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ABSTRACT
The rotation of a magnetized accreting neutron star (NS) in a binary system is described by its spin period and two angles:
spin inclination α with respect to the orbital momentum and magnetic angle χ between the spin and the magnetic moment.
Magnetospheric accretion spins the NS up and adjusts its rotation axis, decreasing α to nearly perfect alignment. Its effect
upon the magnetic angle is more subtle and relatively unstudied. In this work, we model the magnetic angle evolution of a rigid
spherical accreting NS. We find that the torque spinning the NS up may affect the magnetic angle while both α and χ significantly
deviate from zero, and the spin-up torque varies with the phase of the spin period. As the rotation axis of the NS is being aligned
with the spin-up torque, the magnetic axis becomes misaligned with the rotation axis. Under favourable conditions, magnetic
angle may increase by �χ ∼ 15◦−20◦. This orthogonalization may be an important factor in the evolution of millisecond
pulsars, as it partially compensates the χ decrease potentially caused by pulsar torques. If the direction of the spin-up torque
changes randomly with time, as in wind-fed high-mass X-ray binaries, both the rotation axis of the NS and its magnetic axis
become involved in a non-linear random-walk evolution. The ultimate attractor of this process is a bimodal distribution in χ

peaking at χ = 0◦ and χ = 90◦.
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1 IN T RO D U C T I O N

Magnetic dipole is usually a good approximation for the magnetic
field of a magnetized star, at least in a certain range of radii, much
larger than stellar radius and much smaller than light cylinder.
Magnetic dipole is described by a single vector quantity (magnetic
moment) that sets the direction of the magnetic axis. Magnetic angle
χ is the angle between spin and magnetic axes of a neutron star (NS;
see Fig. 1). Though often ignored, magnetic angle is an important
quantity affecting the observational properties of a NS as well as its
rotational evolution. Non-zero value of magnetic angle is critical for
the observations of the pulsating radiation from any type of radiating
NS, accretion- or rotation-powered.

Magnetic angles, their distribution, and evolution were compre-
hensively investigated for rotation-powered pulsars. Their χ were
found to be nearly isotropically distributed in the broad interval from
almost zero to nearly 90 degrees (Lyne & Manchester 1988; Rankin
1993; Tauris & Manchester 1998; Malov & Nikitina 2011). At the
same time, their evolution is still a subject of discussion. Pulsar
magnetic angle is thought to be either decreasing on the spin-down
time-scale (Philippov, Tchekhovskoy & Li 2014), or, alternatively,
increasing toward 90 degrees (Beskin, Gurevich & Istomin 1993;
Novoselov et al. 2020). In any case, for an isolated pulsar, magnetic
angle as a function of time is completely determined by a single
process, the pulsar losses themselves.

� E-mail: ant.biryukov@gmail.com

On the other hand, there are several populations of NS where
the rotation of the star is strongly affected by the effects of
binary interaction. These objects include millisecond pulsars (MSPs;
Manchester 2017) and X-ray binaries. The latter are normally classi-
fied according to the mass of the donor star as low- and high-mass X-
ray binaries (LMXBs and HMXBs correspondingly; Bhattacharya &
van den Heuvel 1991). HMXB containing magnetized NS are usually
observed as X-ray pulsars (Caballero & Wilms 2012). In turn, most
LXMBs have weakly magnetized accretors that does not allow to
study their magnetic angles observationally (their magnetic fields
are either buried by accreting matter or decay due to Joule losses
in the crust; see Section 2.3). However, accreting MSPs (Patruno &
Watts 2021), apparently having relatively large magnetospheres, also
fall into this category. As the amount of observational data on NS
in binary systems increases, there is a growing demand for a theory
describing the physics of NS rotation affected by mass accretion and
additional external torques.

Unfortunately, magnetic angle distibutions for MSP and X-ray
binaries are not as well known as those for classical radiopulsars.
Moreover, they are also affected by multiple processes, most im-
portantly by the high-angular-momentum accretion from the binary
companion.

For MSP, Chen, Ruderman & Zhu (1998) find an intriguing bi-
modal distribution in magnetic angle. Considering a sample of 11
objects, they found that some pulsars are close to magnetic alignment,
while the others are close to the orthogonal rotation. If the torques
acting on the NS do not distinguish between the two magnetic poles
and depend smoothly on magnetic angle, these are the two expected
equilibrium points. Using a different line of reasoning, Lipunov &

C© 2021 The Author(s)
Published by Oxford University Press on behalf of Royal Astronomical Society

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/505/2/1775/6276748 by Turun Yliopiston Kirjasto user on 21 Septem
ber 2021

This article has been accepted for publication in Monthly Notices of the Royal Astronomical Society at https://doi.org/10.1093/mnras/stab1378. © 2021 The Authors.
Published by Oxford University Press on behalf of the Royal Astronomical Society. All rights reserved.

http://orcid.org/0000-0001-7210-6988
http://orcid.org/0000-0002-6429-0436
mailto:ant.biryukov@gmail.com


1776 A. Biryukov and P. Abolmasov

Figure 1. Main axes and angles of an accreting neutron star. Unit vectors
along the magnetic, disc, and spin axes are m, d, and s, respectively. The angles
shown are χ (magnetic angle), α (rotation axis inclination with respect to the
axis of the disc), and θ (instantaneous angle between d and m).

Shakura (1980) come to the same conclusion. However, it is hard to
explain why a significant number of objects should evolve towards
orthogonal rotation.

More recently, Johnson et al. (2014) considered a larger sample
of objects using different data (including gamma-ray data from
Fermi/LAT for 40 objects) and techniques. Apparently, the pulsars
considered show a broad distribution in magnetic angle with no
significant bi-modality, though a large number of objects still show
very large (above 70◦) magnetic angles. This agrees with the
estimates made by Bogdanov, Grindlay & Rybicki (2008) that argue
for large magnetic angles (χ � 40◦) in some MSP.

