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Spontaneous Focusing on Quantitative Relations in the
Development of Children’s Fraction Knowledge

Jake McMullen, Minna M. Hannula-Sormunen, and Erno Lehtinen
University of Turku

While preschool-aged children display some skills with quantitative relations, later learning of related
fraction concepts is difficult for many students. We present two studies that investigate young chil-
dren’s tendency of Spontaneous Focusing On quantitative Relations (SFOR), which may help explain
individual differences in the development of fraction knowledge. In the first study, a cross-sectional
sample of 84 kindergarteners to third graders completed tasks measuring their spontaneous recogni-
tion and use of quantitative relations and then completed the tasks again with explicit guidance to
focus on quantitative relations. Findings suggest that SFOR is a measure of the spontaneous focusing
of attention on quantitative relations and the use of these relations in reasoning. In the second (lon-
gitudinal) study, 25 first graders completed measures of SFOR tendency and a measure of fraction
knowledge three years later. SFOR tendency was found to predict fraction knowledge, suggesting
that it plays a role in the development of fraction knowledge.

Fraction learning has been identified as a key threshold for success with later mathematics
(National Mathematics Advisory Panel [NMAP], 2008). A wealth of evidence points to the
difficulties students face when learning about fractions, and even adults struggle with many
concepts related to fractions (McMullen, Laakkonen, Hannula-Sormunen, & Lehtinen, 2014;
Merenluoto & Lehtinen, 2004; Obersteiner, Van Dooren, Van Hoof, & Verschaffel, 2013; Siegler,
Fazio, Bailey, & Zhou, 2013; Vamvakoussi, Van Dooren, & Verschaffel, 2012; Vamvakoussi
& Vosniadou, 2004). One explanation for these difficulties is that reasoning about fractions
requires significant conceptual change in one’s understanding of the number concept because
many of the characteristics of natural numbers cannot be applied to fractions (Merenluoto &
Lehtinen, 2004; Vamvakoussi & Vosniadou, 2004). One fraction concept that requires substantial
conceptual change is the representation of the magnitude of fractions (McMullen et al., 2014).
A number of studies show that often students and adults are biased toward using natural number
concepts when reasoning about fraction magnitudes (Obersteiner et al., 2013; Vamvakoussi et al.,
2012).

In order to develop better instructional strategies for dealing with general difficulties and
individual differences in fraction learning, it is important to gain a deeper understanding of the
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early predictors of successful fraction learning. Many studies have highlighted early processes
with quantitative relations, which are related to later fraction concepts (Boyer, Levine, & Hut-
tenlocher, 2008; Frydman & Bryant, 1988; Jordan et al., 2013; Mix, Levine, & Huttenlocher,
1999; Pitkethly & Hunting, 1996; Pothier & Sawada, 1983; Sophian, 2000, 2007). However, it
seems that the early existence of these skills as such is not sufficient for preparing students for
the future learning of fractions. Relatedly, studies on the development of natural numbers show
that even though young children exhibit skills with discriminating and recognizing quantities (for
reviews see Feigenson, 2007; Wynn, 1998), this does not automatically lead to natural number
knowledge. Instead, many intervening developmental steps, along with active practice with enu-
meration, are needed for the development of natural number knowledge (Fuson, 1988; Hannula
& Lehtinen, 2005). In particular, earlier studies show that children’s tendency to spontaneously
focus on numerosity in various situations substantially contributes to the development of natural
number skills (Hannula & Lehtinen, 2005). Thus, the aim of the present studies is to investigate if
there are differences in the frequency with which children spontaneously use their early skills to
deal with quantitative relations, and whether these differences subsequently predict later fraction
conceptual knowledge.

EARLY QUANTITATIVE RELATIONS SKILLS AND LATER
FRACTION DIFFICULTIES

In the current set of studies, reasoning about quantitative relations is defined as reasoning about
the relationship, based on some quantifiable aspect(s), between two or more objects, sets, or
symbols. Quantitative relations can refer to a number of mathematical or premathematical rela-
tions that may be found in a child’s everyday environment. These include exact or approximate
proportional relations or ratios, both discrete and continuous; additive and multiplicative rela-
tions, in arithmetic and algebraic circumstances; and exact numerical ratios, such as fractions
(Frydman & Bryant, 1988; Gallistel & Gelman, 1992; Resnick, 1992; Sophian, 2007; Wynn,
1992). Reasoning about quantitative relations can be seen as extending enumeration processes
to a second dimension, expanding these processes to involve determining the relation between
two distinct quantities. This expansion of reasoning from single quantities to the relation be-
tween quantities is the major focus of the current set of studies. This expansion parallels the
(often difficult) progression from treating numbers as discrete entities when reasoning about
natural number to treating fractions as relational and continuous quantities (McMullen et al., in
press).

A number of studies have found that young children, as early as infancy, display a number
of skills for dealing with quantitative relations (Boyer et al., 2008; Feigenson, 2007; Frydman
& Bryant, 1988; McCrink & Wynn, 2007; Mix et al., 1999; Singer-Freeman & Goswami, 2001;
Sophian, 2000; Spinillo & Bryant, 1999; Wing & Beal, 2004). The early presence of these skills
suggests the existence of preliminary understanding of quantitative relations well before a child
is formally taught about mathematically relational concepts. These early quantitative relational
processes are expected to be important for the development of fraction knowledge (Pitkethly &
Hunting, 1996; Pothier & Sawada, 1983; Sophian, 2007).

That young children are successful with reasoning about quantitative relations at an early age
suggests that the later learning of fractions should be a fairly straightforward process (Sophian,
2007). However, this is not the case. Instead, students, and many adults, display a wide range
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of difficulties with reasoning about fractions, even after years of experience working with them
in formal mathematical situations (e.g., Vamvakoussi et al., 2012). Notably, fractions are not
equally difficult for all students, but there exist substantial individual differences in primary school
children’s conceptual knowledge of fractions (Jordan et al., 2013; McMullen et al., in press). These
differences indicate that some students are successful in developing a mathematically correct
conceptualization of rational numbers. Uncovering early predictors of successful fraction learning
can provide valuable information for understanding these different developmental outcomes and
instructional practices which may support more successful conceptual change with fractions.

