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1 | INTRODUCTION

We study minimizers of the Dirichlet energy integral in a bounded domain Q € R” with boundary values:
inf / o(x, |Vu|) dx,
Q

where the integral is taken over all u € W'*()(Q) with u — f € Wé’{p(')(Q). We assume that strictly convex ¢ has the
generalized Orlicz growth and satisfies (A0), (Al), (Al-n), (aInc) and (aDec). These conditions for the generalized Orlicz
function are widely used, see for example [13-16, 27]. Our results include as special cases the constant exponent case
@(x,t) = tP, the Orlicz case ¢(x, t) = ¢(t), the variable exponent case @(x, t) = tP*), and the double phase case p(x, t) =
tP + a(x)t9. Boundary regularity has been recently studied in the variable exponent case for example in [1, 2, 21, 22, 24,
25], in Orlicz case for example in [9, 20, 23], in double phase case in [3], and in the generalized Orlicz case in [11, 17]. Note
the survey [6], that includes more references of variational problems and partial differential equations of this type. We
also mention the books [7], that presents the fundamentals of variable Lebesgue spaces and how they relate to harmonic
analysis, and [26], that surveys the theory of Musielak-Orlicz Hardy spaces.

Let f € C(3Q) be aboundary value function and H s the corresponding (continuous) minimizer, see Section 3 for defini-
tions. A boundary point x € dQ isregulariflim,_,, ,cq Hy(y) = f(x) for all f. Otherwise the boundary point is irregular.
Anirregular boundary point is semiregular if the limit exists for all f. Precise definitions can be found from Definitions 3.4
and 6.1. Our main goal is to prove the Kellogg property: the set of irregular boundary points has zero capacity. This is our
Theorem 5.5. In the variable exponent case this was first proved in [21], and later with a different proof in [1]. Then we
prove characterizations of semiregular boundary points, Theorem 6.5, showing for example that the boundary point x; is
semiregular if and only if it has a neighbourhood V such that capacity of V' N 0Q is zero. In the variable exponent case
these have been proved in [1]. In this paper we use ideas from [1]. To best of our knowledge, our results are new in even
the special cases of the double phase growth and the Orlicz growth.
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2 | PRELIMINARIES

Throughout this paper, we assume that Q C R” is a bounded domain, i.e. an open and connected set. The following
definitions are as in [12], which we use as a general reference to background theory in generalized Orlicz spaces.

Definition 2.1. We say that ¢ : Q X [0, 00) — [0, 0] is a weak ®-function, and write ¢ € ®,,(Q), if the following condi-
tions hold

* For every t € [0, 00) the function x — @(x,t) is measurable and for every x € Q the function ¢ — ¢(x,t) is non-

decreasing.

* o(x,0) = lim,_ g+ p(x,t) = 0 and lim,_, , ¢(x, t) = oo for every x € Q.

* The function t — @ is L-almost increasing for ¢t > 0 uniformly in Q. “Uniformly” means that L is independent of x.

If p € 9,,(Q) is additionally convex and left-continuous, then ¢ is a convex ®-function, and we write ¢ € ®.(Q).

Two functions ¢ and  are equivalent, ¢ ~ , if there exists L > 1 such that §(x, %) < @(x,1) < P(x,Lt) for every x € Q
and every t > 0. Equivalent ®-functions give rise to the same space with comparable norms.

2.1 | Assumptions

Let us write qog(t) = esssup, p@(x, ) and ¢ (t) := ess inf,cpp(x, t); and abbreviate p* := goa. We state some assump-
tions for later reference.

(A0) There exists 8 € (0, 1) such that ¢(x, 8) < 1 < ¢(x,1/f) for almost every x.
(A1) There exists 8 € (0, 1) such that, for every ball B and a.e. x,y € BN Q,

Be~i(x,t) < ¢ '(y,t) when t€ [1, |%|]

(Al-n) There exists 8 € (0, 1) such that, for every ball B C Q,

. ~ 1
Pg (6’:) < ¢’B(t) when € [1’ diam(B)] )

(A2) For every s > 0 there exist 8 € (0,1] and h € L'(Q) n L®(Q) such that

BeH(x, 1) < 7L (y, 1)

for almost every x,y € Q and every t € [h(x) + h(y), s].

(aInc) There exist p > 1and L > 1such thatt — S

- is L-almost increasing in (0, o0).

(aDec) There existg > 1 and L > 1 such thatt — % is L-almost decreasing in (0, ).

We write (Inc) if the ratio is increasing rather than just almost increasing, similarly for (Dec).
We say that ¢ is doubling if there exists a constant L > 1 such that ¢(x, 2t) < Le(x, t) for every x € Q and every ¢ > 0.
By Lemma 2.2.6 of [12] doubling is equivalent to (aDec). If ¢ is doubling with constant L, then by iteration

Q
p(r.0) <I2() px.9) @1

forevery x € Qandevery0 < s < t,where Q = log,(L), e.g. [5, Lemma 3.3]. If  is doubling, then (2.1) yields that ~ implies

~. On the other hand, ~ always implies ~ since the function ¢ — 250 55 almost increasing; hence ~ and = are equivalent

in the doubling case. Note that doubling also yields that ¢(x,t + 5) S @(x,t) + p(x, 5).
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Assumptions (AO) and (aDec) imply that ¢(x,1) < B8 99(x,8) < B9 and ¢(x,1) = Blp(x,1/8) > B4, and thus
p(x,1) = 1. If p € ®.(Q) satisfies (aDec), then ¢(x, t) is finite for every x € Q and ¢ > 0, and convexity implies that ¢
is continuous. The conditions (A1) and (Al-n) can be used also in cubes instead of balls, see Lemmas 2.10 and 2.11 in [13].

The next table contains a interpretation of the assumptions for four ®-functions. The table is a combination of tables
from [12, Table 7.1] and [13].

@(x,t) (A0) (A1) (Al-n) (aInc) (aDec)

tPMa(x) ar1 i € Clos i € Clos p~>1 pt<oo

tP® log(e + t) true i € Clos i € Clos p~>1 pt <o

tP + a(x)td aeL® aec P aeCoaPp p>1 g<o

o(t) true true true same same
2.2 | Generalized Orlicz spaces

We recall some definitions. We denote by L°(Q) the set of measurable functions in Q.

Definition 2.2. Let ¢ € ®,,(Q) and define the modular ¢,., for f € L°(Q) by

o) i= [ oI dx.
Q
The generalized Orlicz space, also called Musielak-Orlicz space, is defined as the set
) . 0 e —
L7O@) = { £ € 1(@) : lim o0,(2f) =0

equipped with the (Luxemburg) norm

: f
1f o0 ) = 1nf{/1 >0: ggo(,)(z) < 1}.
If the set is clear from the context we abbreviate || f|| 120(Q) by || f||¢(.),

Holder’s inequality holds in generalized Orlicz spaces with a constant 2, without restrictions on the ®,,-function [12,
Lemma 3.2.13]:

/ 11 1gl dx < 2011l gl
Q

Definition 2.3. A function u € L¥0(Q) belongs to the Orlicz-Sobolev space wteO)(Q) if its weak partial derivatives
01, ..., 8,u exist and belong to the space L¥)(Q). For u € W#()(Q), we define the norm

lullyrsoqy == lullpe) + 1Vl

Here || Vull,.) is a shortening of ||| Vul| . By [12, Lemma 6.1.5] the definition above is valid. Again, if Q is clear from the

ON
context, we abbreviate ||[u|ly1.00)q) by llullyp0)-

To study boundary value problems, we need a concept of weak boundary value spaces.

