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Three-dimensional atom localization by laser fields in a four-level tripod system
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We present a scheme for high-precision three-dimensional (3D) localization by the measurement of the
atomic-level population. The scheme is applied to a four-level tripod-type atom coupled by three strong standing
waves and a probe running wave. As a result, the atom can be localized in volumes that are substantially smaller
than a cubic optical wavelength, which is achieved by the increase of standing-wave intensities. The upper-level
distribution depends crucially on the atom-field coupling and it forms 3D periodic structures composed of spheres,
hourglasses, bowls, donuts, or deformed barrels.
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I. INTRODUCTION

The concept of the Heisenberg microscope [1] demonstrates
that atoms can not be localized using light within the optical
half-wavelength unless one takes advantage of the internal
structure of atoms. One approach is to obtain spatially
changing structures in level populations in a cloud of atoms.
Motivated, e.g., by possible applications in atomic nanolithog-
raphy [2], different methods for going beyond this limit have
been proposed over the years, including the measurement of
the atomic resonance frequency [3–5], the phase shift [6–8],
or the atomic dipole [9]. The highest theoretical localization
degrees have been demonstrated in schemes that rely on
measuring either spontaneous emission [10–12] or a level
population [13,14] of an atom moving through a resonant
standing wave.

In general, as a proof-of-principle, one-dimensional sys-
tems have been very popular; see, e.g., the recent studies
[15–20]. Studies of atomic systems in two dimensions have
also been numerous recently [21–32]. It is important to
note that in two dimensions, one can obtain, in addition to
mere subwavelength localization, further spatial structuring
of the atomic locations; see, e.g., [33]. A key question is
whether localization and structuring can be obtained also in
three dimensions, and what kind of structures can appear.
Possible applications may include high-precision position-
dependent chemistry without a real change in the atomic
distribution, combining state-selective localization with state-
selective chemical reactions. In addition, three-dimensional
(3D) structuring produces a wide variety of practical realiza-
tions of such chemical reactions, demonstrating the necessity
of reliable methods for the prediction of localization structures.
For any realistic scheme one needs to carefully consider
the atomic structure and to include spontaneous emission.
Previously 3D localization has been discussed in a five-level
system without taking the geometry of the atomic dipole
coupling into account [34]. We show that 3D localization is
realistically possible with only four atomic levels in a tripod
scheme, and that one obtains interesting structures around
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points of localization by a simple tuning of the parameters
of the localizing fields.

II. DENSITY-MATRIX EQUATIONS

We consider the 87Rb D2 line (the 52S1/2 → 52P3/2

transition), which is only thought as a possible example of
a tripod system with three ground states |F = 1,mF 〉 (mF =
−1,0,1) and upper state |F ′ = 0,m′

F = 0〉. The Wigner-Eckart
theorem [35] concerns that the covariant component q of the
dipole matrix is proportional to the Clebsch-Gordan coefficient
〈FmF |F ′1m′

F q〉, i.e.,

〈FmF |dq |F ′m′
F 〉 = 〈F‖d‖F ′〉〈FmF |F ′1m′

F q〉. (1)

The proportionality factor is factorized into the reduced matrix
element 〈J‖d‖J ′〉 and a Wigner 6-j symbol:

〈F‖d‖F ′〉 = 〈J‖d‖J ′〉(−1)F
′+J+1+I

×
√

(2F ′ + 1)(2J + 1)

{
J J ′ 1
F ′ F I

}
, (2)

where the 87Rb D2 line is defined by the total angular
momentum I = 3/2 and the reduced matrix element

〈J = 1/2‖d‖J ′ = 3/2〉 = 4.227(5) a.e. (3)

The Clebsch-Gordan coefficient is given by a 3-j symbol:

〈FmF |F ′1m′
F q〉

= (−1)F
′−1+mF

√
2F + 1

(
F ′ 1 F

m′
F q −mF

)
. (4)

