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ABSTRACT

Cancer is one of the leading causes of death, thus opening a vast need for exten-
sive research and insights. The survival prospects, along with treatment benefits and
costs (economical or health-related), can be predicted with tools from mathematical
modelling and regression analysis. Promising results have been gained on suggest-
ing mono- and combination therapies, that could potentially improve the treatment
strategies. Furthermore, multiple biological features have been recognized as impor-
tant predictors of treatment outcome. However, since cancer remains a challenging
and unpredictable enemy, the need for more effective and personalized predictions
and treatment suggestions remains.

In this dissertation, various modelling approaches were used to predict cancer
behavior, treatment outcomes and patient survival. An ordinary differential equa-
tion model was developed to investigate the changes in the cancer cell density as
different treatment regimen were applied. In addition, we included the immune sys-
tem along with immunotherapy, since the immune response is an important part of
cancer development and has a potential to eradicate tumors. It was noted, that an
adaptive treatment resulted in lower cancer burden and less time in treatment. In
addition, combination treatments (immunotherapy with either chemo- or targeted
therapy) generally resulted in smaller cancer burden than monotherapies, however,
the potential additional side effects of two therapies have to be considered.

A metapopulation model was developed for the cancer development, in which
the focus was on emergence of angiogenesis and cancer cell emigration. We inves-
tigated, in which conditions cancer cells would become angiogenic with or with-
out treatments (anti-angiogenic, cytotoxic or combination). In general, angiogenesis
contribution was desired quality for cancer cells, if no anti-angiogenic treatment was
administrated. With anti-angiogenic treatment, angiogenesis diminished, however
the risk of resistance against anti-angiogenic treatment also increased.

Two new regression methods were developed with focus on survival prediction.
A greedy budget-constrained Cox regression (Greedy Cox) utilizes 𝐿2-penalty and
considers the cost of selected parameters. It was also compared to LASSO selec-
tion (𝐿1). Optimal Subset CArdinality Regression (OSCAR) method was developed
with 𝐿0-pseudonorm penalty to provide sparse models. The costs of measuring the
selected model features were also considered in comparison to prediction accuracy.
The methods were validated on clinical prostate cancer data and it was noted that a
comparable level of prediction accuracy was already reached with a few parameters,
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resulting in relatively low costs. All of the investigated methods also selected rea-
sonable, cancer-related parameters such as prostate specific antigen (PSA).

Taken together, this dissertation provides a comprehensive research of novel tools
for modelling and predicting cancer behavior and patient survival. Important hall-
marks of cancer development, such as immune response and angiogenic switch have
been included along with corresponding treatments that have potential to change the
traditional treatment regimens.

KEYWORDS: cancer, killer T-cells, mathematical modelling, personalized medicine,
immunotherapy, anti-angiogenic treatment, cytotoxic treatment, targeted treatment,
combination therapy, side-effects, tumor microenvironment, metapopulation mod-
elling, cost optimization, survival prediction, Cox regression, prostate cancer, feature
selection, 𝐿0-pseudonorm
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TIIVISTELMÄ

Syöpä on yksi yleisimmistä kuolinsyistä aiheuttaen tarpeen laajalle ja kattavalle tut-
kimukselle. Selviytymismahdollisuuksia sekä hoitojen hyötyjä ja haittoja (ekonomi-
sia tai terveydellisiä) voidaan ennustaa hyödyntäen matemaattista mallintamista ja
regressioanalyysiä. Lupaavia teoreettisia ehdotuksia onkin jo saatu esimerkiksi mono-
ja kombinaatiohoidoista, jotka voisivat potentiaalisesti parantaa hoitostrategioita. Li-
säksi analyysien avulla on tunnistettu useita biomarkkereita, jotka ennustavat hoito-
vastetta. Tästä huolimatta syöpä on edelleen hankala ja ennalta-arvaamaton vastus-
taja, jota vastaan tarvitaan yhä tehokkaampia ja yksilöllisempiä vaste-ennusteita ja
hoitoja.

Tässä väitöskirjassa on käytetty erilaisia lähestymistapoja syövän käyttäytymisen,
hoitovasteiden ja potilaan selviytymisen ennustamiseen. Differentiaaliyhtälöihin pe-
rustuvalla mallilla tutkittiin, kuinka syövän määrä muuttuu erilaisten hoitojen ja
hoitoaikataulujen seurauksena. Lisäksi malliin sisällytettiin mekanismit immuuni-
vasteelle ja immunohoidolle, koska immuunipuolustuksella on tärkeä rooli syövän
kehittymisessä ja tuhoamisessa. Havaittiin, että adaptiivinen hoito tuotti pienemmät
syöpämäärät ja hoitoa tarvittiin vähemmän. Lisäksi kombinaatiohoidot (immuno-
hoito joko kemoterapian tai targetoidun hoidon kanssa) aiheuttivat yleensä pienem-
mät syöpämäärät kuin hoidot erikseen annettuina. Kombinaatiohoitojen yhteydessä
on kuitenkin huomioitava, että kahdesta päällekkäisestä hoidosta voi aiheutua ylimää-
räisiä sivuvaikutuksia.

Toisessa lähestymistavassa syöpää mallinnettiin metapopulaatiomallin avulla.
Tässä keskityttiin angiogeneesin kehittymiseen ja solujen liikkumiseen paikasta toi-
seen (emigraatio). Mallin avulla tutkittiin, missä olosuhteissa syöpäsolut muuttuvat
angiogeenisiksi ja miten hoidot vaikuttavat (antiangiogeeninen, sytotoksinen tai kom-
binaatiohoito). Yleisesti syöpäsolujen kannalta oli hyödyllistä edistää angiogeneesiä,
jos antiangiogeenistä hoitoa ei ollut. Hoidon kanssa angiogeneesi hävisi, mutta
toisaalta myös riski hoitoresistenttiydelle kasvoi.

Lisäksi kehitettiin uusia regressiometodeita erityistesti potilaan selviytymistoden-
näköisyyden ennustamiseen. Greedy Cox (a greedy budget-constrained Cox re-
gression) metodi tuottaa regressiomalleja, joissa muuttujien määrää rajoitetaan 𝐿2-
normin avulla. Greedy Cox huomioi, kuinka paljon piirteiden mukaan ottaminen
maksaisi ja metodille voidaan antaa käytettävissä oleva budjetti. Greedy Coxia myös
verrattiin LASSO-pohjaiseen mallinvalintaan (𝐿1-normi rajoittajana). Uusi metodi
OSCAR (Optimal Subset CArdinality Regression) kehitettiin hyödyntäen 𝐿0-pseu-
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donormia muuttujien määrän rajoittamisessa. Lisäksi valittujen muuttujien aiheut-
tama hinta laskettiin ja verrattiin, miten se suhteutui mallin ennustustarkkuuteen.
Kaikki esitetyt metodit validoitiin kliinisellä eturauhassyöpäaineistolla. Metodit tuot-
tivat hyvän ennustetarkkuuden jo pienellä määrällä muuttujia, jolloin myös hinta
pysyi matalampana. Metodit myös valitsivat järkeviä, (eturauhas)syöpään yhdis-
tettäviä parametreja kuten prostataspesifinen antigeeni (PSA).

Tämä väitöskirja tarjoaa siis kattavan valikoiman uusia välineitä syövän käytök-
sen ja potilaan selviytymistodennäköisyyden ennustamiseen. Tutkimuksessa huomi-
oitiin tärkeitä syövän osa-alueita, kuten immuunivaste ja angiogeneesin kehittyminen
sekä näihin liittyvät hoidot, joilla on mahdollisuus muuttaa perinteisiä hoitokäytän-
töjä.

ASIASANAT: syöpä, tappaja T-solut, matemaattinen mallintaminen, yksilöllinen
lääkehoito, immunohoito, anti-angiogeeninen hoito, sytotoksinen hoito, targetoitu
hoito, kombinaatiohoito, sivuvaikutukset, syövän mikroympäristö, metapopulaatio-
malli, hintaoptimointi, selviämisen ennustaminen, Cox-regressio, eturauhassyöpä,
piirteiden valinta, 𝐿0-pseudonormi
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1 Introduction

Cancer is one of the main causes of death with more than 19 million new cases per
year [1]. Mathematical and prognostic survival modelling offer insights into individ-
ualized patient care and treatment outcomes.

Tumors have their individual, genetically, functionally or epigenetically distinct
cancer cell populations that develop throughout the disease progression and in re-
sponse to the treatments. Understanding the dynamic evolutionary processes that
undergo before and during treatments, enables the prediction of treatment outcomes
and eases the optimization and personalization of cancer treatment. Mathematical
modelling has already provided some insights into treatment sensitivity and resis-
tance along with suggestions of mono- or combination therapies [2; 3; 4; 5; 6; 7; 8].

Modelling aids the understanding of underlying dynamics and investigation of
the qualitative possibilities of different treatment regimens. In addition, data-based
prediction is crucial in the cancer care to predict the risk of death or cancer recur-
rence, and to identify patients that would benefit from a specific treatment. The
treatment outcome is predicted by utilizing laboratory tests. However, depending
on the cancer type, the process may involve numerous tests and the healthcare costs
often rise. The prognostic prediction by survival models (here Cox’s regression [9]),
especially penalized regression, allows the selection of most prominent predictors in
the assessment of treatment outcome with respect to survival (e.g. overall survival or
progress free survival). Thus, the model sparsity enables pruning unnecessary pre-
dictors along with their costs.

This dissertation includes three chapters that focus on the different approaches that
were used in the cancer modelling and outcome prediction. The chapters summarize
the results and related research of this work. In Chapter 2 the focus is on Publication
I, in which cancer was modelled with ordinary differential equations. The aim was
to model the dynamics between immune system and cancer, as well as to predict
possible qualitative outcomes of different treatment modalities. Thus, the model in-
cludes the immune system (active killer T-cells) and an immunotherapy mechanism
that boosts the immune response in case cancer has started to prevent the T-cells’
efficacy. The Chapter 2 is further divided into sections that offer a review on the sub-
ject (Section 2.1), an overview to the presented model (Section 2.2) and the results
(Section 2.3).
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Chapter 3 focuses on the metapopulation modelling approach presented in Pub-
lication II. The aim was to gain insights into underlying evolutionary dynamics that
lead to cancer development. The cancer cells had three strategies (contribution to
angiogenesis, emigration and treatment resistance) that evolved based on the current
living conditions that were determined by the cells, resource availability and treat-
ments. Angiogenesis mechanism was included along with anti-angiogenic treatment
and treatment resistance. Chapter 3 is divided into literature review (Section 3.1),
the model and results overviews (Sections 3.2 and 3.3 respectively).

Chapter 4 summarizes both Publication III and IV as both were based on the Cox
regression [9] and predicting the treatment outcome on prostate cancer data cohorts.
In Publication III, the aim was to offer a method to efficiently predict treatment out-
comes (e.g. overall survival or progress-free survival), while considering also the
costs that the model variables would have in practice. Two algorithms were tested:
LASSO-based selection and a greedy budget-constrained Cox regression (Greedy
Cox). In the latter, the budget was considered within the algorithm. In Publica-
tion IV, the aim was to produce prognostic models while offering different levels
of model sparsity. The proposed OSCAR method implemented penalization with
𝐿0-pseudonorm, which is less studied in penalized regression due to its discontin-
uous and nonconvex nature. Chapter 4 is divided into three sections, starting with
literature review (Section 4.1). The second section (Section 4.2) is an overview on
materials and methods, which is further divided into introduction of data and meth-
ods in Publications III and IV. The third section (Section 4.3) gives an overview on
the results of Publications III and IV.

In Chapter 5 the results from all publications are discussed with ideas for future
research. Finally, Chapter 6 concludes the dissertation with a short summary.

2



2 Cancer cell population model with
immune system

In Publication I, cancer has been modelled with an ordinary differential equation
(ODE) model. The aim was to model the dynamic competition between the immune
system and cancer, and to gain insights into qualitative behavior of the cells under
and after different treatment choices. Thus, in addition to cancer cells, the immune
system was included in the form of active killer T-cells. The inclusion of T-cells
enabled the inclusion of immunotherapy. We also modelled the effects of targeted
therapy and chemotherapy and investigated the treatments as monotherapies or as
a combination. See Figure 1 for the components and their interactions. The cancer
cell type was determined by the cell qualities like resource consumption rate, aggres-
siveness against T-cells and the effectiveness of treatments. We investigated a few
different cancer cell types and predicted how different treatment regimens affected
the cell densities.

- Inactivation

+ Activation

- Elimination

- Death - Death

+ T-cell division

+ Inflow - Outflow

- Consumption+ Cell division

Figure 1. The interactions of (cancer) cells (C), active killer T-cells (T) and resources (R) (e.g.
glucose). The ellipses point the affected entity with the sign indicating the change in the density.
Lightning bolt arrows indicate the treatments: chemotherapy affects the cells divisions, targeted
therapy affects the cancer cell death and immunotherapy affects the inactivation of T-cells. (Adopted
with permission from Publication I: Fig. 1.)