As Hannula and Lehtinen (2005) have previously shown, it is important for the study of devel-
opmental differences to not only investigate what children can do with their existing mathematical
skills, but also investigate what they spontaneously will do in a situation when the opportunity
to reason about the mathematical aspects is available, but they are not guided to notice them.
Considering the relevance of quantitative relational processes in fraction knowledge, it is cru-
cial to expand the investigations of these early competences to include children’s recognition
of quantitative relations to mathematically unspecified settings. However, what little evidence
exists that details early competences with quantitative relations has relied on tasks that explicitly
guide a child’s attention to the mathematical nature of the tasks (e.g., Boyer et al., 2008).! The
investigation of children’s spontaneous (i.e., undirected) focusing on quantitative relations has
the potential to reveal how much children spontaneously, without adults’ guidance, focus their
attention on quantitative relations and use them in action.

SPONTANEOUS QUANTITATIVE FOCUSING TENDENCIES

Only a part of the development of basic cognitive skills takes place during formal and guided
learning situations (Bransford et al., 2006), while many opportunities to practice and further
develop recently learnt skills occur during situations that are informal and unguided (Ericsson,
2006; Lehtinen & Hannula, 2006; Lobato, 2012). Despite this, studies of children’s mathematical
abilities have almost solely relied on tasks in which children’s attention is deliberately and overtly
guided toward the mathematical features that are of interest to the researchers, minus a few studies
on children’s use of mathematical operations in everyday situations (e.g., Ginsburg, Inoue, & Seo,
1999). However, it has been suggested that this is a limited view of the causes of differences
in mathematical development (Hannula, 2005; Hannula-Sormunen, in press). Children do not
practice their early numerical skills only in explicitly mathematical tasks and situations but
also in situations that are not explicitly mathematical and in which they are not guided to do
mathematics (Hannula & Lehtinen, 2005). Tasks that can capture individual differences in this
amount of self-initiated deliberate practice are needed to understand why some children develop
better than others with early mathematical processes (cf. deliberate practice, Ericsson, 2006).
The investigation of spontaneous quantitative focusing tendencies allows for the measurement
of these differences, expanding the purview of research on mathematical cognition to include the

Duffy, Huttenlocher, and Levine (2005) presented children with a recognition of relations task in which children
must match wooden dowels that are the “exact same size.” Crucially, these tasks were made explicitly mathematical by
guiding the children toward absolute amount between dowel and tube by these instructions. They were shown the correct
answer on two practice trials prior to the experimental phase as well.
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measures of everyday, implicit causes of interindividual differences (Hannula, 2005; Hannula &
Lehtinen, 2005; McMullen, Hannula-Sormunen, & Lehtinen, 2013).

Hannula and Lehtinen (2005) have found that it cannot be taken for granted that all
children—when not guided to do so—pay attention to exact number as a relevant feature of
a situation or task with the same frequency. For example, when faced with a mimicking task
involving feeding berries to a stuffed bird, Hannula and Lehtinen found substantial individual
differences in the spontaneous recognition and use of exact numerosity among young chil-
dren. These individual differences in children’s unguided attention to numerosity as a feature
of a set have been described as differences in Spontaneous Focusing On Numerosity (SFON).
SFON tendency not only describes children’s activities in laboratory tasks, but observation
studies show that SFON tendency is also an indicator of children’s spontaneous self-initiated
practice of their early numerical skills in their everyday surroundings (Hannula, Mattinen, &
Lehtinen, 2005). Studies show that SFON tendency (a) is a domain-specific predictor of mathe-
matical achievement (Hannula & Lehtinen, 2005; Hannula, Lepola, Lehtinen, 2010), (b) can be
enhanced through social interaction (Hannula, Mattinen, & Lehtinen, 2005), and (c) is a cross-
culturally relevant concept for describing the development of early mathematical skills (Edens
& Potter, 2013; Kucian et al., 2012). These results suggest that research into children’s sponta-
neous quantitative focusing tendencies fills a crucial gap in research on children’s mathematical
competencies.

SPONTANEOUS FOCUSING ON QUANTITATIVE RELATIONS (SFOR)

The present study aims to determine whether a more advanced spontaneous quantitative focusing
tendency has a similar role as SFON in the development of mathematical skills by examining
SFOR. Differences in SFOR may capture fundamental differences in experiences with reasoning
about quantitative relations. Similar to enumeration and SFON tendency, it is expected that
interindividual differences in the quality and quantity of practice with quantitative relations may
have an impact on the later learning of fraction knowledge.

Capturing spontaneous quantitative focusing tendencies, such as SFON, is methodologically
difficult (Hannula, 2005; Hannula-Sormunen, in press). One key to the distinction of these
tendencies is that the mathematical and procedural skills required in the tasks should be within all
participants’ skill range; every participant should be capable of mastering the task once his or her
attention is focused on the mathematically relevant aspects. This way, if the participant does not
produce or exhibit responses based on the mathematical aspects in the task, it can be concluded
that he or she did not focus on these aspects. In addition, there should be a number of different,
nonmathematical aspects of the task upon which participants could focus their attention. Studies
of SFON rely on a number of tasks that are not explicitly mathematical (Hannula, 2005; Hannula
& Lehtinen, 2001, 2005; Hannula, Lepola, & Lehtinen, 2010; Hannula, Rasanen, & Lehtinen,
2007). The instructions of the tasks do not make any mention of numerical aspects, nor are any
other mathematical or quantitative concepts brought up prior to completion of the tasks. The
numerical or arithmetic aspects of the tasks are also hidden behind the playfulness of the tasks by,
for example, feeding berries to an exotic bird. In the verbal instructions of SFON tasks, the child
is asked to imitate the tester’s action in an open manner (the child is told, “Please, do exactly like
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1did”). This way, when a child is found to have paid attention to numerical or quantitative aspects
of the task, it can be said to have occurred without guidance from the researcher and therefore
to have arisen spontaneously. Thus, the term spontaneous, in studies on spontaneous quantitative
focusing tendencies, does not refer to the origins of the skills used or how they were acquired but
their unguided use in nonexplicitly mathematical situations. Critically, only very few trials can
be used in capturing how a child spontaneously pays attention to quantitative aspects in novel
situations.

