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MAXIMAL REGULARITY FOR LOCAL MINIMIZERS OF
NON-AUTONOMOUS FUNCTIONALS

PETER HASTO AND JIHOON OK

ABSTRACT. We establish local C'1“-regularity for some a € (0,1) and C%-regularity for
any « € (0,1) of local minimizers of the functional

v o /(p(x, |Dvl) dx,
Q

where ¢ satisfies a (p, ¢)-growth condition. Establishing such a regularity theory with
sharp, general conditions has been an open problem since the 1980s. In contrast to
previous results, we formulate the continuity requirement on ¢ in terms of a single
condition for the map (x,t) — ¢(z,t), rather than separately in the 2- and ¢-directions.
Thus we can obtain regularity results for functionals without assuming that the gap %

between the upper and lower growth bounds is close to 1. Moreover, for ¢(z,t) with
particular structure, including p-, Orlicz-, p(x)- and double phase-growth, our single
condition implies known, essentially optimal, regularity conditions. Hence, we handle
regularity theory for the above functional in a universal way.

1. INTRODUCTION

The calculus of variations is a classical and still active topic in mathematics which is
connected not only to other mathematical fields (partial differential equations, geometry,

.) and but also to applications (physics, engineering, economy, ...). Research on
regularity of minimizers of the functional

v o= F(v,Q) = / F(x,Dv)dx
Q
has been a major topic in calculus of variations and PDEs. If F' depends only on the
gradient, i.e. F(x,z) = F(z), F is called an autonomous functional. The simplest non-
linear model case is the p-power function

F(z)= |z, 1<p<oc.

The corresponding Euler-Lagrange equation is the p-Laplace equation div(|Du|P~?Du) =
0, and the maximal regularity of weak solutions of p-Laplace equations is C1® for some
a € (0,1) depending only on p and the dimension n. We refer to [1, 32, 40, 59, 63, 78, 79,
80, 82, 83] for classical results on C1*-regularity for equations and systems of p-Laplacian
type.

On the other hand, if F' depends on both the space variable and the gradient, F is
called a mon-autonomous functional, and this has been a central topic in contemporary
regularity theory. The main approach to such minimization problems is due to Giaquinta
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and Giusti [47, 48]. Tt is based on the following p-type growth conditions:
2+ F(z,2)is C?%
vzlP < F(x,z) < L(1 + |2[7),
v(p + 2T AP < Farla,2)A - A< L+ [27) 2 AP,
|F(2,2) = F(y, 2)| < w(lz —y)(1+ |2[").

This essentially corresponds to the perturbed case a(z)|z|P with the same p-type growth
assumed at all points. Lieberman [61] extended this to the case where |z|P is replaced
by ¢(|z|). However, such structure conditions fail to accommodate many kinds of energy
functionals since the variability in the z- and z-directions are treated separately.

The need to treat the z- and z-directions separately leads Mingione to conclude in
his influential survey that “regularity results should be chased [in more general cases| by
looking at special classes of functionals and thinking of relevant model examples, thereby
limiting the degree of generality one wants to achieve” [71, p. 405]. In this spirit, the
most significant non-autonomous functionals in the literature have so-called Uhlenbeck
structure, i.e. ' depends on ¢ := |z| instead of z,

F(:L’,Z) = QO(.T, ‘z|) = go(a:,t),

<
<

and are the following;:
L. Perturbed Orlicz: a(x)y(t), where 0 < v < a(-) < L and ¢'(t) =~ t"(t).

I1. Variable exponent: t*@) where 1 < p~ < p(+) < p* < c0.

III. Double phase: t? + a(z)t?, where 1 < p < ¢ and a(-) > 0.
These models were first studied by Zhikov [85, 86] in the 1980’s in relation to Lavrentiev’s
phenomenon and have been considered in hundreds of papers since [71, 75]. In keeping
with Mingione’s thesis, regularity results for these cases have been established in inde-
pendent, idiosyncratic ways (cf. Section 2). Moreover, various variants and borderline
cases have been investigated, such as:

IV. Perturbed variable exponent: ") log(e + t), e.g. [44, 60, 72, 74].
V. Orlicz variable exponent: [(t)]P®) or ¢(tP@) e.g. [21, 45].
VI. Degenerate double phase: t? + a(x)t? log(e + t), e.g. [9, 16].
VII. Orlicz double phase: 1(t) + a(x)&(t), e.g. [17].
VIII. Triple phase: t? + a(x)t? + b(x)t", e.g. [30, 43].
IX. Double variable exponent: P +11(*) e g [22) 76, 84].
X. Variable exponent double phase t?*) + a(z)t1®) e.g. [62, 77].

In this paper, we establish a general regularity theory for non-autonomous function-
als with Uhlenbeck structure based on a single condition involving both the x- and ¢-
directions. Specifically, we prove maximal local regularity properties, i.e. C®-regularity
for some a € (0,1) and C*-regularity for any a € (0,1). We consider a convex function
v Q x[0,00) — [0,00) satistying the following “vanishing A1” variant of (Al) (see
Definitions 3.4 and 4.1, below):

(VA1) There exists a non-decreasing continuous function w : [0, 00) — [0, 1] with w(0) =
0 such that for any small ball B, € (2,

cpjgr(t) < (1 +w(r))ep, () forall t>0 satisfying ¢y (t) € [w(r), | B, ™Y,
where ¢ (t) and ¢ () are the supremum and infimum of (-, ¢) in B,, respectively. Let
us point out that (VA1) is optimal for Theorem 1.1 in the following sense: For any 6 < 1
assume that (VA1) is replaced by

@ET (t) < (1+ w(r))gogr (t) forall t>0 satisfying e (t) € [w(r), \BT|’9].
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Then the conclusions of the theorem do not hold, as is shown by examples in [71] already
in the double phase case (cf. Corollary 8.6), see also [6, 13]. Furthermore, 1+ w(r) in the
inequality from (VA1) ensures the continuity of the function, which is necessary already
in the perturbed linear case (cf. Corollary 8.1 and Remarks 1.3 and 1.4).

Theorem 1.1. Let p € ®,(Q), p(x,-) € C([0,00)) for every x € Q with dyp satisfying
(A0), (Inc), 1 and (Dec), ; for some 1 < p < q and let u € W,59(Q) be a local minimizer
of the p-energy

(1.2) /Qcp(:zc, |Vul) d.

(1) If ¢ satisfies (VAL), then u € C2.(Q) for any a € (0,1).
(2) If ¢ satisfies (VA1) and w(r) < er? for some ¢, B > 0, then u € CLY(Q) for some
a € (0,1). Here o depends only on n,p,q, L and (3, where L > 1 is from (A0).

Remark 1.3. In this paper, we consider ¢(z,t) continuous in x. It is clear that we cannot
remove the assumption lim, ,ow(r) = 0 from (VA1) and still obtain C'*-regularity for
all @ € (0,1). However, continuity is not strictly speaking necessary, as it is known for
o(z,t) = a(x)p(t) with a locally VMO (vanishing mean oscillation), that the correspond-
ing minimizer is in C{. for any « € (0, 1), in fact, in I/Vlicp for any p > 1. It seems that
for this result the special multiplicative structure is important.

Remark 1.4. If we consider solutions of the general linear elliptic equation div(A(x)Du) =
0, where A(x) is a bounded and uniformly elliptic 7 X n matrix, then the continuity
of A does not imply that the function is Lipschitz or its derivative is continuous [56,
Propositions 1.5 and 1.6]. Therefore, we cannot expect to remove the assumption w(r) <
crP from (VA1) and still obtain Ch®-regularity.

We shall introduce notation, assumptions and properties of generalized ®-functions
and related spaces later in Section 3. Recall that local minimizer means that u satisfies

/ o, |Vul) de < / oz, Vo)) do

for every v € Wh#(Q) with u — v € Wy # () and @ € Q.

In fact, we will generalize (VA1) to a weaker version, (wVA1), which covers not only
(VA1) but its borderline cases (see Remark 4.2) as well as the PDE case (see Remark 4.3),
and under this condition we will prove C% and C1“-regularity, see Theorems 7.2 and 7.4.
As far as we know, these theorems cover all previously known results (and several new
ones) of C or C1*regularity for the functionals I-X (see Section 8) with the exception
of VMO coefficients (Remark 1.3).

Even in the case of autonomous functionals (i.e. p(z,t) = (t)), our results provide
slight extensions to the state-of-the-art. Up to now, maximal regularity for autonomous
functionals has been established assuming ¢ € C'([0,00)) N C%*((0,00)). However, in
this paper we only assume ¢ € C'([0,00)), that is, we do not assume that ¢ is twice
differentiable. For instance, (t) := fot min{s, s*} ds (cf. [5]) is covered by our result but
is not C?.

Let us conclude the introduction by outlining the approach of the paper and pointing
out the main difficulties and innovations.

The first difficulty for a reasonable regularity theory is to find a well-designed condition
for general ¢. The regularity conditions on ¢ for the types [-11I seem unconnected to one

another, since in these cases, the behaviors of ¢ with respect to x and ¢ can be investigated
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separately. Recently, on the other hand, the C'“-continuity with some small o > 0 for
(quasi-)minimizers of the general non-autonomous functional has been established under
the so-called (A1) condition [13, 54, 55]:

(1.5) ¢h () < Loy (t) forall ¢ >0 satisfying ¢ (¢) € [1,]B|7'].

From this, it is natural to require L — 1 as 7 — 0 for higher regularity. Additionally,
small values t < 1 were previously lumped into an additive constant using decay at
infinity. A more precise estimate, on the other hand, requires the previous condition to
be extended from [1,|B,|™] to [w(r),|B.|7!].

The main difficulty is to find a suitably regular auxiliary autonomous function @(t) for
the perturbation technique in which one approximates the minimizer with the solution
to a related but simpler minimization problem. In order for the perturbation argument
to work under the assumption (VA1), the autonomous function ¢(t) should satisfy the
following requirements:

(1) ¢ € C'([0,00)) N C*((0,00)) and t&"(t) ~ &'(t).
(2) For a given B, with small = € (0,1), ¢(¢) is sufficiently close in some sense
to p(z,t) for all (x,t) € B, x [ti,t5], where t; := (¢p ) '(w(r)) and t, =
(05,) (1B, 7).
(3) bo(,t) := p(z, o7 (t)) satisfies (A0), (alnc)y, (aDec),/, and (Al).
The construction of such ¢ is quite nontrivial, since the property (3) is not satisfied in
general for either ¢(t) = ¢(y,t) with any choice of y € B, or ¢(t) = ¢ (t) (the expected
choices based on previous research). Note that for type II (variable exponent) or type 111
(double phase), one can simply take @(t) = tP7 or p(t) =t + a,t?, where p, := infg, p(-)
and a, := infp, a(-), so this provides no guidance for the general case: in these special
cases t — o(z, " 1(t)) satisfies (alnc), since a single point captures the slowest growth
for all values of ¢, whereas in general the slowest growth may occur at different locations
for different ¢.

The requirements (1)—(3) above are crucially used in our comparison step. Let v
be a minimizer of an autonomous functional with ¢-energy in B, satisfying v = u on
O0B,. Then by (1) and known regularity results for Orlicz growth, we obtain that v is
locally C1@ for some o € (0,1) (Lemma 4.12). Moreover, from (3) we can deduce
a global nonlinear Calderén-Zygmund type estimate in the generalized Orlicz space L?
with 6 = 6,77 for some oy > 0 (Lemma 4.15), which implies that Dv € L#(B,) and so,
with this v, we can use the minimizing property of u. Note that this approach is new
even for the double phase problem, type III.

The Calderén—Zygmund type estimates (Lemma 4.15) in generalized Orlicz space L’
for the norm will be obtained by an extrapolation argument [29] and in this process
(A1) of 0 suffices. However, we need a mean integral version of Calder6n—Zygmund type
estimate that is stable under the size of underlying domain and here (A1) of 6 is not
enough. We overcome this problem by replacing 0(x,t) with 6(z,t) + t** for suitable
p1 > 1 along with delicate analysis. Note that 6(x,t) 4 t** satisfies a stronger assumption
than (A1l). As a consequence, there is “+1” in the mean integral version of estimate
(4.17).

We construct our approximation ¢ and derive the comparison estimate for ¢ and ¢ in
Section 5. In Proposition 5.12 we show that our approximation satisfies the assumptions
in (3), above, and in this step a new framework for generalized Orlicz spaces from [51]
is rather crucial. Then a comparison argument along with (2) and a higher integrability
result for Du yield that Du is sufficiently close to Dv in the mean oscillation sense

(Corollary 6.3).
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We present proofs of some regularity results for autonomous problems in Appendices A
and B. We start this article with an overview of regularity theory in the (p,q)-growth
case (Section 2) and with notation and background (Section 3).

Remark 1.6. Constructing a suitable ¢ is the main problem also in extending this ap-
proach to the case without Uhlenbeck structure, i.e. energy functionals depending on the
derivative Du, not just its norm. Namely, an approximation ¢ : 2 x R" — R affords us
much less room to operate in than ¢ : Q x [0,00) — R. Indeed, it is not even clear how
to state the appropriate assumptions in this case. In addition, the main tools from [51]
concern only the isotropic case ¢(x,|Dul). Therefore, the regularity of the anisotropic
minimization problem [ ¢(z, Du) dz remains a question for future research.

