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Abstract
There has been recent interest in a hybrid form of the celebrated conjectures of Hardy-Littlewood and of Chowla.
We prove that for any k, ¢ > 1 and distinct integers hy, ..., hg,aq,...,ap, we have:

D, k) o pn+ ) A(n+ar) - Aln+ag) = o(X)

n<X

for all except o(H) values of h; < H, so long as H > (log X)¢*¢. This improves on the range H > (log X)¥ X,
¥ (X) — oo, obtained in previous work of the first author. Our results also generalise from the Mobius function p
to arbitrary (non-pretentious) multiplicative functions.
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1. Introduction

Let u and A denote the Mobius and von Mangoldt functions, respectively, defined by

(-1)" n=p;--py, p;distinct, logp n=p° e>1,

and A(n) =
0 else. 0 else.

u(n) =
Also, let A be the Liouville function given by A(n) = (=1)2", where Q(n) is the total number of prime
factors of n with multiplicities. For technical convenience, we extend these functions to the non-positive
integers as zero (the choice of the extension makes no difference). Recall that the prime number theorem
is equivalent to the average bounds ), .x u(n) = o(X) and },.x A(n) = (1 +0(1))X. The influential
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conjectures of Chowla [2] and Hardy-Littlewood [6] assert that for any fixed tuple of distinct integers

hi, ..., hg,
D ulnt ) p(n+ ) = o(X),
n<X
DA R A+ ) = (B(H) +o(1)X,
n<X
where H = {hy, ..., hr} and the singular series is given by
1-vp(H)/p
SH =| | (1.1
U (= 1/p)F

where v, () = |[{h (mod p) : h € H}|. Both conjectures remain open for any k > 2.
It is natural to consider the following hybrid conjecture, which, following [10] and [20], we call the
Hardy-Littlewood—Chowla conjecture.

Conjecture 1.1 (Hardy-Littlewood—Chowla). Let k,{ > 0, and let hy, ..., hy, ai,...,ac be distinct
integers. Then we have’

Z,u(n+h])~~y(n+hk)A(n+a])---A(n+ag) = (G+o(1)X. (1.2)
n<X

Here, S = G({ay,...,a¢})asin(1.1)ifk =0, and S =0ifk > 0.

The ‘pure’ cases k = 0 and ¢ = 0 specialise to the original conjectures of Hardy—-Littlewood and of
Chowla, respectively. We remark that under the hypothetical assumption of infinitely many Siegel zeros,
Conjecture 1.1 was recently verified for £ < 2 by Tao and the second author [20] (generalising works of
Heath-Brown [7] and Chinis [1]). In the current paper, we will be concerned with unconditional results.

Our main result is an averaged form of Conjecture 1.1 for the genuinely ‘hybrid’ cases k, ¢ > 1.

Theorem 1.2 (Hardy-Littlewood—Chowla on average). Let € > 0 and k,{ > 1 be fixed, and let
hy, ..., hg, ay,...,ae be fixed and distinct positive integers.

(i) Let (log X)*¢ < H < exp((log X)?) with a = a(g, ) > 0 small enough. Then

2

hi<H

loglog H

< HX
log H

(1.3)

D )< p(n+ A+ ar) - Adn +a)
n<X

(ii) Let C > 1 be fixed, and let (log X)“*® < H < (log X)€. There exists an absolute constant ¢ > 0,
such that for any 10*¢e~" (loglog H) /(log H) < 6 < ¢/C, we have

Z,u(n+h1)---y(n+hk)A(n+a1)---A(n+ag) <6X

n<X

for all except < H'=¢%¢/C values of hy < H.

In particular, (1.2) holds for all but o(H) values of h; < H (and the exceptional set can be taken to
be nearly power saving).

As is clear from the proof, Theorem 1.2 holds equally well with the Liouville function in place of
the Mobius function.

Here, we use the convention that an empty product equals to 1.
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Remark 1.3. It is likely that with some extra effort (in particular, refining Proposition 2.1 for u in the
spirit of [10, Theorem 2.2]), Theorem 1.2(ii) could be extended to the regime (log X)/** < H < X.
However, our main interest here is in taking H as small as possible.

Earlier, Matomiki, Radziwiltand Tao [12] proved the case £ = 0 of Conjecture 1.1 for almost all
h; < H, with H = ¢/(X) tending to infinity arbitrarily slowly. In [13], they considered the case k = 0,
¢ = 2 and proved the conjecture for almost all #; < H, with H > X 8/33+& The first author [10] obtained
cancellation in the range H > (log X)¥X), implied by the stronger quantitative bound

D i) p(n+ A +ar) - Aln +a)
hy,..., hix<H 'n<X

HKX
< )
min {w(X)k, (log X)k/3*"(1)}

The simplest hybrid case k = ¢ = 1 reduces to the Mobius function on shifted primes. It is a folklore
conjecture and a well-known model case for the parity problem in sieve theory that

D up+h) = o(x(X))

p<X

for any fixed shift 4 # 0. This has appeared in print (for & = 1) at least since Hildebrand [9] (see also
Pintz [18] and Murty—Vatwani [ 16, Equation (1.2)]). Theorem 1.2 directly implies an averaged form of
this conjecture for H > (log X)'*.