MSPs are commonly understood as ‘recycled’, i.e. spun-up by
accretion after the end of their initial period of pulsar activity
(Tauris & van den Heuvel 2006). This interpretation is supported
by the existence of a population of accreting MSPs (Hessels
2008; Patruno & Watts 2021). There is also at least one MSP,
PSR J1023+0038, showing pulsations both in X-ray and in radio,
switching between radio-bright/X-ray-faint and radio-faint/X-ray-
bright states (Archibald et al. 2009). It is tempting to interpret these
two states as accretor and ejector regimes, but the recent study by
Veledina, Nättilä & Beloborodov (2019) shows that most likely both
states in this object are rotationally powered but require the presence
of an accretion disc.

As for X-ray pulsars, the constraints upon their magnetic field
geometry are still highly uncertain and model-dependent. Leahy
(1990) estimated the geometry of the radiating areas of 15 X-ray
pulsars using a simple non-relativistic hotspot model. Magnetic
angles found in this study cluster around χ ∼ 24◦. Later, Annala
& Poutanen (2010) considering a larger sample of X-ray pulsars
with relativistic models, came to a mean value of χmean = 40 ± 4◦.

In this paper, we present an attempt to trace the NS’s magnetic
angle evolution during magnetospheric accretion. In Section 2,
we derive the equations of rotational evolution including different
external torques and build a phenomenological model. We show
that the crucial factor for the evolution of magnetic angle is the
modulation of the spin-up torque with the spin phase. In Section 3,
we calculate the rotational evolution for four different cases aimed
to represent an MSP progenitor or an X-ray pulsar. We discuss the
results and consider certain extensions and implications of the model
in Section 4. Conclusions are made in Section 5.

2 ROTAT I O NA L EVO L U T I O N O F A N
AC CRETI NG N EUTRON STAR

2.1 General model

Let us consider the rotation of a solid spherical NS with variable
moment of inertia I(t). We will use a coordinate frame xyz associated
with the star as follows: axis z is aligned with the magnetic moment
of the star, x and y are perpendicular to z and form a right-handed set
of vectors. The orientation of yz plane is defined by the spin � of the
NS: we assume that the spin axis lies within the plane (see Fig. 1).
The considered reference frame xyz co-rotates with the star.

In this frame, the rotational evolution of the NS is described in
vector form by Euler’s equations (Landau et al. 1976)

dL(t)

dt
+ �(t) × L(t) = N(t), (1)

where � is the instantaneous angular velocity of the star,

L(t) = I (t)�(t) (2)

is its full angular momentum, and N is the external torque.
We ignore the possible oblateness of the star for the following

reasons.
Expected values of magnetic and other non-hydrostatic ellipticities

of NS are very low ε ∼ 10−8−10−10. Their effect on the rotation of
the star is restricted to very slow precession on the time-scales or
∼105−107 yr (Goldreich 1970; Melatos 2000; Haskell et al. 2008),
that is much longer than the spin-disc alignment time-scale (see
equation 16 below).

Hydrostatic deformation related to rotation may reach few per cent
if the spin period is of the order several milliseconds, but the
deformation always adds an angular momentum component aligned
with � and hence may be considered as a correction to the variable
scalar moment of inertia. In Appendix A below we consider this
issue in more details.

Substituting equation (2) into equation (1), we get an equation for
the rotational evolution of a spherical NS in the most general form

I
d�

dt
= N − dI

dt
�. (3)

The full torque N acting on an accreting star consists of three
components

N = Nacc + Nmag + Npsr, (4)

where Nacc describes the NS spin-up due to accretion, Nmag is
magnetic braking caused by disc−magnetosphere interaction, and
Npsr corresponds to pulsar losses. In principle, interaction between
the disc and the magnetic field also creates additional precession and
warping torques (see Lipunov & Shakura 1980; Wang 1981a; Lai,
Foucart & Lin 2011; Lai 2014). It is easy to show, however, that
if the interaction region between the magnetosphere and the disc is
small, the warping torque is also small and thus we omit it in our
basic simulations. Nevertheless, we will still consider the effect of
the warping torque below in Section 4.5.

In the co-rotating xyz frame we use, Nacc rotates around � with NS
spin frequency −�, while the other two components of the torque
change relatively slowly retaining their direction in the frame of the
star on a spin time-scale.

At the same time, we expect that, if the angle θ between the NS
magnetic moment and accretion disc axis changes with spin phase,
both the instantaneous mass accretion rate and therefore spin-up
torque acting on the NS are modulated. Thus, we will consider the
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spin-up torque Nacc in the form

Nacc = N0f (cos θ )d, (5)

where

N0 = Ṁ
√

GM∗rm, (6)

and d is the unit vector in the direction of the disc axis. Here, Ṁ is
mass accretion rate, M∗ is the mass of the NS, and rm is the radius
of the magnetosphere. Vector d rotates around the spin axis � in the
direction opposite to the rotation of the star so that

ḋ = −� × d. (7)

Geometrically

d =

⎛
⎜⎝

sin α sin ψ

sin χ cos α − cos χ sin α cos ψ

cos χ cos α + sin χ sin α cos ψ

⎞
⎟⎠ , (8)

where α is the angle between d and �, or spin inclination with respect
to the disc.

Here, ψ = −∫
�dt is the rotational phase equal, up to the constant

of integration, to the dihedral angle between the � − m and � − d
planes, and m = μ/μ is the z-axis basis unit vector directed along
the magnetic moment μ, so that

m =

⎛
⎜⎝

0

0

1

⎞
⎟⎠ . (9)

We assume that at the time t = 0 all the three vectors (d, m, and �)
lie in the same plane yz.

Radius rm in equation (6) is the size of the magnetosphere
calculated according to the classical formulae [see for instance
section 6.3 of Frank, King & Raine (2002)]

rm = ξ

(
μ4

2GM∗Ṁ2

)1/7

, (10)

where ξ ≈ 0.5 is a dimensionless constant dependent on the unknown
details of the disc−magnetosphere interaction. Dimensionless func-
tion f(cos θ ) in equation (5) describes the modulation of the accretion
torque as a function of the angle θ between the magnetic axis and
disc axis d. A phenomenological representation for this function will
be introduced below in Section 2.2.