Definition 2.4. Wé’(P(')(Q) is the closure of C°(Q) in wieO(Q).
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2.3 | Capacity and fine properties of functions

Fine properties of Sobolev functions can be studied by different capacities. Here we use the generalized Orlicz ¢(-)-capacity
defined as follows.

Definition 2.5. Let E C R". Then the generalized Orlicz ¢(-)-capacity of E is defined by

C . E) .= i f ) ) V d )
wo® := inf [ gt lul) + ot Vul) d

where the infimum is taken over the set S, (E) of all functions u € W#O)(R") with u > 1 in an open set containing E.
If p € ®.(R") satisfies (aDec) and (alnc), then capacity has the following properties, see [4, Section 3].

(Cy C(p(.)(ﬂ) =0.
(C2) IfE; C E, C R", then Cy((Ey) < Cy)(Ey).
(C3) IfE C R", then

Cox(E) = Jnf  Co(y(U).
U open

(C4) IfE|,E, Cc R", then
qu(~)(E1 UE,) + Cg,(.)(El NE,) < C¢(.)(E1) + qu(.)(Ez).

(C5) IfK; D K, D --- are compact sets, then

lim Cy(K)) = c¢(_)<ﬂ Kl->.

i=1

(C6) FOI'E1 CE2 c---C Rn,

i=1

[Se]
lim Cy(E) = c¢<.><U Ei>.

(C7) ForE; Cc R",

(s [s9)
qu(.)(U El-) < 2 qu(~)(Ei)-
i=1 i=1

1

Afunction f : Q — [—o0, o] is ¢(-)-quasicontinuous if for every € > 0 there exists an open set U such that Cy,y(U) < ¢
and f|q\y is continuous. We say that a claim holds ¢(-)-quasieverywhere if it holds everywhere except in a set of ¢(-)-
capacity zero.

Suppose that u can be approximated by continuous functions in W#()(Q). Then a standard argument (e.g. [8,
Theorem 11.1.3]) shows that every u € WH#()(Q) has a representative, which is quasicontinuous in Q, provided that
@ € ®,(Q) satisfies (aInc) and (aDec). By [12, Theorem 6.4.7], smooth functions are dense in W#()(Q), if ¢ satisfies
(A0), (Al), (A2) and (aDec). By [12, Lemma 4.2.3], (A2) is not needed, if Q is bounded. Hence we get the following
lemma.

Lemma 2.6. Let ¢ € ®.(Q) satisfy (A0), (A1) and (aDec). Then for every u € we()(Q), there exists a sequence of function
from C®(Q) N WH#O)(Q) converging to u in WH#)(Q).
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Ifue W;’go(')(D) and D C Q, then the zero extension of u belongs to W#()(Q) since u can be approximated by Cy (D)-
functions. The next lemma concerns the opposite implication.

Lemma 2.7 (Theorem 2.10 in [11]). Let ¢ € ®.(Q) satisfy (A0), (Al), (alnc) and (aDec) and let D € Q be open.
Ifuew»¥O(@Q) and u=0in Q\D, then u € W;’¢(')(D). Moreover, if u is nonnegative, then there exist nonnegative

u; € Wy P (D) with sptu; € D, {u; # 0} C {u # 0} and w; — u in W O(D).

3 | REGULAR BOUNDARY POINTS
Definition 3.1. Let ¢ € ®,(Q) and f € W'¥()(Q). We say that u € WH¥()(Q) is a minimizer with boundary values

fewOQifu—f e wy?(Q)and

/go(x, [Vul)dx < / o(x, |[V(u +v)|)dx 3.1
Q

Q
forallv e W;’go(')(ﬂ).

If the inequality is assumed only for all non-negative or non-positive v, then u is called a superminimizer or submini-
migzer, respectively.

In the next lemma, we show that in some cases the set W;’¢(')(Q) in the definition above can be replaced with C;°(Q).
Lemma 3.2. Let ¢ € &, satisfy (A0), (Al) (alnc) and (aDec). Then u is a minimizer, if and only if inequality (3.1) holds
Jor all v € C°(Q). The function u is a superminimizer (subminimizer), if and only if (3.1) holds for all positive (negative)

v € C(Q)

Proof. 1f u is a minimizer, then it is trivial that (3.1) holds for all v € C;°(Q).

Suppose then that (3.1) holds for all v € C°(Q). Let w € Wé’@(')(Q), and let w; € C° be a sequence of functions con-
verging to w in W#()(Q). Denote w’ := u + w and w; :=u + w;. By [12, Lemma 3.2.11]

/Q(p(x, V'] = [Va]]) dx < max { [[IVw'| = V]l o, [V = Vw15 b,

where g is the exponent from (aDec). Since ||Vw'| — [Vw]|| < |V(w' — w!)|, we get
1Vt = 1Vl < IV (@ =)l = [V (=)l
Since ||V(w — w;)|ly) = 0asi — oo, it follows that
/qo(x, |Vw'| — |Vw/)|dx -0 as i— oo.
Q
By [12, Lemma 2.2.6] ¢ satisfies (Dec) (not only (aDec)). Since lim;_, o+ 9¢(.)(/1Vw’ ) = 0, (aDec) implies that 9¢,(,)(Vw’ ) is

bounded. It now follows from [12, Lemma 3.1.6] that |9¢(_)(Vw’ ) — 0o (V wlf )| approaches zero asi — oo, and we therefore
have

lim cp(x,|le.’|)dx=/go(x,le’l)dx=/go(x,|V(u+w)|)dx.
I— 00 Q Q Q

By our assumption, for every i we have

/qo(x,IVul)dxs/go(x,|lef|)dx.
Q Q
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Combining the above estimate and limit gives

/fp(x,IVul)dxs/qo(x,IVw’I)dx=/<p(x,IV(u+w)|)dx,
Q Q Q

which shows that u is a minimizer.

The claim regarding superminimizers is proved similarly. The only difference is that every function in the sequence
{w;} must be nonnegative. Suppose that w € Wé’qo(.)(Q) is nonnegative. By definition, there is a sequence of functions
w; € C;°(Q) converging to w. But from the definition alone we can’t deduce that the functions w; are nonnegative.
Instead, we use Lemma 2.7: let w; € Wé’go(') () be a sequence of nonnegative functions such that spt w; € Q and W; — w
in W1#0)(Q). The proof of [12, Theorem 6.4.7] shows that for every i, there is a sequence of functions 7;; € C*(Q) N
w20)(Q) converging to w;. Moreover, since the functions #; j are obtained using standard mollifiers on w;, and spt w; € Q,
it follows that 7;; € C;°(Q) and every 7);; is non-negative. For every i, we choose an index j; with

”wi — Nij; ”1,(0(.) <i!