2.1 Literature review
As cancer remains one of the most common causes of death, it is also a solid interest
for mathematical modelling. In addition to dynamic modelling of the cancer cells
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or density, the models may also suggest theoretical therapy regimens and predict
possible treatment outcomes. Similarly to our model in Publication I, many mod-
els assume that cancer has survived the early stages and has reached a considerable,
possibly detectable, size. This assumption justifies that the tumor can be modelled
as a continuous variable, enabling the use of differential equations in the modelling
of the cancer dynamics. For example, Fassoni et al. [10] proposed an ODE model
for chronic myeloid leukemia. They consider multiple different sub-models with
different functional interactions between cells. Letellier et al. [11] included four
ODEs in their model (host, immune, tumor and endothelial cells). Also others, such
as [12; 13; 7] utilized differential equations in their cancer modelling. Pinho et al.
[12] had five differential equations for normal, cancer and endothelial cells along
with chemotherapy and anti-angiogenic agents. Also Yonucu et al. [13] focused on
the effects of anti-angiogenic and chemotherapies with ODEs for tumor, vasculature,
interstitial fluid pressure and therapy agents. Zhang et al. [7] considered abiraterone
therapy in prostate cancer model with three cancer cell types that differ in their an-
drogen relation. They modelled the system as Lotka-Volterra equations including an
interaction matrix of the different cell types. Louzoun et al. [5] modelled pancreatic
cancer with four ODEs including cancer cells, host cells, T-cells and the ratio of two
macrophage phenotypes.

Many of the above mentioned models included some form of normal or host
cells along with the cancer cells. In our ODE model, the cell type is general, though
mainly thought to be cancerous in the presented analyses. However, the cell type
may be modified by selecting cell type specific parameter values indicating a normal
cell behavior. For example, the proliferation rate may be decreased or the normal
apoptosis rate increased. Additionally, the interaction with the active killer T-cells
may be selected to be small or non-existent.

In addition to differential equations, other approaches have been considered in re-
search [6; 8]. Opposite to the assumption that cancer has reached a considerable
size, other models have considered only a single cell or a few cells. These early
stages may be modelled by branching processes. Avanzini and Antal [14] proposed
a branching process model to investigate the formation and evolution of metastatic
lesions based on the size of the primary tumor. Also Bozic and Nowak [3] focused
on metastatic cancer and model a lesion as a branching process with possibility of
treatment resistance. Bozic et al. [2] investigated the need of targeted combination
therapy with a model based on multitype branching process. Kozłowska et al. [15]
utilized a stochastic multitype branching process in which cancer cells can acquire
multiple resistance mechanisms.

Various other approaches have been used as well, for example, cellular automata
by Lai et al. [16] and Alarcón et al. [17]. Komarova, Burger and Wodarz [18] used
a stochastic birth-death process model to predict the relapse and emergence of treat-
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ment resistance against a targeted therapy (ibrutinib). Fischer, Vázquez-Garcı́a and
Mustonen [4] used a Wright-Fisher model with stochastic optimal control to investi-
gate adaptive therapies in case of treatment resistance. A metapopulation modelling
approach has been used in Publication II (see Chapter 3).

2.1.1 Immune system and immunotherapy in modelling

Many cancer models do not include the immune system, which has a significant role
in the development and life cycle of cancer. In our model in Publication I, we have
included the immune system in the form of active killer T-cells, that are an impor-
tant part of the immune response. Fassoni et al. [10] included the immune system
cells along with quiescent and proliferating cancer cells. Similarly to our model,
they considered one type of immune cells (e.g., natural killer cells). However, in
their model, cancer cells only affect the immune cell density positively by recruiting,
whereas in our model the cancer cells may also decrease the T-cell density. This neg-
ative effect on the immune system justifies the use of immunotherapy and enables its
inclusion in our model. Fassoni et al. considered targeted therapy (tyrosine kinase in-
hibitors) that affects only proliferating cancer cells. Letellier et al. [11] modelled the
immune cells, however, similarly to Fassoni et al. they did not include immunother-
apy. Instead, their focus was on the combination of anti-angiogenic treatment and
chemotherapy.

In our model in Publication I the active killer T-cells are produced based on the
antigen delivery from dying cancer cells [19; 20; 21]. The active killer T-cells are
in contact with the cancer cells causing the death of the latter. However, we in-
cluded a mechanism in which the cancer cells may cause inactivation of the T-cells
leading to ineffective T-cells. This model mechanism is based on the binding be-
tween programmed death-ligand (PD-L1) on the cancer cell surface and its receptor
programmed cell death protein 1 (PD-1) on the T-cell surface [19]. The binding pre-
vents the T-cell function, however, this may be prevented by a form of immunother-
apy, immune-checkpoint inhibitors (e.g., nivolumab and pembrolizumab). Such a
immune-checkpoint inhibitor is, for example, anti-PD-L1, which binds to PD-L1
preventing the connection with PD-1, or anti-PD-1 which binds to PD-1 leading to
similar results [22; 23]. We included this mechanism in our model in Publication I.

Since the immune response is a complex system, the PD-L1/PD-1 interaction is not
the only mechanism that may be targeted by immunotherapy. The immune response
requires the antigen delivery, antigen presentation to the immune system, priming
and activation of T-cells, trafficking and infiltration of T-cells into tumors and recog-
nition and killing of cancer cells [19].

Chemotherapy, radiation and targeted therapies might enhance the antigen deliv-
ery by increasing the cancer cell death. Antigen presentation can be promoted by im-
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munotherapy vaccines. Cancer cells may affect the activation of T-cells, which may
be inhibited by CTLA4 (a negative regulator of T-cells). This interaction is targeted
by anti-CTLA4 antibodies (e.g. ipilimumab) [24]. The trafficking and infiltration of
T-cells into tumor microenvironment might also be compromised. Treatments like
anti-VEGF (bevacizumab) and B-Raf inhibitors (vemurafenib) may enhance the tu-
mor infiltration [25; 26]. In CAR-T immunotherapy, CARs (chimeric antigen recep-
tors) are produced from patient’s T-cells and modified to adhere and attack cancer
cells [27]. Also combinations of multiple immunotherapies have been considered
[28; 29; 30; 31].

2.1.2 Treatment modelling

In addition to immunotherapy, in Publication I, we considered also chemotherapies
(e.g. dacarbazine or temozolomide) and targeted therapies (e.g. BRAF or C-KIT
inhibitors). Since the cytostatic treatment damages the cell cycle benchmarks [32],
rapidly dividing (cancer) cells have less time to recover, thus making them more
vulnerable for the treatment. Targeted treatment recognizes specific proteins, thus
allowing targeted elimination of only cells with the target protein. These are more
traditional treatment modalities and as such are more widely considered in the cancer
models. For example, Fassoni et al. [10] modelled targeted therapies, and Pinho et
al. [12] and Yonucu et al. [13] modelled chemotherapies. In our model in Publica-
tion I, we used these therapies also in a combination with immunotherapy.

Other mono- or combination therapies can also be considered in mathematical
modelling. Depending on the scenario and cancer type, one could consider, for
example, hormone therapy like abiraterone therapy in prostate cancer [7] or radi-
ation therapy. Also anti-angiogenic treatment has been used in cancer treatment
[33; 34; 35] and we have modelled such treatment mechanism in Publication II (see
Chapter 3).

2.2 Model
The minimum model consists of three ordinary differential equations: resources (e.g.
glucose), active killer T-cells and cancer cells. More cell populations could be in-
cluded by adding a differential equation for each with cell type specific parameter
values.

2.2.1 Resources

Since the cells require resources for their proliferation, we included the amount of
resources as a part of the competitive situation. Resources flow in to and out of the
tumor microenvironment following chemostat dynamics in the absence of resource
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consuming cells [36]. However, in addition to normal flow through the region, the
cells consume the resources following the law of mass action [37]. Thus the differ-
ential equation for resources is

𝑑𝑅

𝑑𝑡
= 𝜆(�̂�−𝑅)⏟  ⏞  

Flow

−

⎛⎜⎝1− 𝑤

∑︀
𝑗
𝐶𝑗

1 +
∑︀
𝑗
𝐶𝑗

⎞⎟⎠∑︁
𝑗

𝛼(𝑠𝐶𝑗
)𝑅𝐶𝑗

⏟  ⏞  
Consumption by cells

, (1)

where 𝜆 is the relative flow speed, �̂� is the baseline resource inflow and𝐶𝑗 is the den-
sity of type 𝑗 cells. Cells are assumed to restrict each other’s resource consumption,
for example, by increasing the distance between veins [38], and 𝑤 is the maximum
proportion at which cells limit each other’s resource consumption.

Figure 2. The form of the resource consump-
tion rate 𝛼(𝑠𝐶𝑗

) with the lower and upper lim-
its for the parameter values presented in the
Publication I.

Here 𝑠𝐶𝑗
is the proliferation strat-

egy of the cell type 𝐶𝑗 and 𝛼(𝑠𝐶𝑗
) is

the corresponding resource consumption
rate. The rate 𝛼(𝑠𝐶𝑗

) is an increas-
ing function with lower and upper lim-
its (see Figure 2). The lower limit
is assumed since cells require at least
some resources to maintain themselves,
and the upper limit is assumed since the
cells cannot consume resources infinitely
fast.

2.2.2 Cancer cells

Cancer cell dynamics are determined by the
proliferation proportional to the resource
consumption and death by normal apoptosis, drugs or active killer T-cells. The cells
attempt to divide based on their resource consumption:

𝛾𝛼(𝑠𝐶𝑖
)

⎛⎜⎝1− 𝑤

∑︀
𝑗
𝐶𝑗

1 +
∑︀
𝑗
𝐶𝑗

⎞⎟⎠𝑅𝐶𝑖, (2)

where 𝛾 is the conversion coefficient. However, the division may not be successful
in the presence of cytostatic drugs that interfere with the mitosis. Thus, the division
fails and the cells face death with the probability 𝑝𝑖. Accordingly, the division pro-
ceeds with the probability (1− 𝑝𝑖). The cytostatic treatments affect rapidly dividing
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cells more than cells that hardly divide, therefore, the probability 𝑝𝑖 depends on the
proliferation strategy 𝑠𝑖:

𝑝𝑖 =
𝑠𝑖

1 + 𝑠𝑖
𝐻𝑝, (3)

where 𝐻𝑝 is the dose-response effect (Hill equation [39]) for the cytostatic drug. It
is assumed for simplicity that the drug concentration is a positive constant during the
treatment periods and zero afterwards.

In addition to cytostatic drugs, the division may be prevented by the microenvi-
ronment carrying capacity, assumed to depend on, e.g., limitations of space. Thus,
aggregating the above factors, a successful division happens with the likelihood

(1− 𝑝𝑖)

⎛⎜⎝1−

∑︀
𝑗
𝐶𝑗

𝐾

⎞⎟⎠ , (4)

where 𝐾 is the carrying capacity.
Cancer cells of the type 𝑖 die by natural apoptosis with the death rate 𝜇𝑖. This

rate is increased by the rate 𝛽𝑖 in case a targeted drug is administered. Now 𝛽𝑖 = 0, if
the cell type 𝑖 is resistant to the targeted treatment. Similarly to cytostatic treatment,
the targeted drug concentration is considered to be a constant during the treatment
period, and thus the rate 𝛽𝑖 is also considered to be a constant. In addition to drugs,
active killer T-cells may cause cancer death as the proportion 𝜃 of the T-cells enters
the cancer microenvironment and proceeds to attack the cancer cells with the rate 𝜉𝑖.
However, if a cancer cell type lacks the specific antigen, the T-cells ignore the cells
and 𝜉𝑖 = 0. Thus, we obtain the following differential equation for the cancer cells:

𝑑𝐶𝑖
𝑑𝑡

= 𝛾𝛼(𝑠𝐶𝑖
)
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⏟  ⏞  
Proliferation attempt

⎛⎜⎝ (1− 𝑝𝑖)
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𝑗
𝐶𝑗

𝐾

⎞⎟⎠
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Proliferation succeeds

−𝑝𝑖⏟ ⏞ 
Failure and death

⎞⎟⎠

−𝜇𝑖𝐶𝑖 − 𝛽𝑖𝐶𝑖 − 𝜉𝑖𝐶𝑖𝜃𝑇⏟  ⏞  
Death

.

