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SUMMARY

Recently a blind source separation model was suggested for spatial data together with an esti-
mator based on the simultaneous diagonalisation of two scatter matrices. The asymptotic proper-
ties of this estimator are derived here and a new estimator, based on the joint diagonalisation of
more than two scatter matrices, is proposed. The asymptotic properties and merits of the novel
estimator are verified in simulation studies. A real data example illustrates the method.

Some key words: Joint diagonalisation; Limiting distribution; Multivariate random field; Spatial scatter matrix.

1. INTRODUCTION

There is an abundance of multivariate data measured at spatial locations s1, . . ., s, in a domain
S C R<. Such data exhibit two kinds of dependence: measurements taken closer to each other
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tend to be more similar than measurements taken further apart, and the variable values within a
single location are likely to be correlated.

This complexity makes modelling multivariate spatial data computationally and theoretically
difficult due to the large number of parameters required to represent the dependencies. In this
work we address this problem through blind source separation, a framework established as in-
dependent component analysis for independent and identically distributed data and for station-
ary and non-stationary time series; see Comon & Jutten (2010) and Nordhausen & Oja (2018).
Denoting a p-variate random field as X (s) = {X1(s),...,X,(s)}", where T is the transpose
operator, we assume that X (s) obeys the spatial blind source separation model introduced in
Nordhausen et al. (2015). That is, X (s) at a location s is a linear mixture of an underlying
p-variate latent field Z(s) = {Z1(s), ..., Z,(s)}" with independent components,

X(s) = QZ(s), (1)

where 2 is an unknown p x p full rank matrix. In this introduction section, we consider that the
random fields X and Z have mean functions zero, for the sake of simplicity.

When the observed random field X takes the form (1), modeling and computational simplifi-
cations can be obtained. Indeed, if no assumption at all is made on X, then the distribution of
X is characterized by p covariance functions and by p(p — 1)/2 cross-covariance functions. In
contrast, when it is assumed that X takes the form (1), then the distribution of X is character-
ized by p covariance functions and by a p X p matrix. As a function is an infinite-dimensional
object, it is more difficult to model and estimate than a fixed-dimensional matrix. Thus, when the
observed random field X takes the form (1), modeling simplifications are available.

When no assumption is made on X, a common practice in geostatistics is to let each of the
p covariance functions and each of the p(p — 1)/2 cross-covariance functions of X be charac-
terized by ¢ parameters. For instance the case ¢ = 2 can correspond to a variance and a length
scale parameter for an isotropic function. Then, the resulting gp(p + 1)/2 parameters are usually
estimated jointly by optimizing a fit criterion, typically the likelihood (Genton & Kleiber, 2015).
This requires to perform an optimization in dimension gp(p + 1)/2, where the computational
cost of an evaluation of the likelihood is O(p3n?). Once the gp(p + 1)/2 parameters are esti-
mated, the prediction of X (s) for new values of s can be performed at the computational cost
O(p*n?).

In contrast, consider that model (1) holds for X . We will show in this paper that an estimate of
Q~! can be obtained. This is carried out by, first, computing scatter matrices with computational
cost O(p?n?) and, second, performing an optimization in dimension p? where the computational
cost of the function to be evaluated is O(p?), see § 4 for details. If each covariance function of
Z is characterized by ¢ parameters, each of them can be estimated separately, by optimizing the
likelihood in dimension ¢. The evaluation cost of the likelihood is O(n?). Once the gp covariance
parameters are estimated, the prediction of X (s) for new values of s can be performed at cost
O(pn?). Indeed, the predictions of Z(s), ..., Z,(s) can be performed separately at cost O(n?)
and aggregated with negligible cost.

Not all random fields X obey a spatial blind source separation model of the form (1). For
instance, (1) forces the cross-covariance functions of X to be symmetric. Nevertheless, it is
a reasonable assumption in a fair number of practical situations (Nordhausen et al., 2015) and
brings the computational benefits discussed above. Furthermore, an additional benefit of the form
(1) is dimension reduction. In blind source separation, often significantly fewer than the full p
latent components are needed to capture the essential structure of the original observations and
the remaining components can be discarded as noise.
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We thus consider the spatial blind source separation model (1) in this paper and focus on the
estimation of 1. As discussed above, this estimation enables to estimate the cross-covariance
functions of X and to perform prediction. Our approach for estimating 2! is based on the use
of local covariance, or scatter, matrices,

—

M(f)=n""Y " fsi — ;)X (s:) X (s5)7, )

i=1 j=1

where f: R? — R is called the kernel function. Nordhausen et al. (2015) obtained estimators
I'(f) of Q7! through a generalized eigendecomposition of pairs of local covariance matrices
with kernels of the form ( fy, f4), with f,(s; — s;) = I(||s; — s;||<h), for a positive constant A,
where () denotes the indicator function and fy(s) = I(s = 0). Their estimators were based on
the following definition, with f = f, for some A > 0.

DEFINITION 1. An unmixing matrix estimator f( f) jointly diagonalizes M (fo) and M (f)in
the following way

L(OM(f)L(f)" =1, and T(HM(HT()T = A(S),
where [A\( f) is a diagonal matrix with diagonal elements in decreasing order.

This method is conceptually close to principal component analysis where latent variables that
have maximal variance are found through the diagonalisation of the covariance matrix. How-
ever, since the covariance matrix does not capture spatial information, it was extended to the
concept of a local covariance matrix in Nordhausen et al. (2015). Analogously, diagonalising
local covariance matrices then aims to find latent fields that maximize spatial correlation.

Here, we expand on their work by not restricting the kernel f in Definition 1 to be of the “ball”
form fj. Furthermore, we derive the asymptotic behavior for the method proposed in Nordhausen
et al. (2015) for a large class of kernel functions f.

The idea when constructing these kernel functions is that the mean values of M (f)and M (fo)
would be diagonal matrices if, in their definition, the mixed components X were replaced by the
latent components Z. Hence, a general blind source separation strategy is to undo the mixing
in X by finding a matrix I'(f ) which simultaneously diagonalizes M (f) and M (fo). This is
computationaly simple and can always be done exactly using generalized eigenvalue-eigenvector
theory. From temporal blind source separation, it is however well known that when diagonalising
only two matrices, the choice of the matrices can have a large impact on the separation efficiency.
Therefore, it is a popular strategy to approximately diagonalize more than two matrices with
the hope of including more information; see for example Belouchrani et al. (1997), Nordhausen
(2014), Miettinen et al. (2014), Matilainen et al. (2015) and Miettinen et al. (2016). Approximate
diagonalization becomes then necessary as the matrices commute only at the population level but
not when estimated using finite data. There are many algorithms available for this purpose. We
use this idea to extend the method of Nordhausen et al. (2015) to jointly diagonalize more than
two local covariance matrices. We also derive the asymptotic behaviour of these novel estimators.

2. SPATIAL BLIND SOURCE SEPARATION MODEL
2.1.  General assumptions

In the spatial blind source separation model, the following assumptions are made:

Assumption 1. E{Z(s)} = 0 for s € S
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Assumption 2. cov{Z(s)} = E{Z(s)Z(s)"} = I;

Assumption 3. cov{Z(s1),Z(s2)} = E{Z(s1)Z(s2)"} = D(s1, s2), where D is a diagonal
matrix whose diagonal elements depend only on s; — so.

Let cov{Zy(si), Zk(s;)} = Ki(si — sj) = D(si, sj)k,k, Where K, denotes the stationary co-
variance function of Z, fork =1,...,p.

Assumption 1 is made for convenience and can easily be replaced by assuming a constant
unknown mean (see Lemma B.8 in the supplementary material). Assumption 2 says that the
components of Z(s) are uncorrelated and implies that the variances of the components are one,
which reduces identifiability issues and comes without loss of generality. Assumption 3 says that
there is also no spatial cross-dependence between the components. However, even after these
assumptions are made, the model is not uniquely defined. The order of the latent fields and also
their signs can be changed. This is common for all blind source separation approaches and is not
considered a problem in practice.

2.2.  Identifiability
The expectations of M (f) and M (fo) are respectively

0SS s — ) E{X ()X (55)7) and M(fo) = 1ZE{X (s0)X (s0)").

i=1 j=1
e e (3)
Thus the empirical procedure of Definition 1, operating on M (f) and M ( fy), can be associated
to the following theoretical procedure, operating on M (f) and M ( fo).

DEFINITION 2. For any function f : R? — R, an unmixing matrix functional T'(f) is defined
as a functional which jointly diagonalizes M (f) and M( fo) in the following way

LM (fo)U(f)" =1p and T(S)M(ST(f)" = A(f),
where A(f) is a diagonal matrix with diagonal elements in decreasing order.

We remark that an unmixing matrix I'(f) can be found using the generalized eigenvalue-
eigenvector theory. In addition, an unmixing matrix is never unique, since if I'(f) and A(f)
satisfy Definition 2, then ST'(f) and A( f) also satisfy Definition 2 for any diagonal matrix .S with
diagonal elements equal to —1 or 1. We also remark that A(f) is not the expectation of A(f), in
general. Indeed, Definitions 1 and 2 are based on non-linear functions of {]\/4\ (f), M (fo)} and of

The usual notion of identifiability in blind source separation is that any unmixing functional
I'(f) should recover the components of Z up to signs and order of the components. Thus, any
unmixing functional T'( f) should coincide with Q~1, up to the order and signs of the rows.

DEFINITION 3. We say that the unmixing problem given by f is identifiable if any unmixing
functional T(f) satisfying Definition 2 can be written as PSQ~", where P is a permutation
matrix and S is a diagonal matrix with diagonal elements equal to —1 or 1.

The motivation behind identifiability is that, if identifiability holds, then estimating M ( fo) and
M(f) consistently by M (fo) and M (f) enables to obtain T'(f), which will be approximately
equal to a matrix of the form PSQ~!, with P and S as in Definition 3. The following proposition
provides a necessary and sufficient condition for identifiability. This proposition is proved in
§ B.2 of the supplementary material. All the other theoretical results in this paper are also proved
in the supplementary material. Let M/ ~™" denote the inverse of the transpose of M.
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PROPOSITION 1. The unmixing problem given by f is identifiable if and only if the diagonal
elements of QLM (f)Q2~" are distinct.

We remark that identifiability is a joint property of the kernel f and the covariance functions
K, ..., K,. For instance, consider the situation where K7i,..., K, are compactly supported
and equal to zero at distances larger than 0 < r < oo, and where one uses the function f(s) =
I(ry < |s]] < r2), with 7 < r; < ry < oo as kernel. Then identifiability does not hold because
Q IM(f)Q2T is equal to the zero matrix. On the other hand, if f is a ball kernel of the form
f(s) = I(||s|| < ro) withrg > 0, then identifiability may hold, for the same covariance functions
Ki,..., K.

Finally, for any kernel f, a necessary condition for identifiability is that there does not exist
k,le{1,...,p}, k #1, such that Ky (s; — sj) = Kj(s; — s;) forall 4, j = 1,...,n. Indeed, if
this was the case, then the diagonal elements k and [ of Q' M (f)Q~T would be equal, for any
kernel f. An extreme example of this issue is K; = --- = K, with only Gaussian components.
If this is the case, then, for any orthogonal matrix (), the distribution of the random field Q)7 is
the same as that of the random field Z. Hence, no statistical procedure can be expected to recover
the components of Z, even up to signs and permutations, when only observing the transformed
random field X.

2.3.  Relationships with other models of multivariate random fields

The spatial blind source separation is notably different from the usual multivariate models
for spatial data, which are often defined starting with their covariance functions contained in a
cross-covariance martrix,

C(s1,52) = cov{X(s1), X(s2)} := {Cru(s1,52) 1 121

whereas our approach for estimating Q! does not need to model or estimate the covariance
functions of the latent fields Z;(s), ..., Zp(s).

In a recent extensive review, Genton & Kleiber (2015) discussed different approaches to define
cross-covariance matrix functionals and gave a list of properties and conventions that they should
satisfy, for instance stationarity and invariance under rotation. As Genton & Kleiber (2015)
pointed out, to create general classes of models with well-defined cross-covariance functionals is
a major challenge. Multivariate spatial models are particularly challenging as many parameters
need to be fitted. In textbooks such as Wackernagel (2003) usually the following two popular
models are described.