We take the accretion term, equation (5) into account only when
the inner edge of the accretion disc is inside the co-rotation radius
rco = (GM∗/�2)1/3. If this condition is violated, the NS is likely to
enter the so-called propeller regime when accretion is suppressed by
centrifugal forces (Illarionov & Sunyaev 1975).

As the processes responsible for the spin-down of accreting mag-
netized NS are poorly constrained and probably related to the open
magnetic field lines co-rotating with the star (Lovelace, Romanova
& Bisnovatyi-Kogan 1995), we adopt the following expression for
the magnetospheric spin-down torque

Nmag = − μ2

3r3
co

s, (11)

where s = �/� is a unit vector directed along the spin axis

s =

⎛
⎜⎝

0

sin χ

cos χ

⎞
⎟⎠ . (12)

Though equation (11) was initially obtained in the framework of
disc−magnetosphere interaction model (Ghosh, Lamb & Pethick

1977), its general form also appears in the models involving mag-
netospheric outflows (Illarionov & Kompaneets 1990; Rappaport,
Fregeau & Spruit 2004). The importance of magnetospheric outflows
as a spin-down mechanism for accreting NS was confirmed by
magnetohydrodynamic (MHD) simulations (Romanova et al. 2009;
Zanni & Ferreira 2013; Parfrey, Spitkovsky & Beloborodov 2017).
Note the difference between the two spin-down mechanisms: pulsar
torque (considered below), possibly enhanced by the increase of
the number of open magnetic field lines (Parfrey, Spitkovsky &
Beloborodov 2016), and magnetospheric ejections that we associate
with Nmag.

The direction of this spin-down torque has not been studied for
inclined rotators, and it is difficult to predict from the basic principles.
As the outflows are formed by centrifugal forces, we will assume that
Nmag is always directed along the spin axis of the neutron star. This
torque depends on the size of the NS magnetopshere and can be
included into the calculations only if rm < rLC = c/�, where rLC

is the light cylinder radius. Otherwise, the magnetosphere is in the
ejector regime (Shvartsman 1970; Illarionov & Sunyaev 1975) and
is not affected by the possible presence of the accretion disc.

Finally, for the pulsar spin-down term, we use the results obtained
by Spitkovsky (2006) and Philippov et al. (2014)

Npsr = Kpsr

{(
1 + sin2 χ

)
s + ((m × s)×s) cos χ

}
, (13)

where

Kpsr = − μ2

r3
LC

(14)

is the characteristic pulsar braking torque. The first term in equa-
tion (13) describes the torque spinning the NS down while the second
one is related to the evolutionary secular decrease of obliquity.
Another possible component of the pulsar loss is the so-called
‘anomalous torque’ (e.g. Beskin & Zheltoukhov 2014). This torque
is proportional to � × m and causes a forced precession of the NS
spin axis around its magnetic moment. However, as we will show
in Section 2.2, the contribution of this precession term to all the
evolutionary equations is exactly zero. Therefore, we ignore the
anomalous torque in our calculations.

The more important issue, however, is the validity of equation (13)
during accretion. It seems clear that accreting plasma changes the
structure of the magnetosphere near the polar caps and affects the
distribution of magnetospheric currents and therefore the character
of the torques acting on the star. However, pulsar spin-down time-
scale,

τpsr ∼ c3I

μ2�2
� 108I45P

2
s μ

−2
30 yr, (15)

is much longer than that of the spin-up from the accretion

τacc ∼ I�/N0 � 600I45Ṁ
−6/7
1

(
M∗
M�

)−9/7

μ
−2/7
30 yr. (16)

Here I45 = I/1045g cm2, Ps = P/1s, μ30 = μ/1030 G cm3, and mass
accretion rate Ṁ1 = Ṁ/ṀEdd,� is normalized by the Eddington ac-
cretion rate for one Solar mass, namely ṀEdd,� = 4πGM�/κTc ≈
1.6 × 1017 g s−1 ≈ 2.5 × 10−9 M� yr−1. Even for MSP τpsr � 108 yr
(Manchester 2017) because of smaller magnetic fields μ30 ∼
10−4−10−2.

Hence, pulsar torque in the form (13) somehow affects the NS
obliquity evolution only during the ejector stage. So, we always keep
the pulsar losses on during our simulation for the sake of simplicity.
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It is also possible that the presence of an accretion disc increases
the pulsar spin-down torques (Parfrey et al. 2016). We discuss this
possibility in Section 4.1.

2.2 Averaged torque

In the reference frame we use, accretion torque (5) rotates rapidly
around the spin axis of the NS. Its projection upon the spin axis
may vary with the rotational phase ψ , that is of primary importance
for the evolution of obliquity χ . As the angle θ sets the relative
orientation of the disc and the star magnetosphere we propose that
accretion torque depends on it as Nacc∝f(cos θ ), where, according to
the spherical cosine rule,

cos θ = cos α cos χ + sin α sin χ cos ψ. (17)

The function f(cos θ ) is unknown and depends on the details of
disc−magnetosphere interaction. As the north and south magnetic
poles are indistinguishable from the point of view of MHDs, the
unknown function f(cos θ ) should be an even function of its argument.

Torque modulations may be related to the changes in the con-
figuration of the magnetosphere and its interface with the disc
on dynamical time-scales. The mean value of Nacc should not be
affected by these variations, as the mean mass accretion rate is
set by the boundary conditions (mass transfer rate from the donor
star), and the net angular momentum depends, apart from Ṁ , on
the size of the magnetosphere, that is itself a weak function of
inclination. Though in general accreting NS should be inclined, and
accretion upon inclined dipoles was studied both analytically (Wang
1981a; Bozzo et al. 2018) and numerically (Romanova et al. 2009),
the problem of mass accretion upon a misaligned oblique rotating
dipole (where both α and χ are non-zero) is, to our knowledge,
relatively unstudied. Notable exceptions are Lai et al. (2011) who
considered the aligning torques analytically, and Romanova et al.
(2020), where magnetospheric accretion upon a misaligned oblique
magnetic dipole is considered by means of 3D MHD simulations.
One of the interesting findings of Romanova et al. (2020) is that the
mass accretion rate upon the simulated star varies with time at about
spin period.