The key role in the 3D localization scheme is played
by a spatial inhomogeneity induced by three standing-wave
fields E1(z), E2(x), and E3(y), shown in Fig. 1(a). Aligned in
directions Oz, Ox, and Oy, respectively, these lasers invoke
the Autler-Townes effect [10] with atomic-level splitting
depending on the position of the atom. The fourth probe field
E4(z) of a running wave propagating along Oz allows one to
measure the localization of an atomic level. Altogether, the
lasers form the electric field

E(r,t) = E1(z)e−iω1t + [E2(x) + E3(y)]e−iω2t

+ E4(z)e−iω3t + c.c.,
(5)
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FIG. 1. (Color online) (a) Three standing-wave lasers E1(z),
E2(x), and E3(y), propagating in perpendicular directions, form a
3D spatial inhomogeneity, the measurement of which by means of
probe laser E4(z) allows one to localize the atom in an atomic state.
(b) The laser polarizations and the corresponding atom-field coupling
of the atomic states in a four-level tripod configuration.

where ωm (m = 1,2,3) is the laser frequency. Electric fields
E2(x) and E3(y) are parallel to the Oz axis, whereas
fields E1(z) and E4(z) form a σ+- and σ−-polarized laser,
respectively:

E1(z) = e−1E1 sin kz, E2(x) = e0E2 sin kx,
(6)

E3(y) = eiπ/2e0E3 sin ky, E4(z) = e1E4e
ikz.

Here, eq (q = −1,0,1) is a contravariant unitary vector; wave
numbers of optical waves are chosen to be the same and equal
to k (k ≈ ωm/c, m = 1,2,3). The phase shift of π/2 was added
to E3(y) for convenience only.

Note that the Clebsch-Gordan coefficient (4) vanishes
unless the sublevels satisfy mF = m′

F + q. Hence, introducing
atomic levels

|1〉 = |52S1/2,F = 1,mF = −1〉,
|2〉 = |52S1/2,F = 1,mF = 0〉,
|3〉 = |52S1/2,F = 1,mF = 1〉,
|4〉 = |52P3/2,F

′ = 0,m′
F = 0〉,

(7)

one concludes that laser E1(z) couples transition |1〉 → |4〉,
both E2(x) and E3(y) couple |2〉 → |4〉, and E4(z) couples
|3〉 → |4〉 [see Fig. 1(b)]. We use the rotating-wave approxi-
mation (RWA) and the interaction picture, whereby the matrix
elements of the atom-field coupling operator �V̂ are written
as

V41 = G1 sin kz, V43 ≡ �,

V42 = G2 sin kx + iG3 sin ky,
(8)

where the Rabi frequencies

G1 = −d41E1

�
, G2 = −d42E2

�
,

G3 = −d42E3

�
, � = −d43E4

�
,

(9)

are given by the matrix elements of the dipole operator

d41 = d42 = d43 =
√

1

6
〈J = 1/2‖d‖J ′ = 3/2〉. (10)

If the center-of-mass position of an atom is nearly constant,
then the atom can be well localized due to the measurement
of its population in an atomic level. By neglecting the atomic
kinetic energy we get the Raman-Nath approximation [36],
and the equations of density-matrix elements are written as

iρ̇11 = V ∗
41ρ41 − V41ρ14 + iγ1ρ44, (11a)

iρ̇22 = V ∗
42ρ42 − V42ρ24 + iγ2ρ44, (11b)

iρ̇33 = V ∗
43ρ43 − V43ρ34 + iγ3ρ44, (11c)

iρ̇44 = V41ρ14 − V ∗
41ρ41 + V42ρ24 − V ∗

42ρ42

+ V43ρ34 − V ∗
43ρ43 − iγρ44,

(11d)

iρ̇12 = V ∗
41ρ42 − V42ρ14 + (�12 − i	12)ρ12, (11e)

iρ̇13 = V ∗
41ρ43 − V43ρ14 + (�13 − i	13)ρ13, (11f)