The tasks used in the present study to measure children’s SFOR were previously applied in
a study of Finnish-speaking children (McMullen, Hannula-Sormunen, & Lehtinen, 2011, 2013).
The sample of this Finnish study was found to be heterogeneous in their spontaneous recognition
of quantitative relations, having used quantitative relations, numerosity, and nonmathematical
aspects to solve the tasks (McMullen et al., 2013). Using quantitative relations to solve these
tasks required calculating the relationship between two sets of objects with different units and
determining an unknown quantity that would equate the two sets. This relational reasoning is
distinct from solving the tasks using only numerosity, in which case the participants merely
matched the number of objects irrespective of the size of the unit. Thus, the difference between
focusing on relations and focusing on numerosity is that in SFON tasks, the focus needs to be
on the total numerosity of a single set, while in SFOR tasks, one needs to focus attention on the
relation of two sets of quantities.

While these previous findings indicate the tasks’ potential for capturing spontaneous quantita-
tive focusing tendencies, it remains unclear whether the heterogeneity in participants’ responses
is explained by the children’s ability to use the quantitative relations, or whether the ability to
use quantitative relations and the spontaneous use were partly independent (McMullen et al.,
2013). Previous studies of SFON (e.g., Hannula & Lehtinen, 2005) have been able to dissociate
children’s SFON from their actual ability to solve the task when explicitly given instructions to
use number. The present study aims to create a similar distinction between the ability to use quan-
titative relations when guided to do so and the spontaneous recognition and use of quantitative
relations.

This distinction will allow for the delineation of SFOR in early primary school children. We
expect there to be substantial individual differences in SFOR that are not entirely explained by
the ability to use quantitative relations. As well, we expect SFOR tendency to be related to basic
arithmetic skills. Finally, we expect that SFOR tendency in early primary school will be related
to conceptual knowledge of fractions in late primary school.

STUDY 1

The aim of Study 1 is to determine if SFOR is partially distinct from children’s ability to use
quantitative relations. Thus, it is expected that there are substantial individual differences in
children’s spontaneous recognition and use of quantitative relations in tasks that can be attended
to in a number of ways—including quantitative relations, numerosity, and nonmathematical
aspects. It is expected that these individual differences cannot be entirely explained by the ability
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to use quantitative relations in these tasks when explicitly guided to do so. Finally, it will be
determined if there is a relationship between SFOR and arithmetical ability.

Methods

Participants. Included in the study were 84 English-speaking children (42 female) from a
socially and economically diverse school in a medium size city (Population ca. = 125,000) in
the southern United States. Participants had no diagnosed learning, attentional, or neurological
impairments. The children were between the ages of 5 years and 8 months and 9 years and 8
months old (M = 7 years, 9 months; SD = 13.7 months), in grades kindergarten through third
grade. For analysis, children were grouped according to their grade levels: kindergarten (n = 23;
M e = 6 years; 4 months), first grade (n = 20; Mge = 7 years; 3 months), second grade (n =
21; Mage = 8 years; 4 months), and third grade (n = 20; Mg = 9 years; 2 months).

Procedure. Children participated in a series of video-recorded tasks in one 25-40 minute
session conducted in a secluded room at the child’s school during morning lessons prior to
their lunch break. The present study will report on a portion of these measures; children’s basic
numerical knowledge was measured but not included in this study as the measures were far too
easy for participants and results displayed strong ceiling effects. The first author conducted all
data collection. The ethical guidelines of the University of Turku were followed, and the Ethical
board of the University of Turku approved the research plan. In addition, all research permissions
from the school board, school administration, teachers, and legal guardians of the children were
gathered. Participating children gave their informed assent to participate before beginning.

Tasks.

SFOR. Two tasks were created to investigate children’s SFOR (McMullen et al., 2011,
2013). In these tasks, children were asked to model how the experimenter fed stuffed animals
different pieces of “bread” (made of foam) or spoonfuls of rice. Prior to testing no mention
was made to the children about any numerical, quantitative, or mathematical concepts. Teachers,
school personnel, and parents were told that the tasks would measure the children’s general
quantitative skills and were told not to mention the mathematical nature of the tasks to the
children. Before and during the tasks, the experimenter made no mention of amount, relations
in size, or number aspects. As well, the tasks were introduced without any mention of their
quantitative or mathematical nature. The experimenter always made sure that the child’s full
attention was on the task and that he or she was motivated to complete all trials. He carefully
avoided giving any feedback about the child’s performance during the task. In order to examine
individual differences, the four trials in each task were presented in the same order for all
children.

Alternative strategies were controlled for that could lead to a quantitative relational response,
but which did not use the intended mathematical relationships. Thus, the total size of the stimuli
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TABLE 1
Materials and Responses That Indicated the Use of Quantitative Relations for Bread and Rice Tasks

Material
Trial Experimenter Participant Relational Response
Bread task
1 2 halves (Gave 1) 4 fourths 2 pieces
2 6 sixths (Gave 2) 3 thirds 1 piece
3 6 sixths (Gave 3) 4 fourths 2 pieces
4 3 thirds (Gave 2) 6 sixths 4 pieces
Rice task
1 Set A big (Gave 1) Small A 2 spoons
2 Set B big (Gave 1) Small B 3 spoons
3 Set B small (Gave 3) Big B 1 spoon
4 Set A big (Gave 2) Small A 4 spoons

was not easily perceived due to the disarrangement of the bread slices and by forbidding direct
side-by-side comparison of the spoonfuls (see below, Bread and Rice tasks). Furthermore, the
experimenter flipped his plate over to prevent the participant from using the number of pieces
or total amount of bread that remained to make a direct comparison of material used. Thus, in
order to produce a response that would indicate the use of quantitative relations (see Table 1), the
participants must have recognized the relationship between two distinct quantities, calculated an
appropriate answer to an unknown in that relationship, and utilized this answer in their response
in the task.

