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Abstract

We study Sobolev functions defined in unbounded irregular domains in the Euclidean
n-space. We show that there exist embeddings into suitable Orlicz spaces from the
space L1 1 < p < n. It turns out that the corresponding Orlicz function depends on

the geometry of the domain. The results are sharp for L%-functions.
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1 Introduction

In this paper we study inequalities

inf ||u—>b < C||VullLr(p), 1.1
be]R” ||LH(D)_ l ||L1(D) (L.1)

in unbounded irregular domains D in R”. Here the target space L (D) is an
Orlicz space and it depends on the geometry of D. The function u belongs to
L;,(D) = {u € LIIOC(D) 2| Vu| € LP(D)}. Our proof is based on engulfing D by
bounded domains D; from inside. Thus we also study bounded domains and calculate
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the constants for the corresponding inequalities so that their constants do not blow up
as diam(D;) — oo.

Although embeddings for functions defined in bounded irregular domains have
been studied systematically, see for example [13,16], unbounded irregular domains
seem to have been studied less, we refer to [10,13].

A classical example of an embedding into an Orlicz space for Sobolev functions
from the Sobolev space Wb is in [18]. But also, if the domain is irregular then an
Orlicz space can be a natural target space for functions defined in L}, as in [6,8]. For
papers where an Orlicz space is a target space when the functions come from another
Orlicz space we refer to [3,4].

To be more precise, we assume that bounded domains D; are ¢-John domains, that
is, every point can be connected to a central point of the domain by a flexible cone of
the type {(x, x') € RxR""! : |x’| < ¢(x)}. Here the function ¢ satisfies weak Orlicz-
type conditions, we refer to Sect. 2. We showed in [7, Theorem 4.4, Theorem 3.5] that
every u € L ;,(Di), can be estimated pointwise almost everywhere by the modified
Riesz potential of its gradient

() — up,| < c/ [Vui)l

— da)y, 1.2
b, o(x =y (12)

and the modified Riesz potential can be estimated pointwise by the maximal operator

H </ Lﬂ]d)) < C(Mf(x)?, (1.3)
G o(lx —yh"

where H is an N-function. This is a generalization of Hedberg’s method [9, Lemma,
Theorem 1]. In the present paper we modify the definition of ¢-John domain so that for
t > 1 the function ¢ grows linearly, we refer to (1.4). This definition keeps the class
of uniformly bounded ¢-John domains invariant but makes it possible to control the
constants in (1.2) and (1.3) when diam(D;) — oo. A proper control of the constants
is essential, since bounded domains should engulf the given unbounded domain and
the required result for the unbounded domain is obtained as a limit of the results to
the engulfing bounded domains. Then, we show that N-function H can be calculated
from the geometry of the domain.

The following theorem tells which kind of N-functions we are interested in. These
N-functions can encode and reveal the geometry of the domain.

Theorem 1.1 Let 1 < p < n. Let the continuous, strictly increasing function ¢ :
[0, 00) — [0, 00) be such that ¢(0) = lim,_, o+ ¢(¢) = 0 and suppose that ¢ satisfies
the A,-condition and the inequality %f‘) < @ whenever 0 < t; < tp. Assume that
there exists a € [1,n/(n — 1)) such that t*/¢(t) is increasing for t > 0. If

_ (1) when 0<t<1;

v = o)t when t>1,

(1.4)
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then there exists an N-function H that satisfies the A,-condition, and

1
11

o
e

where the implicit constant depends only on n and p.

H‘l(t) ~ for t >0,

By Theorem 1.1 we prove as an intermediate step the Sobolev-type inequality (1.1)
for functions defined in bounded ¢-John domains D;, in Theorem 4.1 (1 < p < n)
and Theorem 4.2 (p = 1). These results seem to be new and they recover some known
results when p = 1. By using these bounded domains’ results we obtain our main
result for unbounded domains.

Theorem 1.2 Assume that the function ¢ satisfies the conditions (1)—(5), with Cy, =1
in the condition (4), from the beginning of Sect. 2. Assume that there exists « €
[1,n/(n — 1)) such that t* /(t) is increasing for t > 0. Let the function \ be defined
asin (1.4). Let D in R", n > 2, be an unbounded domain that satisfies the following
conditions:

(a) D =U2, D;, where |Dy| > 0;

(b) D; C D1 foreachi;

(c) each D; is a bounded ¢-cigar John domain with a constant cj.

Let1 < p < n. Let H be an N-function from Theorem 1.1. Then there exits a constant
C such that the inequality

inf —b <C|V ,
Jnf lu = bllpnpy = CliVullLr(p)

holds for every u € L},(D). Here the constant C depends only on n, p, Cflz, C(fz, cJ,
and diam(Dy).

We give examples in Example 4.5. Finally in Sect. 5 we show that the target space
cannot be a Lebesgue space in general.

2 John Domains

Throughout the paper we let the function ¢ : [0, c0) — [0, co) satisfy the following
conditions

(1) ¢ is continuous,
(2) ¢ is strictly increasing,
(3) ¢(0) =0,
(4) there exists a constant Cy, > 1 such that
p) _ c @(12)

] _wtz

whenever 0 < 11 < 1,
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(5) ¢ satisfies the Aj-condition i.e. there exists a constant C(f 2 > 1suchthat p(2t) <
Cﬁzga(t) for every t > 0.

We write

_ e if 0=r=<1

v oDt if t>1.

2.1)

Now, if ¢ satisfies the conditions (1)—(5), then ¥ does, too, and the constant in (4) is
the same for the functions ¢ and ¥, thatis Cy = Cy.

The definition of a bounded John domain goes back to John [12, Definition, p. 402]
who defined an inner radius and an outer radius domain, and later this domain was
renamed as a John domain in [14, 2.1].