(5)

2.2.3 Immune system

The killer T-cells are activated in relation to the antigens delivered by the dying
cancer cells. The amount of antigen delivery rate 𝑑𝐶 depends on the cancer cell
death as the dying cancer cells deliver antigens to the blood stream [19]. The rate
𝑑𝐶 considers the normal cancer cell apoptosis, death by T-cells and death due to the
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targeted or cytostatic drugs. The killer T-cell activation rate ℎ(𝑑𝐶) is assumed to
be sigmoid function (Fig. 3a) since the activation may not be initiated properly with
small amount of antigen delivery due to the insufficient signal [40]. Furthermore, the
T-cell activation rate ℎ(𝑑𝐶) has the maximum value of 𝑚.

a) T-cell activation b) The immunotherapy

Figure 3. a) The form of the killer T-cell activation ℎ(𝑑𝐶). b) The form of the overall effect of the
immunotherapy 𝜌𝑖.

The activated T-cells attempt division with the rate 𝛼𝑇 . However, cytostatic drugs
may cause division failure and subsequent cell death with the probability 𝑝𝑇 . Thus
the dividing T-cells die with the rate 𝛼𝑇 𝑝𝑇 and succeed to divide with the rate 𝛼𝑇 (1−
𝑝𝑇 ). The activated T-cells may also die due to natural apoptosis (𝜇𝑇 ). The proportion
𝜃 of the active killer T-cells enters the microenvironment. Those T-cells then proceed
to kill the cancer cells that have the specific antigen. The cancer cells may also make
the T-cells ineffective with the cell type specific rate 𝜙𝑖, while the immunotherapy
(𝜌𝑖) counteracts the action. The effect function of immunotherapy 𝜌𝑖 is sigmoidal,
following the general form of dose-response curves [39] (Fig. 3b). For the effect of
immunotherapy, 𝜌𝑖 = 1 is desired as it would lead to full prevention of PD-1/PD-L1
interaction between type 𝑖 cancer cells and T-cells ((1 − 𝜌𝑖)𝜙𝑖𝐶𝑖𝜃𝑇 = 0). As with
the other treatments, the concentration of the immunotherapy drug is set to a positive
constant or zero depending on whether the patient is on a treatment period or on a
treatment break (drug holiday). Finally, the immune system has self-regulation [41]
with the rate 𝛿. Thus, we obtain the following differential equation for the active
killer T-cells:

𝑑𝑇

𝑑𝑡
= ℎ(𝑑𝐶)⏟  ⏞  

Activation

+𝛼𝑇 (1− 𝑝𝑇 )𝑇⏟  ⏞  
Proliferation

−𝜇𝑇𝑇 − 𝛼𝑇 𝑝𝑇𝑇⏟  ⏞  
Death

−𝛿
2
𝑇 2⏟  ⏞  

Self-regulation

−
∑︁
𝑖

(1− 𝜌𝑖)𝜙𝑖𝐶𝑖𝜃𝑇⏟  ⏞  
PD-1/PD-L1 interaction

.

(6)
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2.3 Results
We investigated several case studies, i.e. virtual patients characterized by patient
specific model parameters. We focused on the immunotherapy effect either as a
monotherapy or in a combination with targeted and chemotherapies. The immune-
checkpoint inhibitors generally used in practice include, for example nivolumab ad-
ministered fortnightly or pembrolizumab which is given every 3rd week. However,
these schedules may not be optimal and thus the timing and duration of treatment
remains under investigation.

Since the main focus is on the immune system, the virtual patients differed in
their T-cell functions. We altered the maximum activation rate of killer T-cells as
well as the birth rate of the activated T-cells along with the interaction rates between
T-cells and cancer cells. See Table 1 for the altered parameters and their definitions.

Table 1. The main parameters defining a virtual patient. Two cancer cell types were included, thus
index 𝑖 = 1, 2.

Symbol Meaning
𝛼𝑇 Division attempt rate of active killer T-cells.
𝜉𝑖 Rate at which T-cells kill cancer cell subpopulation 𝑖.

𝜙𝑖
Rate at which cancer cell subpopulation 𝑖

makes killer T-cells ineffective.
𝑚 Maximum rate of killer T-cell activation.

In addition to parameters, different treatment options were considered for different
virtual patients. See Table 2 for the treatment parameters and in which case studies
they were considered. We investigated also a few virtual patients without any treat-
ment to monitor the dynamics in an untreated situation.

Table 2. The treatments altered for each case study. Here index 𝑖 = 1, 2.

Symbol Meaning Case study
𝜌𝑖 Effect of immunotherapy on cell type 𝑖. 1, 2, 3 and 4
𝛽𝑖 Rate at which cell type 𝑖 dies due to targeted treatment. 3
𝑐𝑝 Concentration of the cytostatic drug. 4

We calculated numerically (Runge-Kutta method, RK45) the dynamics of ODEs for
each virtual patient. We compared the numerical solutions qualitatively to observed
clinical outcomes in cancer [42; 43; 44; 45; 46; 47] to justify the majority of selected
parameter values. The virtual patients and their parameter values were selected to
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represent different qualitative results, such as progressive, chronic or dormant dis-
ease, that have been observed in real patients. Furthermore, the cancer cell doubling
times were calculated for each case study and they were found reasonable compared
to experimental observations in melanoma [48]. The value of maximum proportion at
which cancer cells limit each other’s resource consumption (𝑤) was selected so that,
multiplied by the saturation of cancer cells, it fell into the limit of 4–56% relative
volume of necrotic tissue in melanoma [49]. For the selection of T-cell parameters,
we assumed that if the active killer T-cells have existed in the system, a small density
remains even if the cancer cell density becomes zero (memory in the immune sys-
tem).

Generally estimated values have to be used, since in clinical practice it is still im-
practical or even impossible to estimate all parameters individually. However, based
on the additional sensitivity analysis, the most important individual parameters relate
to the cancer cell and T-cell interactions (𝜉𝑖 and 𝜙𝑖), the infiltration of T-cells (𝜃) and
the activation of the T-cells (𝑚). Perturbations in these parameter values affected
the treatment outcome the most, and for example, the possibility of dormant disease
versus inevitable relapse depended on them.

It was assumed that an initial immune response had already occurred, and inves-
tigated virtual patients started with densities of 0.05 for all cell types. However, the
initial state affects the outcome and required treatment schedule. For example, if the
cancer cell density is high with nearly non-existent T-cell density, an intense initial
treatment schedule may be required to gain a treatment response.

In the case studies we included one or two cancer cell subpopulations (denoted
by 1 and 2). However, more subpopulations could be included along with normally
behaving cell types. One cancer cell type is considered to divide faster (𝑠𝐶1

> 𝑠𝐶2
)

and with targeted therapy, one subpopulation is considered resistant (𝛽1 = 0) while
the other one remains sensitive (𝛽2 > 0).

2.3.1 No treatment

We investigated a few baseline cases to gain insights into possible outcomes when
treatment is not given. In some cases the treatment was not even needed as the
immune system is able to keep cancer in control [50; 51]. Depending on the qualities
of the immune system (e.g. the T-cell proliferation and activation rates), the cancer
cell density approached a fixed steady state, or the density fluctuated as the T-cells
kept defeating the cancer cells at each relapse attempt. However, in practice such
behavior is likely to happen in the early stages of cancer development and it is not a
guarantee, that cancer would not variate further and relapse.

Some patients are less fortunate, and despite a possible immune response, cancer
eventually dominates and potentially becomes fatal. In Figure 4 the T-cell density
quickly decreases without treatment, and the cancer cell densities increase. Eventu-
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Figure 4. Cancer cell densities for two subtypes
(𝐶1 in red, 𝐶2 in magenta) with the total cancer
cell density (𝐶𝑡𝑜𝑡, black dashed) and the active
killer T-cell density (𝑇 , green). (Adopted with per-
mission from Publication I: Fig. 2a.)

ally, the less aggressive subtype 𝐶2

starts to decrease as 𝐶1 starts to dom-
inate. Carrying capacity and resources
start to limit the cancer cell density,
however, a smaller cancer density may
have already proven fatal to the pa-
tient. For such patients, the treatment
is needed for a chance of recovery. Dif-
ferent treatment choices may lead to dif-
ferent outcomes and thus it is important
to analyze the options. Unfortunately,
even with careful planning, the treat-
ment may not always lead to full recov-
ery and relapse is inevitable.

2.3.2 Mono-immunotherapy

Immunotherapy has been used in the practice as a monotherapy [52; 46]. We inves-
tigated two different virtual patients who received mono-immunotherapy either as
a single-shot (case study 1) or with repeated treatment periods (case study 2). For
the case study 2, multiple different treatment schedules were considered. For both
of these case studies, the virtual patients would suffer from the failure of immune
response (see Figure 4).

Single-shot immunotherapy (case study 1)

For the case study 1, we considered one cancer cell subpopulation. We investigated
how the attractor landscape changed based on the treatment and how the cancer cell
density was affected by this change. The immunotherapy was initiated when the can-
cer cell density exceeded a pre-defined detection limit threshold (here set to 0.5). As
seen in Figure 5a, only one treatment period is enough to revive the T-cell density
and the immune system is able to regulate cancer to a dormant state [42; 43; 44; 45].
A single dose of immunotherapy (specifically anti-PD-1) has been observed to cause
major responses also in real patients [52; 53].

Here the patient’s cancer and immune system characteristics enabled the change
in the attractor (full blown cancer versus a dormant cancer). Without treatment, the
attractor landscape had two possible steady states. Due to the initial condition, the
cell densities started to reach the attractor with high cancer cell density and low killer
T-cell density (Fig. 6a top row). The immunotherapy changed the attractor landscape
for the duration of treatment period, allowing the cell densities to approach a differ-
ent steady state (Fig. 6a bottom row). After the treatment, the attractor landscape
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a) Treatment suitable for one-shot b) Treament unsuitable for one-shot

Figure 5. a) The one-shot immunotherapy is given for a period of 16 days (grey bar) and a dormant
state is reached. b) The immunotherapy is given for a longer period (24 days). The attractor is the
original with high cancer cell density. As the threshold of 0.5 is exceeded again, the treatment would
be repeated. (Panel a adopted with permission from Publication I: Fig. 3a.)

reverted back, however, the cell densities had changed and a different steady state
was reached as the original attractor had now become unattainable (Fig. 6a top row).
Thus, depending on the patient’s biological qualities, there may exist a manageable
dormant state, even if originally cancer is rapidly increasing. However, the timing
and dosage of the single-shot immunotherapy were crucial to achieve the change
from the original, unfavorable attractor to the manageable dormant state. With an
unfavorable treatment (e.g. too short or too long duration) cancer would have pre-
vailed after a small decrease in the cancer cell density (see Fig. 5b and Fig. 6b).

Repeated immunotherapy (case study 2)

Despite the success of one-shot immunotherapy in some cases, many cases require
repetitive treatment. For example, in practice nivolumab and pembrolizumab (immune-
checkpoint inhibitors) are administered every 2nd or 3rd week respectively. We in-
vestigated a virtual patient with two cancer cell subpopulations (𝐶1 and 𝐶2) with one
slightly more aggressive than the other (𝑠𝐶1

= 1, 𝑠𝐶2
= 0.95). The virtual patient

would suffer from a rapid increase in the cancer density if no treatment is used (Fig. 4
is for this patient).

First we investigated how different treatment initiation options affected the out-
come, and whether there was a superior scheduling technique. We compared a pre-set
treatment periods to threshold-based treatment initiation. Pre-set treatment periods
are widely used option, however, a more adaptive alternative is to initiate the treat-
ment when a total cancer cell count (i.e., total tumor burden) exceeds a threshold.
We investigated the options by changing the treatment period and, depending on the
scheduling, either interval between treatments (drug holiday) or the given threshold.
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No treatment

Treatment

No treatment

a) Successful one-shot b) Unsuccessful one-shot

Treatment

Figure 6. Phase plane plots showing the isoclines (black lines) of the killer T-cell density T and
cancer cell density C, a) for a successful one-shot immunotherapy and b) for an unsuccessful one-
shot immunotherapy. The trajectories with respect to time are shown in blue. The line is solid when
the treatment status corresponds to the phase plane plot (top row: during no treatment, bottom row:
during treatment). The treatment period is a) 16 days or b) 24 days.

As expected, for the pre-set periods, short treatment periods required short drug
holidays. If the drug holiday was continued for too long, the treatment might fail
even if the treatment was repeated. Interestingly, for the threshold-based initiation,
the treatment period length had little effect on the outcome (total cancer cell mean
density) since short treatment periods were repeated depending on the cancer density
at the end of the previous treatment. If the threshold was still exceeded, the treatment
was repeated immediately without a drug holiday. However, the selection of thresh-
old affected the outcome, as for the higher thresholds the cancer cell density reached
a higher level before the treatment.

