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Abstract

We establish maximal local regularity results of weak solutions or local mini-
mizers of

divA(x, Du) =0 and min/ F(x, Du) dx,
o Ja

providing new ellipticity and continuity assumptions on A or F with general (p, g)-
growth. Optimal regularity theory for the above non-autonomous problems is a
long-standing issue; the classical approach by Giaquinta and Giusti involves assum-
ing that the nonlinearity F satisfies a structure condition. This means that the growth
and ellipticity conditions depend on a given special function, such as 7, ¢(z), 7™,
t? +a(x)t4,and not only F but also the given function is assumed to satisfy suitable
continuity conditions. Hence these regularity conditions depend on given special
functions. In this paper we study the problem without recourse to, special function
structure and without assuming Uhlenbeck structure. We introduce a new ellipticity
condition using A or F only, which entails that the function is quasi-isotropic, i.e. it
may depend on the direction, but only up to a multiplicative constant. Moreover, we
formulate the continuity condition on A or F' without specific structure and without
direct restriction on the ratio % of the parameters from the (p, g)-growth condition.

We establish local C!*-regularity for some « € (0, 1) and C*-regularity for any
a € (0, 1) of weak solutions and local minimizers. Previously known, essentially
optimal, regularity results are included as special cases.

1. Introduction

Research on regularity of weak solutions or minimizers of the problems

divA(x, Du) =0 and min/ F(x, Du)dx
uoJQ
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is a major topic in the partial differential equations and the calculus of variations.
If there is no direct dependence on x (i.e., A(x, &) = A(§) and F(x, &) = F(§)),
these are called autonomous problems. The simplest non-linear model cases is
the p-power function F(§) = |£|”, 1 < p < oo, and the corresponding Euler—
Lagrange equation is the p-Laplace equation where A(Du) = |Du|P~>Du. The
maximal regularity of weak solutions of the p-Laplace equation is C1¢ for some
a € (0, 1) depending only on p and the dimension n (e.g., [14,17,31,39]).

For non-autonomous problems, there is also direct x-dependence. To tackle
this case, Giaquinta and Giusti [20,21] introduced the following p-type growth
conditions:

£ F(x,&)is C2?,
vIEIP < F(x,éz) < L1+ |&17),
)

(2 + EP) T A2 < DIF (e, )k - < L2 + 1€ T A2,
|F(x,8) = F(y,8)] < o(x — yD(1 + [£]7).

(1.1)

Here, F is related to the perturbed case a(x)|&|? and has the same p-type growth
at all points. Lieberman [32] generalized the model by replacing |&|? with Orlicz
growth ¢(|&|). Marcellini [34] introduced non-standard, so-called (p, q)-growth
where the exponent p on the right-hand side is replaced by g > p. In this situation,
we need to assume that £ is close to 1, see, e.g., [3,4,12,35]. However, all these
structure conditions fail to accommodate many kinds of energy functionals since
the variability in the x- and £-direction are treated separately.

For many years, it was thought that the only way to treat the x- and &-
directions together was through special cases. Consequently, a plethora of stud-
ies deal with the variable exponent case F(x, &) = |£|P®). Over the past half-
dozen years the double phase functional F(x,&) = |£|” +a(x)|E]7,1 < p < ¢
and a > 0, has attracted much attention. These models were first studied by
Zhikov [40,41] in the 1980’s in relation to Lavrentiev’s phenomenon and have
been considered in thousands of papers [36,38]. Moreover, various variants and
borderline cases have been investigated, such as: perturbed variable exponent
|E]1P™) log(e + |&|); Orlicz variable exponent ¥ (|£])”“) or v (|&|P)); degenerate
double phase |[£|” +a(x)|&|? log(e+|£|); Orlicz double phase ¢ (|1€]) +a(x) ¥ (|€]);
triple phase |£|” +a(x)|&|7 + b(x)|£|"; double variable exponent |& [P 4 |£]9);
and variable exponent double phase |£]7™) + a(x)|£]7%); see [28] for references.
We emphasize that all these special cases are covered by our results.

In [28], we introduced a different approach which does not impose any direct
restriction on £. However, we were only able to prove maximal regularity for local
minimizers Wﬁen F(x,&) = F(x,|&]) has so-called Uhlenbeck structure. In this
article we extend the results to both minimizers and weak solutions and dispense
with the Uhlenbeck restriction.

We collect some conditions for A : 2 x R* — R"and F : 2 x R* - R
with an open set 2 C R" (n > 2), which determine our equation and minimization
energy, respectively; see Sect. 2 for further definitions and notation, including the
continuity assumption (wVA1), with is the other main assumption.
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Assumption 1.1. We say that A : Q x R" — R” satisfies Assumption 1.1 if the
following three conditions hold:

(1) For every x € Q, A(x,0) = 0, A(x,-) € C'(R"\ {0}, R") and for every
& eR", A(, &) is measurable.

(2) There exist L > 1 and 1 < p < ¢ such that the radial function ¢ +>
|Dg A(x, te)| satisfies (A0), (alnc), 2 and (aDec), > with the constant L, for
every x € Q and e € R" with |e| = 1. (The (p, g)-growth condition)

(3) There exists L > 1 such that

|DgA(x,§")| < L DgA(x, §)e - e

forall x € Q and £,&",e € R" with |§] = |€'| # 0 and |e|] = 1. (The
quasi-isotropic ellipticity condition)

The (A0) condition in (2) means that a coefficient factor of A is nondegenerate
and nonsingular, for instance a &~ 1 when A(x, §) = a(x)|&|? _25 . The (aDec),—2
and (alnc), > conditions in (2) are equivalent to the function ¢ > t2|D§A(x, te)|
satisfying the A»- and V,-conditions, respectively. In particular, we note from (2)
that Dg A(x, &) # 0 when & # 0. Uhlenbeck structure has been replaced by (3),
which is a quasi-isotropy condition since different directions behave the same up
to a constant. It is known that completely anisotropic equations do not necessarily
have any regularity as solutions may even be locally unbounded [19]. We also
note that if A(x, §) = D¢ F(x, &) the condition (3) means that the Hessian matrix
DSZF (x, &) with & # 0 is positive definite and all its eigenvalues on each sphere
for & are comparable uniformly in x and the radii of spheres, that is,

sup{eigenvalues of DgF(x, te) :lel =1} .
< - - 5 < L foreach x € Q and ¢ > 0,
inf {eigenvalues of DSF(x, te) : le| = 1}

where L depends only on L and n. Compare this to the p-growth condition in (1.1),
which implies a stronger condition, where x is inside the supremum and infimum:

sup{eigenvalues of DgF(x,te) x €, |lel =1} i W0
< or eac > 0.

h inf {eigenvalues of DgF(x, te) :x € 2, le| =1}

We further refer to [12,13] for a discussion of non-uniformly elliptic conditions in
terms of ratios of eigenvalues (in particular [12, Sect. 4.6] and [13, Sect. 1]) and
related regularity results (see also Remark 1.7).

With these assumptions we consider the following quasilinear elliptic equation
in divergence form:

divA(x, Du) =0 in . (divA)

We say that u € ngcl(sz) is a local weak solution if |Du| |A(-, Du)| € L ()
and

/ A(x,Du)- Dt dx =0 forall ¢ € CSO(RQ).
Q
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‘We show that such solutions are quasiminimizers of a related functional with Uhlen-
beck structure; thus C%%-regularity for some o € (0, 1) and higher integrability
follow from the results in [24,26], see Theorem 4.1. Let us state the first main
maximal regularity theorem for general weak solutions.

Theorem 1.2. (Maximal regularity for solutions) Let A : Q@ x R" — R”" satisfy
Assumption 1.1 and let u € le)’cl () be a local weak solution to (div A). Define

ACD(x, £):=[§]A(x, §).
(1) If A=Y satisfies (WVAL), then u € CO-%(Q) for every a € (0, 1).

loc

(2) If A satisfies (wVAI) with wg (r) < rPe for some B, > 0, then u € Cllo’éx(Q)
for some o =a(n, p,q,L,L,B) € (0,1).

Remark 1.3. The continuity condition (wVA1) for ®-functions was introduced in
[28], see also Sect. 2.2. In our knowledge, the above theorem covers all previous
known C!*-regularity results for equation (divA) with « independent of the solu-
tion. Some examples of functionals satisfying Assumptions 1.1 or 1.5 are presented
in Sect. 7.

Remark 1.4. In (WVA1), ¢ > 0 1is arbitrary and it is possible that 8, — O ase — 0.
Moreover, the constant L = L is from (wVALl) and K > 0 is arbitrary. However,
for given structure we actually choose certain, positive ¢ and K (see Sect. 6, in
particular, (6.1) and (6.2)), and « in the previous theorem depends on this 8, and
L = Lg. The same applies in Theorem 1.6.

If equation (divA) is an Euler-Lagrange equation, thatis, if A = D¢ F’ for some
a function F : Q@ x R" — R, then we can consider milder regularity assumptions
in the context of variational calculus.

Assumption 1.5. We say that F : Q x R" — [0, co) satisfies Assumption 1.5 if
the following two conditions hold:

(1) Foreveryx € Q,F(x,0) = |D¢F(x,0)| =0, F(x, ) € CHRMHNCZER"\{0})
and for every £ € R", F (-, £) is measurable.
(2) The derivative A:=D¢ F satisfies conditions (2) and (3) of Assumption 1.1.

From this assumption it follows that F(x, £) > Oforallx € Qand & € R"\ {0},
see (3.7) below. We say that u € W,b!(Q) is a local minimizer if F(-, Du) €
Ll (Q)and

/ F(x, Du)dx < / F(x, Dv)dx (min F)
supp(u—v) supp(u—v)

for every v € W]L’cl (2) with supp(u — v) € .

Theorem 1.6. (Maximal regularity for minimizers) Let F : Q x R" — [0, c0)
satisfy Assumption 1.5 and let u € Wll)’cl (2) be a local minimizer of (min F).

