LARGE PRIME FACTORS ON SHORT INTERVALS
JORI MERIKOSKI

ABstrACT. We show that for all large enough z the interval [z,z + z/2log'3® 1]
contains numbers with a prime factor p > z'8/19. Our work builds on the previous
works of Heath-Brown and Jia (1998) and Jia and Liu (2000) concerning the same
problem for the longer intervals [z, z + zl/ 2+€]. We also incorporate some ideas from
Harman’s book Prime-detecting sieves (2007). The main new ingredient that we use
is the iterative argument of Matomiki and Radziwitl (2016) for bounding Dirichlet
polynomial mean values, which is applied to obtain Type II information. This allows
us to take shorter intervals than in the above-mentioned previous works. We have also
had to develop ideas to avoid losing any powers of log x when applying Harman’s sieve

method.
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1. INTRODUCTION AND RESULTS

The current best result for prime numbers in short intervals is the theorem of Baker,
Harman and Pintz [2| from 2001, which states that for all large enough = the interval
[z, x + 2'/?71/40] contains prime numbers. It is well known that conditionally on the
Lindeléf Hypothesis, for instance, there are prime numbers in the intervals [z, z +2'/%]
for any € > 0 for all large enough .

Since showing that the short intervals [z, x + 2'/%*¢] contain prime numbers seems to
be beyond the current methods, it is sensible to consider the easier problem of finding
numbers with a large prime factor. Consider intervals [z, z + 2'/?%¢], where the aim is
to show that the interval contains an integer with a prime factor p > 2! for as small
~v > 0 as possible; this problem has attracted the attention of many authors. In 1973
Jutila [13] obtained this for v = 1/3 + € by considering numbers pn, where n < 27 is
very smooth. This was then improved to v = 0.18 by Balog, Harman and Pintz [6] in
1983 (improving the earlier works [3],[4],|5] of the same authors). In 1996, Heath-Brown
[9] combined Jutila’s method with sieve arguments to obtain v = 1/12 + €, which was

then improved by Heath-Brown and Jia [10] to v = 1/18 + € in 1998. Harman in an
1
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unpuplished manuscript got v = 1/20. The current record is v = 1/26 + € by Jia and
Liu [12] from 2000.

In comparison, for slightly shorter intervals [z, v4+1/2] the best exponent is v = 0.2572
by Baker and Harman [1], which is much larger. A natural question then is that at what
point does this significant change in the exponent v become neccesary. This is interesting
especially in light of the recent result of Matoméki and Radziwill [15] (given there as
a corollary of their much more general theorem on multiplicative functions) that for
all € > 0 there is a constant C' = C(¢) such that the intervals [z,z + C'\/x] contain
z¢-smooth numbers (this was previously known only for intervals [z, z + 2/ log™3" 2],
cf. |14]). The main idea in the current manuscript is to combine their argument with
the methods used for finding numbers with large prime factors in [z, z + 2'/27¢], so that
we can reduce the length of the interval as much as possible. Unfortunately, it appears
that the intervals [z, 2 4+ C'y/x] remain out of our reach; our main theorem is

Theorem 1. Let §:=1.388... denote the minimum of the function
. log(1 —log(r — 1)) —log(—log(r — 1)) +log2 1

2logr 2

for 1 < r < 2, which is obtained at r := 1.625... Then, for all 6 > 0 and for all

large enough x, the interval [z, x + x'/? log?*° x| contains numbers with a prime factor
p >zt for v =1/19.

We now sketch the main ideas in the proof. The argument is based on that of
Heath-Brown and Jia [10] (also described in Chapter 5 of Harman’s book [8]), so we
first describe the argument they use for finding numbers with large prime factors on
intervals I := [z, x + 2'/2%¢]; the aim is to show that pn € I for some prime p and for
some integer n < 7. Heath-Brown and Jia consider n which are very smooth, of the
form n = q; - - - q, for primes ¢; ~ Q := 27/% and K > 4/e (this idea is originally from
Jutila’s work [13]). The task is then to obtain a lower bound for

> Ler

pq1-qr €1, q;~Q

By applying Harman’s sieve we can obtain a lower bound for this sum if we have an
asymptotic formula for sums over z7-almost-primes of the form

Z aubvl(n,P(:p’Y))zla

uvngi-qr €1, ¢i~Q

for any (say, bounded) coefficients a,, b, supported on u < z'/* v < 2'/277 (cf. Chap-
ter 5 of Harman’s book [8], for instance). This in turn can be reduced to obtaining
asymptotic formulae for the so-called Type I/II and Type II sums (in the language of
Harman’s book [8])

Type I/II: Z by, Type 1I: Z ayby.

uvngi-qx €1, ¢;i~Q uvqr-qx €1, qi~Q

For the Type I/II sum the coefficients a,,b, are supported on u < z'/4 v < x'/277,
and for the Type Il sum the coefficients are supported on the Type II range u,v €
[2/277, 2'/2]. The name for the Type II sum comes from the bilinear structure of the
sum; the idea is that at some suitable stage we can use Cauchy-Schwarz to separate the
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variables v and v. In the name Type I/II, the ‘T’ refers to the fact that we have a long
smooth variable n, and the ‘II” again refers to the bilinear structure which permits the
use of Cauchy-Schwarz at some point.

In the Type I/II sum we can apply Perron’s formula to reduce matters to obtaining
a mean value estimate for Dirichlet polynomials. Since we have a long smooth variable
n, we can use methods from the theory of the zeta function (e.g. reflection principle or
the fourth moment estimate) to handle these sums; see the beginning of Section 4 below
for a sketch of an argument of this type.

We now describe the argument used for the Type II sums in more detail (for intervals
[z, + 2'/2*€]), since obtaining the Type II estimate sets the restriction for the length
of the interval in our main theorem; by applying Perron’s formula, this can be reduced
to obtaining a mean value estimate of the form

zl/2—¢
/ |A(1 4 it)B(1 +it)Q(1 +it)" | dt < log™“ x,
To

100C z, and

A(s) = Z a,u”®,  B(s) = Z byv™%,  Q(s) = Z q°
u~U v~V q~Q, qeP

for U,V € [2V/?277, 22, UV < '™, Q < 27/%, K > 4/e. By Vinogradov’s zero-free
region, we see that the integral is bounded by.

where T = log

pl/2—¢
(log™%“ ) / |A(1 +it)B(1 4+ it)Q(1 + it)X 1| dt.
To
Since K is large enough, we can find L < K — 1 such that UQY, VQK-L~1 > z1/2—¢
Hence, by Cauchy-Schwarz and the Mean value theorem for Dirichlet polynomials (cf.
Lemma 3 below)

pl/2—€
/ A1 +at) B(1 4+ it)Q(1 +it)* | dt <

To

pl/2—¢ pl/2—¢

1/2 1/2
(/ |A(1 +it)Q(1 + it) X dt> (/ |B(1+it)Q(1 +it) =712 dt)

pl/2—e 1/2 pl/2—e 1/2
< (TQL + 1) (W + 1) logcx < logC Z,

which is sufficient.

Consider then the shorter intervals [z, z+x'/# log® x]. Here the upper integration limit
in the above mean value becomes z'/?log™ ¢z instead of z'/27¢. Hence, to make the
above argument work, we now need to factor the product A(1+it)B(1+it)Q(1 +it)5~1
into almost equally long parts, with a much greater accuracy of log®x; this is because
we now need both of the polynomials in the factorization to have length greater than
2'/21og™ . This means that K must be very large, which in turn means that our set
{pq1 ...qx} becomes very sparse. This causes losses in the Mean value theorem for
Dirichlet polynomials, which now need to be gained back. For short intervals [z, z +

(1.1)

1/2
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2'/?1og® x] we must apply the method of Matomiki and Radziwilt, which can only give
a small saving of log=¢/® 2 over the mean value estimate, which is insufficient to gain
back the losses. To put it simply, we have a situation of two competing requirements,
a high density versus a strong factorization property, which forces a compromise. By
taking interval of the form y = x'/2log?® x, we can work with a set of density of some
power of log x, which gives us just enough room to obtain the factorization property.

To maximize the density, we must take our small prime factors on intervals longer
than dyadic intervals (cf. intervals I; below). This makes the computations in the Type
IT estimate much trickier. We must also exercise great care in every step so that we
do not lose any additional powers of logx; for this purpose we have had to develop
some new ideas, especially for the Type I/II estimtate (cf. Section 4 below) and in the
framework of Harman’s sieve (cf. Sections 6 and 7 below). Optimizing the set-up we
find that the argument works for y = (log”*® x)\/x with § as in Theorem 1. The value
of v in the theorem is not necessarily the best that one can obtain, but we do not pursue
this issue further here since our main focus is on the length of the interval.

The paper is structured as follows: in Section 2 we give the set-up, and in Section 3 we
have collected some basic lemmata which will be used in the proofs. Section 4 contains
the proof of our Type I/II estimate (Proposition 13). In Section 5 we prove our Type
IT estimate (Proposition 16), which is the heart of the matter; Lemma 20 there gives
the restriction for the length of the interval (cf. line (5.15) in particular, which yields
the function of 7 in Theorem 1 which is minimized to optimize the result). In Section 6
we prove the so-called Fundamental proposition (Proposition 22), which combines the
Type I/II and Type II estimates to give an asymptotic formula for certain sums over
almost-primes (this corresponds to Lemma 5.3 in Chapter 5 of Harman’s book [8]); we
note that the proofs in Sections 4, 5, and 6 work for any 0 < v < 1/2. In Section 7 we use
Buchstab’s identity along with the Fundamental proposition and the Type II estimate to
give a lower bound for a sum over numbers with large prime factors; there we encounter
sums for which we cannot obtain an asymptotic formula. The contribution from these
sums is bounded by numerical computations, which ultimately determines the exponent
~v in Theorem 1. These numerical computations are performed using Python 3.7; for
the code see the codepad links at the end of the paper.

While it is not a prerequisite, the reader will find the proofs easier to digest if he is
familiar with the contents of Chapters 3 and 5 of Harman’s book [8]. However, we have
tried to sketch the relevant ideas before giving the full proofs in each situation. It may
also be helpful at the first pass to read only the statements of the Type I/II and Type
IT estimates (Propositions 13 and 16), and after reading Section 6 return to the proofs
of these estimates; this should help to motivate the exact form of these propositions.

Notations. We use the following asymptotic notations: For positive functions f, g, we
write f < g or f = O(g) if there is a constant C' such that f < Cg. f < ¢g means
g < f < g. The constant may depend on some parameter, which is indicated in the
subscript (e.g. <.). We write f = o(g) if f/g — 0 for large values of the variable.

It is useful for us to introduce the following unconventional notation: f < g means
that there is some positive function ¥ = log®® z so that f < g (e.g. a common
estimate we use is (loglogz)®® < 1). A recurring theme is that we are interested in
estimates only up to factors < 1.
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In general, C' stands for some large constant, which may not be the same from place
to place. For variables we write n ~ N meaning N < n < eN (an e-adic interval), and
n < N meaning N/C < n < CN (a C*-adic interval) for some constant C' > 1 which is
large enough depending on the situation; for example, we write

Z Z‘am||bn|<< Z || |0y ]

mx=M n<xN mn=<MN

meaning that the implied constants are C, C' and CC’. If not otherwise stated the
symbols p, ¢, denote primes and ¢, d, k,[, m,n denote integers.

For a statement E we denote by 1z the characteristic function of that statement. For
complex numbers we use the notation s = o + it, o,t € R.

We define P(w) := [[,, p, and for any integer d we write P~(d) := min{p : pl|d},
P*(d) := max{p : p|d}. The divisor function is denoted by 7(d). We denote by 7
the k-fold divisor function (i.e. 7D = 1% 7® 70 = 1 where * is the Dirichlet
convolution). We set 7,(d) := (1(. pu))=1 * 1)(d), which equals one plus the number of
divisors whose prime factors are > w.

Acknowledgements. The author is grateful for his supervisor Kaisa Matoméki for
suggesting the topic as well as for many helpful discussions. The author also wishes to
thank Joni Terdviinen for supplying a Python code for computing Buchstab integrals,
on which the code we use is built upon. The author is also grateful for both of the
above for reading a preliminary version of this manuscript; their comments have greatly
improved the article. During the work the author was supported by grants from the
Finnish Cultural Foundation’s Central Fund and the Magnus Ehrnrooth Foundation.

2. SET-UP AND CONVENTIONS

Let K,L > 0 denote large and ¢ > 0 small constants, with K, L > 1/e. We will
abuse the notation so that we write K~!, L™ e = o(1) meaning that we will eventually
choose each constant to be large or small enough. In addition, we let 6 > 0 denote a
fixed small constant. We choose € small and K, L large enough so that E(e, K, L) = o(6)
for certain error terms F(e, K, L) that occur below.

We now give our basic set-up; to collect all of the definitions in one place, we postpone
the motivation for this construction to the paragraphs following Proposition 2 below.
Let r =1.625... and § = 1.388... be as in Theorem 1. Set

O:=r—1+c¢, W= xV(’"_l)j w = xl/(loglong’
1 logw (log log ) /2
{logr o8 <logK>—‘ ’ { 100 ’
Ql = logloéaj’ Q2 = Q{{’ 3= eXp(QUOgQ/lO HTJ),

and define intervals

(1=2e)r=7  (1—e)r—7 =1,2,...,K
[ [17$6]’ [J — {(W , W ]7 J ) &y ’

(W™, W=ar ), j=K+1,...,J.

Note that since r > (1 ++/5)/2 = 1.618..., we have § > 1/r so that the intervals [; are
disjoint. Note also that w™ ~ € [K'/", K] by the choice of J. Similarly as in Section 10



6 JORI MERIKOSKI

of [15], we define the piecewise linear smoothing of the indicator function of [1 —n, 1+ 7]
by

1, I1-n<z<1+n,

(I=z4+n+8/E T+n<z<1l+4n+¢,
(z=14n+8/& 1-n—-¢<z<1-n,

0 otherwise.