Both of the options had treatment regimen parameters that resulted in small can-
cer mean density (examples in Fig. 7). Choosing a specific treatment period along
with either a suitable drug holiday or a threshold might result in a better therapeu-
tic effect. However, a small cancer mean density did not necessarily imply a good
treatment, as it might require long treatment periods with short or non-existent drug
holidays. Such heavy treatment scheduling might be unbearable for the patient and
thus it is important to consider also the time spent under treatment. If the treatment
period and drug holiday were selected carefully, successful treatment result could be
reached without increasing the time in treatment in the chosen time interval (Fig. 7).
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Figure 7. Mean cancer cell density with respect to the proportion of time in treatment (% from the
total follow-up time interval). Either pre-set periods (blue) or threshold-based initiation (green) is
used with treatment periods of 4, 10 or 20 days. For the pre-set periods, the proportion of time in
treatment changes when the drug holiday is changed. For the threshold-based treatment initiation,
the threshold level determines the time in treatment. (Adopted with permission from Publication I:
Fig. 5.)

Overall, cancer was kept in control more likely with a threshold-based treatment ini-
tiation, since the treatment was repeated without drug holiday for as long as needed
to decrease the total cancer density. Despite the possibility of a long continuous treat-
ment period, the sufficient decrease in cancer density might have led to a longer drug
holiday before the density reached the given threshold again. In practice, however,
the use of pre-set treatment periods is more applicable since the threshold-based ini-
tiation requires heavy monitoring of the cancer cell density, and this would require
improvement in the diagnostic tests.

Adapting the treatment (case study 2)

To make the approach of pre-set periods more adaptive and reduce the time in treat-
ment (less side effect and costs) without losing the treatment success, we changed the
treatment schedule in the middle of the follow-up period. Since a long drug holiday
would lead to almost immediate treatment failure, the treatment was started with a
tighter schedule (treatment 12 days, drug holiday 6 days). After the third treatment
period, the drug holiday was increased (16 days). Compared to the non-adaptive
scheduling, the successful adapted treatment resulted in a similar total cancer cell
mean density while the time in treatment decreased (Fig. 8). Despite the successful
treatment adaptation in this case, the treatment outcome was sensitive for the selec-
tion of the new schedule. If the drug holiday was increased even more (to 20 days)
there was a notable increase in total cancer cell density, since the T-cell density would
decrease on an unrecoverable level during the drug holidays. Adapting the time of
the schedule change would not have helped, if the new drug holiday was too long.
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Figure 8. The pre-set treatment period of 12 days, followed by 6 days of drug holiday, is changed
to schedule with 16 days of drug holiday after 48 days (black arrow). Right-side barplots: the
treatment success measures, with corresponding values for non-adaptive treatments with 6 days
of drug holiday (blue) and 16 days of drug holiday (cyan). Bottom bar: proportion of time spend in
treatment. (Adopted with permission from Publication I: Fig. 6a.)

2.3.3 Combination therapy

In practice, immunotherapy is also used in a combination with other treatments [54].
We investigated especially combinations with targeted treatment or chemotherapy.
We compared the effectiveness of combination treatments against monotherapies.

Immunotherapy with targeted treatment (case study 3)

The targeted treatment targets a specific molecular aberration in a cancer cell. Un-
fortunately, some cancer cells may be missing the aberration making them treatment
resistant against that treatment. With the virtual patient in case study 3, we inves-
tigated a situation with two cancer cell subtypes and assumed that only one of the
subtypes is sensitive (here 𝐶2) whereas the other is resistant (𝐶1). We tested multiple
different treatment strategies by simultaneous threshold-based treatment initiation,
and altering the durations of targeted and immunotherapy. The combined treatment
duration was set to a constant of 14 days, for simplicity.

Some duration combinations (e.g. both with 7 day duration), resulted in a chronic
disease with repeated treatments. Eventually the sensitive subpopulation diminished
due to the targeted treatment and the resistant subpopulation prevailed. After this,
the targeted treatment became useless and the immunotherapy was the main effec-
tive treatment. On the other hand, a stable disease was also reached with selected
combinations.
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We calculated the total cancer cell mean density and number of treatment initia-
tions for varied treatment thresholds and proportions of targeted treatment (Fig. 9).
As expected, smaller thresholds led to smaller cancer mean densities with multi-
ple treatment initiations. However, if the stable disease was reached, the number of
treatment initiations stayed low while the cancer mean density was still relatively
low. Such a stable disease was reached with mono-immunotherapy (0% of targeted
treatment), but also with carefully selected monotherapy of targeted treatment (100%
of targeted treatment). However, in general, the combination therapy worked better
than targeted therapy alone since after the sensitive subpopulation had disappeared,
the targeted treatment had no effect.

a) Total cancer cell mean deansity b) Number of treatment initiations

Figure 9. The effect of immunotherapy and targeted treatment combinations. a) The total cancer
cell mean density with respect to treatment threshold and the proportion of targeted treatment (here
0% equals 14 days of immunotherapy, 100% equals 14 days of targeted therapy, 50% equals 7 days
of both initiated simultaneously). b) The corresponding numbers of treatment initiations. (Adopted
with permission from Publication I: Fig. 7d and e.)

In Publication I we considered only a case where the two cancer subpopulations had
proliferation rates close to each other (1 vs. 0.95) and the less aggressive subpopu-
lation was sensitive to the targeted treatment. If the difference between the prolifer-
ation rates is higher (1 vs. 0.65) and the more aggressive subpopulation is sensitive,
there is another way to manage cancer with targeted therapy alone. Assuming that
there is no other targeted treatment to target the resistant subpopulation, the resistant
subpopulation could theoretically be controlled by the dominating, more aggressive
subpopulation. Then the sensitive subpopulation would be kept under control by
the targeted treatment. Figure 10 presents a case where the more rapidly dividing
subpopulation 𝐶1 is sensitive and the subpopulation 𝐶2 is resistant. The treatment
is initiated when the 𝐶1 cell density exceeds a given threshold. The resistant sub-
population is controlled by the sensitive subpopulation and T-cell increase during
treatments (caused by increase of cancer cell death and antigen delivery). However,
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despite cancer being under control, this method would require monitoring the densi-
ties of specific subtypes instead of total cancer cell density, and thus the application
in practice may be challenging.

Figure 10. The dynamics in a case, where the treatment-sensitive subpopulation 𝐶1 is notably less
aggressive than the treatment-resistant subpopulation 𝐶2. Targeted treatment is initiated when the
density of the sensitive population exceeds the treatment threshold.

Immunotherapy with chemotherapy (case study 4)

For the case study 4, we considered a virtual patient who received chemotherapy
either alone or in combination with immunotherapy. To minimize the side effects, it
would be preferred to use the minimal effective treatment regimen (small dosages,
short treatment periods). Depending on the treatment choices, cancer was chronic
with repetitive treatment or, more rarely, a stable disease was reached with one or two
treatment periods. We observed that a combination treatment often resulted in shorter
time in treatment when compared to the chemotherapy alone. Simultaneously, there
was a possibility of smaller cancer cell mean density. The side effects were calculated
as the proportion of T-cell loss caused by cytostatic drug to the overall T-cell loss.
For short treatment periods, the combination therapy decreased the side effects when
compared to the chemotherapy. For longer treatment periods, the situation shifted
slightly to the opposite case, because the side effects were calculated as a proportion
and the extended immunotherapy decreased the overall loss of T-cells. However, the
differences were mild and other types of side effects and tolerability issues could
affect the comparison of chemotherapy and combination treatment.
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3 Cancer metapopulation model with
angiogenesis

In Publication II, cancer was modelled as a metapopulation, in which cancer pop-
ulation patches along with the dispersal pool (here the circulatory system) form a
metapopulation. Cancer cells may inhibit patches, which are possible sites for clus-
ters of cancer cells. Cells may emigrate into the dispersal pool and immigrate from
there into patches (Fig. 11). Cancel cells have an emigration strategy, which tells
how eagerly the cell tries to emigrate and leave the patch. We included angiogenesis,
which is the formation of new vessels. Cancer cells may contribute to the angiogen-
esis trying to enhance the resource (e.g. glucose) availability. The elevated resource
inflow eases the cell growth when the tumor grows and the pre-existing vasculature
becomes insufficient. Anti-angiogenic treatment is designed to prevent the angiogen-
esis and thus to inhibit the cancer cell growth. In addition to angiogenesis mechanism
in our metapopulation model, we also included an anti-angiogenic treatment.

Figure 11. The metapopulation structure with cancer cells (C) inhabiting the habitat patches, i.e.,
possible sites for cluster of cells (black circles). Cell may emigrate into the dispersal pool, i.e., the
circulatory system (red rectangle) and immigrate from there into habitat patches. (Adopted with
permission from Publication II: Fig. 1.)
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3.1 Literature review

As mentioned in Chapter 2, cancer has been widely modelled with different ap-
proaches. However, to our knowledge, our model in Publication II is the only one
considering the cancer ecosystem as a continuous-time metapopulation with varying
strategies. The metapopulation modelling approach has been previously used to in-
vestigate population dynamics in various other scenarios, that are not cancer specific
(see e.g. [55; 56; 57; 58; 59; 60; 61; 62]). The metapopulation dynamics along with
strategy evolution can be investigated using tools of adaptive dynamics [63; 64; 65].

Angiogenesis is the formation process of new blood vessels from pre-existing vascu-
lature. It is an important step in the cancer development, since the expanding tumor
requires new blood supply to maintain growth [66; 67; 68]. The cancer cells de-
velop signalling mechanisms, such as secreting VEGF (vascular endothelial growth
factor), that stimulate angiogenesis [69]. These mechanisms may be targeted by anti-
angiogenic treatments that prevent the angiogenesis (e.g., anti-VEGF) [33; 34; 35].
However, as with many cancer treatments, cancer cells may develop treatment re-
sistance to anti-angiogenic treatment [70; 33]. For example, the targeted angiogen-
esis mechanism might be bypassed with another signalling pathway (e.g., fibroblast
growth factors [33]).

3.1.1 Angiogenesis modelling

Angiogenesis has been modelled before in relation to cancer (see e.g. [11; 12; 13; 71;
72; 73]), and also in other contexts, such as wound-healing [74; 75]. For example,
Letellier et al. [11], Pinho et al. [12] and Yonucu et al. [13] modelled cancer with
ODEs for different cell types (e.g. cancer, normal/host) and vasculature. Angiogene-
sis mechanism was included through changes in the endothelial cells or blood vessel
distribution. Nagy and Armbruster [71] considered differential equations for tumor
mass, immature vascular endothelial cell mass and total microvessel length. They
also included cells’ energy status in form of ODEs for adenosine 5’ mono-, di- and
triphosphatases (AMP, ADP and ATP) to investigate the trade-offs between prolifer-
ation and angiogenesis contribution.

In our model in Publication II, we have included angiogenesis through changes
in resource inflow instead of including an additional cell type. The resources (e.g.
glucose or oxygen) flow into and out of the tumor microenvironment and higher an-
giogenesis contribution by the cells elevates the resource inflow, which further aids
the cell proliferation. However, secreting angiogenic factors (like VEGF) requires
energy, and we included a trade-off between birth rate and angiogenesis contribu-
tion. In our model, angiogenesis was also considered to increase the emigration rate
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through increased vasculature [76]. However, there have been mixed results on the
relation of angiogenesis and emigration, since cancer angiogenesis usually leads to
distorted veins, through which the access is compromised [77].

3.1.2 Treatment modelling

When modelling cancer angiogenesis, an anti-angiogenic treatment could be in-
cluded to counter the effects. For example, Pinho et al. [12] and Yonucu et al. [13]
modelled the anti-angiogenic treatment with ODEs for therapy agents. The treat-
ment concentration then affected the amount of endothelial cells or vessels. In our
metapopulation model, the effect of anti-angiogenic treatment directly cancels the
effects of angiogenesis within the resource flow and the emigration rate. Since the
original (mature) vessels are assumed to be VEGF independent [78; 79], a baseline
resource inflow will remain even with high levels of anti-angiogenic treatment.

Thus, an anti-angiogenic treatment as a monotherapy does not typically lead to
a full response and a complete eradication requires a combination treatment [17; 80;
81]. Pinho et al. [12] and Yonucu et al. [13] included chemotherapy along with anti-
angiogenic therapy. Also other treatment options, like immunotherapy could be con-
sidered for a combination with anti-angiogenic treatment [82; 83]. Instead of regard-
ing another treatment as an adjuvant therapy for the anti-angiogenic treatment, the
situation could be considered other way around. Anti-angiogenic treatments could
be considered to reduce the need for more toxic treatments, since anti-angiogenic
treatments generally have manageable side effects (e.g., hypertension [34]), while
treatments like chemotherapy may have severe side effects. However, despite being
generally well tolerated, the anti-angiogenic treatment may also lead to increased risk
of bleeding complications and gastrointestinal perforation [84; 85]. In our model, we
included a cytotoxic treatment to investigate how the combination affected the out-
come compared to monotherapies.

A combination treatment may be required also since the cancer cells may develop
resistance to the anti-angiogenic treatment [70; 33]. We considered only a single
angiogenesis mechanisms (like VEGF secretion), but other proangiogenic factors
like fibroblast growth factors (FGFs) and platelet derived growth factors (PDGFs)
[33] could be used to promote angiogenesis. We included the resistance to anti-
angiogenic treatment by preventing the treatment effect on resistant cells.