(1) If F satisfies (WVAI), thenu € Cloo’g(fl)for everya € (0, 1).
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(2) If F satisfies (wVAI) wit@ w(r) < rbe for some By > 0, thenu € Cllo’g(Q) for
somea =a(n, p,q,L,L,B) € (0,1).

Under our differentiability assumptions on F, u € WIL’; (€2) is a local weak
solution to (divA) with A = D¢ F if and only if it is a local minimizer of (min F).
Since not every mapping A is of the form D¢ F', Theorem 1.2 is more general in terms
of structure. On the other hand, (WVA1) with G(x,&) = |§|Dg F(x, §) implies
(WVAl) with G (x, &) = F(x, &), but not the other way around (cf. Proposition 3.8),
so in that sense the assumption of Theorem 1.6 is weaker.

Remark 1.7. De Filippis and Mingione [13] study Holder regularity of the gradient
of minimizers of non-autonomous, (p, g)-growth functionals with an upper bound
of 4. Their condition is not covered by the condition in the above theorem, but their
Holder exponent may depend on minimizers.

Let us briefly outline the rest of the paper and point out the main novelties.
We first collect some background information in next section. In Sect. 2.2, we
introduce our new conditions including (wVA1) that have been adapted to the non-
Uhlenbeck case. Formulating appropriate conditions and unifying them to cover all
the cases was the first challenge that we faced. In Sect. 3, we construct for A or F
an approximating function ¢ with Uhlenbeck structure (e.g., F(x, &) =~ ¢(x, |£])
in the functional case) that we call a growth function. The function ¢ is similar to
the one used in [28] which allows us to use some earlier results. However, ¢ does
not have the same continuity property (wVA1) as A or F.

In Sect. 4, we consider regularity results in two simpler cases that are used as
building blocks later on. Specifically, we show that our weak solution or minimizer
is also a quasiminimizer of a non-autonomous functional with Uhlenbeck structure
and we study related A-equations or F-energy functionals which are autonomous
but lack Uhlenbeck structure. The main difficulty for us was constructing an appro-
priate approximating autonomous problem with autonomous functions A or F from
A or F and a growth function ¢. This is solved in Sect. 5. For the function ¢, we
use the same approximation ¢ as in [28]. However, for A and F we need a novel
approach of transitioning smoothly between different growth using appropriately
chosen functions n;. With these elements in place, we prove the main results in
Sect. 6 using comparison and iteration arguments. In the final section, we apply
the main result in the special cases of variable exponent- and double phase-type
growth.

2. Preliminaries

2.1. Notation and definitions

Throughout the paper we always assume that 2 is a bounded domain in R”.
Let xo € R" and r > 0. Then B, (xp) is the standard open ball in R" centered at xg
with radius r. If its center is clear, we simply write B, = B,(x¢). A function f :
[0, 00) — [0, 00) is almost increasing or almost decreasing if there exists L > 1
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such that f(z) < Lf(s) or f(s) < Lf(¢), respectively, forall 0 <t < s < oo.
In particular, if L = 1, we say f is increasing or decreasing. For an integrable
function f in U C R", we define fU f dx:=|17| fU f dx as the average of f in U
in the integral sense. For functions f, g : U — R, f < gor f = g (in U) mean
that there exists C > 1 such that f(y) < Cg(y) or C_lf(y) < gly) < Cf(y),
respectively, for all y € U. By D = D, we denote the derivative with respect to
the space-variable x.
For ¢ : Q x [0, 00) — [0, o0) and B, C R", we write

+ (3. — . :
= su , and = inf ,2).
vE, © xeB,[r)WQ #ix.2) 5, @ xeB,NQ o(x,2)

The same idea and notation is also used for F :  x RY — [0, oo]. If the map
t— @(x,t),t > 0,isincreasing forevery x € €2, then the (left-continuous) inverse
function with respect to ¢ is defined by

gfl(x, t):=inf{t > 0: ¢, 1) > 1t}.

If ¢ is strictly increasing and continuous in ¢, then this is just the normal inverse
function.

Definition 2.1. We define some conditions for ¢ : Q x [0, 00) — [0, co) and
y € Rrelated to regularity with respect to the second variable, which are supposed
to hold for all x € €2 and a constant L > 1 independent of x. Then,

(alnc), t +— @(x,1)/t" is almost increasing on (0, oo) with constant L > 1.
(Inc), t = @(x,1)/t? is increasing on (0, 00).

(aDec), t = @(x,t)/t? is almost decreasing on (0, oo) with constant L > 1.
(Dec)y, t + @(x, 1)/t is decreasing on (0, 00).

(A0) L' < g(x, 1) < L.

Note that this version of (A0) is slightly stronger than the one used in [22],
but they are equivalent under the doubling assumption (aDec), which means that
(aDec), holds for some ¢ > 1. We may rewrite (alnc), or (aDec), (p, g > 0) with
constant L > 1, as

@(x,ct) < LePo(x, 1) and L™'CPo(x, 1) < ¢(x, Ct)
or L_lcq(p(x, 1) < p(x,ct) and @(x,Cr) < LCY¢(x,t), respectively,

forall (x,7) € Q x (0,00) and 0 < ¢ < 1 < C. We will use the above inequalities
many times without mention. Moreover, if ¢(x, -) € CL([0, 00)) for each x € Q,
thenfor0 < p < g

r¢' (x, t
o satisfies (Inc)), and (Dec)y <= p < ACTLY
@(x, 1)

We next introduce classes of ®-functions and generalized Orlicz spaces. We
refer to [22] for more details about the basics. In the sequel we omit the words
“generalized” and “weak” mentioned in parentheses.

< g forallx € Qandr € (0, 00).
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Definition 2.2. Let ¢ : Q x [0,00) — [0, 00]. We call ¢ a (generalized) -
prefunction if x — @(x,|f(x)]) is measurable for every measurable function f
on 2, and ¢ — ¢(x, t) is increasing for every x € €2 and satisfies that ¢(x, 0) =
lim,_, o+ ¢(x, ) = 0 and lim,_, o ¢ (x, t) = oo for every x € Q. A ®-prefunction
pisa

(1) (generalized weak) ®-function, denoted ¢ € P (£2), if it satisfies (alnc)y;
(2) (generalized) convex ®-function, denoted ¢ € O (), if t — @(x, 1) is left-
continuous and convex for every x € Q.

If ¢ is independent of x, then we write ¢ € @y or ¢ € O, without “(£2)”.

We note that convexity implies (Inc); hence ®.(2) C Dy (£2). While we are
mainly interested in convex functions for minimization problems and related PDEs,
the class @ (€2) is very useful for constructing approximating functionals, as it
allows much more flexibility. This will be utilized several times in this article.

We state some properties of ®-functions, for which we refer to [22, Chapter 2].
We note that in [22], ¢ >~ i for ®-prefunctions ¢ and ¥ means that there exists
C > 1 such that ¢(x, C‘lt) < Yx,t) < ex,Cr)forallx € Qand ¢ € [0, 00).
This is weaker than ~. However, if ¢ and i satisfy (aDec), then ~ and ~ are
equivalent.

Suppose ¢, ¥ : [0, 00) — [0, co) are -prefunctions, ¢ satisfies (alnc);, and
Y satisfies (aDec);. Then there exist a convex ®-prefunction ¢ and a concave ®-
prefunction ¥ such that ¢ &~ ¢ and ¢ ~ V. Therefore, by Jensen’s inequality we
have that

< <
p (]i Ifldx) < ]iw(lfl)dx and ]iw(lfl)dx <y (]é Ifldx)

for every f € L'(R), where the implicit constants depend on the constants from
the equivalence relations and L from (alnc); or (aDec);.
We define the conjugate function of ¢ : [0, c0) — [0, c0) by

©*(x,t):=sup (st — @(x,s)).
s>0

The definition directly implies that
ts < o(x,t) +¢*(x,s) forall s, > 0.

Furthermore, if ¢ satisfies (alnc), and (aDec), for some 1 < p < g, then ¢*

satisfies (alnc), and (aDec),y with p’ = —2; and ¢’ = -%5, and for any 5, > 0

_] _13
ande € (0, 1), ! g

1 1 1
ts < @(x,ert) +¢*(x, e 7s) Sep(x, 1) +& P To*(x,s)

and

_ 1
7

1
ts <p(x,e 1) +¢*(x,e7s) Sem U Vo(x, 1) + ep*(x, 9).
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We will refer to any of the previous three formulas as “Young’s inequality”. We
also note that (p*)* = ¢ if ¢ € ®(Q) by [15, Theorem 2.2.6].

If p € ®.(R), then there exists ¢’, which is increasing and right-continuous,
with

t
(p(x,t):/ ¢'(x, 5)ds.
0

We collect some results about this (right-)derivative ¢’.

Proposition 2.3. [Proposition 3.6, [28]] Let y > 0 and suppose that ¢ € ®.(Q2)
has derivative ¢'.

(1) Ifthe derivative ¢ satisfies (alnc),, (aDec),, (Inc),, or (Dec),, then the function
@ satisfies (alnc), 11, (aDec)y, 11, (Inc)y, 41 or (Dec), 11, respectively, with the
same constant L > 1.

(2) If ¢ satisfies (aDec),, then ¢(x,t) ~ t¢'(x, 1).

(3) If ¢’ satisfies (AO) and (aDec), with constant L > 1, then ¢ also satisfies (A0),
with constant depending on L and y .

(4) ¢*(x, ¢ (x, 1) <1 (x,1).

We will use the following inequality for C'-regular ®-functions:

Proposition 2.4. (Proposition 3.8, [28]) Let o € ®.NC ([0, 00)) with ¢’ satisfying
(Inc)p—1 and (Dec)y— for some 1 < p < q. Then, fork € (0,00) andx,y € RV,

19" (x]+1yD

Ix — yI?
x|+ [yl

o(lx = yD < «le(xD) +e(yD] +«

Let LO(Q) is the set of the measurable functions on Q. For ¢ € ®,(), the
generalized Orlicz space (also known as the Musielak—Orlicz space) is defined by

LY(Q):={f € L%Q) : | fllLeo) < oo},
with the (Luxemburg) norm

IIfIILw<sz):=inf{?» ~0:0,(1) < 1}, where 0,()= [ (x.If (.