Bread task. 1In this task, two identical stuffed-animal dogs, “Terry and Jerry,” 20 cm in
height, were fed “bread” made from foam. For each trial, two similar sets of breads were cut
from circular pieces, each piece 6.5 cm in diameter, into different proportions with values less
than 1 (see Table 1). One set was placed in front of the child and the other placed in front
of the researcher. For example, in the first trial, a plate with the same size bread cut into
quarters was placed in front of the child, and the researcher took a plate with the bread cut into
halves (see Figure 1). The breads were disarranged on the plate in order to prevent the direct
mapping of the area of the two sets of bread. The two sets of bread on each trial were the same
color.

To begin the task, the experimenter introduced Terry and Jerry as being two friends who always
“do everything exactly the same” and now want the same snack. The child was told that the dogs
like bread and was shown an example of an uncut, whole piece of the bread. Two plates of the
bread were then produced and placed on the table. The child was told, “Watch carefully what I
give Terry, and you give Jerry exactly the same.” On the first trial, the experimenter then gave
one of the two halves of bread to the first stuffed animal, paused a moment, and turned over his
plate, covering up the remaining piece. The child was then told, “Now you give Jerry exactly the
same as [ gave.” After the child completed the trial, the experimenter removed the plates without
showing either set of remaining pieces and without giving any feedback to the child. There were
altogether four trials in the task.
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FIGURE 1 Set up and material for Trial 1 of the bread task; the child’s plate is on the left.

Rice task. In this task, two identical stuffed monkeys “Glen and Gwen,” 20 cm in height,
were placed on the table in front of the experimenter and the child. The monkeys were fed rice
using different pairs of spoons. The first pair (Set A) was made of plastic, and the spoons were
cylinders (Figure 2), with the smaller spoon being half the size of the larger. The small plastic

FIGURE 2 Set A spoons for rice task. Larger spoon is double the size of the smaller.
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spoon was 3 cm in diameter and 3 cm high, and the large plastic spoon was 3 cm in diameter and
6 cm high. The second pair (Set B) was made of metal and the spoons were rectangular prisms,
with the smaller spoon being one third the size of the bigger; the small metal spoon measured
2.5 cm x 2.5 cm x 2.66 cm, and the big metal spoon (three times the size) measured 2.5 cm x
2.5cm x 8 cm.

Participants were told that the monkeys were brother and sister and like to have the same
for lunch. Two large bowls, each roughly two-thirds full of rice, were placed on the table in
front of the monkeys. Two smaller opaque bowls were placed in between the bowls of rice
and the monkeys. The first pair of spoons, the plastic ones, was held up next to each other for
possible comparison, and the child was told that “we will use these spoons” and that “Glen
and Gwen always want full spoonfuls.” On the first trial, the smaller spoon was placed in the
rice bowl in front of the child. The experimenter held the larger spoon and then said that the
child should “watch carefully how I give Glen rice, and you give Gwen exactly the same.” The
experimenter took one spoon of rice from the rice bowl, put it in the empty bowl and then asked
the child to “give exactly the same as I gave.” After the first trial was complete, Set A spoons
were put away, and Set B spoons, the metal pair, were introduced. No feedback was given to
the child after they completed a trial, and children were not able to see the total amount of
rice given by either themselves or the researcher. There were altogether four trials in the task
(see Table 1).

Guided focusing on quantitative relations. Those children who did not spontaneously
use quantitative relations on any of the trials on the Bread or Rice tasks were given the guided
versions of both tasks at the end of the session. The inclusion of this guided condition allows for
the distinction between the children’s ability to solve the tasks using quantitative relations and
SFOR. Thus, the guided tasks measured children’s ability to use quantitative relations.

Altogether, 38 children did not focus spontaneously on quantitative relations on either the
Bread or the Rice task. At the end of the testing session, these children were asked to repeat
the tasks. In the guided condition, children were told explicitly to solve the tasks by matching
the total amounts not the total number of pieces of bread or spoonfuls of rice given by the
researcher.

For the guided versions of the tasks, children were told that this time they would be doing
something “completely different.” This time they should give “exactly the same amount of
bread” and that even with the different sizes of the breads or spoons they need to give “just as
much.” Practice trials were included for both tasks in order to make sure children understood
the instructions. On the practice trial for the Bread task, the experimenter gave a whole piece of
bread, while the child had halves. On the practice trial for the Rice task, the experimenter gave
two spoons with the smaller plastic spoon (half the size), and the child had the bigger spoon.
If the child did not give the same amount, the experimenter said that they did not get the same
amount of bread or rice and asked to child to try again. Thus, it was indicated that the child should
not match the number of pieces given by the researcher but the total amount of bread or rice. The
same trials as in the spontaneous versions of the tasks were then repeated.

Arithmetic fluency. The Math Fluency Test (WJ-Math Fluency) of the Woodcock-Johnson
Tests of Achievement (WJ III®) was administered (Woodcock, McGrew, & Mather, 2001).
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Children complete as many arithmetic problems (addition, subtraction, multiplication, division)
as possible in 3 minutes. The sample’s maximum was 91 correct responses. Normalized scores
were calculated and used in further analysis.

Analysis.

SFOR tasks. All relevant actions and utterances were coded from video-recordings of the
tasks to determine whether a child responded using quantitative relations in that trial or not.

Ninety-nine percent of all bread trials and 98.6% of all rice trials were scored based on the
amount of bread or rice the participant gave. Participants made utterances on 10.1% of trials for
the bread task and on 6.8% of trials for the rice task. However, utterances were used as a basis
for the evaluation of children’s spontaneous focusing on only 0.9% of the trials for the bread task
and only 1.4% of the trials for the rice task.