3.2 Model
We constructed a metapopulation model for cancer with habitat patches and dispersal
pool (see Fig. 11). The state and living conditions in a patch are determined by the
resource inflow through vasculature and the cells living in the patch. The patches
have no direct interactions, and the cells immigrate only through the dispersal pool
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(circulatory system). We omitted the spatial relation of patches and the distance is
not considered in the immigration of cells. However, the population size of the new
patch candidate affects the immigration probability, since the cells are more likely to
immigrate into a less-populated patch.

3.2.1 Within-patch dynamics

Dynamics within a patch depend on the resource availability and the cancer cells.
The resource dynamics are assumed to be fast compared to the cancer cell dynamics.

Resources

As in the Publication I, we included the resources in our metapopulation model in
Publication II. Resources (𝑅) (e.g. glucose) follow the chemostat dynamics [36]
when flowing into and out of the patch. The constant baseline inflow �̂� was in-
cluded with possibility of angiogenesis-based increase. Angiogenesis-contributing
cells enhance the vasculature, and the resource inflow by the factor

𝑓(𝑛,𝑎) =

(︃
1 +

𝐴max
∑︀𝑘

𝑖=1 𝑛𝑖𝑎𝑖

1 +
∑︀𝑘

𝑖=1 𝑛𝑖𝑎𝑖

)︃
, (7)

where 𝐴max is the upper bound, based on the limited space for the new vessels.
Vectors 𝑛 = (𝑛1, ..., 𝑛𝑘) and 𝑎 = (𝑎1, ..., 𝑎𝑘), where 𝑛𝑖 is the number of type 𝑖
cells and 𝑎𝑖 is the corresponding angiogenesis strategy (i.e., how much a type 𝑖 cell
contributes to angiogenesis). Cells collect resources by law of mass action with their
resource consumption rate 𝑠𝑖 [37]. Thus, including the outflow concentration 𝑅 and
the relative flow speed 𝜆, local resources follow the following differential equation:

𝑑𝑅

𝑑𝑡
= 𝜆

(︁
𝑓 (𝑛,𝑎) �̂�−𝑅

)︁
−𝑅

𝑘∑︁
𝑖=1

𝑛𝑖𝑠𝑖. (8)

However, if the anti-angiogenic treatment is administrated, it prevents the angiogen-
esis and the increase in resource concentration. Cancer cells may develop resistance
𝜌𝑖 to anti-angiogenic treatment [70; 33]. Resistant cells (0 < 𝜌𝑖 ≤ 1) decrease
the effect of anti-angiogenic treatment on their angiogenesis contribution. Modified
Equation (7) includes the anti-angiogenic treatment 𝜓𝑎 and the treatment resistance
𝜌𝑖:

𝑓(𝑛,𝑎,𝜌, 𝜓𝑎) =

(︃
1 + ℎ(𝜓𝑎)

𝐴max
∑︀𝑘

𝑖=1 𝑛𝑖𝑎𝑖𝑙(𝜌𝑖, 𝜓𝑎)

1 +
∑︀𝑘

𝑖=1 𝑛𝑖𝑎𝑖

)︃
, (9)

where 𝜌 = (𝜌1, ..., 𝜌𝑘) are the resistance strategies of cell types 1, ..., 𝑘. The treat-
ment effect is

ℎ(𝜓𝑎) =
1

1 + 𝜓𝑎
, (10)
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where 𝜓𝑎 is the concentration of anti-angiogenic treatment. The resistance effect

𝑙(𝜌𝑖, 𝜓𝑎) = 1 + 𝜓𝑎𝜌𝑖 (11)

is determined by the treatment function ℎ(𝜓𝑎) and cancels the treatment effect only
on cell type 𝑖. Thus, if the cell type 𝑖 is resistant and the cell type 𝑗 is sensitive, only
the contribution of type 𝑖 transpires. It is assumed that the resource dynamics are
fast, and in the equilibrium (𝑑𝑅/𝑑𝑡 = 0) the resource concentration is

𝑅*(𝑛,𝑎) =
𝜆𝑓 (𝑛,𝑎) �̂�

𝜆+
∑︀𝑘

𝑖=1 𝑛𝑖𝑠𝑖
. (12)

Cancer cells

The within-patch cancer cell dynamics were modelled as a continuous-time Markov
chain (see Fig. 12 for a monomorphic population), in which the population’s state is
determined by the numbers of cell types and the state changes based on the cell pro-
liferation, death and migration. It was assumed that a patch could have a maximum
of 𝐾 cells and no division would happen in a full patch.

0 1 2 K

Immigration
Cell division or
immigration

Cell division or
immigration

Death or
emigration

Death or
emigration

Death or
emigration

Catastrophe

Figure 12. The states and transitions of the Markov chain describing monomorphic (i.e., all cells
are of the same type) resident population dynamics. (Adopted with permission from Publication II:
Fig. 2.)

Cells collect resources and proliferate based on the resource intake, thus the birth
rate of cell type 𝑖 is

𝑏𝑛,𝑎,𝑖 = 𝛾𝑠𝑖𝑅
*(𝑛,𝑎)𝑔(𝑎𝑖, 𝜌𝑖), (13)

where 𝑅* is the resource concentration in equilibrium, 𝑠𝑖 is the resource consump-
tion rate and 𝛾 is the conversion coefficient from resource intake to cell division.
Since angiogenesis contribution reserves resources from proliferation, the trade-off
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𝑔(𝑎𝑖, 𝜌𝑖) was included. In addition, it was assumed that acquiring and maintaining
resistance (𝜌𝑖 > 0) requires energy and has a trade-off on proliferation. The trade-off
is

𝑔(𝑎𝑖, 𝜌𝑖) =
1

1 + 𝑎𝑖 + 𝛽𝜌𝑖
, (14)

where, 𝛽 is the trade-off factor for resistance. The trade-off factor of angiogenesis
was set to 1.

The cells die with the rate

𝑑𝑛𝑇
= 𝑑0 + 𝛿𝑛𝑇 + 𝜓𝑐, (15)

where 𝑑0 is the baseline death rate, 𝜓𝑐 is the effect of cytotoxic treatment and 𝑛𝑇 =∑︀𝑘
𝑖=1 𝑛𝑖 is the total number of cells in the patch. The factor 𝛿 = 1/𝐾 is positive, as

it was assumed that a higher population size leads to a higher death rate [86]. Cells
emigrate with the rate

𝑞𝑛,𝑎,𝑒𝑖 = 𝑒𝑖𝑓 (𝑛,𝑎) , (16)

where 𝑒𝑖 is the emigration strategy (i.e., how easily cell leaves the patch). The factor
𝑓 is as in Equation (9) since it was assumed that the changes in vasculature affect the
emigration probability [76; 87; 88].

3.2.2 Metapopulation dynamics

The state of a patch depends on the numbers of cells in the patch. A metapopula-
tion’s state is investigated by calculating the distribution of the cell numbers. In a
monomorphic population the probabilities 𝑝𝑛, i.e., the probabilities that a randomly
chosen patch has 𝑛 cells, satisfy the differential equations (forward Kolmogorov
equations):

𝑑𝑝0(𝑡)

𝑑𝑡
= −𝛼𝐷𝑆0𝑝0(𝑡) + [𝑑1 + 𝑞1,𝑎,𝑒] 𝑝1(𝑡) + 𝜇

𝐾∑︁
𝑛=1

𝑝𝑛(𝑡)

𝑑𝑝𝑛(𝑡)

𝑑𝑡
= − [𝛼𝐷𝑆𝑛 + 𝑛(𝑏𝑛,𝑎 + 𝑑𝑛 + 𝑞𝑛,𝑎,𝑒) + 𝜇] 𝑝𝑛(𝑡)

+ [𝛼𝐷𝑆𝑛−1 + (𝑛− 1)𝑏𝑛−1,𝑎] 𝑝𝑛−1(𝑡) + (𝑛+ 1) [𝑑𝑛+1 + 𝑞𝑛+1,𝑎,𝑒] 𝑝𝑛+1(𝑡)

𝑑𝑝𝐾(𝑡)

𝑑𝑡
= − [𝐾(𝑑𝐾 + 𝑞𝐾,𝑎,𝑒) + 𝜇] 𝑝𝐾(𝑡) + [𝛼𝐷𝑆𝐾−1 + (𝐾 − 1)𝑏𝐾−1,𝑎] 𝑝𝐾−1(𝑡),

(17)

where the dispersal pool size 𝐷 satisfies the differential equation:

𝑑𝐷(𝑡)

𝑑𝑡
= −

(︃
𝛼

𝐾∑︁
𝑛=0

𝑝𝑛(𝑡)𝑆𝑛 + 𝜈

)︃
𝐷(𝑡) +

𝐾∑︁
𝑛=1

𝑞𝑛,𝑎,𝑒𝑛𝑝𝑛(𝑡). (18)
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Here 𝜈 is the death rate of cancer cells in the dispersal pool. Cells encounter patches
with the rate 𝛼 and immigrate with the probability 𝑆𝑛 = (𝐾−𝑛)/𝐾 upon encounter.
Thus, the cells are more likely to immigrate into less inhabited patches.

In a metapopulation-dynamical steady state
𝑑𝑝𝑛(𝑡)

𝑑𝑡
= 0 and

𝑑𝐷(𝑡)

𝑑𝑡
= 0. How-

ever, since 𝑝𝑛(𝑡) are probabilities, they must satisfy
∑︀𝐾

𝑛=0 𝑝𝑛(𝑡) = 1, and thus one
equation in (17) needs to be replaced by 𝑝0(𝑡)+𝑝1(𝑡)+ · · ·+𝑝𝐾(𝑡) = 1. In a steady
state, 𝑝𝑛(𝑡) and 𝐷(𝑡) do not depend on time, so that 𝑝𝑛(𝑡) = 𝑝𝑛 and 𝐷(𝑡) = �̄�.
From the linear system of equations

0 = −𝛼𝐷𝑆0𝑝0 + [𝑑1 + 𝑞1,𝑎,𝑒] 𝑝1 + 𝜇(1− 𝑝0)

0 = − [𝛼𝐷𝑆𝑛 + 𝑛(𝑏𝑛,𝑎 + 𝑑𝑛 + 𝑞𝑛,𝑎,𝑒) + 𝜇] 𝑝𝑛

+ [𝛼𝐷𝑆𝑛−1 + (𝑛− 1)𝑏𝑛−1,𝑎] 𝑝𝑛−1 + (𝑛+ 1) [𝑑𝑛+1 + 𝑞𝑛+1,𝑎,𝑒] 𝑝𝑛+1

1 = 𝑝0 + 𝑝1 + · · ·+ 𝑝𝐾 .

(19)

The probabilities 𝑝𝑛 can be solved for a fixed value of 𝐷. Based on Equation (18)
the equilibrium value �̄� must then satisfy

1 =

𝐾∑︀
𝑛=1

𝑞𝑛,𝑎,𝑒𝑛𝑝𝑛(�̄�)(︂
𝛼

𝐾∑︀
𝑛=0

𝑝𝑛(�̄�)𝑆𝑛 + 𝜈

)︂
�̄�

, (20)

where 𝑝𝑛(𝐷) denote the solution of (19). Solutions 𝑝𝑛 and �̄� were searched numer-
ically.

3.2.3 Evolutionary dynamics

Cell’s strategies variate randomly, forming new variant cells that then experience the
environment set by the resident population. The variant’s invasion fitness is the long-
term exponential growth rate in this environment [89]. Only a variant with a positive
invasion fitness may invade and become a new resident. However, calculating the in-
vasion fitness is often complicated and, instead, the metapopulation fitness 𝑅metapop

[90; 59; 58] is calculated to determine the sign of the invasion fitness.
From an initially small variant population in the dispersal pool, a focal variant

may immigrate into a patch. The variant and all of its descendants form a variant
colony in the patch and, due to the variants rarity, no other variants are expected to
arrive during the lifetime of the variant colony. The variant colony sends emigrants
to the dispersal pool and the variant’s metapopulation fitness is the expected number
of variant emigrants produced by the variant colony during its lifetime (i.e. the time
before the variant colony goes extinct).
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The state of the variant colony is determined by the number of variants 𝑛𝑚 and
residents 𝑛𝑟, which change according to a Markov chain. When the focal variant
immigrates, there is exactly one variant (𝑛𝑚 = 1). The number of residents depends
on chance, based on the resident population distribution (𝑝𝑛). The initial probability
distribution of the Markov chain is

𝛿0(𝑛𝑟, 1) =
𝑝𝑛𝑟

𝑆𝑛𝑟∑︀𝐾−1
𝑛=0 𝑝𝑛𝑆𝑛

, for 0 ⩽ 𝑛𝑟 < 𝐾

𝛿0(𝑛𝑟, 𝑛𝑚) = 0, for 𝑛𝑚 > 1.