As we show below, the only case when magnetic angle changes
due to accretion torque is this misaligned oblique case (α 
= 0 and χ


= 0), and the accretion torque variations within the spin period plays
crucial role in the evolution of χ .

For the modulation function f, we propose the simplest possible
non-trivial even-order polynomial form

f (cos θ ) = A(η, α, χ )(1 − η cos2 θ ), (18)

where 0 < η < 11 is a constant describing the accretion torque
modulation within the spin period, and A(η, α, χ ) is a normalization
factor. The latter can be calculated by averaging f(cos θ ) over the NS
spin period assuming α and χ vary negligibly within one revolution
of the star,

A(η, α, χ ) =
(

1

2π

∫ 2π

0
(1 − η cos2 θ )dψ

)−1

. (19)

1We presume that only positive values of η less then 1 are physically
reasonable. This corresponds to the case when the instantaneous accretion
torque is stronger for larger misalignment (smaller cos θ ). Indeed, it seems
much easier for the matter to permeate the magnetosphere if the magnetic
axis of the star lies closer to the disc plane. Moreover, η < 1 means that,
independently of the spin phase, accretion torque can not be directed opposite
to the angular momentum in the disc.

Figure 2. Accretion torque modulation factor f(η, ψ) as a function of spin
phase ψ for various η. It was calculated by combining equations (18) and
(17). Constant η describing the modulation amplitude was set to 0.1, 0.3, 0.5,
0.75, and 0.99. Magnetic angle χ and spin-disc angle α are equal to 60◦ and
45◦, respectively.

This multiplier ensures that the mean accretion torque value remains
unchanged. Taking the integral in (19), we get an analytic expression
for A:

A(η, α, χ ) =
[
1 − η

2
(sin2 χ sin2 α + 2 cos2 χ cos2 α)

]−1
. (20)

The modulation factor (18) is shown as a function of spin phase ψ

in Fig. 2. For all the calculations below we set η = 0.99 in order to
estimate the maximal effect from the proposed modulation.

Equation describing the evolution of the rotation velocity of the
star may be then obtained by projecting (3) upon the instantaneous
direction of s with subsequent averaging over the spin period

I 〈�̇〉 = 〈N · s〉 − İ�, (21)

Hereafter 〈x〉 means

〈x〉 = 1

2π

∫ 2π

0
xdψ. (22)

As a result, we get, for a spherical star,

I

〈
d�

dt

〉
= N0 cos α + Nmag + Kpsr(1 + sin2 χ ) − dI

dt
�. (23)

Similar equation for the evolution of the star-disc inclination angle
α can be obtained in the same way by projecting (3) on to the unit
vector e that always lies within the s − d plane, orthogonal to the
angular velocity vector e ⊥ s, and makes an acute angle with d:

e =

⎛
⎜⎝

sin ψ

− cos χ cos ψ

sin χ cos ψ

⎞
⎟⎠ . (24)

As �̇ · e = −�α̇, projection along e results in

I�

〈
dα

dt

〉
= −〈N · e〉 = −N0 sin α. (25)

At last, evolution of the magnetic angle is calculated similarly by
projecting (3) on to m. After the averaging and using the relationship
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d�z/dt = �̇ cos χ − � sin χχ̇ , we finally obtain

I�

〈
dχ

dt

〉
= ηA(η, α, χ )N0 sin2 α cos α sin χ cos χ

+Kpsr sin χ cos χ (26)

This equation is the main theoretical result of the paper. The evolution
of the magnetic angle, unlike that of � and α, is affected by the
variations of the spin-up torque within the spin period of the NS.

Note that the pulsar anomalous torque contributions to all the
three equations vanish after the period-averaging procedure. For the
equations for � and χ , this is trivial, as pulsar torque is always
orthogonal to s and m. Multiplying the anomalous torque by e
produces a triple product e · (s × m) = sin χ sin ψ that becomes zero
after averaging over ψ . Therefore, this torque does not affect the
evolution of α as well.

Equations (23), (25), and (26), together with (5), (11), and (13)
completely describe the rotational evolution of a spherical accreting
neutron star.

2.3 Evolution of the physical parameters

It has been shown that MSPs are on average ∼0.2 M� heavier
than normal isolated neutron stars, that likely reflects the amount of
matter accreted by the NS (Zhang et al. 2011; Cheng et al. 2014).
This additional mass affects the inertia of the star.

Here, we will use an approximate phenomenological relationship
between the moment of inertia of the NS and its mass, valid for a
broad range of equations of state and masses (Biryukov, Astashenok
& Beskin 2017a)

I � 1045

(
M∗
M�

)
g cm2. (27)

The last term in (23) contributes to total spin-down as

− 1

I

dI

dt
� ≈ −3 × 10−14 Ṁ1M

−1
∗,1.5P

−1
0.01 rad s−2, (28)

where the mass of the star M∗ is normalized by 1.5 M�, and its spin
period as P0.01 = P/0.01 s.

Another parameter affected by accretion is magnetic moment. We
assume that the accreted matter changes the magnetic moment of the
star as

μ = μ0

(
1 + �M∗

M

)−14/11

(29)

where μ0 is the initial magnetic moment, �M∗ is the amount of the
matter accreted by the star, and

M = 1.1 × 10−5Ṁ
1/7
1 μ

3/14
0,30 R3

12.5 M�. (30)

Here, initial magnetic moment μ0, 30 is expressed in the units of 1030

G cm3, and the radius is normalized as R12.5 = R∗/12.5 km. The
law (29) approximately reproduces the magnetic field burial scaling
predicted by Melatos & Phinney (2001) for Eddington mass accretion
rate and pulsar-scale magnetic field (the mass scale depends on mass
accretion rate, as well as on magnetic field, very weakly).