Corollary 1.4. Let £ > 0. Then, for X > H > (log X)'*#, we have

> up+h) = o(x(X)) (1.4)

p<X
for all except o(H) values of h < H.

This improves on work of the first author [10] that established Corollary 1.4 when H > (log X )% %)
for any function y (X) tending to infinity with X.

1.1. Other multiplicative functions

We also consider a variant of Conjecture 1.1, where the occurrences of the Mobius function are replaced
with other 1-bounded multiplicative functions f; : N — C, with f; not pretending to be a twisted
character y(n)n'’ for any y (mod ¢) and ¢ € R. Here, following Granville and Soundararajan [5],
pretentiousness is measured by the pretentious distance

1-Re 12
D(f.g:X) = ( 3 (f(P)g(p))
p<X P
and the related quantity
M(f:X,0) = inf  D(f.n e n' x(n); X)°. (1.5)
t|<
x (9).q<Q

The following generalisation of Conjecture 1.1 is closely related to Elliott’s conjecture [3] on correlations
of multiplicative functions (in fact, the case ¢ = 0 is precisely Elliott’s conjecture), so we shall call it
the Hardy—Littlewood-Elliott conjecture.
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Conjecture 1.5 (Hardy-Littlewood-Elliott). Let hi,...,hg,ay,...,ar be distinct integers. Fix
1-bounded multiplicative functions fi, ..., fx. Suppose that f| is non-pretentious in the sense that

M(fi:X.0) === oo

Jor any Q > 1. Then we have

D AmEh) - filn+ h)Am+ar) - An+ag) = o(X). (1.6)
n<X
The case ¢ = 0 of this is Elliott’s conjecture (in the slightly corrected formulation of

[19, Conjecture 1.3]).

We extend our results to non-pretentious multiplicative functions in the regime H > (log X)‘*¢.

Theorem 1.6 (Hardy-Littlewood-Elliott on average). Let € > 0, k, > 1 be fixed, and let

ha, ..., hx,ai,...,ac be fixed and distinct positive integers. Let (log X)“+ < H < exp((log X)!/1000),
Let fi,..., fx be 1-bounded multiplicative functions. Then we have
DD A+ ) filn+ hOA(n+ar) - An+ar)

hi<H'n<X

loglog H

< HX(exp (=M (fi; X, min{(log X)125 (log H)*})/(10000¢e™") + log H

In particular, if (log X)“+® < H < exp((log X)'/199) and

M(fi: X, min{(log X)"/1%, (log H)}) > co,

then (1.6) holds for all except o(H) values of hy < H.

Remark 1.7. As a well-known consequence of the Vinogradov—Korobov zero-free region for
L-functions, for any fixed € > 0, A > 1 we have

1 R it
M(u; X, (log X)) > |jlnfX Z +Re(x(p)p")
t<
x (@), q<0 exp((logX)?3+€)<p<X p (1.7)

> (% - e) loglog X + O(1).

Hence, the bound of Theorem 1.6 in the case of f; = u simplifies to

2,

h <H

D ) fe(n+ h)A(n+an) - A(n+ac)

n<X

loglog H

< HX
( log H

+ (log X )_“)

for some constant a = a(e, ) > 0. The same holds with A in place of u, since (1.7) holds equally well
for A. Restricting to exp((log X)¢) > H > (log X)*#, the bound simplifies to < HX (loglog H) /log H.
Hence, Theorem 1.2(i) is a special case of Theorem 1.6. The rest of the paper is therefore devoted to the
proofs of Theorems 1.2(ii) and 1.6.

Theorem 1.6 improves on the range H > exp((log X)/8+¢), which follows (under a slightly different
pretentiousness hypothesis) from Fourier uniformity bounds of Matoméki, Radziwill, Tao, Ziegler and
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the second author [15, Theorem 1.8] (see [10, Theorem 1.8] for the details of this implication).>? We
also note that the case £ = 0 of Conjecture 1.5 was proven on average by Matoméki—Radziwitt—Tao [12]
in the regime H = ¢ (X) — oo.

1.2. Outline of the proof

The proof method of Theorem 1.2 (and Theorem 1.6) is somewhat different from that of [10] (or [12]).
Both proofs begin with Fourier-analytic identities, namely, [10, Lemma 2.1] and Proposition 3.2 below.
The latter allows one to study mixed 2-point correlations on average, for some functions f and g which
satisfy certain technical hypotheses. Crucially, in Proposition 3.2, having qualitative cancellation for the
exponential sum of f on average over short intervals [x,x + H] suffices, whereas in [10, Lemma 2.1],
one needs to save a factor comparable to ((1/X) >, <x |g(n) 12)=1/2 (but no additional hypotheses were
required of f,g). For intervals of length H = (log X)®()| the bound in [12] for the exponential sum
of a multiplicative f on average over short intervals [x, x + H] saves less than (log X)~°(, which is
problematic if the mean value of |g|* is a power of log X, so the weakening of the Fourier assumption
on f in Proposition 3.2 is important for us.