The child was scored as responding based on quantitative relations if they gave the same
amount of bread or rice as the experimenter gave and/or made any relational utterances. Relational
utterances were any utterances including relational words or phrases (e.g., “Cause a half is equal
to two fourths”) or other comments referring either to amounts or relations (e.g., “I gave too
much!”).

Typical nonrelational responses included giving the same number of pieces of bread or spoons
of rice as the experimenter, giving all pieces of bread, giving an inordinate amount of spoonfuls
of rice, or giving one piece of bread and/or spoonful of rice for every trial. Children’s numerical
responses were coded as well. The child was scored as responding based on numerosity in a trial
if she or he gave the same number of pieces of bread or spoons of rice as the experimenter and/or
if she or he was observed making any numerical utterances.

The maximum sum score for spontaneously focusing on quantitative relations for each task was
4. Two independent raters analyzed 20% of the trials, representative of the sample, to determine
whether a participant spontaneously focused on quantitative relations or not. The two raters
agreed on 97% of the trials for both tasks, so the primary rater continued analyzing with the same
criteria for the remainder of the trials.

Results

In order to look at the consistency of participants’ relational responses on the SFOR tasks, the
average intraclass correlation for responses for the eight trials of both the Bread and Rice tasks
were run. These indicated that relational responses were highly consistent (r = .86) across the
two tasks. Thus, participants’ responses on the two tasks were combined for further analysis.

General results reveal that participants completed the tasks using a variety of mathematical
aspects, including quantitative relations and numerosity, and nonmathematical aspects in their
responses. Table 2 details the descriptive statistics for the tasks reported in this study. These
results suggest that participants had different interpretations of the nature of the SFOR tasks. A
comparison of responses in the spontaneous and guided conditions and a more detailed analysis
of the individual and age-related differences in relational responses follows.
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TABLE 2
Descriptive Statistics of the Variables by Grade Level

Relational Responses

Spontaneous Guided” WJ-Math Fluency

n M SD M SD M SD
All participants 84 4.06 3.14 4.79 2.66 105.9 13.9
Kindergarten 23 1.30 1.99 4.32 3.05 102.6 13.3
First grade 20 3.75 3.52 5.67 1.80 109.3 12.6
Second grade 21 4.90 2.55 4.00 2.16 107.9 15.7
Third grade 20 6.65 1.49 7.00 1.41 103.7 14.0

Note. *n = 38. There were 21 kindergarteners, nine first graders, six second graders, and two third graders.

Spontaneous and Guided Focusing on Quantitative Relations. 1In order to determine
whether SFOR is separate from the requisite skills needed to solve the tasks, children’s relational
responses on the guided version of the bread and rice tasks (Table 2) were compared with their
spontaneous relational responses. Results of the guided conditions reveal that those children
who did not use quantitative relations in the spontaneous condition nevertheless were able to
successfully complete the tasks. The mean frequency of relational responses across both guided
tasks was 4.79 (SD = 2.66). Three kindergarten children were the only children in the sample
who were unable to utilize quantitative relations at all in the guided condition. Overall, those
children who completed the guided condition gave relational responses significantly more in the
guided condition than in the spontaneous condition, #(34) = 9.28, p < .001. This finding was
replicated when looking at kindergarteners, #(17) = 5.83, p <.001; first graders, #(8) = 9.43, p
< .001; and second graders, #(5) = 3.64, p = .036; only two third graders completed the guided
condition, and therefore no significant differences were found. While a small number of the
youngest children displayed an inability to use quantitative relations on these tasks, these results
suggest that, overall, children’s differences in spontaneous relational responses were not caused
by differences in the ability to solve the tasks using quantitative relations.

Individual and Age-Related Differences in SFOR. Within age groups, there were sub-
stantial interindividual differences in spontaneous relational responses (see Table 2 for descriptive
statistics). These individual differences were most apparent in kindergarteners’ (M = 1.30, SD
= 1.99) and first graders’ (M = 3.75, SD = 3.52) spontaneous relational responses. There is also
moderate variation between individuals in second graders’ relational responses (M = 4.90, SD =
2.55). This interindividual variation in spontaneous relational responses indicates that there were
substantial individual differences in children’s SFOR.

An ANOVA of spontaneous relational responses indicated that there are substantial differences
between age groups in SFOR, F(3, 80) = 17.55, p < .001, n,> = .40. Tukey-HSD post hoc tests
reveal that kindergarteners had significantly less spontaneous relational responses than all other
grade levels (Mean differences < —2.45, p < .01). As well, first graders significantly differed from
third graders in their spontaneous relational responses (Mean difference = —2.90, p = .002) but
did not differ from second graders (Mean difference = -1.15, p = .451). Finally, second graders
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FIGURE 3 Proportion of participants classified into SFOR, QR, and Non-QR groups in each grade.

and third graders did not significantly differ in spontaneous relational responses (Mean difference
=-1.75, p = .120).

In order to further investigate SFOR, participants were classified into groups based on their
response patterns (Figure 3). Participants who used relational responses on more than half the
trials in the spontaneous condition were considered to have reliably displayed SFOR tendency
and were therefore placed in the SFOR group. Children who were able to utilize quantitative
relations on more than half of the trials in the guided condition but did not consistently do so
in the spontaneous condition were considered to have the ability to reason about quantitative
relations, but lacked SFOR tendency; these children were therefore placed in the QR group (i.e.,
quantitative relations group). Those children who failed to use quantitative relations on at least
half of the tasks in both the spontaneous and guided condition were placed in the Non-QR group
(i.e., no quantitative relations group). Overall, 48 children (57.1%) were classified into the SFOR
group, 23 children (27.4%) were classified into the QR group, and 13 children (15.5%) were
classified into the Non-QR group.