We extend the definition of John domains following Viiséla [17,2.1] in the classical
case. Let £ in R”, n > 2, be a closed rectifiable curve with endpoints a and b. The
subcurve between x , y € E is denoted by E[x, y]. For x € E we write

¢(x) = min {Z(E[a,x]), E(E[x, b])},

where ¢(E[a, x]) is the length of the subcurve E[a, x].

Definition 2.1 A bounded or an unbounded domain D in R” is a ¢-cigar John domain
if there exists a constant ¢; > 0 such that each pair of points a, b € D can be joined
by a closed rectifiable curve E in D such that

Cig E(a,b) = U {B <x, %ﬁ’c))) ‘x € E\{a,b}} cD

where B(x, r) is an open ball centered at x with a radius » > 0 and the function ¥ is
defined as in (2.1).

The set Cig E(a, b) is called a cigar with core E joining a and b. We point out
that if D is a ¢-cigar John domain with ¢(¢) = P, p > 1, then it is a ¢-cigar John
domain with ¢(¢) = t7 for every ¢ > p. For the case () = ¢(t) =t forallt > 0,
in Definition 2.1, we refer to [17, 2.1] and [15, 2.11 and 2.13]. Note that it is crucial
that the length of the curve does not depend on the distance between the end points
a and b. In bounded uniform domains the length of the cigar depends on |a — b| but
they are much more regular than our cigar John domains, see [15].

If D is a bounded domain then the following definition from [7, Definition 4.1] for
a y-John domain gives an equivalent definition to a bounded ¢-cigar John domain.

Definition 2.2 A bounded domain D in R" ,n > 2, is a ¥-John domain if there exist
aconstants 0 < o < < oo and a point xo € D such that each point x € D can be
joined to xq by a rectifiable curve y : [0, £(y)] — D, parametrized by its arc length,
such that ¥ (0) = x, y (£(y)) = x0, £(y) < B, and
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w(t)fédist(y(t),aD) forall ¢ e [0, £(»)].
o

The point xy is called a John center of D and y is called a John curve of x.

Remark 2.3 (1) If the function v is defined as in (2.1) with the function ¢, then a
bounded domain is a ¥-John domain if and only if it is a ¢-John domain.

(2) If ¥ (t) = t, then our definition for bounded 1-John domains coincides with the
definition of the classical John domains. If 1/ (f) = t*, A > 1 then our definition for
bounded 1r-John domains coincides with the definition of the flexible cone condition
in [2].

Theorem 2.4 Let D be a bounded domain. If D is a ¥-John domain then D is a ¢-
cigar John domain. On the other hand, if D is a ¢-cigar John domain with a constant
¢y, then D is a yr-John domain with constants

v (a5 v (4 diam(D)) )
T ere(MCyle() + 1)

ﬁzmaX{MM}

2.2
@) *2

Note that when diam(D) — oo, then @« — oo with the same speed as diam(D).

Proof Assume first that D is a y-John domain with a John center xg. Let a, b € D
and let the John curves y; and y» connect them to xg, respectively. We may assume
that a, b € D\ B(xo, dist(xg, d D)), since inside the ball the points can be connected
by two straight lines going via the center of the ball B (xg, dist(xg, dD)). Let E be a
curve from a to b given by y; and y». Then,

CigE(.b)= |J B (yl(t), m/};(t)) u |y B <)/2(t), “‘g”) cD
€0, 0)] re0.L()]

and thus D is a ¢-cigar John domain.

Assume then that D is a g-cigar John domain. Let us carefully choose a suitable
John center so that the center is not too close to the boundary of D. Let x, y € D such
that |[x — y| > % diam (D). Let E be a core of a John cigar that connects x and y. Then
the length of E is at least % diam(D). Let xg be the center of E. Then

] .
-d D
dist(xo’ 8D) > w
cy
and we choose
" (4-{ diam(D))
=" 2.3)
2Cj

Hence B(xg, 2r) C D. From now on this r and the point x( are fixed in this proof.
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Fig.1 The cigar from a to xq
(the solid line), the core E (the
dotted line) and a new carrot (the @

dashed line) >

If a € B(xo, 2r), then it can be clearly joint to xg by a line segment and the claim
is clear.

Foreverya € D\ B(xp, 2r) there exists acurve E such that the cigar Cig E(a, xg) C
D (Fig. 1). Let £(E) be the length of E, then £(E) < 2 or by Definition 2.1 and (2.1)

diam(D) > L, YWE)D) _,p(DUE) 7
cy

2cy

(1 -
Note that the total length of E is at least 2r and the length of E inside the ball
B(xg, r) is at least r and thus for the points in £ N dB(xg, ) the distance to the
boundary is at least ¥ (r/2)/cj. Let us choose that

ie. 0(E) < max |2, Cfd;flﬂ} < 8.

o VB _ e 04

/2 Yo/

Since r < £(E) < B and ¥ is increasing, we have M > 1.

Let zg € E be the first point from a that satisfies zg € d B(xp, 7). We denote by y
the function so that E is parametrized by its arc length such that y (0) = a, y (ty) = zo
and y (£(E)) = xo. We replace E|[zg, xo] by the radius of the ball B(xg, r), if needed.
This new arc is written as E’. Note that £(E’) < £(E).

Since M > 1 we have forr € (0, %E(E)) that

% <Y (0) = ¥ (g (). 23)

By the choice of M in (2.4) we have

r

v(5) 2.6)

V) _
- 2

M

for all . On the other hand, for ¢t € (%E(E), to) the inequality g (y(¢)) > r/2 holds.
Hence, by (2.6)

20 < ylarn) 2.7
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fort e (%K(E), to), too. These estimates (2.5) and (2.7) give

U B <V(f), m)\B()co,r) C Cig E(a, x¢).

