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Thermodynamic power of non-
Markovianity
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The natural framework to discuss thermodynamics at the quantum level is the theory of open quantum
. systems. Memory effects arising from strong system-environment correlations may lead to information
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Published: 21 June 2016 : thermodynamics has been until now largely unexplored. Here we show by means of Landaver’s
: principle that memory effects control the amount of work extraction by erasure in presence of realistic
environments.
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Since the dawn of Quantum Mechanics, understanding the elusive border between the quantum world and
the emergent classical one has been considered the quantum Holy Grail. While we still do not have a final
answer to this question, we have certainly gained insight on the physical phenomena responsible for the
quantum-to-classical transition. The theory of environment induced decoherence allows one to understand the
loss of quantum properties in terms of information about the open system which is continuously lost into the
environment. The tendency of quantum features to decay can therefore be traced back to the fragility of quantum
information encoded in open quantum systems'.

The specific details of this dynamical process depend on a number of properties of both system and envi-
ronment. However, for non-Markovian open quantum systems, memory effects allow for a partial return of the
information previously lost into the environment and may even lead to information trapping? 4. But what do we
exactly mean with loss of information or information back-flow? And, what are the thermodynamical implica-
tions of the revivals or trapping of quantum information?

In quantum physics, the lack of knowledge on a system is generally quantified by means of von Neumann
entropy. The very same quantity appears in the quantum extension of Landauer’s erasure principle connecting
thermodynamics and information theory'>!é. One would be therefore tempted to identify information back-flow
with partial decrease of von Neumann entropy of the system and use Landauer’s principle to elaborate on the
implications in thermodynamics. Unfortunately, there is no connection between the behaviour of von Neumann
entropy and the non-Markovian character of the open system dynamics. The von Neumann entropy of an open
system may indeed decrease in time even if its quantumness, e.g., the amount of entanglement, decays and irre-
spectively of the presence of information back flow. Memory effects induced by the environment have a much
more subtle origin.

The first attempt to rigorously quantify memory effects, and hence non-Markovianity, in terms of infor-
mation flow used the concept of distinguishability between states?. Since this first seminal manuscript several
non-Markovianity indicators have been proposed in the literature, based on different ways to quantify informa-
tion>*#-1, In general these indicators do not coincide: defining quantum information is indeed a tricky business.

A crucial point is that any good measure of non-Markovianity must satisfy what is know as contractivity
property of the dynamics. Physically, this means that the initial value of a certain quantity satisfying such prop-
erty should always remain greater than its value at a subsequent time of the dynamics, when it is measured. A
model-independent link between thermodynamical quantities and memory effects therefore requires that the
given thermodynamical quantity is contractive during any physical time evolution. This automatically rules out
not only von Neumann entropy, but also heat, energy, work, as standardly defined in thermodynamics, and any
related quantities.

In this Article we show that the proper approach to connect non-Markovian memory effects and the evolution
of thermodynamical quantities requires the description not only of the system, whose information content we
are interested in, but also of an observer. Interestingly, quantum mechanical correlations between system and
observer may lead to the exciting possibility of extracting work while erasing information on the system!”!8. We
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will show that memory effects are instrumental in the persistence of work extraction by erasure in presence of
realistic environments, in particular in the case of unital dynamics.

Non-Markovianity Measures

Recent investigations on open quantum systems highlight the existence of two different classes of dynamical
behavior: Markovian and non-Markovian quantum dynamics. Historically, in the quantum domain Markovian
dynamics has been associated to the semigroup property of the dynamical map describing the system evolution.
If one thinks in terms of a microscopic model of system, environment and interaction, a Markovian descrip-
tion of the open system requires a number of assumptions, such as system-reservoir weak coupling, and leads
to the so-called Lindblad master equation'>?. In certain physical contexts, however, such approximations are
not justified and one needs to go beyond perturbation theory. One of the first features that emerges from the
analysis of exact models is that memory effects, usually associated to recoherence and information backflow, do
not occur only when the semigroup property of the dynamical map is not satisfied, but they rather characterise
non-divisible dynamical maps. In this spirit, a non-Markovianity measure quantifying the deviation from divisi-
bility has been proposed in ref. 5. This measure is based on a mathematical property of the dynamical map and its
physical interpretation has been only very recently fully unveiled?..