Remark 1.7. The vectorial case, i.e. u : Q — RY with N > 1, is also an interesting
issue. The main difficulty in this case is the following: in order that the local minimizer
of the regular autonomous functional with Orlicz function ¢ = ¢(¢) have C1%regularity
@ should apparently satisfy not only t3"(t) ~ ¢'(t) but also a Holder type vanishing con-
dition on ¢”, see [35, Assumption 2.2]. It is unclear whether (VA1) or some modification
implies the additional condition of ¢. This is also a future research topic.

2. OVERVIEW OF REGULARITY FOR (p,q)-GROWTH AND SPECIAL CASES

An alternative extension to the approach of Giaquinta and Giusti is to consider different
upper and lower growth rates, and replace the exponent on the right-hand side by ¢ > p.
This leads to so-called (p, ¢)-growth functionals, for instance with assumptions

z— F(x,2)is C?,

v|elP < F(x,2) < L1+ |2]9),

v(1+ [2) T A? < Fea(@, 2)A - A < L1+ |22 A2
|F(x,2) = Fy, 2)| < w(lz —y|)(1 +]2]9).

This case was introduced and systematically studied by Marcellini [64, 65, 66, 67, 68].
Several other researchers also contributed to the theory, cf. [11, 38, 71]. For instance, Mar-
cellini [65] started by showing that that every minimizer in W,>¢(Q) has locally bounded
gradient provided 2 < p < ¢ and

g<1+ 2 ,  when n > 2;
p n—2

(the proof uses PDE techniques and entails several additional assumptions, which are not
presented here; see also a recent improvement in [12]). Note, however, that W,5%(Q) is
already higher integrability, so this is not a natural assumption in this context and was
addressed in [65, Section 3]. Later, Esposito, Leonetti and Mingione [39] showed that
every minimizer in W-P(Q) also belongs to W,5%(Q), but only when

q 5

<148 for weCh.
P n
Furthermore, they provide an example showing that if the latter condition does not hold,

then a minimizer in W,.”(Q) need not belong to W,-%(Q) so the Lavrentiev phenomenon

occurs.

It seems that (p, ¢)-growth is the most general class of non-autonomous functionals in
the calculus of variations. Regularity theory, including C% and C'“-regularity, in this
general class is not easily obtained from classical regularity theory for functionals with

standard p-growth, see for instance [71]. Furthermore, there are no general results in the
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(p, q)-case which cover the special cases [-X, so in that sense the theory is incomplete.
We note that some recent papers [13, 23, 24, 54, 55, 81] deal with calculus of variation
in generalized Orlicz spaces, but these papers do not cover higher regularity.

Indeed, the C®- and C'*-regularity theories for type I-11I functionals have been proved
in independent ways. For I, ¢ is nothing but an autonomous functional with coefficient,
and so regularity results can be obtained by using a standard perturbation argument.
On the other hand, II and III are quite different from I, since they are potentially non-
uniformly elliptic problems. Formally, we can rewrite the energy functions as

IL |[Du/P®=P |DulP”  and III: (1 + a(x)|Du|?P)|Dul?.

Here, |Du[P®)~P" and 1 + a(x)|Du|?"P blow up or vanish when |Du| does. Therefore, by
identifying a(z) in I with | Du[P®~?" or 14 a(z)|Du|7?, we see that a is neither bounded
nor far away from the zero. Let us briefly introduce regularity results for the above types.
Let u be a minimizer of the ¢-energy (1.2) with ¢ being one of I-III. Then the following
is known:

For type I, i.e. o(x,t) = a(z)y(t), suppose a is continuous with modulus of continuity
Wge. Then

lim wy(r) =0 = weC® forany a € (0,1),
(2'1) r—0+t
wa(r) <P forsome >0 = we€C™ forsome a € (0,1),

see for instance [71] and references therein.
For type II, i.e. ¢(x,t) = t?®) suppose p is continuous with modulus of continuity Wp.
Then
lim wy(r)lnt =0 = weC* forany ac (0,1),
(22) r—07t
wy(r) <rfforsome >0 = wuecCY forsome ac (0,1).

For these results, we refer to the series of papers of Acerbi, Coscia and Mingione [2, 3, 28],
see also [4, 18, 41, 42].
For type 111, i.e. ¢(z,t) = t* + a(x)t9, suppose a € C%? for some 8 € (0,1]. Then
q s

(2.3) ~<1+= = wueC" forsome ac (0,1).

D n
For this result, we refer to the series of papers of Baroni, Colombo and Mingione [10, 25],
see also [8, 15, 26, 27, 73]. Note that no independent condition implies C*-regularity. In
other words, we cannot ensure even C'“-regularity for w if % > 1+ g We also mention

that the C1%regularity for type III was first proved under the following condition instead
of (2.3):
q B

(2.4) p <1+ - = Uu€ CY* for some « € (0,1), see [25],
and later it was extended to the borderline case 1 =1+ g in [10], see also [31].

As mentioned in the introduction, our general results cover all of these special cases.
Specifically, Theorem 1.1(1) implies (2.1); and (2.2); and Theorem 1.1(2) implies (2.1),,
(2.2)9 and (2.4). We notice that Theorem 1.1(2) does not imply (2.3). In fact, (VA1)
holds when (z,t) = # + a(z)t? with a(-) € C%® if and only if the strict inequality
% <1+ g holds. This gap will be filled by Theorem 7.4; this is one main reason why we
consider the slightly weaker assumption (wVAT1).

Furthermore, many other, previously unstudied cases can also be covered, cf., e.g.

Corollary 8.3, and Section 8 more generally. Originally, the double phase model was
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introduced to model the situation when two phases (the p and the ¢g-growth phases) mix.
Since only the larger exponent affects the nature of the problem, this was simplified in
the form t? + a(x)t? that we have seen. However, we can also consider a variant which is
more closely related to the original motivation:

(2.5) o(x,t) = (1 —a(x))t? + a(x)t!, where 1 <p<gq, a():Q2—[0,1].

Now a indicates the relative amount of material at a point from the g-phase. Such
functionals have been treated by Eleuteri-Marcellini-Mascolo [36, 37, 38]. More generally,
we can also deal with general double phase problems of the type

p(x,t) = alz)p(t) + b(x)E(?),
where a(-),b(-) > 0 satisfy v < a(-) +b(-) < L and ¢/, satisfy (A0), (Inc), ; and
(Dec),—1, which includes the following examples:

P +a(x)t!, a(x)t? +t7, a(x)t? +b(x)t?, and ®(t) + a(x)y(t) In(e + t).

We present conditions for above functions to satisfy (wVA1) or (VA1) in Corollaries 8.4
and 8.6, so that C- and Ch-regularity results for (2.5) are obtained as special cases.
We note that the second example a(z)t? 4 t9 can be understood as a functional with
standard g-growth and hence ¢/p has no upper bound to obtain the regularity results.
Here, we explain the regularity results for this functional as a special case of double phase
problems. In addition, in the same spirit, one could consider functionals with infinitely
many phases such that
p(r,t) =Y ai(x)t", where 1<p<pi<q a()>0 and 0<v <> a) <L,
i=1 i=1

which satisfies the fundamental assumption of Theorem 1.1.

3. GENERALIZED ORLICZ SPACES

Notation and assumptions. For zy € R" and r > 0, B,(x¢) is the ball in R" with
radius r and center xo. We write B, = B,.(xy) when the center is clear or unimportant. For
an integrable function f in U C R", we define (f)y by the average of f in U in the integral
sense, that is, (f)y = f, fdz := ﬁ Ji fdx. We say that f : [0,00) — [0,00) is almost
increasing or almost decreasing if there exists L > 1 such that for any 0 < t < s < o0,
f(t) < Lf(s) or f(s) < Lf(t), respectively. In particular, if L = 1 we say f is non-
decreasing or non-increasing.

We refer to [51] for more details about basics of ®-functions and generalized Orlicz
spaces. For ¢ : 2 x [0,00) — [0,00) and B, C {2, we write

o5, (1) = swp ol t) and o (1) = inf (1)

TEB,

If the map t — @(x,t) is non-decreasing for every = € (), then the (left-continuous)
inverse function with respect to t is defined by

o Ha,t) =inf{r > 0: ¢(x,7) > t}.
If ¢ is strictly increasing and continuous in ¢, then this is just the normal inverse function.

Definition 3.1. Let ¢ : Q x [0,00) — [0,00) and v > 0. We define some conditions
related to regularity with respect to the t-variable.

(alnc), The map t — ¢(x,t)/t" is almost increasing with constant L > 1 uniformly in
x € (L



(Inc), The map t — ¢(x,t)/t” is non-decreasing for every = € ).

(aDec), The map t — ¢(z,t)/t" is almost decreasing with constant L > 1 uniformly in
x € (.

(Dec)., The map t — ¢(x,t)/t” is non-increasing for every = € €.
(A0) There exists L > 1 such that L™ < ¢(x,1) < L for every x € Q.

Note that this version of (A0) is slightly stronger than the one used in [51], but they
are equivalent under the doubling assumption (aDec). Let 0 < ¢ < 1 < C < o0. If p
satisfies (alnc), with constant L > 1, then

o(x,ct) < LA p(z,t) and L 'C7(x,t) < p(x,Ct) for all (z,t) € Q x [0,00).
On the other hand, if ¢ satisfies (aDec), with the constant L > 1, then
L' p(x,t) < o(z,ct) and @(x,Ct) < LCV¢(x,t) for all (z,t) € Q x [0, 00).

Remark 3.2. If ¢ satisfies (alnc), or (aDec), for some v > 0, then so do ¢ and ¢f; for
any B, C (2.

Remark 3.3. Suppose that p(z,-) € C'(]0,00)) for each x € Q and that v > 0. Then

e o satisfies (Inc), if and only if yp(x,t) < ty'(z,t) for all z € Q and ¢t € [0, 00);
e o satisfies (Dec), if and only if yo(z,t) > t¢'(x,t) for all x € Q and ¢ € [0, 00).

These conclusions are obtained by differentiating the function ¢t — ¢(x,t)/t7.

For functions f,g : U — R with U C R", f < gor f = g (in U) mean that there
exists C' > 1 such that f(y) < Cg(y) or C71f(y) < g(y) < Cf(y), respectively, for
all y € U. In particular, in this paper we shall use these symbols when the relevant
constants C' depend only on n and constants from the fundamental conditions (alnc).,
(aDec),, (Inc),, (Dec), and (A0). By following this, for instance, (A0) can be written as
©(+,1) = 1 in Q. We use some results from papers with a weaker notion of equivalence:
f =~ g (in U) which means that there exists C' > 1 such that f(C~'y) < g(y) < f(Cy)
for all y € U. However, if (aDec) holds, then ~ and ~ are equivalent and furthermore
constants can be moved inside and outside of ¢ as observed above.

Basic properties of generalized ¢-functions and related functions spaces. We
next introduce classes of ®-functions. Let L°(Q) be the set of the measurable functions
on 2. In the sequel we omit the words “generalized” and “weak” from the parentheses.

Definition 3.4. Let ¢ : Q x [0,00) — [0,00]. We call ¢ a (generalized) ®-prefunction
if z — o(x,|f(z)]) is measurable for every f € L°(€2), and t — ¢(xz,t) is non-decreasing
for every x € Q) and satisfies that ¢(z,0) = lim; o+ p(z,t) = 0 and lim;,o @(x,t) = 00
for every x € Q). A prefunction ¢ is a

(1) (generalized weak) ®-function, denoted ¢ € P (), if it satisfies (alnc);.
(2) (generalized) convex ®-function, denoted ¢ € ®.(2), if t — p(z, 1) is left-continuous
and convex for every z € Q.

If o is independent of z, then we denote ¢ € &y, or ¢ € &, without “(2)”.

We note that convexity implies (Inc); so that &.(2) C @ (Q2). For ¢ € Oy (), the
generalized Orlicz space (also known as the Musielak—Orlicz space) is defined by

L2(Q):={f € LO(?) [ f o) < oo}



with the (Luxemburg) norm

| fllze@) = inf{)\ >0: g¢(§> < 1}, where o,(f) == /ng(x, |f(x)|) dx.

We denote by Wh#(Q) the set of f € L¥?(Q) satisfying that O f,...,0.f € L?(Q),
where 0;f is the weak derivative of f in the z;-direction, with the norm || f||w1e@) =
|l e+ 20; 110if 1| Le (). Note that if ¢ satisfies (aDec), for some ¢ > 1, then f € L?()
if and only if o, (f) < 0o, and if ¢ satisfies (A0), (alnc), and (aDec), for some 1 < p < g,
then L#(Q) and W#(Q) are reflexive Banach spaces. In addition we denote by W, #(Q)
the closure of C5°(€) in W% (Q). For more information about the generalized Orlicz and
Orlicz—Sobolev spaces, we refer to the monographs [51, 58] and also [34, Chapter 2].