Mcy
1€(0,£(E"))
By (2.6) wehave ¥ (t) < M/ (r/2). By the definition of ¢ we have ¥ (r/2) < ¢(1)r/2

if r > 2, and by condition (4) the inequality ¥ (r /2) < Cy@(1)r/2holdsif 0 < r < 2.
Since Cy, > 1, we obtain

V(1) < Mp(1)Cyr/2
for all t € (0, 7p). Since ¢(1) might be less than one, we estimate

V(1) = MCy(p(1) + Dr/2.

This inequality and the inclusion B(xg, 2r) C D yield that

)
U s (y(”’ MC,(p(1) + 1)c1> <P

te(0,L(E"))

Thus, by (2.4)

cyp(DCy(p(1) + DB
v(r/2)

Y(t) < MCy(p(1) + ey dist(y (1), 0D) = dist(y (¢), D).

This means that we may choose o = M%. By using (2.3) we obtain the
final . To be sure that « < B we may choose § to be larger if it is necessary. Thus,

D is a Y-John domain with « and 8 given in (2.2). O

3 Pointwise Estimates

We proceed to prove pointwise estimates for domains which are not classical John
domains.
We note that by the condition (4) of ¢

Y(t) < Cpp(l)t forall r>0. 3.1

We recall a covering lemma from [7, Lemma 4.3] which is valid for a bounded
@-John domain.

Lemma 3.1 [7, Lemma 4.3] Let ¢ satisfy the conditions (1)—(5). Let v : [0, 00) —
[0, o0) be defined as in (2.1). Let D in R" ,n > 2, be a bounded vr-John domain
with John constants « and B. Let xo € D be the John center. Then for every x €
D\ B(xq, dist(xg, d D)) there exists a sequence of balls (B(xi, r,-)) suchthat B(x;, 2r;)
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isin D foreachi =0, 1, ..., and for some constants K = K («, dist(xo, D), B, ¢),
N = N(n), and M = M (n)

Bo = B(xo, 4 dist(xo, 8D) );

Y(dist(x, B;)) < Krj,andr;i — 0 asi — 00,

no point of the domain D belongs to more than N balls B(x;, r;),; and
|B(xi, ri) U B(xit1, rig1)| = M[B(xi, ri) N B(Xiq1, rit1)].

Proof The proof is in [7, Lemma 4.3]. We recall only the proof of the inequality
Y(dist(x, B;)) < Kr;, since we have to show that constant K does not blow up when
diam(D) — oo.

Letx € D\B(xp, dist(xg, dD)). Let y be aJohn curve joining x to xy, its arc length
written as /. We write B(/) = B(xo, }t dist(xg, 8D)) and consider the balls B(/) and

B(y(t), %dist (y(t), 0D U {x})), where 7 € (0,1).

By the Besicovitch covering theorem, there is a sequence of closed balls Bi, Bé, .
and B that cover the set {y(r) : t € [0,[]}\{x} and have a uniformly bounded
overlap depending on n only. We write B(x;,r;) = 2Bl.’ foreveryi =0,1,2,...,
where x; = y(t;), t; € (0, 1), ro = 4 dist(xo, D), and r; = % dist (x;, 9D U {x}).

By the fact that ¢ is an increasing function and by the definition of 1/-John domain
we obtain

. cBro
Y dist(x, Bo)) = ¥ ) = ¥ (B) = Cop(Df = g =,

Let us suppose then thati > 1. If r; = % dist(x;, x), then by (3.1) we obtain
Y (dist(x, B(x;, 1)) < Cpp(l)dist(x, B(x;, ri)) < 2Cy@(L)r;.

Ifr; = % dist(x;, 0 D), then the fact that ¢ is increasing and the definition of a ¥/-John
domain give

¥ (dist(x, B(x;, 1)) < ¥ (dist(x, x;)) < ¥ () < b dist(y (t:), D) < %ri'
o

O

Remark 3.2 (1) The constant K in the previous lemma can be chosen to be K =
Tl 2C, (1), 2

max{ g amy > 2Coe (D), )

(2)If D is ap-cigar John domain and the John center has been chosen as in Theorem 2.4,

then
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_
dist(xo, aD)

w(ﬁxp(% diam(D)))

cy diam(D)
max \ 2. — e ohemTD e s
1 8cs
S —> max ) 2
2 (4 diam(D)) 2¢;Cole(D+1) o(1)
and
1 1 ai
max {2 Ilf(“’w(“dlamw))) ¢, diam(D)
’ CJCWP(I)(‘P(I)'F]) ’ (1) 3
5 163 Cy(p(1) + 1)
L — max {1, 2
o w(ﬁw(ﬁdiamw)» o (D)

cjCop () (p(D)+1)
as diam(D) — oo.

We recall the following definitions. Let G be an open set of R”. We denote the
Lebesgue space by LP(G), 1 < p < oo. By L},(G), 1 < p < oo, we denote
those locally integrable functions whose first weak distributional derivatives belongs to
LP(G), thatis, L},(G) = {u € L},.(G) : |Vu| € LP(G)}.By W"P(G),1 < p < o0,
we denote those functions from L”(G) whose first weak distributional derivatives
belongs to L?(G), thatis, W'-P(G) = {u € LP(G) : |Vu| € LP(G)).

Theorem 2.4 and Lemma 3.1 give the following pointwise estimate which we recall
from [7, Theorem 4.4].

Theorem 3.3 Let ¢ satisfy the conditions (1)—(5). Let ¥ : [0, 00) — [0, 00) be as
defined in (2.1). Let D in R" , n > 2, be a bounded ¢-cigar John domain with a John
constant cj . Then there exists a finite constant C and xo € D such that for every
u e L% (D) and for almost every x € D the inequality

Vu(y)l
|M(X) - MB(xo,dist(xo,aD))| = C/

———dy
Dy (jx —yl)"!

holds. Here C = ¢ (n ¢s,Cyp, Co2, @(1), min { diam(D), 1})

We recall the definitions of N-functions and Orlicz spaces.