(2.1) fne(z) =

Define (this definition is made so that the bound (5.15) in Section 5 is satisfied)
(2.2)
y =z (log ™V /219 1)27/2(1 + 1log 1/6)7/*(log 1/6) =7/

1/2 exp log(1 + log(1/0)) — log(log(1/0)) + log 2 B 1
2logr 9

=T

+ 106 + 0(1)) log log x)

— 12 log,8+105+o(1)

xz,
and
A=Y/, fa = (log™ z)y/x, fa(z) = foaea(2),
=log 'z, & = log™ " x, [8(2) = Foses(2),
Wa(n) == > fa(ned quqagspy -+ -pyry -+ ro /),
nec'q1qaqsp1-pyTL LT
Wa(n) == Z fe(ned ugeqspy -+ - pyry -1/ T),

nee! q1g2qsp1-pyr1 LT
S(Az) = ) WA S(B.z):= Y WB
(n.P ()= (n.P())=
where in the summations ¢, ¢ are w-smooth integers (that is, Pt (c), P*(d) < w),
i, Pj, 71 are primes, g1 ~ Q1, g2 ~ Q2, Q;,/Q < g3 < @3, and
(2.3) c,d el, p; €l for j=1,2,... J, r~logfx forl=1,2,... L.

From here on until Section 6, the above conditions will always apply to the corresponding
variables and will usually be suppressed in the notation. Same applies to g;, p, ;. Note

that by definitions p; € I, C [K"~Y/" K]. We also note that since the intervals I; are
short for j < K, we have

24 cc’ e pgrie o Tp = I’y(rfl)(r_1+7’_2+-")+0(1) = l"Y+o(1).
q1G243P1 - - - PJT1 7
We remark that by the Prime Number Theorem
log 2+o0(1) )
Z Wl m Z (e quqaqspr -+ - pyr1---7rL) 1
g ¢ q1,92,43,
p]"...?p‘]?
T1,TL

(24 0(1))

(2:5) " (1-9)loga’
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where (2 is
2 L J
o) (za)(ze)| Te | o) T
c<D, Pt (c)<w q1~Q1 q2~Q2 QémSQSSQB r~logtx Jj=1 \p€l;
J
= (log”*Wa) [T ((1+0(og™ K))log((1 — €)/6))
j=K+1

= (log**" z)(log 1/0),

1

since for j < K we have ZPGIJ_ p~* =<1, and for j > K by the Prime Number Theorem

(recall that w™ " € [K'/7, K])
Zp*l (1 + Olog™ (")) (log log (w1 =97 ) — log log(w” ™))

= (1+ O(log™ K))log((1 — €)/6).

Since z — fa(z/x) is supported on [z — 2y, x 4 2y], and S(C,z1~7/2F0) = 37 We(p)
for C = A and C = B, Theorem 1 follows once we prove

Proposition 2. For every v > 1/19 there exists €(7y) > 0, such that for all large enough
T

100
S(A, 10/ 5 () LB Lg(p y1-/249),

T

We can take €(1/19) = 0.007.

The above definitions are tailored with the Type II estimate in mind. To obtain our
Type Il estimate, we roughly speaking must require that for any z'/?77+ < u,v <
21279 such that wved g1qogspy - - - pyr1 - - - 7L ~ x, we can form a partition of the product
G1G2q3p1 - -~ pg = (m) - (7) in such a way that uer,vdT < Vz /logh/? z. The w-smooth
parameters ¢, ¢ are added to boost the density; the restriction to w-smooth numbers
will be useful in the Type I/IT estimate (cf. Lemma 15, this is a kind of ‘arithmetic
smoothing’ of 1f; ;). We will choose L large to make Le sufficiently large and then use
the primes r; to balance the partition suitably (with an accuracy log®x). The primes
q1,q2,q3 will be used in the Type II estimate to bound a Dirichlet polynomial mean
value by using the method of Matoméki and Radziwilt [15]. It is technically easier to
include them separately, even though the primes p; could in principle be used to the
same effect. Note that the ranges ()1, ()2 are small enough so that

(2.6) et Y (Zq_1> Y et = e

q~Q1 q~Q2 q~Q1 r~log® x
that is, using e-adic intervals does not cause significant losses. The range for ¢z is
large (in particular, log Q3 # log®" z), which forces us to take a longer interval g3 €

( 1/2 Q3]

Remark 1. Those familiar with the well-factorability of weights in the linear sieve will
note a similarity with our construction (cf. Chapter 12 of Friedlander and Iwaniec’s
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book [7]). An integer d is said to be well-factorable of level D if for any DDy = D,
D1 Z 17D2 Z ]_, there are d1 S D17 dg S D2 such that d = dldg. If d = P1---DPJ,
p1 > po > --- > py, then a sufficient condition is that for all j < J

(2.7) pr--pj—p; <D

(see the proof of Lemma 12.16 in |7]). This becomes stricter as D decreases, and if
D < Cp;---py, then d has to have a factor on every C-adic interval [z,Cz] C [1,d]. We
require a very strong level of well-factorability, that is, of level D < p; - - - p;. Thus, the
criteria (2.7) becomes

Dj+1° " DJ > Dy,

which motivates the definition of the intervals I; with § = — 1 + € in our situation.

3. PRELIMINARIES

We have gathered here some basic results for reference. The first two lemmata are
mean value estimates for Dirichlet polynomials. The proof of the first can be found in
Chapter 9 of the book [11] by Iwaniec and Kowalski, for instance.

Lemma 3. Let N > 1 and F(s) =), _ya,n"° for some a, € C. Then

/OT\F(z't)lz dt < (T+N)> |anl”

n~N

The following mean value theorem improves the above bound for sparse sequences, as
is noted in the work of Terdvéinen [19]. Similarly as in there, we note that the lemma
follows from Lemma 7.1 of Chapter 7 in [11] by taking Y = 107 there.

Lemma 4. (Improved mean value theorem). Let N > 1 and F(s) =), ya,n~*

for some a,, € C. Then

T
/ F@))dt < T Jan+T > > |anllanl.
0 h

n~N 1<h<N/T m—n=

m,n~N
Remark 2. Suppose that a, is the indicator function of some well-behaved sparse set
with a density p around N. Then we expect that > |an||a@nin|<n p2N, so that the
second term is < p?N, saving a factor of p in the second term compared to Lemma 3.

We will also need the following large values result for Dirichlet polynomials supported
on primes (cf. Lemma 8 of [15] for the proof). We say that 7 C R is well-spaced if for
all distinct ¢,u € T we have [t —u|> 1.

Lemma 5. Let P(s) = _papp * with |a,|< 1. Let T C [T, T] be a set of well-spaced
points such that |P(1 4 it)|> P~ for allt € T. Then

loglog T }

|'T|< T?*P** exp {2 log T
log P

Similarly as in [15], the above lemma will be used in co-operation with the Halasz-
Montgomery inequality below (cf. [11] Theorem 9.6 for the proof, for instance).
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Lemma 6. (Halasz-Montgomery inequality). Let F(s) = Y. _ya,n"° and let
T C[-T,T)] be a set of well-spaced points. Then

D P (it)P< (N + [TIVT) log(2T) > lan|*.
teT n~N

For any compactly supported g : R — C of bounded variation, define the Mellin
transform

i) == [ do(e)

For any such g we have for all z > 0 the Mellin inversion formula

1 o+io00 Z—s .
o) =g [ Tale)ds

210 Jo_ioo S

for any o such that the integrand z7°g(s)/s is analytic for all s = o + it, and the
integral converges absolutely. We give here properties of the Mellin transform of f, ¢(2)
as defined in (2.1). The proof is a straightforward computation.

Lemma 7. Suppose that n,& >0, 1 —n—& > 0. Denote s = o + it. Then

I+ A+ + (1 == =1 —n)"
E(s+1) '

For 0 > 1/2 we also have the asymptotics (uniformly for all £, n)
Tne(s)/s = 2n+&) + O (L + s +€)/€)
[ Fre(s)/s] < n+€, [ Fre(s) /sl €7 s 7L+ 5[ 7

We also require the following lemma, which follows from the Vinogradov zero-free
region by using Perron’s formula (cf. Harman [8] Chapter 1).

Foe(s) =

Lemma 8. For all large enough T, P, and s = o + it, |t|~ T, we have

o

p~P

log P P'=%log® P
10g7/10 T T :

< P 7exp (—

We will need the approximate functional equation for ((s) for the Type I/II estimate.
See Tao’s blog post [17] (Theorem 38) for a proof of the result in this form.

Lemma 9. (Approximate Functional Equation). Let g : R — C be C*-smooth,
bounded, and compactly supported. Then

> gllog(n/N))n~* = x(s) Y m*Lg(log(M/m)) + Oy (jt]744+)

fors=1/2+it, M, N > 1, 2r M N = [t|, where x : C — C is such that |x(1/24+1it)|= 1.

We also require a smoothing of the characteristic funtion of [N, N'*9]; fix a function
g : R — [0, 1] which is C*°-smooth and such that g(z) = 0 for z < 1, g(z) = 1 for x > 2.



10 JORI MERIKOSKI

For N >; 1, define

g(xz/N), N < x <2N,
1 2N < x < N /2
3.1 =<7
(3.1) on () 1 — g(2z/N'H9), NH/2 < g < NI+
0, otherwise.

Notice that ¢y is also C*°-smooth and satisfies gbg\’;) () <ky " We have gathered
some of the properties of ¢y (z) in the following

Lemma 10. Let 0 < d <1, N >5 1. Then
(i): For |t| > 1 the Mellin transform of ¢n satisfies

[ow (s)] < N~

(ii): We have |y (iz)| < min{l, |z|log N} and
. dz
I

oo z

(iii): For |t| < N we have

zn: dn(n)n=° = %_88) + (’)(N_”Jro(‘s)).

(iv): For s =1/2+it, |t| > N we have

S ol = x(5) S o ( 4 ) = B(NV, ),

2mn
where x is as in Lemma 9 so that |x(1/2 +it)|= 1, and
‘E(N, ’f;|)| < N71/2+O(§)1‘t|SN1+5 + ‘t|72N1/2+O(5) + |t‘73/4+o(1).

Proof. (i): We integrate by parts to get (for [¢t|> 1)

o0 2N N1+o
/ 2T (2) dz| < [t / +/ 27 dz < N1
0 N N1+8/2

drls) = - / 2 dy(z)dz = 5 / gy (2) dz,

where clearly the first integral gives < 1 and the second gives < |s|log N for $s = 0.
Thus, by part (i) applied to the large z

oo d log™' N 1 d o ]
/ |¢N(iz)|?z<</ logNdz+/ —Z—l—/ z—j < loglog N.
— 0 1 1

0o nglN z

1
1+ s

(o)1= |

(ii): We have

(iii): This follows directly from Lemma 8.8 of [11].
(iv): We partition ¢y (z) smoothly e-adically into >, 1y (), where each ¢, is of the
form x +— gy(logz — k) for some C*°-smooth, bounded and compactly supported gy.
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Clearly we can choose vy () so that |1} (z)| < e 2* (by a similar smoothing as in (3.1)
but for e-adic intervals). If N < |#|< /100, we have again by Lemma 8.8 of [11]

S vntnt = B 4 o),

where integration by parts yields

Yill = 5) = ’(1 n 5)1(1 —3 /%DZ(Z)ZS“ dz

1—s
For |t| > €¥ /100 we apply Lemma 9 to each 1y, and recombine the functions 1 (|t|/(27n))
to get the sum over ¢n(|t|/(27n)). O

We also require the following bound for exceptionally smooth numbers (for the proof,
see Theorem 1 in Chapter IIL.5 of [18], for instance):

Lemma 11. For 2 < Z < X we have
Z 1 < Xe /2,
n~X, Pt(n)<Z
where u := log X/log Z.

We will make use of the following result of Shiu [16]. Note that most of the cases
where we apply Shiu’s bound could also be handled by direct computations, not unlike
some which we will have to carry out (cf. proof of Lemma 20 below for instance); we
use the more general result to sidestep these calculations whenever possible.

Lemma 12. Let n > 0, and let g be a non-negative multiplicative function such that
there exists a constant C' > 0 such that

g(p®) < C*  and g(n) <. n, Ve >0
Then, for X" <Y < X,

Y. gl < YH(Hg(p)_—l)

X-Y<n<X p<X p

4. TYPE I/II ESTIMATE

In this section we prove our Type I/II estimate. Before this we briefly discuss the
strategy used in Chapter 5 of Harman’s book [8] (used in the case of intervals [z, z +
z1/2+€]). There one considers Type I/II sums of the form

> ayby,

uvng1 QK € [x,x+x1/2+€]
u~U, v~V qi~Q

where V < 21277 U < 214 and Q = 27/% (the condition U < 2'/4 can actually be
loosenend to VU? < 2!~ which is the form given in Harman’s book, but the estimate
is needed only for U < z'/4, ¢f. Lemma 5.3 in Chapter 5 of [8]). By applying Perron’s
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formula, these sums have an asymptotic formula if we can obtain a mean value estimate
of the form

1/2+igt/2—¢
[ INGAG)BIQ)  ds] < o C
1

/2+iN

where for N < 2'=7/(UV) > 2'/4

N(s) = Z n=*,  A(s) = Z a,u”®,  B(s) = Z byv™%,  Q(s) = Z q°.

n~N u~U v~V q~Q, qeP

By applying the approximate functional equation of ((s) (a variant of Lemma 9), the
polynomial N(s) can essentially be replaced by N(s) = ZnNW(%N) n~%. By applying
Perron’s formula to remove the cross-condition between n and |t|, this can be replaced
by

M(s) = Z Cpn” 0.

nsxl/Q—e/N

We now note that Uz'/?~¢/N < z/?7¢, and VQ¥ < 2'/2. Hence, by Cauchy-Schwarz
and Lemma 3

1/2+izt/27¢
/1 M () A(s) B()Q(s) < ds|

J2+iN
1/2+4izt/2=¢ 1/2 1/2+izt/2—¢ 1/2
< ( / |B<s>@<s>f<|2|ds|> ( / |M<s>A<s>|2|ds|>
1/2+iN 1/24+iN

< (xl/Q_e + VQK)1/2 (1,1/2—6 + U:zcl/Q_e/N)l/2 log® = < /%% 1og" «
< 2%log™C

as was required.

In our case we must tread more carefully to avoid losing of powers of log z; for instance,
we cannot divide the variables v and v into dyadic ranges U, V, as this would cause the
density to drop too much. Instead, we divide the variables into longer ranges [U'~¢, U]
and [V!'7¢ V]. This means that N(s) must also be replaced by a longer polynomial; by
choosing € small enough in terms of §, we can replace N(s) by > én(n)n~*, where
én(n) is as in (3.1). Notice that in Harman’s argument, applying Perron’s formula
to remove the cross-condition n ~ |t|/(2mN) causes a loss of size logz. By using the
smooth function ¢x(n) and Lemma 10, this cross-condition is replaced by a smoothed
cross-condition ¢y (|t|/(27n)), which can be removed with losses bounded by < 1.