For ¢ : [0,00) — [0, 00), we define the conjugate function by
90*(1‘7 t) ‘= Sup (St - (P(ZL', 5))

By definition, we have the following Young inequality:
ts < p(x,t) + ¢"(z,s) forall s,t>0.

If o € (), then (¢*)* = ¢ [34, Theorem 2.2.6].
We state some properties of ®-functions, for which we refer to [51, Chapter 2].

Proposition 3.5. Let ¢ be a ®-prefunction.

(1) If ¢ satisfies (alnc)y, then there exists 1) € O.(Q) such that ¢ ~ ).

(2) If ¢ satisfies (aDec)y, then there exists 1 € ®.(2) such that ¢ ~ =L, Note that
v, ) is concave.

(3) Let p,q € (1,00). Then ¢ satisfies (alnc), or (aDec), if and only if ¢* satisfies
(aDec) = or (alnc) a_, respectively.

(4) Let ¢ € D(Q) and v = 1. Then ¢ satisfies (alnc), or (aDec)., if and only if p~!
satisfies (aDec)y,, or (alnc), ., respectively.

(5) If ¢ satisfies (alnc), and (aDec),, then for any s,t > 0 and k € (0, 1),

ts < p(x, krt) + (2,57 78) S Kp(x,t) + K71 0"(x, )
and
ts < oz, k7 t) + " (0,17 8) S & V(1) + K" (2, 5).

If o € P.(2), then there exists ¢’ = ¢'(x,t), which is non-decreasing and right-
continuous, satisfying that

o(x,t) = /Ot ¢ (z,5)ds.

Such ¢’ is called the right-derivative of ¢. Note that this derivative was denoted by 0,p
in the introduction. We next collect some results about the derivative ¢’. For (4), we give
a simple direct proof, since earlier proofs of the inequality used additional assumptions.

Proposition 3.6. Let v > 0 and suppose that ¢ € ®.(Q) with derivative ¢'.
(1) If ¢ satisfies (alnc),, (aDec),, (Inc), or (Dec),, then ¢ satisfies (alnc),. 1, (aDec) 1,
(Inc),41 or (Dec), 11, respectively, with the same constant L > 1.
(2) If ¢ satisfies (aDec), with constant L, then p(x,t) = t¢'(x,t), more precisely
to' (z,t)

/
oL <oz, t) <t (z,t)  for (xz,t) € Qx[0,00).
9



(3) If ¢ satisfies (AO) and (aDec), with constant L > 1, then ¢ also satisfies (AO),
with constant depending on L and ~.

(4) ¢ (z, ¢'(x,1)) < tg'(2,1),

Proof. We start with (1) and suppose that ¢’ satisfies (alnc),. Fix 0 < ¢t < s < 0o and
set @ := 7 > 1. Then (alnc), of ¢’ implies that

ez, t) 1 [

o /
w0 L [
L ["¢Y(x,ar) | 7—4r L “ o p(z,s)
\t'v+1/o a0 (at)’Y“/o eleT)dr = Lo

which means ¢ satisfies (alnc),.;. In the same way we can also prove that (aDec), of ¢/
implies (aDec),.; of ¢. The claims regarding (Inc) and (Dec) follow when L = 1.
We next prove (2). Since ¢’ is non-decreasing, it follows that

t
W< [ Pandr <,
0
e —
=p(z,1)

By the (aDec), condition of ¢', we have ¢'(z, £) > L™'277¢/(x, t), which implies p(z,t) ~
to'(z,t).

Then, we prove (3). By (2) and (A0) of ¢ it follows that ¢(-,1) =~ 1-¢'(-,1) = 1, so
 satisfies (AO).

Finally, we prove (4). Since ¢ is convex, p(x,s) = p(x,t)+k(s—t), where k := ¢'(z,t)
is the slope. Then from the definition of the conjugate function we have

& (2, (2, )) = sup(sk — p(x, )) < sup(sk— p(x,1) — k(s —1)) = th—p(z,£) < t/(x,).
s=0 s=0
O
We end this subsection with some properties for C'-regular ®-functions. Note that
Proposition 3.8(2) below is proved for C*-functions in [33, Lemma 3] — here we provide a
more elementary proof which is based on a reduction to the same claim for the function
tP, that is
(3.7) (lz=22 = yP~2y) - (x —y) = (J2] + [y])" |z —y[* forp > 1.

While versions of this claim are commonly known, we have not found this precise for-
mulation in the literature. Rather than providing a proof of (3.7), we just invoke [33,
Lemma 3], since P is certainly a C?-function.

Proposition 3.8. Let p € ®. N C([0,00)) with ¢’ satisfying (Inc), ; and (Dec), | for
some 1 < p < q. Then for k € (0,00) and x,y € R™ the following hold:
o' (|| +ly o' (l2 ' (ly
0y S, e (), )y
|z + [y |z ]
) £+ bl
|z + [yl

W—yPswwo—wwn—dﬁmy«x—w;

71<P/(|$|+|y|)|x_ 2

[ + [yl '
If additionally ¢ € C*((0,00)), then t¢"(t) ~ ¢'(t) and W can be replaced by
([ + ly])-

(3) ¢z —yl) S wlp(z]) + ¢yl + &

10



Proof. When ¢ € C?((0,00)), the inequalities t©"(t) ~ ¢'(t) are direct consequences of

Remark 3.3 and Proposition 3.6(1). This also implies W ~ " (|z] + |y|)-

For (1), we may assume without loss of generality that |x| > |y|. By (Inc),_; and
(Dec) 41,

(Y™ (el <l < (1) .

|z] |z]
Thus there exists v € [p — 1,¢ — 1] such that ¢'(Jy|) = (%)%@’(M) Hence
¢'(lz])

—y) = b (lzP 2 = [y ty) - (@ —y).

x —
|z] vl
We use (3.7) with v + 1 in place of p. Furthermore, from |z| > |y| it follows that
|z| + |y| = |z|, and so we have

<<p’(|33\) w’(\y\)y) (@

() ¢'yD ) ¢ () = 2, Pzl + lyl) 2
- y)-(r—y) = ([ + [y)" e =y ~ |z =y
< |z] vl |z |z + [yl
We next prove (2). Denote 7 := oy and 2o :==y +ns. Then

|z—y| 5
o(lz) — o(ly]) = / Pl s

Furthermore, since x — y = n|z — y|, we have
lz=yl /
¢y ¢ (2 'y
ol = elly) — Sy oy = 7 (L 2D oy
Y] 0 2| Y]

- ][“’_y /(2] + ly])
0

|zs| + |y

|.I’ - y| SdS,

where the second step follows from (1) since z — y = Irs;yl<28 —y). When s > 2|z — y|,
|zs| + |z| = |z| + |y| and (2) follows.

We finally prove (3). By Young’s inequality ab < 1(a® + b%), we find that
|z =yl < gu(lel + lyl) + 367 (2] + [y)) " e — yl?
Therefore, since ¢ is non-decreasing and |z —y| < |z| + |y|, we find by t¢'(t) =~ ¢(t) that
p(le —yl) < (= + ly))lz — vl
< w@'(Je] + D (=] + [yl) + &7 ([l + D (=] + ly)) e — yl?

ST(CIRaV I -

~ k[p(|z]) +e(ly)] + & 2] + |y

4. PRELIMINARY REGULARITY RESULTS

Assumptions for higher regularity. Here we introduce the new assumptions that are
used to obtain C*regularity for any a € (0,1) or Ch*-regularity for some a € (0,1) of
local minimizers of (1.2). We also restate the definition of (VA1) from the introduction,
so that it can be more easily compared with its weaker variant, (wVA1).

In the next definition, we have several conditions which are assumed to hold “for any
small ball”; this means that it holds for all r < r¢ for some r¢ > 0.

Definition 4.1. Let ¢ € @, (€2). We define some conditions related to regularity with
respect to the x-variable.

11



(A1) There exists L > 1 such that for any B, € Q) with |B,| < 1,
¢h (1) < Loy (t) forall ¢ >0 with ¢z (¢) € [1,|B,|7'].

(VA1) There exists a non-decreasing continuous function w : [0, 00) — [0, 1] with w(0) =
0 such that for any small B, € €2,

oh (1) < (1+w(r)ep (t) forall >0 with ¢p () € [w(r),|B,]"].

(wVA1) For any € > 0, there exists a non-decreasing continuous function w = w, : [0, 00) —
[0, 1] with w(0) = 0 such that for any small ball B, € Q,

05 () < (L +w(r)ep () +w(r) forall ¢ >0 with op (t) € [w(r),|B,| ]

Intuitively, (A1) is a jump-condition that restricts the amount that ¢ can jump between
nearby points, whereas (VA1) and (wVA1) are continuity conditions that imply continuity
with respect to the z-variable.

Remark 4.2. We see that (VA1) implies (wVA1) which in turn implies (Al). Assump-
tion (VA1) is easier to understand but we emphasize that (wVA1) covers an interesting
borderline case which has arisen in the double phase case, cf. Corollary &.6.

Remark 4.3. Finally, we would like to explain why we adapt the methodology of calculus
of variations, instead of one of partial differential equations, since indeed w is a minimizer
of (1.2) if and only if it is a weak solution to

/
div (£@IPD N Zg
| Dul

see [53]. In the comparison step in our approach, we take advantage of the minimizing
property of u. If we would instead use the PDE approach, to the best of our understand-
ing, the main assumption (VA1) would be replaced by the assumption

()5 () < (A +w(r)(¢)g, (t) forall t>0 satisfying ¢y (1) € [w(r), |B.|71].

Compared with (VA1), ¢ is replaced by ¢’ in the inequality. Since small values are not
covered in this assumption or (VA1), these two assumptions are not comparable, i.e.
one may hold but not the other, in either direction. However, if ¢ satisfies the basic
assumption in Theorem 1.1 (this is always assumed in our main theorems), we show that
(wVA1) is implied by this assumption: for any ¢ > 0, any small B, € 2, any ¢t > 0
satisfying g (¢) € [w(r),|B,|"¢] C [w(r),|B,|""] and any =,y € B,,

t

’ (5,)" @)
o) = / o (. 5) ds < (14 w(r)) /( ()3 (5) ds + / o (z,5) ds

05,) " (@(r)

< (1+w(r) / & (y,5)ds + olx, (95,) " (w(r)))

< (1+w(r)p(y, t) + cw(r),
Thus (wVA1) holds with function cw(r)?/?. Furthermore, we could also consider a
(wVAT1)-type assumption with ¢’ instead of ¢, but the same argument shows that this
also implies (wVAT1).

We note that such difference between regularity assumptions for the minimizer and the
PDE problem does not appear in types I-1II. This also shows that regularity theory for

general ¢(z,t) cannot be understood easily by just mixing the ones for types I-III.
12



Higher integrability and reverse Holder type inequality. We prove higher inte-
grability of minimizers of (1.2) and, as a corollary, a reverse Hélder type inequality. In
this subsection we assume (Al).

The following higher integrability result appears as [52, Theorem 1.1] in the case 6 = 1.
From the proof in that article, one can derive the stated dependence on § with the help of
the (aDec), assumption; alternatively, one can use that result and a covering argument.

Lemma 4.4 (Higher integrability). Let ¢ € @4 (Q) satisfy (A0), (Al), (alnc), and
(aDec), with constant L > 1 and 1 < p < q. Ifu € W,59(Q) is a local minimizer of (1.2),
then there ezists oy = oo(n,p,q, L) >0, ¢; = c1(n,p,q, L) > 1 and o1 = o1(09,n,q) such
that

o
(4.5) (][ o(z, | Du|)t*oo d:p) ’ <07t (][ o(z, | Dul) dr + 1)
T B148)r

for any By, € Q with || Dul|rep,,) < 1 and § € (0,1].
Remark 4.6. Fix ¥ € Q. Since [, p(z, |Dul) dz < oo, there exists R > 0 such that

/ o(z,|Dul)de < 1 (or, equivalently, || Du| re(p,) < 1)

T

for B, C Q' with r < R. In view of the previous lemma, this means that (-, |Du|) €
Litoo(Q).

loc

The next lemma contains reverse Holder type estimates for Du.