Theny;;, — win WwL£0)(Q). This completes the proofin the case of superminimizers. The claim for subminimizers follows
from the fact that —u is a superminimizer. O

We denote by H(f) the minimizer with boundary values f € Wh¢()(Q). If f : Q — R is Lipschitz on the boundary
of Q, then it can be, by McShane extension, extended to R" as a bounded Lipschitz function. The extension of f can be
used in the above definition as weak boundary value, u — f € Wé’gg(')(Q). For g € C(0Q) we define

Hy(x) 1= sup  H(f)(X).
Lip(0Q)af<g

This definition is based on the fact that continuous functions can be approximated by Lipschitz functions.
The following theorem gives sufficient conditions for existence, uniqueness and continuity of minimizer with bounded
boundary values.

Theorem 3.3 (Theorem 6.2 in [11]). Let ¢ € ®.(Q) satisfy (alnc) and (aDec). Then for every function f € W#)(Q) n
L*®(Q), there exists a minimizer H(f).
If @ is strictly convex and satisfies (A0), the minimizer is unique, and if (Al-n) holds, then it is continuous.

Definition 3.4. Let Q C R". We say that x € 9Q is regular if

im0 = 19

for all f € C(6Q). A boundary point is irregular if it is not regular.

This means that the minimizer attains the boundary values not only in a Sobolev sense but pointwise.
We finish this section with the definition of quasiminimizers.

Definition 3.5. A functionu € Wllo’f(') is a local quasiminimizer of the ¢(-)-energy if there is a constant K > 1 such that

/ o(x, [Vul) dx < K/ o, [V (u + v)]) dx
{v#0} {v#0}

for all v € WH*0)(Q) with sptv € Q.
If the inequality is assumed only for all non-negative or non-positive v, then u is called a local quasisuperminimizer or
local quasisubminimizer, respectively.
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By [13, Lemma 3.4], if ¢ satisfies (A0), (A1) and (aDec), then every v € W#()(Q) with sptv C Q belongs to Wé’q’(')(ﬂ).
It then follows that every minimizer is also a local quasiminimizer.

4 | QUASISUPERMINIMIZER EQUALS LSC-REGURALIZATION QUASIEVERYWHERE

Lemma 4.1 (Theorem 4.4 in [11]). Let ¢ € ®.(Q) satisfy (A0), (Al-n), (alnc) and (aDec). Let u be a local quasisupermini-
mizer which is bounded from below and set

u*(x) :=ess lim inf u(y).
y—=Xx

Then u* is lower semicontinuous and u = u* almost everywhere.
Ifu is additionally locally bounded, then every point is a Lebesgue point of u™.

In the lemma above, the function u* is called the Isc-regularization of u. We say that u is Isc-regularized, if u = u*. In
this section we prove that if u is a quasicontinuous quasisuperminimizer, then u = u* quasieverywhere. To accomplish
this, we need the following lemma and its corollary.

Lemma 4.2. Let ¢ € ®,(R") satisfy (A0), (Al), (alnc) and (aDec). Let B be a ball and suppose that u € WO (R") is such
that sptu € B. Then there exists a set E C B of zero capacity, such that

i(x) :=lim u(y)dy
r—0 B(x,r)

exists for every x € B \ E. The function 4 is the quasicontinuous representative of u.

Proof. To prove this claim, we follow the proofs of Propositions 4.4 and 4.5 and Theorem 4.6 of [10], where a similar claim
was proven for the variable exponent case.
First we show that Mu € W1¢()(3B) and

||Mu||WL¢(‘)(3B) < C”u”Wlxp(')(yg)- 41

Here Mu denotes the Hardy-Littlewood maximal function. Since u, |Vu| € L?)(3B), it follows by [12, Lemma 4.2.3] and
[12, Theorem 4.3.6] that Mu, M|Vu| € L¥“)(3B), and further

IMull o0 :p) < cllullerspy  and  [IMVulll oo apy < cllVulleosp)-

Note that [12, Lemma 4.2.3] is needed here, because [12, Theorem 4.3.6] requires the assumption (A2). By [12, Lemma 6.1.6],
we have u € WHP(B), where p > 1 is such that ¢ satisfies (aInc),,. Since sptu € B, it follows that u in WLP(R"). From
[19] it follows that |[VMu| < M|Vu| almost everywhere in R". Hence

||VML£||L¢(<)(3B) < ||M|Vu|||L¢(<)(3B) < C”Vu”m(»)(gg),

and (4.1) now follows.
Then we show that for 1 > 0 we have

Cotr (M > 230 B) < emax { /Al oy /A%, 1 b (42)

where q is such that ¢ satisfies (aDec),. Because Mu is lower semi-continuous, the set {Mu > 1} and its intersection with
B are open. Let 7 € C;°(3B) be such that 7 = 1 in 2B and 0 < 7 < 1 in 3B. Then we may use nMu /1 € Wwl#()(3B) as a
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test function for capacity of {Mu > A} n B. Since nMu /A = 0 outside 3B, we get

c.M>/1nB</ <,MED+<,V MEDd
»(-\{Mu > 2} n B) Pl M3 ol x (n /1) x

= [ o |my]) + (] v (g )]) e

q
u

M — s

‘77 A H W1,¢<->(3B)}

Scmax{ 1

‘ u

Wl"P(')(SB)’
where the last inequality follows by [12, Lemma 3.2.11]. Now

u

u
M_
”’7 7 2

u
= M—
H” A

+ HnVM% + (V)M

wl#()(3B) L#()(3B) L#()(3B)

u u
vml u
K 7

u
S L
\H’? A L¥O)(3B) A

+ H(VU)M

L¥O)(3B) L9O)(3B)

<+ ||Vn||oo)‘

u
M=
A

wle()(3B)

The first inequality follows from triangle inequality ([12, Lemma 3.2.2]), and the second from the fact that < 1. Since
V7|l does not depend on u, it can be treated as constant depending only on |B|. Inequality (4.2) then follows from (4.1).