We denote by W!#(Q) the set of f € L¥(Q) N W 1(Q) satisfying that |Df| €
L?(2) with the norm || f | w10 @)=/ o) + Il 1 Df|llLe(s)- Note that if ¢ sat-
isfies (aDec), for some g > 1, then f € L¥(Q) if and only if g,(f) < oo, and
if ¢ satisfies (A0), (alnc), and (aDec), for some 1 < p < ¢, then L¥(2) and
W1#(Q) are reflexive Banach spaces. In addition, we denote by WO1 #(Q) the clo-
sure of C;°(R2) in W1-¢(€2). For more information about the generalized Orlicz
and Orlicz—Sobolev spaces, we refer to the monographs [7,22,30] and also [15,
Chapter 2].
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2.2. New conditions

The condition (A1) was introduced in [27] (see also [33]) and is essentially
optimal for the boundedness of the maximal operator in generalized Orlicz spaces.
It also implies the Holder continuity of solutions and (quasi)minimizers [5,24,25].
For higher regularity, we introduced in [28] a “vanishing (A1)” condition, denoted
(VA1), and a weak vanishing version, (WVAT1). These previous studies applied to ®-
functions ¢ :  x [0, c0) — [0, 00) and discussed the sharpness of the conditions.

We generalize the conditions to the non-Uhlenbeck situation. It can be easily
seen that (VA1)=—=(wVA1)==(Al). The results of this paper require only (WVA1),
but (VA1) is included since it is simpler to check and is a sufficient condition.

Definition 2.5. Let G : Q@ xR” - RV, N e N, e € [0,1],K,L > 0,r € (0, 1]
and w : [0, 1] — [0, 1]. We consider the inequality

G(x, &) = G(y, &) < Lo(r)(IG(y, £)| + 1) when |G(y, §)| € [0, K|B,|~'**]

forallx,y € B, N Q2 and & € R". We say that G satisfies:

(A1) if for any K > O there exists L = Lg > 0 such that the inequality holds
forw=1and e = 0.
(VA1) if for any K > O there exists L = Lg > 0 and there exists a modulus of
continuity w : [0, 1] — [0, 1] such that the inequality holds for ¢ = 0.
(WVA1) if for any K > 0 there exists L = Lx > 0 and for every & > 0 there exists
a modulus of continuity @ = w, : [0, 1] — [0, 1] such that the inequality
holds.

Here, a modulus of continuity « means that @ is concave and nondecreasing and
satisfies lim, _, g+ w(r) = w(0) = 0.

If we compare these conditions in the case N = 1 with the previously mentioned
conditions in earlier papers, we see that they do not look exactly the same. First
of all the earlier conditions correspond to the case K = 1 only. If we consider
quasi-convex domains €2 and ¢ satisfies (aDec), then the condition with any K is
equivalent to the condition with fixed K. This is proved by a simple chain argument,
see [23, Lemma 3.3] for (A1).

Furthermore, the earlier conditions did not allow & satisfying |G (y, §)| < w (7).
For instance, the old formulation of (VA1) (for G(x, &) = ¢(x, |£])) was to assume
that

lp(x, 1) — @y, D) < Lo(r)e(y, 1) when ¢(y, 1) € [(r), |By| "]

Compared to new (VA1), the right-hand side has ¢(y, ¢) instead of ¢(y, ) 4+ 1 but
on the other hand the inequality is not assumed for ¢(y, t) € [0, w(r)). However,
we can show that these are again equivalent if ¢ € ®,(€2) is continuous in . A
similar argument applies to the other conditions as well.

Letus show that the old version of (VA1) implies (VA1) with the same w. Indeed,
we need only show that the old condition implies (VA1) when ¢(y, ) < w(r) since
this is trivial when ¢(y, 1) € [w(r), |B,|"']. Fix B, and let y € B,. Since ¢ is
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increasing and continuous, we can find s > ¢ with ¢(y, s) = @ (r). Then by the old
condition,

px, 1) < p(x,5) < (1 + Lo@r)e(y,s) < (L+ Do(r) forall x € B,.
Hence we obtain (VA1) as follows:

lo(x, 1) — oy, )] <elx,s)+e(y,s) < (L+2)o)
<L+ ey, 1) +1).

For the opposite implication, if ¢(y, t) € [a)(r)%, | B |’] ], then

o) (@G, 1) + 1) < 20() 1y, 1).

It follows that (VA1) with w implies the old version of (VA1) with a)% in place of
.

In summary, under minimal and natural assumptions on G, our conditions are
equivalent to previous versions. In particular, from [22, Chapter 7] and [28, Sect. 8],
we know that (A1) is equivalent to logarithmic Holder continuity in the variable
exponent case ¢(x, 1) = t”®) while (VA1) and (wVA1) hold with  if and only if
p € C%®_ For the double phase case ¢(x, 1) = t” + a(x)t?, (VA1) is more or less
equivalent to % <1+ % while (WVALI) and (A1) require only % <1+ %, where

a e Ch(Q).

Remark 2.6. Baroni, Colombo and Mingione [2,9] initiated the study of double
phase with additional information on the minimizer. Specifically, they consid-
ered bounded or Holder continuous minimizers and showed that the assumption
4 <1+ % can be relaxed in these cases. Ok [37] considered analogous results
with Lebesgue integrability information on the minimizer. In [5,24], the general-
ized Orlicz case with additional information was considered, but only for lower
regularity, i.e. Harnack’s inequality and Holder continuity for some y > 0. It is
possible, but non-trivial, to develop the ideas from this paper to prove maximal reg-
ularity in the generalized Orlicz case with additional information; we will return to
this issue in a follow-up paper [29].

3. Construction of Growth Function

In this section, we construct an auxiliary function ¢ € ®.(£2) that measures the
growthof A : Q x R" - R"or F : 2 x R" — [0, o0).

Definition 3.1. Let A : Q@ x R" — R” satisfy Assumption 1.1(1). We say that
@ € D() is a growth function of A if the following conditions are satisfied:
@(x,-) € CL([0, 00)) forevery x € Q; ¢’ satisfies (A0), (Inc)p, —1 and (Dec)y, — 1
for some 1 < p; < ¢1; and

|ACx, &) + &1 D A(x, &) < Ag/(x, [£]), (3.1
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¢’ (x, [§])
1§

for some 0 < v < A and forall x € Q and &, & € R” \ {0}.
Let F : Q x R — R satisfy Assumption 1.5(1). We say that ¢ € ®.(R2) is a
growth function of F if it is a growth function of A = D¢ F in the above sense.

D:A(x,§)E & > v -2 |E (3.2)

Remark 3.2. In the above definition, we may assume without loss of gener-
ality that ¢(x,) € C%((0,00)). Indeed, define ¥'(x,1):= [i £ ds and
v(x, t).:fo ¥/ (x,s)ds. Theny(x, ) € Cz((O, o0)) satisfies ¢ ~ w,mln{l, pP1—
e (x, 1) < ¢'(x,1) < max{l, g — 1}¢/(x, 1), and (Inc),, —1 and (Dec),, — 1
with the same p; and ¢q;.

Proposition 3.3. Every A : Q@ x R" — R” satisfying Assumption 1.1 has a growth
function ¢ € ®(2) with constants 1 < p1 < g1 and 0 < v < A depending only
on the parameters p, q and L in Assumption 1.1. Specifically, p1 = p and q1 > q.

Proof. Define ¢ € ®,,(R2) by

wuw—/wusmsmdwun—wmawwua|

&=t
By Assumption 1.1(2), ¥ satisfies (A0), (alnc),—; and (aDec),—1, and hence
satisfies (A0), (alnc), and (aDec)y (Proposition 2.3(1)). In view of [22, Lemmas
2.2.1 and 2.2.6], there exists ¥ € ®(£2) with ¥ ~ ¢ which satisfies (A0), (Inc),
and (Dec),, forsome g1 > q.Nextwedefinep € O (Q2) withe(x, -) € CL([0, 00))

for every x € Q by
o~
W,,)::/ LACIE
0 N

Then ¢/ (x, 1) = L&D ~ YOO ~ y/(x 1) and ¢ satisfies (A0), (Inc),—; and
(Dec)q, — 1.

We now show that ¢ is the desired growth function. Note that by Assump-
tion 1.1(2),

1 1
|A(x, &) = ’/ iA(x,lé)dl = '/ DeA(x,t§) - & dt
o dr 0

1
<L|%Awmmam

1
<L(/O t”_2dt> D A(x, §)][E] < —w (x, 1&]).

Then (3.1) follows from ¢’ ~ ' and the definition of v/, and (3.2) holds by
Assumption 1.1(3) with ¢’ ~ ¥’ and the definition of ¥’'.

Fromnow on, if A : @ x R" — R” satisfies Assumption 1.1, we take its growth
function as the one constructed in the above proposition, hence the constants pj,
q1, v, A in Definition 3.1 depend on the constants p, g, L in Assumption 1.1.
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Remark 3.4. Inequality (3.2) with ¢’ satisfying (Inc),—; and (Dec),, — 1 implies
the following strict monotonicity condition:

x, €]+ 1&))

(A(x, £)—A(x, £))-(6—8) > # ——|E—E]*,  xeQ, £&eR\{0)
GERG

(3.3)
Furthermore, letting & — 0 in the preceding inequality, we also have the coercivity
condition

A(x,8) - & 2 ¢'(x, [EDIEI ~ o(x, [E]), xeQ, §eR",

which yields that

p(x, [E]) S A(x, 6)& < IEIIAGx, §)] S €l (x, 16D ~ o(x, [§]), x € Q, £ eR".
34

From now on, we denote

AT (x, £):=|E| A(x, £),

and write p &~ A (=1 a5 an abbreviation of (3.4). (The notation is chosen since ACD
is comparable to the antiderivative of A.) Since (A1) is invariant under equivalence
[22, Lemma 4.1.3] we obtain the following result:

Proposition 3.5. Let A : Q@ x R" — R satisfy Assumption 1.1 and ¢ be its growth
function. Then A~V satisfies (Al) if and only if ¢ satisfies (Al).