Definition 3.4 A function H : [0, oo) — [0, 00) is an N-function if

(N1) H is continuous,

(N2) H is convex,
(N3) lim, o+ 22 = 0 and lim 00 Z2 = o0.
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Continuity and lim,_, o+ @ = 0 yield that H(0) = 0.

Convexity yields that @ < @ for 0 <t < s and thus H is a strictly increasing
function.

By the notation f < g we mean that there exists a constant C > 0 such that
f(x) < Cg(x) for all x. The notation f ~ g means that f < g < f.

Two N-functions H and K are equivalent, which is written as H >~ K, if there exists
m > 1 such that H(t/m) < K(t) < H(mt) for all + > 0. Equivalent N-functions
give the same space with comparable norms. We point out that H ~ K if and only if
for the inverse functions H~! ~ K1,

We assume that H satisfies the A,-condition, that is, there exists a constant C 22
such that

H(Q21) < Cj?H(t) forall t> 0. (3.2)

The constant CFAI2 is called the Aj-constant of H.

Let G in R” be an open set.

We study the Orlicz space L (G) which means the space of all measurable func-
tions u defined on G such that

/GH(A|u(x)|) dx < 00

for some A > 0.
The Orlicz space L (G) equipped with the Luxemburg norm

lull o =inf{k >0:/ @('”“”) dx < 1}
G A

is a Banach space.
Let G in R” be an open set. Assume that f € L'(G). The centered Hardy-
Littlewood maximal operator is defined as

Mf(x) = sup ]i IOl dx,

r>0

where the function f x¢ is understood to be zero in the complement of G. We recall
the following theorem from [7, Theorem 3.5] which is applied to the function f x.

Theorem 3.5 Let ¢ satisfy the conditions (1)—(5). Let y : [0, 00) — [0, 00) be defined
asin (2.1). Let 1 < p < n be given. Suppose that there exists a continuous function
h : [0, 00) — [0, 00) such that

o0

Q@ *n"
v FyT < h(t) forall t>0. (3.3)
k=1
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Let § : (0, 00) — [0, 00) be a continuous function and let H : [0, 0c0) — [0, 00) be
an N-function satisfying the A>-condition. Suppose that there exists a finite constant
Cpy such that the inequality

H (@) + v @) 6" ™) < Cyr? (3.4)

holds for all t > 0. Let G in R" be an open set. If || fllLr(G) < 1, then there exists a
constant C such that the inequality

|f DI )
H ——————dy | = C(Mf(x))” (3.5)
< G ¥(lx —yhr-!
holds for every x € G. Here the constant C depends on n, p, Cy, Cy, and the
A»s-constants of ¢ and H only.

Our goal is to find a formula which would give all suitable functions H. Examples
of some of these functions were given in [7, Section 6].

Here we do the preparations to find H. Assume that there exists @ € [1,n/(n — 1))
such that r* /(¢) is increasing for ¢ > 0. This yields that % /v (¢) is increasing, too.
Under this condition inequality (3.3) holds: Since

ey @tk @ ket
Y(2~kyn=1 7 kpyati=D -y (p2kyn-1
ra=1 i
< (szt)nfot(nfl)— — 2fk(nfoz(nfl)) ’
- Y () T
we have
> (zikl‘)n " pa(n—1)
Z — g = Cn,a)———, where C(n, @) = 5 —————.
k=1 Y(2=r)n Y ()" (=T

Let us define the functions 4 and § such that

n

t
W and 8(t):t_5 forall r > 0.

h(t) =C(n, a)

Then,

L

RSO+ (@) (G0 = h (ff) oy (ff)l_" (m )"(17)
_ Cn,a)t™? P (Cna)+ D'

AN NG N
P el )
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Fig.2 The function F is not
necessary convex

If we choose

(€, ) + DEP)=P (Cn, ) + e

—1 —
F () w((;l/p)—5>n_l Iﬂ(l‘_%)n_l

and assume that the inverse function of F ! exists, that is (F _1)_1 =: F exists, then

RSO+ ¥ ) G0 = F1P)

and thus
F (h((S(t))t 4 w(s(z))l—”(s(z))”“‘f?)) —F (F‘l(tp)> =P

Unfortunately, there is a problem with this function F' to be a suitable function H;
namely, the function F' is not necessary convex. For example, if n = 2, ¢(t) = t%,
and p = 1.9, then the function F is not convex, see Fig. 2. The angle at the point
(1, F~1(1)) comes from the angle of v at the point (1, v (1)). Our main theorem,
Theorem 1.1 in Introduction, corrects this point: we show that there exists an N-
function H that is equivalent with F'.

Proof of Theorem 1.1 Let us write that

F'4)=

for > 0 and F~'(0) = 0. Let us first show that F~! is strictly increasing. We recall
that if ¢ satisfies condition (4), then v does too, and the constant is the same for both
functions. We have
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n—1 n—1

(™) i @

SPNEEIES (G N G0l
o= en) e

1_1

Since p < nthe functiont — ¢7 7 is strictly increasing. Since the function ¢ +— o
is strictly decreasing, condition (4) with Cy, = 1 yields that ¢ — (t_%) / 1//(1:_1/ ™ is
strictly increasing. These together yield that F~! is strictly increasing.

This yields that the function F' exists and is strictly increasing.

Let us show that lim,_, o+ F~!(r) = 0. Since p < n we obtain

EYE

n—1,1_
lim F~'(t) = lim — lim ()™ 7 Tp 7l =0,
t—0t t—0t t—0t

Let us show that lim,_, o, F~!(f) = oco. Since /¢(t) is decreasing, by the condition
(4), and by p < n we obtain

n—1
L1 1 1_1

. —1 . r . 1_1 t n . tp n
thm F (t)=thm ﬁztllm tron | —— Z[hm W:oo.
—00 —00 _1I\n— —00 —= —00 -

1//<t n) v (t ) ¢

We have shown that F~1 : [0, c0) — [0, 00) is bijective.