Having the variables u,v in longer ranges instead of dyadic means that the condi-
tion U < z'* must be strengthened slightly to U < z'/471%_ This also allows us to
weaken the condition V < /277 to V < x'/277%9: this will be important as the Type
IT information we can obtain in the next section covers only coefficients supported on
[21/27740/2 41/2-0/2] instead of the full range [#'/277, /2], Precisely, our Type 1/II es-
timate takes the form
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Proposition 13. (Type I/II estimate). Let 1 < U < 24719 gnd 1 <V < 21/277%9,
Let ay, b, be complex coefficients satisfying |au|S Lo, pw))=1s [bo|S Lw,pw))=1. Then

1 loglooas

— E W ubv - g W ubv

y u,v,n A(uvn)a z u,v,n B(uvn)a

ue[U' U], ve[VI=e,V] we[UI¢,U],ve[V1i—¢,V]
(n,P(w))=1 (n,P(w))=1
Q
< (log™® ,
(log I)log$

where ) is as in (2.5).

The reason we study sums with the additional condition (n, P(w)) =1 (instead of n
smooth) is that we require the coefficients a,, b, in the Type I/IT and Type IT sums to
be supported on w-almost-primes (cf. beginning of Section 6). However, recall that in
the weight W, we sum over a w-smooth variable c. This means that we can obtain a
long smooth variable by writing m = cn (cf. proof of Lemma 15 below).

With this in mind, define for C = A or C = B the modified weights (without c)

We(n) = > fe(ndqigagapr -+ - pyri - 11/ 2),

nc'q1q2q3p1-pyT1TLRT

where the summation runs over the same ranges as before (cf. (2.3)). Then Lemma 15
below reduces Proposition 13 to the following

Proposition 14. Suppose that the assumptions of Proposition 13 hold. Then

1 —~ log!® —~
- W ubv_ W ubv
y 1; a(uvn)a . ;1 s(uvn)a
u€lU U], ve[VI—<,V] welU1=¢,U],velV1=<,V]
< (log™° :
(log x)logx

where ) is as in (2.5).
Lemma 15. Proposition 14 implies Proposition 15.

Proof. Consider the sum over A first. Recall that in the weight W4 we sum over
¢ € [1,2¢] with P*(¢) < w. Hence, by combining the variables n and ¢ we get

Z Wa(uvn)aub, = Z ayby fa(uvned qigagspy -+ - pyry - T/ )
welUA 0] T
’UE[Vlie,V] UE[Vl_E,V}
(n,P(w))=1 (n,P(w))=1
= Z Wa(uvn)a,b, — Z ayby fa(uvned' qigagapy - pyry T/ )
welU1U] B
vG[Vl_e,V} ’Ue[Vlie,V}
(n,P(w))=1

c>z¢, PT(c)<w
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Let 7 denote the k-fold divisor function (ie. 7¢+Y) = 1% 7® 71 = 1). Then
(using the disjointness of the intervals /;, and combining the variables u, v, n, ¢, ¢1¢2qs,
pr---py,and ry--orp)

1 — 1
— Z W a(uvn)a,b, — — Z W a(uvn)ay,b,
Y w,v,n Y u,v,n
u€[U<,U],ve[V!I~,V] ue[U'—<,U],ve[V1—<,V]
(n,P(w))=1
(4.1) <= > <= Y D)
Y uvnec q1q2q3p1--pyr1 T L E[r—2y,5+2y] Yy cen€lz—2y,z+2y|
c>x¢, PT(c)<w >z Pt(e)<w

Since ¢ in (4.1) is w-smooth, it must have a divisor d|c such that 2 < d < ¢ and

P*(d) < w (since ¢ has a divisor on every interval of the form [z, wz| C [1,¢]) Hence,
(4.1) is bounded by

< i 3 Oy = Y 3 7® ()

den€lz—2y,2+2y] z¢/2<d<ze n€[(z—2y)/d,(z+2y)/d]
z¢/?2<d<z, Pt (d)<w PH(d)<w
< (log® z) Z d' < log %z
z¢/2<d<z*
PH(d)<w

by Lemmata 12 and 11. A similar argument yields

log!% & _ log 100
& Z Wi(uvn)a,b, — S Z Wi(uvn)a,b,
x u,v,n z won
welU' =< U], ve[v1<,v] HElE st
<log ‘.
]

Thus, it remains to prove Proposition 14.
Proof of Proposition 14. Let N be such that N'*/2UV = 2177 (recall (2.4)), and let
¢n(z) be as in (3.1). Then

1 —~ 1 N
(42) - Z WA(uvn)aubv = - Z WA(uvn)aubv¢N(n),
y u,v,n y u,v,n
ue[UT =, U],ve[V!~,V] welU=,U], e[V~ V]

if € is small enough compared to 0.
If N > 2'/2 then the claim is trivial, since in that case UV < 2'/2~YN~%2 and (using
(2.4) and the short-hand notation m = wvd'q1qoqspr -+ - pyri---rp)

L 3 W a(uvn)anh, — i 3 @by falnm/z),

y u,v,n /
e _ wvc' qugaqzpr--pyry-or <t/
ue[U1 6,U],’U€[V1 67‘/] ue[UliE,U],UE[Vlie,V]
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so that the smooth variable n runs over an interval of length y/m > z¢ and we get an
asymptotic formula.

Hence, we may assume N < z'/2. If we write S4 for the quantity in (4.2), we have by
Mellin inversion

1/24ic0 s
(4.3) Sa= V/ 2 fa(5)N () F(s) 22

y2m Jy /2—iocc 8

where

s) = ZQSN(n)n_S, F(s) = A(s)B(s)C(s)(s),

for

A(s) = Z a,u”®,  B(s) = Z byv~?

u€[UL—€,U] vE[VI=€ V)]
J
Cls)= > ™ Qs)=Qi(s)Qa(s)Qs(s)R(s)" [] P(s).
¢<D, Pt(c)<w j=1

where the polynomials defining €2(s) have the obvious definitions so that €(s) has length
around 27+ (cf. (2.4)) and Q(1)C(1)? = Q as in (2.5). Suppose then that N < z/y
(if N > z/y, a similar but easier argument works). Split the integration in (4.3) into
three parts (ertlng s=1/2+it)

~ y2mi (A‘/KN /N<|t<:p/y A»x/y) SfA(S)N(S)F(S)%

=T, + 1, + 13,

say. The main term will be recovered from the first integral, and the two other integrals
will be bounded by an argument similar to that which was sketched at the beginning of
this section.

Integral Z,: For |[t|< N, s = 1/2 + it, we have by Lemma 10

5) = Z dn(n)n=° = M + O(N1/2H00)),

-5
where ¢y is the Mellin transform of ¢y. We also have for o = 1/2 by Lemma 7
:l?sz(3>/S = (277A + SA)JZS + O ( —1/2+o0(1 (1 + |S| ‘fA /S‘ <z —1/2+o0(1 )

where 4 = y/z and 4 = (log™“z)y/x. Thus, Z; = J1 + J» + J3, where

2na+8&a /1/2+iN . on(1 - s)

S = Y27

F(s)ds,

1/2—iN l—s

1 1/2+4iN R
zw<§N1”““%“{/ F(s)|fals)/slldsl,  and

1/2—iN

dn (1 — s)

71/2+o 1 d
- (1 + [s)as].

1 [l/2+iN
g [ 1R

1/2—iN
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If we denote F'(s) = ) ¢,m~°, then by combining variables (using disjointness of the

intervals I;) we obtain |c,,| < 70)(m), so that 3 |cm|?m ™! < log® x. For J3 note that

by Lemma 10 |y (1/2 + it)| < NY/?700) Thus, by Cauchy-Schwarz and Lemma 3
1/2+iN

] <y NH2+00) 172 / F(3)||fa(s)/sllds

1/2—iN

, 1/2
1/2+iN
<yl (/ IF<s>|2ld8|> <y OO + OO N
1

/2—iN
and
1/2+iN ¢2 1—3
<y [ ) e ER R NI
1/2—iN -
1/2+iN 1/2+iN v
< x_1+0(1)N1/2+O(5) / |F(S)||d8| < $—1+O(5)N / |F(3)|2|d8|
1/2—iN 1/2=iN

< l’ilJrO(é)N(N + $1+O(5)/N)1/2 < 1,76,

since by the assumptions on U and V we have 2'/4 < 2'/2720 /U7 < N < /2. For the
main term we obtain by the change of variables s — 1 — s and Mellin inversion applied

to ¢n
1/2+iN . ds
Ji=(2+1og “z)— / xoN(s)F(1 —s) —
2m Jy
(4.4)
b / . ce
_ (2 4 log_e x) Z Qo U¢N($//(UUC d19243P1 pJr1 TL)) X (’)(E),
uvceqigaqspr - pyric T

’LL,’U,CI,QI,(IQ,qg,
P1,---PJT1seees L
we(UL=<,U), ve(V1i=<,V]

where the error term is

E=u [F'(L = s)llon(s)|
1/2+iN ||
The first term in (4.4) can be evaluated asymptotically as the sum over B in the propo-
sition, since ¢y = 1 in the sum, and [ fz(2)dz = (2 + log™“z)log "™ z. By Lemma
10 we have |pn(s)|< NHOO|t|~L. We also have the trivial bound |F(1/2 + it)|<
(z/N)/?00) Thus,
ow [T dt 0 e
E<ux = < 2N <« z7°,
N
so that from the integral Z; we obtain the main term with sufficient bounds for the error
terms. R
Integral Z,: We have |f4(s)/s|< y/z by Lemma 7. Thus,

7 12 1/2+4iz/y N . p
<L x 1 [N (s)F(s)]|ds].

/2+iN
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Lemma 10 yields
N(s) = x(s)Ne(1 = s) + E(N, |t]),

for
t
(1 —5) = Z¢N<H) : IX(1/2+dt)|=1,  and
|E(N, [t])] < N7V2FOO1, yips + [t T2NTEFOO) =3/ %0(),
We have
1/2+iz/y
o [ T IFEBW )
1/2+iN
1/2+4iN1+o 1/2+iz/
< x1/2N1/2+O(6)/ \F(S)Hds\—i—x1/2N1/2+O(5)/ y |F(S)2||ds|
1/2+4iN 1/2+4iN t
Lol /I/QHI/y [F'(s)]|ds]
x —7
/24N 3/4+0(1)
S

where the last bound follows from applying Cauchy-Schwarz and Lemma 3. Thus,
1/2+4ix/y
(4.5) T, < x_l/Q/ Ny(s)||F(s)][ds| + .
1/2+iN

We now remove the cross-condition between n and ¢: by Mellin inversion, we have

ov (o) = 5 | oxtiem et .

Hence, by the second part of Lemma 10 the integral in (4.5) bounded by
0 1/2+ix/y 1/2+iz/y
[ éntio) MNP S Ssp [ LIPS
—0 1/24iN zeR J1/244iN

where

Fix a z such that the integral

1/2+iz/y
[l

1/2+iN

is at least half of the supremum over all z, and write M,(s) = M(s).
Recall now that V < z'/2-749 7 < 21/4719 and by the definition of N

1——106

x
4. S = N2
(4.6) U<=—5 x
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We now factor €2(s) into a product €(s)$2(s) suitably: recall the definition of the
intervals /;, and let J; < J be the largest index such that Wt < :ﬂ_%, so that
w' T S 720 Then by (2.4) we have (since r < 2 and J; < 1)

2
B I —J1—1(1_ _ B S A I
" o= (1=8)/(r=1) 7 +oopr=T (wr ooty ) < 260

Therefore, if K large enough in terms of §, we have

S N W _ —J =14, 1,.—K
L +tr < g 26+0(6) S A e < 65.

w X

)

Hence, if we define

U(s) = Q) Q)@ RE ][ Pi6s) T Pl @als):= ] Pits)

Fi(s) .= B(s)C(s)(s), Fy(s) = A(s)Qa(s),

then the length of Fy(s) is less than Vz°MWz7=20+90) < z/y and the length of Fy(s) is
less than Ux% < N2~ by (4.6), so that the length of M(s)Fy(s) is less than x/y. Thus,
I, < E+ x~ ¢, where

o 1/2+iz/y
JopeY, /1 M (s)Fy (5) Fa(s)]|ds|

/2+iN

Applying Cauchy-Schwarz and Lemma 3 we obtain

1/2+iz/y 1/2 1/2+iz/y 12
peate( [ TiReps ) ([ MR
1/2+iN 1/2+iN

12 1/2 1/2
<= (Zym(k)\?k-l) <Z|h2(k)]2k‘1> ,

where

hy (k) = > b, ha(n) = > aun’.

k=vcq1q2q3p1-pyT1TL k=un

To simplify the notations, we have in the above written all of the primes coming from
Q(s) into the first term (if Q(s) # Q4(s), a similar argument as below works). Then,
since (u, P(w)) = 1 always, we have |hs(k)|< 7, (k). Thus, by Lemma 12

S Iha(k)PE S (loga) ] (HM) < loga.

k w<p<T p

For the sum over hy, recall that the intervals I; are disjoint. On average an integer
n has log(1/6) prime factors from any given interval I;, so that the collisions between
a smooth variable and the primes p; are expected to contribute a factor (1 + log1/6)”.
This is now made rigorous: ¢ is w-smooth, and (v, P(w)) = 1, so that by combining the
variables ve = n we get

il Y

k=nq1q2q3p1--pjT1-TL
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Thus, for any M < 2'/2, we have to give a bound for (combining n with g;,7;)

W) z( 5 1) <Y Y )

k~M \k=ngqi1q2q3p1--pjri-TL np1---pg~M npy--p y=n'p}--p/;
where
g(n) =1+ E 1.
n=mqi1q243riTL

In 4.7 we have g(n') < g(n), since g(n) —1 counts the number of factors q1gaqsry - - - r|n,
and there exists only a bounded number of indices j such that p; can be in the same
range as one of the primes g1, g2, g3, 7. Recall that the intervals /; are disjoint. We split
the sum (4.7) into a sum over subsets p C {1,2,...,J}, where p is the set of indices for
which p; # p’;. Note that p; # pj; implies that p)|n. Thus, (4.7) is bounded by

POEND DD DD DI (O)