A different perspective on the definition of non-Markovianity is to interpret memory effects in terms of infor-
mation back-flow. This path was firstly undertaken by Breuer, Laine and Piilo by quantifying the information
content of an open quantum system in terms of distinguishability between pairs of states. Presenting all the
recent information-theoretic measures of non-Markovianity is beyond the purpose of this section. We refer the
interested reader to two recent reviews that fully cover this topic'>'%. The main motivations which have led to the
new definitions of non-Markovianity are the following: (i) to give a physical interpretation of memory effects in
terms of information back-flow; (ii) to define non-Markovian dynamics independently from the specific structure
of the master equation of the system. The underlying idea is to have a definition that is not based on mathemat-
ical properties but rather on the occurrence of physical effects, such as revivals of the information content of a
quantum open system.

The key property exploited in these definitions is that the time evolution of a given quantifier of information
suitable to describe memory effects, e.g. distinguishability between quantum states, is contractive under CPTP
maps. Hence a temporary increase of distinguishability, which is physically interpreted as a partial increase in the
information content of the open system due to memory effects, always implies that divisibility of the dynamical
map is violated. In more detail, let us indicate with I, (t) a quantifier of the information content of the system.
This generally depends on the initial state p, (or in some cases on pairs of initial states) and, due to contractivity,
itis such that I /’o(t) <I Po(o)’ for any t > 0. A non-Markovianity measure N is now defined as

dI, ()

N = max f . —; )
P o>0 dt/ (1)

where the integral is defined over all time intervals for which o = d I (t)/ dt > 0. The quantity o defines infor-
mation flow. Hence, information back-flow is indicated by positive values of the derivative of I, (t) As an exam-
ple, in case of the measure of Luo et al., which plays a key role in our Article, | (t) is the mutual information
between system and ancilla when these two quantum systems are initially prepared in a maximally entangled
state, in the spirit of the Choi-Jamiolkowski isomorphism?. Since in the measure of Luo et al. the initial state of
the system-ancilla composite system is fixed, an optimisation over the initial states of the system is not required.
It is worth mentioning that, while the different non-Markovianity measures in general do not coincide, for a qubit
undergoing pure dephasing (e.g., the Ising model example considered in the following) they all consistently wit-
ness non-Markovian behaviour'®.

Work Extraction by Erasure

Work extraction protocols in individual quantum systems have recently received a great deal of attention'®*-5,
When one tries to ascertain properties of a quantum system S it is natural to introduce an observer which per-
forms measurements on S. In this framework the amount of information stored in a system is observer-dependent.
The fully quantum scenario is described by a situation in which the observer possesses a quantum memory Q.
It has been shown!® that in the thermodynamic limit, the work cost of erasure, i.e., the work needed to erase the
information stored in S, is given by

W(S|Q) = H(S|Q T In 2, )

and the extractable work, i.e., the work that one can extract from an n-qubit system, is W, = [n — H(S| Q)]kTn2.
In the equations above k is the Boltzmann constant, T is the temperature of the reservoir used for the optimal
erasure process, and H(S| Q) = H(SQ) — H(Q) is the conditional entropy, i.e., the entropy of the system condi-
tioned on the memory, with H(SQ) and H(Q) the von Neumann entropies of the combined system-memory and
of the memory, respectively. The conditional entropy may be recast in the form H(S| Q) = H(S) — I(S: Q), where
the quantum mutual information I(S: Q) = H(S) + H(Q) — H(SQ) quantifies the amount of total (quantum and
classical) correlations shared by S and Q*%%. If the system and the memory are prepared in a quantum correlated
state, such as a maximally entangled state, the conditional entropy may be negative. When this happens one can
extract work while erasing information on the system. This is a genuinely quantum phenomenon with no classical
counterpart.
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Figure 1. Illustration of the two physical scenarios considered in the Article. We consider a system S given
access to a quantum memory Q under natural conditions: in (a), the memory Q is subject to interaction with an
environment E (open quantum memory); in (b) it is the system S that is coupled with the environment (open
quantum system).

We conclude this section by briefly reviewing the optimal protocol for the work extraction by erasure'®. In
this setting the observer Q possessing the quantum memory erases information on the system by using a heat
bath at temperature T. The observer can store and withdraw energy from a battery and the rest of the universe is
represented as a reference system. More precisely, the reference system models all systems other than S that can
have information on the memory. Therefore, in our description, the reference system will generally contain also
the environment affecting the memory.

The optimal erasure protocol consists of the following three steps'®.