iρ̇23 = V ∗
42ρ43 − V43ρ24 + (�23 − i	23)ρ23, (11g)

iρ̇14 = V ∗
41(ρ44 − ρ11) − V ∗

42ρ12

− V ∗
43ρ13 + (�1 − i	14)ρ14,

(11h)

iρ̇24 = V ∗
42(ρ44 − ρ22) − V ∗

41ρ21

− V ∗
43ρ23 + (�2 − i	24)ρ24,

(11i)

iρ̇34 = V ∗
43(ρ44 − ρ33) − V ∗

41ρ31

− V ∗
42ρ32 + (�3 − i	34)ρ34,

(11j)

where the rest of equations are given by ρmn = ρ∗
nm, and∑4

n=1 ρnn = 1. Here, we introduced the frequency detunings
�m = ωm − ω4m, together with their differences �nm = �n −
�m. The decay rate from the upper state γ = γ1 + γ2 + γ3,
where γm (m = 1,2,3) gives the decay through channel |4〉 ↔
|m〉. The corresponding coherent decay rates are 	14, 	24, and
	34. These rates are usually much larger than coherent decay
rates between ground states, 	12, 	13, and 	23; hence, we
assume that 	12 = 	13 = 	23 = 0.

III. 3D LOCALIZATION STRUCTURES

The study of the long-time limit, previously demonstrated in
one-dimensional (1D) [13,14] and two-dimensional (2D) [33]
localization schemes, makes sense for heavy atoms as the
Raman-Nath regime is applied. Then, populations in atomic
levels only depend on the atom-field coupling parameters,
which leads to 3D localization of populations within periodic
spatial domains of size λ/2, where λ = 2π/k is the optical
wavelength. As shown in one dimension and two dimensions,
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narrow population distributions are achieved if the probe field
� is weak.

Let us consider the localization of upper state |4〉 in the
long-time limit, which in turn follows from Eqs. (11) if
ρ̇nm = 0. In the assumption of � = 0, Eqs. (11f) and (11g)
give nondiagonal elements

ρ31 ≈ − V41

�13
ρ34, ρ32 ≈ − V42

�23
ρ34, (12)

where correlations ρ∗
nm = ρmn are taken into account. Because

almost all the atomic population falls into ground state |3〉, one
can substitute ρ44 − ρ33 ≈ −1 into Eq. (11j) and obtain

ρ34 ≈ V ∗
43

|V41|2
�13

+ |V42|2
�23

+ �3 − i	34

. (13)

Using Eq. (11c), population ρ44 in the second order of
perturbation theory is written as

ρ44 ≈ 2

γ3
Im

|V43|2
|V41|2
�13

+ |V42|2
�23

+ �3 − i	34

. (14)

In turn, the substitution of atom-field couplings (8) gives

ρ44 ≈ 2	34�
2

γ3
(
D2 + 	2

34

) , (15)

where

D = G2
1

�13
sin2 kz + G2

2

�23
sin2 kx + G2

3

�23
sin2 ky + �3. (16)

In the case of � � G1,G2,G3, Eqs. (15) and (16) allow
one to systematize localization structures near point (x0,y0,z0)
which corresponds to an antinode of all strong standing waves,
i.e.,

x0 = (1 + 2l)
λ

4
, y0 = (1 + 2m)

λ

4
, z0 = (1 + 2n)

λ

4
,

(17)

where l, m, n are integers. Near such a point, Eq. (16) takes
the form

D ≈ −k2G2
1

�13
(z − z0)2 − k2G2

2

�23
(x − x0)2

− k2G2
3

�23
(y − y0)2 + �3 + G2

1

�13
+ G2

2 + G2
3

�23
. (18)

Then, equality D = 0 gives three possible structures of the
upper-state population maxima, which we adduce for

�3 + G2
1

�13
+ G2

2 + G2
3

�23
� 0. (19)

Figure 2 illustrates the following cases: (a) �13,�23 > 0;
(b) �13 < 0, �23 > 0; (c) �13 > 0, �23 < 0. Respectively,
the population maxima form such spatial structures as (a)
spheres, (b) hourglasses, and (c) bowls. The localization
distributions become narrower with an increase of G1, G2, and
G3, achieving the high-precision 3D localization in volumes
substantially smaller than λ3 when the standing-wave Rabi
frequencies are large enough.

