ()" + ba(2)| £ (2)]* + ea(2),

where a1 (z), b1(2) and ¢;(z) are real-valued nonnegative continuous functions in B".

Theorem 5. Let f € IHZ?’tZ(B”)ﬂHZ(B"), where inf,cgn a1 (z) +inf cpn b1 (2)
> 0 and inf,egn ¢1(2) > 0.

(1) Ifinf,egn ai(2) > 0, then f € Dy 4, (B");

(2) Ifinf,epn by(2) > 0, then f € by, (B").

For k € {1,...,n}, let \; € R be a constant and let f € C'(B") satisfy the
following nonlinear PDE,

5,
(1.3) gizddﬂﬂ

where o > 0. If, for each k € {1,...,n}, \y =0, then f is holomorphic. Moreover, if
a = 0, then f is pluriharmonic (cf. [6, 29]). It has attracted the attention of many
authors when n = A\; = 1 and a € (0,1) (cf. [2, 8, 24]).

Corollary 1.6. For >, A} # 0, a > 0 and p > max{2, (o — 2)*/4}, if f €
HP(B™) N C*(B") satisfies (1.3), then f € by y(B™), where ¥ = p + 2a — 2.

The proofs of Theorems 1 and 2 will be presented in Section 2, and the proofs of
Theorems 3, 4, 5 and Corollary 1.6 will be given in Section 3.
2. Hardy-type spaces and applications to pdes

We start this section by recalling the following result.

Theorem B. [27| Let g be a function of class C*(B"). Then, for r € (0,1),

/ 9(rC) do(¢) = g(0) + / Ag(2)Canlz,7) dVi(2),
oBn

B"(r)
where
2(1-n) _ ,.2(1-n)
2 L ifn>2,
ng(z,’r‘) ={ 4n£n — 1)
3 log m, it n=1.

Lemma 1. Let p > 2 and f € C*(B") with Re(fAf) > 0. Then MZ(r, f) is
increasing with respect tor € (0,1).
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Proof. Case 1. Let p € [4,00). By elementary calculations, we get
A7) = p(p = 2IF 7D | forf + Foof 12+ 20l f P72 ID4|1° + pl fIP~*Re(fAF) > 0,
k=1

which implies that, for p € [4,00), MP(r, f) is increasing in (0, 1).

Case 2. Let p € [2,4). For m € {1,2,...}, let T2 = (|f]*+ %)
tions, we have

[Nl

. By computa-

AT =Y (1) =13 (1)
1 =
r_g
“oo=2) (P ) ST+l
1\ 1 Eap—
va (174 ) ||Df||2+p(|f|2+g) Re( /7).

Let Q,, = A(Tffm). It is not difficult to show that, for r € (0, 1), @,, is integrable in
B"(r) and 0 < Q,, < Ay, where

n

Ap=pp—=2)F1772D (1fal + 1)+ 20 (IF17 + 1)

k=1

+p (If*+1)" " Re(fAS)

r1
1D I*

and Ay is integrable in B"(r).
By using Theorem B and Lebesgue’s dominated convergence theorem, we get

lim 72" 14 Mp(r T,) = i lim QmdVy = i lim Q,,dVy
m—00 d 2N m—ro0 B"(r) 2n Bn(r) M
1 -
= p(p =P |f o+ F 1oL
g o, P02 T T
+2p| FIP2|[ Dy + pl FI7*Re(FAS)] dVix
d
rP et MY >0
g2 0
which implies that MP(r, f) is increasing in r on (0, 1) for p € [2,4). O

By using Theorem B and a similar argument as in the proof of Lemma 1, we
obtain the following result.

Lemma 2. Let p > 2 and f € C*(B") with Re(fAf) > 0. Then, for r € (0,1),
Mp(r, f) = |f(0)|p+/ A(lf(2)P)Gan(z,7) dVa(2),
B"(r)

where G, is the function defined in Theorem B.
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Proof of Theorem 1. Case 1. Let n > 2. We first prove the necessity. For a fixed
positive constant o € (0, 1), let r € (19, 1). Then, by Lemma 2, we have

MEE D) = SOF + [ AP o) ()

= FOF S T Lo, (0 =) A Vi)
(2.1) + m /B . (12[20-m) — $20=0) A (| F()]P) Vv (2).
Since A(|f[P) >0,
22wz [ [T o= ASEOP) dpdat0)