At the same time, one may expect stellar magnetic field decay due
to dissipative processes within it crust (Reisenegger 2003). However,
we have not taken this effect into account, as the field burial time-
scale

τbur = −μ

μ̇
≈ 3.4 × 103Ṁ

−6/7
1 μ

3/14
0,30 R3

12.5 yr (31)

is significantly shorter than the decay time-scale τ dec � 106 yr
(Gullón et al. 2014; Igoshev & Popov 2015; Biryukov et al. 2017b).

Table 1. Parameters of the NS evolution models considered in the paper.
Initial spin period P0 = 2π /�0. Modulation constant η = 0.99 are the same
for all models. Initial magnetic moment μ0, 30 is normalized on 1030 G cm3,
while accretion rate Ṁ1 is taken in Eddington rates ṀEdd,� for one Solar
mass.

Model P0, s μ0, 30 Ṁ1

A 0.1 5.0 0.01
B 0.1 5.0 1.0
C 5.0 1.0 1.0
D 100.0 1.0 1.0

There are other mechanisms possibly important for the rotational
evolution of NS that we do not consider in this paper. As we already
mentioned in Section 2.1, non-sphericity of the star is probably a
minor issue, though deformation in the direction non-coplanar with s

and m may lead to free precession and a more complicated evolution-
ary path. Presence of higher multipoles, especially misaligned with
the dipole, is another important factor that requires a separate study.
The importance of higher multipoles was stressed, for example,
by Pétri (2019). Probably, the most relevant contribution of higher
multipoles would be the deformation of the NS not aligned with the
axis of the magnetic dipole. In our calculations, we consider NS as
a rigid body that may be incorrect if the core of the star is weakly
coupled to the crust (Casini & Montemayor 1998). If the crust itself is
non-rigid (as in the model by Ruderman 1991) or the magnetic field
lines are allowed to slip through the crust, the rotational evolution
of the NS should also become much more complicated. All these
effects, however, are not usually included in the calculations of NS
evolution due to the large uncertainties in their parameters.

3 R ESULTS

Bringing together all the physics described in the previous section
allows to reconstruct the rotational evolution of an accreting NS,
including magnetic angle (equation 26). In our model, there are
two processes affecting χ : the modulation term and pulsar losses.
While the last is well known in the context of the evolution of
radiopulsars, it is usually not important during the accretion stage.
The modulation term, however, is proportional to sin2α and thus is
only important during the rotation axis alignment stage. The resulting
change in χ may be under favourable circumstances comparable to
the initial misalignment α and important for the resulting distribution
in magnetic angles.

In this section, we consider four different scenarios of NS evolution
in binary systems undergoing mass transfer at a fixed rate. The models
differ in the initial conditions and in the mass transfer rates. Their
parameters are given in Table 1. The initial mass of the NS in all
the models is 1.5 M�. Modulation factor η for the accretion torque
was everywhere fixed to 0.99. We use the radius of the NS equal to
12.5 km, but this does not affect the results much as the radius of the
magnetosphere is always larger. The moment of inertia is given by
equation (27), and the magnetic moment of the star decreases with
time according to the burial law (29).

We track the evolution for 107−108 yr depending on the model
until the mass of the NS changes considerably (up to ∼0.1 M�).
The four models differ in the magnetic moment, mass accretion rate,
and initial NS spin, and may be loosely associated with the different
scenarios of NS rotational evolution. Lower-mass accretion rates are
expected in binary systems with lower-mass donor stars (Patruno &
Watts 2021).
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(a) (b) (c) (d)

Figure 3. Rotational evolution of accreting NS, according to the models A–D listed in Table 1. Solid lines represent the cases with initial α0 = 45◦, dashed are
for α0 = 135◦. Thin dotted lines mark the initial values of the quantities. Dipole magnetic moment of the star μ30 is normalized to 1030 G cm3.

Note that we do not pretend here on capturing all the details of
the binary evolution. In combination with binary evolution codes,
our results will hopefully allow to reproduce a realistic picture
of the evolving magnetic angle distributions in real X-ray binary
populations.

First model (A) corresponds to the case of a putative MSP
progenitor with a low-mass donor. Indeed, accreting MSPs usually
have very low mass donor stars and relatively low mass accretion
rates ∼0.01 − 0.1 ṀEdd,� (Patruno & Watts 2021; Tauris, Langer &
Kramer 2012). At the same time, accretion at a mean rate smaller than
∼0.01MEdd,� is insufficient to spin-up an average MSP progenitor
to a typical observed period of ∼10 ms (Pan, Zhang & Wang
2013).

In this model initial parameters of the NS are similar to those of
a newly born radiopulsar: spin period ∼0.1 s and initial surface
magnetic field 5 × 1012 G. The adopted mass accretion rate is
0.01ṀEdd,�, that allows to track the rotational evolution for more
that tens of millions of years.

The second model (B) describes a similar situation but with a
larger mass accretion rate of about Eddington. This is closer to the
evolution of an X-ray pulsar, though real X-ray pulsars also show
strong modulations (orbital and stochastic) of mass accretion rate we
did not include in the model. We consider chosen Ṁ as an average
accretion rate within the system evolutionary time-scale.

The remaining two models (C and D) explore the case of an
initially slowly rotating NS spun up at the Eddington rate. Thus,
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(a) (b)

(c) (d)

Figure 4. Difference in magnetic angles �χ = χ − χ0 after 105 yr of evolution for different models as function of χ0 and α0. Top left plot is for model A,
top right – B, bottom left – C, and bottom right – D, respectively (see Table 1 for details.).

model D may represent the case of the rapid spin-up observed for
NGC 300 ULX1 (Carpano et al. 2018; Vasilopoulos et al. 2018).

For each of the models, we have considered different initial values
of α and χ , arranged in a 2D grid with a step of one degree along
each coordinate.

In Fig. 3, selected evolutionary trajectories are shown. For each
model, we show the cases with initial magnetic angle χ0 = 60◦ and
two inclination angles, α0 = 45◦ and α0 = 135◦. For all the models,
a short-term (∼104 yr for model A, and about 103 yr for all the
others) magnetic angle counter-alignment episode is clearly seen at
the beginning of the accretion stage.