In the intrinsic correlation model it is assumed that the stationary covariance matrix C'(h) can
be written as the product of the variable covariances and the spatial correlations, C'(h) = p(h)T,
for all lags h, where T is a non-negative definite p X p matrix and p(h) a univariate spatial
correlation function.

The more popular linear model of coregionalization is a generalization of the intrinsic corre-
lation model, and the covariance matrix then has the form

C(h) = ()T,
k=1

for some positive integer r < p with all the p;’s being univariate spatial correlation functions and
T}.’s being non-negative definite p X p matrices, often called coregionalization matrices. Hence,
with 7 = 1 this reduces to the intrinsic correlation model. The linear model of coregionalization
implies a symmetric cross-covariance matrix.
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Estimation in the linear model of coregionalization is discussed in several papers. Goulard &
Voltz (1992) focused on the coregionalization matrices using an iterative algorithm where the
spatial correlation functions are assumed to be known. The algorithm was extended in Emery
(2010). Assuming Gaussian random fields, an expectation-maximisation algorithm was sug-
gested in Zhang (2007) and a Bayesian approach was considered in Gelfand et al. (2004).

There is a simple connection between the spatial blind source separation model and the linear
model of coregionalization. The covariance matrix C'x (h) resulting from a spatial blind source
separation model is always symmetric and can be written as

M@

Cx(h) =) Ki(h)Tj,

k=1
with T}, = wiwy, wy being the kth column of Q. Thus the spatial blind source separation

model is a special case of the linear model of coregionalization with » = p and where all
coregionalization matrices Tj,, k = 1, ..., p, are rank one matrices.

3. ASYMPTOTIC PROPERTIES FOR SIMULTANEOUS DIAGONALISATION OF TWO MATRICES
Recall the definition (2) of a local covariance matrix and that

M(fo) =n™">" X(s:) X (s)" )
=1

is the covariance estimator. Asymptotic results can be derived for the previous estimators assum-
ing that Assumptions 1 to 3 hold together with the following assumptions:

Assumption 4. The coordinates Z1, ..., Z, of Z are stationary Gaussian processes on R%;

Assumption 5. A fixed A > 0 exists so that, for all n € N and, forall ¢ # j,4,7 =1,...,n,
lsi = 85l = A

Assumption 6. Fixed A > 0 and « > 0 exist such that, forall z € R% and, for all k = 1,...,p,

A

K < —
| k(‘r)| “ 1+ ||.Z'||d+a

Assumption 7. Assuming Assumption 6 holds, then for the same A > 0 and o > 0 we have

<A
S T3 e’

|f ()
Assumption 8. We have

liminf min [{Q7'M(HQTY,, — {07 MO, ] > 0.
Assumption 5 implies that S% is unbounded as n — oo, which means that we address the
increasing domain asymptotic framework (Cressie, 1993).
Assumption 7 holds in particular for the function I(s = 0) and for the “ball” and “ring” ker-
nels B(h)(s) = I(]|s|| < h) with fixed h > 0 and R(h1, he)(s) = I(h1 < ||s|| < hz) with fixed
ha > hi > 0.
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Up to reordering the components of Z, which comes without loss of generality, Assumption 8
is an asymptotic version of the identifiability condition in Proposition 1. Under Assumption 8,
identifiability in the sense of Definition 3 holds for sufficiently large n, from Proposition 1.

Proposition 2 below gives the consistency of the estimator M (f), where f satisfies Assump-
tion 7. The proof of this proposition is provided in § B.4 of the supplementary material.

PROPOSITION 2. Suppose n — oo and Assumptions 1 to 6 hold and let f : R* — R satisfy
Assumption 1. Then M (f) — M(f) — 0 in probability when n — oc.

We remark that M (f) depends on n and that we do not assume that the sequence of matrices
M(f) converges to a fixed matrix as n — oo. Hence, Proposition 2 shows that M (f)—M(f)
converges to zero, and not that M (f) converges to M(f).

Next, we show the joint asymptotic normality of n/2{M (fo) — M (fo)} and n/2{M(f) —
M(f)}, seen as sequences of p? x 1 random vectors. Similarly as in Proposition 2, we do not
need to assume that the sequence of 2p? x 2p? covariance matrices of these two sequences of
vectors converges to a fixed matrix. Hence, we will not show that these sequences of random
vectors converge jointly to a fixed Gaussian distribution. Instead, we will show that the distances
between the distributions of these random vectors and Gaussian distributions converge to zero
as n — o0. As a distance between distributions, we consider a metric d,, generating the topol-
ogy of weak convergence on the set of Borel probability measures on Euclidean spaces (see,
e.g., Dudley (2002), p. 393). The benefit of such a distance is that a sequence of distributions
(Ly)nen converges to a fixed distribution £ if and only if d,,(L,,, L) converges to zero. The next
proposition provides the asymptotic normality result. It is proved in § B.4 of the supplementary
material.

PROPOSITION 3. Assume the same assumptions as in Proposition 2. Let W (f) be the vector
of size p* x 1, defined fori = (a — 1)p+ b, a,b € {1,...,p}, by

W ()i =M (fap = M(fas}-
Let Q) be the distribution of {W (f), W (fo)"}"*. Then, as n — oo,

dw[QruN{Ov V(fa fO)}] — 0,

where N denotes the normal distribution and details concerning the matrix V (f, fo) are given
in Appendix A.2. Furthermore, the largest eigenvalue of V (f, fo) is bounded as n — oo.

In Proposition 3, V(f, fo) is a 2p? x 2p? matrix that depends on n and is interpreted as
an asymptotic covariance matrix. Also, in Proposition 3, the vectors W (f) and W ( fy), that

are asymptotically Gaussian, are obtained by row vectorization of n!/ 2{]\/4\ (fo) — M(fo)} and
nY2{M(f) — M(f)}. Taking f(s) = I(||s|| < h) with . > 0 in Propositions 2 and 3 gives the
asymptotic properties of the method proposed in Nordhausen et al. (2015).

Remark 1. Propositions 2 and 3 remain valid when centering the process X by X =
n~t > X (s;). Indeed, we prove in Lemma B.8 of the supplementary material that the dif-

ference between the centered estimator and M (f) is of order O,(n™1).

For a matrix A with rows [T, ... [}, let vect(A) = (IT,...,[])" be the row vectorization of
A and for a matrix A of size k x k, let diag(A) = (A11,..., Arx)". Next, Proposition 4 shows
the joint asymptotic normality of the estimators I'(f) and A(f). This proposition is proved in
§ B.4 of the supplementary material.



8 F. BACHOC, M. G. GENTON, K. NORDHAUSEN, A. RU1Z-GAZEN AND J. VIRTA

PROPOSITION 4. Assume the same assumptions as in Proposition 2. Assume also that As-
sumption 8 holds. For F(f) and A(f) in Definition 1, let Q),, be the distribution of

12 vect {f(f) — Q_l}
diag {R(f) — A(F) }

n

Then, we can choose f( f) and [A\( f) in Definition 1 so that when n — oo,

dw{QnaN(()?Fl)} — 07
where details concerning the matrix F are given in Appendix A.3.

In Proposition 4, similarly as before, we consider the sequences of vectors obtained by vector-
izing n'/2{T'(f) — Q') and taking the diagonal of n*/2{A(f) — A(f)}. Again, we do not show
that the sequence of joint distributions of these vectors converges to a fixed distribution. Instead,
we show that these joint distributions are asymptotically close to Gaussian distributions, with
covariance matrices given by Fj. We remark that I} denotes a sequence of (p? + p) x (p* + p)
matrices. We also remark that, in Definition 1, f( f) is not uniquely defined. It is defined up to
the signs of its rows. Hence, Proposition 4 shows that there exists a choice of the sequence f( f)
in Definition 1 such that asymptotic normahty holds as n — oo.

The performance of the estimators I'(f) and A(f) depends on the choice of M (f) that should
be chosen so that /A\( f) has diagonal elements as distinct as possible. This is similar to the time
series context as described in Miettinen et al. (2012). To avoid this dependency in the time series
context, the joint diagonalisation of more than two matrices has been suggested and we will
apply this concept to the spatial context in the following section.

4. IMPROVING THE ESTIMATION OF THE SPATIAL BLIND SOURCE SEPARATION MODEL
BY JOINTLY DIAGONALISING MORE THAN TWO MATRICES

Spatial blind source separation with more than two kernel functions of the form fy, f1, ..., f,
with & > 2, can be formulated as

D >y ®
DIM(fo)lT=1, (=1 j=1
T has rows ')/;F,M’Yg

We can show that, if k = 1, the set of T satisfying (5) coincides with the set of f( f1) satisfying
Definition 1. From experience in time series blind source separation (see for example Miettinen
et al., 2016), usually the diagonalisation of several matrices gives a better separation than those
based on two matrices only. In this paper, we indeed show that using k£ > 2 is beneficial from a
theoretical point of view and in practice.

The identifiability notion of Definition 3 and Proposition 1 can be extended to the case of more
than two local covariance matrices. We first remark that the theoretical version of (5) is

I'e argmax Z Z{% (f1) ’YJ}Q (6)
DCM(fo)I =1, =1 j=1
T has rows 'y;r,.nﬁp
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We then extend Definition 3 and Proposition 1 to the case of more than two local covariance
matrices.

DEFINITION 4. We say that the unmixing problem given by f1,..., fi is identifiable if any
unmixing functional T' satisfying (6) can be written as PSQ ™', where P is a permutation matrix
and S is a diagonal matrix with diagonal elements equal to —1 or 1.

PROPOSITION 5. The unmixing problem given by fi,..., fi is identifiable if and only if
for every pair i # j, i,j =1,...,p, there exists | = 1,...,k such that {Q 1M (f)Q" "}, #
{7 M(f)Q "},

Proposition 5 is proved in § B.5 of the supplementary material. We remark that the identifia-
bility condition in Proposition 5 is weaker than that in Proposition 1, because if the condition in
Proposition 1 holds with f being one of the f1, ..., fx, then the condition in Proposition 5 holds.
This is one of the benefits of jointly diagonalising more than two matrices.

One of the main theoretical contributions of this paper is to provide an asymptotic analysis of
the joint diagonalisation of several matrices in the spatial context. Assumption 8, on asymptotic
identifiability, can be replaced by the following weaker assumption.

Assumption 9. A fixed § > 0 and ng € N exist so that for all n € N, n > ng, for ev-
ery pair i # j, i,5=1,...,p, there exists [ =1,...,k, such that [{Q 1M (f)Q "} —
(M)}, = 6.

In the next proposition, we prove the consistency of T. This proposition is proved in § B.6 of
the supplementary material.

PROPOSITION 6. Suppose Assumptions 1 to 6 hold. Let k&N be fixed Let
fl,..., fk- R¢ - R satlsfy Assumption 7. Assume that Assumpnon 9 holds Let
T = F{M(fo) (fl) (fk)} satisfy (5). Then we can choose T so that T — Q!
in probability when n goes to infinity.

In Proposition 6, we remark that T is defined only up to permutation of the rows and multi-
plications of them by 1 or —1. Hence, we show that there exists a choice of a sequence T that
converges to 1. The next proposition provides an asymptotic normality result. It is proved in
& B.6 of the supplementary material.

PROPOSITION 7. Assume the same assumptions as in Proposition 6. Let (fn)neN be any se-
quence of p X p matrices so that for anyn € N, T'), = fn{]/w\(fo), ]/\J\(fl), o ,M\(fk)} satisfies
(5). Then, a sequence of permutation matrices (P,) and a sequence of diagonal matrices (D )
exist, with diagonal components in {—1,1}, so that the distribution Q,, of n*/*vect(T",, — Q1)
with T, = DnPnfn satisfies, as n — o0,

dw{QrwN(Oa Fk)} — 07
where details concerning the matrix Fy, are given in Appendix A.4.