(Step 1) We start by manipulating the system S in order to compress the correlations between the system and
the memory into a pure state of a subsystem X of S® Q. We assume that the Hamiltonian of the sys-
tem-memory -composite S® Q is fully degenerate. This state is maximally entangled between two sub-
systems of S® Q. Note that this process can be carried out by using local reversible transformations,
i.e., local unitaries, on S. We assume that these transformations are implemented in a time scale much
shorter than 7,,. The compression of correlations of step 1 can be performed for any generic state of sys-
tem and memory, therefore also for the generally mixed state resulting from a non-unitary evolution of
either system or memory due to the real environment, as considered in our Article. We refer the reader
to ref. 18 for all details.

(Step2) We use the pure state of the subsystem X to extract roughly [n — H(S| Q)]kT'In 2 of work, with n the size
of the system. This process uses a heat bath at temperature T and a battery. The extracted work is stored
as energy difference AE in the charge of the battery. This is the most delicate part of the protocol as it
requires an isothermal quasistatic process and we need to assume that its duration is overall shorter
than 7,. The total duration of this step will be inversely proportional to the temperature T of the bath,
its size with respect to the S ® Q composite system, and the coupling strength between the bath and
subsystem X. As we can arbitrarily choose the heat bath used in the work extraction protocol, we can
assume to work in a regime in which the finite duration of this step is smaller than 7, and the errors
due to non-adiabaticity of the process are negligible. At the end of the process the initially maximally
entangled state of the subsystem X is left in a maximally mixed state.

(Step 3)  Finally, we erase system S by bringing it to a state |0). This step follows the inverse procedure of step 2
and requires an energy investment of nkTln 2: the reduction comes from the energy of the battery. The
assumptions regarding the relevant time scales are the same as in step 2. Since the state at the beginning
of step 2 is maximally entangled, the battery will be left with H(S| Q)kT1n2 energy, which corresponds
to work extracted during the whole erasure protocol.

Results

As always, when dealing with a quantum-enhanced phenomenon, it is worth investigating how resistant is the
entanglement-powered work extraction to the unavoidable environmental noise. Our aim is to tackle this ques-
tion in full generality by looking at the two most fundamental scenarios. We consider the case in which either
the system or the memory is subjected to the action of the environment. These two situations are pictorially illus-
trated in Fig. 1. The action of the environment on the system or the memory is described in terms of a dynamical
map D, that is a -parametrized family of completely positive and trace preserving (CPTP) maps.

Both the work cost of erasure and the extractable work are now time-dependent. The interpretation of these
quantities in our out-of-equilibrium scenario is based on the ability to extract work optimally, at time ¢, that is
after decoherence has taken place. A crucial assumption for the proof of the existence of an optimal erasure pro-
tocol is that the joint state of memory and reference is preserved during the erasure process and that the reference
system is not touched!®. This generally implies that during the erasure protocol the evolution of the memory and
of the environment should be neglected. We will therefore assume that the typical decoherence timescale 7,;, due
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to the presence of the real environment, is much longer than the total duration of the erasure protocol. Within this
assumption the extractable work W,, is defined as the increase AE in the average energy of a battery, the condi-
tional entropy H(S| Q) is calculated from the decohered system-memory state at time , and T is the temperature
of the reservoir used in the optimal erasure protocol. It is worth noticing that, while the assumptions listed above
are crucial in the open memory scenario, they can be released when the environment affects the system only.
In the latter case, indeed, one does not need to include the real environment within the reference state since, by
definition, the environment only acts on the system without affecting the memory.

Open quantum memory: We indicate the conditional entropy in equation (2) with H(S| Q,), with Q,= ®,(Q), to
emphasize that only Q is evolving due to the coupling to the environment. The extractable work can be written as

W, (t) = [n — H(S) + I(S:Q)]KT In 2. 3)

For divisible dynamical maps, namely when ®,=®, 0 &, with s <tand ®,; CPTP, the data processing ine-
quality?” implies, that I (S : Qtz) <I(S: Qt1)> for t; <t,. In this case, the extractable work monotonically decreases
in time whereas the work cost of erasure monotonically increases, as one would intuitively expect.

Open quantum system: When the environment acts on the system, rather than on the memory, the extractable
work is given by

W () = [n — H(S,) + 1(5,: Q1T In 2, @)

where H(S,| Q) indicates the conditional entropy when the system is coupled to the environment. Note that, in
this case, the entropy of the system is also evolving in time.