P1p2s-Pg pC{1,2,...,J} pj, j€p n~M/(p1--ps),
P #p; pilnVj€p

(4.8) DD DY > g(n)?,

PLp2;-Pg pC{1,2,....J} p, i€p n~M/(p1--py [1;e,P})
Pi#P)

since g(n) < g(n/(I1;c,p;)). We have g(n) < L!g(n), where g(n) is the multiplicative
function defined by

ok (k+1), pr~logia, p~ Qi p~Qa or QY <p<Qy
q(p®) = : .
1, otherwise,

Thus, by Lemma 12 the sum (4.8) is bounded by

2. 22 2. gy

P1:p2,Pg pC{1,2,.... T} p, i€ m~ M/ (pr-py [ e, )

§MH(1+%) DD D Dy T I |

p<z P1,p2,-PJ pC{1,2,....J} p}, j€p P, JEP

SMIT{ (Do) (1+D a7t ] | S M(log1/6)’(1+10g1/6)’.

j=1 pel; q€l;
Thus, the sum over |hy(k)[?k~! is bounded by (logz)(log1/6)”(1 + log 1/6)”.
Combining the two above estimates we obtain
1/2
I, < x—(log z)(log1/6)72(1 +1og 1/6)”/? = log =T+
Y

while
Q

1 = (log1+o(l) x)(log 1/9)J — 10g_0'5“'+0(1) x,
ogx

so that the estimate is sufficient for the proposition.
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Integral Z3: We still have to estimate the integral over |t|> x/y. By Lemma 7 we
have the bound

[fa(s)/sl< & s M1+ st S afyls| ML+ s 7"
Hence, by a dyadic decomposition of the integral we obtain

131/2 T o0 dt
7 5_._/ N(1/2 + it)||[F(1/2 + it)| =
Yy oy z/y‘ / 1zl
<o D e [T N2 )| (124 i) de.
y1r>z/y T Jp

Now a similar argument as for the integral over Z, gives the bound. 0

4.1. Discussion of Type I estimates. We note that in the above proof of Proposition
14 we needed to factorize the polynomial Q(s) only with an accuracy of z¢. This can be
done using just finitely many primes p;. Then we would be spared of the losses coming
from the density. This means that the Type I/II estimate can be made to work even
for the much shorter intervals, at least of type [z, z +2'/2(loglog )] for some constant
B. We will need a stronger factorization property for the Type II sums below, which
means that we require the number of primes J > loglog x, causing a loss of some power
of log x.

Unfortunately in our case we cannot make use of the more advanced mean value
estimates such as Watt’s Theorem or the Deshouillers-Iwaniec Theorem (cf. Lemma
3 of [12] for example). The reason for this is the 7°() term in these estimates. For
longer intervals y = x'/2*¢, we have that the critical range in the mean values is T =
x/y = x'/27¢, so that the 27 is sufficient to cancel 7°"). A possible way one might
try to implement these estimate is to try to ‘boost’ these estimates by dividing the
integration into 7 U U, where T is a range where some polynomial is small and U is
the complement, and then use eg. Watt’s Theorem only for the integral over U. See for
example Proposition 8 of Terdviinen [19] for such an argument. The difference compared
to our case is that we do not have a square mean value of a Dirichlet polynomial to
begin with, so that the same argument is not applicable.

In Chapter 5 of Harman’s book [8], one has also the so-called ‘two dimensional’ Type
I estimate. In our case this corresponds to a sum of the form

Z bW 4(vnm).

v,n,m
(nm,P(w))=1

It appears that a similar argument as with the Type I/II estimate works here also (at
least for v < 2'/2777%); by symmetry we may assume that n > m, and then apply the
argument with v = m, a, = 14 p(w))=1.- Some complications occur when we want use
this result (combined with the Type II estimate of the next section) to obtain a two
dimensional version of Proposition 22 (cf. Section 6 below). However, these problems
are probably not too severe, requiring only some extra care. In any case, we expect that
the improvement in the value of v that this additional estimate would give is not very
large (cf. Sum Sg(C) in Section 7). We do not pursue this issue further here, since the
most important aspect for us is the length of the interval y, and having the Type I
estimate does not affect this.
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5. TYPE Il ESTIMATE
Define 7,,(d) := (1. paw))=1 * 1)(d). Our goal in this section is to obtain

Proposition 16. (Type II estimate). Let a,,b, be complex coefficients supported for
u,v € (21202 g12=0/2) " such that |ay| S Tuw (W) 1w, pw)=1s b6l S Tuw (V) Lo, pw))=1- Then

lOgIOO T

1 _
; ; W a(uv)a,b, — " ; Wi (uv)aub,| < (log™° z)

log x

By symmetry and (2.4), we may assume that a,, is supported for u < 2!/277/2+9 We
will assume this systematically throughout this section.

For the proof we require the following technical lemma, which will be used to obtain
a suitable factorization for Dirichlet polynomials. To motivate it, recall from Section
1 the argument described for the Type II sums; to obtain the last the bound (1.1) we
chose L < K — 1 in such a way that UQ" and VQ¥ ! are roughly of the same size.
In our situation we have primes p; in various different ranges I;, which means that we
need to consider all possible factorizations

where 7T = {1,2,..., J} is a partition of the indices. In the lemma below the quantities
e9,e9 correspond to e-adic ranges so that uc ~ e, and ve ~ e9. We also will divide
the range for ¢3 into e-adic parts of the form g3 ~ e* for Uogg/lo )] <a< 2L10g9/10 x].
Giving the lemma below in terms of the e-adic ranges gives us great flexibility which
simplifies the calculations. For any subset p C {1,2,...,J}, we denote by (p;);e, the
tuple of primes p; such that j € p. Recall that for 6 :==r — 1+ ¢

p;i € I. = (w(lf?e)r—j,w(lie)r—j]’ ] =1,2,... ,K
J J (UJ9T7J7C0(14f)T7J]’ j =K+ 17.‘ "L]

Recall also that ry---7rp < logLe T.

Lemma 17. (Partition algorithm). Let z := z/log™ z, and let o, g,¢ denote in-
tegers such that [log”z] < a < 2|log” x|, €9 e [xV/2H/A g1/2/2420]  gpg
9 € [p1/2Fo/4 p1/2=0/4] [f the primes p; € I; are such that

€g+g/Q1Q2€ap1 Py =X,
then there exists a partition of the indices m Ut ={1,2,...,J} so that
(5.1) eITQ1Q4 Hpj = 12 ed Hpj = 212,

JET JET

Furthermore, there is an algorithm (which we call the partition algorithm)
(9,9, a,p1,....p5) —»aUT={1,2,...,J}

such that the following holds:
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For any g,9',a,p1,...,ps as above and any partition 7 Ut ={1,2,...,J}, there are
intervals D((p;j)jex), D((pj)jer) such that if

!
eIt Q1Q2e%p1---py X 2,

then
(5.2) 7 Q1Q2 € D((p))jer) and € € D((p))jer)

holds if and only if the partition algorithm produces the corresponding partition U1 =
{1,2,...,J}. The intervals D((p;)jex), D((pj)jer) are always contained in some C-adic
intervals around ,2’1/2/(Hje7r P;), 21/2/(1_[]'67' p;), respectively, so that (5.2) implies (5.1).

Remark 3. We need the partition algorithm and the intervals D((p;);ex), D((pj)jer) SO
that we know which partition to apply for each product; by uniqueness of the partition
that the algorithm produces, for any given (g, ¢’, v, p1,...,ps) there is exactly one par-
tition such that (5.2) holds. It will be crucial for us that the interval D((p;);er) (resp.
D((pj)jer)) depends only on those primes p; such that j € 7 (resp. p; such that j € 7).

Note that the above lemma does not include the primes r;. This is because we want
to reserve a possibility to skew each partition one way or another by some power of
log z. That is, for any partition 7 U7 = {1,2,...,J}, we will later choose some suitable
L(m,7) < L and write ry---rp = (11 "r(em) - (PL(zr)41 -7 TL)-

Proof. We first construct a suitable partition by using an iterative algorithm, and af-

terwards recover the intervals D((p;)jex), D((p;)jer)- Let [log” x| < a < 2[log”*" z]

and e9, 9 € [x/277+0/4 g1/2=0/4] be given, and let pi, ..., ps be such that
€g+ng1Q2€O‘p1 Py Xz

1/2=7/2425 \ye can choose 1 € 7, since by definitions for any p; € I, (using

Since e <
r<2)
69+&Q1Q2p1 < 1,1/2—7/2—&-5—1—7(1—1/7') < x1/2—§ < 21/2'

Let 71 < J be the smallest index such that

—Jj1 1/2 —J1—1
eITQ1Qapy - pjw” T < 2V < e9TQ1Qapy - - - pj W :

There must exist such an index since

e Q1Qapips - - .y > a2,
and if
eI Q1Qap1ps - ~pjwrij71 <2
we can then multiply by p;; also; we choose 1,2,...,7; € m. Then there is some large
C = C(e) such that if j; < J — C, then ¢9p; 41 < 22, because otherwise (using
0=r—1+¢)
23> (9T Qapr -+ - Py P2 - D) - (€7 pjyv1)
> eI Q1Qap1 -+ - pj WO TR g™ 1/2
J1
> eITQ1Qap - 'pjlwr_jl_lw“_jl_Qzl/z > w7

which is clearly impossible if C' is large enough. If j; > J —C, then efQ(c, m)p; - - - pj, <
212 which implies that also e9'pj, 11 ---ps < 2'/? so that we are done. Hence, we can
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assume j; < J — C and in that case there exists jo > j;, which is the smallest index
such that

er—J2 r—d2—1

eg/pj1-i-1pjl-i-2 -+ PjpwW < 21/2 < eg/pj1+1pj1+2 e P W
We may now iterate the above process to get j; < jo < --- < jg where jp1 > J — C,
for some suitably large C, and jg := J, so that (5.1) is satisfied.
Remark that since we have included the factor w ” in the above, we have 7,11 —Jj; <.
1 for all i. For example, to see that jo — j; is bounded, we just have to note that

eg/pj1+1 py > 2/(€9T Q1 Qapr - pyy) > w22,

We can now recover the intervals D((p;)jer), D((p;)jer) from the above procedure.
Fix (g,¢',,p1,...,ps) and 7,7 such that the above algorithm produces the partition
7, 7. Denote

mo:={jen:j+1é¢n} and mp:={jer:j+1¢7}

For any subset p C {1,2,...,J} and i < J define II(p,i) := [}, j<; pj- Then for all
1 € Ty we obtain from the above algorithm

(5.3) eITQLQoII (T, )™ < 2M? < eITQQuII(m, W'
and if i — 1 € m, we also have (since at each stage we chose the smallest j;)
5.4 eIt 0, QuI1(, i —1,,r7 < 2,

( ) pz

In this case, the above is stricter than the left-hand side inequality in (5.3). If also
it — 2 €, then

eg+aQ1Q2H<7T7 i)p;lp;j1WT7i+1 S 21/27
but this is already implied by the inequality (5.4) since (using 1.5 < r < 2 for the last
inequality below)
p;_llwr_“'l < wr—i+1(179) < wr_i(er)r < wr_i
Thus, the inequalities Corresponding to each i € my are
eITQ QoI (m, i) < 22 < e9TOQQuNN(m, i), if i—1¢m,
ngranQgH(ﬂ,i)p;lwr_ < 21?7 < 9t Q Q.11 (m, i)w T i—1lem,

which can be written in the form eTQ,Q, € J (r, 1), where
21/2 21/2 . .
<H(7T,i)w’r*i71 ) H(’]’I’,l’)werii] 9 lf 1 — 1 ¢ e

S1/2 pizt/? . -
(H( — _,]’ if 1—1€m.

)W T T (i) wr

J(m, 1) ==

Similarly, we obtain from the algorithm conditions e9" € J(,1) for each i € 7y. Hence,
we can set

pj]GTl': ﬂjﬂ-l Dp]jET- ﬂjTZ
1EMTO 1€TQ
Then (5.2) is satisfied if and only if the partition algorithm produces the partition

mU7T ={1,2,...,J}. Since j;11 — j; <. 1, the intervals are always contained in some
C-adic intervals around z'/2/([T,c, p;) and 22 /(TT;, p;), respectively. O
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We now apply the above lemma to obtain a suitable factorization: let C = A or
C = B, and suppose that the assumptions of Proposition 16 are satisfied. Then by
dividing e-adically the ranges for uc, v/, and ¢3, we obtain

> We(w)auby =D > > > > aubufe,

g,9" ;a uc~ed 4,0l eg’ q1~Q1 P1s--5PJsT15e-TL
(12NQ2 eotd Q1Q2e%p1--pyr1-rLXT
qz~e”

where f¢ := fe(uved qiqaqspr -+ - pyri .. .rp/x). By applying Lemma 17 and the remark
following the lemma, we can partition this sum into

IS VD EEDD > auby fe

9,9 q uc~ed yemed’ qi~Qr mlr={1,....J} , PP Tl L
qQNQQQ €919 Q1Q2e%p1--pyr1-TL =T
gar~e eIT*Q1Q26D((ps)jen)

9’ €D((pj)jer)

R PP YD DEERD DD DD DD DR DL

rlr={1,...,J} r1,--,TL @ q1~Q1pj,jET g uc~ed pj,JET
q2~Q2 e9t*Q1Q26D((p;)jex)
qz~e®

v/ ~ed’
ed ED((pJ )ier)

Let us now define

(5.5) (e, (pj)ier) i= U (e9,e9%1,

g
eItQ1Q26D((pj)jen)
(56) Il((pj)jer) = U (eg” egurl]
g/

9’ €D((pj)jer)

Note that by Lemma 17 these are either empty or C-adic intervals. By using the Mellin
inversion formula for f-, we obtain

Lemma 18. Let C = A or C = B, and suppose that the assumptions of Proposition 16
hold. Then

1 14100 o2 dS
(5.7) ZWC uv)ayby F(s)2" fe(s) —,

27m S

1—io0

where

F(s):= > R(5)"G()Q1()Q2(5) Y Y ¢ Frals)

TFUT:{I,Q,...J} a g~es

where the sum over a runs over |log” " z| < a < 2[log”'"* x|, Q;(s) := > g0, 4%
R(s) =D ogen? °s and

Fro(s) = Z Z au(uchj)_s

Pj, JET uc€Z (o, (pj)jen) jem

Grs)= > > b7

P, JET v’ €T ((pj)jer) JET
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Remark 4. We have separated the sums over ¢; to make the use of the method of
Matomiki-Radzivitl [15] easier; this spares us of the Lemma 12 of [15] in our situation.
Dividing the ranges for uc, v¢’ into e-adic has the benefit that the sums over uc, v
always run over either a C-adic interval, or no interval at all (cf. proof of Lemma 20 for
why this is helpful).