One ultimately applies Proposition 3.2 for the choices f = u (say) and g(n) = u(n+ hp) --- u(n +
hi)A(n+ay) --- A(n + ag), in which case, verifying the technical hypotheses may be reduced to the
following problems:

(I) cancellation in short exponential sums of y on average,
(I) moment estimates for short exponential sums over primes, that is, for ‘typical’ x,

1
J

Here, (I) is deduced from the work of Matoméki—Radziwill-Tao [12], with special care paid to the
shape of the error terms in order to obtain a power-saving error term in Theorem 1.2(ii). This is carried
out in Proposition 2.1.

For (II), the intervals involved are too short for sieve methods to provide us with a strong enough
pointwise bound on these moments. However, on average over x, in Proposition 2.7, we show that the
moments above are of the expected order of magnitude by applying upper bounds for prime tuples
coming from Selberg’s sieve, and by performing an analysis of the resulting singular series.

The method presented is rather flexible and could be applied (with some additional effort) to other
correlation problems as well, such as the sums

DT+ WAPM) or Y p(n+ sy pez; pgrep

n<X n<X

2m
da < H¥" !,

Z A(n)e(an)

x<n<x+H

on average over h (with P(Y) € Z[Y]). We leave the details of such generalisations to the interested
reader.

2. Auxiliary results
2.1. A short exponential sum estimate

Asin [12], we introduce a set Sp, o, x (depending on parameters 10 < Py < Q1 < X) consisting of the
‘typical’ numbers having prime factors from certain long ranges. More precisely, Sp, g, x is the set of
positive integers having a prime factor in each of the ranges [P;,Q;], j = 1,...,J, where for j > 1,

2[10, Theorem 1.8] relies on [14, Theorem 1.4] as the Fourier uniformity input, and, hence, produces a result for H = X 9
Inserting instead [15, Theorem 1.12] into the argument produces a result for H = exp( (log X)3/8+¢).

https://doi.org/10.1017/fms.2022.54 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.54

6 Jared Duker Lichtman and Joni Terdvdinen

we define:
Pj = exp(j* (log 01)’~' (log P1)),
Q; = exp(j¥**(log 01)7)
and J is the largest index, such that Q; < exp( %log X). If S;;l 01.X denotes the complement of

Sp,,0,,x inN N [1, X], then the fundamental lemma of sieve theory [4, Lemma 6.17] tells us that

log P; log P
8lix « 281y 2.1)

S5 | < )
ProvXl T log QT log Q)

We then have the following exponential sum estimate (with the supremum outside) for short sums of
multiplicative functions, which follows from [12, Theorem 2.3].

Proposition 2.1. Ler 3 < H < exp((log X)'/100) gnd

loglogHS 5 < 1 .
log H 2000

Let f be a 1-bounded multiplicative function. Then there exist 10 < P} < Q1 < X, such that

log Py
log O

< d+exp(-M(f;X,Q)/2000) 2.2)

and, such that for S = Sp, 0, .x, we have

X
sup/
a Jo

where Q = min{(log X)'/'% (log H)"}.

> Fmisme(na)

x<n<x+H

dx < (exp(—M(f;X, 0)/2000) + H° |HX, (2.3)

Remark 2.2. Applying (1.7), and assuming that H < (log X)€, the bound (2.3) in the case of f = u

simplifies to
X
sup /
a JO

for some 6 = 6(C) > 0, and the same holds with A in place of u. Moreover, (2.2) then simplifies to
(log P1)/(log Q1) < 6.

Proof. Without loss of generality, we may assume that H > H for a large enough constant Hy. Denote
the integral in (2.3) by J. Suppose first that

Z w(n)ls(n)e(na)ldx < H'-0X (2.4)

x<n<x+H

(log H)® < exp(M(f; X, 0)/300).
Let
W = min{H®, exp(M(f; X, Q)/300)},

and let P; = W?%, Q, = H/W? be as in [12, Theorem 2.3]. Note that W < (log X)!/130 by the fact

that M(f;X,Q) < 2loglog X + O(1). Note also that llgggll < ll(;i‘:; < ¢ and that all the conditions
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for W in [12, Theorem 2.3] are satisfied (that is, W > (log H)® and W < min{H"/>°, (log X)'/1%°} and
W < exp(M(f;X,Q)/3)), so we obtain

5 (log H)'/*(loglog H)

Ir < Wi HX < (H™° +exp(~M(f: X, 0)/2000)) HX.

Suppose then that

exp(M(f; X, Q)/300) := (log Hy)® < (log H)°.

Let

W = (log H1)® = exp(M(f; X, Q) /300), (2.5)
and let P; = W, Q| = H/W? as before. We may assume H; > 1000, since otherwise, the claim is
trivial. Now, by noting that :g:g’] < exp(—-M(f; X, Q)/2000) and splitting the sum on H in (2.3) into

shorter sums of length in [H} /4, H; /2], it suffices to prove that

X
sup/
a JO

uniformly for H' € [H,/4,H;/2]. Since the conditions for W in [12, Theorem 2.3] are satisfied,

1/4
we can again apply that theorem to obtain the desired bound (noting that Ww <«

exp(—M(f; X, Q)/2000) in this situation). This completes the proof. O

Z F(n)1s(n)e(na)|dx < exp(~M(f;X,0)/2000)H’X,

x<n<x+H’

2.2. Upper-bounding correlations of primes

The goal of this subsection is to prove Proposition 2.7 below, which gives optimal bounds for even
moments of the short exponential sums associated with correlations of the von Mangoldt function. We
first need a few lemmas on tuples of primes and averages of singular series.