In Proposition 7, for any n € N, the choice of fn satisfying (5) is not unique. The propo-
sition shows that, for any choice of the sequence of matrices lA“n one can exchange the rows
and multiply them by 1 or —1, to obtain a sequence of matrices I',, that converges to Q! as
n — oo. Furthermore, similarly as in Proposition 4, we show that the sequence of distributions
of nl/ Zyect(I',, — Q1) is asymptotically close to a sequence of Gaussian distributions. The
sequence of p? x p? covariance matrices of these Gaussian distributions is F},.
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The idea of joint diagonalisation is not new in spatial data analysis. For example in Xie & My-
ers (1995), Xie et al. (1995) and De Iaco et al. (2013), in a model-free context, matrix variograms
have been jointly diagonalized. However, the unmixing matrix was restricted to be orthogonal,
which would therefore not solve the spatial blind source separation model.

While two symmetric matrices can always be simultaneously diagonalized, this is usually
not the case for more than two matrices which are estimated based on finite data. Therefore,
algorithms are needed for approximate joint diagonalisation. In this paper we use an algorithm
which is based on Givens rotations (Clarkson, 1988). Other possible algorithms and their impact
on the properties of the estimates are for example discussed in Illner et al. (2015).

5. SIMULATIONS
5.1. Preliminaries

In this section we use simulated data to verify our asymptotic results and to compare the
efficiencies of the different local covariance estimates under a varying set of spatial models.
All simulations are performed in R (R Core Team, 2019) with the help of the packages geoR
(Ribeiro Jr & Diggle, 2016), JADE (Miettinen et al., 2017) and RcppArmadillo (Eddelbuettel &
Sanderson, 2014). To generate the simulation data, we have chosen some particular covariance
functions for the latent fields. However, our proposed methods do not use this information in any
way, but operate solely through the selection of local covariance matrices.

5.2. Asymptotic approximation of the unmixing matrix estimator

We start with a simple simulation to establish the validity of the asymptotic approxima-
tion of the unmixing matrix estimator I'(f) for different kernels f and to obtain some pre-
liminary comparative results between the proposed estimators. We consider a centered, three-
variate spatial blind source separation model X (s) = 2Z(s) where each of the three indepen-
dent latent fields has a Matérn covariance function with shape and range parameters (k, ¢) €
{(6,1-2),(1,1-5),(0-25,1)}, which correspond to the left panel in Fig. 1. We recall that the
Matérn correlation function is defined by

p(h) =277 T(k)~" (h/¢)" K (h/0),

where x > ( is the shape parameter, ¢ > 0 is the range parameter and K, is the modified Bessel
function of the second kind of order x. Our location pattern is constructed in the following way:
the first 200 locations are drawn uniformly random from an origin-centered square S; of side
length 200%/2 units. For the next 200 locations, we scale the side length of the square S; by
the factor 21/2 to obtain the larger square S and draw the points uniformly random on S5 \ S1.
Next, we always scale the side length of the previous square S; by 21/2 to obtain Sjy1 and
draw the same amount of locations we already have on S;1; \ S;, thus doubling the number of
points every time. This process is continued until we have obtained a total of 3200 locations.
In the simulation we consider the sample sizes n = 100 x 27, for j = 1,...,5, each time using
the first n of the 3200 points, that is, all points inside the jth innermost square on the left-hand
side of Fig. 2. The six samples then correspond to nested samples of points and represent the
increasing domain asymptotic scheme implied by Assumption 5.

We expect any successful unmixing estimator T to satisfy o~ I, up to sign changes and
row permutations. The minimum distance index (Ilmonen et al., 2010b) is defined as,

MDI(T) = (p — 1)~ Y2 inf{||CTQ — L,||,C € C},
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Fig. 1: Matérn covariance functions of the first (solid red line), second (dashed green line) and third (dotted blue
line) latent fields used in § 5.2 (left panel) and § 5.3 (right panel). The parameter vectors (r, ¢) of the three fields
equal, (6,1-2), (1,1-5),(0-25,1) and (2, 1), (1, 1), (0-25, 1), respectively.
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Fig. 2: From left to right: the location pattern scheme used in § 5.2 (with the marker type alternating between the
consecutive layers and only 1 percent of the locations shown for clarity), a diamond grid of radius 10 having
n = 221 locations and a rectangle grid of radius 10 having n = 231 locations. The diamond and rectangle grids,
with a one unit distance between two neighbouring locations, are used in § 5.3.

where C is the set of all matrices with exactly one non-zero element in each row and column and
|| - || is the Frobenius norm. The minimum distance index measures how close T'Q2 is to the iden-
tity matrix up to scaling, order and signs of its rows, and 0 < MDI(f) < 1 with lower values in-
dicating more efficient estimation. Moreover, for any T such that n'/ 2vect(f —1I,) - N(0,%)
for some limiting covariance matrix ¥, the transformed index n(p — 1)MDI(T')? converges to a
limiting distribution Zle 0; X% where X%, cee X% are independent chi-squared random variables
with one degree of freedom and d1, . . ., d; are the k£ non-zero eigenvalues of the matrix,

(Ip2 - Dm’) by (Ip2 - Dp,p) )

where Dy, = >°¥_, B/ @ E% and E7 is the p x p matrix with one as its (4, 7)th element and
the rest of the elements equal zero, and ® is the usual tensor matrix product. In particular, the
expected value of the limiting distribution is the sum of the limiting variances of the off-diagonal
elements of . This provides us with a useful single-number summary to measure the asymptotic
efficiency of the method, i.c., the mean value of n(p — 1)MDI(T')? over several replications.
Following the argument of the proof of Proposition B.4 in the supplementary material, our spa-
tial blind source separation estimators are affine equivariant. More precisely, let f(Ip) be com-

puted from {Z(s;)}i=1,..n according to (5) and recall that Tis computed from {X (s;) }i=1,..n
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Fig. 3: The solid lines give the mean values of n(p — 1)MDI(T')? in the first simulation and the dashed lines
correspond to the asymptotic approximations of the same quantities. The three used local covariance matrices are
B(1) (blue line), R(1,2) (green line) and { B(1), R(1,2)} (red line).

according to (5). Then we have T = f(Ip)Q_l, up to sign changes and row permutations. In
this sense, (2 is invariant to the value of 2. As the minimum distance index depends on r only
through T, it is thus without loss of generality that we may consider throughout § 5 only the
trivial mixing case {2 = [5. Taking different €2 into consideration would give exactly the same
results as those provided below.

Recall that the ball and ring kernels are defined as B(h)(s) = I(||s|| < h) and R(hq, h2)(s) =
I(h1 <|s|]| < hg) for fixed h > 0 and hg > hy > 0. We simulate 2000 replications for each
sample size n and estimate the unmixing matrix in each case with three different choices for
the local covariance matrix kernels: B(1), R(1,2) and {B(1), R(1,2)}, where the argument s
is dropped and the brackets {} denote the joint diagonalisation of the kernels inside. The latent
covariance functions on the left panel of Fig. 1 show that the dependencies of the last two fields
die off rather quickly, and we would expect that already very local information is sufficient to
separate the fields. Moreover, out of all one-unit intervals, the magnitudes of the three covariance
functions differ the most from each other in the interval from 1 to 2 and we may reasonably
assume that either R(1,2) or { B(1), R(1,2)} will be the most efficient choice.

The mean values of n(p — 1)MDI(T')? over the 2000 replications are shown as the solid lines
in Fig. 3, with the dashed lines representing the asymptotic approximated values of the means,
towards which they are expected to converge (see Propositions 4 and 7). As evidenced in Fig. 3,
this is indeed what happens. For the reasons detailed in the previous paragraph, the kernel R(1, 2)
is notably a more efficient choice than B(1). However, the ball kernel still carries some additional
information to the ring as their joint diagonalisation, { B(1), R(1, 2)}, gives the best results out of
the three choices, albeit marginally. As the main purpose of the current simulation was to verify
the limiting theorems and compare the different choices of kernels, the estimation accuracy of the
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sources was considered jointly, through the minimum distance index. However, as it is possible
that some of the individual sources are more difficult to estimate than others, we have included in
§ C.2 of the supplementary material a simulation study exploring individual component recovery.

The previous investigation and Fig. 3 used only the expected value of the asymptotic distri-
bution. In Fig. C.1 of the supplementary material, we have also plotted the estimated densities
of n(p — 1)MDI(T')? for all local covariance matrices and a few selected sample sizes and com-
pared with the density of the asymptotic approximation estimated from a sample of 100,000
random variables drawn from the corresponding distributions. Overall, the two densities fit each
other rather well, especially for the local covariance matrices involving the ring kernel. This
shows that the asymptotic approximation to the distribution of n(p — I)MDI(f)2 is good al-
ready for small sample sizes.

5.3.  The effect of range on the efficiency

The second simulation explores the effect of the range of the latent fields on the asymptoti-
cally optimal choice of local covariance matrices. The comparisons between the estimators are
made on the basis of the expected values of the asymptotic approximations to the distribution of
n(p — 1)MDI(T')? (that is, using the equivalent of the dashed lines in Fig. 3), meaning that no
randomness is involved in this simulation.

We consider three-variate random fields X (s) = QZ(s), where {2 = I3 and the latent fields
have Matérn covariance functions with respective shape parameters x = 2,1,0-25 and a range
parameter ¢ € {1-0,1-1,1-2,...,30-0}. The three covariance functions are shown for ¢ = 1 in
the right panel of Fig. 1. The random field is observed at three different point patterns: diamond-
shaped, rectangular and random, which was simulated once and held fixed throughout the study.
The diamond-shaped point pattern has a radius of m = 30 and a total of n = 1861 locations,
whereas the rectangular point pattern has a “radius” of m = 15 with a total of n = 1891 loca-
tions. In both patterns, the horizontal and vertical distance between two neighbouring locations is
one unit and examples of the two pattern types are shown in the middle and right panels of Fig. 2
with a radius m = 10. A rectangular pattern with “radius” m is defined to have the width 2m + 1
and the height m + 1. The random point pattern is generated simply by simulating n = 1861
points uniformly in the rectangle (—30,30) x (—30,30). We consider a total of eight different
local covariance matrices, B(r), R(r — 1,r) for r = 1, 3, 5, and the joint diagonalisations of the
previous sets: { B(1), B(3), B(5)} and {R(0, 1), R(2,3), R(4,5)}.

The results of the simulation are displayed in Fig. 4 where the two joint diagonalisations are
denoted by having value “J” as the parameter r. Recall that the lower the value on the y-axis,
the better that particular method is at estimating the three latent fields. The relative ordering
of the different curves is very similar across all three plots, and it seems that the choice of the
location pattern does not have a large effect on the results. In all the patterns, the local covariance
matrices with either r = 1 or » = 3 are the best choices for small values of the range ¢ but they
quickly deteriorate as ¢ increases. The opposite happens for the local covariance matrices with
r = 5; they are among the worst for small ¢ and relatively improve with increasing ¢. The joint
diagonalisation-based choices fall somewhere in-between and are never the best nor the worst
choice. However, they yield performance very close to the best choice in the right end of the
range-scale and are close to the optimal ones in the left end. Thus, their use could be justified in
practice as the “safe choice”. Comparing the two types of local covariance matrices, balls and
rings, we observe that in the majority of cases the rings prove superior to the balls.
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Fig. 4: The asymptotic approximate mean values of n(p — 1)MDI(I’)? as a function of the range of the latent
Matérn random fields for the different choices of local covariance matrices in the second simulation. The solid and
the dashed lines correspond, respectively, to the ball and ring kernels and the value of the parameter r is indicated by
the color of the line as follows: 1 (red), 3 (green), 5 (blue), J (purple). The y-axis has a logarithmic scale.

5.4. Efficiency comparison

To compare a larger number of local covariance matrices and their combinations, we simu-
late three-variate random fields X (s) = Z(s), where {2 = I3 and the latent fields have Matérn
covariance functions with the shape parameters x = 6, 1,0-25 and the range parameter ¢ = 20,
in kilometers. We consider two different fixed-location patterns fitted inside the map of Finland;
see Fig. 5. The first location pattern has the locations drawn uniformly from the map and the
second location pattern is drawn from a west-skew distribution. Both patterns have a total of
n = 1000 locations and to better distinguish the scale we have added three concentric circles
with respective radii of 10, 20, and 30 kilometers in the empty area of the skew map.