Lemma 4.7. Let ¢ € Oy (Q) satisfy (AO), (Al), (alnc), and (aDec), with constant
L>1and1l < p < q. Suppose that u € VVl})’C“O(Q) is a local minimizer of (1.2) and
By, € Q with ||Dul|res,,) < 1. There exist oo = oo(n,p,q, L) and, for everyt € (0,1],
¢ =c(n,p,q, L,t) >0 such that

(4.8) <][ o(z, | Dul)1+70 dx) i <a ((ﬁ o(z, |Du|)tdx)% + 1)

and ¢ = c(n,p,q, L) > 1 such that

f e ipuar< (f etoloay i)™ <o, (£, Do) +1).
T r B2r

Proof. We start with the first inequality. In (4.5) we split ¢ = ?p!~? with § € (0,1)

and use Holder’s inequality with exponents Hg’” and 1_1;(‘)729 and Young’s inequality with

1 1.
exponents 7 and —:

T
(£ ot iDapeoear) ™
6 —
oo =
< [5_"1 (][ o(x, | Dul)*+o0 d:p) ’ (][ o(x, |Du|)tdx) +1
B(1+6)r Bar

1 , e o :
< 2 ][ p(x, [ Dul)*7° d + o0 10 ][ o(z, |Du|)dr ) + ¢
Ba+or Bar

where we denoted t := %. Now we see from a standard iteration lemma, e.g. [55,

Lemma 4.2], that the first claim holds.
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We move on the the second claim. The first inequality directly follows from Holder’s
inequality, hence we prove the second inequality. Taking ¢ = % in (4.8), we see that

1
THoo q
(][ o(z, | Dul)t o dx) ° < C1/q [(][ ¢§2r(|Du|)%daZ> + 1] .
s Bar

We notice that the map ¢ — [, (t)]é satisfies (aDec);, since ¢f satisfies (aDec),.
Therefore, by Jensen’s inequality with Proposition 3.5(2), we have

(1.9 (£ ctwipuyear) ™ <l (£ puar) +1]
r B2r

for some ¢ = ¢(¢q,q, L) > 1. In addition, since
| ¢n(Duhds< [ plw Du)dr<1 (e |Dulim, <1).
BQT B21"

it follows by Jensen’s inequality that g, (fz |Duldz) S |By,
g0]_32r(f32 |Du|dx) > 1 holds, then (A1) implies that

oL, (][ |Du|daz) < Lyg, (][ \Du\d:c),
" B27‘ " B2'r

whereas in the case cpE;QT(fBQT |Du|dz) < 1, (A0) gives an upper bound of ¢ for the
right-hand side of (4.9). O

|71, If also the inequality

Regularity results for the autonomous case. In this subsection, we consider ¢ €
P.NCH([0,00)) NC?((0,00)) with ¢ satisfying (Inc), ; and (Dec), ; for some 1 < p < gq.
Fix vy € W¢(B,) and let v € vy + W,?(B,) be a solution of the minimization problem
(4.10) min / o(|Dw) dz,

wevo+ W ?(Br) J B,
or equivalently a weak solution to
i [ € (Dv)) — :
(4.11) div ( D] Dv) =0 in B,,
v =1 on 0B,.
We start with the C1®-regularity in the autonomous case, with appropriate estimates.

Lemma 4.12. Let ¢ € ®. N C'([0,00)) N C?((0,00)) with ¢’ satisfying (Inc), ; and
(Dec), 1 for some 1 < p < q. Ifv € WH?(B,) is a minimizer of (4.10) or a weak solution
to (4.11), then Dv € C}2(B,,R"™) for some oy € (0,1) with the following estimates: for
any B,(x¢) C By,

(4.13) sup |Dv| < c][ |Dv| dx
B, a(x0) By (x0)
and, for any T € (0,1),
(4.14) ][ |Dv — (Dv) g, ,(z0)| dv < €T ][ |Dv| dzx.
BTp(mO) Bp(xo)

Here ag € (0,1) and ¢ > 0 depend only on n, p and q.
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The previous lemma is expected from [61]. In particular, we refer to [7] for the case
p = 2. However, we cannot find any result treating the case p < 2 with the above
estimates in the literature. Hence, we give a proof of the above lemma in Appendix A.
We also note that (Inc),_; and (Dec),_; of ¢’ are equivalent to t¢”(t) ~ ¢'(t) by Remark
3.3, since we assume ¢ € C?((0,00)).

We next state Calderén—Zygmund type estimates in B, with non-zero boundary data.

Lemma 4.15 (Calderén—Zygmund estimates). Let ¢ € ®. N C([0,00)) N C%((0,0))
with ¢ satisfying (Inc),_; and (Dec),_; for some 1 < p < q, and |B,| < 1. Ifv €
Wh?(B,) is the minimizer of (4.10) or the weak solution to (4.11), then there exists
c=c(n,p,q,p1,q, L) >0 such that

(4.16) ||90(|DU|)||L9(BT) < ||<P(|DUO|)||L0(BT)

for any 0 € Oy (B,) satisfying (AO), (A1), (alnc),, and (aDec),, with constant L > 1 and

I<p <@
Moreover, fix k > 0 and assume that fBr O(z, o(|Dvo|)) de < k. Then there exists

c=c(n,p,q,p1,q, L) >0 such that

(4.17) ][ 0z, o(|Do])) dr < c(kH " 4 1) (][ 0z, o(|Dvo))) da + 1).
Proof. In view of known results about gradient estimates for equations of p-Laplacian
type or (4.11), see for instance [14, 20, 70], it is expected that for any 1 < s < oo and
any Muckenhoupt weight w € A,,

(4.18) / o(|Dv|)’w(x) de < c/ o(| Do )*w(z) dz,

where ¢ > 0 depends only on n,p, ¢, s and [w]4, (see Appendix B for the definition of the
Muckenhoupt class Ag). We outline the proof of (4.18) in Appendix B.

We may assume that [[¢(|Dv|)||re(s,) < oo, since otherwise (4.16) is trivial. Then
(| Dvol)|| ze1(B,) < 00 by (alnc),, of 8 and so ||¢(|Dv|)||Lei(B,) < 0o by (4.18) with s =
p1. We define 0;(z,t) := min{f(x, t), jt»*}, j > 0, and conclude that ||<p(|Dv|)||L9j(BT) <
o0. Since ¢(|Dv|) € L% (B,), extrapolation for the generalized Orlicz functions, see [51,
Corollary 5.3.4], gives

I DV s 5,y S le(Dvo o5,y < lle(1Dv0 )l Lo,

We note that in the statement of [51, Corollary 5.3.4], ¢ is also assumed to satisfy the
so-called (A2) condition, which is however not needed if the domain 2 is bounded [51,
Lemma 4.2.3], and in our case, 2 = B,. Finally, (4.16) follows from this by monotone
convergence: |o(|Dv|)||ro(s,) = imjsoo |(|1DV])]] 18; 5, Cf. [51, Lemma 3.1.4].

We next prove the second claim, inequality (4.17). If [, 0(x, o(|Dvo|)) dz > 1, then it
follows from (4.16) by [51, Lemma 3.2.10] that

q1

[ ot cpiy i< (/ 9z (D) w)" <ot [ bl (|l

which implies (4.17).
Now, we suppose that fBT O(z, p(|Dvg|)) de < 1. We assume first that the (Al) in-
equality holds also in [0, 1], i.e. that, for some L; > 1,
(4.19) Ggp (t) < Libp (t) forall t>0 satisfying 05 (1) € [0, |B,|1],
15



whenever B, C B,. Define 6*(t) := 63 (t),

M= (9)1(/ 9(x,<p<\Dv0\))dx) and  G(z,t) = %

Note that = (M) € [0,1]. Then @ also satisfies (alnc),, and (aDec),,, with the same
constants as 6. We next prove that @ satisfies (A0). It is clear that §~(1) = 1. On
the other hand, since 6~ (M) € [0,1], we see by (4.19) with B, = B, that 67(1) =
0+(M)/0~ (M) < L;. Finally we show that 6 satisfies (A1). Let B, C B, and consider
t > 0 such that Q_E;p(t) € [1,|B,|7!]. Then Op, (Mt) = §]§p(t)0_(M) < |B,|™'. Therefore,
in view of (4.19), we have

i 05 (Mt) L6y (Mt)

0 (t) = < = L0 (t
B,,( 9_(M) 9_(M) 1 Bp<>
so that @ satisfies the (A1) condition with constant L.
Let m := ¢ (M) and set
v v mt
U= — Vg := EO’ and @(t) := %

Then ¢'(t) = “’,(S\rj)m and v € WH?(B,) is the weak solution to

(Do

aiv (PUPN pe) —o B, with =0 ondB,.
| Do

Note that ¢’ also satisfies (Inc), ; and (Dec), ; with the same constant as ¢'. In addition,

by the definitions of 6, ¢ and M,

|t a1 do = g [ 0w DwDydr <1 = DD, < 1

T

Therefore, applying (4.16) to (0, ¢, v,v9) = (0,9, v, vy), we have

le(I Do) Locs,) < clle(IDv)) | Los,) < €
for some ¢ = ¢(n,p, q, p1,q1, L1) > 1. Finally, this implies that

1 T
5 |, oD dr = [ gD de < o

By

for some ¢ = ¢(n,p, q, p1,q1, L1) = 1. In view of the definition of M, we have

(4.20) |t el de <c [ otap(iDul) ds

in the case when (4.19) holds. Note that (4.20) is stronger than (4.17), but requires the
stronger assumption (4.19).
We return to the case that 0 satisfies (A1) with normal range and define

O(x,t) := 0(x,t) + 7.
It is easy to check that  satisfies (A0), (alnc),,, (aDec),, and 6(x,t) < 0(x,t) < 0(x,t)+1.
Let us show that ¢ satisfies (4.19). Fix B, C B, and ¢ > 0 satisfying 0 (t) € [0, |B,| 1]
Then .
Op,(t) = 05, (t) — " < |B,|™
If 05 (t) > 1, then (A1) of # implies that

5, (1) = 03, (6) + 17 < Loy (1) + 17 < L(05, (1) + ") = L, ().
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On the other hand, if 05 (t) <1, by (A0), (alnc),, and (aDec),, of 6, we have ¢ < 1 and
then QEP (t) =t < bp (t). Hence 0 satisfies (4.19). Finally, since fBr 0(x, o(|Dug|)) dz <
¢(1+|B,|) < ¢ applying the result (4.20) for function ¢ '0(x,t), we obtain

| dle.eDed)ds < [ 8w p(1Do))da
<c/ O(x, o(|Duol)) da

<c [ W elIDu)) + 1) d
which completes the proof of (4.17). O

5. COMPARISON RESULTS WITHOUT CONTINUITY ASSUMPTION

Assume that ¢ € ®.(Q) N C([0,00)) satisfies a stronger version of (Al): there exists
L > 1 and a non-decreasing continuous function w : [0,00) — [0, 1] with w(0) = 0 such
that for any small B, € €2,

(5.1) ¢h () < Lop (1) forall t>0 with ¢ (t) € w(r), |B]"].

Note that this condition is implied by (wVA1l) with L = 3 and w = w. for any fixed
. Further, we assume that ¢’ satisfies (AO) with the same constant L > 1, as well as
(Inc),— and (Dec),_; for some 1 < p < g.

We fix ' € Q and consider By, = Bs,.(19) C ' with r > 0 satisfying that
(5.2)

2+o0g
1 1 1 20+0p) -=
r < L w(2r) < I | Bo,-| < min {E’Q %0 (//gp(x, | Du|) o0 dx) ’ } ,

where oy € (0, 1) is given in Lemma 4.4. Note that o(-,|Dul) € L, ;-7 (£2), see Remark 4.6.
Hence we have from Holder’s inequality and (5.2) that

14+0q/2

o, 1+o0 1
53 [ ettt < |ml (f ol papa) T <
B2'r B27‘ 2
so that
- 1 1
(5.4) / o(z,|Dul) dz < / o(z, |Du|)"* 2 de+ |By| < = + = = 1.
B2'r B2'r 2 2

Therefore, we can take advantage of the results in Lemmas 4.4 and 4.7. For convenience,
we write ¢ (t) == @3, (1).

Construction of a regularized Orlicz function. We construct a regularized function
@ € CH[0,00)) N C?((0,00)) with t&"(t) ~ ¢'(t), which is independent of the x variable
and sufficiently close to ¢(xg,t) in a suitable range of ¢. This procedure is quite delicate
since we want improved differentiability and, moreover, want to find ¢ satisfying in
particular the assumptions of Proposition 5.12, below. The challenge lies in ensuring
that ¢(z, " 1(t)) satisfies (alnc); and (aDec), with some v > 1 for small and large
values of t, as we only have the comparison property when ¢ is in some range [t1, t5].
We approach this problem by requiring p-growth for small and large values of ¢. This is
counter-intuitive, because it means that the resulting function is neither a lower nor an

upper bound of the original function, in contrast to estimates used in previous articles.
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We first define
(5.5) B := By, = By, (20), t1:= (¢ ) Hw(2r)) and t,:= (¢ ) '(|B|™Y).
Note that it follows from w(2r),|Bs,| < L™! in (5.2) and (A0) of ¢ that t; < 1 < ty. Let
ap (£ i 0 <t <ty
(5.6) Up(l) = @'(wo,t) i 1 <t <t
as (é)pil if ty<t< 0,

where the constants a; := ¢'(zg,t1) and ag := ¢'(20, t2) are chosen so that g is contin-

uous. We then define .
= / Yp(s)ds.
0

Note that these functions depend on B via the center point xgy as well as the values t;
and 5.

When ¢ € [t1, 5], the coincidence of derivatives implies that

er(t) — (0, 1) = pi(t) — (w0, t1) = ;t1¢ (w0, t1) — ¢ (w0, 11)

and so, using the facts that %tlgo/(xo,tl) < (z9,t1) < %tlgo/(:po,tl) by (Inc), and (Dec),
as well as (5.1), we find that
(5.7)  0< op(t) — @m0, t) < (L —1)p(xo, 1) = ¢~ (1) =w(2r) forall t € [ty,to].