The means and standard deviations of spontaneous and guided relational responses for each
group are available in Table 3. While there were significant differences in the use of relational
responses in the guided condition across the three groups, F(2, 81) = 100.91, p < .001, planned
post hoc analysis revealed that this was caused by differences between the Non-QR group and
the other groups (QR group: Mean difference = 4.21, p < .001; SFOR group: Mean difference =
4.48, p < .001). There were no differences in the guided focusing on relational responses between
the QR group and the SFOR group (Mean difference = 0.27, p = .60).

SFOR in Relation to Arithmetic Skills. An ANCOVA was run in order to measure the
between-subject differences in the groups’ arithmetic skills after controlling for age in months.
The WJ-Math Fluency task was analyzed as the dependent variable (see Table 2). Response
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TABLE 3
Mean and Standard Deviation of Spontaneous and Guided Relational Responses by Response Type
Grouping
Relational Responses
Spontaneous Guided

Response Group n M SD M SD
SFOR 48 6.65 1.01 6.68 1.00
QR 23 0.86 1.28 6.41 1.01
Non-QR 15 0.60 1.12 2.20 1.42

type was found to have a significant impact on WJ-Math Fluency, F (2, 81) = 6.05, p = .004,
npz =.131. Planned pairwise comparisons were used to investigate group-level differences. SFOR
participants displayed higher W1J scores than both QR (Mean Difference = 9.3; p = .029) and
Non-QR (Mean Difference = 16.3; p < .001) participants, even after adjusting for age differences.
However, there were no significant differences in WJ-Math Fluency scores between the QR and
Non-QR groups (Mean Difference = 0.6; p > .05).

Conclusions

There were substantial individual and age-related differences in participants’ spontaneous rela-
tional responses. These differences were not entirely explained by participants’ ability to solve
the tasks using quantitative relations in the guided condition. SFOR is therefore defined as the
spontaneous (i.e., undirected) focusing of attention on quantitative relations and the use of these
relations in reasoning in situations that are not explicitly mathematical. Furthermore, SFOR
tendency is found to be related to children’s arithmetical skills. However, further investigation
into SFOR tendency’s role in the development of mathematical skills, fraction knowledge in
particular, is necessary.

STUDY 2

SFOR tasks were previously implemented in a Finnish cross-sectional study (McMullen et al.,
2011, 2013). Study 2 consists of a follow-up of the first graders from this study. Participants
completed a measure of fraction knowledge three years later while in fourth grade. This allows
for the exploration of the long-term effects of early SFOR tendency on the understanding of
fractions. Participants’ grades in math class were also collected.

Methods

Participants. Participants were 25 Finnish-speaking children (12 female) from two schools
from middle-class areas in a medium sized city in southwest Finland (Population = ca. 175,000).
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Participants had no diagnosed learning impairments and had home languages of Finnish. (Four
children were unable to participate in the original study because of diagnoses of learning impair-
ments, a different home language, or no parental permission. One child was not included in the
follow-up measures because he or she had previously repeated a grade.) At the start of the study,
participants were from the ages of 7 years and 2 months to 8 years and 4 months (M = 7 years; 8
months; SD = 3.5 months). In Finland, children start school during the fall of the year they turn
7 years-old. Parents’ educational attainment revealed a sample representative of urban parents in
Finland.

Procedures. Similar procedures were followed as in Study 1 for the collection of SFOR
measures and other mathematical skills in first grade (see also McMullen et al., 2013). Follow-up
data was collected in the spring of 2013, three years after the initial testing. First, participants’
math grades from the Fall 2012 semester were obtained from their teachers. Finally, all participants
completed a test of fraction conceptual knowledge in their normal classrooms under the direction
of a trained female researcher.

Tasks.

SFOR measures. Participants completed Finnish-language versions of the Bread and Rice
tasks. The tasks were identical to the tasks in Study 1.

Mathematical skills in first grade. Participants also completed a number of tasks aimed at
measuring their general mathematical abilities, including arithmetic and number sequence skills.

Nonsymbolic arithmetic. Basic arithmetic skills were assessed through a nonsymbolic sub-
traction task eliciting a verbal response. Materials included glass beads (1.5 cm in diameter)
and an opaque box. In the first trial, the children was shown three beads and told, “Here are [3]
candies, I’ll put them under this box. And then, I’ll take some [1] away. How many candies are
under the box now?” The task repeated with subtraction problems: 6 — 3,9 — 4, and 13 — 5. The
maximum score for this task was 4.

Number sequence elaboration skills. Children’s number word sequence production was
tested with a modified version of Salonen and colleagues’ (1994) test. This included three
subtests:

1. Highest count. Children were asked to count from 1 as high as they can and were stopped
at 50. Children were stopped after one failure, and this was then repeated. The highest
number counted was recorded, with 50 being the top score.

2. Count backward. Children were asked to count backwards from 4, 8, 12, 19, and 23.
Children were stopped after four correct numbers. A child’s total number of complete
and correct sequences was recorded, with 5 being the highest score possible.
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3. Nonsymbolic subtraction. Non-symbolic subtraction skills were assessed through elicit-
ing a verbal response. Materials included glass beads (1.5 cm in diameter) and an opaque
box. In the first trial, the children was shown 3 beads and told, “Here are three candies,
I’ll put them under this box. And then, I'll take one away. How many candies are under
the box now?” The task repeated with problems of 6-3, 9-4, and 13-5. The maximum
score for this task was 4, when the child gave all correct responses.

Math measures at fourth grade. Follow-up data was collected from the participants
when they were in fourth grade. Mathematical achievement was measured by collecting the
participants’ math grades from the Fall 2012 semester. Furthermore, participants completed a test
of their fraction conceptual knowledge.

Fraction test. Students were given 15 minutes to complete the test. The test consisted of
six items measuring conceptual knowledge of comparison and ordering of fractions. Items were
multiple choice and short answer with three items comparing two fractions (e.g., “Circle the
larger fraction. If the numbers are equal circle both: 5/8; 4/3”), and three items ordering three
fractions (e.g., “Put the numbers in order from smallest to largest: 6/8; 2/2; 1/3”). Each item was
scored as correct or incorrect with a maximum score of 6.