Let us then study the condition

F(s F(t
£<¥ for 0 <s <t. 3.6)
s

Since F~! is a strictly increasing bijection, inequality (3.6) is equivalent to

S t
Fl(s) ~ F 1)

Since t“/@(t) is increasing, then () /t* is decreasing and v (¢) /t“ is decreasing, too.
We note that 1 — or(anl > 0, since & < -25. We obtain

n—1

5 1o yn=l 5 1 ewen [W (S_
52 ”I/f( ) =P —

it n—1 it n—1
a-n [ ¥ (S " 1 (n=1) t ")
+1-g=D 1— Ly e t

_1
! P <t

=39S

and thus inequality (3.6) holds.
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Let us then show that F~'(cs) > 2F1(s) for all s > 0 with ¢ = 27-5. The
inequality F “Les) = 2F1(s) is equivalent to

v ((@*’t)l"_ ! ((&)"1)1"_ |
G

By the condition (4) of ¢ and the inequality p < n, we obtain

n—1
s ) 1\ 71+
cs

[\)
<
/N
—~~
(‘lH
a
N—
=
= = [ N
3
|
[\)
<
VS
—~
S|~
N—
=

IA

The inequality F-! (cs) > 2F () yields that F satisfies the Aj-condition. Let us
write F(t) = s. Then F~!(s) = r. Since F is increasing, we have

FQ2t) = FQF~'(s)) < F(F'(cs)) = ¢cs = cF(1).

Since F satisfies As-condition it is finite everywhere and hence (3.6) yields that
F0) = limy_,o+ F(s) = 0 and lims_, o F(s) = oo. Since i is continuous, we
find that F~1 is continuous on (0, co) and hence also F is continuous on (0, co) and
moreover on [0, 00).

Histo has shown in [11, Proposition 3.1] that if f : [0, 00) — [0, 00) is left-
continuous, f(0) = limg_,o+ f(s) = 0, limg_ 0 f(s) = oo and x — f(x)/x is
increasing, then f is equivalent to a convex function. We obtain that F' is equivalent
to a convex function H. Here the implicit constant depends only on the constant in
the A»-condition, that is, it depends only on # and p.

Using lim,_, o+ F~!(t) = 0 and the bijectivity, we obtain

] 1 n—1
(@)
F(t t ! 1, n-l
lim o _ lim ———= lim 1 = lim ()" ' =0
=0+t f —0t F=1(t) =0+ (1)1—; Ot
t
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and thus also lim,_, o+ @ = 0. This gives that H is right continuous at the origin.

Since F satisfies Az-condition so does H and thus it is finite everywhere. Thus by
convexity the function H is continuous on [0, 00).

Since ¢(1)/t is decreasing and & < -, we obtain
F(t t 1 N
fim £ _ fim — lim £ w(fﬁ)
t—oo t t—00 F_l(t) t— 00
1 n—1
1 a1 (p(t_ﬁ) 1, am-1 D\ !
—gim 2 [ 2 s g o (2D
t—>00 <t7nl) t—>00 1o
= 00.
Since the functions F and H are equivalent, this yields that lim;_, o, @ = 00. Thus
we have shown that the function H satisfies the conditions (N1)—(N3). m|

Remark 3.6 Later it is crucial that

1 19
- Ly tr I e
H™'(1) ~ = — =) "t

o ()

_hp_
for 0 < ¢t < 1. Namely, for every ¢ the function H satisfies H(¢) & t"-» whenever
0<r<l.

Example 3.7 Functions ¢(t) = 1%/ logf(e+1/t),a € [1, n"Tl) and B8 > 0, satisfy the
assumptions of Theorem 1.1.

Theorems 1.1 and 3.5 yield the following result.

Theorem 3.8 Let D be an unbounded or a bounded domain in R", n > 2. Let 1 <
p < n. If H is the function from Theorem 1.1 and || f||r(py < 1, then there exists a
constant C such that the pointwise estimate

H( Lf )

=yt dy) < C(Mf(x)F

holds for every x € D. Here, M f is the Hardy—Littlewood maximal operator of f and
the constant C depends on n, p, and the A>-constant of H only.
As a corollary we obtain from Theorems 3.3 and 3.8:

Corollary 3.9 Let 1 < p < n. Let the function H be as in Theorem 1.1. If D is a
bounded ¢-cigar John domain with a constant cj, then there exit a constant C and a
point xo € D such that the pointwise estimate

H (|u(x) — up(x.distiro, a0y |) < C(M[Vul(x))?
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holds for all u € L},(D) with |Vullpr(py < 1 and for almost every x € D. Here the
constant C depends on n, p, Cy, ng, CwAz, ¢y, (1) and min { diam(D), 1} only.

4 On Embeddings

Corollary 3.9 is essential in the proofs of the following Theorems 4.1 and 4.2.

Theorem 4.1 (Bounded domain, 1 < p < n) Assume that ¢ satisfies the conditions
(1)=(5), Cyp = 1 in the condition (4), and there exists a € [1,n/(n — 1)) such that
t*/(t) is increasing for t > 0. Let \ be defined as in (2.1). Let D C R", n > 2, be
a bounded -cigar John domain with a constant cj. Let 1 < p < n. Then there exists
an N-function H, that satisfies Ar-condition and

1
. 1!
H (t)%—Hforallt>0,

1
oD
and there exists a constant C < 0o such that the inequality

lu —uplpnpy < CllVullLr(p),

holds for every u € L},(D). Here the constant C depends on n, p, Cﬁz, Cﬁz, cy and
min{diam(D), 1} only.