We now divide the integration in (5.7) into two parts: let Tj := log™ z, and define
1 s, ds 1 s ds
Ue = — F(s)2® fe(s) — Ve == F(s)a®fe(s) —

2mi Jjy<m, s 210 J s s

Then by the same argument as in Section 10 of [15] (or by using Lemma 7 similarly as
in the proof of the Type I/II estimate) we find that

logloo

1
‘—UA— xUB < longO
Y
and
1 log 100 z/y | pliT
Ly —log "z, 5/ F(L+ it)) i+~ max—/ (L +it)) di +
Y To Y T>z/y 14T

1+22T
+ (log" z) max — / F(1+4t)|dt.

T>10g100 14T

The second term is handled by a similar argument as the first, and the third term is
trivially bounded by the sum of the first two. The difficult part is to prove

Proposition 19. Let Ty = log™ z, and let F(s) be as in Lemma 18. Then

z/y
/ |F(1+it)|dt < (log™ x)

T logz’

For the proof need the following lemma, which states that we can obtain an estimate
for the integral, which is of the correct order up to a factor of logo(l) x, that is,

z/y 0
/ |F(1+at)|dt <
T log =

After proving the lemma we can use the method of Matoméki and Radziwitl [15] to get
a saving log_5 x over this. For all partitions 7 U 7, we will choose suitable L(w,7) < L
and write R(s)" = R(s)"™7) R(s) =™ (cf. last case in the proof of Lemma 20 below).
Then, once we use the triangle inequality to bring out the sum over the partitions, we
can use Cauchy-Schwarz to the integral to obtain a sum over products of mean squares
of Dirichlet polynomials (writing s = 1 + it)

z/y
> [ Re 06 Y Y 6 F

rlr={1,2,.7} \* 10 a ge®

1/2
z/y 9
( / |R(s)EH™DG,(s) dt) .
To

9 1/2

dt
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The quantity estimated in Lemma 20 is then the result of applying the Improved mean
value theorem (Lemma 4). We note that obtaining this lemma is what determines the
length of the interval y (cf. line (5.15) in the proof below). For the lemma, define the
range for the combined variable ucgs

(58) I((pj)]éﬂ') = U (69"1‘0‘7 eg+a+2]
g’a
eITQ1Q26D((pj)jer)

Clearly Z((p;)jex) is a C-adic interval and for any a we have Z(«, (pj)jer) # 0 if and
only if Z((p;)jer) # 0.

Lemma 20. (Correct-order estimate). Suppose that the assumptions of Proposition
16 hold. There exists a function L(-,-) : {(m,7): mUT={1,2,...,J}} = {1,2,..., L}
such that the following holds:

Let
Bim 3 (SeatSe2) (Sn+ 8:2)7%,
rUr={1,...,J}
W(T(',T) — (lOg x)E(L(ﬂ‘,T)fL/2)
where
2
W 2
Sp1 = M Z ul

m<W (m,7)" /x| m=ucq192q371--Tr(x,r) [Ljcr Pj
ucgs€Z((ps)jen)

9 Ly 2W (m7) 71

§pp = WAL 5o 3 [,

ucq19293T1---TL(x,7) H]'eﬂ pj 7u’clq/1q/2qér’1..‘7'/L<ﬂﬂ_) H]‘eﬂ P;:h

ucqz3€Z((pj)jen)
u'c' g3 €Z((p))jer)
2

1
S = e 2 2o W

m=W (7, 7))V M=vcr1..TL_L(x7) [Ljer P
veeT (p))ser)

Y h=1

lya=/2W (7))

1
57,2 = W Z Z |bv||bv’|'

h=1 verterp_p(me) [jer pi=v'riry _p oy jer Pi=h
veel'((pj)jer), V' €T ((p))jer)

Then B < 2

~ logx"”
Furthermoﬁe, the same bound holds in both of the following modified cases (with the
same choice of L(,-))
(1): In the definitions of Sx1,Sx2, the primes qi and ¢, are replaced by 1, and the
factor W (m, 1) is replaced by W (m,7)Q1.
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(ii): In the definitions of Sy1,Sra2, the primes qu and ¢} are respectively replaced
by the product of H primes qu1,...,qum ~ Qi, and ¢\ 1,..., ¢,y ~ Q1 (recall that

Q2 = Qf').

Remark 5. The first modified case corresponds to a situation where the polynomial @ (s)
has been removed from F'(s). The second modified case corresponds to a situation where
the polynomial Q»(s) has been replaced by Qi(s)? in F(s) (cf. definition of F(s) in
Lemma 18, and the proof of Proposition 19 below).

Proof of Lemma 20. By using va+ b < /a + /b, we get
E S Z (SW,IST,1)1/2 + (SW,QST,2)1/2 + (SW,IST,2)1/2 + (Sﬂ,2S’r,1)l/2-

rlr={1,....J}
We now estimate the four sums separately. In each case we first do the unmodified case
and then explain how to get the estimate for the cases (i) and (ii).
Sum over (S, 15,1)"?: We need to estimate S;; and S, ; our aim is to eventually
use Cauchy-Schwarz to the sum ZMT:{I _____ I} and then regroup using Lemma 17.
Consider first Sr ;. Since we assume that |a,|<S 7 (4)1(,pw))=1 and ¢ is w-smooth,
we may estimate uc from above by one smooth variable n. Let

g(n) =1+ Z 1.
N=MQq1q243T1" T L(x,7)

Then

2. 2. a

m=W (m,7)"1\/x |m=ucq192937T1...TL(x,7) 1_[]-67r Dj
ucqgz€L((p;)jen)

S Z Tw(n)

m=W(r,7)~tvz | m=ng1q2q3m1--7L(x,7) [Ljcr P
ng3€Z((pj)jen)
2

< S ) |
m=W (m,7)~1y/z | m=n HjETr pPj
Z((pj)jex)#0

Hence, we need to bound

(5.9) > > g(n)g(n') 7 (n) 70 ().
nHjEijxW(W,T)_l T n]_[jeﬁpj:n’l_[jeﬂp;
Z((pj)jex)#0 Z((P))jen)#0

We have 7,(n') < 7,(n), since by the definition of the intervals [; if p; > w, then
j < logloglog x, so that if e.g. p;---p;|n’ and p; { n’ for other indices i, then

Tw(n') < Tu(pr - o) Tw(n'/ (1 pay)) < 297810507, (n) S 7 ().
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We also have g(n’) < g(n), since g(n) — 1 counts the number of factors qqagsry - - - r1|n,
and there exists only a bounded number of indices j such that p; can be in the same
range as one of the primes qi, ¢2, g3, 7. Thus, (5.9) is bounded by

(5.10) > g(n)?r,(n)? > 1
nLjer =W (mm) "' Ve nLier pi=n'TL e v
I((Pj)jew)?f@ I((p;')jETr)7£0)

To make progress, we drop the condition Z((p});ex) # 0. This causes a loss of some
small power of logx but we do not know how to avoid this. We then divide the sum
into a sum over subsets p C m, where p is the set of indices j such that p; # p’. Notice
that this implies that p;]n That is, we have to give a bound for

> > > > 9(n)*7u(n)*

pj,J€m  pCm pli€p n=xW(m,m) " 'Va/([Tier ps)
Z((ps)jen)#0 Pi#p; piln,j€p

(5.11) DI > 9(n)*1u(n)?,

pj,gem  pCmplj€p nxW(m,m) " e /(T Ticr i [ic, P))
I((pj)jen) 0 ’ Jemt R ee

since g(n) < 9(n/[1;e,pj) and 7,(n) S 7w(n/[1,e,p;). We have g(n) < L!g(n), where
g(n) is the multiplicative function defined by

. (k+1), p~logz, p~ Qi p~Qa or QY <p<Qy
(") = : :
1, otherwise,

N

Thus, by Lemma 12 the sum (5.11) is bounded by

> > > > > g(n)*ry(n)?

pj,JET pCm pl j€p nxW(m,7) " /(1 i)
I((pj)jEW)7é® ! jen Pilljep Py

W <1+g<p>2m]§p>2—1> Y Y Y (pr1> (H@;rl)

p<z pj; JET pCT pl, jEp \JET Jjep
Z((pj)jen) 79
(5.12)
swien Il (1 2) X (IT).
JET pel; pj,JET JjeT
Z((pj)jen)#0

Recall now (by definitions) that for any « the set Z(a, (p;)jer) is always either empty or a
C-adic interval around /z/(Q1Q2e® Hje,r p;) for some C' > e, and that Z(«, (p;j)jer) =0
if and only if Z((p;)jexr) = 0. Recall also (2.6) for the contributions of the small primes
@1, G2, q3- Then (5.12) is bounded by (using the definition (5.8) of Z((p;)ex))
Wi(m, 7)) 'z |
(o 1/6) 3 1,
nq19293 Hjeijx\/g

n€Z(|logqs),(p;)jen)
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so that
w
(5.13) Se1 < M(l—i—log 1/6)!™ > 1.
e ~
nq14293 H]‘Eﬂp]f\\/g
neZ(|logqz],(pj)jen)
Similarly, we obtain
VT
5.14 S < —Y" (1+1logl/6)! 1.
( ) 71 NyW(ﬂ-,T)\/E( + Og /) Z
Tnl—[j€7'pjx\/E
meZ((pj)jer)

Hence, by Cauchy-Schwarz, and by applying Lemma 17 to regroup

Z (STr,lsT,l)l/Q

rUr={1,...,J}
1/2
< (1+log 1/6)7/227/2 > > oo
y mlr={1,...J} nq192¢3 [ ;. Pi<vZ m[l;e, Pi=VZ
n€Z(|loggs|,(pj)jer) mEZL((pj)jer)
1/2
< (1 +log 1/0)7/227/2 ( Z 1)
Y nmqgiq24qspi--pj=z
/ / Q 1/2
< 1+ log1/0)7227/2 | —
S L (1 +1og1/6) gz
Q
(5.15) £(1 +log 1/6)7/2272(1og 1/6)7/*1og"? 2 < 1
Y ogx

where the last bound follows from the definition (2.2) of y and the definition (2.5) of (2.
We now discuss the modified cases:

Modified case (i): There are two changes: Firstly, the function g(n) gets replaced
by

fy=1+ > L,
n=maq2q3r1Tr(x,7r)

which clearly satisfies f(n) < g(n). Secondly, since the factor W (m, 1) is replaced by
W (m,7)Q1, the final bound we obtain is

> SraS)t s Qly (1 +log1/6)"?27%(10g 1/6)”" log'"?

Since Q; = log'® z and y = 2/21og? 19 MW 2 the claim follows.
Modified case (ii): Here the only change is that the function g(n) is replaced by

fln):=1+ > 1 < 2(H+1)!'L!'g(n) < g(n),
n=n'q1q1,1"""q1,H43T1---TL(x,r)

since H < (loglogx)*/2. Thus, the claim follows.
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Sum over (SW7QST72)1/2 We need to estimate Sy o and S 2. These sums are essentially
averages over h of correlations of some sequence g, of the form N='>" . g,g,n. The
aim is to show that these correlations behave as expected, so that we get (on average
over h)

2
N~! Z InGnih S (Nl Z gn)

Then the square cancels the square root in (SW,QST,Q)VQ, so that we may use the partition
algorithm to regroup the sums, giving us an estimate of the correct order.

Consider first S, 5. Note that if yz~1/2W (7, 7)~! < 1, then the bound is trivial, so
assume the opposite. Recall that for any integers a, b, h such that (a,b)|h, the number
of integer solutions (c,c) to the diophantine equation ac + b’ = h with ac ~ M is
bounded by

M(a,b
Y 1wy Meb)

ab
c~M/a
x=co (mod b/(a,b))

where (co, ¢}) is any given solution to the equation. Hence, for a fixed h we have (here
we drop the usual restrictions for ¢, ¢, and count the number of solutions (¢, ))

Z |||

uUcq192937T1---T'L(7,7) H]Ew pj—u c’Qiqéqull T (m,7) Hjeﬂ'p =h

ucqz€Z((pj)jen)
100

W' GG eT((0)) jex)

DILLDHINDS 2 !

Q95 TIT PyP; JET e

Z((pj)jer)7#0 CUq1G243T1---TL(x,7) HJGWP;AW(W )" tal/2
Z((P})jen)#0 cuqraagsri-rr(n,r) [ljen Pi—c W a1950571 -7 (o oy Tljen Pj=h
(5.16)
—1,.1/2 |au||au | -1
<1+ W(m7) / Z Z 0192030, 9595)
q’uq
G-1
/ / -1 G|h
Z(T‘l o TL(e )T TL(W,T)) Z Z H ™
T pj, JET p],JGW jer PiP’

Z((pj)jen)#0 Z((P))jen)#0

[P SN RSV W

where G := ged <uq1ng3r1 ST L(rr) H]@r P, W g5q5ry - r’L(mT) Hjer p;) . The contri-

bution from the ‘41" is trivially small enough, so that we may ignore it. Averaging over
h we have

12\ (7)1

W(T,T)ml/Q lyz (mm) 7]

G- 1g|h < 1.
Y

h=1
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Since |ay|S 1w, p(w)=1Tw(u), we have
Z—‘G“H%/‘ < 1.
< uu 7
U,

Hence,

(5.17) seo<| Y It < iz S,

pj,jeET  jET nq19243 [[ ;e Pj=Vz
Z((pj)jex)#0 n€Z(|logqs ] (p;)jen)

where the last bound again follows from the facts that Z(«, (pj);er) is always either
empty or a C-adic interval around < W(m, 7)~'/2/(Q1Q2e" [, p;) for some C > e,
and that for all any a we have Z(a, (p;)jer) = 0 if and only if Z((p;)jex) = 0.
Similarly, we obtain
2

1
(5.18) S S|—= D> 1

meZ'((pj)jer)

Thus, by using Lemma 17 to regroup we obtain

> (Sr2Sr2)? S é > < 8

~ logx
mlr={1,...,J} nmqiq2q3p1--py=z

The modified cases (i) and (ii) clearly follow by a similar argument, since in (i) every
relevant factor is scaled similarly throughout by factor @, or Q7' (note the averag-
ing over h), and the modification in (ii) is harmless since H < (loglogx)/? so that

H
(o) = o

Sum over (S, 15;2)"? + (Sz25,1)/% : Let us denote

W(r, )z . - -
E7r,1 = T(l—f—logl/@)‘ | Z Hpj17 E7r,2 = Z HPJI )
Dj,JET JET Dj,JET JET
Z((pj)jen)#0 Z((pj)jen)#0
2
Eo= VT gy Y [t Ee=| Y I
o W(m, 1)y - LLE o . L1
Pj,JET JET Pj,JET JEeT
Z'((pj)jer)#0 I'((pj)jer)#0
so that by (5.13), (5.14), (5.17), and (5.18) we have
S7T,1 f§ ETr,la S7r,2 SJ Eﬂ,Q; Sq—,l ,S E7—71 ST’Q SJ ET72.