We next consider the continuity hypotheses (wVA1). This assumption is not
invariant under equivalence, but we have the following implications for the growth
function. The second part of the proposition is a stronger version of (Al), where
we notice that the range of gogr (t) is changed to [w(r), |Br|_1], which is needed

later on. Here p’ denotes the Holder conjugate exponent of p, i.e. p’ = -£-.

p—1

Proposition 3.6. Ler A : Q x R" — R” satisfy Assumption 1.1 and ¢ be its growth
function. If AV satisfies (wVA1), then for each ¢ € (0,1] with = w, and
r€(0,1],

(1) forall x,y € B, N Qand & € R" satisfying ¢ (I€]) € [0, |B, |77
|A(x, &) = Ay, §)] < co(r) 7 ((9") g, (D) + 1);
(2) for all t > 0 satisfying gy (1) € [w(r), 1B,
9 (1) < cpp (0).

Here the constants ¢ > 0 depend on p, q, L and chl, where c1 > 1 is the implicit
constant from ¢ ~ AV (3.4).
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Proof. Suppose that £ € R" satisfies <p§r(|§|) < |B,|~'*¢. Choose x’ € B, with

p(x',1§]) < 295 (1€]) so that p(x', |§]) < 2|B,|~"*¢. This together with ACD ~
¢ (3.4) yields

ATV 8)] < crp(x, E]) < 21| B |71
Therefore, by (WVA1) with K = 2¢ we have that for any x, y € B,
ATD(x,£) — ATV (y, )]

<AV, 8) — ATV o)+ 1AV 6) — ATV (y, )]

< 2Ly o) (AT, &) + 1)

~ o) (0, ) + 1) = o(r) (95 (16D + 1)
and, using ACD & ¢,

o(x. E]) SIATV G, &) — ATV &)+ o, 8]
S o) (@p (D + 1) + o5 (). (3.6)
When also gogr(|§|) > w(r) € [0, 1], we can continue this by
p(x, [E]) S o) (g (€D + 1) + @p (E]) < 205 (E]) + o () < 3¢ (D).

Since the implicit constant in the preceding inequality is independent of ¢, we obtain
the inequality in (2) for & with gogr (€D € [w(r), | By —1). Moreover, the continuity

(3.5)

of ¢ in the ¢ variable implies the same inequality for & with Pp, (&) = |B, |7\
This completes the proof of claim (2).
Still considering <p;;r(|$|) > w(r) € [0, 1], we move on to prove (1). Since ¢

satisfies (AO) and (Inc),, we conclude that |£] 2 wr)VP, Dividing (3.5) by |£],
we obtain

|A(x, &) — Ay, &) S o) (€D + DIEIT <o) (@), (E) + () ™!/P)
<o) ()5, (D + 1),

where we used that 1¢'(x, 1) ~ ¢(x, t).
It remains to prove (1) when <p§r(|é|) < w(r). By (3.6), it follows that

(pgr (J€]) < w(r). Hence applying Proposition 2.3(4), for any x € By,
A, &) ~ ¢ (x, [E) = (@) (x, 0" (. @' (x, 1ED)) S (@) (x, ()
1
Sor)?”
and so (1) follows in this case also.

Let F : QxR" — [0, oo) satisfy Assumption 1.5 and ¢ € ®(2) be its growth
function. By (3.4) with A = D¢ F,

1
F(x,é):/ DeF(x,t§)-&£dx ~ ¢(x, |§]) forallx € Qand& e R", (3.7)
0

In the same way as Propositions 3.5 and 3.6, we can also prove the following.
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Proposition 3.7. Let F : Q x R" — R satisfy Assumption 1.5 and ¢ be its growth
function. Then F satisfies (Al) if and only if ¢ satisfies (Al).
If F satisfies (WVAI), then for each ¢ € (0, 1] with w = wg and r € (0, 1],

(1) for all § € R" satisfying g (I€]) € [0, |B,|~+¢],
Fi (€)= Fp (6) < co(r)(¢p, (1€) + 1)
(2) for all t > 0 satisfying gy (1) € [w(r), 1B,
op (1) < cpg ().

Here the constants ¢ > 0 depend on p, q, L and ch2, where co > 1 is the implicit
constant from ¢ ~ F (3.7).

Finally, we consider the relation between (WVA1) of A and F. Based on this
result we can say that the condition (WVA1) is weaker in the minimization case
than in the PDE case.

Proposition 3.8. Ler F : Q x R" — R satisfy Assumption 1.5 and set
ACD (x, £):=I&|De F(x,§). IfA(_l) satisfies (wWVAI), then so does F with the
same w.

Proof. Let ¢ be a growth function of F. Fix any B, C R” with » < 1. Suppose
Fpy (§) € [0, K|B,|7'*¢]. Since [AV(y, §)| < c19(y, [€]) < c1e2F (y, §) for
allé e R" by ¢ = AD (3.4) and ¢ ~ F (3.7) with implicit constants ¢y and ¢,
respectively, we obtain

|ATD(y, )] €10, Keiea| B |71,
Thus we can use (WVA1) of A" Define e = é—l Then
€]
F(x,§) = F(y,§) = A (A(x,te) — A(y, te)) - edt
_ €]
< LKclcza)(r)/ [|A(y. te)| + 1]dz
0

€]
S w(r)/o [¢'(y, ) +11dt = 0 (1) (@(y, [E) + &)

Sor) (e, ED+1) = o) (F(y,8)+ 1)
for any x, X € B, N 2, which is (WVA1) of F.

4. Auxiliary Regularity Results

In this section we collect results on two types of approximating problems,
namely non-autonomous problems with Uhlenbeck structure and autonomous prob-
lems without Uhlenbeck structure.
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4.1. Quasiminimizers

For ¢ € ®(L2), we say thatu € WIL’CW(Q) is a local Y -quasiminimizer if there
exists Q > 1 such that

/ Y (x,|Dul)dx < O ¥ (x, |Dv|)dx
supp (u—v)

supp (u—v)

forallv € ngcw (2) with supp (u —v) € Q. Quasiminimizers of energy functionals
with generalized Orlicz growth have been studied e.g. in [5,6,24,26].
Let A : Q@ x R" — R” satisfy Assumption 1.1 and ¢ be its growth function.

Letu € WIL’CI (£2) be a local weak solution to (divA). By ¢ ~ A (3.4) and the

assumption |[ACD (-, Du)| e L]

we obtain by approximation that

(2) weseethatu € Wli)’c(p (£2). Assuming density,

/ A(x, Du) - Dt dx =0 forevery ¢ € W"(Q) with supp (¢) € Q.
Q

Using ¢ ~ AD| the identity above with { = u — v, Young’s inequality and
Proposition 2.3(4), we have

/ @(x, |Dul)dx < / A(x, Du) - Dudx
supp (u—v) supp (u—v)

= / A(x, Du) - Dvdx
supp (u—v)

x, |Du
5/ @(x, | |)|Dv|dx
supp (u—v) [Dul

S 8/ @(x, |Dul) dx
supp (u—v)

+el™ / ¢(x, |Dv|) dx
supp (u—v)
forevery ¢ € (0, 1]and v € WL (Q) with supp (u — v) € Q. Thus

/ ¢(x, |[Dul)dx < Q @(x, |Dvl]) dx

supp (u—v) supp (u—v)

for some Q > 1 depending only on p, ¢ and L so that u is a ¢-quasiminimizer.
Note that the density of smooth functions holds if ¢ satisfies (A0), (A1) and (aDec)
[22, Theorem 6.4.7].

Thus we can apply the regularity results for quasiminimizers in [24] to a local
weak solution to (divA). In particular, we have the following Holder regularity
and higher integrability results for (divA). For the last estimate, we refer to [28,
Theorem 4.7].

Theorem 4.1. [24] Let A : Q@ x R" — R” satisfy Assumption 1.1 with constants
L > 1and1 < p < q and have growth function ¢ € ®.(2) and let u € WIL’CI(Q)
be a local weak solution to (divA). If A=Y satisfies (Al) with constant Lg > 0,
then
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o uc Cf () for somea =a(n, p,q, L, L) € (0,1);
o AV, Du) ~ ¢(-, |Dul) € Lit°(Q) for some o = o (n, p,q.L,Ly) > 0.
Moreover, for some ¢ = c(n, p,q, L, L1) > 0 we have

1

Tro
(7[ o(x, |Du|)1+<7 dx) <c <<p§2r (][ |Du| dx) + 1)
By Boy

whenever By, @ Q with |By,| < 1 and || Dull e,y < 1.

Remark 4.2. The above theorem still holds in the setting of the minimization prob-
lem as in Theorem 1.6, where we assume that F satisfies (A1).

Remark 4.3. Assumptions 1.1 and 1.5 involve the derivative of A or the second
derivative of F. In fact, these are only needed for the maximal regularity. For the
previous theorem, Assumptions 1.1 could be replaced by weaker assumptions, such
as

(1) For every x € ©, A(x,0) = 0, A(x,-) € COR" \ {0}; R") and for every
& e R", A(-, &) is measurable.

(2) There exist L > 1 and 1 < p < ¢ such that the radial function t — |A(x, te)|
satisfies (A0), (alnc),—1 and (aDec), | for every x € Q and e € R" with
le] = 1.

(3) There exists L > 1 such that

€' JA(x, €| < L A(x, ) - &
forall x € Qand &, &’ € R" with |&] = |&/].