Proof Theorem 2.4 implies that D is abounded ¥-John domain. Let xo be a John center.
Let us denote B = B(xo, dist(xg, dD)). Assume that |Vu| Lrpy < 1. Corollary 3.9
yields that H (Ju(x) — ug|) < C(M|Vu|(x))?, where the constant C depends on n,
P, Cﬁz , C(fz, cj,and min{1, diam(D)} only. By integrating over D and using the fact
that the maximal operator is bounded whenever 1 < p < n, we obtain that

/ H (|u(x) — up|) dx < C/ (M|Vu|(x)? dx < c/ [Vu(x)|? dx < C.
D D D

This yields that the inequality |u — ug||;#py < C holds for every u € Lzl,(D) with
IVullzr(py < 1. If [VullLr(py = 0O then the function is a constant function and the
claim holds. Otherwise we apply this inequality to the function u/||Vu| r»p) and
obtain that ||u — upllpapy < ClIVullLr(py.

We may assume w.l.o.g. that ||[Vul|zr(p) 7 0. By the triangle inequality |u —
uplipapy < lu —uplipupy+ lus —uplipup). Here,

Il # (p)

D] lu —uplp(p

lup —upllpupy = lup —up| |1l p) <

1 L] a
- C” I z# oy 1Ml o ( oy

D] lu —upllpup)
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where H™ is the conjugate function of H and C is the constant in Holder’s inequality.
It is well known that |1 ”LH(D)”l”LH*(D) ~ |D| see [1, Chapter 2, Theorem 5.2].

Hence, we have shown that [[u — upll npy < ClIVullLr(p) forevery u € L},(D). O

Theorem 4.2 (Bounded domain, p = 1) Assume that the function ¢ satisfies the
conditions (1)— (5), Cy, = 1 in the condition (4), and there exists a € [1,n/(n — 1))
such that t“/@(t) is increasing for t > 0. Let  be defined as in (2.1) Let D C R",
n > 2, be a bounded ¢-cigar John domain with a constant cj. Then there exists an
N-function H, that satisfies Ao-condition and

Hfl(t)% forallt >0,

1 n—1

such that the inequality
lu —upllpupy = CliVullL1(p),

holds for some constant C and for every u € L}U(D). Here the constant C depends
only on n, ng, C(pAz, ¢y, and min{1, diam(D)}.

The term min{1, diam(D)} means that the constant depends on the diameter only
for small diameters. For large diameters the constant is independent of the diameter.
O

Proof Let us consider functions u € L} (D) such that || Vu| 1y < 1. The center ball
B(xp, dist(xp, d D)) is written as B. In the proof of Theorem 2.4 we had chosen xg so
that dist(xg, 0D) > W(}T diam(D))/c;. We show that there exists a constant C < 0o
such that the inequality

/ H(lu(x) —ugl)dx <C “.1)
D

holds whenever ||Vu/| 1 D) = 1. This yields the claim as in the proof of Theorem 4.1.
Since H is increasing, we first estimate

H — d HQ2/ Y dx.
/D(|u<x> upl)dx <y @7 dx

iez /{xeD:2f<u(x)—uB|<2-/+'}

Let us define v;(x) = max {0, min{|u(x) —up| — 2f,2j]} forallx € D.Ifx €

{x e D:2/ < |u(x)—ug| <2/71}, then v;_;(x) > 2/~1. We obtain

Z / H(2/*?)dx. 4.2)
ez, {xeD:v;j(x)=27}

/ H(lu(x) —upl)dx <
D
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By the triangle inequality we have
vji(x) =1lv;(x) —j)p+ @j)pl = |vj(x) — (vj)l + |(v;)Bl

By the (1, 1)-Poincaré inequality in a ball B, [5, Section 7.8], there exists a constant
C (n) such that

(05l = ())p =f v (x) dx 5][ ju(x) — ug|dx
B

B

= C(n)IBI%][IVu(x)mx <cm)|Bl" .
B

We continue to estimate the right hand side of inequality (4.2)

/ H(Ju(x) —upl)dx
D

. / HQI?) dx
jeZ {xeD:|vj(x)—(vj)p|+C|B|~1 =2/}

< / HQ2I*2) dx + 3 / HQ?) dx
JEZ {xeD:\vj(x)f(uj)B\sz—l} A

2i-1<Cm)|B|7~"!

Jo

<> HQMdx + ) /H(2j+2)dx,
i xeDiv -2 =

(4.3)

where jo = [log(C(n)|B|n~").
Assume first that diam (D) is so large that jo < —2. When ¢ < 1, then v (r— /") =
(1)t~ by (2.1) and thus

H'(t) = = o) "

1
Iﬁ(t_l/”)”_l
Thus for < 1 we obtain that H () ~ ¢7T. This yields that
Mog(CIBI7 1)1

jo n(j n 1_
) / HQ@ydx ~|D| Y 2 CP < ol Noe(ClBIn ]
D

j==o0 j==o0

o1y -1
= C|D||B|»=T"»"" = C|D||B|
diam(D)"

( (4 diam(D))/c )"

4.4)
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This constant does not blow up when diam(D) — oo:

diam(D)" 4"c’

T — as diam(D) — oo.
(¥ (3 diam(D))/c)"  ¢(1)"

Assume then that diam(D) is small. This yields that for every jo € Z the sum

L, H (2/+2) is finite and depends on

jo ~ log (C(n) dist(xo, 8D)1_”) < log (C(n, env(d diam(D))l_").

