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Notes on the norm of pre-Schwarzian derivatives
of certain analytic functions
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Abstract. In this paper, we obtain sharp bounds for the norm of pre-Schwarzian
derivatives of certain analytic functions. Initially this problem was handled by
H. Rahmatan, Sh. Najafzadeh and A. Ebadian [Stud. Univ. Babes-Bolyai Math.
61(2016), no. 2, 155-162]. We pointed out that their proofs are incorrect and
present correct proofs.
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1. Introduction

Let A = {z € C: |z| < 1} be the open unit disc on the complex plane C. Let
H be the family of all analytic functions and A C H be the family of all normalized
functions in A. We denote by U the class of all univalent functions in A and denote
by LU C H the class of all locally univalent functions in A. For a f € LU, we consider
the following norm
f"(2)

AT = jgg(l — 12 02)

where the quantity f”/f is often referred to as pre-Schwarzian derivative of f such
that in the theory of Teichmiiller spaces is considered as element of complex Banach
spaces. We remark that || f|| < oo if, and only if, f is uniformly locally univalent in A.
We also notice that, ||f]| < 6 if f is univalent in A and, conversely, f is univalent in
A if ||f| < 1. Both of these bounds are sharp, see [1]. For more geometric properties
of the function f relating the norm, see [2, 4, 9] and the references therein.

We say that a function f is subordinate to g, written by f(z) < g(z) or f < g
where f and g belonging to the class A, if there exists a Schwarz function w(z) is
analytic in A with

)

w(0)=0 and |w(z)|<1 (z€A),
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such that f(z) = g(w(z)) for all z € A.

Here are two certain subclasses of analytic and normalized functions A functions
defined. First, we say that a function f € A belongs to the class S(a, ) if it satisfies
the following two-sided inequality

zf'(2)
72) }<6 zed)

where 0 < o < 1 and 8 > 1. The class S(«, 8) was introduced by Kuroki and Owa (cf.
[7]) and generalized by Kargar et al. [6]. We also say that a function f € A belongs
to the class V(«, f) if

a< Re{<f(zz)>2f’(z)} <B (z€A).

The class V(«, 8) was first introduced by Kargar et al., see [5].
Since the convex univalent function

a<Re{

P,s(z) =1+ (8 ;a)i log (1 I—_ezjz) (z € A), (1.1)
where 2n(1 )
¢ = 76 — (1.2)

maps A onto the domain = {w : o < Re{w} < S} conformally, thus we have.
Lemma 1.1. ([7, Lemma 1.3]) Let a« € [0,1) and 8 € (1,00). Then f € S(a, B) if, and

o f'(z) (B— ) 0

zf'(z —a)i 1—e?z

) <14 - log< T ) (z € A),
where ¢ is defined in (1.2).

Lemma 1.2. ([5, Lemma 1.1]) Let a € [0,1) and 8 € (1,00). Then f € V(a, B) if, and

only if, 2 | |
(77) #1001+ P (27) e

where ¢ is defined in (1.2).

Rahmatan, Najafzadeh and Ebadian (see [10]) estimated the norm of pre-
Schwarzian derivatives of the function f where f belongs to the classes S(a, §) and
V(a, 8). Both their estimates and proofs are incorrect. Indeed, the results that were
wrongly proven by them are as follows:

Theorem A. For 0 < a <1< g, if f € S(a, B), then

2 ﬂ_a PR =1
1< 2029 (4 i)
Theorem B. For 0 < a <1< 8, if f € V(a, ), then
3 ,8—04 mii=e
1< 2029 (4 i)

We first note that both the above bounds are complex numbers!
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In this paper we give the best estimate for || f|| when f € S(«, ) and disprove the
Theorem B. However, we show that ||f|| < co when f € V(«, 5).

2. Main results
The correct version of Theorem A is as follows.

Theorem 2.1. Let o € [0,1) and 5 € (1,00). If a function f belongs to the class
S(a, B), then

£l < 2 \/45111 (6/2) + 272 — — 250D (2.1)

4sin?(¢/2) + 272

where ¢ is defined in (1.2). The result is sharp.
Proof. Let that « € [0,1), 8 € (1,00) and ¢ be given by (1.2). If f € S(«, 8), by

Lemma 1.1, then we have
z2f'(2) (8 — )i 1— ez
1 1 A). 2.2
) <1+ - og| 7, (z € A) (2.2)
The above subordination relation (2.2) implies that
zf'(z) (8 —a)i o 1 —ePw(z)
f(2) ™ S\1- w(z)

) Gea,

or equivalently

log { ZJJ:ES) } = log {1 + (8 ;a)i log (1 — eww ) } (z € A), (2.3)

where w(z) is the well-known Schwarz function. From 2 3), differentiating on both
sides, after simplification, we obtain

f"(2) (B—a)il 1 — euw(z)
B oY)
(1- ew)w’(z)
(w1 eou(e)) (1 ool g () | Y

It is well-known that |w(z)| < |z| (cf. [3]) and also by the Schwarz-Pick lemma, for a
Schwarz function the following inequality

W s TR e, (25)

holds (see [8]). We also know that if log is the principal branch of the complex loga-
rithm, then we have

f'(2) u

+

logz=In|z|+iargz (2 € A\{0},—7 <argz <m). (2.6)
Therefore, by the above equation (2.6), it is well-known that if |z| > 1, then

[log z| < +/|z — 1|2 + 72, (2.7)
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while for 0 < |z| < 1, we have

2
+ 72 (2.8)

—1
og1 < |

Thus, it is natural to distinguish the following cases.