In this case the growth function ¢ is replaced by

Y(x, 1):= élllp IE11ACx, ).
=t

4.2. Regularity results for autonomous Problems

We consider Assumption 1.1 for an autonomous function A : R” — R” via
its trivial extension A(x, £):=A(&). We may apply Proposition 3.3 to conclude
that such A has a growth function ¢ € ®.(2). An inspection of the proof of
Proposition 3.3 shows that this ¢ can be chosen autonomous as well, and we will
assume hereafter that ¢ € ®.,i.e., ¢ = ¢(t). Moreover, in view of Remark 3.2, we
also assume that ¢ € C1([0, 00)) N C2((0, c0)).

With these A and ¢, we present regularity results of weak solutions to the
following autonomous problem

divA(Dii) =0 in B, (divA)

The following results are variations of known regularity results for equations with

Orlicz growth, and the proofs are similar to previous ones. In particular, in the
Uhlenbeck case A () = @E, we considered them in [28]. Therefore, we outline
the proofs and point out differences compared with the references. The first result
is local C!%-regularity.
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Lemma 4.4. Let A : R" — R” satisfy Assumption 1.1 with A(x,&) = A(&)
and constants L > 1 and 1 < p < q, and ¢ € O be lts growth function. If
i € Wh9(B,) is a weak solution to (divA), then Dii € Cloc (B, R™) for some
a € (0, 1) with the following estimates: for any B, C B, and any t € (0, 1),

sup |Du| < c][ |Du|dx,
By)2 B,

][ ‘Dﬁ(x) —][
Bzp B

Here & € (0, 1) and ¢ > 0 depend only on the constants n, p, q and L.

Dﬁ(y)dy‘ dx < cr&][ \Di| dx.

™ B,

Outline of proof. The proof is almost the same as for the Uhlenbeck case, that is
[28, Lemma 4.12] with a proof in [28, Appendix A]. We also refer to [31] for the
case ¢(t) = t. We only need to slightly modify the beginning and approximation
parts to the general case A(&).

Instead of the equation (divA), we consider approximate non-degenerate equa-
tions. For 0 < ¢ < %, define

e [ ~ ¢'(e + t)

Ac(8): A((g + )S) R and @, (1):= s

Note that ¢.(t):= fé @.(s) ds is exactly the same as ¢.(¢) in [28, (A.D)], hence,
in view of [28, Appendix A], ¢, also satisfies (A0), (Inc),—| and (Dec)y, — 1,
@) < @e(t)+ 1 and @ (t) < @(¢)+ 1. In particular, the last two inequalities imply
WL9(B,) = W' (B,). Then we can see from (3.1) and (3.2) with A = A and
¢ = ¢ that there exist small &g > 0 and 0 < » < A depending only on n, p, g, v
and A such that for every ¢ € [0, &g)

|Ac(®)] + |&] 1D As(6)] < AgL(1E]) and DpAg(§)E-& > '%gfl)lélz 4.1)
for all &, § € R". Moreover, by (3.1),
A.(Dg) —> A(Dg) in L? (B,) as ¢ —> 0 (4.2)

for every g € Wl’_‘/_)(B,).
Letii, € WH9(B,) be the unique weak solution to

divA;(Dii;) =0 in B, and i, =i on dB,.

Fix any small 0 < ¢ << 1. Then, in the same way asin [16], in partlcular Lemmas
5.7and 5.8, u, € WloC (By), 9 (Du,) € W10C (B;) and u, € WIDC (B,) with the
estimate

sup g (Du,) < C][ @e(Dug)dx, By, C By,
B, By,
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for some ¢ > 0 depending only on n, p, g1, v and A. Set

e+ 1§

lai; ©)):=Ds Ac(&) and (b ©)l:=Ds As(§) ="

Note that, by (4.1), b;; (§) satisfies

n
2 by ©)&E; and [[bi;6)]] < A
i,j=1

Therefore, by following [28, Appendix A], in particular from the paragraph con-
taining (A.7), with the above setting, we can obtain the desired regularity estimates
for ug, where relevant constants are independent of €.

Then using (4.2) and the uniform monotonicity (3.3) with A = A;and ¢ = @,
we see that

i, —> i in WH?(B,) as ¢ —> 0.

Note that the standard Minty-Browder technique for a monotonicity operator, that
is, an operator A which satisfies inequality (3.3) with right hand side 0, implies
only weak convergence, but due to the uniform monotonicity we have the strong
convergence. In particular, Du . (x) converges, up to a subsequence, to Dt (x) almost
everywhere in B,.

The next result is a Calder6n—Zygmund type estimate in the generalized Orlicz
space for non-zero boundary data. Since 6 is superlinear, this lemma allows us to
transfer regularity from u to u.

Lemma 4.5. Let A : R" — R” satisfy Assumption 1.1 with A(x, &) = A(£) and
constants L > 1l and 1 < p < q, and ¢ € P be its growth function. Suppose
0 € Pw(By) satisfies (A0), (alnc)p, and (aDec)q, with constants Ly > 1 and
1 < po < go and (Al) with constant Ly > 0, cmd u € who(p, ) satisfies
fB 0(x, ¢(|Dul))dx < « for somek > 0. Ifu € u + Wo (p(B ) is a weak solution

to (divA), then

le(DuDllrep,) < clle(Dubliro s,

and

][ 0(x, ¢(|Dii])) dx <c(K%“ + 1)(7[ 9(x,¢3(|Du|))dx+1)
Br

B,
forc=c(n, p,q,L, po,qs, Lo, l_,l) > 0.

Outline of proof. The lemma is a general version of [28, Lemma 4.15] and the
proof is exactly the same if we have the general version of [28, Theorem B.1]. We
note that the main tools used in the proof are weighted L? estimates, extrapolation
in the generalized Orlicz spaces and scaling. In particular, [28, Theorem B.1] is the
global weighted L? estimates for the gradient of weak solution to equation (divA)

with A(€) = @' (1€ -
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The general version of [28, Theorem B.1] can be proved in a similar way. The
major difference is establishing the estimate (see the next paragraph) concerned
with the boundary Lipschitz regularity for the following approximate equation:

divA(Dv) =0 in Bf, =0 on B,(0)N{x, =0},

where B[‘f = B,(0) N {x, > 0}. Other differences are minor modifications.
For a weak solution v € Wl"/_’(B:{) to the above equation, one can prove that

sup 3(I D7) < c][
+

@(|Dv|) dx
B}

Bﬂ/2

for some ¢ > 0 depending only on n, p, g1, v and A. This corresponds to [28,
(B.13)] in the Uhlenbeck case, which was obtained from the interior counterpart
by applying the reflection argument with the odd extension, see the last paragraph
in [28]. However, in the general case the reflection argument does not work, and
we use a so-called barrier argument. For the proof of the above Lipschitz estimate
we refer to [11, Theorem 4.1], see also [10, Theorem 2.2]. Note that Cho [11]
proved a Calder6n-Zymund type estimate with 6 (x, t) = 6(¢) for nonhomogeneous
equations with the zero boundary condition.

5. Approximation

In this section we construct approximations for A in (divA) and F in (min F).
We start by recalling the simpler construction for ¢ € C!([0, o0)) with ¢’ satisfying
(A0), (Inc)p—1 and (Dec)y, — 1 for some 1 < p < ¢q1. Let B, = B, (x9) C 2 and
0 <1t <1 <t Wedefine

t,‘j—lltl’—l if 0<r<m,
t 1
@(t):=/ ¢'(s)ds with @'(t):= ¢ (x0,1) if 11 <1 <1y, (5.1
0 2P~ 1 <t < oo,
o)

where a):=¢’ (xo, t1) and a:=¢’ (xq, ;). Note that the relationship between ¢ and
¢ is exactly the same as in [28, Sect. 5]. From there, we have the following result.

Proposition 5.1. Let ¢ and § be from (5.1) and L > 1. Suppose that

o (1) < Loy (1) forall t €11, 12].
Then,

(1) ¢ € C'([0, 00)) with §' satisfying (Inc)p—1 and (Dec)y, — 1.

(2) §(t) < @(x0. 1) and L™ o(x, 1) < @(1t) for all (x. 1) € B, x [t1, 12].

(3) p(t) < %Lgo(x, t) forall (x,t) € By X [t1, 00).

(4) Oo(x, t):=0p(x, (/3_1 (1)) satisfies (A0), (alnc)y and (aDec)y, /p with constants L
depending only on the structure constants of ¢.
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Fig. 1. The functions »;

Note that the inequality assumed in the above proposition will be linked to the
one in Proposition 3.6(2) and 3.7(2). In the Uhlenbeck case F(x, &) = ¢(x, |&]) a
suitably mollified version of ¢ can be used as the approximation of ¢ [28]. However,
as far as we can tell, a similar approach to (5.1) does not work in the general case,
so we introduce smooth transitions around #; and #, with transition functions 7;.
We deal with A and F in separate subsections.

5.1. Approximation for weak solutions

Let A: Q x R" — R" satisfy Assumption 1.1, and ¢ € $.(£2) be its growth
function. Recall that ¢’ satisfies (A0), (Inc) p—1and (Dec)y, — 1. In this subsection,
we construct an autonomous nonlinearity A : R? — R” with growth function ¢
given by (5.1), such that A and ¢ are comparable with A and ¢, respectively, in a
suitable sense.

Fix any small ball B, = B,(xg) € Q satisfying |B,| < 1. For 11 € (0, %] and
t» > 2 that will be chosen later in the next section, a; and a; from the definition of
¢, and constants g1, v, A given in Proposition 3.3 we define

Ag):= —m(lél) L 1817726 4+ (18D Ao, §)+An3(lél) 2 1E1 %,
e e’

. =A> &) 2
=:A1(6) =A3(6)
(5.2)
N —p+3
where A::%, and n; € C*®([0, 00)), i = 1,2, 3, satisfy

m=1in[0,n), m=0in[2,00) and — 2 <7} <O,
m=1in[0,n), m=0in[2n,00) and —2Z <15 <0,
n3=01n [0,2), n3=1in [, 00) and 0< ;< 2.