Fix n € C°(R) with n > 0, suppn C (0,1) and ||n|j; = 1. We define

(5.8) 3(t) = / " psltoym (o —1)do = / " on(s)(s —t)ds where my(t) == Ln(L);

the second expression is valid for ¢ > 0. From the second formula, we see that ¢ €
C*((0, 00)).

For the next proof, we recall the following elementary inequalities which follow by the
mean value theorem for s — (1 +s)? on [0,1]: for v > 0and 0 < s < 1,
(5.9) 1+ min{1,27  }ys < (14 5)? < 1+ max{1,27 ' }ys.
For the functions defined above, we have the following properties.

Proposition 5.10. Let ¢ be from (5.8). Then
(1) vp(t) < @(t) < (1+cr)pp(t) < cpp(t) for allt > 0 with ¢ > 0 depending only on
q. Furthermore,
0 < @(t) —plxo, 1) < c(re™(t) +w(2r)) < cp™(t)  forall T € [ty,to].

(2) ¢ € CH([0,00)) and it satisfies (A0), (Inc), and (Dec), while @' satisfies (A0),
(Inc),—1 and (Dec),—1. In particular, ¢'(t) ~ t@"(t) for all t > 0.
(3) ¢(t) < ep(x,t) for all (z,t) € B x [1,00), and so ¢(t) < c(p(x,t) +1) for all
(x,t) € B x [0,00).
Here, the constants ¢ > 0 depend only on n, p, q and L.
Proof. It follows from the construction that ¢ g satisfies (Inc),_1, (Dec),—; and (AO). By
Proposition 3.6, ¢ and ¢p satisty (Inc),, (Dec), and (AO).

(1) We note that n,(o — 1) is only nonzero when o — 1 € [0,7]. As pp is increasing and
n = 0, we obtain that

0 1+r
o(t) = /0 pp(to)n.(oc —1)do < /1 ep((1+7r)t)n-(0 — 1) do = pp((1 +1r)t)
18



since ||n,][y = 1. Similarly, we obtain that @(t) > ¢p(t). In addition, by (Dec), of ¢p
and (5.9), we have

G(t) < ep((1+7)t) < (1+7)pp(t) < (1 +27 qr)pp(t) for all t > 0.
By this inequality and (5.7), we estimate
P(t) — pl(wo, ) < (1427 qr)p(t) — B (t) + cw(2r) = 27" qrop(t) + cw(2r)
S e (8) +w(2r)
for all ¢t € [t1,t2], where we also used (5.7) and (5.1) to estimate ¢p in the last step.
In addition, we know that w(2r) = ¢~ (t;) < ¢~ (¢) for all t € [t1,ts]. The lower bound

follows from @(t) > ¢p(t) = v(xo,t).
(2) The claims for ¢’ will be derived based on the equality

(5.11) '(t) = /000 op(to)n.(c —1)do for ¢t >0

which is obtained by differentiating under the integral sign. The continuity of ¢5 implies
that ¢’ € C([0,00)) and so ¢ € C*([0,00)). As in (1), since the support of 7, is in [0, 7],
In-|1 = 1, and since 95 is increasing and satisfies (Dec),_, we see that

Ua(t) < @) < (L4 r)s((L+)8) < (1+)4s(t) < 295(1) for all ¢ >0,

that is, ¥ =~ ¢'. Hence we have ¢'(1) = ¥5(1) = ¢'(xo, 1), which implies that ¢’ satisfies
(A0O). From the expression for ¢/, we also see, since ¢ satisfies (Inc),_;, that

F (M) = /0 ot (Moo — 1) do > AP /0 ot (to) (o — 1) do = \=13 (1)

for A > 1 and ¢t > 0. This yields (Inc), ; of ¢’. Similarly we prove that ¢ satisfies
(Dec),—1. The properties for ¢ follow by Proposition 3.6.
(3) Fix x € B. When ¢ € [1,t5], we see by part (1) and (5.1) that () < ¢ (1) <
o(z,t). For t > ty, we observe that
t\P-1 t\pP-1
wB(t) = @I(x07t2)(t—> ~ QO/(.T, t2) (t_) < 90I<x7t)7
2 2
since ¢'(xg,t2) = @(zo,t2)/ta = (x,t3)/t2 = ¢'(x,t2) by (5.1) and ¢’ satisfies (Inc),_;.
Then . .
enl®) =0t + [ on(nar Se)+ [ Pendr=pwn. O
to

t2

The next result shows the strength of the approach with (alnc) and (aDec), since it
would be difficult to construct an approximating function to guarantee (Inc) and (Dec).

Proposition 5.12. For ¢ defined in (5.8) and any o € (0,1), set

0(z,1) = [p(w, 67 (#)]"7
Then 0 € @y (B,) satisfies (AO), (alnc)i;,, (aDec)y140)/, and (Al). Here the constants
depend only on n, p, q and L (from the assumptions on ¢) and are independent of o.

Proof. That 6 € O (B,) is clear once we show (alnc);. As ¢ and ¢ satisfy (A0), so does 6.
Now we prove that 6 satisfies (alnc);,,, which holds if ¢ — @(z, 71(t)) satisfies (alnc);.
Let t > s >0, ¢(7) =t and ¢(0) = s. Then

e () el o) ) S
t P T

S
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By Proposition 5.10 and Remark 3.3, we have ¢(t) ~ pp(t), ¢(x,t) =~ t¢'(x,t) and

vp(t) =~ tp(t) for all (z,t) € B x (0,00). Therefore, it suffices to show that ¢ — s@((t))

is almost increasing. Let ¢; and ¢5 be from in (5.5). Then by the definition of ¥5 in (5.6)

we see that ¢ — fp( (t)) is non-decreasing on (0, ;] U
(5.1) with the fact that t'(x,t) ~ ¢(x,t), we have e

that ¢t — fb,&f)) is almost increasing. The property (aDec),(14,)/, is proved analogously.

Finally, we show that 6 satisfies (Al). Let B, C B,, and assume that 0y () €
[1,|B,|~"]. Then

g, (71 (1) = 05, ()0 € [1, B[] C [, |B, 7.
Therefore, (A1) of ¢ implies that
05,(t) = Lok, (67 ()] < [Lop, (671 ()] < L0, (1)
and so 0 satisfies (A1). O

9,00), since ¢’ satisfies (Inc), ;. By
(=,

[t
go )

~ 1in [t1,ts]. Therefore, we see

Comparison estimates. Let ¢ : [0,00) — [0,00) be the function constructed in the
previous subsection. We then consider the minimizer v € W?(B,) of

(5.13) /¢(|Dv|)dx with v =wu on 0B,

where u € WL#(Q) is a minimizer of (1.2), and derive a comparison estimate between
the gradients of u and v. We note from Proposition 5.10(3) that u € W?(B,), so it is an
appropriate boundary-value function and thus there exists a unique minimizer of (5.13).

The minimizer v is also a weak solution to

21D
(5.14) div MD’U =0 in B, with v=wu on JdB,.

| Dl
Before stating the main comparison result, we observe the following reverse Holder type
estimate for Du and Calder6n—Zygmund type estimate for the problem (5.13).

Lemma 5.15. Let u € WE9(Q) be a local minimizer of (1.2) and v € WH?(B,) be the
minimizer of (5.13), where By, € Q with r > 0 satisfying (5.2) and ¢ is defined in (5.8).
Then

(5.16) (7[ o(x, | Dul)to0 daz) i <c {@ (7{9 | Dul daz) + 1]

and
][ oz, |Dv|) de < (][ oz, Do)+ dx) e
(5.17) r Br L
<c (][ o(x, | Du)**7 dr + 1) ol
B,
Moreover,

(5.18) ][ |Dv|dx<c(][ |Du|dx+1).
T BQT

Here constants ¢ > 1 depend on n, p, q and L.
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Proof. We first prove (5.16). We note that u satisfies the reverse Holder inequality (4.5)
for some ¢; = ¢1(n,p,q,L) > 1. Then by Lemma 4.7, we have

1+lo'
(][ cp(:E, |Du|)1+00 d:p) 0 <o (][ |Du| d:p) +1< go(l‘o,to) +1,
T BQT

where t := fB | Du| dz. This and (A0) imply that (5.16) holds when ¢y < 1; we therefore
assume that ¢ > 1. By Jensen’s inequality and (5.4),

1<t S

s (f ) ¢ (Dude) < (o) (Bl ™) =t

where t5 is defined in (5.5). Therefore, it follows from Proposition 5.10(1) that

1
140
(][ o, [ Dul) 70 dx) " < p(aonto) S Blto) = ¢ (][ \Du\dw).
I8 B2r

As for (5.17), we only prove the second inequality, since the first inequality directly
follows from Hélder’s inequality. Let 6 € &y (B,) be from Proposition 5.12 with o = ¢¢/2.
By the proposition, we may apply Lemma 4.15 with vy = u and kK = 1 (see (5.3)) to
conclude that

F el Do) da = f 0la,p(Dul)) da

S f W el1pu) + e = f fola |Dul)+ 1%

By Jensen’s inequality, Proposition 5.10(3), (5.17) and (5.16)

@( |Dv|dx) <} alpirs f [¢<x,|pv|>+1]dxg¢(][ |Du|dx)+1
B'r r ™ BQT

Then (5.18) follows when we apply ! to both sides and use (aDec), to move “+1”
inside ¢. U

6. COMPARISON RESULTS WITH CONTINUITY ASSUMPTION

Assume that ¢ € ®.(2) N C'([0, 00)) satisfies (wWVA1), in addition to the assumptions
in the beginning of the previous section, i.e. (A0) with constant L > 1, as well as (Inc),
and (Dec),—; for some 1 < p < ¢. At this stage, we fix
(61) &g =

0o
2(2 —|— 0'0)

where oy € (0,1) is determined in Lemma 4.4. We will use (wVA1) for € = gy, which
fixes w in that condition. We take r so small that (5.2) holds for this w. Now we derive
a gradient comparison estimate between u and v.

Lemma 6.2. Let u € W2?(Q) be a local minimizer of (1.2) and v € WY?(B,) be the

minimizer of (5.13), where By, € Q with r > 0 satisfying (5.2) and ¢ is defined in (5.8).
Then there ezist v = y(n,p,q, L) € (0,1) and ¢ = ¢(n,p,q,L) > 1 such that
][ @”(\Du\—i—|Dv\)\Du—Dv\2dwgc( +r”’ ( ( \Du\d:c) —|—1) :
B
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Proof. By Proposition 5.10(3) and Lemma 5.15, we see that u € WY?(B,) and v €
Wh?(B,). By Proposition 3.8(2),

- ~ ~ ¥
2"(IDul + |Dv])| Du — Du* < ¢(|Dul) — ¢(|Dv]) — 5=
Since u — v € Wy'?(B,) and v is a weak solution to (5.14),

][ ¢"(|Dul| + |Dv|)|Du — Dv|* dx
B

~ i y D
S J. @D = 2ol dz — f F(Dul) - (Du— D) de

T
J/

-~

=0 by (5.14)

=]i [2(1Dul) — (e, | Dul)] + [p(z, |Dul) — (e, | Do) + [p(z, | Do) = @(|Dol)] da
< £ 180Du) - (o, |Dulda+ f [el,[Do]) = G(1Do])] do

T
v~ v~

=:11 =12
in the last step we used that f, [p(x,[Dul) —¢(z, |Dv|)] dz < 0 since u is a minimizer of
(1.2). We shall estimate I5. We split B, into three regions F;, Fy and Ej3 defined by

E, =B, N{y (|Dv]) < w(2r)},

Ey = B, N{w(2r) < ¢ (|Dv|) < | Ba| 10},

Es := B, N {| By |1+ < o (| Dv])}.
In the set £y, (Dec), and (AO) of ¢ imply that |Dv| < W(QT)%. Therefore by (Inc), and
(A0) of ¢ and @,

]i oz, [Du]) — $( Do) [xe, dr < w(2r) ][ yon de < w(2r)}.

T

In the set Es3, Proposition 5.10(3) and the fact that 1 < |By,|'™%0¢~(|Dv|) imply that
|o(@, |Dv]) = @(|1Dvl)| < ¢(x, [Dv]) + 1 < oz, |Dol)
90
< 1B (IDV])] * (@, |Dv])
n(l—eqg)og

Sro2 gl | Do)t

Integrating this inequality over E3 and using (6.1), we find that

4+00)00 217?’0+ﬁ
£ 16t 00) = 2DeD |y do £ " EE (f ot Dol ac) |
By
On one hand, by (5.17) and (5.16), we have

o HLO'
(][ o(z, |Dv|) 7 dx) ’ < (7[ | Dul d:p) + 1.
s Bay

On the other hand, by (5.3),

1+m 217%0 4dnog
SO(I‘JDUD 2 dx |B| 2+(’0 <r 42+0'0)
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Therefore, combining the previous three inequalities, we have

£ lotle. Do) = sDeD ey o 7550 (3 (£ Ipulas) +1)).
BT BQr

Recall that ¢; and ¢, are defined in (5.5). In the set Es, we observe that
w(2r) < ¢ (|Dv]) < |Bar| 170 < |By|™t and so t; < |Dv| < to.
Hence it follows from (wVA1) and Proposition 5.10(1) that
o, [Dv]) = (| Do))] < le(a, [Dol]) = ¢z, [Do))] + |@(xo, | Do) = ¢(| Do)
< (r + w(r)g (Do) + w(2r).
Therefore, applying (5.17) and (5.16), we have

el Dol) = (Do) s o S (r+20) (5 (£ Dulr) +1).
Br BQT
We have shown that

1| < o [e(@, |Dv]) — (| Dvl)| do

B

< (w(QT) Gy +r) ((ﬁ (][ |Du|daz) + 1) .
Bay

The estimate for [; is analogous, with sets E; defined with Du instead of Duv. O

The following corollary is the key to the regularity results in the next section. Indeed,
once we have the estimate from the corollary, the main results follow using standard
methods.