Case 1. ‘i’()z) > 1.

By (2.7), we have

1Og(ll—ewﬁw \/‘1—6“%} 1

_ VL= ePPw(z)? + 721 — w(z)?

2
+ 72

- ()
AR P )
=)
PRVARI O < D -

for all z € A. We note that the above inequality is well defined also for z = 0. Thus
from (2.4), (2.5) and (2.9), we get

z
[ ()

(1 e)w'(2)
(1= w(z) (1 — eou(z)) (1+ Zo log ()

)

™
e
1= w1 - eu(z)| (1- 22

+

+

(115733?2%”)\)]
(B-a) [ 1 [ /4sin®(@/2Iel? + 72(1 +12P?)

e =]

25in(¢/2) ey
_ 2
1— 2] — L= fasin®(6/2) = + w21+ [=2) 117

_|_
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However, we obtain

L] G
Il = s o) | 222
< sup { = el s (o2l + w21+ o)
N 2sin(¢/2)(1 + |2|)

L fa] = 2 asin® (o/2)|212 + n2(1 + |2f2)
4sin(¢/2)
4sin?(p/2) + 2m2

_ Q(B;Q)\/4Sin2(¢/2)+zﬂ2_

concluding the inequality (2.1).

Case 2. |10

By (2.8), we have

. 1—etPw(z)

1 —ew(z) w1
e S I P _Amwls) 2
log( 1—w(z) )’ e | 7

1—w(z)

V=P w(z)? + 721 — eifw(z)[?
B 11— ew(z)]

\/4sm (¢/2)|w(2)|? + 72(1 + |w(2)|?)
1 — |w(z)|

\/4sm (6/2)|2]2 + 72(1 + |2]2)
1— |z '

(le] = 1)

Since in both cases 1 and 2 we have the equal estimates for

()

therefore, in this case also, the desired result will be achieved. For the sharpness,
consider the function f, g(z) as follows

ety =z {8 e (555 )
ma

)

=2+ 1—ei¢)22+---,

where ¢ is defined in (1.2), 0 < o< 1 and 8 > 1. A simple calculation, gives us

2fop(2) (B — a)i 1— ez
7faﬂ(z) =1+ - 10g< - ) (z € A)
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and thus f, 5(z) € S(a, 8). With the same proof as above we get the desired result.
The result also is sharp for a rotation of the function f, g(z) as follows:

(B —a)i /Zl 1 —e?¢
=  E— =1 —_— .
fa,8(2) = zexp { - | £08 |\ T dg
This is the end of proof. U

Remark 2.2. In Theorem B, the authors of [10] estimated the norm ||f|| when f €
V(a, 8). But in the proof of this theorem [10, p. 160], wrongly, they used from the
following equation

2f'(2)

f(Z) = Paw@(w(z))7

where P, g is defined in (1.1). This means that f, simultaneously, belonging to the
class S(a, 8) and V(a, B3).
Next, we show that the best estimate for ||f|| when f € V(a, 8) does not exist.

Theorem 2.3. Let o € [0,1) and B8 € (1,00). If a function f belongs to the class
V(a, B), then ||fl] < oo.

Proof. Let o € [0,1) and 8 € (1,00) and f € V(«, ). Then by Lemma 1.2 and by
use of definition of subordination, we have

(f()) F2) = Pastul@) =1+ L iog (120} - g

where w is Schwarz function and ¢ is defined in (1.2). Taking logarithm on both sides
of (2.10) and differentiating, we get

") _, (f’(Z) 1) L B-a) (2.11)

f(2) fz) = m

(1 ) (2)
(1= w()(1 - ew(z)) (1+ 22 log (1)) )
With a simple calculation, (2.10) implies that
(L)1) 1) (Poslete) ). 1)
Combining (2.11) and (2.12), give us

-2 ()

X

(8 — a)i (1 —e?)u'(z)
. —a)i —eiPw(z
T - w1 - eue) (1+ g (L))
It was proved in ([5, Theorem 2.2]) that if f € V(«, 8) where 0 < o <1/2 and 8 > 1,

then
1—;<Re{f(z)}<oo (z € A).

+

z
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Since Re{z} < |z|, the last two-sided inequality means that |f(z)/z| < oo when
f € V(a, ). Thus from the above we deduce that

f"(=)
f'(2)
concluding the proof. O

<oo (z€A4A)
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