Next we construct the set E. By [13, Lemma 3.4], u € W;’¢(')(B) C W;’q’(')(R”). Let {u;} be a sequence of continuous
functions converging to u in W*()(R") such that ||u — u; |,y < 272.. Define the sets

oo [s9)
Up = {M@u-w)>2"}nB, V;:=JU; and E:=[)V,
= j=1
By (4.2) we have Cy((U;) < 27/, and therefore Cy((V;) < ¢2'~7 by subadditivity. Since E is contained in every V;, it

follows that Cy,.\(E) = 0.
To complete the proof, we show that 7 exist on B \ E and is quasicontinuous. Continuity of u; implies that

< limsup < f i) — w ) dy + f ) — u)| dy)
r—0 B(x,r) B(x,r)

< lim sup f () — )| dy < M — w)(x).
B(x,r)

lim sup
r—0

w(x) — f )y
B(x,r

r—0

If x € B\ Vy, then for any i, j > k we have

+

w(x) - f u(y) dy

B(x,r)

|u;(x) = u;(x)| < lim Sé,lp <
r—

(x) = d
(%) fB(x,r>”(y) yD

SM(u; —w)(x) + M (u; —u)(x) 270 + 277

It follows that the pointwise limit function v(x) := lim;_, o, u;(x) exists for x € B \ V for every k, hence v existson B \ E.
Since the convergence is uniform on B \ V7, it follows that v|g\y, is continuous, which shows that v is quasicontinuous.
Then we show that v = 1 on B \ E. Fix a point x in B \ E. Then

v(x) — f u(y)dy
B(x,r)

lim sup

< [v(x) — u;(x)| + limsup
r—0 r—0

w(x) f u(y) dy
B(x,r)
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Since the right-hand side approaches 0 as i — oo, and the left-hand side does not depend on i, it follows that the left-hand
side equals 0, and thus v(x) = 7i(x). To finish the proof, we note that almost every point is Lebesgue point of u, and it
follows that u = @1 almost everywhere. |

In the following corollary, we show that assumption u € W1#()(R") can be replaced by u € Wh¢()(Q).

Corollary 4.3. Let ¢ € ®,(R") satisfy (A0), (Al), (alnc) and (aDec). Letu € WH()(Q). Then there exists a set E C Q of zero
capacity, such that i(x) exists for every x € Q \ E. Moreover i1 is quasicontinuous in Q.

Proof. Let B be a ball such that Q C B. Let U and V be open sets such that U € V' € Q. Letn € C;°(Q) be such thatn = 1

onV and 0 <7 < 1 on Q. Then uny € WHO(Q). Since sptun c Q, by [13, Lemma 3.4], un € W;’qo(')(Q) C Wé’qo(')(lR”).
Lemma 4.2 shows that there is a set E C R" of zero capacity such that the limit

lim f u(ym(y)dy
r=0 B(x,r)
exist everywhere on B \ E. Since U € V, V is open, and » = 1 on V, we have
i =limf  uG)dy=limf  uGmO)dy
r—0 B(x,r) r=0 B(x,r)

foreveryx € U \ E.
Let then (U,-) be a sequence of open sets such that U; € U;;; € Q and Uzl U; = Q. Then for every i there exist a set E;

of zero capacity, such that 7 exist in U; \ E;. It follows that @ exists in Q \ UZI E;. By subadditivity, C¢(.)( UZl Ei> =0.
It remains to show quasicontinuity. By Lemma 4.2 #i is quasicontinuous on every U;. Hence we may choose open sets F;
such that Cy (F l-) <2 gand | U,\F, 18 continuous. Hence Uf:l F;isopen, i1 A\US, Fi is continuous, and by subadditivity
[So]
C¢(.)<Ui:1Fi> <eE. ]

Now we can prove that u = u* in Lemma 4.1.

Lemma 4.4. Let p € ®.(R") satisfy (A0), (Al), (Al-n), (alnc) and (aDec). Let u and u* be as in Lemma 4.1. If u is quasicon-
tinuous, then u = u* quasieverywhere.

Proof. Suppose that u is quasicontinuous. For any positive integer k, we let u; = min{u, k}. It is easy to see that uy, is
quasicontinuous. By Corollary 4.3 there exists a set Ej of zero capcacity such that

O (x) :=1lim u (y)dy
r—0 B(x,r)

exist for all x € Q \ Ey, and 1, is quasicontinuous. Since both u; and #;, are quasicontinous and u; = 7, almost every-
where in Q, it follows by [18] that w = ;. quasieverywhere in Q. Let Fy = Ej U {u # i;}. Then Cy((Fy) = 0 and we
have

r—

wm=Mf w () dy
B(x,r)

for every x € Q \ Fy.
By [11, Lemma 4.6], u;, is a quasisuperminimizer. By our assumption, u is bounded from below, hence u;, is bounded.
Let u,_ be defined by

u;i(x) ;= ess lim inf u(y).
y=x
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By Lemma 4.1, every point of Q is a Lebesgue point of u;:, and u, = ul*{ almost everywhere. Hence, for every x € Q \ Fy,
we have

u(x) = limf u(y)dy = limf u, (y)dy = u (x).
B(x,r) r-0 B(x,r)

r—0

Therefore {uy # u; } C Fy, and it follows that Cy ({ux # u; }) = 0.
Let

A i={x€Q:u'(x) <u(x) <k} and A7 :={x € Q : u(x) < u*(x) and u(x) < k}.

We will show that A} C {u #u; } and A} C {uy # uj, }, which shows that both A} and A} are of capacity zero.

Let x, € Q be such that u(x;) < k. Suppose first that u*(x,) < u(xy). Let r > 0 be so small that B(x,,r) C Q. Then
essinfyep(x, ) U(y) < u*(xp) <k, from which it follows that

essinf min{u(y), k} = min { essinf u(y), k} < u*(xg).
YEB(xo,r) YEB(xo,1)

Hence

uZ(xO) =ess lim inf u, (y) < u*(xg) < ulxg) = ur(xp),
y—=Xo

and x, € {uk # u;} Suppose then that u*(x,) > u(xy). Then there exists ry >0 such that B(xy,ry) C Q and
essinf,ep(x, ) 4() > u(xy). Hence

u*k(xo) > essinf min{u(y),2k} = min{ essinf u(y), 2k} > u(xg) = uy(xp),
2 YEB(xg.ro) YEB(xg,ro)

and Xo € {uy # uj, }.

Since A :={x € Q : u(x) # u*(x) and u(x) < oo} = |, (A} U A7), we get by subadditivity that Cy.)(A) = 0. Since
u is quasicontinuous Cyy({u = oco}) = 0, and therefore A" 1={x € Q : u(x) # u*(x) and u(x) = oo} is of capacity zero.
And finally, since {u # u*} = AU A’, we get Cy(y({u # u*}) = 0. O

5 | THE KELLOGG PROPERTY

In this section we prove our main result. But first, we have to we prove some auxiliary results. The next lemma gives a
characterization of W1#()(Q) using quasicontinuous functions (cf. [1, Proposition 2.5]).

Lemma 5.1. Let ¢ € ®.(R") satisfy (A0), (AD), (alnc) and (aDec). Assume that u is quasicontinuous in Q. Then
ue Wé"o(')(Q) if and only if
N u inQ,
i:= .
0 otherwise,

is quasicontinous and belongs to W1#()(R™),

Proof. Suppose first that u € Wé’@(')(Q). By definition of W;’¢(')(Q), there are functions v; € C°(Q) such that v; - u
in W¢0)(Q). Then v; — u in WHO(R") also. By [4, Lemma 5.1], we may assume that v; converges pointwise quasiev-
erywhere, and that the convergence is uniform outside a set of arbitrarily small capacity. Denote the pointwise limit of
{v;} by v. Then v is quasicontinuous and v = 0 quasieverywhere in R" \ Q. Since u = v almost everywhere in Q, and
both functions are quasicontinuous in Q, it follows from [18] that u = v quasieverywhere in Q. It then follows that @ = v
quasieverywhere in R", hence i is quasicontinuous and belongs to W#()(R").
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FIGURE 1 Definition of u in Lemma 5.4

Suppose then that # is quasicontinuous and belongs to W¥()(R"). Let B be an open ball such that Q € B. Then
it € WH¢()(B). Since it = 0in B \ Q, it follows by Lemma 2.7 that & € W(l)#’(')(Q), henceu € Wé’go(')(Q) also. O

Then we need the comparison principle given by the corollary following the next lemma.