Corollary 6.3. Under the assumptions of Lemma 6.2, we have

|Du — Dv|dx < c(w(r)# + 77 <][ | Du| dx + 1)
Bay

for some v1 = y1(n,p,q,L) € (0,1) and ¢ = ¢(n,p,q, L) > 1.

By

Proof. Set w(r) := w(r)p + 7 Wlth v from Lemma 6.2 and note that @(-) < 2. Applying

Proposition 3.8(3) with x = @(r)2, Proposition 5.10(3) and Lemmas 6.2 and 5.15, we
find that

][ &(|Du — Dv|) dx

< w(rﬁf (1Dul) + 3(|1Dv])] dxw(r)-af &(1Du| + |De])| Du — Dof? de

T

< &(r) ][T[cp(:p, Du) + o(z, [Dv]) + 1] dz + 5(r)3 (@ (7{9 Dl dx) + 1)
< 3(r)h <¢ (ﬁ Dyl d:c) + 1) |

Therefore, by Jensen’s inequality and (Dec), of @, we have

) ( |Du — Do| dx) < ][ &(|Du— Dv|)de < ¢ <@(r)2lq (][ |Du| dx + 1)) .
Br BT B2'r

The claim follows, since ¢ is strictly increasing. U
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7. PROOFS OF MAIN RESULTS

In this section, we prove the main theorems. Before starting the proof we introduce a
basic iteration lemma. We refer to [46, Lemma 2.1 in Chapter III].

Lemma 7.1. Let f : [0,79] — [0,00) be a non-decreasing function. Suppose that for all
0<p<r<r,

flp)<C ((g)" n e) F(r) + Cr"

with positive constant C'. Then for any T € (0,n), there exist 1,¢ > 0 depending only on
n, C' and 7 such that if € < 1, then

r <e(B)" (rwy ).

In the next results, we denote by w the function from (wVA1) for ¢ = &g, cf. the
beginning of Section 6. Likewise, by L > 1 we denote the constant from (A0). Now let
us state and prove our main results.

Theorem 7.2. Let p € D.(Q)NC([0,00)) with ¢’ satisfying (A0), (Inc), 1 and (Dec),
for some 1 < p < q and let u € T/Vlif(Q) be a local minimizer of (1.2). If ¢ satisfies
(WwVAL), then u € C2 () for any o € (0,1).

loc
Proof. Let g € (0,1) be a sufficiently small positive number which will be determined
later. We fix ' € Q and assume that (5.2) holds r = ry > 0. For any B, C € with
0 < 2r < 1o, let v € WH?(B,) be the minimizer of (5.13) with ¢ determined in (5.8).

(
When p € (0, %), applying Corollary 6.3 with wy(r) := w(r)2® 4+ 7, (4.13) and (5.18),

12
we have
/ \Du\d:cg/ \Du—Dv\d:c+/ | Dol dx
B, . B,

< wo(20) / [Dul + 1] de + p" sup | Dol
BQT

Br/2

< wolro) / [1Dul + 1] do + " ][ Dol dx
BQT BT

< ((g)n+wo(ro)>/3 |Du| dx + r".

2r
Moreover, if £ < p < 2r, the above estimate is obvious since then % < ’;).
Let f(p) := pr |Dul| dz, fix 7 € (0,n) and choose 1 so small that

wo(ro) = W(TO)TI‘Z + 1ot < ey,

where & is from Lemma 7.1. Then, applying the lemma and using (5.4) with 2r = ro,
we have the following Morrey type estimate:

(7.3) /B |Dul dz (%)nT(/B

for implicit constant ¢ = ¢(n, p, ¢, L, 7) > 1. We note that in (7.3), p € (0, 7] and B, C &
are arbitrary and the implicit constant is universal. Therefore, by taking 7 = 1 — « for
each a € (0,1) in (7.3), we have u € C2.(§) by a Morrey type embedding, see for

instance [46, Chapter 3, Theorem 1.1]. More precisely, we obtain

(ontn S £ |Duldat 1 .
B

70

| Dul| dx+r6‘_T) for all B, C Q' with p € (0,r

70
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Next we prove the second main theorem, C1“-regularity.

Theorem 7.4. Let p € D.(Q)NC([0,00)) with ¢’ satisfying (A0), (Inc), 1 and (Dec),
for some 1 < p < q and let u € WL?(Q) be a minimizer of (1.2). If ¢ satisfies (wVA1)
with

w(r) <r? forall v e (0,1] and for some € (0,1),
then u € CL*(Q) for some o € (0,1). Here a depends only on n, p, q, L and .

loc

Proof. Fix Q' € . We first notice from (7.3) that for any 7 € (0, n),
][ |Du|dx < e,r™7 for all By, C Q' with 2r € (0,70,
Bay

where ry > 0 is from the proof of Theorem 7.2 and ¢, > 1 depends on n, p, q, L, rp and
7. Consider sufficiently small 2r < rq, which will be determined later. Let v € W'?(B,)
be the minimizer of (5.13) with ¢ determined in (5.8). Then for 0 < p < 7, applying
(4.14) with B,(z9) = B,/ and 7 = 2, Corollary 6.3 with w(r) < r¥ and (5.18), we have

][ |Du — (Du),| dx < 2][ |Du — (Dv),| dx
By

By

<2 |Du — Dv|dx + 2 |Dv — (Dv),| dx
B, B,

r\n P @0
< (—) |Du — Dv| dx + (—) | Dv| dz
p B, r B,/

< (wo(%)"+ (g)a) (]i |Du|da;+1)
< (m (D) (2.

where vy := min{%,%}. Finally, we choose p := r!t10/(7) and 7 .= 2020

4n -
2r < min{rg, 472"/}, Then p < % and for the concentric balls B, C By, C € we have
that

Suppose that

J0 T __
|Du — (Du),|de S cr2 ™7 4+ 1" < 2¢07 = 2¢,p 0/,
By

This yields that Du € C?

loc

(€¥) with a = ;22 by a Campanato type embedding, see
for instance [46, Chapter 3]. Since ' € ( is arbitrary, we have the conclusion. The
last inequality also yields an estimate for the semi-norm [Du]ce( By /2): however, once we

unravel the dependence from c;, it is a somewhat complicated formula. O

Remark 7.5. By following the proofs, one can see that we use the condition (wVA1) only
for fixed € = ¢y determined in (6.1). Therefore, in Theorems 7.2 and 7.4, the condition
(wVAT1) can be replaced with the combination of (A1) and (wVA1) with fixed £ > 0,
where ¢ is sufficiently small and depends on n, p, ¢ and L.

8. EXAMPLES OF SPECIAL STRUCTURES

In this section, we show that our results include previous regularity results for special
structures presented in the introduction. We provide details only for some of the cases,
as the remaining ones can be handled by similar techniques. By C* we denote continuous

functions with modulus of continuity w.
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Corollary 8.1 (Perturbed autonomous case). Let a : Q — [v, A] for some 0 < v < A,
and let ¢ € ®.NC([0,00)) with ¢ satisfying (Inc),—1 and (aDec), ; for some 1 < p < q.
Define p(z,t) := a(x)(t). Then ¢ satisfies (VA1), with w(r) ~ wa(2r), if and only if
ac Cv.

Proof. For any B, C (Q,

b, (1) = ay () = (1+ B2 ) o (1)

Br

Since ap € [v, A], we obtain that

=0
o5, (1) B T

and so the claim follows. O

Corollary 8.2 (Variable exponent case). Let p : Q — [p1,ps2] for some 1 < p; < po.
Define (z,t) == tP@ . Then ¢ satisfies (VA1) if and only if there exists w, with

limw,(r)Int =0 and pe C*.
r—0 r
Moreover, ¢ satisfies (VA1) with w(r) < 1P for some B > 0 if and only if
wy(r) S P for some 3> 0.

Proof. Fix B, C Q with |B,| < 1 and set p* = pg. Then we have ¢p (t) = t* and
o, (t) =t for t > 1 as well as ¢ (t) =7 and ¢f; (t) =7 for t < 1.

Let us derive an equivalent form of the inequality in condition (VA1). We may consider
the range [| B,|, |B,|~!] in the condition, since it turns out that this choice of lower bound
entails no additional restrictions in the variable exponent case. When ¢ > 1, we have

_ + - - - _
05, () — g, (t) = ("7 =" = (" — L)y (1)
When ¢ < 1, the exponents p™ and p~ are interchanged. Since we consider the range
N — N — _ + _ -
te [(0)p (B, (@ )s (B ] = [|1BAY 1B, V7],
we obtain that

* t)— o, (t p~—pt
SOBT() SOBT():‘BA = —1.

sup -
tel|B, V7 | By~ 1/77 ] ©p, ()

Suppose that p € C*r. By the mean value theorem, e¢* — 1 < e*z. Thus

p_—pt

|Br|  —1< |Br|—wp(2r) ~-1< enwp(Zr) In(1/r) 1< nenwp(Zr) ln(l/r)wp(z,r,) ln% —- W(T)

and the inequality from (VA1) holds with this w. Moreover, if lim, _,gw,(r)In< = 0, then
w tends to zero, hence we obtain (VA1). If w,(r) < ¢, then w is of order 8 — ¢ for any .
Suppose next that ¢ satisfies (VA1) with function w. Then, for r < %,

p~_—pt

B,[F —1<w(r)

hence -
Jh < P lo(l+wlr) _ palog(l +w(r)
log | B, nlog -

Then w,(2r)log+ ~ log(1 +w(r)) — 0. If w(r) < r? then wp(2r) ~ log(1 + rﬁ)/log%
B
re.

=: w,(2r).
S
U
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Radulescu and colleagues [22, 76, 84] have considered a functional with model case
o(z,t) = t*@ + ¢9@  which they call “double phase” (it is different from the double
phase functional of Zhikov, considered below). To the best of our knowledge, this is the
first regularity result this functional.

Corollary 8.3 (Radulescu’s double phase). Let p,q: Q — [p1, ps] for some 1 < p; < po
and o(z,t) = t*@) + 9@ Then ¢ satisfies (VA1) if there exist w,, and wyr with

lil%wm('f’) =0, min{p,q} e Cm, lir%wM('r) Int =0 and max{p, ¢} € C.
T— T—
In addition, ¢ satisfies (VA1) with w(r) < r° for some 8> 0 if

lim wm(r)r_B =0 and lim wM(r)T_B =0 for some B> 0.

r—0 r—0

This result can be proved with the same methods as Corollary 8.2; the details are left
to the interested reader. Note that the regularity required of the minimum is lower than
the regularity required of the maximum. This is due to the fact that we only require the
inequality of (VA1) in the range [w(r), 1] where the minimum determines ¢, whereas the
maximum is used in the range [1, |B,|].

We now consider double phase problems in the sense of Zhikov and Mingione.

Corollary 8.4 (Double phase case). Let a € C¥*(Q2) and b € C**(§2) be non-negative
with 0 < v < a(-) +b(-) < A for some 0 <v <A, and ,& € &.NCH([0,00)) with ¢, &
satisfying (AO), and (Inc), 1 and (Dec),—y for some 1 < p < q. Suppose that % is almost
increasing. Define

p(x,t) = a(x)(t) + b(z)§(t)
and, for e € [0, 1),

wa(r) = wa(r) + Wb(T)’I“n(l_E)f(@b_l(T_n(l_e))).
If w. is bounded with lim, _,ow.(r) = 0 when € > 0, then ¢ satisfies (WVAL) with w =~ w..

Proof. Fix B, C Q so small that w,(2r),wy(2r) < %. Set a* := aj, b* := bj; and
@E(t) := @3 (). For 0 < e < 1, suppose ¢ € (0,t2) with t5 := (¢7)71(| B,|7179).
We consider first ¢ > 1. Assume first that b= > %. Then ¢~ (¢) 2 £(t) 2 ¢(t) and so
w

)
(1) = o (t) < (@™ — a7 () + (b7 = b7)E() S (walr) + wi(r))e™ (1)

We note that the case b~ < § and a™ < % cannot occur, since a+b > v and w,(2r), wy(2r) <

v

5.
Next, we consider ¢ > 1 and a~ > 4. Then ¢~ (t) 2 ¥(t). Note that p(z,t) =~
max{a(z)(t), b(x)£(t)} and that by the continuity of the functions a and b, there exists

T € E such that ¢~ (t) = p(xy,t). Using these and that % is almost increasing, we have

. £(ts2) &(t2) £(t2)
> {a@: Bl AL tres o e u e s

< % d (t2) S a(ﬂftg)?/i(tz) S e () = r~™(1-¢) " we conclude that
PO =) _ D) £()

S - )

e () T (1)
< wa(2r) 4+ wp(2r)

t @ (1)
£(ta)

@~ (t2)

S wa(r) + wp(r)r" g (P ().
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We note that the factor multiplying wy(r) in the last expression is greater than ¢ > 0
depending on the parameters, so it can absorb the +wy(r) from the other cases to give
w, in the statement of the result.