Recall for a tuple H of integers, v, (H) = [{h(mod p) : h € H}|. A well-known application of
Selberg’s sieve upper bounds the number of k-tuples of primes, for fixed k.

Lemma 2.3. Let k > 1 be fixed, let X > Xo(k) and suppose that hy, ..., h; € [—X, X]| are distinct
integers. Denote H = {hy, ..., h}. Then we have

[n<X :n+hi,...n+h ePY < k!-zkw(uo(loglﬂ)),

(log X)* log X

where the singular series is given by

s(H) =[] (1 - VP;H))(l - %)_k.

p

Proof. This is [4, Theorem 7.16]. O

‘We have a trivial upper bound for the values of the singular series, which we will need in what follows.

Lemma 2.4. Let k > 1, and let H = {hy, ..., hi} be a tuple of distinct integers. Then

|hi = hj| \k
S(H) <k _ .
1<D<k o(|hi = hj|))
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Proof. Note that v, (H) < k, and that if v,,(#) < k, then p must divide s; — h; for some i < j. Hence

s (16804 L0

vp (H)=k vp(H)<k

k 1\7* |hi = hj| \k
T L T G

n P P ]<[l<_j[<kp|lh—lh lsgsk(ﬂmi—hﬂ))
as claimed. O

We will also need an upper bound for the autocorrelations of 4/ (h).

Lemma 2.5. Let H > 1, and let C, k,r > 1 be fixed. Then we have’
|Li(h)| )k
Z l_[ <rkc H
PRy (¢<|L ol
uniformly for any linear functions L;(h) = a;h + b; with a;, b; € [-C,C]1NZ

Proof. First note that for H > 1 and any integer m > 1, we have

Slaw) -2 -, 5w 2

h<H’ h<H’ “d|h di,....dm>1 h<H’
di|h Yi<m
Ho ) 1
<
4. didnldy . di]
! l !’
< H 1+ Z - - - - <, H'. (2.6)
Pls-aesPim Jiseeesjm 20 Py Pm [P1,~--,Pm]

(J1s-5Jm) #(0,...,0)

Then, by Holder’s inequality and (2.6) with H = (C + 1)H, we have

Lm| \* Lyl
ZH(¢(|L (h)l)) SH(Z(souLi(hm) )

h<H i<r i<r \h<H
) i 1/r
S (_) <<r,k,C H’
i<r\h<(C+1)H (’O(h)
using the fact that L;(-) takes any integer value at most once. O

The previous lemmas lead to the following corollary.

Corollary 2.6. Let k > m > 1 be fixed. Then

> sup GULi(h).... Le(h)}) <pa H™,
he[0,H ]m Lo L

where the supremum ranges over affine-linear forms Lj(hy, ..., hy) = aj + X", a; jh; with integer
coefficients and with |a; |, |a ;| < A.

3In what follows, we interpret 0/ ¢ (0) as 0, say.
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Proof. Denote by X the sum of interest on the left-hand side. Since there are O _4(1) many choices of
affine-linear forms L1, . . ., Ly with A-bounded coefficients, it suffices to take the supremum outside the
sum in X. Then for each L, ..., L, by Lemma 2.4, we bound X as

12;(h) — L (h)| )"
2
= he[;,]m lsjl:j[,sk(go(|Lj<h> =Ly

_ Z Z l_[ (—|Lj’j/’h(h)| )k < Z H< H"
- Lynl) = 2 ’

c[0,H|m! h<H 1<j<j'<k

since to each h € [0, H]""! we can apply Lemma 2.5 with r = (];) C = mA and linear functions

Ljjn(h) :=Lj(h,h)—Lj(h,h). o

Using Corollary 2.6, we can prove the following bound for high moments of short exponential sums
associated with the correlations of the von Mangoldt function. This estimate will be needed in Section 4.

Proposition 2.7. Let € > 1, k > 2 be fixed, and let a1, . . ., a, be distinct fixed integers. For X > H > 2
and |g(n)| £ 1, we have

e[

< X(H™ '+ H*(log X)** + H(log X) %=1y,

dadx

¢ 2k
g(n)e(an) l_[ An+aj)
j=1

x<n<x+H

In particular, if H > (log X)*/*=D  then
My, < XH* 2.7)

Remark 2.8. The bound above for M, is optimal up to a constant factor, assuming the Hardy—
Littlewood prime tuples conjecture. Indeed, one can show that My, > XH**~! in the case g(n) = 1,
assuming the Hardy-Littlewood conjecture (this is done by considering the contribution to (2.8) below
coming from those (n1, ..., no) with H > |n; — nj| > max; |a;| for all i # j). Similarly, one can show
My > XH¥(log X)*¢ (by considering the contribution to (2.8) below coming from those (n1, . . ., nay)
with ngs; = n; foralli < kand H > |n;—n;| > max; |a;|). Last, one can show Moy > XH (log X)(2k-1¢
(by considering the contribution to (2.8) below coming from those (ny, ..., ny) withn; = --- = nyy).