We obtain

Jo —2 Jo
HQ/*?)d /H 2042 4 H(Q/? . (45
> /D @dx < Y JH) Y HQ@ ) <00 (45)

j==o0 j==o0 j==2

Then, we will find an upper bound for the sum

2

JEZ

/ HQ/?)dx .
{xeD:|vj(x)—(vj)p|=2/"1}

Since [|Vvjliz1(py < IVullpipy < 1, Corollary 3.9 yields that

/ H(Q2/%?) dx
jez ) XD () —(v))pl=2/~")

H(2/) dx

jez /{xeD:H(vj<x>—<vj>B)zH(2f1)}

< HQ2/*?)dx.

jeZ [xeD:CMWW|(x)3H(2.i—1)}

We choose foreveryx € {x € D : CM|Vv;|(x) > H(Zj_z)}aballB(x, ry), centered
at x and with radius r, depending on x, such that

1 .
c][ |ij(y)|dyz§H(2/_1)
B(x,ry)

with the understanding that [Vv;| is zero outside D. By the Besicovitch covering
theorem (or the 5-covering theorem) we obtain a subcovering { Bx}2 | so that we may
estimate by the Aj-conditionof H
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HQ2/t?)dx < ZZ/ H(2/1?) dx
By

/{XEDIUj(X)—(vj)B>2j1}

JEZ JEZ k=1
3 j+2 s H(2/+2)
SZZIBHH@ )5EZC|Bk|m][ Vv, (y)| dy
je€Z k=1 jeZ k=1 By
=cy [ vy idy.
jez’ D

LetEj ={xeD: 2/ < |u(x)—upg| < 2/*1}. Since |Vv;|is zero almost everywhere
in D\E; and |Vu(x)| = Zj [Vv;(x)|xg, (x) for almost every x € D, we obtain

HEI*?)dx < C / Vu()ldy <C.  (46)
D

jeZ /{XED:lv.i(x)(Uj)B|22-f—1}

Estimates (4.3), (4.4), (4.5) and (4.6) imply inequality (4.1). O

Remark 4.3 In Theorem 4.2 the N-function H is the best possible in a sense that

it cannot be replaced by any N-function K that satisfies the Aj-condition and

. K
lim; _, o0 % = o0.

In [7, Theorem 7.2] we have shown that the corresponding embedding in Theo-
rem 4.2 does not hold if

. 1
lim t"K [ ———— | = o0.
t—0t (p(t)"_l

This is valid for this function K. By the definitions of #~! and ¥ we obtain that

1 1 1 K(H™!
lim K ——— )= lim ~ K| ———— | = lim w:oo,
)"

0+ T s—>o00 p (S_nl)n—l s—oo H (H*I(s))

and thus there does not exists a constant ¢ such that ||u — up ||LI((D) < cllVullLi(ps
for every u € L},(D).

Remark 4.4 We refer to the detailed discussion in [6,7] for the fact that our result is
optimal when p = 1.

Next we prove our main theorem.

Proof of Theorem 1.2 The proof follows the idea of the proof of [10, Theorem 4.1]. By
Theorems 4.1 and 4.2 there exists a constant C such that the inequality

lu —up;llprp;y = ClIVullrn;) 4.7)
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holds for each D; and all u € L })(D). The constant C does not blow up when the
diameter of D; tends to infinity. In the case 1 < p < n this is clear. In the case p = 1,
we refer to the discussion after (4.4) in the proof of Theorem 4.2. The constant depends
on D but this does not cause a problem.

When ||Vu|lLr(py < 1 inequality (4.7) yields that there exists a constant C < oo
such that the inequality

/ H(lu(x) —up,;|)dx < C,
D

holds; here the constant C is independent of i.
Let us write u; = up,. The triangle inequality yields that

|ui | S/[ lu(x) — uildx +/[ lu(x)| dx.
Dy D,

Since D satisfies inequality (4.7), we have u € L¥(D;) ¢ L'(D;) and thus the
second term is finite. Again, by inequality (4.7) we obtain that

Clll e pyy Clltl e+ py)
ulx)—u;ldx < Ulu—up. <—— “Vlu—up, .
][| (x) —uil D1 | I D; ||LH(D,)_ D] l D; ||LH(D,)
C|| “LH D C”l”LH* D
< — L 9u 1oy < ——=—LUYVul|Lo(p) < oo
| D] [D]|

Thus the real number sequence (u;) is bounded and hence there exists a convergent
subsequence (ul ) and b € R such that Ui, —> b.

Since H is contmuous lim; o0 s H(|u(x) —uj; |) = xp H(Ju(x) — b]). Fatou’s
lemma and the modular form of (4.7) yield that

/ H(lu(x) —bl)dx < liminf/ xp;, H(lu(x) —uj;|) dx
D j— Jp J

= liminf/ H(Ju(x) —u;;|) <liminf C =C
j—o0 D;. j—o0
J
for every u € Lloc(D) with ||Vullzr(py < 1. This yields that there exists a con-
stant C such that the inequality |[u — bl #py < C holds for every u € L! »(D)

with [|[Vullzr(py < 1. The claim follows by applying this inequality to the functlon
u/IVullLr(p)- O

Example 4.5 Let the function ¢ be defined as in Theorem 1.2. The following

unbounded domains satisfy the assumptions of Theorem 1.2:

(a) R, n>2.
(b) {(x’,xn) €R":x,>0 and |x/| < I/f(xn)}.
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Py

Fig.3 Unbounded ¢-cigar John domain that satisfies the assumptions of Theorem 1.2

© RA\({(x,9(x) e R?: 0 <x < 1}U{(x,—p(x) e R?:0 <x < 1}).
(d) The undounded domain G constructed in Sect. 5, illustrated in Fig. 3.

5 Lebesgue Space Cannot be a Target Space

In this section we give an example which shows that for certain unbounded ¢-cigar
John domains the target space cannot be a Lebesgue space. The idea is that at near the
infinity the target space should be L"?/®*~P) but local structure of the domain may not
allow so good integrability. We assume a priori that the function ¢ has the properties
(1)—(5). Later on we give extra conditions to the function ¢.