The evolution of χ is related either to this spin-disc alignment stage
or to the pulsar torque. For the model A, the NS starts as an ejector,
and the rotational evolution for the first ∼25 kyr is indistinguishable
from that of a classic radiopulsar. Model B starts with a propeller
stage several hundred years long. On average, χ increases by several
degrees (up to �χ ∼ 15◦) during the alignment stage and settles at
a constant level when α stops evolving.

Indeed, the second term in (26) vanishes as α → 0, while the pulsar
torque is inefficient due to the small spin period and buried magnetic
field. The contribution of the pulsar torque may, however, become
important if the torque is enhanced by the opening of magnetic field

lines considered by Parfrey et al. (2016). We discuss this possibility
in Section 4.1.

If the NS initially rotates backwards with respect to the angular mo-
mentum of the disc (α0 > 90◦), the coupled evolution of χ starts with
magnetic alignment, that is then (as α becomes smaller) compensated
by rapid orthogonalization, resulting in identical final magnetic angle
values for α0 and 90◦ − α0. As we will show in Section 4.2, this is
a general result valid as long as we neglect pulsar losses.

In Fig. 4, we show the overall change in magnetic angle �χ = χ

− χ0 after 105 yr of evolution for different χ0 and α0. It is clearly
seen that for all the models, there is systematic magnetic orthogonal-
ization. Under our assumption of relatively strong accretion torque
modulation, magnetic angle χ changes for up to 15 degrees during
the spin-disc alignment stage and then remains constant unless pulsar
losses become important.

The mirror symmetry of the plots relative to the χ0 = 90◦ line is
related to the symmetry of the magnetic poles. Both positive values of
�χ at χ0 < 90◦ and negative at χ0 > 90◦ correspond to the increasing
misalignment of the magnetic axis with the axis of rotation.

In addition, in Fig. 5 we show how the difference between final
and initial magnetic angles depends upon the adopted accretion rate
Ṁ1. Namely, we calculated �χ with the initial parameters of model
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Figure 5. The same as Fig. 4 for models with the mass accretion rates intermediate between models A and B. All the other parameters are the same as in A/B.

A, but for different values of Ṁ1 = 0.01, 0.03, 0.1, 0.5, and 1.0. First
of these values corresponds to the original model A as it is defined in
Table 1, while the last one is identical to model B. The maps shown
in Fig. 5 outline the result of the first 105 yr of evolution. The map
changes smoothly with the increasing mass accretion rate, mostly
due to decreasing contribution from pulsar losses that in our model
tend to compensate the orthogonalization during the spin alignment
stage. The larger the mass accretion rate, the smaller is the overall
contribution of the pulsar losses. The last two panels of the figure
are practically unaffected by pulsar losses, and show the effect of the
coupled evolution during the alignment stage.

4 D ISCUSSION

4.1 Pulsar losses during accretion

Should pulsar torques remain the same during the accretion stage?
On one hand, accretion is often claimed to interfere with pulsar
emission mechanisms (e.g. Shvartsman 1971; Melatos & Mastrano
2016; Papitto & de Martino 2020). On the other hand, independently
of the physical conditions in the magnetosphere, open magnetic field

lines should still provide a torque determined by the magnetic stresses
at the light cylinder (Contopoulos & Spitkovsky 2006).

As it was shown by Parfrey et al. (2016) for the case of an aligned
rotator, the presence of a conducting disc opens up some of the closed
magnetic field lines and thus increases the spin-down by a factor
proportional to the squared magnetic flux through the open field
lines. For an accreting NS with rm ∼ rco � rLC, this results in NParf ∼
Npsr(rLC/rm)2 ∼ Npsr(rLC/rco)2(rco/rm)2 ∼ Nmag(rco/rLC)(rco/rm)2. The
contribution of this enhanced spin-down torque is normally smaller
than the estimated magnetospheric losses unless the NS is far from
equilibrium rotation and rm � rco. But, if the aligning pulsar torque
(the second term in equation 13) is scaled similarly, magnetic angle
very rapidly evolves to zero during the accreting MSP stage.

Indeed, as pulsar obliquity evolution is driven physically by the
same torque as the pulsar spin-down, one would expect the magnetic
alignment time-scale τ psr (15) to decrease by the same factor as the
spin-down time-scale.

So, torque enhancement decreases it by the factor

(
rm

rLC

)2

≈ 3.5 × 10−3μ
8/7
30 Ṁ

−4/7
1

(
M∗
M�

)−2/7

P −2
s . (32)
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(a) (b)

(c) (d)

Figure 6. Magnetic angle evolution when magnetic alignment torque en-
hancement described in Parfrey et al. (2016) is taken into account. For each
considered model from the Table 1, the case of (χ0, α0) = (60◦, 135◦) is
shown. The evolution without enhancement is shown by grey dashed lines,
while enhancement scenarios are represented by solid black lines.

Taking this effect into account leads to faster evolution of χ in an
accreting system. In Fig. 6 we show the evolution of χ for all the
models from Table 1. Initial conditions are χ0 = 60◦ and α0 = 135◦

that allows comparison with Fig. 3. Quite expectedly, the impact
of the enhancement factor strongly depends on the initial rotation
period and on the magnetic field of the star. If the initial spin period
of the NS is relatively large (P0 � 1 s, models C and D), then the
star is additionally aligned by ∼20◦ during the accretion stage and
then stops due to magnetic field burial. On the other hand, for the
relatively small initial period P0 = 0.1 s (models A and B), magnetic
angle decreases effectively to zero before the expected magnetic field
burial time.

We conclude that magnetic alignment torque enhancement, if
present, is a very strong effect. If present on the spin-up stage in
MSP progenitors, it should probably make all the magnetic angles
in these sources too small for the MSPs to be observed as pulsars.
However, more detailed analysis of this issue is required.