Analysis. The same procedures were followed in analyzing children’s responses to the Bread
and Rice tasks as were followed in Study 1. A second rater also independently coded 21% of the
trials in the Finnish-language analysis in order to determine the reliability of the coding scheme.
Agreement on the most advanced strategy used was found on 98% of the trials for the Bread task
and 97% of the trials on the Rice task. The primary rater then completed the rest of the analysis
using the original scheme.

Results

Table 4 presents the descriptive statistics for the variables measured at both time points in Study
2. Bread SFOR and rice SFOR scores were only moderately related to each other in the present
sample (o = 0.57), therefore the two tasks were kept separate. Participants were said to have
displayed SFOR based on whether they were able to complete each task using relational responses
above what would be expected by chance (two or more relational responses per task). For the
Bread task, eight children were classified as displaying SFOR, with 17 who did not. For the Rice
task, eight children were classified as displaying SFOR, with 17 who did not.

Next, in order to measure SFOR tendency’s contribution to fraction knowledge a ANCOVA was
run with Bread SFOR and Rice SFOR categories as independent variables and the Fraction Test as
the dependent variable, again controlling for Highest Count, Count Backwards, and Nonsymbolic
Subtraction scores. Rice SFOR responses did significantly predict conceptual knowledge of
fractions, F(1, 18) =7.74,p = .01, n,,z = .30, while Bread SFOR responses did not significantly
predict any subtest scores. Analysis of the estimated marginal means reveals that those participants
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TABLE 4
Descriptive Statistics for Study 2 Measures (N = 25)

Variables M SD Skew Kurt Range
First Grade
Relational Responses
Bread Task 1.24 1.56 0.78 —1.14 0-4
Rice Task 1.08 1.53 1.00 —0.64 0-4
Math Measures
Highest Count 45.72 9.32 —-2.42 5.36 16-50
Count Backward 4.60 0.71 —2.31 6.66 2-5
Nonsymbolic Subtraction 3.68 0.63 —1.86 2.46 2-4
Fourth Grade
Fraction Test 3.44 2.14 —0.38 —1.34 0-6
Math Grade 8.76 0.66 —1.56 2.84 7-10

who exhibited higher than chance SFOR responses on the Rice task had significantly higher
fraction conceptual knowledge than their peers (mean difference = 3.01).

In order to test whether SFOR tendency predicts math achievement in general, an ANCOVA
was run with bread SFOR and rice SFOR category as independent variables and Math Grade as
dependent variable, controlling for Highest Count, Count Backwards, and Nonsymbolic Subtrac-
tion. Results reveal that neither bread SFOR nor rice SFOR categories significantly predict math
grades at fourth grade.

Conclusions

SFOR, as measured in the rice task in first grade, was revealed to predict conceptual knowledge
of fractions in fourth grade, while the bread task did not significantly predict fraction knowledge.
This finding parallels previous evidence of the contribution of SFON tendency to mathematical
skills development. Interestingly, SFOR on either task did not predict math achievement, as tested
by given math grades in fourth grade. This finding suggests that SFOR is potentially related to
a more specific aspect of mathematical development, namely the development of conceptual
knowledge of fractions, not merely a measure of mathematical achievement.

The present study had limited statistical power due to the small number of participants. Even
still, those students who spontaneously focused on quantitative relations in the rice task in first
grade were found to have done better on a test of fraction conceptual knowledge in fourth grade,
even after taking into account mathematical skills in first grade. However, SFOR responses on
the bread task did not predict fraction knowledge, suggesting further investigation with a larger
sample is necessary.

GENERAL DISCUSSION

We found that there were both substantial age-related and interindividual differences in the extent
of 5- to 9-year-old children’s SFOR on nonexplicitly mathematical tasks, even when taking
into account children’s ability to use quantitative relations when they were guided to do so. In
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other words, individual differences in children’s performance on SFOR tasks could not be fully
explained by the children’s ability to use the relations to solve the task when verbally instructed to
do so. Furthermore, we found that SFOR tendency predicted conceptual knowledge of fractions
in fourth grade. Even after taking into account prior mathematical skills, those children who
spontaneously focused on quantitative relations in the rice task had higher fraction knowledge
three years later.

SFOR is therefore defined as the spontaneous (i.e., undirected) focusing of attention on quan-
titative relations and the use of these relations in situations that are not explicitly mathematical.
Quantitative relations are defined as the relationship, based on some quantifiable aspect(s), be-
tween two or more objects, sets, or symbols. In this way, SFOR can be seen as the spontaneous
focusing of attention on a quantifiable relationship between two or more objects, while SFON
pertains to focusing on the numerosity of a single set (Hannula and Lehtinen, 2005). The expres-
sion of SFOR tendency is used to describe a child’s general tendency to spontaneously focus on
quantitative relations in a wide variety of task contexts. It is hypothesized that SFOR tendency
indicates the amount of spontaneous practice with the reasoning and use of quantitative relations
in natural surroundings.

Within age groups there appeared a significant disparity in SFOR when compared with the
ability to use quantitative relations. Kindergarten, first, and second grade participants used quan-
titative relations significantly less in the spontaneous condition than in the guided condition. The
delay in SFOR tendency when compared with the ability to use quantitative relations suggests
that there are many children who possess the skills needed to use quantitative relations on these
tasks but do not do so unless explicitly guided. While previous studies have found that children
have a number of well developed skills involving quantitative relations (e.g., Boyer et al., 2008;
Frydman & Bryant, 1988; Sophian, 2000), these findings show that it is not entirely clear that all
children use these skills spontaneously with the same frequency in situations where they are not
explicitly guided to do so.