(21)

The transition intensities from the state (𝑛𝑟, 𝑛𝑚) to neighboring states are

𝑐0,+𝑛𝑟,𝑛𝑚 = 𝑛𝑚𝑏𝑛,𝑎,𝑚, if 𝑛𝑇 = 𝑛𝑟 + 𝑛𝑚 < 𝐾

𝑐0,−𝑛𝑟,𝑛𝑚 = 𝑛𝑚(𝑑𝑛𝑇
+ 𝑞𝑛,𝑎,𝑚)

𝑐+,0𝑛𝑟,𝑛𝑚 = 𝛼𝐷𝑆𝑛𝑇
+ 𝑛𝑟𝑏𝑛,𝑎,𝑟, if 𝑛𝑇 = 𝑛𝑟 + 𝑛𝑚 < 𝐾

𝑐−,0𝑛𝑟,𝑛𝑚 = 𝑛𝑟(𝑑𝑛𝑇
+ 𝑞𝑛,𝑎,𝑟).

(22)

The subscript denotes the original state and the superscript indicates the change
in corresponding numbers of individuals. The transition intensity out of the state
(𝑛𝑟,𝑛𝑚) is

𝑐𝑛𝑟,𝑛𝑚
= 𝑐0,+𝑛𝑟,𝑛𝑚 + 𝑐0,−𝑛𝑟,𝑛𝑚 + 𝑐+,0𝑛𝑟,𝑛𝑚 + 𝑐−,0𝑛𝑟,𝑛𝑚 + 𝜇, (23)

where 𝜇 is the rate of catastrophes, which erase the local population entirely (e.g.
surgery). When a transition happens, the probability that the population changes
from the state (𝑛𝑟, 𝑛𝑚) to the state (𝑛𝑟, 𝑛𝑚 + 1) is 𝑐0,+𝑛𝑟,𝑛𝑚/𝑐𝑛𝑟,𝑛𝑚

. Other transi-
tion probabilities are formed correspondingly and they are collected to the transition
probability matrix 𝑃 .

The expected number of visits 𝑤 in each state are calculated from [91]:

𝑤 = 𝛿0(𝐼 − 𝑃 )−1, (24)

where 𝐼 is the identity matrix and the matrix inverse exists for transient states. The
fitness is calculated from

𝑅metapop =
𝛼𝑚
∑︀𝐾−1

𝑛=0 𝑝𝑛𝑆𝑛

𝜈 + 𝛼𝑚
∑︀𝐾−1

𝑛=0 𝑝𝑛𝑆𝑛

∑︁ 𝑛𝑚𝑞𝑚𝑤𝑛𝑟,𝑛𝑚

𝑐𝑛𝑟,𝑛𝑚

, (25)

where 𝑞𝑚 is the emigration rate of variants and 𝑤𝑛𝑟,𝑛𝑚
corresponds to the state

(𝑛𝑟, 𝑛𝑚) in the vector 𝑤. The invasion fitness is positive if and only if𝑅metapop > 1.
Evolutionary dynamics are illustrated using pairwise invasibility plots (PIPs), in

which variant’s fitness is marked either negative or positive (𝑅metapop < 1 or
𝑅metapop > 1 correspondingly) with respect to resident’s and variant’s strategies.
Curves on which 𝑅metapop = 1, are called neutral contours. For example, on the
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diagonal resident’s and variant’s strategies are equal and thus the fitness is neutral.
To investigate where the strategy (or strategies) would evolve, a variant’s fitness

gradient is calculated since a variant’s fitness increases the most in the direction given
by the fitness gradient. In reality, the strategies do not evolve straight along the gra-
dient, however, in that direction the invasion probability is higher and over time the
strategies will evolve to the gradient’s direction. For a multi-dimensional strategy
(strategy vector) the fitness gradient is

𝐷(𝑎𝑟, 𝑒𝑟, 𝜌𝑟) =(︂
𝜕

𝜕𝑎𝑚
𝑅metapop,

𝜕

𝜕𝑒𝑚
𝑅metapop,

𝜕

𝜕𝜌𝑚
𝑅metapop

)︂ ⃒⃒⃒⃒
⃒
𝑎𝑚=𝑎𝑟,𝑒𝑚=𝑒𝑟,𝜌𝑚=𝜌𝑟

.

(26)

In case of a one-dimensional strategy, the fitness function (25) is differentiated only
with respect to that strategy, after which the variant’s strategy is set to be equal to
resident’s strategy. A point where all the components of the fitness gradient become
zero is called evolutionarily singular strategy (or just singular strategy). In a PIP,
the singular strategies are positioned at the intersections of the diagonal and other
neutral contours. A singular strategy is uninvadable (evolutionarily stable) if there is
no strategy that could make an invasion. The opposite holds for invadable singular
strategy. A singular strategy is attracting, if near the point smaller values have a
positive gradient and higher values have a negative gradient. If the opposite holds,
the singular strategy is repelling.

In addition to analyzing the singular strategies, we also monitored their effect on
the population level by calculating the average population size

∑︀𝐾
𝑛=0 𝑛𝑝𝑛 and the

average emigration
∑︀𝐾

𝑛=0 𝑝𝑛𝑒𝑓(𝑛, 𝑎).

3.3 Results
In the main analyses, we focused on the strategies (angiogenesis, emigration and re-
sistance) and the treatment parameters’ effect on them. First, we investigated the
three strategies (angiogenesis, emigration and resistance) separately, while keep-
ing the remaining two as constants. Joint evolution of angiogenesis and emigration
strategies was analyzed with anti-angiogenic and cytotoxic monotherapies and with
the combination therapy. Finally, the joint evolution of all three strategies was inves-
tigated under anti-angiogenic treatment.

Parameter values were selected so that the metapopulation was viable. The se-
lected parameter values were further justified by comparing the observed angiogene-
sis dynamics qualitatively to real-life observations [17; 66; 80; 67; 81]. The treatment
parameters were increased from zero (no treatment) until the population became non-
viable, the angiogenesis strategy became zero or the main trend was detected. Other
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parameters were mainly kept constant, however, additional analyses were conducted
also on their changes and effects on the strategy dynamics (Publication II Supple-
mentary Material). It was noted, that especially the joint dynamics of all three strate-
gies were sensitive to the changes in parameter values, indicating the importance of
patient-specific biology and need for personalized treatments.

3.3.1 Single strategies

Angiogenesis increased the birth rate indirectly through resources, however, there
was also the direct cost on the birth rate. The relation between benefit (resources) and
costs (trade-off) determined whether a positive singular strategy existed (Fig. 13a).
Despite the cost for an investing cell, the resource increase benefited the whole patch,
including the cell’s kin. Therefore, kin selection [92] also played a role in the angio-
genesis evolution. If the singular angiogenesis strategy was detected, it was attract-
ing and uninvadable. However, the attracting singular strategy did not necessarily
maximize the average population size because the best for individual might differ
from the best for the population. In the case anti-angiogenic treatment was added,
the angiogenesis strategy would decrease (Fig. 13b), eventually becoming zero if the
treatment was high enough.

Emigration evolution was also affected by the kin selection, since by emigrat-
ing, the cells left more resources for their relatives (and other cells) in the original
patch. The emigrating cells might also directly benefit from the emigration, if the
new patch was better than the original. Thus, a positive singular emigration strat-
egy was detected (Fig. 13c). The existence of a positive singular strategy was also
reasonable, because the positive catastrophe rate would cause non-viability if the em-
igration strategy was close to zero (narrow black bars in Figs. 13c and d). Similarly
to angiogenesis, the singular emigration strategy did not necessarily maximize the
average population size. Addition of anti-angiogenic treatment increased the singu-
lar emigration strategy 13d).

Without treatment, the treatment resistance had only a negative effect on pro-
liferation and the strategy evolved to zero (Fig. 13e). With treatment, the situation
shifted and a positive singular strategy might exist (Fig. 13f), however, this depended
on the level of treatment. We mainly analyzed the resistance strategy together with
angiogenesis and emigration strategies (see Section 3.3.3).

3.3.2 Joint evolution of angiogenesis and emigration strategies

We investigated the joint evolution of angiogenesis and emigration strategies, i.e.
the both were allowed to variate while the resistance strategy was kept zero. We
observed that increasing one strategy component made the other one less favorable
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a) Angiogenesis PIP - no treatment b) Angiogenesis PIP - treatment 

c) Emigration PIP - no treatment d) Emigration PIP - treatment 

e) Resistance PIP - no treatment f) Resistance PIP - treatment 

Figure 13. Pairwise invasibility plots (PIP) for a) angiogenesis strategy without treatment and b)
with anti-angiogenic treatment. c) PIP for emigration strategy without treatment and d) with anti-
angiogenic treatment. e) and f) corresponding PIPs for resistance strategy. In each, the other
strategies are kept constant 𝑒 = 0.2, 𝑎 = 0.2 and 𝜌 = 0. The anti-angiogenic treatment 𝜓𝑎 = 0 for
left panel and 𝜓𝑎 = 7 for the right panel.
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for the cancer cells. The joint singular strategy was numerically calculated from the
condition 𝐷(𝑎𝑟, 𝑒𝑟) = (0, 0). The singular strategy did not necessarily maximize
the average population size, as was observed in the case of a single strategy. Since
the parameters defined the conditions for the strategy dynamics, we investigated the
parameters’ effect on the singular strategies. Especially we focused on the treatment
parameters.

Monotherapies

As the anti-angiogenic treatment decreased the benefits of angiogenesis, an increase
in the treatment caused the singular angiogenesis strategy to decrease. Consequently,
the emigration was compromised and initially the average emigration rate decreased.
However, the singular emigration strategy increased with the anti-angiogenic treat-
ment and the decrease in the average emigration rate abated. The singular angio-
genesis strategy became zero, if the concentration of anti-angiogenic treatment was
increased enough. The increase in the emigration strategy also abated since the effect
of the treatment disappeared in the absence of angiogenesis.

The anti-angiogenic treatment did not necessarily lead to non-viability since the
baseline resource inflow �̂� kept the population viable. However, if the population
was originally non-viable (insufficient �̂�), increasing the anti-angiogenic treatment
enough would lead the population back to non-viability.

Cytotoxic treatment increased the death rate. Consequently the populations were
smaller and cells were more likely related. In such situation both angiogenesis and
emigration were favored based on kin selection. However, as noted in the begin-
ning of Section 3.3.2 the increase in one strategy component decreased the other.
In the joint evolution, the indirect effects could cause such phenomenon when in-
creasing the cytotoxic treatment. However, the direct effects of cytotoxic treatment
dominated, and both strategy components increased. The average emigration rate
initially increased along with emigration and angiogenesis strategies, but started to
decrease and approach the emigration strategy. This happened since the increase in
treatment decreased the average population size and eventually there were no cells
left to contribute to angiogenesis. Thus, regardless of the angiogenesis and emigra-
tion strategies, the population became non-viable when the cytotoxic treatment was
high enough.

Combination of anti-angiogenic and cytotoxic treatments

Both monotherapies have their downsides, as anti-angiogenic treatment does not
lead to non-viability and cytotoxic treatment would be preferred at minimal effec-
tive doses due to side effects. Therefore, we investigated whether the combination
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treatment would overcome these downsides.
Similarly to the cytotoxic monotherapy, the population eventually became non-

viable when cytotoxic treatment was increased despite the increase in the angiogen-
esis and emigration strategies (Fig. 14). Compared with the cytotoxic monother-
apy (Fig. 14a) the combination therapy (Fig. 14b) lowered the need of cytotoxic
treatment as the non-viability was reached with smaller 𝜓𝑐. The concentration of
anti-angiogenic treatment affected how much the need for cytotoxic treatment de-
creased. However, increasing the anti-angiogenic treatment started to lose its benefit
and almost equal result could already be achieved with lower level of anti-angiogenic
treatment. A lower treatment level would also be preferred considering the additional
costs of combination therapy. See also Section 3.3.3 for the emergence of treatment
resistance.
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Figure 14. Angiogenesis strategy (blue line) at the joint singular strategy of angiogenesis and em-
igration with respect to cytotoxic treatment a) without anti-angiogenic treatment and b) with anti-
angiogenic treatment. Black area denotes non-viability. (Adopted with permission from Publication
II: Fig. 7a and b.)

3.3.3 Joint evolution with treatment resistance

We considered the joint evolution of treatment resistance, angiogenesis and emi-
gration strategies. Since the resistance was modelled against the anti-angiogenic
treatment, we focused on how that treatment affected the joint singular strategy and
especially the treatment resistance.