Our strategy here is to choose L(m, 7) so that E, 1 E, o ~ E.2E. 1, and then use Cauchy-
Schwarz to reduce the estimate to the previous cases.
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We must first deal separately with partitions = U 7 such that one of E,,;, E.; is
exceptionally small. We note that trivially (since (log1/60)(1 +log1/0) < 1)

EraW(m, 1)t < ((log 1/8)(1 +log 1/6))™ < 1,

and similarly E. ;W (mr,7) < 1. Note also that E,5 S 1, E;» < 1. Suppose then that
7 U 7 is such that

min {EmlET,QW(?T, )L E 2E 1 W(m, T)} <log 'y

Recall that W (r,7) = (logz)“™=L/2) 1f [, > 100/¢, then we may clearly choose

L(m,7) so that E; 1 E. 5 and E, 5F, are both bounded by log_40 2. Thus, the sum over

such 7 LU 7 is trivially bounded by 27 log™*° # < log™** z, which is clearly sufficient.
Hence, we may assume that

B E oW (m, 7)™ and  EpoE, W (m,7)

are within a factor of log'™ z of each other. Choose L large enough so that L > 200/e.
We may then choose L(m,7) so that E, F, 5 and E,FE;; are equal up to a factor

bounded by log® z = log”™® 2. We then obtain by Cauchy-Schwarz
Z (EW,IET,2)1/2+(EW,2ET,1)1/2 5 Z (Ew,lET,lEW,QET,Z)l/4

1/2 1/2

which reduces the bound to the previous cases. The modified cases (i) and (ii) again
follow by a similar argument. 0

We also require the following variant of the above lemma, which will be used after
applying Lemma 6. Here we care about the partition only up to an accuracy of 2°(1),
since we will apply Lemma 6 with T'2|T|< (x/y)' .

Lemma 21. For any partition 7 U7 = {1,2,...,J}, and any Llogg/lo

2 Llogg/lo x|, define

r] < a <

Srp(a) = Z Z Ayl

m=e—(logh</? z)\/z m=ucq1q2r1...7L [ ;e Pj
uc€Z(ov,(pj)jen)
2

S, = Z Z b,

mx=(log~L¢/2 2)\/z m=vc]];c, p;
ve€T!(py)sex)

Then, for any |log®” " z| < a < 2[log”** z| and partition 7 Ut = {1,2,...,J},

eOC
— <1
" Sx(@)S-

~
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Proof. We use the same argument as with the first case in the proof of Lemma 20
(compare with (5.13) and (5.14)) to obtain

Se(a) S e (o™ )V (1 +1og 1/0)7 3 T[p;" S e *(log"*2)v/x

pj,JET JET
S S (log "/ 2)y/w (1 +1og1/6)™ >~ [[p;" S (log™** )/,
Pjs JET jJET
since (log1/60)(1+log1/6) < 1. O

Proof of Proposition 19. Write
[To,z/yl = THUT VU,
where
Tii={t € [To,z/y) QL +it)|< Q™).
Toi=A{t € [To,x/y) : Qa1+ it)|< Q" I\ T,

and U = [To, z/y] \ (T1 U Tz). We estimate the integral over each region separately.
Integral over 7;: We have (for s = 1 + it)

—1/4+2¢
1)< 0 3 /

wUr={1,2,...J}

s) Z Z q¢ "Fra(s)| dt.

a  g~ee

Choose L(m, ) as in Lemma 20, and use Cauchy-Schwarz to obtain

z/y
/ R(S)L—L(W,T)GT(S) (m,T QQ Z Z q_sta dt <
To a gqred
1/2
z/y z/y 9 1/2
/ RSHQu(5) 3 S g Faa(s)| dt / R(s)" M0 )P de |
To a gr~e® To

We now apply Lemma 4 and the modified case (i) of Lemma 20 to obtain

Q
F dt < —1/4+2€ 1
1P s @r /e < og g

Integral over 73: Since |Q1(1 + it)|> Q. /" on Ts, we obtain (for s =1+ it)

z/y
P(s)lde < Q37 QP 0 S [ RG9S Y Feas)

T2 rUr={1,2,...J} To a gqred

where Q;UHEQ{J(IM*%) =05 < log=% z. By the same argument as with the integral
over Ti, applying the modified case (ii) of Lemma 20, we obtain

0
F(s)|dt < (log™? .
7_2| (s)]dt < (log x)logx

Integral over UU: Let 7 C U be a set of well-spaced points such that

/yF (L+it)|dt < Y |F(1+it)|

teT
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By Lemma 5 applied to Q2(s) we have

T < (/y)"* Q5 exp (2 log(x/ y)%) < (x/y)'*,

since Qy ~ exp((loglog z)*?). By Lemma 8 we have for any |log”'* 2| < o < 2[log”'% z |
and any t € [log” z, 7]

Z q—l—it

qr~e*

3

<exp|——2 )+ & «log 0y

Hence, by Cauchy-Schwarz (for s = 1 + it)

Z|F(1 +it)| < log™ Z mgxz |R(5)*Q1(5)Q2(8) Fra(s)G-(s)|

teT rlr={1,2,...J} teT
1/2 1/2
< log™* z max max (Z |R(3)LQ1(S)QQ(S)FW(S)|2> (Z |GT(S)|2) .
teT teT

Thus, applying Lemma 6 (with T' = z/y, |T| < (x/y)/?>7¢) we obtain

1/2

o l LE/2

Z\F(l +it)| < (log™* ) max max ((eong + **(log™ )27/ | S (a)
TUr o« €T

teT

1 p—1/2—¢ 1/2
: + S’?’ )
(<(log“/ *x)yr  loghu ) )

where S;(«) and S; are as in Lemma 21. Thus, by Lemma 21

o 1/2
Z\F(l +it)|< (log™*" ) max max (e—Sw(oz)ST) < log ™ 2,

T [e €T
teT

which is sufficient for the proposition. l
Conclusion of the proof of Proposition 16. Recall that

1Og100 T

z/y T 1 144327
Ve 5/ F(1+ )] i+~ max — F(1+it)| dt +

Ty Yy T>z/y T 14+iT

1
i
Y

T

1 1+22T
+(log"® ) max ~ / (F(1+ it)] dt.
T>log'%0 T 14T

The first integral can be bounded using Proposition 19. The second term is bounded by
using the same argument as for the first, since the integral is multiplied by the factor
T~x/y, and the sum over h in the off-diagonal term from applying Lemma 4 is now
shorter than with the first integral. The third term is trivially bounded by the sum of
the first and second terms. 0
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5.1. Discussion of the loss. As can be seen from the above, the reason we cannot
make the interval shorter than (log”™ z)/z is due to losses in the correct-order estimate
Lemma 20. To see how this loss occurs, consider a sequence a,, n ~ N, which is the
characteristic function of some well-behaved set of density p around N. Then we expect

1 E 2
N ApQm = P,
nm€[N? N2+ N]
n,m~N

but estimate for the corresponding mean value is

N 2
/ E ann_l_”
0

n~N
Hence, we have already lost a square root of the density. This is of course because the
diagonal term in the mean value theorem corresponds to square root cancellation on
average.

At first it may seem that including the variables ¢, ¢ causes a loss of a factor (1 +
log 1/6)7/2 = 1og™¥ M) 2 However, without these variables we would lose a factor
log z due to a smaller density, so that it is beneficial to have them in the mix (not to
mention that we needed one of them in the proof of the Type I/II estimate).

As was noted in the proof of Lemma 20, some of our losses come from our inability to
handle the cross-conditions in the sum (5.10), but this inaccuracy contributes definitely
no more than (1 + log1/6)7/2 = log®3**+°M 2 Another potential loss is the use of
Cauchy-Schwarz in the case of the sums (Sﬂ,lSﬂl)l/2 in the proof; the Cauchy-Schwarz
is optimal if most of the terms S; 1571 are of the same size, but this may not be the
case (depending on the partition 7 L 7, some of the cross-conditions are expected to be
more strict than others). We do not pursue these issues here, as they would require a
significant effort with relatively small improvements.

An alternative construction one might consider is to let the primes p; vary more freely
by installing some cross-conditions, eg. of the form p; ;---p; > p;. This would indeed
increase the density of our sequence. However, to be able to use Cauchy-Schwarz, we
would need to remove the cross-conditions going between m and 7. At best (using smooth
cross-conditions), removing one cross-condition causes a loss of a constant C' > 1, and
there are typically > loglogx cross-conditions to be removed, causing an additional
loss of logol x. We expect that more is lost than gained in this approach.

Yet another set-up would be to make the intervals I; narrower, so that we could get a
better control over the number of partitions needed (e.g. we could get ji41 —5; < N for
some fixed N in the partition algorithm). This improves the factor 27/2, but the losses
from the narrowness of I; grow faster, making the bound worse.

6. FUNDAMENTAL PROPOSITION

From here on we shall not need the precise structure of the weights W4, Wg. Hence, we
can freely use summation variables of type p;, g;,r; in the sieve decompositions below
without risk of confusion. The aim of this section is to prove a proposition, which
combines the previous estimates Type I/II and Type II, by using Harman’s iterative
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argument (cf. Chapter 3 of Harman’s book [8|). The proposition plays the same role as
Lemma 5.3 in Chapter 5 of Harman’s book.
For any natural number d and any U > 1, define

Ad; Z 1 (n,P(U )=1WA(dn)7 Bda Z 1 (n,P(U ):].WB(dn)'

The basic idea is as follows: Suppose that we want to estimate S(A, 27~2%). By using
the elementary identity (u* 1)(n) = 1,,=1, we have

SATP) = 3 pd)S(As1)

d|P(z7—29)

= Y pdWand)+ > p(d)Walnd) =: S; + Sy,
d|P(z7=2%) AP -29)

d<zt/2=7+8 d>zl/2=7+9

say. In X3; we have obtained a long smooth variable n so that we have a Type I sum (cf.
Proposition 13). On the other hand, in ;7 we can write d = p; - - - p;, with p; < 2772
for j = 1,2,..., k. Then there is some j < k such that p;---p; € [#¥/277H0 21/279]
which means that we have a Type II sum (cf. Proposition 16). Here we come across
a problem: in the Type II sum we also have a smooth variable n, which means that
the sum could be at least one factor of logz larger than the original sum (if we ignore
the cancellations from p(d)). To overcome this problem, we must add a cut-off to the
Buchstab’s identity from below, so that we write

S(A, x’y—%) = Z pu(d)S(Aq, w)

d|P(a7~29)/ P(w)

with w = z!/(egls®)® Thig solves our problems, except that now in the Type I/1T sum

we also have (n, P(w)) = 1. However, as was noted in Section 4, this is not a problem
since the weight W4 contains a w-smooth variable ¢ which can be combined with n to
form a long smooth variable.

In practice, we need a result of a more general from:

Proposition 22. (Fundamental proposition). Let Z = 2772 X = g/277/243
and let U,V > 1, U < g/47100 v < o122 Let a,, b, < 1 be some non-negative
coefficients, supported for (u, P(Z)) = 1, (v, P(Z)) = 1. Define X := ylog'® x/x. Then

aubpS( Ay, Z) = X by S(Buw, Z) + O (AS(B, X) log™? ) .
Z uv(uv;) Z u’u(uvu) (7 )g

we(U=¢,U] ue(Ut=<,U]
ve(V1—e V] ve(V1=€ V]
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Proof. Define W = /2779 and let C = A or C = B. Using Buchstab’s identity we
obtain

> abyS(Cu, Z)

ue(Ul=¢,U]

ve(Vi=€ V]

= > aby Y udSCuwaw)+ Y aub #(d)S (Cuas w)
ue(U'~<,U] d|P(Z)/P(w) uwe(U¢,U] d|P(Z)/P(w)

ve(VI=e V] vd<W ve(VI=€ V] vd>W

= Z[(C) -+ EII(C),

say. We will apply the Type I/II estimate (Proposition 13) to ¥;(C) and the Type II
estimate (Proposition 16) to X;7(C).
Sums ¥;(C): We let v/ = vd, and

Wy =lycw Y. p(d)by.
aP(Z)) Plw)
Since b, is supported on (v, P(Z)) = 1, we have |bl,| < 1, and b, is supported on
(v/, P(w)) = 1. Thus, by Proposition 13 we have
21(A) = ASH(B) + O </\S(B,X) log~%/? a:) .

Sums X;;(C): We write

Y€)= Z by Z(_l)k Z S(Cuivpy-pr> W)

ue(Ul=¢,U] wlp1<p2<-<pp<Z
ve(V1i=e V] vpr-p =W

=Z<_k1!) > > ubuS(Cusprpy ) + O(E(C)),

ue(Ur=, Ul w<p1,p2,,pr<Z
ve(Vi-ey]  vp1pR2W

where the sum over k runs over k¥ < (loglogz)?, and the error term is for C = A
bounded by (using the notation 7()(n) := (1 x 1% 1 % 1)(n))

k2 Z Z by S (Auvpy -pps W)

u€(Ut=€ U] w<p1,p2, Pk <Z,

’UG(V1767V] pP1=p2
S > > > Waluvpr---pyn)

uE(Ul’E,U] w<p1,p2, Pk <7, n, (n7P(w)):1

ve(Vl_E,V] pP1=p2
<k O m)Wap®n)
nwp<Z

< klylog® z Z p < ylog ¢z,

wp<Z
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where we have applied Shiu’s bound (Lemma 12) for the penultimate inequality. Simi-
larly, we obtain a sufficient error term if C = B. Hence, we need to handle the sums

% Z Z aubvs(cuvp1~.-pk, w)

T ue(UE U wp1,p2,pr<Z
ve(Vi—ey]  vp1pR2W
To this end we note that for all vp; ---pr > W in the above sum, there exists exactly
one j < k such that

1/2-6

W <wvp---pj <ux and wvp;---pi_1 < W.