Lemma 5.2 (Proposition 4.9 in [17]). Let ¢ € ®.(Q) be strictly convex and satisfy (A0), (Al) and (aDec). If f,g € Wh#(Q)
and (f — ), € W, ?(Q), then H(f) < H(g) in Q.

Corollary 5.3. Let p € ©.(Q) be strictly convex and satisfy (A0), (A1), (alnc) and (aDec). If f,g € C(0Q) and f < g quasiev-
erywhere on 0Q), then Hy < Hgin Q.

Proof. Suppose first that f, g € Lip(0Q). Extend them to Lipschitz functions defined on the whole R”. If we show that
(f—-9), € Wé’¢(')(ﬂ), then the claim follows from Lemma 5.2. Let € > 0. Since Co(.)({f > g} N 9Q) = 0, there is an open
set U D {f > g} N dQ and a function u, € WH¢)(R"), such that u, = 1in U, 0 < u, < 1, and

/ §0(x’|ug|)+¢(X,|Vu5|)dx<s.
R”

Since f and g are continuous, the set V :={f <g+¢} is open. It is true that dQCUUV. Let v, :=
Xo(l— ug)((f -84 — £)+. Then sptv, CcQ\(UUV)EQ, hence we may choose an open set D, such that
sptv, € D € Q. It follows from Lemma 2.7 that v, € Wé’qo(')(Q). A straightforward calculation shows that v, — (f — g),
in Wh#0)(Q), hence (f — g); € Wé’go(')(Q).

Suppose then f,g € C(0Q). Fix x € Q and let ¢ > 0. Let n € Lip(6Q) be such that n < f on dQ and H(n)(x) >

Hy(x) —e. Let § € Lip(6Q) be such that g > £ > g —¢ on Q. If y € 0Q is such that f(y) < g(y), then n(y) —e < §(»).
Hence 7 — ¢ < £ quasieverywhere in Q. By the first part of the proof, it follows that H(n — ¢) < H() on Q. Now

Hp(x)—e < H(n)(x) = H(n — &)(x) + & < H(§)(x) + & < Hy(x) + .
Since ¢ was arbitrary H(x) < Hg(x), and the claim now follows, since x was arbitrary. O

We need one more lemma in order to prove our main result. This lemma corresponds to [1, Lemma 5.5], and the proof
is also similar, but we include it here for completeness.

Lemma 5.4. Suppose ¢ € ®.(R") is strictly convex and satisfies (A0), (Al), (Al-n), (alnc) and (aDec). Let x € 0Q and
B :=B(x,r). Let f be Lipschitz on 3Q and suppose that f = m on B N 9Q, where m .= sup,, f. Let (see Figure 1)

._ JH(f) inQ,
““T\m  mB\Q

Then u is a quasicontinuous superminimizer in B.
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Proof. Extend f to a Lipschitz function defined on Qin such a way that f < m. Extend f further by setting f := m on
B\ Q.Then f € WL¥O)(B). Let

U=
0 otherwise.

{u—f inBUQ,

Asv=H(f)— fin Q, we have v € Wé’qo(')(Q). It follows from Theorem 3.3, that v is continuous in Q. Since v = 0 in
R™ \ Q, it follows from Lemma 5.1 that v is quasicontinuous in B and and belongs to W#()(B). It now follows that u is
quasicontinuous and belongs to W#()(B). By Corollary 5.3, u < m in B.

Now we show that u is a superminimizer. Let 77 € C;°(B) be nonnegative and let 7" := min{n, m — u}. It is easy to see

that »’ is quasicontinuous and nonnegative in B. By [11, Lemma 2.11], " € W;’¢(')(B). Since n’ = 0in B\ Q, it follows
from Lemma 5.1 that " € Wé’(P(')(B N Q). Now we have

/ co(x,IVul)dx:/ ¢(x,|VuI)dx</ p(x, [V(u + 7)) dx.
{n#0} {n'#0} ' #0}

The equality above follows from the facts that {77’ =0# n} C {u = m} and Vu = 0 almost everywhere in {u = m}. The
inequality follows from the facts that {77’ # 0} C Q and u is a minimizer in Q. Since u + 7’ = min{u + n, m}, we have
|[V(u+n")| < |V(u +n)|. And since 5’ # 0 implies 5 # 0, we get

/ o(x, [V + 7)) dx < / o(x, [Vt + )] dx.
{n’#0} {n#0}

Combining the estimates above and using Lemma 3.2, we see that u is a superminimizer in B. O

We are now ready to prove our main result. The proof is again similar to the proof of [1, Theorem 1.1], but is included
here for completeness.

Theorem 5.5. Let ¢ € ®.(R") be strictly convex and satisfy (A0), (A1), (Al-n), (aDec) and (alnc). Then the set of irregular
boundary points has zero capacity.

Proof. Denote the set of irregular points by I. To prove that I is of capacity zero, we construct a countable number of sets

Iy q C1,such that Cyy(Ijx4) = 0, and the union of sets I x 4 is equal to I.
For any positive integer j we can cover dQ Wlth a flnltely many balls B := B( Xjk,1/ ]) <k <N;. Letv;; be a
Lipschitz function such that supp v; . C 3B;;,0 < vj; < 1,and v = 1on2B; . For any positive g € Q, let Vjkg = qUjk-

Consider the sets

Iikg 1= {x € Ej’k noQ : %glyif,fH(”j,k,q)(y) <V g(x) = q}.

Then I

jk,g CI.Toshow thatI;

jk,q is of capacity zero, let
H(v; in Q,
Ujkg = { (Vika) .
q in2Bj \ Q.
By Lemma 5.4, u;; , is a quasicontinuous superminimizer in 2B, and by Corollary 5.3, u;; , < q in Q. Since u is
continuous in Q, for every x € Q we have

Jok.q

uj kq(x) = ess hm inf uj g (V) =k g(X) = H(0j ) ().
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ByLemma4.1, u; kg islower semicontinuous, and, by Lemma 4.4, u;.‘ kg = Wika quasieverywhere in 2B; ;.. Since u;.‘ kg <q,
we have

4= ujjeg(x) = ujy () =liminfuj, () = Uminf H (Vikg)

for quasievery x € B ik N Q. Hence I , is of capacity zero.
Then we show that every point of I belongs to some I .. Let therefore x € I. Then there exists a function v € C(6Q)
such that

lim H,(y) # v(x).
Q3y—x

By considering —v if necessary, we may assume thatliminf 5, _, . H,(y) < v(x), and by adding a constant, we may assume
that v > 0. Since v is continuous, we can find a ball B kDX such that

m := inf v > liminf H,(y).
3B N3Q Q3y—x

We can then choose g € Q such that m > g > liminfq5,_, H,(y). Then v
that

kg < UondQ,and it follows by Corollary 5.3,

s s . < limi =0; .
Him inf H (010q) 0) < fim inf H,0) < @ = 0400

Butthenx € I 4.
‘We have now shown that

o Nj
1=UU U Like
Jj=1k=1qeQ
g>0
It now follows by subadditivity that I is of zero capacity. O

6 | SEMIREGULAR BOUNDARY POINTS

In this section we give some characterizations of semiregular boundary points. We follow the ideas in [1, Section 8], where
characterizations of semiregular boundary points are given in the variable exponent case.