4.2 Analytic solution for the coupled orthogonalization process

In our approach, there are two main processes affecting magnetic
angle: magnetic alignment by pulsar torques and χ − α coupling
during the alignment of the rotation axis with the disc. First effect
is well studied and plays important role in the evolution of normal
radiopulsars on their spin-down time-scales (typically ∼106−108

yr). For accreting systems, the most important stage of χ evolution
is the alignment of the rotation axis. The overall change of χ may
be comparable to α but strongly depends on the modulation within
the spin phase. If we neglect the pulsar torque and exclude time
from equations (25) and (26), magnetic angle becomes effectively a
function of α only

dχ

dα
= −ηA(η, α, χ ) sin α cos α sin χ cos χ, (33)

where A(η, α, χ ) is given by equation (20). Note that, as A does not
change with the changing sign of cos α, and the differential of dα

appears in combination cos α sin α dα, any solution of equation (33)
will have the symmetry between α and π − α. After the end of the
alignment stage, the solution χ (α = 0) depends only on χ0 and
sin α0, that justifies the independence of the final results on the sign
of cos α0 in Fig. 3.

For η � 1, equation (33) may be integrated analytically, providing
an expression for the evolution of χ

tan χ � tan χ0 exp
{η

2

(
cos2 α − cos2 α0

)}
. (34)

Or, in terms of �χ = χ − χ0

�χ � η

2
cos2 χ0

(
cos2 α − cos2 α0

)
. (35)

The changes in magnetic angle depend only on initial inclination,
initial magnetic angle, and spin-phase modulation. As cosine is a
decreasing function, χ increases with alignment if and only if α <

90◦.

4.3 Spin-disc alignment from the observational point of view

The evolution of a NS in a binary system may consist of one or
more χ alignment episodes driven by pulsar torque, and one or
more magnetic angle leaps due to modulation coupling with α. The
time-scales for these stages are profoundly different. Pulsar magnetic
alignment time is approximately the same as the pulsar spin-down
time (15), while rotation axis is aligned with the disc on the spin-up
time-scale (16).

Normally, spin-disc alignment of the NS is a very short stage
compared to the lifetime of the source. Besides, the overall change in
magnetic angle is limited by a quantity of about �χmax � η

2 �α. In
favourable conditions, if the modulation factor η � 1 and initial α0

∼ 20 ÷ 40 or 140 ÷ 160◦, we expect the magnetic angle to change
by a considerable amount of 10 ÷ 15 degrees (see Fig. 4).

Apparently, such alignment episodes sometimes happen. An
important example is NGC 300 X-1 (Carpano et al. 2018), known
as a peculiar Be/X-ray binary with a NS spun up from about 100 to
20s in several years in an episode of rapid accretion (Vasilopoulos
et al. 2018). Such a strong change in observed period allows for an
equally dramatic change in the direction of the axis of rotation. In
fact, the state in which the system existed before the outburst of 2010
suggests that the NS was fed by a low-density wind carrying little
angular momentum.

4.4 Wind accretion

During wind accretion, the direction of the angular momentum
captured by the NS is not as stable as in the case of accretion through
the inner Lagrangian point. As it was proposed by Wang (1981b)
and qualitatively confirmed by numerical simulations (Fryxell &
Taam 1988; Ruffert 1997, 1999; MacLeod & Ramirez-Ruiz 2015),
inhomogeneities in density and velocity of the wind make the
direction of the angular momentum in the disc or in the quasi-
spherical accretion flow (as in Shakura et al. 2012) a random quantity
changing on the time-scales much smaller than the alignment time-
scale. In this case, the equilibrium rotation period of the NS should
be longer than for disc-fed accretion at equal rate, and there is no
real alignment of the rotation axis. Instead, each separate episode
of stable spin-up is associated with evolution (alignment) of α and
related modulation-mediated evolution of χ .
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On the time-scales smaller than the time-scale of the variations
in the inflowing angular momentum, equation (33) is still valid. On
longer time-scales, the evolution of magnetic angle is described by
a stochastic equation following from (26) in the absence of pulsar
losses

d

dt
(ln tan χ ) = ηA

N0

I�
sin2 α cos α (36)

where α is now a random function of time. We can think of the
evolution of ln tan χ as a random walk process caused by a white
noise in the right-hand side of equation (36). Let us consider that
the direction of the external angular momentum N is stable on some
time-scale τα � τ align, and completely random and isotropic on
longer times.

If the orientation of the inflowing angular momentum is random
and isotropic, the mean value of the right-hand side of equation (36)
is zero, and there is no average trend in magnetic angle evolution.
However, dispersion of the derivative of ln tan χ is non-zero and
independent of χ , that means dispersion of the quantity itself grows
with time approximately linearly, as

〈
(ln tan χ )2

〉 � η2A2

(
N0

I�

)2 〈(
cos2 α sin α

)2
〉

ταt

= 8

105
η2A2

(
N0

I�

)2

ταt, (37)

where τα is the characteristic correlation time-scale of α. Magnetic
angle is involved in a random walk process that is linear in ln tan χ ,
and thus tends to form a uniform distribution in this quantity. Uniform
distribution in ln tan χ corresponds to

dN

dχ
∝ 1

|sin χ cos χ | . (38)

We expect such a stochastic regime to be realized in HMXB
systems where wind-fed accretion is the most probable scenario at
low mass accretion rates (see for instance Chaty 2011). Sufficiently
long accretion in this regime will leave the NS with a random
orientation of the rotation axis, but the distribution in magnetic
angle will have much more objects with χ close to either zero (or
180◦, as the magnetic poles are indistinguishable) or 90◦. Thus, we
expect many wind-accreting HMXBs to have nearly aligned or nearly
orthogonal NS.

4.5 Magnetic orthogonalization due to magnetosphere−disc
interaction

Lai et al. (2011) have considered interaction of a protoplanetary disc
with a magnetized star. Such a system is physically similar to that
considered in this work. Unlike most of the studies in the field, Lai
et al. (2011) assumed that both the magnetic moment and the angular
momentum in the disc are inclined with respect to the spin axis of
the star.