Proof. Expanding out the definition of My using orthogonality, we obtain

X
Moy =‘/0 Z g(n1) - g(nk)g(ni+1) - - - g(nak) 1—[ A(n; +aj)dx, (2.8)

x<ny,..., nyr <x+H j<t
ny+- AN =nge+ Nk <2k

and so |g(n)| < 1 implies

M2k < Z l—l A(nl + (l]) / x<n <x+H ° 1x<n2k <x+de~ (29)

Nny,..., o <X+H J <t
nyte AN =ng 2k <2k

Foreach ny,...,ny < X + H, denote M = maxi<; j<k |n; — n;|, so that

X
/ Licn <xetr - Axcny <xormdx = (H = M)lo<pr < < Hlocpr<n,
0
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and if we let n = nog, h; = n; — n (so hy, = 0), then (2.9) becomes

My < H Z HA(ni+aj)
<t

Al,yenns nor <X+H
nite AN =N ook <2k
max; j [n;—-nj|<H

<Y S O[] Awehirap
—-H<hy,..., hy-1<H n<X+H 1<j<¢
hi+-+hg=hj1+-+hop— 0<i<2k-1
Write A = {ai,...,ac}and H = {O,hl, ... ,h2k71} (note hog_1 =hy+---+hp_1—hx —--- = hy_n).

Let A + H denote the sumset, and observe that | A + H| € [£, 2k{]. In what follows, for convenience of
notation, we denote hy = 0.
Now, we partition the tuples H according to |.A + H|, namely, for m € [0, (2k — 1)¢], denote

H,, = {(l’ll,---,th—z) . |h,| < H, |A+H| =2k€—m},

so that by Lemma 2.3,

(2k=1)¢
My, < XH Z (log X)™ Z S(A+H). (2.10)
m=0 (hl ~~~~~ h2k—2) €Hn

Let A = max,c4 |a|. We claim that

|Z| > [m/€1,  where T:={0<i<2k-1:3i'>i: h—hy€[-AA]}.
To show this, first note that all the sums aj +h;, j < €,1 ¢ 1 are distinct, since if there was a coincidence
a+h; =a’ +hy forsome a,a’ € A, i’ >i,then h; —hy =a’ —a € [-A,A] and so i € Z. Thus, we
must have

2k —m = |A+H| > (2k - |T))¢,

s0 |Z| = m/¢, as claimed. Now, for I := |Z|, we have a system of 7 + 1 linear inequalities constraining

the vector (hy, ..., hy—1) € [-H, H]**"!
hy+-+hey—hg—-—hyo—hy1=0
|hi —hei)| <A, i€,

where hy =0, and o (i) € [i + 1,2k — 1] are some integers.

Let I’ =1+1ifI < k—1,and let I’ = [ if I > k. Then, by basic linear algebra, the set of
I + 1 linear forms above contains a subset of I’ linearly independent forms, so there exists a vector
u=(up,...,usp_1-1r) € [-H, H*1-I' (depending on #;) and linear forms L; : 722" 5 7 with
bounded coeflicients (and with Ly = 0), such that by denoting L; ;(u) = a; + L;(u), we have

H={Lo(w) +O(1),..., Lag-1(u) + O(1)}
A+H={L;j(u)+0(1): 0<i<2k-1,j <t} 2.11)

Thus, by Corollary 2.6 and the fact that I’ > [m/{] + 1,,<(k-1)¢, for each m, we have

S(A+H) < Z S((Li,j(w) +r)05i§2k—1,js€,r=0(1))
(1.2 €ty welH BT 1y 2.12)

<« H2k-2=Tm/ O+ s 1yt
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Hence, the bound in (2.10) becomes

(2k-1)¢
My < XH Y (log X)™ H*K=27m/CH e e
m=0

< X(H**7' + H*(1og X)X + H(log X) k-1,

Finally, the assumption H > (log X)?*/ =1 implies My, < XH>*~! as claimed. O

2.3. Correlations of primes and integers having typical factorisation

In this subsection, we will prove Lemma 2.1 1, which upper bounds the correlations of the von Mangoldt
function and the indicator of numbers having prime factors in prescribed intervals.
We first consider a class of multiplicative functions with ‘moderate growth’.

Definition 2.9. Denote the set M of multiplicative f : N — R( with

() f(p¥) <2V forall primes p, v > 1;
(ii) for all &£ > 0, there exists B = B(g), such that f(n) < Bn® foralln > 1.

Now, we give a special case of a general bound of Henriot [8] for the class M. Henriot’s result refines
earlier work of Nair—Tenenbaum [17], and importantly, it is uniform in the discriminant.