%)

Clearly, A € C(R", R") N C'(R" \ {0}, R"), and
A(§) = A(xo, &) whenever 21 < [£] < %.
Possible functions 7; are sketched in Fig. 1 to assist in following the proof.

Lemma 5.2. If ¢ is a growth function of A, and ¢ and A are their autonomous
approximations as in (5.1) and (5.2), then ¢ is a growth function of A.
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Proof. Let us start by calculating the derivative of n; (|€])|£|P~2& withi = 1, 3:

D (i (IEDIEIP728) = nj(IEDIEIP T ERE+(p—2)mi (1EDIEIP 6 @E+ni (IE])EP 1,

(5.3)
Here ® denotes the tensor product (a;); ® (b;); = (a;bj); j and I, is the n-
dimensional identity matrix.

We consider the first condition (3.1) of being a growth function with A and @ in

place of A and 9. When |&| < 2t1, weuse |1} (1)1 < 2 <4and @ (1) ~ 4 rr]
1
by (Inc),—; and (Dec),, — 1 for#; <t <24 to conclude that

|A1@©)] + E1DeA1(§)] < [ISI” "+ I EDIEI” 4+ (p — DIEIPT]

P
l

ai

—[E17 ~ @ (5.

1

Similarly, we conclude that |A3(£)| + |§||DSA3($)| < L 1g|P~1 ~ ¢'(|€|) when

&l > jtz. Finally, it follows by (3.1) of A and ¢’ (xo, t) ¢'(x0, 1) when 1] <
t < 21 that |Ay(§)| + [§]|De A2(§)] < @'(€]). Therefore, we have established
(3.1) of A.

For the ellipticity condition (3.2), we consider four cases: 0 < [§| < 71,11 <
&l <211, 1/2 < |€] < and 1 < |&]| < 2fp. The strategy is to get the ellipticity
condition by the same condition of A and A, for first and third cases, respectively.
In the second and fourth cases one term of D¢ A is non-negative and the other is non-
positive (since 7 or 1} is non-positive), so we have to show that the non-positive
term can be absorbed in the non-negative one based on more precise estimates.

Note that the other cases, 2¢; < |&| < £2/2 and || > 21;, are clear, since in
these intervals only As and As, respectively, influence A.

0 < |€] < #1 | In this interval, n1 = 1, = 1 and n3 = 0. By the calculation
(5.3) and the ellipticity of A(xp, &),

D A(§)E - & = DeA1(§)E - & + DeA(xo, §)E - &
———

>0

g f,‘ Sl =D AE B+ £ 2IEP
&' (€D)

£12
| 1&1°.

>§min{ -1, 1} g 2|s|2—5m1 {p—11}
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t1 < |€] < 211 | In this interval, — \E\ 2 <) <0,m=1landn =0.

Therefore by the ellipticity of |§|7~ 2¢ and A(xo £) and (Inc) ,—; of ¢/,

DSA@)éé:—nﬂso e E B+ s nl(IEI)—Dg(lé’lp 6)E £

>0
+ D A(xo, §)E - &
v4d ar L z0 908D 2o
> =3 p_lm € v S
X% (Xo, &) 2 @' (0, €Dz V@ UED -
T € +v =g P

%2 < |&] < 1 |In this interval, 5, n3 > 0,72 = 1 and n; = 0. Hence

D A(§)E - & = D¢ A(xo, §)E - €+An3(|§I) 2EP e - B)?

2

>0
+ Z\n3<|s|>t§—ila<|sv’—zs>§ £

2

>0

> DeA(ro, )8 - 5 w2 C0 D g0 | FUED

v
€] €]
t) < |&| < 21> | In this interval, —

<-2<n,<0,m3=1andn =0.
Therefore

E]%.

|J>

o

%)

n5(1€1)
1€

DeA(E)E - £ = (& ® A(xo, £))E - & + (&) Dg Axo, £)E - &

>0

+ A2 D (612008 - &
)

¢/ o, I€1)
€]

For the first term, we use (Inc), 1 and (Dec)y, — 1 of ¢’ to conclude that

> _4A 12 + Amin{p — 11} 2 EIP2ER,

2

—pu-p %2

¢’ (xo, €]) <? '(x0, 21) < pa1-p ¢’ (x0, 12)
&1 2n)r-! !

Recalling the definition of A, we complete the proof of (3.2) of A with the obser-
vation

5 h

DeA)E & 2 20 PH2N 22 jg P2 E P qu—"“A%W.
2
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5.2. Approximation for minimizers

Let F : Q x R" — [0, 0o) satisfy Assumption 1.5 with constants L > 1 and
1 < p <gq,and ¢ € ®.(£2) be its growth function. We construct an autonomous
function F : R” — [0, co) with growth function ¢ given in (5.1). The construction
is similar to, yet more delicate than, that of the previous subsection. The added
difficulty comes from the fact that we need to differentiate F' twice, which makes
controlling the approximation more challenging.

Fix any small ball B, = B, (xo) € 2 with r € (0, 1) satisfying | B,| < 1. For
t € (0, 2] f» > 2,0« 1and A > 1 that will be chosen later, we define

F(§) = vm(lél) |§|P+n2(|€|)F(XO §)+An3(|EI) Iél” (5.4)
— ———

— =P ®) —f—

=F1(&) =F(&)
where ; € C*([0, 00)), i = 1,2, 3, satisfy

n=11in [0,71), n1 =0 in [2f1,00), 7 and |n}|r + |n]|r}

and |n5ln + |772|f2

//\ /A
S o

1<0
m=1in [0,2), 71 =0 in [21,00), 75 <0

n3(t):=/ @ds
0 S

with h € C*°([0, 00)) increasing, equal to 0 on [0, %tz] and to f, on [%tz, o0], and
1A loo < 10.

Observe that 11 and 1, are analogous to their namesakes in the previous sub-
section, but 13 behaves somewhat differently. The reason is that if n3 is forced to
be constant from 2, onward as in the previous subsection, then it is not possible
to control derivatives up to order 2 in an appropriate manner. We again note that

3

ni(t) + tIn} (0] + 0} ()] < C (5.5)
fori =1,2,3 and all ¢+ > 0, and that

F(£) = F(x0,&) whenever 21 < |&] < 2

Lemma 5.3. If ¢ is a growth function of F, and ¢ and F are their autonomous
approximations as in (5.1) and (5.4), then ¢ is a growth function of F.

Proof. To check the first condition of the definition of growth function, (3.1) with
A::Dgl*_“ and p:=¢, we calculate the derivatives and use (5.5) as in Lemma 5.2;
the only noteworthy feature is that we use (Inc),_; to control F'(xop, &) and its
derivatives when ¢ < fy:

ID:F )] < poar (EHP™ 4+ Ag(xo. &) < (T + Mar(BhP ™ ~ @ (&)

and

EIIDFF )] < c(n, pyvar(EH)P~" 4+ Ag/ (xo, [€])
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< (c(n, p)b + Mar ()7~ ~ g/ (g)).

We move on to (3.2) and consider four cases: 0 < |&] < 11, 11 < |E] < 214,
t/2 < |&| < tp and |&| > t». The remaining case 2¢; < || < /2 follows from

the assumption that ¢ is a growth function of F, since ¢ = @ and F = F in this
set.

0 < |&] < t1|Asin Lemma 5.2, we find that

DiF(¢)E & = a,,—Dgasw 26)E &+ DEF (x0. £)E - €
tl ——
>0

> vmin{p — 1, 1} 1|E|P 2|E|2_len{p—l 1}(/7'(;%':0
1

t1 < |&| < 211 | We calculate that

D:F(&) = v(n(IEDIE] + pm(lél));—illél”’zé + D¢ F(x0. §)

1

I£]2.

and

DEF (&) = v[n}(IEDIEP + (1 + p)m(l%‘l)lél] el @

l

o[n (EDIEI + pm(|£|)]t,,—_lbg(|5|f’*zs) + DEF (x0, &).
1

By (5.5), the coefficients in the square brackets are bounded from below by a
negative constant. By taking v sufficiently small and using (Inc),—; and (Dec), 1
of ¢’, we have that

DEF@)E-§ > ~Te—rlel” 2R+ g"(’jg"f'ﬁabg%w
1

LV PED o
> e B

2 < |§] < 1, |Weobserve that (1) = }% Since i(t) = n4(t)t* is increasing

and differentiable, we conclude that (n3(1)t%)" = ny(t)t> + 2tn4(t) > 0. Also
pn3(t) + n5(t)t > 0 since both terms are non—negatlve We calculate D F3(¢) =
A(pn3 (€D + ng(ISI)IEI)

DEFs()E & = A((p + DS (EDIE] + 15 (EDIEP) — 6174 - £)°

5

+ A(pmsED + ng<|s|>|5|);—les<|s|f"zs)§ E>0

2

Therefore, the ellipticity of F follows from the ellipticity of P (&) = A(xp, &).
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t < |&| | As in the previous case, we conclude that

D}F3(&)E -E > Z\pn3<|s|)t,‘f—ing<|5|P—2s>§ £

2
. w
> S min{l, p — 1) = [§1" 7?6,
L
2

where we used that 17/3 > 0and

> = IZh(S)d> t21d—1
n3(ED) = n3(2) = 0 S_2 s =2h , 3 s_g.

N

Hence the ellipticity of F = F3 when |&| > 21, follows. B
Finally, we suppose that ©» < [§] < 2. We calculate DgF>(§) =

BED (g, £)€ + na(€]) Dg F (x0. ) and

nb (D n(ED
F I, +2
g L0 S+ 27

ny(EDIE] — 5D
F 9
7 (x0. §)5 ® &

+ (&) DEF (x0, §).