We simulate a total of 2000 replications of the above scheme with the fixed maps. In
each case we compute the minimum distance index values of the estimates obtained with
the local covariance matrix kernels B(r), R(r — 10,7), G(r), where r = 10, 20, 30, 100, and
the joint diagonalisation of each of the three quadruplets {B(10), B(20), B(30), B(100},
{R(10), R(20), R(30), R(100} and {G(10), G(20),G(30),G(100} adding up to a total of 15
estimators. The Gaussian kernel is parametrized as G (r) = exp[—0-5{®~1(0-95)s/7}?], where
s is the distance and ®~!() is the quantile function of the standard normal distribution, making
G(r) have 90% of its total mass in the radius r ball around its center. Thus, G(r) can be con-
sidered a smooth approximation of B(r). The larger radius kernels B(100), R(90,100), G(100)
are included in the simulation to investigate what happens when we overestimate the dependency
radius. The mean minimum distance index values for the 15 estimators are plotted in Fig. 6 and
show that for both maps and all local covariance types, increasing the radius yields more accu-
rate separation results all the way up to » = 30, whereas for » = 100 the results again worsen.
This observation shows that when using a single local covariance matrix, the choice of the type
and the radius are especially important, most likely requiring some expert knowledge on the
study. However, this problem is completely averted when we use the joint diagonalisation of
several matrices. For both maps and all local covariance types the joint diagonalisation produces
results very comparable to the best individual matrices, even though the joint diagonalisations
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Fig. 5: The two fixed location patterns in the map of Finland, the uniform on the left and the skew on the right.
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Fig. 6: The results of the efficiency study for the uniform sampling design (left) and for the skew design (right).

also include the “bad choices”, r = 10, 20, 100. We also observe a similar behaviour in the first
and second simulation studies where, in the absence of knowledge on the optimal choice, the
joint diagonalisation either is the most efficient choice or provides a performance very close to
the most efficient choice. Thus, we recommend the use of the joint diagonalisation of scatter
matrices with a sufficiently large variation of radii for the kernels.

Finally, a comparison between the two maps reveals that the relative behaviour of the estima-
tors is roughly the same in both maps, but the estimation is generally more difficult in the skew
map, revealed by the on average higher minimum distance index values. This is explained by the
large number of isolated points which contribute no information to the estimation of the local
covariance matrices, making the sample size essentially smaller than n = 1000.

6. DATA APPLICATION

To illustrate the benefit of jointly diagonalising more than two scatter matrices from a prac-
tical point of view, we reconsider the moss data from the Kola project which are available in
the R package StatDa (Filzmoser, 2015) and described in Reimann et al. (2008), for example.
The data consist of 594 samples of terrestrial moss collected at different sites in north Europe
on the borders of Norway, Finland and Russia. The corresponding map with sampling locations
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Table 1: Maximal absolute correlations of different estimators with respect to the gold standard. All estimators used
the empirical covariance matrix. The distances for the scatters are given in kilometers

Est  Scatters ICI IC2 IC3 IC4 ICS IC6
1 B(25) 096 093 091 068 064 077
2 B(75) 098 098 092 096 091 063
3 B(100) 076 080 077 096 060 0-53
4 R(0,25), R(25,50), R(50,75), R(75,100) 097 098 092 097 083 080
5 R(0,10), R(10,20), R(20,30), R(30,40), 096 097 091 097 078 077

R(40,50), R(50,60), R(60,70), R(70, 80)

Est, estimator; IC, independent component.

is given in the online supplement in Fig. D.1. The amount of 31 chemical elements found in
the moss samples was already used as a spatial blind source separation example in Nordhausen
et al. (2015) where the covariance matrix and B(50) were simultaneously diagonalized. The
goal of that analysis was to reveal interpretable components exhibiting clear spatial patterns. In
Nordhausen et al. (2015), the radius of 50 kilometers was carefully chosen by an expert in that
analysis and considered best compared to several other radii not mentioned there. The analysis
found six meaningful components, which could be used to distinguish underlying natural geo-
logical patterns from environmental pollution patterns. These six components had the six largest
eigenvalues and are visualized in Fig. D.2 in the online supplement.

We show that the gold standard components can be stably estimated without subject knowl-
edge on the optimal radius by simply jointly diagonalizing a large enough collection of local
covariance matrices. To address the compositional nature of the data, we follow the same data
preparation steps as in Nordhausen et al. (2015) and then compute five competing spatial blind
source separation estimates. The scatters we used in addition to the covariance matrix are detailed
in Table 1. Using these methods, we identify the six components with the highest correlations,
in absolute values, to the six main components identified in Nordhausen et al. (2015). Table 1
gives the correlations of the six components. The table shows that when using only two scatters,
estimators 1, 2 and 3, some components cannot be easily found. However, when jointly diag-
onalising more than two scatters, the results are more stable and less dependent on the chosen
distances of the scatters as can be seen for estimators 4 and 5.

This is illustrated using the gold standard and estimators 3 and 4 in Fig. A.1 in the Appendix
for the first two components. For completeness, § D of the online supplement contains all six
components for the three estimators. The first two components represent, according to Nord-
hausen et al. (2015), areas with different types of industrial contamination and Figure A.1 shows
that the gold standard and estimator 4 agree quite well on these, but estimator 3 yields a different
map. More precisely, the first component obtained by the gold standard and the estimator 4 high-
lights a cluster of negative scores around the Monchegorsk and Apatity region, which reveals
the mining and processing of alkaline deposits. This cluster is not revealed by estimator 3. Sim-
ilarly, the second components are similar between the gold standard and the estimator 4, but the
component from the estimator 3 differs from these two, especially for the sampling locations in
Finland. Thus, using several scatters gives a more stable impression whereas the maps can vary
considerably when only two scatters are used, in which case subject expertise becomes more
relevant.
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7. DISCUSSION

Our proposed methodology can be extended in multiple directions in future work. The assump-
tions of Gaussian or stationary fields could be relaxed. The spatial and temporal blind source
separation methodologies could be combined to obtain spatio-temporal blind source separation.
If used for dimension reduction, estimators for the number of latent non-noise fields could be de-
vised using strategies similar to those in Virta & Nordhausen (2019). Additionally, the combina-
tion of spatial blind source separation with univariate kriging and univariate modelling warrants
investigation.

How to choose the local covariance matrices optimally is also of interest. This is still an open
problem for temporal blind source separation methods, such as second-order blind identifica-
tion (Belouchrani et al., 1997). Several strategies have been suggested, see for example Tang
et al. (2005), and many of them could be useful also in selecting the kernels in spatial blind
source separation. The estimation accuracy of our proposed method is based on how well sepa-
rated the eigenvalues of the matrices M (fo)~"/2M (f))M (fo)~'/?,1=1,..., k, are. Since the
connection between the eigenvalues and the unknown covariance functions is complicated, our
suggestion, backed up also by the simulations, is to stay on the safe side and jointly use a large
number of ring kernels. However, including large numbers of unnecessary kernels can still have
the drawback of inducing some noise to the estimates. One way to remove the unneeded kernels
would be to first obtain preliminary estimates for the latent fields using a large number of kernels
jointly. Then, our asymptotic results could be used to select from a large collection of sets of ker-
nels, the one which achieves the smallest value of §; + - - - + dy; see § 5.2. The final estimates
could then be computed with this asymptotically optimal choice of kernels. A similar technique
was used in the context of temporal blind source separation in Taskinen et al. (2016).
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A. APPENDIX
A.l. Notation

Let y and z be the np x 1 vectors defined by y(i_1)p4; = Yj(si) and 2(_1y,1; = Z;(s;), for
i=1,...,n,j=1,...,p. Let R =cov(y) and R, = cov(z). Let e;(p) be the bth base column vec-
tor of R? for b=1,...,p. For f:R% = R and for b, =1,...,p, let T, ;(f) be the np x np ma-
trix, that we see as a block matrix composed of n? blocks of sizes p?, and with block 7, equal to
f(si = s;)(1/2){ev(p)er(p)” + er(p)es(p)™}-

Forb e N,weletD(b) = {1+ (: —1)(b+1);i=1,...,b}. We remark that {vect(M);;i € D(b)} =
{M;;;i=1,...,b} for a b x b matrix M. Let D, = {1,...,b*}\D;. We remark that {vect(M);;i €
D(b)} ={M; j;i,j=1,...,b,i# j} forab x bmatrix M.Fora € {1,...,b?}, let I (a) and J,(a) be
the unique 4,5 € {1,...,b} sothata =b(i — 1) + j. Fori € {1,...,b},let dp(i) =1+ (i — 1)(b+ 1)
and note that {vect(M)q,;y;i = 1,...,b} = {M; ;i =1,...,b} forab x b matrix M. For a matrix M
of size b x b, recall that diag(M) = (M1 1,..., Mp)" and that tr(1/) denotes its trace.
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A2, Expression of the matrix V (f, fo) from Proposition 3

Let f,g : R? — R. Using the notation of Appendix A.1, let ¥(f) and X(f, g) be the p? x p? matrices
defined by, fori = (s — 1)p+tand j = (u — 1)p + v, with s,¢,u,v € {1,...,p},

E(f)i,j - Qniltr {RT(f)s,tRT(f)uv} and E(f? g)i,j = 277’71‘51‘ {RT(f)s,tRT(g)u,v} .

(S S(f.)
V”””‘(mmf>zw>>'

Then V(f, fo) is equal to V' (f, g) for g = fo.

Let

A.3.  Expression of the matrix Fy from Proposition 4
From Assumption 8, there exists ny € N such that for n > n the diagonal elements of QO M (Ha-r
are strictly decreasing. Write these diagonal elements as A\ > --- > ). Using the notation of Ap-
pendix A.1, for n > ng, let A, B, C and D be respectively the p? x p2, p? x p2, p x p? and p x p?
matrices defined by

—1/2 for i =j € D(p),
Aij =9 -0 —An@) ™t fori=j¢&D(p),
0 otherwise,

5 1 Pne = re)t fori=jd D),
I 0 otherwise,

0 otherwise 0  otherwise.

Let AB
G:<CD>.

Let M1 and Mg -1 be respectively the p? x p? and (p? + p) x (p? + p) matrices defined by

(MQ—l)a b = (Q_l)']t'(b)ﬁ']p(a) ]f Ip(a’) = Ip(b)a and MQ—l _ (MQI O> )
7 0 if Ip(a) # I(b) 0 I

= {—)\i for j = dp(i), and D, — {1 for j = d,(i),

Let V(f) be defined as V (fo, f) but with R replaced by R.. Then, for n > ng, F} is defined as
Fy = Mo GV (f)GTMS_,.
A.4.  Expression of the matrix Fy, from Proposition 7

Let D(f) = Q *M(f)Q2~". For a diagonal matrix A, let A, = A,.,.. Let Ag, A,..., A and B be
p? x p? matrices defined by, for n > ny with the notation of Assumption 9,

~1/2 for i = j € D(p),
Aoij =4~ Zf:l{D(fl)Ip(i) = D(f)) 5,y }D(fi)1,iy for i =3 & D(p),
0 otherwise,
Ay = D(f)r,¢y — D(fi) s,y  for Z:J Z D(p), forl=1,....k
0 0 otherwise,

and
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1 for i = j € D(p),
k _ .
Bij = i AD(f) 1,0 — D) s, 21" for i=j & D(p),
0 otherwise.
Let G be the p* x (k + 1)p® matrix defined by G = B(Ay, Ay, ... Ag), for n. > ng. Let M1 be as
in Appendix A.3. Let V(f1,..., f) be the (k + 1)p? x (k + 1)p* matrix composed of (k + 1)? blocks
of size p? x p* with block (i + 1), (j + 1) defined similarly as 3(f;, f;) in Appendix A.2, but with R
replaced by R,. Then, for n > ng, F}, is defined as
Fp = Mo GV (f1,..., fr) GTME_,.