> on / N / P20 p20=1) A (| £ (pC) ) dp dor(C)
= [ (= AR V)

and

/B (M\B( )(Mm_n) =) A(If()7) aViv(2)
—

(D525 o5
- = A(lf(2)P) dVy(z
/B"(T)\B”(ro) |Z‘2n—27‘2n—2 (| ( )| ) N( )

2n — 2

OB [ DA Ve
To B"(r)\B"(ro)
M — 2

< OB [ aDa(fP) V() < oo
o n

By (2.1) and Lemma 1, we see that the limit
lim M,(r, f)

exists. Hence f € HP(B").
Next we prove the sufficiency. Applying (2.1), (2.2) and f € H?(B"), we observe
that

o> [ (122077 = r20=D) A (L)) Vi (2)
B~ (r) )

_ (r = 2D (i’ ¥ 2%) , ] )
- /n< N\B" (ro) | 2|2y 202 A(If(2)I) dVi(z) > I(r),

which, together with the monotonicity of I(r) on r € [rg, 1), yields that

lim (r = [DA(f(2)[") dVn(2)

T 1= B (r)\B" (ro)

exists, where

1) =Cn=2p [ DA V()
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Therefore,
[ d@a (e avat:) < o

Case 2. Let n = 1. In this case, we also first prove the necessity. Fix r € (0,1).

Since

. logr—loglz|] 1
lim ——— = —

EEC I r’
we see that there exists 7o € (0,7) such that

(2.3) iglogr—logM Si

2r r—|z| 2r

for ro < |z| < r. It is not difficult to see that, for |z| <r <1,

r— |z

(2.4) <1-—|z].
T
Because )
li log— =0,
p—1>I(I)1+p Og p

it follows that

(2.5) /D(TO)A(If( 2)I") 10gﬂdA( z) = / A(lf()P) logﬂdA( 2)

27r
/ / (1f(pe)|P) plog df < oo,

where dA denotes the normalized area measure in D.
By (2.3), (2.4), (2.5), Lemmas 1 and 2, we see that

ﬂﬁ@ﬂszw+lé A(IF(2)7) log - dA(2)

2 2|
1 1 r
= Py — A P)log — dA(z) + = P)log — dA
V®N+24m)ﬂﬂﬂ)% a +240mm ) log 1 dA()
1 3 (r—z|)
Py = A p hd P
<P+ [ Al s g [ alsen T A
1 3
Py — A P)log — dA(z) + - A
<IFOF 5 [ M) o +4/w% IF)d(=) dA(2) < oo,
which implies that the limit
i My(r. 1)

exists. Hence f € HP(B").
Now we prove the sufficiency. By (2.3), we have

[ alren e aae = g [ AP - ) dAG)
D(r)\D(ro) D(r)\D(ro)
I*(r)
(2.6) > 5
where
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By (2.6), Lemmas 1 and 2, we have
1 r
M A =1FOP +5 [ AT log - dAG)
2 Jo |2|
o 1 » T 1 » T
=fO)F+ 5 A([f(2)I7) log 7 dA(2) + 5 A(]f(2)") log 77 dA(z)
2 Jp@ro) |2| 2 JpEn\Dro) 2|

2 1FOF 5 [ AISP) o8 dAG) + 11°0),

which yields that I*(r) < co. Since I*(r) is increasing on r, we see that

lim I*(r)

r—1—

exists. Then
/D A(2)A (|f()P) dA(z) < oo

concluding the proof of the theorem. OJ

Lemma 3. Let f € C¥(B") and Re {>_}_, [for (Af)s + fzr (Af)z,] } > 0. Then,
for « > 2, ||Dy||* is subharmonic in B™.