D F(§) =

D¢ F(x0,8) ®§

+

Since |5t + |r/2’|t22 < 10 and |€| & 1, by choosing A sufficiently large for the
second estimate, we obtain that

DIF(E)E-E > —c%w + A minp = 1.1)2 1672 EP
2
LoD 2o

~ gt
here we also used (Inc),_1 and (Dec),, — 1 of ¢’ to conclude that

¢’ (xo, €] < 90, 20) g p (X0 12) _ g @ (ED
[l 2n)r-! -l &1

)
Thus we obtain the second condition of being a growth function, (3.2).

6. Regularity of Weak Solutions and Minimizers

In this section we prove the main theorems stated in the introduction. We con-
sider either A : Q x R" — R” satisfying Assumption 1.1 with A satisfying
(WVAl) or F : Q x R" — R satisfying Assumption 1.5 and (wWVA1). Note that
the parameters p, ¢ and L are from Assumption 1.1 or 1.5, and the parameter L is
given by L in (WVA1) with

K = 2c; inthe equation case or K = 2¢> in the functional case, (6.1)
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where ¢ and ¢; are from Propositions 3.6 and 3.7. Let ¢ be a growth function of A
or F. Note that by Proposition 3.6 or 3.7, A" or F satisfies (A1) when K = 1
with L depending only on 7, p, g, L and L, hence so does ¢.

Letu € le’f(Q) be a local weak solution to (divA) or a local minimizer
of (min F). Then, by Theorem 4.1 along with Remark 4.2, we have ¢(-, |Du|) €
Lllo'tU(Q) forsome o =o(n, p,q, L, L) € (0, 1). With this o, we fix the parame-

ters € and w = w, from (WVA1) by

__ 7 l (6.2)
T22+0) 6 '

We also fix Q' € 2, and consider any B, C € with r € (0, %) satisfying

1 1 2( u !
0 < 5o |Bzr|<max{2PL,2l |Du|)‘+"llL1<9/} :

Note that using Holder’s inequality we have

14+0/2

1 1 I+o
/ @(x, |Du)'*% dx < |Boy| (][ @(x, |Dul)'*? dX> <
BZr B2r

so that

. (63)

N =

o 1 1
/ ¢(x,|D“|)dX</ o(x, |Du)!TTdx +|By| < s+ =1 (64)
By By 2 2

Note that this allows us to take advantage of the higher integrability estimate in
Theorem 4.1. Next we set

1
ni=(p5) (@) < 5 and n:=(py) ' (B|7") =2

With these #; and ,, we construct A, F and ¢ as described in Sect. 5.

6.1. Regularity for weak solutions

We first prove Theorem 1.2. We assume A : Q x R? — R" satisfies
Assumptions 1.1 and ACD satisfies (WVA1), and consider a local weak solution

u e WloC (£2) to (divA). By Proposition 3.6(1),

|AGx,§) = A(y, §)I < w(r)ﬁ ((@)p,UED + 1), (6.5)

forallé € R” satisfying g (|5]) € [0, |B,|~""*]. Moreover, by Proposition 3.6(2),
the condition of Proposition 5.1 holds with L=L®n, p,gq, L, L).

Recall that ¢ and A were constructedin (5.1) and (5.2). Let it € u+ WO (B ) be
a weak solution to (divA). By Proposition 5.1(3), u € W1-9(B,), so it is a suitable
boundary value. The following lemma is a generalization of [28, Lemma 5.15] to
the non-Uhlenbeck case. Note that we use only the (A1) condition of A in the
proof.
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Lemma 6.1. Let A, ¢, u, L, o, By, and i be as above. Then

f, ot pubax < <][ o(x, IDup+ dx)”” "
Br B,

< (pEZr(f |Du|dx> +15 @(J[ |Du|dx> +1,
B, By

el +o o o
f p(x. |Ditl) dx < (][ o(x. | Ditl)1 dx) < (][ o (x, |Dul) % dx + 1) ,
r B r
2)

| Dii| dx 5][ |Duldx + 1. 3)
B, By

The implicit constants depend only on n, p, q, L and L.

Proof. By Holder’s inequality and higher integrability in Theorem 4.1, we have
that

1
T+o
][ o(x, |Dul)dx < (7[ o(x, |Du|)]+‘7 dx) < 9B, <][ |Du|dx> + 1.
Br Br BZr

From (6.4) we obtain that fBZr |[Du|dx < ((pgr Y 1(B,|") = 1. Hence (1) follows
by Proposition 5.1(2).

By Proposition 5.1(4), we see that 0(x, 1):=¢(x, gb_l (1))119/2 satisfies (A0),
(alnc)14¢,2 and (aDec)(11¢/2)q,/p- Moreover, (A1) of ¢ implies (A1) of 6. There-
fore, in view of Lemma 4.5 with (6.3) we have (2).

Finally, by Jensen’s inequality, the standard energy estimate for (divA), i.e. the
estimate in Lemma 4.5 with 6(x, t) = ¢, and (1), we have

7 (][ |Dﬁ|dx) <][ 5(Dill) d 5f &(1Dul) dx sf o(x, [Dul)dx + 1
B, B, B, B,

5@(7[ |Du|dx+l>,
B,

which implies (3), since ¢ is strictly increasing.

We next estimate the difference of the gradient between u and i in the L'-sense.
This generalizes Lemma 6.2 and Corollary 6.3 of [28] to the non-Uhlenbeck case.

Lemma 6.2. Let A, ¢, u, L ¢ w, By, ¢, A and i1 be as above. Then
@' (IDu| + | Da)) _2 =1 (_
——————~|Du—Dul|"dx <clo(r) 1 +r")|¢ |Duldx ) +1
7[, |Du| + |Dul| ( ) By,

and |

P y
][ |Du — Dit] dx < ¢(w(r) 1 +r2‘11)<][ |Du|dx+1>.
B, By,

for some ¢ > 1 and y € (0, 1) depending only onn, p, q, L and L.
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Proof. Using the monotonicity of A (3.3) and taking u — it € Wé"p(Br) C
W&"p(B,) as a test function in the weak forms of (divA) and (divA), we find that

5 (|Dul + |Di _ _
][ gD\ + D) 1y papdx < f (A(Da) — A(Du)) - (Du — Dit) dx
. |Dul + |Du| B,

= ][ (A(x, Du) — A(Du)) - (Du — Dit) dx
B,

< ][ |A(x, Du) — A(Du)||Du — Dii| dx.
By

We split B, into two regions defined by

|—1+8

d E»:=B, N 1By
| ot s 2

|B,|~1+e

E:=B, 0 | g5, (1Dul) < =25

< o5, (1Dup].

In the set £y, we have |Du| < %.If also 271 < |Dul, then it follows from A(§) =
A(xo, £) and (6.5) that

|A(x, Du) — A(Du)| = |A(x, Du) — A(xo, Du)| < 0 ()77 () (1Dul) + 1),

If, on the other hand, |Du| < 2¢1, then (Dec),, and (AO) of ¢ imply that |Du| <
1
w(r) . Therefore by (Inc),—; and (A0) of ¢’ and ¢’ and the growth function

- _ p=1
property (3.1) of A and A, we see that |A(x, Du) — A(Du)| < w(r) @1 . Applying
Young’s inequality with @p, and ((pl;r)* and ¢*(x, ¢'(x, 1)) < p(x,1) as well as
t < @(x, 1) + 1, we find that

_1
|AGr. D) — A(Dw)| |Du — Diilxg, < ()@ [(¢)~(|Dul)|Du — Dit| + |Du — Dil]
-1
<o) T [p(x, |Dul) + oG, |Dil) + 11,

Next we integrate this inequality over B, and use Lemma 6.1(1)&(2):

][ |A(x, Du) — A(Du)||Du — Dit|xg, dx
B,

< a)(r)% ((Z) (7[ |Du| dx) + 1) .
B>,

In the set Ep, 1 < |B,|1_8¢Er(|Du|). Then applying Young’s inequality and
Proposition 5.1(3) we have
|A(x, Du) — A(Dw)||Du — Ditlxg, S ¢'(x, |Dul)|Du — Dit| < ¢(x, |Dul) + ¢(x, | Dit])
< [1B2 1" 05, (1DuD| Lo (x. 1Dul) + g (x, D))

n(l—g)o

Sror (e, |DuD'tE (x| Dt 2.
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Integrating this inequality over B, and using Lemma 6.1(2) and the definition of ¢
from (6.2), we find that

][ |A(x, Du) — A(Du)||Du — Du|xg, dx
B,

o 4 2
n@é+o)o 1+2 240 ' 240
< pACto) o(x,|Dul)' "2 dx .
B,

On one hand, by Lemma 6.1(1), we have

%
(][ ¢(x,|Du|>1+%dx> 5¢<][ |Du|dx>+1.
By By

On the other hand, by (6.3),

1+2 e _ o __4no__
@(x, |Dul) "7 dx < |B|7700 Sr At
By

Therefore, the previous three inequalities imply that

' T 7102
f |A(x, Du) — A(Du)| |Du — Du|xg, dx < r3c+o) ((/_J <][ |Du| dx) + 1) .
By By

Combining the results of this and the previous paragraph, we have the first claim

. 2
of the lemma, with y::%.
=l 1

Next, set wg(r):=w(r) 1 +r". Applying Proposition 2.4(3) with k = wo(r)?2,
Proposition 5.1(3), Lemma 6.1(1)&(2) and the first part of the lemma, we find that

][ @(|Du — Dii|) dx

B,

S wo(n)? ]i [¢(IDul) + ¢(|Dul)] dx

1D Di
+wo(r)‘%][ ¢ (|Dul + |Du)) _u|)|Du—Dﬁ|2dx
_ |Du| + |Dill

< wo(n)? ][ lo(x. |Dul) + p(x. [Dil) + 1]dx

+ wo(r)? (@ (f |Du|dx) + 1)
By
< wo(r)? (¢ (][ | Du| dx) + 1) .
By

Therefore, by Jensen’s inequality and (Dec),, of ¢, we have that

@( |Du—D12|dx> g][ @(|Du — Dit) dx
B,

r

<@ (a)o(r)z‘ill <][ |Du|dx + 1>) .
By,

Since ¢ is strictly increasing, this implies the second claim of the lemma.
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Now, the regularity result for weak solutions follows.