Definition 6.1. A point x € Q is semiregular, if it is irregular, and the limit
lim H
a3y f(y)
exists for every f € C(0Q).
First we prove some lemmas.

Lemma 6.2. Let ¢ € ®.(R") satisfy (A0), (A1), (alnc) and (aDec), and let K C R" be compact with Cy,(.\(K) = 0. Then there
exists a sequence of functions &§; € C®(R"), with the following properties:

() 0< & <1inR"and & = 0in a neighbourhood of K,
(iii) lim;_ o &;(x) = 1 andlim;_, , V&;(x) = 0 for almost every x € R".
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Proof. Leti be a positive integer and let u be a test function for capacity of K with

1
/ o(x, lul) + p(x, |Vu|)dx < =
Rn

Since min{u, 1} is also a test function, we may assume that 0 < u < 1. Let U be an open set containing K, such thatu = 1
inU.Letn € C°(R")be such thatyp =1onU,0 <7< 1inR" and |Vn| < 1. Thenun € WwL#)(R™), and using triangle
inequality we get

lunllipey < lunllpey + uVnllpey + InVullge) < 2Mlullpey + [[Vullpe).

By [12, Lemma 3.2.11] there is a constant ¢ such that

lullgc) < emax { 00 (1), 95, (10)7 }

1

where ¢ is the exponent from (aDec). Slnce 9o()(w) < 1/i <1, the maximum above equals @ )(u)q hence |[ull,) <
1

c¢(1/i)4. Similarly we get Vullgey < C(l/l)q. Combining all the estimates gives [[un]|; () < 3C(1/l)‘7 = ¢g.

Let now B be an open ball such that sptn € B. By [12, Theorem 6.4.7] and [12, Lemma 4.2.3] there exists a sequence of
functions u; € C*(B) N Ww1#()(B) converging to u in W¥()(B). Since u = 1 on U, and the proof of [12, Theorem 6.4.7]
uses standard mollifiers, we have 0 < u; <1 on B. Moreover, we may assume that 4; =1 on an open set V, with
KcCV cU. Now ujn € CP(R") and u;jm — un in Wh ?C)(R™). Let j; be an index such that ||u; 7| < 2¢;, and let
Vi 1= W)

Now [[Vllo) < IVill1,p) < 2€; — 0 as i — co. Similarly ||Vv;||,) — 0. It now follows from [12, Lemma 3.3.6] that we
may choose a subsequence v;, such that v; and Vv, converge to 0 pointwise almost everywhere. Choosing &, :=1—v;,
we get a sequence satisfying properties (i), (ii) and (iii). O

Le()

Next we prove a lemma concerning extension of Isc-regularized superminimizers.

Lemma 6.3. Let ¢ € ®.(R") be strictly convex and satisfy (A0), (A1), (alnc) and (aDec). Let F C Q be relatively closed with
Coy(F) =0,andletu € WL#0(Q \ F) be a bounded Isc-regularized superminimizerin Q \ F. Then u has a unique bounded
Isc-regularized extension v € WH#()(Q), given by

v(x) :=ess lim inf u(x).
Q\F3y—x
Moreover, v is a superminimizer in Q.

Proof. By [4, Lemma 4.1], we have |F| = 0. Existence of v is therefore trivial, and boundedness of v follows easily from
boundedness of u. Since

i inf _ i inf _
€ess QB}yrr_l)x inf v(x) = ess Q\Flé’;l_)x inf u(x) = v(x)

for all x € Q, v is Isc-regularized. The equality above also implies that v is unique. That v € L?*)(Q) follows directly from
the facts that u € L?C)(Q \ F) and |F| = 0.

Now we show that d;v =9d;u for j=1,2,..,n. Let n € C°(Q), and let K := FNsptyn. Then K is compact and
Cy()(K) = 0, and we can find a sequence {gl} as in Lemma 6.2. Now n§; € C;°(Q \ F). The definition of weak deriva-
tive gives

0=/ uaj(n§1)+n§lajudx=/v776]§,+§'l(vajn+naju)dx
Q\F Q

where we have also used the fact that v = u almost everywhere in Q. Holder’s inequality gives

Q Q
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By [12, Proposition 2.4.13] and [12, Lemma 3.7.6] ¢* satisfies (aDec) and (A0), which implies that ¢*(x,1) < 1. Since vy
is bounded, it follows that vy € L? ()(Q). It now follows from property (ii) in Lemma 6.2, that the right-hand side in the
inequality above approaches 0 as i — co. By [12, Corollary 3.7.9], L?“)(Q) c LP(Q), where p is the exponent from (alnc).
Since 7 € C*(Q) and v = u € WH90(Q), it follows that (vd;n + nd;u) € L'(Q). Since &; < 1 and &;(x) — 1 for almost
every x € Q, dominated convergence implies that

lim [ &(vdm+nd;u)dx = / (vd;m +nd;u) dx.

Combining the results above shows that d;v = 9;u.
To complete the proof, we need to show that v is a superminimizer in Q. Let 0 < u € C° and let §; be as above. Denote

w; :=v+né and w :=v +7. Since u is a superminimizer in Q \ F and n§; € C°(Q \ F), we have
/<0(x,IVwiI)dx =/ o(x,|V(u+né)|) dx 2/ o(x, | Vul) dx =/<0(x,IVvI)dx.
Q Q\F Q\F Q

The claim follows, if we can show that lim;_, o, 9,(.)(Vw;) = ¢4()(Vw). Since
[IVw;| = [Vwl| < [V(w; = w)] = [V(né&i —n)],
we have
o) (IVwil = VW) < 04y (V(ndi = 1)) = ¢p() (V1 (& — 1) +79VE;)
<00 (V0 (& = )+ Vi) 3 0000 (V0(&i = 1)) + ) (nVE),

where the last inequality follows from (aDec). Property (ii) of Lemma 6.2 implies that ||y V¢; tends to 0 asi — oo, and

I
Q)
[12, Lemma 3.2.11] then implies that lim;_, , 9,((7V&;) = 0. Similarly lim;_, o, ¢, (V7 (&; — 1)) = 0. It now follows from

[12, Lemma 3.1.6] that lim;_, i, ,()(|Vw;|) = o4.)(IVw]), which completes the proof. O

Now we prove the following lemma, which is our main tool in characterizing semiregular boundary points (cf. [1,
Theorem 8.1]).