ρ44

(a)
ρ44

(b)
ρ44

(c)

FIG. 2. Isosurfaces for the upper-state population ρ44 = 0.06 as
functions of (kx,ky,kz). The kind of spatial structures depends on
the laser frequency detunings, taking the form of (a) spheres, (b)
hourglasses, and (c) bowls with (a) �1 = −3γ , �2 = −8γ , �3 =
−12γ ; (b) �1 = −17γ , �2 = −γ , �3 = −5γ ; and (c) �1 = 14γ ,
�2 = γ , �3 = 5γ . The Rabi frequencies of standing waves are G1 =
6γ , G2 = G3 = 4γ , and the Rabi frequency of the probe running
wave is � = 0.3γ . Decay rates from the upper state are γ1 = γ2 =
γ3 = γ ; coherent-decay rates through the channels |4〉 ↔ |m〉 (m =
1,2,3) are 	14 = 	24 = 	34 = 1.5γ .
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ρ44

(a)
ρ44

(b)

FIG. 3. Isosurfaces for the upper-state population ρ44 = 0.06 as
functions of (kx,ky,kz). The kind of spatial structures depends on
the laser frequency detunings, taking the form of (a) donuts, and (b)
deformed barrels with (a) �1 = γ , �2 = −9γ , �3 = −5γ ; and (b)
�1 = 10γ , �2 = −4γ , �3 = −8γ . The Rabi frequencies of standing
waves are G1 = 6γ , G2 = G3 = 4γ , and the Rabi frequency of the
probe running wave is � = 0.3γ . All other parameters are the same
as in Fig. 2.

In addition to localization near points (17), Eqs. (15)
and (16) demonstrate the shifting of the upper-state population
by a spatial shift of λ/4. The transformation of frequency
detunings �m → �′

m (m = 1,2,3),

�′
1 = 2�3 − �1 + G2

1/�13,

�′
2 = �2 + G2

1/�13, �′
3 = �3 + G2

1/�13,
(20)

reduces Eq. (16) to the form

D′ = G2
1

�13
sin2

(
kz ± π

2

)
+ G2

2

�23
sin2 kx

+ G2
3

�23
sin2 ky + �3, (21)

with a shift of λ/4 along direction Oz against D. In turn,
transformation �m → �′′

m (m = 1,2,3), where

�′′
1 = �1 + (

G2
2 + G2

3

)
/�23,

�′′
2 = 2�3 − �2 + (

G2
2 + G2

3

)
/�23,

�′′
3 = �3 + (

G2
2 + G2

3

)
/�23,

(22)

reduces Eq. (16) to the form

D′′ = G2
1

�13
sin2 kz + G2

2

�23
sin2

(
kx ± π

2

)

+ G2
3

�23
sin2

(
ky ± π

2

)
+ �3, (23)

shifted by λ/4 in both directions Ox and Oy. Transforma-
tions (20) and (22) lead to new localization structures; for
instance, horizontally shifted spheres change to donuts, and
vertically shifted hourglasses change to deformed barrels, as
seen in Fig. 3.

IV. CONCLUSIONS

In conclusion, we have suggested a laser configuration
consisting of three standing waves and a probe running
wave, which provides the high-precision 3D localization of
a four-level tripod-type atom by means of the measurement
of its population. The analysis of the upper-level population
shows that the corresponding 3D periodic structures depend
crucially on the atom-field coupling, taking the form of
spheres, hourglasses, bowls, donuts, or deformed barrels. The
widths of these distributions are not limited by the optical
wavelength λ, allowing one to efficiently localize the atom
in volumes substantially smaller than λ3, increasing standing-
wave intensities.
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