Proof. First we consider the case a € [4,00). Since

2

A(IDsl1) = ala =2)UDgI** DD (faues For + Frzy fon + Friey oo + oz, 1)

j—l k=1
+ 2af[ Dy |[*” 222 (Ifoym >+ | fom 2+ 1 oy P+ | oy )
=1 k=1
+al|Dy[|*Re {Z {f_zk(Af)zk +f?k(Af)gk} } >0,
k=1

we see that, for a € [4, 00), ||Dy||* is subharmonic in B™.
Next we deal with the case o € [2,4). In this case, for m € {1,2,...}, we let
= (||Dg||* + £)%. Then, by elementary computations, we have

—ata-2 (1D + )" [E a%(HDfHQ)] [Z a%(HDfn%]

7—1 n n
+ 24 (||Df||2 ) SON T (a1 oz + o+ L2 )

7=1 k=1

a1+ )" e {Z T, +f_n(Af)zJ}

NIl

) =430 =130 S (T )|

m
k=1

Jj=1 Jj=1
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n n 2

(fzkzjf_zk + fz—kfgfzk + fszjf_ik + fE—kngEk)

=1 k=1

1\272
—ata-2) (1D + )

3 <

@_1 n

1 2
A (IR D ) S ISRV AVNERTE

=1 k=1

ra(ipes k) e {Z (A ).+ T (A1) } .

k=1
By the Cauchy—Schwarz inequality, we have
2

3 (e + ot + T+ )

j=1 k=1

n n 2
= [ZZ szkzjf_z’“‘ +faz fal + 1 fos Fol + ‘ff—@fzko}

=1 k=1

) 1 2
{ZZ QP2 ) (o o P+ s 'fm'zﬂ}
j=1 k=1

<230 (@2l 20 ) (a1 P Vs P U )

k=1

(2.7)

3
3
—

VAN
3

Jj=1

<ADAP YD (1P + e [P Ui P+ s, [2).
j=1 k=1
Hence, by (2.7) and Lebesgue’s dominated convergence theorem, we obtain

2
lim A(F7) = a(e = 2)||Dy]|*™"

m—o0

Z Z (fzkzjf_zk + fz—kfgfzk + fszjfjk + fE—kEJfEk)

j=1 k=1

+ 2aHDf||a_2 Z Z (|f2jzk|2 + |f2j3k‘2 + |f5j2k‘2 + |f5j5k|2)

Jj=1 k=1

+al|Dg[|*"*Re {Z {f_zk(Af)zk +f_zk(Af)zk} } > 0.

k=1
Then, for a € [2,4), || Dy||* is subharmonic in B". O

Proof of Theorem 2 1t is not difficult to see that if 7 and 7 are constant functions,

then each solution f to (1.2) belongs to C*>°(B"), i.e., they are infinitely differentiable
in B".
By elementary calculations, we get

(28) Y Re[F (A + FlAN)n] = D0 [F(Fa 1) + 2 o + Pl
k=1

k=1
< (n+7)IDgII?,

and

(2.9) Re(fAF) =71/ + n(Re(f))* < (n+7)|fI>
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By using Holder’s inequality, for p € (0,1), we see that

210) [ D01 (D}(0))* dolC) < Mo, D)Mo, Dy)
and
1) [ RGO DRI () < Mo DM o, 1),

For t € [0,1], r € (0,1) and p € (0, 7], we obtain

_ 42n—2
(2.12) =) gy
2(n—1)
and
(2.13) plog r <r—p,
p

where n > 2.
Case 1. Let n > 2.

437

Step 1. By (2.7), (2.8), (2.10), Lemma 3, Theorem B and Lebesgue’s Dominated

Convergence theorem, we see that

My(r, Dy) = |[Ds(0) [P + /Bn( )A(HDf(Z)Hp)GZn(ZaT) dVn(z) = [|D(0)]]”

+/Bn( : {pHDf(z)Hp—?ZRe[fzk(z)(A 2))2, +ka( D(Af(2))z,

+p(p = 2)|| Dy (2) 7

DS (fors (DT )

=1 k=1

T ) (2) + oy ()T (2) + Ty () o (2)

2

+2p|| Dy (2)[7 (D} (2))° }G2n(27 r)dVy(z)

<D+ [ [+l
+2(2p = 3| D)2 (D} (2) ] Gan 2, 7) AV (2)

pn+71) (7 2n—1_.2(1—n)
= ||D p — MP(p,Dy)d
DO + 555 [ (o= ) aag . Dy dp

™(r)

+ 223 | o=y [ st (0500 de(6) dy

(n—1)
pin+7) [* n—1 2(1-n
<O + BT [ (o= 20 20200, D) dp

0

2(n—1)
p(2p —3)
(n—1)