Proof of Theorem 1.2. We can prove the theorem using Lemmas 4.4, 6.1 and 6.2
using a standard iteration argument. The proof is exactly the same as [28, Theorem
7.2], see also [1,2], so we omit it.

6.2. Regularity for minimizers

In this subsection we prove Theorem 1.6. The method is almost the same as
for Theorem 1.2 except for the comparison step. Hence we will take advantage of
many parts from the previous subsection.

We assume F : Q x R" — R satisfies Assumption 1.5 and (wVALI), and
consider a local minimizer u € Wllo’c(p(Q) of (min F'). Recall that the minimizer u
is also a weak solution to (divA) with A = D¢ F, but (WVAI) of F does not imply
(WVA1) of A:=D¢ F. On the other hand, by Proposition 3.7(1) we have

Fi () — F5 (6) S 0()(pp, (&) + 1), (6.6)

for all § € R" satisfying ¢, (1)) € [0, |B,|7'**]. Moreover, by the Proposi-
tion 3.7(2), the condition of Proposition 5.1 holds with L= I:(n, p.q,L, I:).

We use ¢ and F c_onstructe_td in (5_.1) and (5.4). Letu € u + Wé"p(B,) be a
weak solution to (divA) with A:=D¢ F. Lemma 6.1 holds also for the minimizer
u, since the lemma needed only (A1), which holds by Propositions 3.5 and 3.7. We
prove the following analogue of Lemma 6.2, where (wVAL1) is used in a different
way.

Lemma 6.3. Let F, ¢, u, L, ¢ o, By, @, F and it be as above. Then

- Dul & i
][<p<| a4 1D g
B

" \Dul + D]
< (o) +r7) (@ (7[ |Du|dx> ¥ 1)
By

and

£y 2
|Du — Di| dx < c(a)(r)z”I2 + r2a ) (][ |Du|dx + 1)
B, By

for some ¢ > 1 andy € (0, 1) depending only on n, p, q, L and L.
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Proof. By monotonicity (3.3) and (Inc),_; and (Dec),, — 1 of ¢’,

1
F(§) — F(&) — DeF (&) - (51 — &) = /0 (DgF (1€ + (1 — &) — D¢ F(&)) - (51 — &) dr

- /1 (Ut + (=D& + &)
o g+ (= nEl + 18l

& — &> dt

1 =/
(R R
N./m’ B b1 = &2f"de

! @' Clel - Hel + 18D 5
> d _
~</3/4t ’) e
LG

D

for every &1, &, € R". Using this and the facts that u —u € Wg’w(Br) C Wol";(Br)
from Lemma 6.1, we find that

][ @' (|Du| + | Dit|)

—|Du — Dii|? dx
|Du| + |Di|

< + [F(Du) — F(Dii)]dx — ][ D¢ F(Dit) - (Du — Dii) dx
B, By

=0 by (div A)

= ][ [F(Du) — F(x, Du) + F(x, Dit) — F(|Dii|)] dx

—|—][ [F(x, Du) — F(x, Du)]dx
B,

<0 by (min F)
< |F(Du) — F(x, Du)|dx + + |F(x, Dit) — F(Dit)| dx.
B, B,

We shall estimate only the second integral; the estimate for the first is analogous,

we merely swap the roles of Di and Du. We split B, into
|Br|—1+s |Br|—1+e
2 o

Ey:=B, N {gog,_(wan < >

andE>:=B, N { < ¢Er(|Dﬁ|)} .

Intheset Eq, |[Du| < %.Ifalso 211 < |Dii, then F (&) = F (xo, £) and (6.6) imply
that

|F(x, Dit) — F(Di)| = |F (x, Dit) — F(xo, Dit)| < 0(r)(¢g (|Di]) + 1).
When |Dii| < 2t;, we use F ~ ¢, F ~ ¢ and that ¢ and ¢ satisfy (A0), (Inc),

_ P
and (Dec)y, , to conclude that | F (x, Dit) — F (Dit)| S w(r) 91 . Therefore, applying
Lemma 6.1(1)&(2), we have

][ \F(Ix, Diil) — F(Dit)lxg, dx < o (r)1r <¢ (f |Du|dx) + 1).
B, By
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In the set E», Proposition 5.1(3), 1 < |BQ,|1_5¢I;(|D[¢|) and F ~ ¢ imply
that

|F(x, D) — F(D)| < ¢(x. |Dil) < 73 g(x, D) * 5.

Integrating this inequality over E; and using the definition of ¢ from (6.2), we find
that

n(4+o)o 149 m+2+a
|F(x, Du) — F(Du)|)(E2 dx < rdetoy (][ o(x, | D)tz dx> .
B, .

In the same way as in the proof of Lemma 6.2, we derive from this that

no?
][ |F(x, Dii) — F(Dii)|xg, dx < ricio <¢ (7[ | Du| dx) + 1) .
Br BZr

Adding the estimates in £ and E», we obtain the inequality

5| Dul + | Dii >
7[ PUDU+1DED | 1 pap ax < () +r7) (@ (f |Du|dx) +1>
5, |Dul + D] 5

with y:= =100 o _m) This is the first claim of the lemma. The second claim follows
from the first one by the same argument as in the proof of Lemma 6.2.

Proof of Theorem 1.6. The proof is exactly same as that of Theorem 1.2, with
Lemma 6.2 replaced by Lemma 6.3.

7. Examples

We present two known, important nonstandard growth problems, and show that
they are special cases of Theorem 1.2 or 1.6. Various other examples of growth
functions together with references about regularity results for related equations
and minimizing problems can be found in [28].

The first example is the equation (divA) with p(x)-growth, for which we refer
to [18] (see also [1]). The second example is the functional (min F') with the double
phase condition, for which we refer to [2] (see also [8,9]). For brevity, we consider
one example in PDE form and the other as a minimizer, although obviously both
problems could be considered in either form. In Example 7.1, p is a function
whereas the lower growth exponent is denoted by p~.

Example 7.1. (Variable exponent growth) Let p : Q — [p~, p™] for some 1 <
p~ < pT,andlet w » be the modulus of continuity of p and satisfy

li In(})=o.
rg%wp(r) n (r) 0
Suppose A : Q x R" — R” satisfies that A(x, -) € C'(R" \ {0}, R") and

|AGe §)] + [El1De A, §)] < LIgIPO,
E1PO2E2 < LDgAG, £)E -,
A §) = AG §) < Laop(lx = yD(EIPO™ 4 [€PO7H (14 [In g1 ).
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For instance, A(x, &) = |£|PW~2¢ satisfies these conditions.
We will show that A satisfies the assumptions of Theorem 1.2. Since the first
two conditions above imply

]P0 ~ D Ax, €)| ~ €] A(x, €)] and |DgA(x, £)| < DeA(x, E)e - e,

Assumption 1.1 is satisfied. We next derive (WVAL1) for ACD Letr € (0,1) and
x,y € B,. The third condition and |£|7®)~2 ~ |&|~!|A(x, £)| imply that

E1AX, &) — A, §)] S wp(r)(1+ [In[€]])IE 1Ay, &)

for all £ € R". Moreover, if 1 < |£||A(y, &)| < |B,|”!, then |£]P~ < Cr™™" for
some C > 1 so that

1 1 1
I+Infg] <1+-=InC+-tn(y) Sin(y).
On the other hand, if 0 < |£]|A(y, )| < 1, then |£[|A(y, £)] < €] hence

(14 |In&l]) IENAG. O S (1T+ | Ing]]) €17 S 1.

Therefore we have

E[|A(x, &) — A(y, &) S wp(r)In (1) (& 1Ay, &) + D),
&1 1Ay, £)] € (0, 18,1711

This implies A~V satisfies (WVA1) with w, (r) = @, (r) In (1) for all ¢ € (0, 11.
We note that if w,(r) < r? for some p > 0, then w:(r) < rfe for any

Be € (0, B).

Example 7.2. (Double phase growth) Let H(x,t) = t? 4+ a(x)t? witha : Q —
[0, a™] satisfy that for some 8 € (0, 1],

1<% <142 and Ja@) —am) < Lix— P,

p n
Suppose F :  x R* — R satisfies F(x, -) € CL(R") N C>(R" \ {0}),

E11Dg F(x, §)] + €17 IDEF (x, )| < LH(x, [£D),
§172H (x, §DIEI* < LDZF(x, §)€ - &,
|F(x,6) = F(y, )| < La(lx = yD(H(x, [§D) + H(y, [§D) + Lla(x) —a(y)] [§]4.

For instance, F(x, ) = y(x)H (x, & i‘ +- S,f) with @ the modulus of continuity
of y satisfies these conditions if 0 < y~ <y < y ™.

We will show that F satisfies the assumptions of Theorem 1.6. Assumption 1.5
is obvious from the first two conditions above. We next show (wVA1).Letr € (0, 1)

and x, y € B,. The first condition implies that

[F(x,8) — F(y, ) S @@ (H(x, )|+ [H(y, §)]) + rPlg|?
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for all & € R". From the first and second conditions, we conclude that |H (x, &)| <
F(x,§) and |H(y,§)| S F(y,§). 1f F(y,§) < |B;|7'"*, then |57 < r=(179",
Since B > @, we have

e(g—p)n

PPlE < PPIEITPH(y EN S PP F(y. JED

Therefore we have

e(g—p)n

IF(x,é)—F(y,$)|§<67)(2r)+r ’ )(IF(x,E)IJrIF(y,é)I)-

From this estimate we obtain |F (x, §)| < |F(y, £)[, and this we have (wVA1) with
elg=p)n

we(r)=o@r)+r 7
We note that if &(r) < r# for some g > 0, then w, (r) < r

min{g, L4001
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