The necessary inequality has been established for all cases when ¢ > 1. We next
consider ¢ < 1. By (A0) of ¢ and &,

P () = () < (a" —a )Y(t) + (b7 = b7)E(t) S walr) +ws(r).

We use this as the additive term “4w(r)” in the definition of (wVA1) to cover small .
This concludes the proof of (wVAT1). O

Remark 8.5. In the previous proof, we used the additive error “+w(r)” for (wVAI1) to
handle the case t < 1. If a = 1, then this is not needed, and we have also the following
conclusion: if wy is bounded with lim,_,ow(r) = 0, then ¢ satisfies (VAT1).

Suppose that £(¢) = 1(t) In(e +¢) and a = 1 in Corollary 8.4. Then we have
g(w—l(,r—n(l—a))) — T—n(l—e) In (6 + w—l(r—n(l—a))) ~ T—n(l—e) 111(6 + %)

since 1 satisfies (Inc), and (Dec),. We see that the degenerate double phase functional
satisfies (VA1) if b is vanishing log-Holder continuous.

From Corollary 8.4, we obtain sharp regularity conditions for ¢ satisfying particular
structures of double phase with power-functions.

Corollary 8.6. Let 1 < p < ¢, B € (0,1], and a € C¥* and b € C*” be non-negative.
Define . :== 8 — 7"('1_’2(1_5), e>0.
(1) Let o(x,t) =tP 4 b(x)t?.
If1<1+ g, then ¢ satisfies (VA1) with w(r) a r.
If% <1+ g, then ¢ satisfies (wWVA1) with w(r) ~ r-.
(2) Let p(z,t) = a(x)t? +t9. Then ¢ satisfies (wWVA1) with w(r) &= w,(r).
(3) Let a(x)t? +b(x)t? withv <a+b< A If 2 <1+ g, then ¢ satisfies (wWVA1) with
w(r) & e + w,(r).

APPENDIX A. C'"® REGULARITY FOR AUTONOMOUS PROBLEMS

In this section, we prove Lemma 4.12. We follow the ideas in [35, 59]. In fact, it is
almost enough to replace the map ¢ — by the map ¢t — () in the proof in [59].
However, for completeness, we present the proof. Suppose ¢ € C*([0,00)) N C?((0, 0))
and ¢’ satisfies (Inc),_; and (Dec),_; for some 1 < p < ¢q. We first consider the following
non-degenerate problem for € > 0:

D t 7
(A.1) div MD% =0 in Q, where ¢.(t) ::/ O'(e+s)s ds.
|Du€| 0 €+$

which is the Euler-Lagrange equation of the minimization problem

(A.2) min /Q e (|Dwl) d.

w

(In Lemma 4.12, Q = B,.) By the definition of ¢. we have

/t / t /t /
T R ) NP 1) I O BN
t e+t t—0t 1 €
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Hence (A.1) is non-degenerate. We emphasize that all hidden constants in ~ and < in
this appendix depend only on n, p and ¢, but are independent of €. We observe by the
first equality above and (Inc), ; and (Dec),_; of ¢’ that

pL(t) = % (1 + ((5 f;gfoj(retl Ol 1) e i t)

(A.3) /
oL(t) t . pL(t)
> (14 (p—2)— | = Lp—1;——=
t ( T2 ) 2 minthp -~ U
and
‘(1) t e (t)
A4 //tgtpa( 1 —2)— | < 1, —1}—=—=.
(A4) we () t + (g )z—:+t max{l,g J t
Therefore, ¢ satisfies (Inc)in1p-1} and (Dec)yax(1,-1y, which implies that
pe(t)  ee(t) _ ¢e+t)
(A.5) toe(t) = welt), tee() mpelt), —7 m = =

In view of [35], in particular Lemmas 5.7 and 5.8, we have that u. € W27(Q) and
©.(|Duc|) € WE2(Q) if & > 0 and that for any By, € Q and ¢ > 0,

(A6) supe.(|Ducl) S £ pul|Du) ds
P B3y

Here uy = u and ¢y = ¢.
Fix e > 0 and By, € €. From now on, for convenience, we shall simply write
(A7) u=mu. and v = (|Du|)= @.(|Du.l).
We first notice from (A.1) and u € W;2(52) that
div <%|(1|)u| |)Du) = div (%Du) = Zgnzl AUz, =0 a.e. in ),
where a;; = a;;(Du), b;j = b;;(Du),

¢'(e +2|)
£+ |z|

bi(2) = 20 )

a;(z) ==

and

(e E D) ) mn
b”()'< e +12D) 1><e+|z|>|z|

for = € R™ (§;; is the kronecker delta, i.e. ;; = 0if i # j and §;; = 1 if i = j). Asin
(A.3) and (A.4) along with the fact that >, . ziznm; = (2 - n)?, we conclude that

(A.8) min{1,p — 1}|n|? < Z bij(z)nim; < max{1,q— 1}|n|* for all z,n7 € R"™
ij=1
Consider the weak form of (A.1) and a unit vector v € S"~!. We see that

_ (| Dul) (| Dul)
0——/QWD -D(¢,)d /Z( Dl ) Cxldx—/ Zawungldx

i,j=1



for any ¢ € C§°(£2), where the subscript v indicates directional derivatives. Thus we have
shown that

n

(A.9) > (@it )a; =0

ij=1
in the weak sense. In addition, by the definition of v, cf. (A.7), we have
_ $L(|Du]) -
’ij - |Du| ; ul‘ku$kl‘j7
so that b;;v,; = ZZ:1 AUz Ug,, - We conclude, with (A.9) for the second equality, that

_/B sz'jvmjé}i dr = — Z/ Zamumk% Uy, C) dx—l—/B Z AUy Uy G AT

P i,5=1 Bp J=1 P i,5,k=1

/ § a’ljul‘k$1 kamzc dx
B

P i,5,k=1
for all ¢ € C§°(B,) with B, € 2. Therefore, we have

(AlO) Lv = Z szvarz z; Z AijUgpa; Uy, = 9

ij=1 i,,k=1

in the weak sense. Moreover, by (A.8) with n = D(u,,) and (A.5), we have

@e(|Dul) 2 12
A1l ~ ———2|D
( ) |DU/|2 ‘ u| Y

where |D?ul? := 37, (ug,2;)*. In the same way as in [59, Lemma 1] with v = ¢ (| Dul),
and v~ P replaced by [ 1(v)]~! = |Du|™!, we obtain for any By, € ©,, that

1+6
(A.12) ][ g dx < (7[ gdaz) .
Bp B4p

Next, set
v @=(|Dul)
— v = .(|D d ovpi= —yy, =2 k—1,.
vo = v = p(|Du|) and vy nglw)u N Dl U, n
Then
©.(|Dul)Duy, - Du
Al z; — Vz; = - )
(A.13) Vo,z; = Vg, Dl
and, for k=1,...n
v N (1 v ) Vg,
Vkxy = — 77 Yzpe; - —_ — — Uy
et (v) " e ()t (v) ) wit(v)
_e(DuD) () _e(Du) Y gLllDu)Dus, - Du
|Du| Y | DulgL(|Dul) | Dul? "
Here we note from (Inc),ing2,) and (Dec)iaxgoq) of . that
1 @=(|Dul) 1
0«l-—<<1-——7—"—<<1——— <1
min{2, p} | DulpL(|Dul) max{2, q}
::AarDu\)
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Then the previous expression for the partial derivatives implies that v, € Wif(Q) since
u € W22(Q), v = p.(|Du|) € Wb(Q) and Du € L2,(€2). Moreover,

loc loc
_ (| Du "(|Dul)? &
S it = 3 i, = EE a4 SIS S (o, - D,
= k=1 k=1

pe(|Dul)¢(|Du]) §- -
+2A(|Dul) Dup > | Dug, - DU gy 0ua,
j=1 k=1

Since A(|Dul) ~ 1, 37 ;(Dug, - Du)*ui, < |Dul*|D?ul* and Dug; - Du Yy e Uy, =
(Dug, - Du)? > 0, we obtain

(| Dul)® 12 1o - 2 o pe(|Dul)® o o
(A.14) gv ~ ————|D*u|* < |Dvg|* S ———=—|D*u|” = gv.
| Du|? ; | Du|?

Using the expression for the partial derivative wvy,, and (A.9), we see that for k =
1,2,...,n

n

ka = Z(bijvk,xj)xi

2,7=1
_ i o |D’LL|'U5lk i Ug, Usg, _ |Du|vu$ku$l
(A15) o A ij Yy ¢€(|Du|)|Du| |Du| QOZ_:(|Du|)|Du|3 .
()0 |DU| (uﬂ?kumz VO Vg, Uy, )
= bijUs,e + —
D Z e o] ¥ (D)~ AHIDuDIDP)
=: g

in the weak sense for test functions in C§°(B,). Note that g, is formulated in terms of first
and second partial derivatives of u. We use the estimates |u,,| < [Du| and |u,,,,| < |D?ul
to conclude that

Uy U,

| Dul| .
Similarly, using also t@.(t) ~ ¢.(t) from (A.5), we estimate the other multipliers of
bijUg,z, by |D?ul, as well. Since b;; ~ 1 by (A.8), we conclude by (A.11) that

uxk:$iu$l + u$ku$lxi _ uxkuxl E =1 U’xmxz

< D?
Dyl | Dul? | D%ul.

c(|Dul)
~[Dul

@e(|Dul) ee(|Dul)
Z bl] T1Tj ‘D2u| S

(A.16) DS
|D | 1,7,0=1

|D*u|? ~ g.

From now on, fix Bsy, € Q. For k = 0,1,...,n, let hy € W1?(B,) be a weak solution
to

Lhk = (bijhk,mj>mi =0 in Bs, hk =V On 883,
and let
wy = hy, — v, € W0172(BS).

Then, by De Giorgi’s theory for linear equation, see for instance [49, Theorem 7.7], we
have that, for any concentric balls B, C By with 0 < p < s,

B8—2 B—2
2 . < (P 2 . < (P 24
(A.17) 7{9,,|Dh’“| dr < <3) ]i |Dhy|? do < (S) ]i | Dug|? d
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for some 5 = B(n,p,q) € (0,2). In addition, by (A.8), Lhy = 0, (A.10), (A.15) and
(A.16),

/B | Dwy|* da < /B D bij (i = vk)a Wi, da

s ij=1
n
:—/ E bijUk,z; Wz, da::/ gkwkda:S/ glwy| de.
Bs ij=1 s s

Here we interpret go := g. (Note that wy, & C;°(B,), but we can use wy, as a test function
by an approximation argument.)
Hence applying Holder’s inequality and (A.12) we have that

1
1+1/8
| Dwy|* do < (][ gd:p) ( |wk|1+1/6dx) .
BS B4s Bs

Furthermore, the same arguments used to prove [59, (3.8) and (3.13)] (here we need

(A.13) and (A.14)) yield that

1 n
gdr < E ][ |Dvg|*dz, where M(p) := supuw,
]{945 M (4s) 0 * Bss

Bp

and
1

1

1 1+1/6 w M(p) \ ™
<cl1- for all 5.
(1s) <]is |w| c M (85) or all pe (0,s]

Therefore, combining the last three estimates and (A.17) we have, for p € (0, s, that

i P\ M(p) \ ™\ o 2
|Dvg|*dx < [ (= + (1 — | Dvg|* dz.
kZ:O B, (S) M(85) kZZO Bss

Finally by a standard iteration argument as in [59, p. 857] and Poincaré’s inequality, we

can find 8, € (0, ) such that

n n 61
S F lo-onPde Y £ 1Dufds s (2)" drasy
k=0 " Be k=0’ Br §

for any p € (0, s]. With the definition of vy, this implies that, for any =,y € B,

pe(| Du()])
| Du(z)]

uy (z) — (| Du(y)|)
o [ Du(y)|

We use Proposition 3.8(1) with ¢, in place of ¢’ to conclude that

)] = o) — ol 5 (252 * Mss).

%(‘zl‘)z _ ellz) ’ > pellan] + ) ‘z2|>|21 — 29| 2 (|21 — 22)

Bl E e R ENEY

where we used |z1| + |2z2| = |21 — 22| and (Inc); of ¢, in the last step. Applying this in
the previous estimate with z; = Du(z) and 2z = Du(y), we find that

B1

o.(|Du(z) - Du(y)]) < (M) 7 M(ss).