A.5. Map for data application

Gold standard

Estimator 3

Estimator 4
IC1 (cor = 0.76)

IC1 (cor =0.97)

= >-115--064
W -188--115

-
-l
Gold standard Estimator 3 Estimator 4
ic2 1C2 (cor = 0.80) 1C2 (cor = 0.98)
A>114-153 D ’ A>134-198 i Y3 A >116-160
+>074-114 . £ : +>074-134 : +>078-116
>-055-074 Al [ & D[ >-057-074 S s )
= >-213--055 5 o, e T = >-109--057 .
W -384--213 B B -355--199

>-062-0.78
= >-199 - -0.62
W -355--199

Fig. A.1: The first two independent components from the gold standard and estimators 3 and 4.

B. PROOFS

B.1. Introduction

We first prove Proposition 1 in Section B.2. Then Section B.3 provides general results for the proofs

of Propositions 2, 3, 4, 6 and 7. Section B.4 provides the proofs of Propositions 2, 3 and 4. Section B.5
provides the proof of Proposition 5. Section B.6 provides the proofs of Propositions 6 and 7.

Propositions 2, 3, 4, 6 and 7 correspond to Proposition B.2, B.3, B.4, B.6 and B.7, respectively.

B.2.  Proof of Proposition 1
We let D(f) = Q M (f)Q~7 for f : RY — R. We restate Proposition 1 and prove it.
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PROPOSITION B.1. The unmixing problem given by f is identifiable if and only if the diagonal ele-
ments of Q"M (f)Q~" are distinct.

Proof of Proposition B.1 (Proposition 1). We have that I'( f) is an unmixing functional if and only if
L(f)QD(fo)Q'T(f)" =1, and T(f)QD(f)QT(f)" = A(f).

Hence the matrix I'(f)€2 is orthogonal, and its rows provide the eigenvectors of the diagonal matrix D(f).
If the diagonal elements of D(f) are distinct, then the set of one-dimensional eigenspaces of D(f) is
unique and thus T'(f)Q2 = P.S where P is a permutation matrix and .S is a diagonal matrix with diagonal
elements equal to —1 or 1. If there are two diagonal elements of D(f) that are equal, say the first and the
second without loss of generality, then consider the p x p block diagonal matrix () with first 2 x 2 block
equal to {(271/2,271/2)7 (271/2/ —2=1/2)T1 and second (p — 2) x (p — 2) block equal to I,_5. Then
there is an unmixing functional I'(f) such that I'(f)Q = Q. In this case, I'(f) = QQ~!, which is not of
the form PSQ 1. O

B.3. General results

Recall that d € N and p € N are fixed. Z, ..., Z, are p independent stationary Gaussian processes
on R? with zero mean functions, unit variances and covariance functions K7, ... , K. We have Z =
(Z1,...,Zp)" and X = (X1,...,X,)" = QZ with Q a fixed invertible p X p matrix.

Let 51,..., s, be the n observation points in S% and let f be a kernel function from R? into R. We
recall

and

M(f)=n""Y"3 " flsi = 5,)QD(s5,5;)Q"

i=1 j=1
where D(s;, s;) is the p x p diagonal matrix defined by
D(Si, Sj)k,k = Kk(si — Sj).

Let || = max;—1, .. m |z;| be the sup norm for z € R™. Since this norm is equivalent to the Euclidean
norm, and since we work under Assumptions 5 to 7, we can assume without loss of generality that the
following conditions hold.

Condition Al. With A > 0 defined in Assumption 5, foralln € Nand foralla # b,a,b € {1,...,n},
we have |s, — sp| > A.

Condition A2. With A < +00 and « > 0 defined in Assumptions 6 and 7, for all s € R? and for all
k=1,...,p, we have

A

Ky, < — .
Ke(5)| < 1y

Condition A3. With A < +00 and o > 0 defined in Assumptions 6 and 7, for all s € R%, we have

A
< —FF.
£ < e

For a matrix M, denote by M; ; the element from the ¢th row and the jth column of M. For a vector V,,
or a matrix M, denote by (V},); the ith element of V,, and by (M, ); ; the element from the ith row and the
jth column of M,,. The singular values of a n x n matrix M are denoted by p; (M) > --- > p,(M) >0
and, in the case when M is symmetric, the eigenvalues are denoted by A1 (M) > --- > A\, (M). The
spectral norm is given by p1 (M) and || M||3 = >, (M, ;)? denotes the Frobenius norm. For a sequence
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of random variables X,,, we write X,, = 0,(1) when X, converges to 0 in probability as n — oo and we
write X,, = O,(1) when X, is bounded in probability as n — cc. Let e; (k) be the ith base column vector
of R¥. Let y be the np x 1 vector defined by Yi-)ptj = Xj(si),fori=1,....n,j=1,...,p.

LEMMA B.1. Under Conditions Al and A2, there exists a finite constant C < +oo so that for all
neN,

Ai{cov(y)} < C.
Proof. Let £ denote the ath row of £2. We have

lcov{Xa(si), Xp(s5)}| = |cov{la Z(si), by Z(s5)}]
= €5 D(si,8)]

. A
< Q Q -
< Qx| b,k|1+|3i_3j|d+a
k=1
< ma. (Q )2 A (A1)
X N2
=P e POk T |s; — 5|9t

from Condition A2. Note also that A\;{cov(y)} = A1{cov(7)} where ¢ is the np x 1 vector defined by
Uj—1ynti = Xj(si) fori =1,...,n,j =1,...,p. Hence, the lemma is a direct consequence of Lemma
6 in Furrer et al. (2016). O

The next theorem provides a general multivariate central limit theorem for quadratic forms of Gaus-
sian vectors. It extends standard central limit theorems in spatial statistics, see, e.g., Bachoc (2014) or
Istas & Lang (1997), by allowing cases where the sequence of covariance matrices is non-converging or
asymptotically singular. The full proof is given for self-consistency, although some of the arguments have
appeared previously.

THEOREM B.1. Let (y,) be a sequence of n-dimensional centered Gaussian vectors. Let R,, be the
covariance matrix of y,. Assume that for all n, A1 (R,,) < A where A is a fixed finite constant. Let k € N
be fixed and let (T4 ), ..., (Tkn) be k sequences of deterministic n X n symmetric matrices. Assume
that fori=1,...k, forn € N, p1(T; ) < A. Let ¥,, be the k x k matrix defined for 1 < i,j < k, by

(Z0)ij =2n""tr (R Tyn R T ) -
Let r,, be the k-dimensional vector defined fori =1, ...k, by
(rp)i = tr (n_anTiyn) .
Let V,, be the k x 1 vector defined for 1 < i < k, by
(Va)i =0~ 9 T nn-

Let Q,, be the probability measure of n*/?(V,, — r,,) on R*. Let N'(0,%,,) be the Gaussian distribution
on RF with mean vector 0 and covariance matrix ¥,,. Let d,, denote a metric generating the topology of

weak convergence on the set of Borel probability measures on R¥; for specific examples see the discussion
in Dudley (2002) p. 393. Then we have, for n — oo,

duw{Qn, N(0,2,)} — 0.

Proof. Assume that d,{Q,,N(0,%,)} /4 0 when n — co. Then there exists € > 0 fixed and
a subsequence n,, so that d,{Q,. ,N(0,%, )} >e Let aj,...,ar € R be fixed. Let S, =

Ry 2 (K aiTi . ) RA2. We have

k
Z aiaj(Enm)iyj = 2tr (ng) /nm

ij=1
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Hence, we see that ¥,, | is a non-negative matrix, and, from the assumptions on (R, ) and (7}, ), that
(S, )i < 24% Also, [(ry)i| = |n~tr(RY T, Ri/*)| < A2. Hence, by compacity, and up to extract-

ing a further subsequence, we can assume that v, — 7 and ¥, — ¥ when n,,, — co. One can show
simply that d,, {N(0,%,,,),N(0,2)} — 0 when n,,, — oo. Hence, when n,, — oo,

lim sup dy,{Qn,,, N (0,X)} > e. (A2)
Let us prove (A2) . We have

[lim sup d, {Qn,,, N (0,2)} — limsup d,{Qn,, , N (0,3, )}
< limsup |dy{Qn,,, N (0,2)} = duw{Qn,,, N(0,25,,)}
<limsupd,{N(0,%,, . ),N(0,2)}
=0,
where we have applied the triangle inequality for the metric d,, in the last inequality above. Hence
lim sup dy, {Qn,,, N (0,2)} = limsup dy{Qn,, . N(0,%,,, )} > e Thus (A2) is proved.
We remark that the matrix S,,, = R}l/f (Z?:l aiTmm)R}L{f is symmetric, because T’ ..., - - - » T,

are assumed to be symmetric in the theorem. Hence, S,,,, can be diagonalized and there exist a matrix
P,,, such that P, P; =1I,, and a diagonal matrix D,, , such that S,,, = P, D, P, . Letalso

Zn,, = RT_L:L/ 2ynm. Observe that z,,,, follows the A/ (0, I,,,) distribution. We have

k k
E _ . —1_ T § :
a’l(Vn)'L - nm ynm aiﬂ;nm ynm
=1 =1
-1_T
= nm an Snm an

= ”1:11 Z(fnm)i)‘a (Snp) s
a=1

where &, follows the (0, I,,, ) distribution. Hence letting

k k
W, =1 2> ai(Va, )i = Y ai(rn,,)i}s
i=1 i=1
we have

Wo = /2 S {(€0)? — 11N (S
=1

If Zﬁjzl a;a;%; ; = 0, then Zf,j:l aia;(Xn,, )i,; — 0 when n,,, — co. Hence, 2n, 'tr(S7 ) — 0and

so var(W,,, ) — 0. Hence W,,,, — N(0,0) = N(0, Zﬁjzl a;a;Y; ;) in distribution when n,,, — oc.
Now, if Zf =1 @il Yi,; > 0, one can show from the Lindeberg-Feller central limit theorem that when

N, — 00, Wy, — N(0, Zf,j:l a;a;%; ;) in distribution, see also Lemma 2 in Istas & Lang (1997).
Hence, since both of the above-considered convergences in distribution hold for any ay, ..., ax, we

have, by Cramér-Wold theorem, that when n,,, — oo, 1,,"/2(V;,, — 7, ) — N(0,%) in distribution.

This is in contradiction with (A2). Hence when n — oo

dw{Qn, N(0,%,)} — 0.

B.4.  Asymptotics when diagonalising two matrices

The next proposition gives the consistency of M (f)-



Spatial blind source separation 23

PROPOSITION B.2. Let Conditions Al and A2 hold and let f : R? — R satisfy Condition A3. Then
asm — oo, M(f) — M(f) — 0 in probability.

Proof. Clearly E {]\//.7 (f)} = M(f).Letk,l € {1,...,p} be fixed. In order to prove the proposition, it

is sufficient to show that when n — oo, var{M (f)r;} — 0.
We have,

—

M(f)ea=n"">3" fsi — s;)er(p)" X ()X (s;)"ei(p)

= n_l Z Z f(Si — Sj)X(Si)Tek(p)el(p)TX(Sj)
=0 Y s = ) X ) I/ erPlea(p) +en(plen(p) HX (5)

Let T}, ;(f) be the np x np matrix, that we see as a block matrix composed of n? blocks of sizes p?, and
with block ¢, j equal to f(s; — s;)(1/2){ex(p)ei(p)” + ei(p)ex(p)™ }. We remark that T}, ;(f) is symmet-
ric. With this notation,

M(f)rg=n""y Tra(f)y-
The largest singular value of T} ;(f) is bounded as n — oo. Indeed, from Gershgorin’s circle theo-
rem, p1{T%(f)} is no larger than max;—1, . np Z;ﬁl |Tk1(f)i,7]. This maximum is no larger than
max;—1,..n Z?:l |f(si — s;)|- This last quantity is bounded as n — oo from Condition A3 and from
Lemma 4 in Furrer et al. (2016).
Hence p1{T%,(f)} is bounded by a constant B < +oco. Thus, using Theorem 3.2d.3 in Mathai &
Provost (1992) and the fact that T}, ;( f) is symmetric,

var{M(f)r1} = n”*var{y" Ta ()}
= 2n"*tr{cov(y) T,i(f)cov(y) Tr.i(f)}
< 2pn_lBQC’2,
with A {cov(y)} < C from Lemma B.1. O
The next proposition is a corollary of Theorem B.1 and gives the asymptotic normality of M (f).