We construct a mushrooms-type domain. Let (r,,) be a decreasing sequence of
positive real numbers converging to zero. Let Q,,, m = 1,2, ..., be a closed cube in
R” with side length 2r,,. Let P,,, m = 1,2, ..., be a closed rectangle in R” which
has side length r,, for one side and 2¢(r,,) for the remaining n — 1 sides. Let Q be
the first quarter of the space i.e. all coordinates of the points in Q are positive. We
attach Q,, and P, together creating "'mushrooms’ which we then attach, as pairwise
disjoint sets, to the side {(0, x2, ..., x,) : x2,...,x, > 0} of Q so that the distance
from the mushroom to the origin is at least 1 and at most 4, see Fig. 3. We assumed
that the function ¢ has the properties (1)—(5), but we have to assume here also that
©(ry) < ry,. Weneed copies of the mushrooms. By an isometric mapping we transform
these mushrooms onto the side {(x1, 0, ..., x,) : x1, x3, ..., X, > 0} of Q and denote
them by O} and P. So again the distance from the mushroom to the origin is at least
1 and at most 4. We define

G = int (QU G (QmUPmUQ;;UP;;)>. (5.1)

m=1

See Fig. 3. We omit a short calculation which shows that G is a g-cigar John domain.
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Let us define a sequence of piecewise linear continuous functions (uy )2 | by setting

F(ry)  in O,
up(x) := { —=F(rx) in Qy,
0 in 0,

where the function F will be given in (5.2). Then the integral average of u; over G is
zero for each k.
The gradient of u differs from zero in P, U P, only and

F
[Vup(x)| = (rm)’ when x € P,, U P} .
m
Note that
/ IVuk(0l” dx =2 / ( (r’”)) = 21y (gl 2O
G Pm r’n m

We require that fG Vi (x)|? dx = 1. Hence, we define

rr;y)lfl 1/p
o = (gpir) Y

Let H be an N-function. Then,

inf /G H(lug () — b]) dx

> i

bg}g(lQmI “H(|F(rm) = b)) + 105, - H(| — F(rm) —bl))

> 1y H(F (rm)) .

Hence, we have

=1 \1/p 1/ w270\
rmH () =1 ((m(ﬁ;‘)) )>’ (2<¢<r/:, 1>> )

Thus, there does not exist a positive constant C such that the inequality infj |lu —
blipu Gy = ClIVullLr(G) could hold for all u from the appropriate space if

1 t])*l 1/p
lim ""H| = —— = 00.
t—0+ 2 <,0(t)”_1
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Assume that lim,_, o+ #/@(t) = oco. If H(t) = t4, then we obtain that the inequality
does not hold if

> np.
S —

(5.3)

Assume then that we have a sequence (s;) of positive numbers going to infinity.
For each s; we may choose points x(j) and y(j) such that the balls B(x(j), s;) and
B(y(j), s;) are subsets of the first quadrant and B(x(j), 3s;) N B(y(j), 3s;) = .
We define a sequence of continuous functions (v j);?ozl that are radially linear on
B(x(j),2s;) and B(y(j), 2s;) by setting

n—p

s; U inB(x()).s)),
)=
S = T in B, 8)),
0 in G\ (B(x(j),2s;) U B(y(j),2s))).
Now we have
_n=p |P
s, 7
/|ij|de5cs7 ! <C
G Sj

for some constant C. On the other hand, for any b € R

n—p n—p

[ Hvs 00 = by dx = CjHAs, T < b+ CspHA =5, 7 b
G

n—p

= CsiH(ls; " ).

Thus, there does not exist a positive constant Cy such that the inequality inf}, ||u —
bl # 6y = CillVullLr () could hold for all u from the appropriate space if

_n=p pn_ 1
lim s"H(s PI ) = lim snppr (—) = 00.
s—00 s

§—>00
By choosing H(t) = t4, we obtain that the inequality does not hold if

np
n—p

q < 5.4

If lim,_, o+ t/@(¢t) = oo and if there were an embedding with the Lebesgue space
L4 as a target space, then by (5.3) we would have g < % and by (5.4) we would
have g > %. Thus the target space cannot be a Lebesgue space. The target space

can be L9 only if lim,_, ¢+ t/¢(t) < oo and in this case ¢ = %. Note that the limit
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lim,_, o+ #/@(t) exists since ¢ is increasing and ¢ > 0. If lim,_, o+ t/@(t) = m > O,
then there exists #yp > 0 such that %mgo(t) <t <2me().

We point out that with our assumptions the case lim;_, o+ t /¢ (#) = 0is not possible.
Namely if lim; g+ /¢ (t) = 0, then lim,_, o+ ¢(¢)/t = oo, and this contradicts with
condition (4).

Thus we have proved the following remarks.

Remark 5.1 Let ¢ satisfy (1)—(5), and assume that lim;_, o+ /¢ (t) = oco. Let G be the
unbounded @-cigar John domain constructed in (5.1). Let 1 < p < n. Then there do
not exist numbers ¢ € R and C € R such that the inequality

inf |lu —b < C||Vu
nf I lLeG) < CliVullLrG)

could hold for all u € L},(G).

Remark 5.2 Let the function ¢ satisfy conditions (1)—(5). Suppose that lim,_, o+ #/¢(¢)
= m € (0, 00). Then, there exists o > 0 such that ¢(t) ~ ¢ forall r € (0, fp]. Let G
be the unbounded ¢-cigar John domain constructed in (5.1). Assume that there exist
numbers ¢ € IR and C € R such that the inequality

inf |lu —b < C||Vul|rr
Jnf I lLae) < CliVullLr )

1 __ np
holds for all u € L,(G). Then g = —p
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