Lemma 2.10. Given k > 1 and a tuple H = {hy, ..., h} C [1,X], denote v,,(H) = [{h (mod p) :
h € H}|. Then for any multiplicative functions f; € M,

: fi(n+hj) <k ApX 1- V”(H) f’(n) (2.13)
2. [seen [T

VX <n<x J=1 p<VX 7=l n<Vx

where D = D(H) = [1;;(h; — hi)?, and

dp?) : p¥i hiViY
AD=H(1 N Z |{n (mod p?) ;72 || n+h; ]}|l_]]ff(p))'
=

pID

In particular, if | f(p)| < 1 for all p, we have Ap <[], p(1 +2%/p).

Proof. This is [8, Theorem 3] in the special case of x = VX, y = X, § = 1/(2k), with linear polynomials
Qj(n) =n+h;, Q(n) = ]—[f.z1 Q;(n), and the multiplicative function F(ny,...,ng) = ]_[f.=1 fi(nj).
Note, that the discriminant of the polynomial Q is [];.;(h; — h j)2 = D and the sum of coefficients is
oIl < TT5, 7y < X*. o

We remark that the bound (2.13) is of the correct order of magnitude when the functions f; are not
too small, for example, f;(n) > 7" for some > 0 (see [8, Theorem 6].

As mentioned, we will need in Section 4 a simple upper bound for the correlations of the primes and
integers with prescribed factorisation patterns.

Lemma 2.11. Let £ > 1 be fixed, and let ay, ..., ar be fixed and distinct. Let X > 2and 1 < h < X
withh # aj forall 1 < j < €. LetZ C [1,X], and let N be the set of positive integers having no prime
factors from . Then we have

2[+1

S A (n+ DA +a) - A(n+ag)<<Xl_l(tp(|h—_CZ||)) ]—[(1-})). (2.14)
J

n<X peL
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Proof. Let P(z) =[], <, p. We may assume that the summation in (2.14) runs over 2x)'?2 <n<X,

12

since the contribution of n < (2X)"/= is negligible. Therefore, the proof of (2.14) has been reduced to

showing:
a | 2€+l 1
D An(n+h) ]_[ Vpay. P21 < X(log X)™! ]—[(h—’) ﬂ(l - —). (2.15)
= plh—a;)) S\ P

Note that all the indicator functions above are multiplicative. Denote D = [];<;<;<¢(ai —a;) [1;<¢
(h—aj). Now, by Lemma 2.10, we have

Z 1y (n+h) I_ll(n+a, P((2X)112))=1

n<X

£+1 Ly (no) T, 1. 1/2))=
< Apx [ ] - D =L PQEOTDEL ) 1)
no nl nonl...n[

where A p is crudely bounded as

R | 9+l 4 |h—aj]
o< (5] <H(¢(|h—a1|>)

pID

2[’+1

Now, (2.15) follows by noting that by Euler products and Mertens’s theorem

van(n) < 1_[(1+Ilj+pl+ ):n(1+;_7+pi+ )1—[(1_11_))

n<X p=<X pP=X peL

p¢T
c+1\7! 1
1 —f|| - ||1——
< (log X) ( > ) ( p)’

p<X

and also by Mertens’s theorem

1 1/2))= 1
(n,P((2X)1/2))=1
— = =1+ — = 1. O
Z n Z

n<X (ZX)]/ZSPSXP

3. A Fourier-analytic argument

Our main theorems will be a consequence of the propositions in the previous section and
Proposition 3.2 below on correlations on average under suitable hypotheses. We begin by formulating
the necessary hypotheses.

In the rest of the paper, given a function f : N — C, let E be a convenient upper bound for the
average of f, so that

= Z [f( < Ef (X).

n<X

For example, we may simply take Ey = O(1) if f is bounded, or if f = A.
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Definition 3.1. Let X, H,C,p > 1l andnp > 0, and let f : N — C. We say that f satisfies hypothesis

Hi(X,H,C,p) if
X 1
L

We say that f satisfies hypothesis Hy (X, H, n7) if

X
sup /
a JO

Proposition3.2. Let X > H > 2. LetC > 1, p = 2andn > 0. Let f : N — C be any function supported
on [0, X] and satisfying Hy(X, H,n), and let g : N — C be any function satisfying H, (X, H, C, p).
Then we have

P
dadx < CHP™'XE; (X)P.

D fwe(an)

x<n<x+2H

2
dx < nH*XE; (X)%.

D fe(an)

x<n<x+2H

2,

h<H

D Fn+hg(n)

n<X

< (MO)'"PHXEf 45 p(X)Eg(X).

Note that if | f(n)| < 1, we can simply take E| ¢ |, ¢ p(X) = O(E | |(X)).

Proof. Let us denote

Spai= 3| D o+ hgn).

h<H n<X

Then the task is to show that if f satisfies Hy (X, H, n7) and g satisfies H; (X, H, C, p), then
Spe <n'PCYPHXEf |, p(X)Eg(X).