PROPOSITION B.3. Let, for k,l=1,...,p and f: R?* - R, Ty ,(f) be defined as in the proof of
Proposition B.2. Let R = cov(y) and let 3(f) be the p* x p? matrix defined by, fori = (s — 1)p + t and
j=(u—1)p+uv withs,t,u,v € {1,...,p},

S(f)iy =2n" " {RT(f)s .t RT(f)uw} -
Define, for g : R4 — R, X(f, g) as the p* x p? matrix defined fori = (s — 1)p +tandj = (u — 1)p + v,
with s, t,u,v € {1,...,p} by
3(f, g)i,j =2n" tr {RT(f)s,tRT(g)u,v} .
Let

Then, V (f, g) is symmetric non-negative definite.
Assume that Conditions Al and A2 hold. Let fy, f> : R? — R satisfy Condition A3. Let for r = 1,2,
W (f,) be the vector of size p*> x 1, defined for i = (a—1)p+b, a,b€ {1,...,p}, by W(f.); =

nYHM (fr)ap — M(fr)as)-
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Let Q,, be the distribution of {W (f1)", W (f2)"}". Then as n — o0

dw[Qn7N{07V(fl7f2)}] — 0. (A3)
Furthermore \i{V (f1, f2)} is bounded as n — oc.

Proposition 3 is a direct corollary of Proposition B.3 with f; = f and f> = fy. Moreover, Proposition
B.3 gives details concerning the matrix V(f1, f2).

Proof. Leta,b € {1,...,p} and f : R — R. We have seen in the proof of Proposition B.2 that

—

M(fap =n"y"Tap(f)y.

Hence

o~

E(M(f)ap) = M(fap =n""tr{RT,s(f)}.

Let us first prove that V'(f, g) is symmetric non-negative definite. Let W () be defined as W ( f1), but with
f1 replaced by f. Let W (g) be defined similarly with f; replaced by g. For ai,...,ap2,b1,...,b,2 €R,
we have

var § > aW ()i + Y bW (g)i p = D asajeor{W ()i, W(f);}+ Y bibjeov{W (g)i, W(g);}
i=1 i=1 ij=1 ij=1
+2 Z a;bjecov{W(f);, W(g);}
ij—1

Now for 4,5 =1,...,p? let a,b,u,v € {1,...,p} such that i = (a — 1)p+b and j = (u— 1)p + v.
We have, using Theorem 3.2d.3 in Mathai & Provost (1992) and the fact that T, ;(f) and T, ,(f) are
symmetric,

cov{W (£)i, W(f);} = ncov{M(f)ap M(f)us}
=n""cov{y " Tas(f)y, y" Tuw(fy}
= 20" "r{RT, (/)R (f)}
= Z(f)i,j~

We show similarly that
cov{W(9)i, W(9);} = £(9)i;
and that

cov{W ()i, W(g);} = cov{W(9);, W(f)i} = 2(f,9)i.; = %(9: -
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Hence

p’ p’
> aiW(f)i+ Zb W(g Z aia;B(fij + D bibB(9)i
i=1

4,j=1 4,J=1
2 p2
+ Z aibiX(f, 9)ij + Z aibjx(g, f)j.i
ij=1 ij=1

ay

— (a1, .. a0 (2 B(f9)) | ap
_( Lyeesp ,blw"vbi’)(Z(g,f) ¥(9) ) by

by

Hence, since a square matrix is uniquely defined by its corresponding quadratic forms, it follows that
V(f, g) is the covariance matrix of the vector

(W)t s W) W1, W (a)2) -

Hence, V(f, g) is symmetric non-negative definite.

Let us now prove (A3). We have, from Lemma B.1 and the proof of Proposition B.2, that A, (R) and
p1{Tap(fr)} are bounded as n — oo for r = 1, 2. Hence, (A3) is a consequence of Theorem B.1. Finally,
M{V(f1, f2)} is bounded as n — oo because each component of V'(f1, f2) is bounded asn — co. O

Our objective is now to prove Proposition 4, which is a central limit theorem for f( f)—97 1t and

A(S) = A(S).
There is an equivariance property in Definition 1 that we will exploit. More precisely, let Dy =
D(0,0) = I, and let

ﬁozn*IZZ(s Z(s;)"
i=1

For f : R — R, let
and

Let T{Dy, D(f)} and A{Dy, D(f)} satisfy the following modification of Definition 1:

T{Do, D(f)}Dol{Do, D(f)}" =1, and T{Do,D(f)}D(f)T{Do, D(f)}" = A{Do, D(f)}.
(A4)
where A{DO, ( )} is a diagonal matrix with diagonal elements in decreasing order. Then, we can show
that

T{Mo, M(f)} = T{Do, D(f)}2" and A{Mo, M(f)} = A{Do, D(f)} (A5)

satisfy Definition 1. The above display is the equivariance property that we will exploit. That is, we will
first show a central limit theorem for I'{ D, D(f)} — I, and A{Dqy, D(f)} — A(f) in Lemma B.4. Then,
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we will use the equivariance property (AS5) to obtain, directly, a central limit theorem for f( f)—9Q tand
A(f) — A(f) in Proposition B.4.

In the next lemma, we first show a central limit theorem for Dy — I, and D(f) — D(f). Recall that
vect(M) = (IT,...,17)" where [T, ..., [] are the k rows of a matrix M. Recall also the notation fj(z) =
I(x =0).

LEMMA B.2. Let Conditions Al and A2 hold. Let f : R — R satisfy Condition A3. Let

v nl/QvectA(ﬁo — Dy)
"=\t 2veet(B(f) - DY)

Let V(f) be as V(fo, f) in Proposition B.3 but where R is replaced by cov(z) where z is the np x 1
vector defined fori =1,...,n, j =1,...,p, by 2(i_1)p+; = Z;j(8i). Let Qstn, be the distribution of Y,,.
Then we have

dw[QSl‘,naN{Oa V(f)}} =0
Furthermore, \;(V (f)) is bounded as n — oc.

Proof. The proof is identical to the proof of Proposition B.3. We remark that, with the notation of the
proof of Proposition B.3, W (f,.) = n!/?vect{ M(f.) — M(f,)}, forr =1,2. O

Now, we show, in Lemma B.3, that the transformation given by (A4), that defines I'{Do, D(f)} and
A{Dy, D(f)} from Do and D(f), is asymptotically linear, so to speak. This will allow us to transfer the
central limit theorem for Dy — I, and D(f) — D(f) into a central limit theorem for I'{ Dy, D(f)} — I,
and A{Dy, D(f)} — A(f), for an appropriate choice of I'{Dy, D(f)}. This argument is similar to the
delta method in asymptotic statistics.

We will need the following notation. We let D(k) = {1+ (i —1)(k+1);i =1,...,k}. We remark
that {vect(M);;i € D(k)} = {M,;;i=1,...,k} for a k x k matrix M. Let Dy = {1,...,k>}\Dy.
We remark that {vect(M);;i € D(k)} = {M;  ;i,j=1,...,k,i#j} for a k x k matrix M. For
a€{l,...,k*}, let I;(a) and Ji(a) be the unique i,5 € {1,...,k} so that a = k(i — 1) + j. For
i€ {l,...,k},letdy(i) = 1+ (i — 1)(k + 1) and note that {vect(M)g, ;i =1,...,k} = {M; ;i =

., k}forak x k matrix M. For a matrix M of size k x k, recall that diag(M) = (M7 1,..., Mpx)".

LEMMA B.3. Let Conditions Al and A2 hold. Let f : R¢ — R satisfy Condition A3. Assume that
Assumption 8 holds. Remark then that there exists ny € N such that for n > ng the diagonal elements of
D(f) are strictly decreasing. Write these diagonal elements as A1 > ... > \,. For n > ng, let A be the
p? x p? matrix defined by

~1/2 for i=j € D(p),
Aij =91 -0 =A@t for i=j & D(p),
0 otherwise.

Let B be the p* x p? matrix defined by

B _ {{Alp(i) — A}t for i=j € D(p),
Z,] -

0 otherwise.

Let C be the p x p? matrix defined by

0o, = {—)\i for j = d,(i),

0 otherwise.
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Let D be the p x p? matrix defined by

D, = {1 for § = dy(i).

0  otherwise.

Then, with probability going to one as n — oo, there exist F{Do, ( )} and A{Do, ( )} satisfying
(A4). Furthermore, T{Dy, D(f)} can be chosen so that as n — oo,

n'/2(vect[T{Do, D(f)} - I,)) :<AB> n'/2{vect(Dy — Do)} +op(1).
n'/2(diag[A{ Do, D(f)} - D(f))) C D) \n'[vect{D(f) - D(f)}]) "

Proof. Let us assume that n > n( throughout the proof. From Proposition B.2, with probability going
to one, the eigenvalues of D_l/ 2D( f )DO_ /2 are distinct In the rest of the proof we set ourselves on the

event when this is the case. Then, choose I' = F{DO, ( )} and A= A{DO, D(f)} satisfying (A4) and
such that

P
erzo (i=1,...,p). (A6)
j=1

We remark that T and A indeed exist, since when I'{Dy, D(f)} and A{Dy, D(f)} satisfy (A4), one can
multiply each row of T'{Dg, D(f)} by 1 or —1 and still satisfy (A4).

Let
T — n'/2vect(T' — I,)
P \n'2diag{A - D(f)}

o (AB n'/2{vect(Dy — Do)}
>~ \¢ D) \n2[vect{D(f) — D))} ]
Assume that T3 — T5 + 0 in probability when n — oo. Then there exist € > 0 and a subsequence n,,, —
oo so that along n,,

and

P(|Ty =T > €) > e. (A7)

One can show, as for the proof of Proposition B.2, that limsup A\;{D(f)} < +oo when n — occ.
Hence, up to extracting a further subsequence, we can assume that when n,,, — 0o, D(f) — Doo(f),
where Do, (f) has distinct, decreasing, eigenvalues.

From Lemma 4.3 in Sun & Sun (2002), since D_l/2 OQ(f)DO_l/Q = Do (f) is diagonal, there exists

a sequence of random orthogonal matrices U,, such that U, D0 L/ 2D( f )ﬁa 1/ QUgm = A, is diag-
onal and goes to Do, (f) in probability and so that U,,,, — I, in probability when n,, — co. Hence,

the palr (Uan_l/ 2 An) satisﬁes (A4) with probability going to one. Furthermore, all the matrices

T'{Dy, D(f)} for which T{Dy, D(f)} and A satisfy (A4) satisfy T{Do, D(f)} = SU,.,. Dy /2 where S
is a diagonal matrix with diagonal elements equal to —1 or 1. Hence with probability gomg to one, we

must have S = I,, for (A6) to be also satisfied. Hence, with probability going to one, = U, D_l/ 2,

Hence we have finally obtained I’ — I, and |A — D(f)| — 0 in probability when n,, — cc.
The rest of the proof is similar to those given in Ilmonen et al. (2010a) and Miettinen et al. (2012). By
definition of T and A we have
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Hence
(T' — 1,) Dol + (Do — L,)T™ + (I' = )" = 0 and
(T = L,)D()I™ + {D(f) = D(FIT™ + D(f)(T ~ 1,)* = & - D(f).

Also, from Lemma B.2, we have n,,/2(Dy — I,) = O,(1) and n,, '/2{D(f) — D(f)} = O,(1). Thus,
we get

nm?(Do — I,) = —np /*(T = I,) — 0 /?(T = I,)" + 0,(1) and
nn 2 {D(f) = D(f)} = =12 = L)D(f) = 2D(f) (T — )" + 12 {A — D(f)} + 0,(1).
This then yields
nml/Z(fii — 1) = —%nml/Q(ﬁoﬂ',i - 1) + 0p(1)
()\1 — )\j)nml/zfi’j = nml/zﬁ(f)iyj — )\inml/2ﬁ0?i’j + Op(].), ) 7é j, and
2 (Rii = Ai) = /2 {D(f)isi — M} = N /(Do — 1) + 0p(1).
This is in contradiction with (A7), by definition of A, B, C' and D. Hence the proof is finished. 0

From Lemmas B.2 and B.3, we now obtain a central limit theorem for F{DO, D(f )} — I, and
A{Do, D(f)} — A(f). Note that A(f) = D(f).