Once again, for divisible dynamics, I (8, Q <I(S,: Q) for t, <t,, which implies that an increase in extract-
able work requires a decrease in entropy of the system. This meets our intuition, since it amounts to saying that
the more we know about the system, namely the closer it is to a pure state, the more work we can extract from it.
Equivalently, the closer the system is to a maximally mixed state, the smaller is the extractable work. As we will
see in the following, however, non-Markovian memory effects may defy this intuition.

We note in passing that for unital dynamical maps, i.e., ®,(1) =1, the entropy of the system will not evolve in
time when the initial system-memory is prepared in a maximally entangled state. In this case, for both the open
quantum system and the open quantum memory scenario, the dynamics of the extractable work, given by equa-
tions (3) and (4), only depends on the evolution of the mutual information.

Thermodynamic meaning of non-Markovianity. In absence of initial correlations between system and
environment, the most general form of open system evolution is described by dynamical maps which may violate
the divisibility property while still being CPTP. When this happens, the quantum mutual information may tem-
porarily increase for certain time intervals. This, in turn, generally leads to a partial recovery of extractable work
or, equivalently, to a decrease in the work cost of erasure.

Recent research on open quantum systems has highlighted the fact that memory effects can be associated to
different manifestations of non-Markovianity which, in turn, are revealed by different physical quantities. Several
non-Markovianity measures capturing this plethora of phenomena have been introduced and used to describe
information back-flow and recoherence®*~'2. Equations (3) and (4) show that a connection between thermody-
namical quantities and memory effects can be established in terms of the non-Markovianity indicator introduced
by Luo et al.®.

Specifically, one introduces information flow as the time derivative of the mutual information, in our case
dI(S:Q)/dt. Both in the open quantum memory and in the open quantum system scenario (for unital maps)
non-Markovianity and information back-flow occur whenever, for certain time intervals,

kT In 2 > 0,

dw (1) _ dI(S:Q)
e dt (5)

where the time evolution of the mutual information I(S: Q) arises from the non-unitary dynamics of either
the memory, I(S: Q,), or the system, I(S,: Q). In the open quantum system case, when the dynamical map is
non-unital, revivals of extractable work are due to the interplay between memory effects and entropy dynamics,
as we will discuss further in one of the examples, since dW,,/dt < dI(S,: Q)/dt — dH(S,)/dt.

We will now consider three exemplary cases to illustrate our results, namely a qubit coupled to a classical
environment (Pauli channel), a spin environment (Ising model) and a bosonic environment (amplitude damping
channel). We are interested in the situation in which the qubit system and the memory are initially maximally
entangled since this corresponds to the maximal work extraction by erasure scenario.

As a first example we study the time evolution of the extractable work for time-dependent Pauli channels,
which are unital. Pauli channels describe depolarising noise acting independently along the x, y, and z directions
with time-dependent rates ,(t), 7,(t) and ~;(¢), respectively'' (see also the Supplementary Information). We
compare two different open dynamics: the corresponding evolutions of the extractable work are given by the solid
blue line and the dashed red line in Fig. 2. In both cases the dynamical map is non-divisible, but only in one case
oscillations of extractable work do take place. Notably, one can distinguish between quantum and classical mem-
ory effects. The former ones are associated to revivals of a uniquely quantum property, i.e., negative conditional
entropy, and hence to the reappearance of extractable work by erasure. The latter ones are responsible for revivals
of work extraction in the region where the conditional entropy is however positive (See Fig. 2).
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Figure 2. Time evolution of the extractable work W,,/kT1n2 for one qubit system. The blue solid line
corresponds to a Pauli channel model with decay rates v, (¢) =7,(t) = A/2, and y;(t) = wtan(wt)/2, with A=0.1
and w=2 (a.u.). The red dashed line corresponds to a Pauli channel model®” with decay rates ,(¢) =,(t) = \/2,
and ~;(f) = —wtanh(wt)/2, with A=1and w=10.5 (a.u.). In both cases the dynamical map is non-divisible but
only in one scenario (blue solid line) revivals of work extraction are present.

Wex/kT In 2

Figure 3. Time evolution of the extractable work of one qubit for an Ising model in a transverse field.
We compared the dynamics for N=4000 spins and three values of renormalized transverse field A\: A\* =1
(black solid line), A" = 0.1 (green short-dashed line) and A" = 1.9 (orange long-dashed line). The plots show
how non-Markovian memory effects allow to retain or regain extractable work, leading to a thermodynamic
enhancement compared to the Markovian case (black solid line).