For proving this, we first note that

Spe < %h;m(zy—hﬂ > fln+hygm)|-

n<X

We introduce unimodular coefficients c (/) to denote the phase of 3, x f(n + h)g(n), so that

Syl <3 > CH=Re(h) Y, fn+ hg(n)

h<2H n<X
! X
S DICIDNNIOD I LI Ty (Nt
h<2H n<X+2H m<X 0
1 X !
H/O ./0 h;zHC( Je( a)xsn,n;ﬁm F(mg(me((m - nya)da

where we used the orthogonality relation 1,9 = /01 e(na)da. Therefore, we have the upper bound

1 X 1
1Sl < ﬁ'/o /0 Co(a)Fx(—a)Gx(oz)dadx‘, G.1)
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where in the triple convolution integral, the three exponential sums are

Co(a) = Z c(h)e(ha),

h<2H

Fi@ = ), f(me(na),
x<n<x+2H

Gy(a):= Z g(m)e(ma).
x<m<x+2H

By Fubini’s theorem, the triangle inequality and Cauchy—Schwarz, from (3.1), we deduce that

|l b , T/ opX , 3
sr.al < 37 [ 1ol [T 1E b ([T 16: P do.

Let g satisfy 1/p + 1/g = 1/2. By taking the supremum of the integral with F,(—a) to the power 1/p
and applying Holder’s inequality with exponents (2, g, p), we obtain

1 1
1 X 3 1 2
5.6l < sl [ 1m-ora) [ [ i)
a 0 0

b > i 2\ P Up /2 a1/
. P q P
(/0 /0 |Fx(—a)|dxda) /0(/0 G (a)] dx) da| = =1/P PRl

say. Since f satisfies Hp (X, H,77), we have
Iy < nH? 2
0= I]H XEf (X) .
By Parseval, we have

I <2H, L <2H Z |f(m)* < 2HXE|; p(X).
n<X+2H

Last, using Holder’s inequality and the fact that g satisfies H; (X, H, C, p), we have

1 pX
I3 < XP/Z—‘/ / |G« (@)|Pdxda < CHPT'XPI2E (X)P.
o Jo
Combining the bounds, we see that

IS¢ ol < H'(nH*XE; (X)2) /P H'2(HXE ;o (X)?) 9 (CHPT ' XPEg (x)7) /7
< MOV PHXE f 45 p(X)Eg(X),

as desired. O

4. Proofs of the main theorems

We are now ready to prove Theorem 1.6. As already discussed in Remark 1.7, Theorem 1.2(i) concerning
the Mobius case follows immediately as a special case. As we shall see, Theorem 1.2(ii) also follows
with essentially the same proof.
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Proof of Theorem 1.6. Fix € € (0,1) and k,£ > 1, and let 2 < (log X){*® < H < exp((log X)'/1000),
Let:
- 10* floglogH.

0
¢ logH

Set:

F(n) = fi(m)1s(m)1jo.x)(n), and g(n)—ﬂﬁ(n+h)HA<n+a,)

i=2 Jj=1

where S is the set of positive integers having a prime factor in each of the intervals [ P;, Q;], with P;, Q;
as in Proposition 2.1 and ¢ as above. Then, by Lemma 2.11 (and the fact that S¢ c U, <, S]? , where S]?
is the set of integers having no prime factors in [P}, Q]), for all X > 2, we have

D Lse(n+h) ]_[A(n+a,)

n<X

D, filn+ g <

n<X
n+h¢S

2l+1

|h—a; )
< X 1-— . “4.1)
Z; pe[gg,—]( )D(‘D(lh_‘”')

j< J
By (2.1), we have

log P; log Py
1——) <<6+exp( M(f;X,0)/2000) =: &’.
;pell’—lQ]( Zlong logQ

Also, by Lemma 2.5, we have

L+1
(o)
S Weln=a;D

and so plugging back into (4.1) gives

Z Z fitn+h)g(n)| < & XH. (4.2)
h<H' n<X
n+h¢S
Let
p=2+2[¢/e].

In view of (4.2), to prove Theorem 1.6, it suffices to show that

2,

h<H

> Fn+hygn)

n<X

< (lnggHH +exp(=M(f: X, 0)/(2000p)) | HX, “3)

since we can crudely estimate 2000p < 10000¢/¢. Note that by Lemma 2.3, we can take
Eq(X) =< 1,

and we can trivially take E ¢ (X), E| ¢ 4|7 p(X) < 1, so it suffices to prove (4.3) with an extra factor of
E|f 1415 2 (X)Eg(X) on the right-hand side.
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By Proposition 2.7 (and the fact that p is even and satisfies £+& > {p/(p —2)), there exists a constant
B = By, > 0, for which

1 pX

)

Therefore, g satisfies hypothesis H; (X, H, B, p) for some B’ <« 1.
We also note that by Proposition 2.1, f satisfies Hy (X, H,n) with

)4
dxda < BXHP™!.

k l
Z e(an) 1_[ fi(n+ hy) 1_[ A(n+aj)
i=2 J=1

x<n<x+2H

n < H° +exp(-M(f; X, Q)/2000).

Now, applying Proposition 3.2 with the choices of f, g above, we obtain

2,

h<H

k 14
D filsam [ [ fitn+h) [ [An+ay)
2 j=1

n<X i=

<n'"PHX < (H %P +exp(-M(f; X, 0)/(2000p)))HX.