Bistability scenario

For the selected parameter values, the number of singular strategies depended on the
concentration of anti-angiogenic treatment (Fig. 15a). For small concentrations, a
single attracting singular strategy existed with no treatment resistance. An additional
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singular strategy with positive resistance was detected for higher treatment levels.
Between the two attracting singular strategies, there was a saddle point. The stable
manifold of this saddle point determined the areas in the strategy space from which
the strategies evolved to each attracting singular strategy. The maximum treatment
effect without a high risk of resistance would be before the positive resistance singu-
lar strategy appears (around 3.8 in Fig. 15a).

We further investigated a situation, where the resident population was not treat-
ment resistant despite the anti-angiogenic treatment (𝜓𝑎 = 7). The angiogenesis
and emigration strategies were at their joint singular strategy corresponding to the
selected treatment. For such resident, the resistance strategy component had a neg-
ative fitness gradient (black dot and arrow in Fig.15b). Since the resistance strategy
had to be non-negative, it was likely to remain in zero. However, some variants with
multiple radical variations could invade (area of positive fitness in Fig. 15b).
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Figure 15. a) Resistance strategy at the joint singular strategy of all three strategies. The solid
lines are attracting singular strategies, the dashed is repelling singular strategy. b) Slice of the 3D
fitness matrix calculated with respect to resident’s strategy (black dot). Here 𝑒𝑚 = 𝑒𝑟. The arrow
points the direction of fitness gradient from the resident’s strategy. The black lines are contour lines
for different fitness values. (Panel a adopted with permission from Publication II: Fig. 8a.)

The effect of cytotoxic treatment

As noted in the previous section, the anti-angiogenic treatment did not necessarily
lead to treatment resistance, even if the concentration was increased. If the com-
bination of anti-angiogenic and cytotoxic treatment was used, the bistability of sin-
gular strategies was present only for a narrow range of treatment regimens. The
singular strategy with zero resistance was repelling for a wide range of treatment
combinations leading to the emergence of treatment resistance. Compared to the
anti-angiogenic monotherapy, a lower average population was reached with the com-
bination, despite the higher risk of treatment resistance. However, as in the previous
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sections, the combination treatment might come with additional burden for the pa-
tient.

In addition to treatment parameters, the bistability with anti-angiogenic monother-
apy shifted or disappeared when other parameters were changed. For example, when
decreasing the resistance trade-off on birth rate (𝛽), resistance strategy became more
profitable for cancer cells and, therefore, a positive resistance was attained even with
smaller treatment concentration.
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4 Cancer survival prediction based on
clinical data

In Publication III, cancer survival was predicted with two methods: LASSO selection
and a greedy budget-constrained Cox regression (Greedy Cox). In Publication IV, a
new method OSCAR (Optimal Subset CArdinality Regression) was presented for
penalized (Cox) regression. In both Publications the aim was to provide new tools
for better prediction while simultaneously considering the model sparsity. The model
sparsity was also desired, since in real life applications the cost of measuring the
parameter values may considerably increase along with the number of predictors. In
both Publications III and IV, the cost aspect was considered with real life data from
advanced prostate cancer.

4.1 Literature review
Prognostic modelling is used to aid the prediction of cancer survival and assessing
who may benefit from a certain treatment regimen. Fitting the model into a data set
results in model coefficient values that can then be used to form predictions for new
patient data. An additional data can be used to further train the model to better fit a
target population. For survival prediction, Cox regression [9] has been widely used
as the base of modelling. In the Cox’s proportional hazards model, the hazard is

ℎ(𝑡,𝑥) = ℎ0(𝑡)𝑒
𝛽⊤𝑥, (27)

where ℎ0(𝑡) is a shared baseline hazard, 𝑥 is a feature vector and 𝛽 is the coefficient
vector.

Furthermore, to prevent over-fitting and enable model sparsity, penalized Cox
regression [93; 94] has been applied. For example, in the DREAM 9.5 Challenge for
survival prediction of metastatic castration-resistant prostate cancer (mCRPC), the
top model was based on an ensemble-based penalized Cox regression model (ePCR,
[95]). In addition to penalized methods, different approaches, such as other statisti-
cal, Bayesian, neural network or random forest methods have also been utilized to
ensure model sparsity (see e.g. [96; 97; 98; 99; 100; 101; 102]).

For penalized Cox regression, most commonly used penalization terms are 𝐿1-
norm (LASSO), 𝐿2-norm (ridge regression) or their sum (elastic net) [103]. Both 𝐿1

and 𝐿2 push coefficients (𝛽𝑖) towards zero, however, 𝐿1 selects only some nonzero
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coefficients, while𝐿2 tends to set none to exactly zero. 𝐿1 has difficulties with highly
correlated parameters, selecting only one of them. 𝐿2 tends to give correlated param-
eters an equal coefficient value. Elastic net combines the two so that the penalization
to be minimized is

𝜆
(︁
𝛼
∑︁

|𝛽𝑖|+ (1− 𝛼)
∑︁

𝛽2
)︁
, (28)

where the first term is the effect of 𝐿1 and the latter is the effect of 𝐿2. Here 𝛼 de-
termines the trade-off between 𝐿1 and 𝐿2, and 𝜆 can be altered to tune the amount
of penalization. For example, Halabi et al. [99] and Goeman [104] utilized LASSO-
penalty, while Simon et al. [94] and Guinney et al. [95] considered elastic net with
varying 𝛼. Also Meier et al. [100] tested between the three penalties. In Publication
III, both 𝐿1 (LASSO selection) and 𝐿2 (Greedy Cox) were included.

However, another option for 𝐿1 and 𝐿2 is to restrict the number of predictors
with 𝐿0-pseudonorm, which calculates the number of nonzero coefficients. Unlike
𝐿1 and 𝐿2, 𝐿0 is not considered a proper norm since it is non-homogeneous [105].
In addition, it is discontinuous and noncovex, which leads to challenging, NP-hard
(nondeterministic polynomial hard) optimization problem [106; 107; 108; 109]. This
has led to under-presentation of 𝐿0 in the penalized regression. A few 𝐿0-approaches
are implemented into R-packages, that include generalized linear models with linear
and logistic regression [110; 111]. A model, augmented penalized minimization-𝐿0

(APM-𝐿0) [112] augments 𝐿0 for Cox’s proportional hazards model. However, the
𝐿0 is approached indirectly through minimizing the 𝐿0-pseudonorm of surrogate co-
efficients, which are compared to the actual coefficients used in the hazards model.
In Publication IV, the 𝐿0-pseudonorm was used directly in the optimization of model
coefficients. An exact, continuous representation of 𝐿0 [107] was included as a car-
dinality constraint that limits the nonzero coefficients.

In addition to differences in the penalty functions, the actual model fitting has been
done with different methods. One popular approach is to use coordinate descent
in the optimizing the selection of coefficient values. Coordinate descent has been
utilized by, for example, Simon et al. [94] and Li et al. [112]. Goeman [104] com-
bined gradient ascent and the Newton-Raphson algorithm. Our approach with 𝐿0-
pseudonorm resulted in a continuous exact representation of the penalization term,
which is also a DC function (difference of two convex functions). The DC structure
may be exploited in the optimization and thus we used DBDC (the double bundle
method) for DC optimization [113; 114]. DBDC suits the problem also since the
𝐿0 representation is still nonconvex. Another optimization algorithm LMBM (the
limited memory bundle method) [115; 116] was included as an option for larger
problems, however, LMBM does not utilize DC structure.

In Publication III and IV, the presented methods were applied on prostate cancer data.
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As the prostate cancer is one of the most common cancers among men [1; 117], it is a
relevant subject for prognostic prediction. Furthermore, the need for cost-efficiency
of prediction was considered in both Publications, since the application of models
requires money. Some parameter values are also often measured as groups or kits
like basic blood count, which includes hemoglobin, white blood cells and red blood
cells, among others. In both Publications III and IV, the kit structure was included.

4.2 Materials and methods
Concordance index (C-index) [118] was used as the measure of model performance
in both Publications III and IV. In Publication III, also integrated AUC [119] was
calculated for supplementary analyses to enable comparison to previous research.
Cross-validation was used to further evaluate the model selection. For Publication
IV also bootstrap analysis was performed to interpret which features were the most
robust.

4.2.1 Data

We tested our survival prediction methods in four prostate cancer cohorts. Three data
cohorts, MAINSAIL, VENICE and ASCENT [120; 121; 122], were from random-
ized clinical trials and one data cohort was from real-world hospital registry data.
The clinical trial data were constructed in the DREAM competition (the Prostate
Cancer Challenge, PCC-DREAM), hosted by Project Data Sphere [123]. In Publica-
tion IV the trial cohorts were divided into validation (N=132, N=150 and N=119 for
MAINSAIL, VENICE and ASCENT respectively) and training sets (N=394, N=448
and N=357 respectively). Missing values were imputed separately for each cohort
using the median values calculated from the training sets.

The real-world hospital registry data were collected from patients with castration re-
sistant prostate cancer treated at the Turku University Hospital (TYKS). The data
was processed as in [124]. For Publication III, only variables with less than 40% of
missing values were selected. The missing values were imputed using medians as
the median imputation has previously given satisfactory results [124]. The k-nearest
neighbor imputation was also tested, however it did not improve model performance.

For Publication IV, the patients with diagnosis date before 2010 were discarded
due to high percentage of missing values. Unlike in Publication III, only laboratory
measurement data and the age group information were included. Furthermore, the
features with more than 50% of missing values were discarded. Similarly to the trials
data, TYKS cohort was divided into validation set (N=195) and training set (N=590).
The remaining missing values were imputed using medians calculated from the train-
ing data.
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In both Publications III and IV the features were also considered as groups or
kits in which the features are measured together. Prices for the examinations were
provided by the Helsinki University Hospital. The prices were scaled in relation to
PSA, which was given a reference value of 100.

For both Publication III and IV the initially same four data cohorts were tested
in survival prediction, however, the data were processed slightly differently and dif-
ferent features were included. In addition, for Publication IV, the TYKS data was
updated to include new patient data that had been collected after the analyses per-
formed for Publication III.

4.2.2 LASSO selection and Greedy Cox methods

In Publication III the approaches were based on Cox regression [93] with either 𝐿1

(LASSO) or 𝐿2 (ridge regression) penalization. Penalization was varied to determine
the sparsity and select different sets of variables. In the Cox’s proportional hazards
model (27), the coefficients 𝛽 were selected by maximizing the penalized partial log
likelihood [103].

We denoted the set of available variables with 𝐹 , and formed subgroups 𝐺𝑖 that
included the variables measured in kit 𝑖. Variables measured on their own were
considered as groups containing one variable. A variable was allowed to belong to
multiple subgroups (e.g., hemoglobin individually or as a part of blood count). A
group was also allowed to be included partially, with only some of the group vari-
ables in the model. Selected model variables were denoted by 𝑆 =

⋃︀
𝑖∈𝐼 𝑠𝑖, where

𝐼 is the group indices included in the model and 𝑠𝑖 are the variables selected from
the group 𝐺𝑖. The price of the group 𝐺𝑖 was denoted by 𝑐𝑖 and the cost for a model
was calculated by 𝐶 =

∑︀
𝑖∈𝐼 𝑐𝑖. The cost was not reduced by exclusion of some

variables in a selected group since the group was measured as a whole regardless of
how many of its variables were included in the model.

Since the price of measuring the selected variables is not included in the LASSO
method, the price was computed afterwards using a heuristic that added variable
groups sequentially. Groups were added until all selected variables in 𝑆 were in-
cluded. At each step, the group with the smallest cost per new variable was selected.

However, we also proposed an alternative, a greedy budget-constrained Cox re-
gression (Greedy Cox) algorithm. The algorithm sequentially selects the variable
group that, with already selected variables, gives the best cross-validated (threefold)
model performance estimate. Since an added group may have also unfavorable vari-
ables, an inner selection is performed on the variables of the considered group. The
mechanism of inner selection of individual variables is similar to the group selection.
The selection of new groups is stopped if the budget does not fit any of the remain-
ing groups or the addition does not improve prediction performance. Unlike LASSO
with 𝐿1-penalization, Greedy Cox utilizes 𝐿2-penalization.
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At the initialization, 𝑆 is initialized as an empty set and the remaining budget is
set to the total budget. The group selection step, followed by inner selection, require
the matrix of clinical variable measurements of the patients and the survival data, i.e.
time and type of event (death or right-censoring). In addition, the input should in-
clude the remaining budget, variable groups 𝐺𝑖 and their prices 𝐶 as well as already
selected variables 𝑆 and the selected group indices 𝐼 . The group and inner selections
return the index 𝑖 of the selected group and the variables 𝑠𝑖 selected from that group.
The remaining budget, 𝑆 and 𝐼 are then updated. The group and inner selections
are called repeatedly until the budget does not fit any new groups that improve the
performance.