By (2.4) this implies that unp; 1 ---py € [2/2777%/2 21/279/2] where n is the implicit
variable in S(Cyyp,..pe, w). Let cj, 7 = 1,...,k be any positive constants such that
cix < 1/3!, ¢jpcr—jr = 1/k!. Define then for any j < k

/ .
bU/,j,kJ = 1U/€[x1/2*7+5/27331/276/2] C]vk Z b’U7
U,ZUpl"‘pj
’UE(Vl_E?V]
wp1,...,pj<Z
W <vpy-p;<zl/279

opr-pj—1<W
/ Pp—
aulJ‘J{; = 1u’€[x1/2*7+5/2,x1/2*5/2] E a/ul(nyp(w))zl Ck—j k g L.
u'=unr r=p1..-Pk—j,
UE(UlievU] wSPl:"'7pk7j<Z

Then (by uniqueness of the choice of j)

% Z Z auva(Cuvpl...pk, w) = Z Z a;’,j,kb;’,j,kWC(U/U/).

ue(Ul=¢, Ul w<p1,p2;....0s<Z J<k u v’
ve(Vi-ey]  vprepk2W

Since ¢;r < 1/5!, a trivial bound yields (using (uv, P(Z)) = 1)
’a;’,j,k| < Tw(u/)l(u/7p(w)):1 and |b;,’j’k\ < Tw(’l]/>1(v/7p(w)):1.
Hence, by Proposition 16 we get
>l Wb Walv) = Xl b We(u'v') + O (AS(B,X)log ™ z)

which suffices since we sum over j, k < 1. U

7. BUCHSTAB DECOMPOSITIONS

The aim of this section is to prove Proposition 2 by obtaining a lower bound for
S(A, z/277/249) Our argument follows similar lines as that described in Chapter 5 of
Harman’s book [8]. There are also many similarities with Jia’s and Liu’s decompositions
in [12].

The general idea of Harman’s sieve is to use Buchstab’s identity to decompose the sum
S(C, z'/#77/2+9) (in parallel for C = A and C = B) into a sum of the form 3_, € S.(C),
where ¢, € {—1,1}, and Si(C) > 0 are sums over almost-primes. Since we are interested
in a lower bound, for C = A we can insert the trivial estimate Si(.A) > 0 for any k such
that the sign ¢, = 1; these sums are said to be discarded. For the remaining k we will
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obtain an asymptotic formula by using Propositions 16 and 22. That is, if K is the set
of indices that are discarded, then (for A := ylog'® z/z)

S(A, 2 PP =N "6 S5 (A) = ) enSi(A)
k k¢K
~ Y eASK(B) = AS(B, ' /*TP) — XY " S(B).

kgk kek

We are successful if we can then obtain a bound >°, - Sp(B) < (1—€(v))S(B, 21/2=7/2+9)
for some €(vy) > 0; obtaining this ultimately determines the exponent v in Proposition
2.

For this last step we require two lemmata, which allow us to transform sums over Wp
into so-called Buchstab integrals that can be estimated numerically. Let w(u) denote
the Buchstab function (cf. Chapter I of Harman’s book [8], for instance), so that by the
Prime Number Theorem for X¢ < Z < X, Xlog “ X <Y <« X

log X Y
L poner = (1 +0(1
Y lwpe)= <+0())w<logZ)logZ

X<n<X+Y

(the same argument as in Chapter T of [8] gives the result for the slightly shorter in-
tervals of length Y). Note that for 1 < u < 2 we have w(u) = 1/u. In the numerical
computations we will use the following standard upper bound (cf. Lemma 4 and the
discussion below that in [12], for instance) for the Buchstab function

(0, u<l1
1/u, 1<u<?2
wlu) << (I+log(u—1))/u, 2<u<3
0.5644, 3<u<4
L0.5617, u> 4.

In the two lemmata below we assume that the range U C [2¢,z]* is sufficiently well-
behaved, e.g. an intersection of sets of the type {u : u; < w;}or {u: V < f(uy,...,u) <

W} for some polynomial f and some fixed V, W.
Lemma 23. Let X = 2'/277/2%9 qnd let U C [2¢,2]*. Then

log!® dao -+ - day

2
Q- 'ak—lak
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Proof. The left-hand side is by the Prime Number Theorem

log100 T
Z Z Lig.p(p))=1W5(P1 - - Prq)

1 y (log(xl‘”"(”/(pl 3 -m)))

(propyeu PP log pi log pi
1 log(z!=7+°®) /(ny - -
= (2+0(1)2 3 o (B )
ey M ‘ng(logny) ... (logng_1)log” ng log 1

(log(x1_7/(u1 . uk))) duy - - - duy,
w
log uy, uy -+ up(loguy) . .. (log ug_1) log?® uy

_ (24 0(1))Q /w(a> dov - - - day,

2
log x - 10y

by the change of variables u; = % The claim now follows by the definition (2.5) of
Q. O

Remark 6. Similarly as in [12], we call the factor (1 — ) [dea the deficiency of the
corresponding sum. By the lemma it is up to the factor 1 + o(1) the ratio of the sum
and S(B, X).

We also need the following variant of the above lemma, which will occur as the result
of using role reversals.

Lemma 24. Let X = g'/277/2%0 7 — 2772 and let U C [2¢,2)*. Then

_ o) =2 [ wnla
S S 2) =SB X) 1+ 0(1) - [ ne)

(g,m,p2,p3)€U
(m,P(q))=1

where the integral is over {a: (z®0,x*, %2 x*3) € U}, and

log100 T dagdaydasdas

Y

x adasas

wala) = w((l =y —ap— g — as — ag)/v)w(aq/ap).
Proof. The left-hand side equals by the Prime Number Theorem
lo 100[E
© > Wi(gmpapsn)

X q,m,p2,p3,n
(‘17m7p2 1p3)eu
(n,P(Z))=1,(m,P(q))=1

Qro)® o~ Lmrwer, (log<x”+0<l>/<qmpzp3>>)

log Z (amomaeu 1P2P3™M log Z

2+o(1)2 3~ e () (10g<x”/<qmp2p3>>)
vlogz gpapsmlogq  \ logg log Z
a,m,p2,p3) €U
2 1)) 1- daydosdasd
(2+0(1))02 7/w2(a) ardo oz;; g
(1 - 7) log:v Y Qi Yy
The claim now follows by the definition (2.5) of 2. O
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Remark 7. In this instance we call the factor 1—;“1 [ da the deficiency of the corresponding
sum. By the lemma it is the ratio of the sum and S(B, X)), up to the factor 1 + o(1).

We are now ready for the Buchstab decompositions. We fix v = 1/19, and define

X = x1/2—’7/2+67 7 = 1'7_26, W = $1/2_7+5’
and write by Buchstab’s identity (for C = A or C = B)

S(C.X)=58(C.Z)— > S(Cp.p)

Z<p<X
=5(C,2) - Z S(Cpp) — Z S(Cp, Z) + Z S(Cpips, p2)
W<p<X Z<p<W Z<pa<p1<W

p1p3<X?

=1 5,(C) — S5(C) — S5(C) + S4(C).

7.1. Sum S;(C). Applying Proposition 22 with U =V =1, a, = b, = 1,-1 we obtain
Si(A) = ASi(B) + O </\S(B, X)log=*/? x) .

7.2. Sum 55(C). We have (since S(A,,p) =0 for p > X)

Sa(A) = > S(App) = > WA@Q):% Y. Walpg) + O(ylog™“z)

pZW 7q p7q
a>p=W p.gE[W,zt/2=9/2]

= ASy(B) + O ()\S(B, X) log %2 x) 7

by Proposition 16.

7.3. Sum S3(C). Dividing the sums S3(C) into O.(1) sums such that p = v € (V17 V],
and applying Proposition 22 with U = 1, a,, = 1,=1, and b, = 1,eplz<,<w, We obtain

S3(A) = AS(B) + O <)\S(B, X) log™/? g;) .

7.4. Sum S54(C). We write S4(C) = S55(C) + S6(C) + S7(C) + Ss(C), where for V :=

p1/2-27+35

55(6) = Z S(Cp1p27p2)> 56(6) = Z S(Cplpwp?)

Z<pa<p1<V Z<pa<p1<W
p1p2<W W <p1po<wl/2-9
57(8) = E S(Cp1p27p2>7 SS(C) = E : S(Cp1p27p2)'
Il/4*5/2§p1<w Jj1/475/2§pl<v[/
Z<py<al/4—105 Z1/A=106 <o oy
pipe>xl/279 21/ py<pyp3< X2

We estimate each sum separately.
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7.5. Sum S;5(C). Two applications of Buchstab’s identity yields

S5 (C) = Z S(Cplpzv Z) - Z S(CP1P2P3’ Z)

Z<pa2<p1<V Z<p3<p2<p1<V
p1p2<W p1p2<W, p1pap3<X?
+ E S (Cp1p2p3p4 ) p4)
Z<ps<p3<p2<p1<V

p1p2<W, p1p2pi<X?, p1papsps<X?
= 5571(C) — 3572(6) + 8573((:),

say.

7.5.1. Sum S;51(C). Using Proposition 22 with u = 1 and v = p;p,, we obtain S5 ;(A) =
AS5.(B) + O ()\S(B, X) log %2 ;,;-) .

7.5.2. Sum S52(C). Note that pips < W, p3 < py < p; implies p3 < W2 < p1/4720,
Thus, we wish to apply Proposition 22 with v = pips, u = p3 but we have cross-
conditions p3 < pa, pipaps < X? that need to be removed. We do this by dividing the
ranges into shorter ones, that is,

S52(C) = Z Z S(Coipopss Z),

V1,Va,Vs Z<p3<p2<p1<V
p1p2<W, p1pap3<X?
pje(‘/jl_ei‘/}L ]6{17273}

where the sum over V; runs over V; of the form V(=97 ¢ € Z such that V3 < V3, and
(1VRV2)17¢ < X2 (that is, each condition is loosened if necessary but at most by a
factor of x9)) Note that the overall sign of sums S5(C) is negative, so that we only
require an upper bound for S5 5(.A). Thus, we can drop the unwanted cross-conditions for
C = A so that by Proposition 22 (since the inner sum is non-empty only if V5 < x1/4710%)

S52<-’4) < Z Z S(-Ammpg» Z)

Vi,Va,V3 Z<p3<V, Z<pa<p1 <V
VssVa | pip2a<W
(NVRV)me<X? pie(V] V], je{1,2,3}
- —5/2
=X Z Z S(Bpipaps, Z) + O </\S(B, X)log x)
Vi,Va,V3 Z<p3<V, Z<p2<p1<V
VBSVQ p1p2<W

(ViVaVE) = e<X? pie(v]=<,Vj], je{1,2,3}

= \S52(B) + E(B) + O (AS(B, X) log %2 x) .

Here
E(B) =\ > > S(By,pops» Z) < OAS(B, X)),
V1,Va,V3 Z<p3<V, Z<pa<p1<V
V3<Vs p1p2<W,

(ViVaV@)1¢<X? p3>ps or p1pap3>X2
pi (V)4 Vil, je{1,2,3}

since the conditions in the sum over Vi, V5, V3 imply that in the inner sum always
either p3 = poa®® or pipep2 = X2+°(M 5o that by Lemma 23 the Buchstab integral
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correspondig to the sum E(B) is of size < § (thus, the deficiency of E(B) is < 9).
Hence, S52(A) < (14 O(6))AS52(B).

We can also obtain a lower bound by a similar argument; instead of dropping the
cross-conditions p3 < p2, pipaps < X? for Ss5(A), we divide the sum over V; into

two parts )y vy = Z%),VQ,VQ, + Z%{VQ’VS, where the first sum runs over V; such that
Vi < V3¢ and V;V,oV2 < X2, and the second sum over the complement. In the range
of Z%{V%VS we always have

Z S(Cipapss Z) = Z S(Cpipapsr £);

Z<p3<p2<p1<V Z<p3<V, Z<pa<p1<V
p1p2<W, p1papi<X? Pip2<W
e .

pie(V; ™4 Vy), je{1,2,3} pi€(V; Vsl 5€{1,2,3}

so that we may apply Proposition 22. In the second sum Z%) Vo1, We estimate S(Ap,pyps s Z)
trivially by 0 from below, so that we obtain

55,2(-/4) > )\85,2([3’) — E’(B) +0O (/\S(B, X) log—5/2 :L‘) ‘
The error term

BB =13 3 S(Byupaps: Z)

V1,V2,V3 Z<p3<p2<p1<V
p1p2a<W, p1papi<X?
pi€(V;' ™5 V;), 5e{1,2,3}

is again a sum with p3 = pox®® or pipop? = X2 corresponding to a Buchstab
integral of size < 4, which yields S52(A) > (1 — O(6))AS52(B). We will need this
version later, when we have to remove cross-conditions in a sum with a positive overall
sign.

By combining the above, we have S52(A) = (14 O(6))AS52(B).

7.5.3. Sum S53(C). We split the sum into three parts depending on the size of p1papsps
55,3 (C) = Z S<Cp1p2p3p4up4) + Z S(Cp1p2p3p47p4)

(p1,p2,p3,p4)EU(5,3,1) (p1,p2,p3,p4)EU(5,3,2)

+ Z S<CP1P2PSP4 ) p4)

(p1,p2,p3,p4)€EU(5,3,3)
where
UB,3) = {(p1,02.03:01) 1 Z <ps<p3<p2<p1 <V, pipa < W,
p1p2p§ <X 27 p1p2p3pi <X 2}

U(5,3,1) = U(5,3) N {(p1,p2,03,p4) = P1p2paps < W}
Z/{(E); 3, 2) = Z/{(E), 3) N {(p17p27p3’p4) W< P1P2P3P4 < $1/2—(5}
U(5,3,3) :=U(5,3) N {(p1,p2, p3,pa) © Prpapspa > = *7°}.

Sum over (5, 3,2): We have the variable p;pypspy in the Type II range [W, 2'/279],
so that we may apply Proposition 16; we just need to remove the cross-condition
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(n, P(ps)) = 1 for the implicit variable in S(Cp,p,psps, P4). To this end, write n = ¢y - - - gy,
so that

Z S(Cprpapspa» P1) = Z Z Z We(p1p2pspaqi - - - qx)-

(p1,p2,p3,p4)EU(5,3,2) k<1 (p1,p2,p3,p4)€U(5,3,2) P4<q1<¢2<...<gx

Similarly as in the above for the sum S;5(C), we divide sums over p, and ¢ into shorter
sums, which yields

Z Z Z Z We(p1papspaqi - - - qi)-

k<1 VU  (p1,p2,p3,p4)€U(5,3,2) P4a<q1<g2<...<gj
VIZe<U  pag(Vi=eV] aeU'=U]

Applying the argument used with the sum S5(C) to handle the cross-conditions, com-
bined with Proposition 16, we obtain

Z S<Ap1p2p3p47p4) =A Z S(Bp1p2p3p4ap4) + O (5)‘5(87 X)) .