4.4)

Thus, since § = 10*¢s~!(loglog H)/(log H), this gives (4.3), as desired. The proof of Theorem 1.6
(and, hence, of Theorem 1.2(i)) is now complete. O

Proof of Theorem 1.2(ii). Let ¢ be as in the theorem, so that, in particular, § < ¢/C with ¢ > 0 be small
enough. Take ¢ = 1/10000. Applying (4.4) and Markov’s inequality, we see that

k

4
D s [ [utn+h) [ [An+ay)
J=1

n<X =2
< (H™°/CP) 4 HO'P) exp(=M (u; X, 0)/(2000p))) HX

for all but < H'~9/CP) integers h < H. By (1.7), we have M (u; X, Q) > 1 loglog X + O(1), so we see
that

H%'CP) exp(—M (u; X, Q) /(2000p)) < H™%/4P) « 6,

and the claim follows. a

Acknowledgements. The first author was supported by a Clarendon Scholarship. The second author was supported by a
Titchmarsh Fellowship and Academy of Finland grant no. 340098. The authors would like to thank the anonymous referee
for detailed feedback and corrections.

Conflict of Interest. The authors have no conflicts of interest to declare.

References

[1] J. Chinis, ‘Siegel zeros and Sarnak’s conjecture’, Preprint, 2021, arXiv:2105.14653.

[2] S.Chowla, ‘The Riemann hypothesis and Hilbert’s tenth problem’, in Mathematics and Its Applications (Gordon and Breach
Science Publishers, 1965).

[3] P.D. T. A. Elliott, ‘On the correlation of multiplicative functions’, Notas Soc. Mat. Chile 11 (1992), 1-11.

[4] J. Friedlander and H. Iwaniec, ‘Opera de Cribro’, in Amer. Math. Soc. vol. 57 (Colloquium Publications, 2010).

[5] A. Granville and K. Soundararajan, ‘Large character sums: pretentious characters and the Pdlya-Vinogradov theorem’,
J. Amer. Math. Soc. 20 (2007), 357-384.

[6] G.H. Hardy and J. E. Littlewood, ‘Some problems of ‘Partitio Numerorum.” III. On the expression of a number as a sum of
primes’, Acta Math. 44 (1923), 1-70.

[7]1 D.R. Heath-Brown, ‘Prime twins and Siegel zeros’, Proc. London Math. Soc. 47 (1983), 193-224.

https://doi.org/10.1017/fms.2022.54 Published online by Cambridge University Press


https://arxiv.org/abs/2105.14653
https://doi.org/10.1017/fms.2022.54

Forum of Mathematics, Sigma 17

[8] K. Henriot, ‘Nair-Tenenbaum bounds uniform with respect to the discriminant’, Math. Proc. Cambridge Philos. Soc. 152
(2012), 405-424.
[9] A.Hildebrand, ‘Additive and multiplicative functions on shifted primes’, Proc. London Math. Soc. 59 (1989), 209-232.

[10] J. D. Lichtman, ‘Averages of the Mobius function on shifted primes’, Q. J. Math. 73 (2022), 729—757.

[11] K. Matomiki and M. Radziwilt, ‘Multiplicative functions in short intervals II’, 2020, arXiv:2007.04290.

[12] K. Matoméki, M. Radziwilt and T. Tao, ‘An averaged form of Chowla’s conjecture’, Algebra Number Theory 9 (2015),
2167-2196.

[13] K. Matomiki, M. Radziwilt and T. Tao, ‘Correlations of the von Mangoldt and higher divisor functions I. Long shift ranges’,
Proc. Lond. Math. Soc. 118 (2019), 284-350.

[14] K. Matoméki, M. Radziwilt and T. Tao, ‘Fourier uniformity of bounded multiplicative functions in short intervals on
average’, Invent. Math. 220 (2020), 1-58.

[15] K. Matoméki, M. Radziwill, T. Tao, J. Terdviinen and T. Ziegler, ‘Higher uniformity of bounded multiplicative functions in
short intervals on average’, Ann. of Math. to appear.

[16] M. R. Murty and A. Vatwani, “Twin primes and the parity problem’, J. Number Theory 180 (2017), 643—-659.

[17] M. Nair and G. Tenenbaum, ‘Short sums of certain arithmetic functions’, Acta Math. 180 (1998), 119-144.

[18] J. Pintz, ‘An approximation to the twin prime conjecture and the parity phenomenon’, Indag. Math. 26 (2015), 883-896.

[19] T. Tao and J. Terdviinen, ‘The structure of correlations of multiplicative functions at almost all scales, with applications to
the Chowla and Elliott conjectures’, Algebra Number Theory 13 (2019), 2103-2150.

[20] T. Tao and J. Terédviinen, ‘The Hardy-Littlewood—Chowla conjecture in the presence of a Siegel zero’, J. London Math. Soc.
to appear.

https://doi.org/10.1017/fms.2022.54 Published online by Cambridge University Press


https://arxiv.org/abs/2007.04290
https://doi.org/10.1017/fms.2022.54

	1 Introduction
	1.1 Other multiplicative functions
	1.2 Outline of the proof

	2 Auxiliary results
	2.1 A short exponential sum estimate
	2.2 Upper-bounding correlations of primes
	2.3 Correlations of primes and integers having typical factorisation

	3 A Fourier-analytic argument
	4 Proofs of the main theorems