One possible explanation for the positive association between SFOR tendency and later fraction
knowledge is that those children who have a higher SFOR tendency may get more self-initiated
deliberate practice with the use of quantitative relations in their everyday environment (cf.
deliberate practice; Chi, Glaser, & Farr, 1988; Ericsson, 2006). Previous evidence indicates that
there are substantial individual differences in the tendency with which children spontaneously paid
attention to exact number when not guided to do so (e.g., Hannula & Lehtinen, 2005). Importantly,
it was found that SFON in laboratory tasks was significantly related to children’s spontaneous
use of exact number in their everyday environment, suggesting that what is captured is a general
spontaneous numerical focusing tendency, which is not limited to the SFON laboratory tasks
(Hannula et al., 2005). An increase in the amount of self-initiated practice with the use of exact
number or quantitative relations may help children to learn and/or utilize formal mathematical
skills. Previously, SFON tendency has been found to progress iteratively together with counting
skills (Hannula & Lehtinen, 2005). A longitudinal study of SFOR and fraction knowledge with a
pre- or posttest design would provide valuable information into the contribution of SFOR tendency
to the development of fraction concepts. Furthermore, previous studies show that children can be
trained by daycare professionals to increase their tendency of spontaneous focusing on numerical
aspects of their environment (Hannula et al., 2005). The success of these previous intervention
studies indicates the development of a SFOR training program could be beneficial for children’s
learning of fractions.
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Previously, SFON tendency has been found to be a distinct contributor to numerical skills
development (Hannula & Lehtinen, 2005; Hannula et al., 2010), and exact number has been
found to be a strong distracter from relational aspects (Jeong, Levine, & Huttenlocher, 2007;
Ni & Zhou, 2005; Vamvakoussi et al. 2012). However, in the present study, solely focusing
on numerosity was not the most mathematically appropriate response, as there was a more
advanced mathematical aspect that could be used to complete the task—quantitative relations.
Ericsson and Lehman (1996) argue that those who become experts in a field must constantly
be pushing their level of practice to the upper boundary of their knowledge and skills. Ac-
quiring advanced skills requires that the learner is able to identify situations in which they
are able to practice these emerging skills (Lobato, 2012). In the present study, children who
spontaneously focused on quantitative relations can be seen as engaging in more advantageous
self-initiated practice with mathematical skills than those who solely focused on other aspects,
such as exact number. Thus, it is not entirely surprising that students who more readily utilize
the most mathematically advanced aspects of the Rice task, in this case quantitative relations,
display more advanced knowledge of fraction concepts later. However, it is worth noting that
those children who displayed SFOR in these tasks must have also spontaneously focused on
numerosity.

While most previous studies on quantitative relational processes investigated children’s rea-
soning with proportional relations between two different total amounts, for example two blue
marbles and four red, versus one blue and two red (e.g., Boyer et al., 2008), the present study
utilizes tasks in which the proportional relation is between the same amount (e.g., 2/6 of a circle
versus one third of the same size circle). Still, in order to solve the tasks using the same amount
of bread or rice, participants were obligated to establish a relationship between the participant’s
and experimenter’s breads or spoons, which were different sizes. In addition, the direct mapping
of the target amount of bread or rice was hindered in a number of ways. For the bread task, the
breads were arranged on the plates in such a way that no direct mapping could be made between
the two sets. The researcher’s bread was hidden from view after his or her animal had been fed
as well. For the rice task, the children were not allowed to make a direct comparison of the
spoonfuls of rice, and the total amount of rice placed in the bowls was not visible. The inability
of the participants to make a direct magnitude comparison between the breads or spoons supports
the use of the term quantitative relations. The unguided nature of the SFOR tasks requires con-
sideration of the threshold for recognition and use of the quantitative relations. In attempting to
capture individual differences in children’s tendency to use quantitative relations in these tasks,
it was determined that having different amounts would overly direct children’s attention to the
proportional relations.

In the tasks measuring SFOR, we aim to provide a similar level of ambiguity of the quantitative
relations in these tasks as the ambiguity of numerosity was in previous studies measuring SFON.
Previous studies using the same tasks in 5- to 7-year-old children suggest that there was a
sufficient level of ambiguity (McMullen et al., 2011, 2013). Children were found to use a variety
of aspects to solve the bread and rice tasks, including quantitative relations, numerosity, and/or
nonmathematical aspects. While spontaneous responses based on the recognition of exact number
(e.g., giving the same number of pieces of bread as the researcher despite the sizes) were the
most common nonrelational responses, there were a sizable number of participants who also used
nonmathematical aspects to solve the tasks. These nonmathematical aspects included the shape
of the breads, the manner of feeding, or giving one piece or spoon every time (McMullen et al.,
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2011). These results suggest that it cannot be assumed that all children equally recognize the
relevance of the quantitative relations in these tasks when not guided to do so.

The finding that those children who spontaneously focused on quantitative relations in first
grade had higher conceptual knowledge of fractions in fourth grade has potential implications for
the investigation of conceptual change with fractions (McMullen et al., 2014; Vamvakoussi et al.,
2012; Vamvakoussi & Vosniadou, 2004). Natural number conceptualizations have been found to
be a hindrance in learning about fractions. The finding that those children who more readily pay
attention to quantitative relations have a better-developed conception of fraction representations
in fourth grade encourages further studies on how SFOR tendency relates to the development of
fractions. In particular, it is of value to determine if these findings could be replicated in a larger
sample.

Methodologically, the present study demonstrates an experimental means to probe into SFOR
in a situation or task. It is encouraging that it is possible to capture this more complex spontaneous
quantitative focusing tendency, extending the SFON study methodology outlined first time in
Hannula and Lehtinen (2001, 2005). Study 1 also shows a partial dissociation of SFOR from the
requisite skills. The present SFOR tasks displayed a ceiling effect with older children, suggesting
that the relational aspects embedded in the tasks were too apparent for this age group. Further
studies should be conducted to more optimally adjust the perceptibility of these aspects for a
given age. Despite this, both studies reported here were able to capture substantial differences
in how participants attended to these tasks, and these results suggest that studies of individual
differences in SFOR tendency can help explain developmental differences in mathematical skills,
particularly in fraction knowledge.
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