Non-Markovian enhancement of work extraction. As the second example, we consider a physical
system consisting of a central spin coupled to a spin chain. More precisely we focus on the Ising model in a trans-
verse field?; for details we refer to the Supplementary Information. This systems exhibits a quantum phase tran-
sition between ferromagnetic state and paramagnetic state when the parameter A", measuring the ratio between
the strength of the transverse field and the coupling between the environmental spins, equals unity. It has been
shown?® that the central spin dynamics is non-Markovian for any value of A", except at phase transition. This is
therefore an ideal system to study the modification of the dynamics induced by non-Markovianity as we can con-
trol the non-Markovian character via the parameter \".

Once again, due to unitality, the extractable work by erasure is just proportional to the mutual information
both in the open system and the open memory scenarios. Figure 3 shows the behaviour of extractable work for
three exemplary values of A". For A" =1 (black solid line) the extractable work quickly decreases to unity signal-
ling that the initially positive work cost of erasure goes to zero after a short transient time. In this case the spin
environment is at quantum phase transition and the dynamics of the central spin is Markovian.

For A" =0.1 (green short-dashed line), after decreasing to unity, the extractable work presents oscillations
with maximum amplitude damped in time. These oscillations, corresponding to revivals of mutual informa-
tion, characterize the dynamics when the environment is in its ferromagnetic ground state. Finally, for \*=1.9
(orange long-dashed line) oscillations in the extractable work are also present while this quantity remains larger
than unity at all the times, meaning that work extraction by erasure is always possible. The example illustrates
how non-Markovian memory effects allow to retain or regain extractable work, leading to a thermodynamic
enhancement compared to the Markovian case. Interestingly, contrarily to the Pauli channel example previously
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Figure 4. Time evolution of the extractable work (solid black line), the mutual information (blue long-
dashed line) and system entropy (red short-dashed line), for the amplitude damping photonics band gap
model, with detuning from the band gap edge frequency d = —1 (a.u.). The green shaded regions highlight
time intervals in which one observes a partial recovery of the extractable work even though the system entropy
increases.

discussed, in the Ising dynamics the extractable work always remains positive because classical correlations
between the system and the memory are never destroyed.

The power of quantum correlations. The third example highlights the interesting situation in which
memory effects are responsible for a counter-intuitive behaviour of the extractable work. In the open quan-
tum system scenario the time evolution of the extractable work is given by equation (4). When the open system
dynamics is Markovian, the mutual information monotonically decreases. Hence, in this case an increase of the
extractable work can only occur when the entropy of the system decreases. Non-Markovian dynamics, however,
allows for revivals of the extractable work even when the entropy of the system is constant or increasing. Figure 4
illustrates the dynamics of extractable work, as defined in equation (4), mutual information and system entropy
for an amplitude damping photonic band gap model'? (See the Supplementary Information). In the figure, the
green shaded regions highlight time intervals in which one observes a partial recovery of the extractable work
even though the system entropy increases. This apparent contradiction is in fact resolved by noticing that, in this
setting, what counts is the amount of information on the system possessed by an observer with a quantum mem-
ory. Therefore, it is clear that an increase in the system-memory correlations, indicated by the behaviour of the
mutual information, plays a key role in determining the extractable work.

Discussion

The interpretation of non-Markovian memory effects in terms of revivals of either the work cost of erasure or
the extractable work unveils a fundamental link between the theory of open quantum systems and quantum
thermodynamics. Such a connection also gives a powerful answer to the question of the potential usefulness
of non-Markovianity**-*2, when we think in terms of reservoir engineering®-*. Recent advances in reservoir
engineering techniques have indeed proven that, although we cannot ultimately get rid of the real environment
causing the disappearance of quantum properties, we do have a certain degree of controllability on some of its
properties such has its spectral density. We can therefore think of optimal reservoirs for preservation of quantum
properties such as negative conditional entropy. This in turn would have immediate consequences for technolo-
gies operating at the Landauer limit.

Perhaps the widest and most far-reaching impact would be connected to computer technology. One of the
main obstacle to miniaturisation of computing devices is indeed the heat generated by computation. As all irre-
versible computations can be decomposed into reversible computations followed by erasure, the problem of heat-
ing can be traced back to the cost of erasure®. When computation is carried on by quantum systems, it is even
possible to erase information by cooling the environment. This possibility does not last forever, but only for a
short transient whose length, however, can be manipulated by reservoir engineering. Our results indeed show that
memory effects lead to revivals of extractable work and work cost of erasure, hence controlling the heat generated
during the computation.
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