/ (p = PP 1?0 M2 (p, D) M2 (p, Dy) dp.
0
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The above together with (2.12) and subharmonicity of | Dy||P, shows that
p(n+7) /T 2n—1,.2(1-n) 2 P7“2(77 +7) 2
1— — dp| M>(r,D¢) = |1 — ———=| M (r, D
1= 20 [ i) 3 ) 120 a2 )
p 2p -3 " n— —n *
g/ (p— p 1?1 M2 (p, D) dp
(n—=1) Jo

= || D(O)|* + 2p(2p — 3)r* / %

< 1Dy ()" +

M (rt, D) dt

<o+ 2320y [ ()] a-ow

1—1rt
1

1—1rt

< |1 D(0)]2 + 2p(2p — 3)r2(M*)? /01 [w( )] : (1—rt)dt

< 1D (0)|? + 2p(2p — 3)r3(M*)2w(1) / w( ! )dt.

1—1rt
Then

(2.14) M?(r,Dy) < My [||Df(o)||2 + My /Olw (1 jrt) dt] :

where M} = 2p(2p — 3)(M*)*w(1) and M; =1/[1 — p(n+ 7)/(4n)].
Step 2. By (2.9), (2.11), Lemmas 1 and 2, we obtain

MEE D) = FOF + [ AUEIGan(e ) V(o)

<O+ [ [ nplo =05 60D ApOR Ganlpt. ) do(6) dp

T p(+T) / P Canlz, 1) dVir(2)

B"(r)

< 1FO) +4p(p— 1) / 10?" Giy (0, 1) M2 (0, D) MP(p, ) dp

p(n+7)r?
———M? .
F POy )
By the above estimates, (2.12), (2.14) and the monotonicity of M,(r, f) on r,
M(r, f) p(n+7)r?
AL A LA NV E
i < |1 D g
< [f(0)]* +4p(p — 1)/ np*" "' Gan(pC, 1) M (p, Dy) dp
0
p(1—p™?)

dn—1) ¥

— [FO)P + 2p(p— 1) / P2 M2(rp, Dy) -

< FO)P + 2p(p— 1) / M2(rp, Dy)(1 — p) dp
< IFO)P + 2p(p — )M D5 (0)]?

T 2p(p— MM / [/Olw(l —)a- dt] ap
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< £ +2p(p — 1) M| D¢ (0)*

17 1 1
+2p(p — 1) M M, /0 [/0 w(l — r,ot>(1 —rtp) dt} dp
< |£(0)1* + 2p(p — 1) M3 [ Dy (0)||* + 2p(p — )My Mzw(1) < co.

Hence f € HE(B").
Case 2. Let n = 1.

Step 3. By (2.7), (2.8), (2.10), Lemma 3, Theorem B and Lebesgue’s dominated
convergence theorem, we see that

MY D) =IO + 5 [ AUIDEI) g

L dA(2)

2|

» 1
— 1D+ [

D(r)

(1D IPRe[FE 82D, + FEI)

(£ + T2 ) + f () FE) + T ()

+p(p = 2)[I1Ds ()"

é dA(z)

<IDAOI+E [ (47D 202 = 31D (D521 s

+zpr|Df<z>||p—2(D;<z>)2}1og

T dA(z)

]
r r
— | DAO)IP + p(n + 7) / M3 (p. Dy)olos =dp
0
r r 1 27 ) - i} .
vy =) [ otont (o [T IDApe (050t ) dp
0 P \2m Jo
r r
< | DAO)IP + ply + 7) / My (o, Doplo Ldp
0
r . B r
+2p(2p=3) [ M2, DM 0. Dy)plos - dp
0

)
< |DO)| + p(y + T)MZ(r, Dy) / plos Zdp
0

+2p(2p —3) /0 T M (p, D})MP~*(p, Dy)plog % dp,
which, together with (2.13), gives that
s+ [ posZap] 2200y = 1= 0D gy
< IDAOI +2p(20=3) [ plog E022(p, D)) dp
< IDAOIF +2p(20=3) [ (= Mo, D} dp

1
= ||Df(0)||2—|—2p(2p—3)7“2/0 (L—¢)M? (rt,D}) dt

<o+ 2 -0y [ ()] a-na
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1
1—1rt

< ||ID(0)]| + 2p(2p — 3)r2 (M*)? /01 {w( )} : (1 — rt) dt

! 1
< IDAO) + 20020 - 30 lt) [ (12 Yt
0 _
where dA denotes the normalized area measure in D. Then
! 1
(2.15) M2(r, Dy) < My* [y|Df(o>y|2 + M;/ (s Tt)dt} ,
0 _

where My* =1/[1 —
Step 4. By (2.9),

M £) = 5O + 5 [ Ao

p(n +7)/4].