(p1,p2,p3,p4)EU(5,3,2) (p1,p2,p3,p4)EU(5,3,2)

Sum over U(5,3,1) : Here we apply Buchstab’s identity twice, which yields

E : S(Ap1p2p3p4> Z) - E S(Ammpspz;ps’ Z)
(p1,p2,p3,p4)€EU(5,3,1) (p1,p2,p3,p4)€U(5,3,1),
Z<p5<p4, p1p2pspapi<X?
+ E S(Ap1p2p3p4p5p6 ) p6>‘

(pl »P2,P3 7[’4)6”(5,371)7
Z<pe<ps<p4,p1p2p3papi<X?,
P1P2p3papspE<X?

The first two sums have asymptotic formulas by Proposition 22, since pypopsps < W
and ps < (p1papsps)t/* < 2174729 (the cross-conditions can be handled by the discussion
of the sum S5 5(C) in the above). In the third sum we take out the range where at least
one of the products [[,.; p; (where I C {1,2,...,6}) is in the Type II range [V, rt/279]
(these can be dealt with by a similar argument as for the sum over (5, 3,2)). We must
discard the rest of the sum, giving us a deficiency (cf. Lemma 23)

dondasdasdoydosd
O@) +(1—7) / Fo1 (@)u(e) THEERETHTTES 0006493,
Q1 Q03004050
where w(a) = w(ay,...,0) = w(l —v —a3 — -+ — )/ag), and f531(cx) is the

characteristic function of the six-dimensional set (the various ¢’s can be dropped, with
an error < 0)

{a: (%, 2%, 2% %) e U(5,3,1), vy < ag < as < ay, a1+ +ag + 205 < 1 — 7,
o+t as+ 205 <1—7, > a; ¢ [1/2—7,1/2] forevery I € {1,2,...,6}}.
jeI
For all of the codes for computing upper bounds for the numerical integrals, see the
codepad links at the end of this section.

Sum over U(5,3,3) : We divide the range U(5,3,3) into three parts U(5,3,3,1) U
U(5,3,3,2)UU(5,3,3,3), where U(5,3,3,1) :=U(5,3,3)N{papsps < W}, and U(5,3,3,3) :=
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U(5,3,3) N {papsps > x'/27°}, and U(5,3,3,2) is the remaining part which can be han-
dled as a Type II sum, since pypsps € [W, 2'/279] (the cross-condition (n, P(py)) = 1 is
again dealt with by a similar argument as with the sum over U(5, 3, 2)).

For U(5,3,3,1) we use Buchstab’s identity in the ‘upwards’ direction (this is called
Process Il in Jia and Liu [12], page 27)

X
S(AP1P2P3P4ap4) =5 (Ap1p2p3p4> W) + Z S<Ap1p2p3p4ps>p5)'
P4§p5<+12
(p1pap3ps)t/
By (2.4) the implicit variable in the first sum is of size '=7*°(M) /(p;popsps). Thus, we
have a four dimensional sum over primes and a five dimensional sum over ps-almost-
primes. In each sum we take out ranges with a Type II variable, and discard the rest.

This gives us deficiencies

dOél dag dagdoz4

O(9) + (1 — 0.1139225
(6) +(1—7) / fs331() . P—— < ,
and
doy dogdasdagd
O(5) + (1 =) / G5.8.8.1 (@) w(0r) EER2TBTUTES () 0450231
Qa3 Oy

Here f533.1 is the characteristic function of the four-dimensional set
V(5,3,3,1) = {a: (x*, 2%, 2%, 2**) e U(5,3,3,1),
D ;¢ [1/2—7,1/2] forevery I C{1,2,3,4}},

jel
and gs 331 is the characteristic function of the five-dimensional set
{a: (%, 2%% 2% 2™) € V(5,3,3,1),
> a;¢[1/2—7,1/2] for every I C{1,2,3,4,5}}.

jel
We discard the sum over U(5, 3,3, 3) (no combination of the variables is in the Type

IT range), which gives a deficiency

(1—7) / Foa(@u(a) 1d02d0sdon o ) ja37

QO30

where fy, is the characteristic function of {a : (z*, 2?2, 2 ) € U(5,3,3,3)}.
7.5.4. Deficiency of S5(C). Combining the above, the deficiency of S5(C) is < 0.1802756.

7.6. Sum Sg(C). This is almost already a Type II sum, we just need to deal with the
cross-condition (n, P(py)) = 1. Applying the argument used with the sum over U(5, 3, 2),
we obtain

Ss(A) = ASs(B) + O (SAS(B, X)) .
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7.7. Sum S;(C). We first divide S7(C) into two parts (the exponent 0.36 is optimized
by computer for using role reversal in the first sum)

S7(C) = Z S(Cmm ,p2) + Z S(Cmm ,P2)

x1/4—5/2Sp1<W7 $1/4_6/2SP1<W7
Z§p2<1,1/47106 Z§p2<1,1/47106
p1p2>xt/270 | /prpa <2036 p1p2>at/270 | /p1py>0-36

= 5771(6) + S772(C)
7.7.1. Sum S;7;1(C). We apply Buchstab’s identity twice to obtain

5771(6) = Z S(Cp1p27 Z) - Z S(CPIPQI’S? Z)

@t /Am02<p < W, /402 <py <W,
Z§p2<Il/4_106 Z§p3<p2<m1/4—105
p1p2>zt/270, | /p1pa<z0-36 p1p2>at/270,  /prpa<a®30, pipapl<X?
+ E S(Cprpapspa> Pa) = S711(C) — S7.12(C) + S713(C).

$1/475/2SPI<W7
Z<py<pz<pz<al/4-10
p1pe>at/2=9, /P1p2<z0-36,
p1p2pi<X?, p1papapi<X?

Sum S7,,1(C): By Proposition 22 with u = ps, v = p; (the cross-conditions between
p1 and pp can be removed by the same argument as with the sum S5 2(C))

Sum S;;5(C): The parts with pips < 21/279/2 or pyps < 2'/472% have an asymp-
totic formula by Proposition 22 (again using the discussion of S52(C) to remove cross-
conditions). Write
U(7,1,2) == {(p1,p2, 3) a1 < < W Z < ps < pp < a0 pipy > 212702

Vops < 2%, pipapl < X2, popy > 120

for the complementing region. Here we apply the role reversal device; we write out the
implicit sum and apply Buchstab’s identity to the sum over p;, that is,

Z S(Apipops: Z) = Z We(pipapsn)

(p1,p2,p3)€U(T,1,2) (pl,p%%gzi’g,lz)
(n,P(Z))=1
= Z Wc(mp2p3n) - Z Wc(qmpgpgn)
m,p2,p3,n q,m,p2,p3,n
(m,p2,p3)€U(7,1,2) (gm,p2,p3)€U(7,1,2), Z<q<m
(n,P(2))=1, (m,P(Z))=1 (n,P(2))=1, (m,P(g))=1

= 57,1,2,1(6) - 57,1,2,2(6)7

say.
Sum S7121(C): Note that mps > x'/27%/2 implies by (2.4) that pon < x1/277% and
we have ps < py < /4729 Thus, we will apply Proposition 22 with u = ps, v = pon,
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and m as the implicit variable. To justify this properly, we need to remove the cross-
conditions between m and the other variables in such a way, that we use Proposition 22
only to sums where m is not restricted. Similarly as with S5, we write

> We(mpapsn) = Y > We(mpapsn),

m,pa,p3,n UVa,Vs m,pa,p3,n
(m,p2,p3)€U(7,1,2) (m,p2,p3)€U(7,1,2)
(n,P(2))=1, (m,P(Z))=1 (n,P(2))=1, (m,P(Z))=1
ne(U=<,U]

pi€(V;'75V;), je{2,3}

where the sum is over U, V5, Vi of the form (179’ ¢ € N, such that (note that m =
g1+ /(UVRV3) by (2.4))

1/4—6/2 gt 25 1 1/4—106 gt 1/2—6/2
/L —— < Wz Z <V <V, Vo <z —Vs >/
>~ U‘/Q‘/g = ) >~ V3 > V2, 2 = ’ U‘/Q‘/é 3 Z )
ml—’y—(s xl—'y—é
1—e < LIZ’O'SG, (‘/’2‘/32)176 < )(27 ‘/2% > x1/47205

UV,Vs

(that is, each condition in the definition of U(7,1,2) is loosened appropriately but at
most by a factor of z99)). Since Sy 2(C) has overall a negative sign, we only require an
upper bound. Thus, we remove the cross-condition for C = A so that by Proposition 22

S7121(A) < Z Z Wa(mpapsn)

U,VQ,Vg m,p2,p3,n
(n,P(Z))=1, (m,P(Z))=1
ne(U—<,U]
pi€(V) ™ Vi, je{2.3}

= Z Z S(Anpaps, Z)

U,V5,V3 p2,p3,n
(n,P(2))=1

ne(U'~,U]
pi€(V}' ™4Vl je{2,3}

= AS7121(B) + B(B) + O (AS(B, X)log "z},

where the error term E(B) is again a sum where some combination of the variables is
fixed up to a factor 9, so that the sum has a deficiency < 8. Therefore,

S7121(A) < AS7121(B) + O (6AS(B, X)) .

Sum 57’172’2 (C). Write

Z We (qmp2p3n) = Z S(Cqmp2p37 Z)

q,m,p2,p3,n q,m,p2,p3
(gm,p2,p3)€U(7,1,2), Z<q<m (gm,p2,p3)€U(7,1,2), Z<qg<m
(n,P(Z))=1, (m,P(q))=1 (m,P(q))=1

We first take out the part which has an asymptotic formula by Proposition 22 applied
with n as the implicit variable (cross-conditions again handled by the discussion of S5 »);
we are left with the range {(q, m, p2,p3) : (gm, pa, p3) € U(7,1,2)} \ V, where (note that
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always q < z'/47209)

1/4-208 qpaps < x1/2_7}

1/4—205

V ={mpaps < x1/2_7} Uu{m<z

1/4—205

L qpe < TPy U {mpy < o L qpy < VY

1/4—208

U{mps <z
U {gp < /47208
We also take out the parts where we have a Type II variable; thus, we are left with
W(7,1,2) = {(g,m,p2,p3) = (gm,pa2,p3) EU(T,1,2), Z < q<m,
qpaps, Mpaps, qpj, mp; & [valm_é]} \V
This remaining sum has the right sign so that it can be dropped, with a deficiency (cf.

Lemma 24, ¢ = 2%, m = x*,py = 2%%,p3 = x3)

1—v
O(0) + T/f7,1,2(a)w2(a)

where wy(a) = w((1 —v—ap— a1 —az—as)/y)w(ai/ag), and f7; 2 is the characteristic
function of {(x®0, x* x*2 x*3) € W(7,1,2)}.

Sum 57, 3(C): We take out the range with Type II variables and discard the rest to
find a deficiency

, mpy < xl/Q’V} U{gp: <z ,mpy < a:l/z’”}.

dOéO dOél dOéQ deg

. < 0.054317,
Qi

dOéldOéngéngé4

O@6) + (1 - 'y)/fm,g(a)w(a) s— < 0.113006,

Q1 Qa0i300y

where f7 13 is the characteristic function of the four-dimensional set
{a:l/d<a <1/2—7, v <oy <az<ay <1/4
a; +ag >1/2) /24 a3 < 0.36, a3 +as + 203 < 1—1,
ozt as+ 2 <1—7, Y a; ¢ [1/2—7,1/2] forevery I C {1,2,3,4}}.
jel
7.7.2. Sum S72(C). We discard the sum S75(C), which gives a deficiency
dand
O(8) + (1 — ) / Fral@)w(o) =52 < 0.4425785

where f7 5 is the characteristic function of
{a:1/4<a; <1/2—7v, v<ay<1/4, ag+ay>1/2, ay/2+ ay > 0.36}.
7.7.3. Deficiency of S;(C). The total deficiency of S;(C) is < 0.6099015.

7.8. Sum Sg(C). This corresponds to the part where some ranges can be handled by
the Type Iy information in Chapter 5 of Harman’s book [8]. In our case, we have not
obtained the Type Iy information (cf. discussion after Proposition 14), so that we have
to discard all of the sum. The sum S(B,,,,,p2) counts primes of size 2!~ /(p;p,),
since p, > x'/4t°() Thus, the deficiency is

1/2—y doy min{au,(1—y—oa)/2} dovs

O0)+ (1 - / — < 0.2021922
@O+ 1=7) e o Jip (1 =7 —a1— o

Remark 8. Since po is large here, the deficiency from this range grows very slowly as
gamma decreases.
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7.9. Conclusion of the proof. Combining the above estimates we obtain
S(A, X) = S1(A) = 52(A) = S5(A) + 55(A) + 56(A) + 57(A) + Ss(A)
> AS1(B) — AS2(B) — AS5(B) + A(S5(B) — 0.1802756 - S(B, X))
+ ASs(B) + A(S7(B) — 0.6099015 - S(B, X))
+ A(Ss(B) — 0.2021922 - S(B, X)) — O(6)AS(B, X)

= (1 — 0.1802756 — 0.6099015 — 0.2021922 — O(5))AS(B, X)

> 0.007 - AS(B, X)
which completes the proof of Proposition 2 with €(1/19) = 0.007. For v > 1/19 all of
the deficiencies are strictly smaller, so that €() > 0.007 for v > 1/19. O

Remark 9. For v > 1/4 the sum S4(C) is essentially empty, so that we actually get an
asymptotic formula for v > 1/4.

The Python codes for computing the Buchstab integrals are available at (in the order
of appearance)
U,3,1) http://codepad.org/rxR2071s
V(5,3,3,1), four dimensional prime part http://codepad.org/fQKYi7hg
V(5,3,3,1), five dimensional almost-prime part http://codepad.org/1SaVNuBy

U,3,3,3) http://codepad.org/ZiNV3AuH

W(7,1,2), with role reversal http://codepad.org/fVIHM3az

Sum S713(C) http://codepad.org/G6Kx7IMg

Sum S74(C) http://codepad.org/4RTwoAPk

Sum Sg(C) http://codepad.org/L4n8cLtY
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