Lemma 6.4. Let p € ®.(Q) be strictly convex and satisfy (A0), (Al), (Al-n), (alnc) and (aDec). Let V C dQ be relatively open.
Then the following are equivalent:

(a) Every point of V is semiregular.

(b) Every point of V is irregular.

(C) C(p()(V) =0.

(d) Iff,g € C(0Q)and f = gondQ\V, then Hy = H,.

Proof. (a)= (b) Follows directly from definition of semiregularity.

(b) = (c) Follows from the Kellogg property (Theorem 5.5).

()= (d) Suppose that f,g € C(0Q) and f = gon dQ \ V. Since Cy,y(V) = 0, it follows that both f < gand g < f hold
quasieverywhere on 9Q. It then follows from Corollary 5.3 that both Hy < Hg and Hy < Hy on Q, hence Hy = H,.

(d) = (b) Let x, € V. Since V is relatively open, there exists r > 0 with B(x,,r) N 9Q C V. Define f € Lip(R") by
f@) = <1 - M) .Then f =00ndQ \ V, and it follows by our assumption that H(f) = H(0) = 0. Since f(x) =1,
it follows that x is irre?;ular.

(c) = (a) Let x, € V and let G be an open neighbourhood of x, such that GNdQ C V. By [4, Proposition 4.2]
Cp(GN3dQ) =0, where p > 1 is the exponent from (alnc). Now [1, Lemma 6.5] (with p(x) = p) implies that G \ 0Q is

connected. Since G \ 0Q C (GNQ) U (G \5) and G N Q # @, connectedness implies that G \5 = @. Now
G=(G\dQuU(iGNIYC(GNQUV CQUYV.

Since x, was arbitrary, this implies that Q U V is open. Moreover, since V' C 9Q, V is relatively closed in QU V.
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Let f € Lip(dQ). By Theorem 3.3, H(f) is continuous, hence H(f) is Isc-regularized. By Lemma 6.3, H(f) has a bounded
Isc-regularized extension uy to Q U V, such that us is a superminimizer in Q U V. Lemma 6.3 applied to —H(f) = H(—f)
gives an extension u_y, and then —u_; is an extension of H(f) that is a subminimizer Q U V. By [4, Lemma 4.1], [V| = 0,
and it follows that uy = —u_y almost everywhere in Q U V. Hence u; is an Isc-regularized minimizer in Q U V. By [17,
Theorem 5.8] u is continuous in the open set Q U V, and it follows that the limit

odim H(H) = Lm - us() = us(xo)

|
UV3y—Xg

exists for every x, € V.
Let then g € C(0Q). Let f; € Lip(Q) be sequence such that g — l < fi<gand f; < fiy on 0Q. For any x € Q and
L
J > i, comparison principle (Lemma 5.2) implies that

H(f2)(0) < H(f;)(0) < Hy() < H(f)00) + 7.

Hence H ( f l-) converges uniformly to H, in Q, and this implies that H, is continuous in Q. Let uy, be the extension of
H ( f i) to Q UV given by Lemma 6.3. We have already shown that for any x € Q and j > i

1
ufi(x) < ufj(x) < ufl(x) + 7

Since uy, are continuousin QU Vand V' C 0Q, these inequalities hold also for every x € V. This implies that the functions
uy, converge uniformly to a continuous function u. Since u = H, in Q, for any x, € V' we have

li H = 1 = .
odim D) = o i w0 = ()

The only thing left is to show that every point of V is irregular. But this follows from the already proven implication

(c)= (b). O
Using the previous lemma we now give some characterizations of semiregular boundary points (cf. [1, Theorem 8.4]).

Theorem 6.5. Let ¢ € ®.(R") be strictly convex and satisfy (A0), (A1), (Al-n), (aDec) and (alnc). Let x, € 0Q, § > 0 and
d(y) := d(xy,y). Then the following are equivalent:

(A) The point x is semiregular.
(B) For some positive integer k

lim H(kd)(y) > 0.
Q3y—xq

(C) For some positive integer k,
lim inf H(kd)(y) > 0.
Q3y—Xxy

(D) There is no sequence {y;}, such that Q 2 y; — x,, and

lim Hy(y;) = f(xo) forall f € C(3Q).

(E) Itistrue that x, & {x € 0Q : x is regular}.

(F) Thereis a neighbourhood V of x,, such that Cy.(V N 0Q) = 0.

(G) Thereis a neighbourhood V' of x, such that, for every f,g € C(3Q), if f = gondQ\V, then Hy = H,.
(H) The point x is semiregular with respect to G := Q N B(x, 6).
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Proof. (A)= (B) We prove this by contraposition. Suppose therefore that
lim H(kd)(y) =0
Q3y—Xxg

for all positive integers k. Let f € C°(R") C Lip(dQ), a > f(x,), and r > 0 be such that f < a on B(x,,r). Denote
m .= sup,,(f — a);, and let j > m/r be a positive integer. Then

f<a+ de <a+jd
on 0Q. It follows from Corollary 5.3 that

limsup H(f)(y) < limsup H(a + jd)(y) = limsup (a + H(jd)(y)) = a.

Q3y—-xg Q3y—Xxg Q3y—-xg

Letting a - f(x() shows that lim sup H(f)(y) < f(xg). Replacing f with —f in the calculations above gives us
Q3y—Xxg

—limsup H(—f)(¥) 2 —(=f(x0)) = f(xo).

Q3y—Xxg

Hence we have limgs,_. . H(f)(y) = f(xo). Since f € C°(R") was arbitrary, it follows from [11, Proposition 6.5] that x,
is regular, thus X, is not semiregular, and (A) does not hold.

(B)= (C)= (D) These implications are trivial.

(D) = (E) We prove this by contraposition. Suppose therefore that x, belongs to the closure of regular bound-
ary points. For each positive integer k, the intersection B(xo,k_z) N JQ contains a regular boundary point x;. Let
fr :=kd € Lip(8Q). Then we can find y € B(xo, k™) n Qwith |fy (xx) — H(f)(yk)| < k™. Then y;, — x, and, since
0 < f(xp) < k™, wehave H(fy)(yk) <2k

Let then f € C(dQ), and assume without loss of generality that f(x,) = 0. Choose m such that |f| < m < oo and let
g > 0. We can find r > 0 such that |f| < & on B(xp,r~!) N dQ. For k > mr we have f) > m on dQ \ B(x,,r!), hence
|f] < fir +€ondQ. It follows from Corollary 5.3 that for k > mr we have

Hi(y) <H(fi) ) +e<2k +¢

and

Hy(yi) = —H(fi)0) + (—¢) = —2k" —=.