LEMMA B.4. Assume the same conditions as in Lemma B.3 and let ng be defined as in Lemma B.3.

Let, for n > ny,
A B
i=(en)
from Lemma B.3. For T{Dy, D(f)} and A{Dy, D(f)} satisfying (A4), let

[ vect[F{Do, D(f)} — I
" diag[A{Mo, M(f)} — D(f)]

Let Qn be the distribution of X,. Let V( f) be defined as in Lemma B.2. Then, we can choose
F{DO, ( )} and A{DO7 ( )} satisfying (A4) such that when n — oo,

duw{Qn, N(0,GV (f)G™)} — 0.

Proof. The lemma is a direct consequence of Lemmas B.2 and B.3. The proof is carried out by contra-
diction, by taking subsequences along which the bounded sequences of matrices G' and V'(f) converge,
and by applying Slutsky’s lemma. O

We now use the equivariance property (A5) to conclude.

PROPOSITION B.4. Assume the same conditions as in Lemma B.3. Let V (f) and G be defined as in
Lemmas B.2 and B.4. Let Mq-1 be the p> x p? matrix defined by

Q@ Y@ i Ip(a) =1,(b),
0 if I(a) # I,(b).

Let Mq—1 be the matrix of size (p> + p) x (p? + p) defined by

- Mg-1 0
= (55

(Mﬂfl)a,b - {
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For F{MO, M(f )} and A{MO, M(f )} satisfying Definition 1, let

X, = i/ <Vect[F{MO, M(f)} —Q~ ])
diag[A{Mo, M(f)} — A(f)]

Let Q,, be the distribution of X,,. Let, for n > ngy with ng as in Lemma B.3,
F = Mo 1GV(f)GTMS_..
Then, we can choose F{MO, ( )} A{MO, ( )}, satisfying Definition 1, so that when n — oo,
dw{Qn, N(0,F)} — 0.

Proof. The proof directly follows from Lemma B.4 and from (AS5). Indeed, for F{ﬁo, A( D(f)} and
A{Do, ( )} satisfying the central limit theorem in Lemma B.4, we can choose F{MO, M( f)} and
A{Mo, ( )} satisfying Definition 1 and such that

<Vect[F{M0, ()} -0 ]) i ( veet[T{Do, D(f)} — 1, >
diag[A{Mo, M(f)} — D(f)] diag[A{Do, D(f)} = D(f)]

We also remark that A(f) = D(f). O

B.5.  Proof of Proposition 5
We let D(f) = Q7'M (f)Q2~" for f : R? — R. We restate Proposition 5 and prove it.

PROPOSITION B.5. The unmixing problem given by f1,..., fr is identifiable if and only if
for every pair i#3j, i,j=1,...,p, there exists 1 =1,....k such that {Q M (f)Q "}, #
{Q I M(f) "}

Proof of Proposition B.5 (Proposition 5). We have that I satisfies (6) if and only if

k- »p
rae argmax Z Z{I;D(fl)lj}2. (A8)
L:LLT=I, =1 j=1
L hasrows T, .. IT

If the condition of the proposition holds, then only orthogonal matrices of the form PSS satisfy (A8), with
the double sum being equal to

k P
ZZD 3 INE

=1 j=1

where P is a permutation matrix and S is a diagonal matrix with diagonal elements equal to —1 or
1, see the end of the proof of Lemma B.5 below. Assume now that there exist ¢ # j, i,j =1,...,p,
such that for [ =1,...,k, {Q M (f)Q "}, = {Q ' M(f,)Q~"}; ;. Without loss of generality, as-
sume that ¢ = 1 and j = 2. Then consider the p x p block diagonal matrix () with first 2 x 2 block equal
to {(271/2,271/2)7 (271/2) _271/2)T} and second (p — 2) x (p — 2) block equal to I,,_». Then one can
show that Q satisfies (A8). In this case, I' = QQ ! satisfies (6), and is not of the form PSQ . O

B.6. Asymptotics when diagonalising more than two matrices

LEMMA B.5. Let Conditions Al and A2 hold. Let k € N be ﬁxea’ Let fl, ooy fr : RT = R satisfy
Condition A3. Assume that Assumption 9 holds. Let T' = F{DO D(f1),...,D(fx)} be such that

I'e argmax Z Z{’yj (f)vi )2 (A9)
r:rDe =1, =1 j=1
T has rows 7 ,....vy
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Then we can choose T so that T' — 1, in probability when n — oco.

Proof. Let, for U a p x p orthogonal matrix with rows u],...,u}

p?
k
1/2 5 —1/2
DR NTLRETEE
=1 j=1
Let
Ey = {U orthogonal with rows u],. ey
p p p
Zj(ul)? <. < Zj(up)? and for ¢ = 1""’p’ZUiJ > 0}.
=1 =1 =1

We observe that any orthogonal matrix can be obtained from a matrix in Ep, by row permutation and
row multiplication by 1 or —1. Hence, for any n, there exists U so that U € argmax;cp, §(U) and

050—1/2 satisfies (A9).
We now aim at showing that U — I,, in probability as n — oo, which will conclude the proof since

lA)O — I, in probability. Assume that this is not the case. Then, there exists ¢ > 0 and a subsequence
(7 )men so that for all m € N and along n,,

pr(|U = Illr > €) > e. (A10)

The matrices D(f1), ..., D(f;) are bounded (this can be shown as in Proposition B.2). Hence, by com-
pacity, up to extracting a further subsequence, we have that (A10) holds along n,,, and, as m — oo and

along 1y, D(f1) = Doo(f1)s- -+ D(fx) = Doo([fx)-
We let

k p
:ZZ{ fl uj}
=1 j=1

We have, from Proposition B.2 and as observed in Miettinen et al. (2016), that, as m — oo and along n,,,,

sup [g(U) — goo(U)[ = 0
UeUy

in probability as m — oo. Hence, using a standard M-estimator argument and because E is compact, if
the unique maximum of g, on Ej is I, we obtain that, as m — oo and along n,y,, U— I, in probability.
This is contradictory to (A10).

Hence, to conclude the proof, it suffices to show that the unique maximum of g, on Ej is I,. We have

k
9oo(U) = Y I Dac (f)U 3 = D AU Dac(f)U}:, (A11)

=1 i#£]

< ZHUT (U7

= Z 1Doo (f)7-
=1

Also,

k P k
)= D> Doolf)]; =D 1D (Sl
=1 j=1 =1



Spatial blind source separation 31

We next show that the identity matrix I, is the unique maximizer of g, in Ey. To see this, consider an
arbitrary orthogonal matrix U which maximizes g... From (A11) we see that U" D, (f;)U is a diagonal
matrix forall/ = 1, ..., k. Then, by its non-singularity, the matrix U must have a column with a non-zero
first element. Call the first (from the left) such column of U by u. We show that all other elements of u
must be zero. By the previous, u is an eigenvector of all Do, (f;) and we have,

Doo(fi)u = u, foralll=1,... k,

for some eigenvalues ¢; € R, [ = 1,..., k. Assume then that v has a second non-zero element at some
arbitrary position g # 1, meaning that both u;, uq 7# 0. Then we write

Doo(fi)iiur = Yur and Do (fi)g,quq = Yiug, foralll=1,... k,

which in turn implies that Do (fi)1,1 = Doo(f1)q,q foralll =1,..., k. By a continuity argument, this is
a contradiction with Assumption 9. As the choice of ¢ was arbitrary, the only non-zero element in  is the
first. Repeating now the same reasoning for other elements besides the first, we observe that each column
of the maximizer U must have a single non-zero element, and by its orthogonality we have U = PD for
some permutation matrix P and some diagonal matrix D with diagonal components in {—1, 1}. The only
matrix of that form belonging to Ey is I,, and thus, for all U € Ey with U # I,,, we have g(U) < g(I,).00

LEMMA B.6. Assume the same setting and conditions as in Lemma B.5. For a diagonal matrix A, let
A=Ay, Let Ay, Ay, ..., Ay and B be p? x p? matrices defined by, for n > ng with the notation of
Assumption 9,

—1/2 for i = j € D(p),
Ao =4 — Zf:l{D(fl)Ip(i) —D(f)) 5,0y P(fi)1,y for i=3 & D(p),
0 otherwise,
forl=1,...,k
Ay, = PUne = DUs,e  for i=3 & D),
" 0 otherwise,
and

1 for i=j € D(p),
Bij =< S AD(f)r,e) — D(f)s,@}2)~" for i=j & D(p),

0 otherwise.

Then, asn — oo, there exists T satisfying (A9) so that

nl/Qvect(ﬁo — Dy)

1/24, N B
n!/?vect(T — I,) = B (Ag Ay ... Ay) n ect{D(fl) D(f1)}

nl/Qvect{ﬁ(-fk) — D(fr)}

Proof. Assume that n > ng throughout the proof. Let r satisfy (A9) and r— I, in probability when
n — oo (the existence follows from Lemma B.5). The proof of the lemma follows the proofs of ii) in
Theorem 2 of Miettinen et al. (2016) and Theorem 3 in Virta et al. (2018) and as such, we present below
only some key steps. R R

From Lemma B.2, we have n'/?(Dy—I,) = O,(1) and n'/2{D(f;) — D(f;)} = O,(1), for
all I=1,...,k. By a continuity argument and our assumptions, we further have D(f;) —
Doo(f1), .. D(fx) = Doo(fi) such that the limit matrices satisfy: there exists a fixed ¢ > 0 so that for
every pair i # j, 4,5 = 1,...,p, there exists [ = 1,..., k such that | D (fi)ii — Doo(f1);,5] > 6. The
previous convergence holds up to extracting a subsequence. We omit this step in this proof for concision,
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but see the proof of Lemma B.3. Finally, the rotation U so that T’ = [Afﬁo_ /2 also satisfies U — I, in
probability.
Then, as in Virta et al. (2018), the maximisation problem,

k p

AN-1/2 R AN—1/2
argmax E E {UJTDO /D(fl)Do /uj}Qv
v:uU" =1, =1 j=1

U has rows «7,...,ul

yields the estimation equations n'/2Y = n!/2Y'T, where

k
n'?Y =n'/? Y UR(f)U Diag{UR(H)U"},
=1
where we have used the shorthand ﬁ( fi)= Bo_ L/ Qﬁ( fl)ﬁo_ /2 and Diag(M) is equal to the square ma-

trix M but with its off-diagonal elements set to zero. Linearizing the estimating equations asymptotically
and vectorizing, we arrive at the following form,

k
(1, - K) Y (IDiag{UD(R)T YU D(f) & 1] + Diag{UD(f)T"} @ D(f)]K )

=1
' ?vec(U — 1) = —(I, — K)n'/?*vec(F) 4 0,(1),

(A12)

where K is the p® x p? commutation matrix satisfying K2 = I,, n/2F = Y0 n'/2{R(f;) —

D(f1)}Doo(f1) = Op(1) and vec(M) = (cf,...,c;)" is the column vectorization where ¢y, ..., c, are
the ¢ columns of a matrix M. The orthogonality constraint can be similarly linearized to yield,
{(U® L) + K}n'*vec(U — 1) = 0. (A13)
Summing (A12) and (A13), we obtain,
An'?vec(U — I,) = —(I, — K)n'/?vec(F) + 0,(1), (Al14)

where A — A = (I, — K){(X)_, D? ® ) + (X)_, D, ® D;)K} + I, + K in probability, where we
use the notation D; = Do (f1), I =1,..., k. Using the fact that K(A® B)K = B® A for any con-
formable matrices A, B, we get the alternative form,

k k k k
A= (ZD?@IP—ZD“X)DH—IP) + (ZD@DZ—ZIP@D%JFJP) K.
=1 =1 =1 =1

Continuing as in Virta et al. (2018), each diagonal element of Uhasa corresponding 1 x 1 diagonal block
equal to 2 in A. Similarly, each pair of (a, b)th and (b, a)th off-diagonal elements in U has a corresponding
2 x 2 sub-matrix in A of the form,

k k k k
Ay = 1+ Z%:l dy, — Zi:l diadip 1 — Z}é=1 djy, + Z}é:l diadip ,
1= 30 diy + 30 diadin 1+ 300 dfy — 200 diadun,
where dj, is the ath diagonal element of D;. The inverse of the sub-matrix is

k -t k k k k
_ L4+ >0 dy — > diadiy Yo diy — > diadiy — 1
AL =125 (dia — dip)? P21 i 2= =1 %ib =14 7
' { ; D1 Al = 2oy diady — L1+ 300 diy — 30 diadu,

showing that A is invertible as by our assumptions Zf’zl(dla —dyp)? # 0 for all distinct pairs a,b =
1,...,p. Thus, by Slutsky’s theorem, we obtain from (A14) that,

n'?vec(U — I,) = =A™ 'n"?vec(F — F™) + 0,(1),
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showing that, n'/2(U — I,) = O,(1). Consequently, also n'/2(T’ — I,) = O,(1).
Finally, we next proceed as in the proof of ii) in Theorem 2 of Miettinen et al. (2016) to obtain that, as
n — oo,

n'/2(T;; — 1) = —=(1/2)n*(Dg,i; — 1) + 0p(1)
and for i # j,
DB, S {D(f)i = D)3 *{D(f1)i; — D(f1)iDo.ij}
! S {D(f)i = D))

Hence, the lemma follows from the definition of Ay, A1, ..., Ax, B. O

+ op(1).