(2.11), Lemmas 1 and 2, we obtain
r
2|
1

r 2
<17OF +200-1) [ (52 [ 150D 02 a0 ) plog

r 1 2w ) r
+p +7/ (—/ F(pett pde) log = d
) [ (5 [ 17tee)ran) ploa’ dp

< 1FO)P +2p(p— 1) / 108 SV o D) M (. 1) dp

.
+p(n +7)MJ(r, f) / plog 5 dp
0

< 1FO) + 2p(p— 1) / 108 SV o D) M (. 1) dp

0Ty ).

The above, (2.13), (2.15) and the monotonicity of M,(r, f) on r, imply that

MRS T, plt o
My — 4

_l_

} M2, f)
<O + 2000 1) [ Mo, Dy)plox dp
< IFO)P + 2p(p— 1) / M2 (0, D) — p) dp

< 1FO0) + 2p(p — 1) / M2(rp, Dy)(1 — p)dp
< FO)P + 2p(p — DM D (O))

1r 1 1
2p(p — 1) M My* 1—p)dt|d
ran- ot [ (=)0 ] ao

< |F(O)* +2p(p — 1) M"[| D4 (0)|?

1r 1 1
2p(p — 1) M M 1—
+2p(p — 1) My 2/0 /0 w(l_mt>( Ttp)dt}dp

< [F(O)* + 2p(p — DM D4(0)[|* + 2p(p — 1) MM w(1) < o0.

Hence f € HP(D). The proof of the theorem is complete.
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3. Dirichlet-type spaces, Bergman-type spaces and applications to PDEs

Proof of Theorem 3. We first prove the necessity. Since Re(fAf) > 0, we observe
that A(|f|?) >0 and

. 0< [ A=A Vi) < o
Let r € (0,1). For o > 2, it is not difficult to see that

« 9 @
(r* = [2F) lomny = 0 and - == [(r* = |2[*)*]|osn(r) = 0,

where 0/0e denotes an outer normal derivative. Then, by Green’s theorem, we get

[ = EPralron e = [ 1fEPALr? - o) v
B (r) B

(r)
32 =da [ SO B (et~ 1)~ dVa(e),

which, together with (3.1), gives that

o0 > 4a/ IF()P(1 = |2])?)*2 [n —|zP(n+a — 1)} dVn(z)
B"(R1)
+ [ A= AP ave)
>da [ FEPA ) [ oo 1] V()
B"(rRy1)
RN CE BT
> 4a/ PP — 2P [ — 2P0+ o — 1)] dVi(2)
B™(rR1)
1 G ER R HCIEEE
= 4a/ If()P(r* — |2[})*2 [|z|2(n +a—1)— m’z] dVn(z)
B"(r)\B"(rR1)

> 2T2a/ [F(2)P(r? = |2[*)*72 dVi(2),
B"(r)\B"(rR2)

n+i
where R1 = ’/ﬁ and R2 =1/ n—i—ail'

For Ry < r < 1, we conclude that

(3.3) o0 > 27’2a/ |f(z)|p(7’2 - |z|2)a_2 dVn(z) > QQRSU(T),
n(r)\B"(rRz)

where
v = | FEPE 2PV (z).
B"(r)\B"(Rz)
Then, for Ry < r < 1, U(r) is increasing and bounded, from which we conclude that
lim U(r)

r—1—

exists. Hence for p > 2, f € by—o,(B").
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Next we prove the sufficiency. For a > 2, by (3.2), we have

B4 da [ RO [ e 1] V()
G ERRUCTOEYE
~ta | FEPO = 5272 (|2 + a — 1) = nr?] V(2
B"(r)\B"(rR1)

< da(n+a—1) / FEPE? — |22 dVa(2)

m(r)\B™(rR1)
< da(n+a— 1)/ FP( = |2P)22 dVi(2) < oo,
Bn
Since

00 >/ [FIPQ 1272 [n = [2]*(n +a = 1)] dVy(2)
B" (k1)

B5) = [ IfEPE =) [ = P+ a - )] Vi),
Bn(TRl)
which, together with (3.4) and A(|f[?) > 0, implies that

lim [ (7~ ) A (S (2)F) AV (2)

r—1— Bn(T’)

does exist. Therefore,

[ a=Pragsep) avi) <.

and thus the theorem is proved. O
The following result is well-known.