Hence —¢ < limy_, o Hy ( yk) < e. Since € was arbitrary, the limit must be equal to 0, and it follows that (D) does not hold

(E) < (F) Note that (E) is equivalent to the existence of a neighbourhood V of x,, such that every point of V is irregular.
The equivalence of (E) and (F) thus follows from the equivalence (b) < (c) in Lemma 6.4, when we replace V in 6.4 with
V N 3dQ here.

(F) © (G)= (A) These implications follow from Lemma 6.4 when we replace V in 6.4 with V' N dQ here.

(F) & (H) The assumption (F) is equivalent to the existence of a neighbourhood W of x, with Cy,y(W N dG) = 0. This
is equivalent to (H), which can bee seen by applying the equivalence (F) < (A) to the set G. O

ORCID
JonneJuusti‘® https://orcid.org/0000-0002-3462-6488

REFERENCES
[1] T. Adamowicz, A. Bjorn, and J. Bjorn, Regularity of p(-)-superharmonic functions, the Kellogg property and semiregular boundary points,
Ann. Inst. H. Poincaré Anal. Non Linéaire 31 (2014), no. 6, 1131-1153.
[2] T.Adamowicz and N. Lundstrom, The boundary Harnack inequality for variable exponent p-Laplacian, Carleson estimates, barrier functions
and p(-)-harmonic measures, Ann. Mat. Pura Appl. (4) 195 (2016), no. 2, 623-658.


https://orcid.org/0000-0002-3462-6488
https://orcid.org/0000-0002-3462-6488

362 MATHEMATISCHE HARJULEHTO AND JUUSTI

(3]

[4]
(5]
6]
[7]

(8]

[9]
[10]
]
[12]
(13]

[14]
(15]
[16]

(17]

(18]
(19]

NACHRICHTEN

P. Baroni, T. Kuusi, C. Lindfors, and J. M. Urbano, Existence and boundary regularity for degenerate phase transitions, SIAM J. Math. Anal.
50 (2018), no. 1, 456-490.

D. Baruah, P. Harjulehto, and P. Hést6, Capacities in generalized Orlicz spaces, J. Funct. Spaces 2018, Art. ID 8459874, 10 pp.

A. Bjorn and J. Bjorn, Nonlinear potential theory on metric spaces, EMS Tracts Math., vol. 17, Eur. Math. Soc., Ziirich, 2011.

1. Chlebicka, A pocket guide to nonlinear differential equations in Musielak-Orlicz spaces, Nonlinear Anal. 175 (2018), 1-27.

D. Cruz-Uribe and A. Fiorenza, Variable Lebesgue spaces, foundations and harmonic analysis, Applied and Numerical Harmonic Analysis,
Birkh&duser/Springer, Heidelberg, 2013.

L. Diening, P. Harjulehto, P. Hast6, and M. Rizi¢ka, Lebesgue and Sobolev spaces with variable exponents, Lecture Notes in Math., vol. 2017,
Springer, Heidelberg, 2011.

J. F. Grotowski, Boundary regularity for nonlinear elliptic systems, Calc. Var. Partial Differential Equations 15 (2002), no. 3, 353-388.

P. Harjulehto and P. Histd, Lebesgue points in variable exponent spaces, Ann. Acad. Sci. Fenn. Math. 29 (2004), no. 2, 295-306.

P. Harjulehto and P. Hésto, Boundary regularity under generalized growth conditions, Z. Anal. Anwend. 38 (2019), no. 1, 73-96.

P. Harjulehto and P. Héstd, Orlicz spaces and generalized Orlicz spaces, Lecture Notes in Math., vol. 2236, Springer, Cham, 2019.

P. Harjulehto, P. Hést6, and O. Toivanen, Holder regularity of quasiminimizers under generalized growth conditions, Calc. Var. Partial
Differential Equations 56 (2017), no. 2, Paper No. 22, 26 pp.

P. Histd, The maximal operator on generalized Orlicz spaces, J. Funct. Anal. 269 (2015), no. 12, 4038-4048; Corrigendum, J. Funct. Anal.
271 (2016), no. 1, 240-243.

P. Hist6 and J. Ok, Calderon-Zygmund estimates in generalized Orlicz spaces, J. Differential Equations 267 (2019), no. 5, 2792-2823.

T. Karaman, Hardy operators on Musielak-Orlicz spaces, Forum Math. 30 (2014), no. 5, 1245-1254.

A. Karppinen, Global continuity and higher integrability of a minimizer of an obstacle problem under generalized Orlicz growth condition,
Manuscripta Math. (2019).

T. Kilpeldinen, A remark on the uniqueness of quasi continuous functions, Ann. Acad. Sci. Fenn. Math. 23 (1998), no. 1, 261-262.

J. Kinnunen, The Hardy-Littlewood maximal function of a Sobolev function, Israel J. Math. 100 (1997), 117-124.

[20] J. Kristensen and G. Mingione, Boundary regularity in variational problems, Arch. Ration. Mech. Anal. 198 (2010), no. 2, 369-455.

[21]

[22]
[23]

V. Latvala, T. Lukkari, and O. Toivanen, The fundamental convergence theorem for p(-)-superharmonic functions, Potential Anal. 35 (2011),
no. 5, 329-351.

T. Lukkari, Boundary continuity of solutions to elliptic equations with nonstandard growth, Manuscripta Math. 132 (2010), no. 3-4, 463-482.
J. Ok, Boundary partial Holder regularity for elliptic systems with non-standard growth, Electron. J. Differential Equations 2018, Paper No.
84, 25 pp.

[24] M. A. Ragusa and A. Tachikawa, Boundary regularity of minimizers of p(x)-energy functionals, Ann. Inst. H. Poincaré Anal. Non Linéaire

[25]
[26]

[27]

33 (2016), no. 2, 451-476.

A. Tachikawa and K. Usuba, Regularity results up to the boundary for minimizers of p(x)-energy with p(x) > 1, Manuscripta Math. 152
(2017), no. 1-2, 127-151.

D. Yang, Y. Liang, and L. D. Ky, Real-variable theory of Musielak-Orlicz Hardy spaces, Lecture Notes in Math., vol. 2182, Springer, Cham,
2017.

S. Yang, D. Yang, and W. Yuan, New characterizations of Musielak-Orlicz-Sobolev spaces via sharp ball averaging functions, Front. Math.
China 14 (2019), no. 1, 177-201.

How to cite this article: Harjulehto P, Juusti J. The Kellogg property under generalized growth conditions.
Mathematische Nachrichten. 2022;295:345-362. https://doi.org/10.1002/mana.201900521


https://doi.org/10.1002/mana.201900521

	The Kellogg property under generalized growth conditions
	Abstract
	1 | INTRODUCTION
	2 | PRELIMINARIES
	2.1 | Assumptions
	2.2 | Generalized Orlicz spaces
	2.3 | Capacity and fine properties of functions

	3 | REGULAR BOUNDARY POINTS
	4 | QUASISUPERMINIMIZER EQUALS LSC-REGURALIZATION QUASIEVERYWHERE
	5 | THE KELLOGG PROPERTY
	6 | SEMIREGULAR BOUNDARY POINTS
	ORCID
	REFERENCES