Though the initial assumptions of this paper are based on a simple
resistive model similar to Ghosh et al. (1977), their results give the
impression of what may be the effect of disc interaction with the
magnetosphere. The real penetration depth is likely much smaller
than in resistive models, implying that the effect should also be not
so profound.

According to Lai et al. (2011), the spin of the central star is
affected by a back-reaction torque owing to the interaction of the
surface currents in the disc with the poloidal field of the star. The
torque may be split into two components, warping and precession.

Warping torque equals

Nwarp = 1

6
ξ−7/2N0 cos2 χ cos α (d × (s × d)). (39)

After averaging over the spin period, it introduces additional terms
to equations (23) and (25),

I

〈
d�

dt

〉
warp

= N0

6
ξ−7/2 cos2 χ sin2 α cos α (40)

and

I�

〈
dα

dt

〉
warp

= N0

6
ξ−7/2 cos2 χ cos2 α sin α, (41)

but does not contribute to equation (26) describing the evolution
of magnetic angle. The other, precessional, back-reaction torque
vanishes after averaging for the same reasons as the other precession
torques (see Section 2.2).

The aligning warping torque given by equation (41) is positive for
α < π/2 and thus slows down the alignment of the spin axis.

We have included the warping terms (40) and (41) to our sim-
ulations and additionally run all the four models with them. The
resultant NS spin evolution is shown in Fig. 7. It is clearly seen that
adding a warping torque allows α to remain relatively large for a
longer time. As the magnetic angle evolves due to the modulation
term at a rate proportional to sin 2αcos α (see equation 26), magnetic
angle orthogonalization becomes more profound. Depending on the
particular initial configuration, �χ may reach values several times
larger than during conventional evolution considered in our paper.
Maximal values of |�χ | � 50◦ are observed for initially small
magnetic angles χ0 � 5 − 10◦ for a broad range of α0.

However, the contribution of the warping torque should be treated
with caution, as it relies on the rather poorly known details of
magnetic field interaction with the disc. In particular, it treats the
disc as planar, while a real accretion disc around an inclined rotator,
being subject to warping torques, should become warped. A more
elaborate version should take into account the shape of the disc as well
as for a more realistic dynamics of disc−magnetosphere interaction,
involving instabilities and magnetic field reconnection.

5 C O N C L U S I O N S

The main issue we addressed in this paper was whether it is possible
to change the magnetic angle of a NS by accretion. We find this
possible under quite specific circumstances: when the rotation axis
is misaligned with the spin-up torque, and the spin-up torque itself is
a function of the spin phase. Under favourable conditions, spin-disc
alignment leads to misalignment of the magnetic axis, but always at
a lower rate.

If the direction of the angular momentum of the accreting matter
is stable (as in the case of Roche lobe overflow), this alignment is
only a short episode in the beginning of accretion. Outside this short
alignment stage, evolution of the magnetic angle is affected only by
pulsar aligning torque or its modifications. It is unclear if the aligning
torque should be enhanced due to the opening of magnetic field lines
by the accretion disc.

Accretion from a strongly inhomogeneous stellar wind results in a
different picture. Strong variations of velocity and density make the
net angular momentum of the accreting matter a random quantity. We
show that, in this case, magnetic angle experiences a random walk,
related to the random-walk behaviour of the rotation axis. The rate
of this random walk depends strongly on the magnetic angle itself,
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(a) (b) (c) (d)

Figure 7. Magnetic angle evolution taking into account back-reaction warp torque described in (Lai et al. 2011). We show the same set of models as in Fig. 3.
Alignment history without warp torque is shown by thick grey lines in each panel, while warp scenarios are represented by black lines. Dashed lines are used
for α0 = 135◦, solid for α0 = 45◦.

leading to a higher probability to find an object in either aligned or
orthogonal state.

In all the scenarios, the rate of magnetic angle alignment is
proportional to sin χ cos χ , suggesting that any distribution in χ

sufficiently affected by accretion should have an excess of aligned
and orthogonal rotators. However, the full picture is more complex
and requires taking into account the initial distribution in magnetic
angle, accretion histories, and the correct form of the spin-down
torque during the accretion stage.
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APPENDI X A : SPHEROI DA L N EUTRON STAR

Let us consider a spheroidal NS having variable ellipticity ε (positive
or negative) along an arbitrary axis l (|l| = 1). Then the equation for
the rotational evolution of such a NS may be written as

I
d�

dt
= N − dI

dt
� − εI�l

[(
İ

I
+ �̇l

�l

+ ε̇

ε

)
l + � × l

]
, (A1)

where �l is the scalar product � · l.
The right-hand side of equation (A1) consists of three terms:

external torque N, the term proportional to dI/dt and related to the
variable moment of inertia of the star, and the term arising from
non-sphericity. The latter can be also rewritten as

Nε = −(ε�lİ + εI�̇l + ε̇I�l)l + εI�l(� × l). (A2)

Since the ellipticity of a neutron star is expected to be very small (i.e.
|ε| � 1; see for instance Haskell et al. 2008) and changes slowly,

|ε�lİ | � |�İ | (A3)

and

|εI�̇l | � |I�̇| � I�τ−1
align, (A4)

as the alignment time τ align and the spin-up time-scale are determined
by the same external torque N.

Therefore, the first term in Nε , aligned with the axis l, may be
omitted while considering the evolution of an accreting neutron star
during spin-disc alignment, as the contribution of the alignment itself
is always larger.

If the deformation is aligned with the magnetic moment (or,
equivalently, l = m), the second term in equation (A2), proportional
to � × l, does not contribute to the evolutionary equations for the
reasons discussed in Section 2.2 for the anomalous pulsar torque and
valid for any torque orthogonal to the magnetic and spin axes at the
same time.

The only possible case when the precession term may become
important for the long-term evolution of the rotation parameters is
the case when l is not co-planar with the spin and magnetic axes.

But this situation requires a triaxial rather than a spheroidal star
(Melatos 2000), which is beyond of the scope of current paper.

This paper has been typeset from a TEX/LATEX file prepared by the author.
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