Lemma 4. Suppose that a,b € [0,00) and q € (0,00). Then
(a +b)? < 2maxta=10}(ga 4 pa),
Proof of Theorem 4. By Lemma 3, for p € [0,d(2)), we get

(3.6) 1Dy ()" < /aBn 1D¢(z + pQ)||* do(¢).

Multiplying both sides of the inequality (3.6) by 2np?"~! and integrating from 0 to
d(z)/2, we have

d2MIDs ()]

d(z)

L[ e ne )1 dp ot
-/ () 12O V3

22n

< 2”’(d(2))‘"’/n( d(z))(l— EDTID " AV (€)
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which implies that

My
3.7 D <
(37) 1D/l < rggier

where M; = 2'%4||f|p. ., and ¢ = 222 — 1. By (3.7), we know that

/ df (<) §|f(0)|+\/§/ 1Dy ()]l llds]|
[0,2] [0,z]

M,

(d(2))"

where My = M;+/2/q and [0, z] denotes the line segment from 0 to .
By (3.8) and Lemma 4, we see that for z € B",

[f () < [f(0)] +

(3-8) < [f(0) +

- p_2

p—2 - M, p—2 - p—2 Mg_z
B9 @S |01+ G| <2 0P
L M, 1 p—1 [ p-1 Myt
(3.10)  [f»I < _|f(0)| + @)’ <27 O + W-
and
P My ’ P P My
(3.11) M@N§[M®H+@@§4 Szb“®'+www4'

Case 1. Let p € [4,00). By direct calculations, we get

A(IfP) = po = DIFIP Y Vo f + B f 12+ 201 f P2 Dy|? + pl 1P~ *Re(fAF)
k=1

<plp = 2P| fof + Foof 1P+ 201 FP2 DS + plF 1771 A S

k=1
(3.12) < 2p(p — DIFP D" + pal f P Dyl + pbl 7 + pel fIP7.

It follows from (3.9), (3.10), (3.11) and (3.12) that
(d(2)"A(fF) < 2p(p — 1)(d(2))™ | FIP21 Dy
()| D]+ ()17
+pe(d(2) "I
( y
)
)

)

— 9p(p— 1)(d(=)"" = [FP2D, 12 (d(2) =
+ pa(d(2))" = P Dsl (d(2))
+pm,aWUV+m< )P
(3.13) < My|| DyIP(d()) = + Ml Dy (d(2))* + M,
where
My =27""p(p — 1) (|f(0)P~2 + ME~?)
My =p2 ™ (|F(O) + ME™) sup a(2)

zeB"



444 Shaolin Chen, Antti Rasila and Matti Vuorinen

and

Ms = p2° (|f(0)P + M) sup b(z) + pM2"~* (|f(0)~" + MB~").

zeB"

By Hoélder’s inequality, we obtain
[ @) Finsaravace
: -2
< ([ @eyioerane) ([ ave) i,

(3.14)

which gives

/ (d(2)) ¥ | Dy (2) | dVir(2)
(3.15) ' , ,

< ([ wenFiosarane) ([ ane) <ifl...

It follows from (3.13), (3.14) and (3.15) that

[ @@y a(sep) avs(e)
= [ [MaD (@) T + MD(a(2)F + 0] aVis(a)
< M| flI5,.. + Ml fllp, . + Ms < 0.

Case 2. Let p € [2,4). For p € [2,4), m € {1,2,...} and r € (0,1), let T? =
(IfI*+ L)2. Then, by (3.13), (3.14), (3.15) and Lebesgue’s dominated convergence
theorem, we have

tip {tm [ (@) A @) )|

=l (AR T A(T(2)) dVi()
Sl O MBI T AETE:

+ F () F )|+ 20l F(2)P2IDs (212 + P|f(2)|p_2Re(f(2)Af(Z))] dVn(2)
< / (MDA () T + MDA (d(2))* + Ms) dVi(z) < oc.