S
32



We now undo the convention of omitting € from (A.7) for the final part. Inserting
(A.6) with the definition of M (p) into the above estimate, we have that

S

oo (|Duc(z) — Duc(y)]) < (ﬂ)_ ]i pDud i

At this point, we restrict our attention to the case {2 = Bso, and consider minimizers u,
of (A.2) with the boundary value restriction w € u+ W, #*(Bss). We apply ¢=! to both
sides and use (Dec)max{zq} of ¢., to get that

\Du.(z) — Du.(y)| < (u)a ! <]i ©.(|Dul) d:p)

S

for some o € (0,1). Letting e — 0, we can remove ¢ in the above estimate as in the proof
of [35, Lemma 4.9]. Finally, by the same argument as in the proof of Lemma 4.7 with (A.6)
and Jensen’s inequality for the concave function equivalent to /7 (see Proposition 3.5(2))
we also see that

(A15) f cpupas s (f T w) o (f L ).

These imply, for any x,y € By and Bsgs € €2, that

— @0
|Du<x>—Du<y>|<c("” y') ][ |Dul de,
Bsag

S

which shows (4.14). In addition, from (A.6) and (A.18), we also have (4.13).

APPENDIX B. WEIGHTED ESTIMATE FOR AUTONOMOUS PROBLEMS

In this appendix, we discuss the global weighted estimate (4.18). For global regularity
estimates, the regularity of the boundary of the domain is a delicate issue. In particular,
the Reifenberg flat condition is considered sharp for Calderén—Zygmund type estimates
for problems in divergence form. Hence we shall give a result for domains satisfying the
this condition. We say that a bounded domain €2 is (0, R)-Reifenberg flat for some small
d € (0,1) and R > 0 if for any y € 9 and r € (0, R] there exists an isometric coordinate
system with the origin at y, say (z1,...,x,), such that in this coordinate system,

B.(0) N {zn >0} C QN B0) C By(0)N {x, > —or).

Note that a domain with Lipschitz boundary with Lipschitz semi-norm ¢ € (0, 1) is (9, R)-
Reifenberg flat for some R > 0 and that the ball B, is (0,2dr)-Reifenberg flat for any
6€(0,3).

For 1 < s < o0, let A; be the Muckenhoupt class. In particular, for 1 < s < o0, a
weight w (i.e., w € Ll (R") and w > 0) is an A,-weight, w € Aj, if

loc

s—1
[w]a, := sup <][ wd:p) (][ wT dx) < 0.
Bck» \JB B

For the properties of the A class, we refer to [50].

Theorem B.1. Let ¢ € . N C([0,00)) N C?((0,00)) with ¢ satisfying (Inc), 1 and
(Dec),—1 for some 1 < p < q < oo, and let w € Ay for some s € (1,00). There ezists
a small § = §(n,p,q, s, [w]a,) € (0,1) such that if Q is (6, R)-Reifenberg flat for some
R >0, vy € WH?(Q) satisfies o(|Dvg|) € L5 (Q) and v € WH?(Q) is the weak solution to

(1D
(B.2) div (%Dv) =0 i Q with v=wvy on 0,
v
33



then
/cp(|Dv|)Swdx<c/cp(|DvO|)Swdx
Q Q

for some ¢ = C(n,p, q, S, [w]As7 dia;m)

since B, is (d,20r)-Reifenberg flat.

) > 0. In particular, letting Q@ = B, we have (4.18),

Remark B.3. In Theorem B.1, ¢ is decreasing as a function of [w]4,, see [70, Remark 2.2].
Moreover, we can also see by analyzing the proof that the constant ¢ is increasing in

[w] 4, and di&R(Q) when the other is constant. Therefore, when 2 = B, the constant c is
diam(Q2) _ 1

increasing in [w],,, since =5~ = 5.

Sketch of the proof of Theorem B.1. For the p-Laplacian case, that is, ¢(t) = t*, the
weighted estimate has been proved in [70], see also [20], for the following equation:

div (|Dv[P~*Dv) = div (|[F|P7*F) in Q with v =0 on 9.

Specifically, in [70], it has been shown that for the above equation,

/|Dv\pswdaz < c/ |F|PPw dx
Q Q

for any w € Ag and any F' € LP*(2, R™). Moreover, it turns out that this result without a
weight (i.e., w = 1) is naturally extended [14] to the equation involving a general function

¥

"(|D (|F
(B.4) div (MDv)zdiv (M |>F) in Q with v=0 on 9.
| Dl |F|

Therefore, proceeding as in [70] with minor modification, one can prove that for the
equation (B.4),

/¢(|Dv\)swda: < c/go(|F\)swd:c
Q Q

for any w € As and any F' € L?(Q, R") satisfying o(|F|) € L5 ().

In this theorem, we consider non-zero boundary data vy. However, the gradient of vy
can be handled in a similar way as for I’ in the results mentioned above. Hence, by
the same argument as in [70], replacing t* by ¢(t) and changing boundary comparison
estimates from [70, Lemma 4.6] to Lemmas B.5 and B.11 below, we have the desired
estimate. U

For the rest of the paper, we suppose the assumptions of Theorem B.1. We consider
our problem (B.2) on a local region near the boundary of 2. Define Q,.(z) := QN B,(z),
B, := B,(0), Q, = Q,.(0), B :== B, N{z, > 0} and B, := B, N{x, < 0}. Then we
consider our equation in the region (25, satisfying that 5r < R and

BgLr C 957« C B5Tﬂ{xn>—1057’},

Here, § € (0,1) and R > 0 come from the (6, R)-Reifenberg flat condition of €2 and so o
has to be determined later and R is given. Note that in view of the scaling invariance
property of (B.2), see for instance the proof of Lemma 4.15, we may let 7 = 1 and consider
assumption (B.7) below.

We first compare our equation (B.2) with an equation having zero boundary values on

JQ) in a local region near the boundary.
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Lemma B.5. For vy € Wh(Q) let v € W, ?(Q) be a weak solution to (B.2). For
any € > 0 there exists small 6 € (0,1) depending on n, p, q and & such that if ) is
(0, 5)-Reifenberg flat and

(B.7) ][ o(|Dv|)dx <1 and ][ o(|Dvgl) dz < 9,

Q5 QS
then for the weak solution w € WhH?(Q3) to

"(1D
(B.8) div MDw =0 in Q5 and w=v—vy on s,

| Dw|
we have
(B.9) ][ o(|Dw|)dx < ¢ and ][ o(|Dv — Dw|) dx < e.

Q5 Q5

Here, ¢ > 0 depends on p and q, but is independent of ¢.

Proof. Since w — v + vy € Wy?(€5), we have by (B.8) and (B.2) that
"(|D "(1D
(B.10) / MDw~D(w—v+vo)d:c =0 :/ MDv~D(w—v+v0)d:c.
Qs Qs |D,U‘

In view of ¢(t) < t¢'(t) and Propositions 3.5(5) and 3.6(4), the first equality above
implies that

F epuhds < f S (Du|Do~ Dunfds < | [fel|Dul)dz + col| Do~ D)) d
Q5 Qs Qs

for some ¢ = ¢(p,q) > 0. By (B.7), we have the first estimate in (B.9).
We next prove the second estimate in (B.9). By Proposition 3.8(1), (B.10) and Propo-
sitions 3.5(5) and 3.6(4) we have that for s, € (0, 1),

"(|D D "(ID "(ID
f AU s f (20085, 20D gy
0 |Dul +[Dv] o \ 1Du] Dy

s][ ((|Dw]) + &'(| Do) | Dug| de

Qs
1
Swif lp(1Dul) + @(Deldo+ —5 | (1Dwl)d.
Qs K1 Qs
Moreover, by Proposition 3.8(3), for any ks € (0, 1),
'"(|Dw| + |Dv
o(1Dw — Dul) < malp(Dw) + (D)) + iy LU DY) 2

|Dw| + | Dv|

Combining the above two estimates we have

]ﬁ o(|Dw — Do) dz < s ][ p(Dw) + (Do) dz + " 4 o(1Dw]) + (| Dof) da

Qs K2 Jas

1

+ q_1][ o(|Duvg|) dz.
5251 Qs

Finally applying (B.7) and the first estimate in (B.9) and choosing sufficiently small

numbers k1, ko and ¢ depending n, p, ¢ on e, we have the second estimate in (B.9). O
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We also notice that the weak solution w to (B.8) has value zero on 025 N Bs. We
next compare (B.8), which assumes zero boundary values on 0€25 N Bs, with an equation
defined in By with zero boundary values on By N {x, = 0}. A similar result can be found
in [14, Lemma 3.6]. The proof of that lemma employs a compactness argument. Here we
give a more direct approach which clearly shows the dependence on .

Lemma B.11. Let n = n(z,) € C°[R) withn =0 ifz, <0, n=1ifz, > 6 and
1| < %. For any € > 0 there exists a small 6 > 0 depending on n, p, q and €, such that,
under the assumptions of the above lemma, if wy is the weak solution to

"(1D
div <MDwO) =0 in Bf and wy=nw on OBy,

|Dw0|
then
(B.12) ][ o(|Dwg|)dx < ¢ and ][ o(|Dw — Dwyl) dz < e.
By By
Moreover,
(B.13) le(IDwol)l 2o (1) = [le(1Dwo )| poe (g1 < C]iﬁ (| Dw|) dx < ¢,

2

where we extend wy by zero to B, . Here constants ¢ depend on n, p and q, but are
independent of .

Proof. We follow the technique in [57, Lemma 2.5], see also [19, Lemma 2.5]. Clearly,
(6, R)-Reifenberg flat domains with § € (0,3) satisfy the measure density condition
| B 47" < |Q(2)] < |By] and 47"|B,| < |B.(z)\Q,(z)| for all z € 92 and r € (0, R]. One
can show as in [72, Theorem 3.9] that, for equation (B.8), there exists o = o(n,p,q) €
(0,1) such that o(|Dw|) € Lt (Bs) (we extend w by 0 in Bs \ Q5) and

loc

(][ ¢<\Dw|>1+“d:c)”l” < cpuhds

Then by Holder’s inequality with (B.6), we observe that

(el H»% (el
(B.14) / o(|Dw|) dx < §1+e (/ cp(|Dw|)1+(’dx) < 51+ff/ o(|Dw)|) dx.
Qgﬂ{xn@} Q3 Q4

In addition, using the fact that w = 0 in By \ {24 and w is absolutely continuous on almost
all lines parallel to the co-ordinate axes, as well as Jensen’s inequality, we find that

1
[ etenacs [ o (5[ e a) do
QoN{z, <0} QoN{z, <0} —86

)
< / . (7[ |an<x',y>|dy) da
Qon{zn<b) —85

0
oDl ) dyde'as,
-89

Tn

(B.15)
3!
{]z"|<2}x{-106<zn <&}
<[ P (Dule! ) di'dy
Qsn{(z’,y):y<d}
In the last inequality above, we used the facts that {|z'| < 2} N {|z,| < 2} C Bs and

D’IUEOIH Bg\Qg.
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Since wy — nw € Wy?(By) and wy is a minimizer, using also (B.15), we have that

_@(IDGpw)]) da

/ (| D)) d < /
Bf B;

(B.16) S [ eipuhdss [ pDylful s

B n{z, <5}
< / (| Dwl) dr,
Q3

which together with (B.6) and (B.9) yields the first estimate in (B.12).
We next derive the second estimate in (B.12). Since wy — nw € Wy #(BF) N W, (Qy)

T ,(| D ,(| D
(2 Dwo o' (| Dw
T2 = 2 Dwy — ~—~—Dw | - D(wy —nw)dx =0
/B;( ‘ wo‘ Wo | w‘ w) (wo nw) X

which together with Propositions 3.5(5) and 3.6(4) implies that for any x; € (0, 1)

S(Dwy) - (|Dw)
ATV Dove — X7V Do ) - D(wn —
/( Dy DY Tpa] D) Plwo—wyde

"(1D "(1D
:/ (7('0 ( w0|)Dw0—7¢ ( w|)Dw) - D(nw — w) dx
B n{z,<6} | Dw| | Dw|

N

/ (' (IDwol) + (| Dw|)) (|Dnlw| + [Dw]) dx
B;ﬂ{xngé}

1
Sfﬁ/ (| Dwol) + (| Dwl) dz + 1/ e(|Dnl|w]) + (| Dwl) da.
B;ﬂ{mngé} K B;ﬂ{xngé}

=
1
Applying Proposition 3.8(3) and (B.14)—(B.16), we see that for any xs € (0,1),

§THo
/ so<|Dwo—Dw|>dxs(nz+ﬂ) [ etpuds+ = [ p(iDu) de
B R Q3 Q4

2 2 52 K/l

Therefore, using the first estimate in (B.9) and taking sufficiently small 1, ko and &
depending on n, p, ¢ and €, we have the second estimate in (B.12).

Let 1wy € W1¥(B,) be an even extension of wy so that wy(z) = wy(z) if z € By and
W1y vy Tpo1, Tn) = WolT1, ..., Tpno1,—Ty) if (x1,...,2,) € By. Note that w, is well
defined since wy = 0 on B, N {x, = 0}. Moreover wy is a weak solution to

i~
div (MD@DO) —0 in B,
|DU}0|
see for instance [69, Theorem 3.4]. Therefore, (B.13) follows from Lemma 4.12. O
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