LEMMA B.7. Assume the same settings and conditions as in Lemma B.5. Let ¥( f, g) be as in Proposi-
tion B.3 with R replaced by cov(z) where z is the np X 1 vector defined by, fori =1,....,n,j=1,...,p,
Zim)ypts = Zj(s:)- Let fo(zx) = I(x = 0). Let V(f1, ..., fi) be the (k + 1)p? x (k + 1)p? matrix, com-
posed of (k + 1)? blocks of sizes p> x p* with block (i + 1), (j + 1) equal to X(f;, f;) fori,j =0,...,p

Let G be the p* x (k + 1)p? matrix defined by G = B(Ay, A1, ... Ay), for n > ng, with the notation
of Lemma B.6. Let Mq-1 be as in Proposition B.4 and let, for n > ny,

F=Mo GV (fi,..., fr)GTME ..

Then, = F{Mo, (fl) (fk)} satisfying (A9), with Do, D(f1),...,D(f ) replaced by
Mo, M (fl) (fk), can be chosen so that, with Q,, the distribution ofnl/Qvect(l" —1), we have
asn — oo

dw{Qn,N(O,F)} — 0.

Proof. The proof is the same as | that of Proposition B.4. In particular, for f{ﬁo, ﬁ(f1), ceey ﬁ(fk)}
satisfying (A9), the matrix I‘{Do, D(f1),...,D(f,)} ! satisfies (A9), with Do, D(f1),..., D(fx) re-
placed by Mo, M(f1), ..., M(fx). H

PROPOSITION B.6. Assume the same settings and conditions as in Lemma B.5. Let (fn)neN be any
sequence of p X p matrices so that for anyn € N, L, = fn{J\/J\o, ]/\4\(f1)7 cee ]\//.T(fk)} satisfies (A9), with
Do, D(f1), ..., D(fx) replaced by Mo, A(fl) A(fk) Then, there exists a sequence of permutation
matrices (P, ) and a sequence of diagonal matrices (D,,), with diagonal components in {—1,1} so that,
withT,, = D, P, I‘n, the sequence (I‘ ) satisfies the conclusions of Lemma B.5, with the limit I, replaced
by QL.

Proof. With the notation of the proof of Lemma B.5, for fn satisfying (A9), there exist P,,, D,,, as
described in the proposition, so that DnPnfnﬁé/ e Ey and DnPnfn satisfies (A9). Hence, with the
same argument as in the proof of the last part of Lemma B.5, we have DnPnfn — I, in probability
as n — co. Furthermore, as in the proof of Lemma B.7, we can show that Dnanlan’1 satisfies the
conclusion of this lemma. The proof is concluded by observing that any matrix I" satisfies (A9), with
Do, D(f1),...,D(fx) replaced by Mo, ]/W\(fl), ce Z\/Z(fk), if and only if the corresponding matrix 'Q)
satisfies (A9). (]

PROPOSITION B.7. Assume the same settings and conditions as in Lemma B.5. Let (fn)neN be any
sequence of p X p matrices so that for anyn € N, L, = fn{]\//To, M\(fl), R J/\/T(fk)} satisfies (A9), with
D, ﬁ(fl), Cey ﬁ(fk) replaced by Mo, M\(fl), cey M\(fk) Then, there exists a sequence of permutation
matrices (P,) and a sequence of diagonal matrices (D,,), with diagonal components in {—1, 1} so that,
with f‘n = DnPnfn, the sequence (f‘n) satisfies the conclusions of Lemma B.7.

Proof. The proof is the same as that of Proposition B.6. (]

The results of Propositions 6 and 7 derive directly from Propositions B.6 and B.7.
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LEMMA B.8. Let Conditions Al and A2 hold. Let f satisfy Condition A3. Let X = n=1 """ | X (s;).
Let

n n

Ma(f) =n"" 300" flsi = s){ X (s0) = XHX (s;) = X}

i=1 j=1
Then as n — oo
Mg (f) = M(f) = O, (n7").
Proof. Leta,l € {1,...,p}andlet f; ; = f(s; — s;). We have

— — — — - -

Mao(f)ag = M(flag =n"" D> fii{ Xalsi) Xi(s5) — Xals:) Xi — XaXi(s) + Xa X1}

i=1j=1
_1zsz 51)X1(s5)
i=1 j=1
:_Xl{n 1ZZfz,] } X {n_lszz,]Xl
i=1 j=1 i=1 j=1
n o on
YN fii XX (A15)
i=1 j=1

Now, forg = 1,...,p, E(X,) = 0 and

var(X nQZZCOV{X i), Xq(s;)}-

=1 j=1

Also, max;—1, _n 2?:1 [cov{X,(s;), Xq(fj)}\ is bounded because of (A1) and Lemma 4 in Furrer et al.
(2016). Hence var(X,) = O(1/n) and so X, = O,(n"1/2).
Also, let

n n
:’n_lg E fi,jX S
=1 j=1

Then E(e,) = 0 and

n n

var eq QZ Zfz,j Zfb] COV{X ) ( )}

=1 b=1 j=

From Condition A3 and Lemma 4 in Furrer et al. (2016), there exists a finite constant H so that
n
igﬁgn; \fijl < H.
=

Hence

n

var(e,) < H*n™? Z Z |cov{X,(s:), Xq(s0)}

=1 b=1
=0 (nil)
as before. Hence ¢, = O, (n~1/2). Also, we have seen above that

n! Z Z | fij

i=1 j=1
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Fig. C.1: The density of n(p — 1)MDI(f)2 over 2000 replications, in solid lines, against the density of its
asymptotic approximation, in dashed lines, for different combinations of sample size and local covariance matrices.

is bounded. Hence, from (A15), we conclude the proof of the lemma. O

C. SIMULATION COMPLEMENTS
C.1. Asymptotic approximate distribution of the unmixing matrix estimator
In Fig. 3 of Section 5.2, we used only the expected value of the asymptotic approximation. In Fig. C.1

we have plotted the estimated densities of n(p — 1)MDI(I')2, in solid lines, against the densities of the
corresponding asymptotic approximations, in dashed lines, for all local covariance matrices and a few se-
lected sample sizes. The density functions of the asymptotic approximations are estimated from a sample
of 100,000 random variables drawn from the corresponding distributions. Overall, the two densities fit
each other rather well, especially for the local covariance matrices involving the ring kernel. This shows

that the asymptotic distribution of n(p — 1)MDI(I')? is a good approximation of the true distribution
already for small sample sizes.

C.2. A simulation study on individual component estimation accuracy

In this simulation, we investigate the estimation accuracies of the individual latent fields under the
spatial blind source separation model.

We use the same setting as in the first simulation study in Section 5. That is, let X (s) = QZ(s) where
each of the three independent latent fields has a Matérn covariance function with shape and range param-
eters (k, @) € {(6,1-2),(1,1-5),(0-25,1)}, illustrated in the left panel in Fig. 1. The location pattern is
taken to be the same growing pattern of nested squares depicted on the left of Fig. 2.
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Fig. C.2: Maximal absolute correlations for the first (solid red line), second (dashed green line) and third (dotted
blue line) source fields under two kernels and a range of sample sizes.

To quantify the estimation accuracies of the individual components, we use the same strategy as in
the real data example of Section 6. Let Z(s) = {Z1(s), Za2(s), Z3(s)}" = I'’X (s) contain the estimated
components for a single repetition of the simulation. For each of the three true sources, j = 1,2,3, we
record the maximum absolute sample correlation between Z;(s) and Z;(s) over I = 1,2, 3. The larger the
maximum absolute correlation, the better the source field j was estimated. R

Due to the affine equivariance of the estimators, the estimated components I' X (s) are invariant to the
choice of €, up to their signs and order. More precisely, let f(Ip) be computed from {Z(s;)}i=1....n
according to (5), let 21,) (s) = f(Ip)Z(s) and recall that T' is computed from {X(s;)}i=1,....n according
to (5). Then we have

Z(s) =TX(s) =TQZ(s) = T(1,)Q710Z(s) = T(1,) Z(s) = Z1,(s),

up to order and signs of the components. Therefore, it is without loss of generality that we may again
assume that €2 = I3. Any other choice of {2 would lead to exactly the same results.

The mean maximum source-wise absolute correlations over 2000 repetitions are shown in Fig. C.2 for a
range of sample sizes. We have used two choices of kernels, R(1, 2) and R(7,9). The first one was chosen
due to its good performance in the main simulation study and the second one to see how the individual
components are estimated under a bad choice of kernel.

The results indicate that the first and third sources are estimated almost equally well, but that the
second source is somewhat more difficult to estimate. We postulate that this is caused by its corresponding
covariance function being the middle one in the left panel in Fig. 1. That is, the first and third sources are
unlikely to be mixed with each other due to their extremal covariance functions. The second source, on
the other hand, is between the other two and can be mistaken for both the first and the third source. We
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Fig. D.1: Sampling area of the Kola data. The gray crosses indicate sampling locations.

also note in the right panel of Fig. C.2 that using an inferior choice of a kernel leads to an overall worse
estimation accuracy for all sources. Finally, on the left-hand side of Fig. C.2, we observe a convergence
to one of the maximum absolute correlation, under the appropriate choice of kernel R(1,2).

D. FURTHER DETAILS CONCERNING THE REAL DATA EXAMPLE

Figure D.1 describes the sampling area from the Kola data and Figures D.2-D.4 visualize the compo-
nents discussed in Section 6.
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Fig. D.2: The six most interesting components using the covariance matrix and B(50). Used as gold standard
following Nordhausen et al. (2015).
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Fig. D.3: The six components with highest absolute correlations with the components from Figure D.2 when jointly
diagonalising the covariance matrix and the ring kernels R(0, 25), R(25, 50), R(50, 75) , R(75,100). The
correlations to the corresponding components of Fig. D.2 are given in the legends.



Spatial blind source separation

IC1 (cor = 0.76)
A >191-3.01
4 >072-191
- >-082-0.72
= >-132--0.82
H -216--132 .

1C3 (cor = 0.77) i
A>150-434 n ]

1C5 (cor = 0.60)
4>175-314
4 >070-175
- >-0.70-0.70
= >-155--0.70
322--155

et

1C2 (cor = 0.80)
A >134-198
4>074-1

4

1C4 (cor = 0.96)
4>132-213
4>073-132

>-053-0.73
m >-2,07--053
m -399--207

1C6 (cor = 0.53)

A >172-367
4 >061-17
- >-0.61-0.61

41

Fig. D.4: The six components with highest absolute correlations with the components from Fig. D.2 when jointly
diagonalising the covariance matrix and B(100). The correlations to the corresponding components of Fig. D.2 are

given in the legends.