This concludes the proof of the theorem. ]

Proof of Theorem 5. Case 1. Let n > 2. Without loss of generality, we may
assume that

inf a;(z) >0 and inf b(z) > 0.

zeB" zeB”
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Let 7o € (0,1) be a constant. Then, by Lemma 2, for 0 < ry <r < 1, we have
316) M0, ) = SO+ [ AU Gonle ) V()
B"(r
> 1o+ |

Bn(r)

(@GP +BEIFE + () Galzr) dVa()
> 1FOF + inf a(z) [ D" Canler) Vi)
B" (r)

+mm@/|mW%mww@
zeBn Bn(T)

+ inf ¢ (2) Gon(z,7) dVy(2)
d B"(r)
—1FOP+ inf (@) [ DA Ganer) V()
zeB™ Bn(T’O)

+ it o) [ DA Cinz,7) Vi (2)
2€B B"(r)\B" (ro)

+mm@/ FI (2, 7) dVi(2)
=€B” B" (r0)

+ inf by(2) / F(2)[2GCon (2, 1) dVie(2)
zeBn B"(r)\B"(ro)

+ inf ¢(2) Gon(z,1) dVi(2).

zeB™ B”(r)

It is easy to see that, for all r € (0,1),

(3.17) 0< Gon(z,7) dVy(2) < 0.
B (r)
Since
/ anawam@nwﬂw@>s/’ 1D ()] Gan(z, 1) dViy (=) < oo
B"(To) B"(To)
and

o> [ DA Con(z,1) V()
B"(r)\B" (ro)

! (= 2 (0" r2n 3ol
- / Qo ™) o) s avie(e)
4n(n — 1) B (r)\B"(ro) |Z‘ r

> 0(r),

which, together with f € HP(B"), (3.16), (3.17) and the monotonicity of 4(r), yield
that the limit

(3.18) Tim (r = 1D Ds(2)[" AV (2)

B"(r)\B"(ro)
exists, where
2n—3
_To

o(r) = / (r — |2D| Dy (2)[|" dVi(2).
2n JBa(r)\Bn(ro)
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Then f € D4, (B").
By using a similar argument as in the proof of (3.18), we see that f € b4, (B").
Case 2. Let n = 1. In this case, the proof is similar to the proof of the case 2 in

Theorem 1. Therefore, proof of the theorem is complete. O

Proof of Corollary 1.6. Without loss of generality, we assume that [[;_, Ay # 0.
Case 1. Let p € [4,00). By computations, for k € {1,...,n}, we have

15)am = (s = L (£ TE 4 1970 T2)
= (st 75 LNt f%’f%*:)%

:g[)\k(z_9+__1)f§+% 7pa

a
2

m\p

Iy

P2t + (5 = )T 5T fzk+f f%_ T
- § Me(§ 5 DU T 4 R B
# L G + L - DI T 20 ]
=§?k<§+%— P17 A+ ST
N (ot DY B g 2
= 2{Re[ulp+ a = DIt T 4 Mo+ D)
+ SIfPIF2,

which implies

A =43 (If\ oo = 2p{ZRew(wa—2>|f\p+a-4fzk72]
k=1

# YA B DS Pl
k=1 k=1

Hence,

A1) = [4p = (2 = @)’ [P0 2 YN

k=1

= 3" {05 + 20l = 2) + (0 — 27 o
+ Re[2pAelp + @ = 2) /7 L ]+ 0P L2
> Z (D +a = 22122 4 g2 1, PU
e ta- 2P £}

=123 (Ilp+a = 2|1 = [l f]) > 0

k=1
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which yields

(3.19) A(IfIP) > [4p— (2 — a)] | FIPF22 Y "%
k=1

[MiS]

Case 2. Let p € [2,4). For m € {1,2,...}, let G2, = (|f‘2+%)
Lebesgue’s dominated convergence theorem and (3.19), we have

lim A(Gh) = lim 4> (G%).z,
k=1

. Then by

m—o0

_ 2p{ S Re[Mw(p+a—2)|fPrt L, T

k=1

Y+ Dl DS P2
k=1 k=1

> [4p— 2= a)?]| P22 YA
k=1

Applying Theorem 5, we conclude that f € by »(B™), where ¥ = p+2a — 2. The
proof of the Corollary is complete. O
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