4.2.3 OSCAR method

The OSCAR method presented in Publication IV implements the penalized Cox re-
gression [93]. However, unlike LASSO selection and Greedy Cox in Publication
III, the OSCAR method utilizes 𝐿0-pseudonorm in the penalization. In addition to
Cox regression and survival prediction, the OSCAR method includes also logistic
and linear regression for prediction of binomial and scalar responses. Similarly to
the methods in Publication III, the OSCAR method can consider the features either
separately or grouped into kits. The OSCAR method was implemented utilizing For-
tran, C and R and it is available as an R package OSCAR in the Central R Archive
Network (CRAN) at: https://CRAN.R-project.org/package=oscar.

In Cox’s proportional hazards model [9] the hazard for the patient 𝑖 at time 𝑡 is
ℎ𝑖(𝑡) = ℎ0(𝑡)𝑒

𝑥⊤
𝑖 𝛽, where ℎ0(𝑡) is a shared baseline hazard, 𝑥𝑖 is the vector of ob-

served features and 𝛽 is the vector of predictor coefficients. In the OSCAR method,
the vector 𝛽 is estimated by maximizing the scaled log partial likelihood, which
leads to an equivalent solution as the Breslow approximation of partial likelihood
[125; 94]. The scaled log partial likelihood is

𝑙(𝛽) =
2

𝑛

𝑚∑︁
𝑖=1

⎧⎨⎩∑︁
𝑗∈𝐷𝑖

𝑥⊤
𝑗 𝛽 − 𝑑𝑖 ln

⎛⎝∑︁
𝑗∈𝑅𝑖

𝑒𝑥
⊤
𝑗 𝛽

⎞⎠⎫⎬⎭ , (29)

where 𝑛 is the number of observations and 𝑚 is the number of unique event times.
Furthermore, 𝑅𝑖 is the set of patient indices at risk and 𝐷𝑖 is the set of indices with
the label equal to one at time 𝑡𝑖. As the label equal to one indicates an event (death)
and zero indicates right-censoring, 𝑑𝑖 = |𝐷𝑖| is the number of events at time 𝑡𝑖.
Maximizing the concave function 𝑙 is the same as minimizing the convex function
−𝑙 [126].

The minimization problem is modified further to include the regularization and
enable model sparsity. The 𝐿0-pseudonorm is included as a cardinality constraint
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that restricts the number of nonzero predictors in 𝛽. Unlike in LASSO, the values of
nonzero coefficients in 𝛽 are not penalized and are allowed to vary freely.

The 𝐿0-pseudonorm ‖𝛽‖0 calculates the number of nonzero components, and
it gives the cardinality constraint ‖𝛽‖0 ≤ 𝐾. However, since the constraint is dis-
continuous, we used an approach [107] with the largest-𝑘 norm to form an exact
continuous representation. The constraint ‖𝛽‖0 ≤ 𝐾 is replaced by the equivalent
constraint ‖𝛽‖1−|||𝛽|||[𝐾] = 0 [107; 106]. Here |||𝛽|||[𝐾] is the largest-𝑘 norm, which
is the sum of the 𝑘 largest absolute value elements in 𝛽. Thus, the optimization prob-
lem is rewritten as ⎧⎨⎩min

𝛽∈R𝑝
−𝑙(𝛽)

s.t. ‖𝛽‖1 − |||𝛽|||[𝐾] = 0.
(30)

The constraint is continuous but also noncovex due to its combinatorial structure.
The constrained optimization problem in (30) is rewritten as an unconstrained prob-
lem [127; 128]

min
𝛽∈R𝑝

𝑓(𝛽) = −𝑙(𝛽) + 𝜌
(︁
‖𝛽‖1 − |||𝛽|||[𝐾]

)︁
(31)

where 𝜌 is a positive penalization parameter. By suitably large 𝜌 the original con-
straint in (30) is forced to hold.

The objective in (31) is nonconvex and nonsmooth, but it is also a DC function
(Difference of two Convex functions) and can be represented as 𝑓 = 𝑓1 − 𝑓2, where

𝑓1(𝛽) = −𝑙(𝛽) + 𝜌‖𝛽‖1 and 𝑓2(𝛽) = 𝜌|||𝛽|||[𝐾].

Here the functions 𝑓1 and 𝑓2 are convex.

The optimization problem (31) is solved with the new OSCAR algorithm presented
in Publication IV. Since the objective is DC, the algorithm utilizes the double bundle
method (DBDC) for DC optimization [114; 113]. The starting points for DBDC are
generated with and incremental approach. Solving the problem starts with allowing
only a single predictor (or kit) to be selected into the model. Then the number of
predictors (or kits) is increased until the maximal number of predictors (or kits) is
reached. The solution for the cardinality-constrained problem with 𝑘 − 1 predictors
is used to derive promising starting points for the problem with 𝑘 predictors. Since
such selection may fall in local optimum, we use several starting points and, from
the resulting solutions, the best is selected.

Similarly to Greedy Cox in Publication III, the OSCAR algorithm requires the
input matrix including the observed patient features and the survival data (time and
event/right-censoring) in case of the survival prediction. If logistic or linear regres-
sion is used, a vector of responses should be given instead. Additionally, the max-
imum number of predictors 𝐾 needs to be defined. If not given by the user, it is
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calculated from the feature matrix in the R interface. A kit matrix may also be given
to fit the features as groups.

In the algorithm, the solution is initialized by solving the unconstrained problem
−𝑙 with DBDC. Starting from 𝑘 = 1 the starting points are constructed by varying
the previous solution 𝛽*

𝑘−1 (or the initialized solution in case of 𝑘 = 1). Then for
all starting points the problem (31) is solved with DBDC method. The penalization
parameter is increased if the cardinality-constraint is not satisfied. The best solution
is selected from the solutions obtained from different starting points. The steps are
repeated up until the problem with cardinality 𝑘 = 𝐾 is solved. The algorithm re-
turns the solutions (i.e., the vectors 𝛽) for each cardinality-constrained problem with
𝑘 = 1, . . . ,𝐾 predictors.

In addition to DBDC, the method can use other solvers that are capable to handle
nonsmoothness and nonconvexity. In our R package, we included also the limited
memory bundle method (LMBM) [115; 116], which can be used in optimization
instead of DBDC. LMBM is for general nonconvex and nonsmooth minimization
problems and it can handle large-scale problems. However, unlike DBDC, LMBM
does not benefit from the DC structure.

4.3 Results

4.3.1 LASSO selection and Greedy Cox

The methods (LASSO selection and Greedy Cox) were tested in the four data co-
horts TYKS, VENICE, MAINSAIL and ASCENT (TYKS was named RWC, i.e.
real-world cohort). Different training and testing data combinations were tested. If
the training and testing data were from the same cohort, subsets of the cohort were
assigned to either training or testing set. C-index was calculated either for a single
fitting or cross-validation.

The budged was varied, and for low budgets Greedy Cox gave better results. In
cross-validation, the highest model performance was usually reached with LASSO
selection. However, if the budget was further increased, the performance of LASSO
selection deteriorated while the results of Greedy Cox stayed on the same level. This
may be because in LASSO selection the penalization is reduced to obtain sets with
higher budget while Greedy Cox has fixed penalization. However, with Greedy Cox,
a small increase in a low budget might result in lower model performance since with
the increased budget, an expensive variable group was selected first with no money
left for other non-free variables. If a lower budget was given, the first variable group
had to be less expensive and another low-cost, but non-free, group could be selected
as well. Peak model performance was achieved with a budget around 200-400 with
usually 10-15 variables.

In TYKS cohort with an unlimited budget, Greedy Cox selected prostate-specific
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antigen (PSA) as the first predictor followed by the group of hemoglobin (HB), white
blood cells (WBC), ratio of lymphocytes and leukocytes (LYMperLEU) and ratio
of neutrophils and leukocytes (NEUperLEU). In the third step alkaline phosphatase
(ALP) was selected in addition to the previous variables. Also LASSO selection
started with PSA, HB, ALP and the age group (AGEGRP) (four steps in total). With
more steps, the order of selected variables started to differ between the two methods.
In Figure 16 the results are presented in relation to the costs and C-indices (until the
budget is 300). In the trial cohorts the selected variables varied, however, lactate

Greedy Cox
LASSOStep 1

Step 1

Step 2

Step 2

Steps 3 and 4

Figure 16. The C-index in TYKS cohort with respect to cost when the model was fitted with Greedy
Cox (red) or LASSO selection (red). The budget was unlimited for Greedy Cox and the cost was
calculated afterwards.

dehydrogenase (LDH) was selected in all trial cohorts with both Greedy Cox and
LASSO selection. However, LDH was not available in TYKS cohort. Most likely
variables to be selected in trial cohorts were LDH, HB, ALP, PSA and whether the
patient had suffered congestive heart failure (CHF). From these, PSA, HB and ALP
were also prominent predictors in TYKS cohort.

In addition, models for selected budgets were further investigated with the ePCR
package [124] after the variables were first selected by LASSO selection or Greedy
Cox. The further analysis with ePCR was conducted to optimize the amount of pe-
nalization (e.g. 𝜆 in Eq. (28)). Since the ePCR package can construct ensemble mod-
els combining results of multiple models, some ensembles were also investigated for
models fitted in different data cohorts. For example, when tested in TYKS cohort, the
best model was fitted in VENICE cohort with variables selected by LASSO selection
(Fig. 17). See Supplementary of Publication III for more details.
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VEN_LASSO_r_b380

ensemble_LASSO_r_b380

VEN_LASSO_r_b190

ensemble_LASSO_r_b190

VEN_greedy_r_b190

ensemble_greedy_r_b380

VEN_greedy_r_b380

ensemble_LASSO_f_b380

VEN_LASSO_f_b380

ensemble_greedy_f_b190

VEN_greedy_f_b190

Figure 17. Integrated AUC for models tested in TYKS cohort. Models were either fitted to VENICE
cohort or VENICE, MAINSAIL and VENICE + MAINSAIL for ensemble models. Two different bud-
gets are shown (190 and 380). Variables were first selected by LASSO selection or Greedy Cox in
the VENICE cohort. The letter ’f’ indicates that the full set of variables was allowed, and the letter
’r’ indicates that the set was reduced to those with less than 40% of missing values in TYKS cohort.
The colors indicate Bayes factors (BF) calculated to compare the models to the top model (yellow):
BF < 20 (blue), BF ≥ 20 (green). (Adopted with permission from Publication III: Suppl. Fig. 3.)

4.3.2 OSCAR

We tested the OSCAR method in the four data cohorts and analyzed the results ob-
tained from fitting into the training data (C-index), cross-validation and bootstrap
analysis. In addition, we investigated, which models were cost-efficient (i.e., maxi-
mum accuracy, minimal cost), thus making the underlying problem a multi-objective
optimization problem. We obtained an approximation of the Pareto-front from cross-
validation C-index and costs for corresponding cardinalities in the training data fit.
We further tested the models of the approximated Pareto-front in the validation sets
separated from the data before model fitting. We also compared the OSCAR method
to LASSO and APM-𝐿0 [112]. See Figure 18 for the schematic illustration of the
method and the post-fitting analyses.

In the TYKS cohort the PSA was the most robust predictor and in the bootstrap
analysis it was selected most often if only one predictor was allowed. HB, ALP and
age group were also promising predictors and the C-index improved when compared
to the PSA alone (0.654 vs 0.726). The cost also remained low with these predictors
(100 with only PSA vs. 160 with the four predictors). The model accuracy did not
dramatically improve with more predictors (maximum 0.735 in training data). In
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Figure 18. Schematic illustration of the OSCAR method and post-fitting analyses. The bottom
panel results are from simulated real-world registry data included in the R package. (Figure adopted
with permission from Publication IV: Fig. 1.)
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comparison to LASSO and APM-𝐿0, all three methods selected similar predictors,
e.g. PSA, HB and ALP. However, in the cross-validation, OSCAR resulted in higher
mean C-index than LASSO and APM-𝐿0. This might be due to OSCAR method not
penalizing the values of selected model coefficients, unlike LASSO which pushes
coefficients towards zero.

The cross-validation results were also investigated against the costs and, within
a selected cost, the OSCAR performance was the highest when compared to the
other two methods. The approximated Pareto-fronts (min cost, max accuracy) are
presented in Fig. 19. The models of the approximated Pareto-fronts were tested in
validation data and similar accuracy was reached when compared to the training data
(C-index around 0.70-0.73). If the kit structure was included, PSA was selected first,
followed by B-PVKT kit (basic blood count and trombocytes) consisting here of
HB, platelets (PLT), WBC, RBC and hematocrit (HEMAT). In this application, the
model performance was on a similar level than without the kit structures. However,
including a kit with highly prognostic feature (like HB in the B-PVKT) might have
less prognostic features that are included as well.

OSCAR

LASSO

APML0k=1

k=2

k=4
k=9
k=11 k=12

Figure 19. The cross-validation mean C-indices against the costs for the approximated Pareto-
front models obtained with OSCAR (red), LASSO (yellow) and APM-𝐿0 (red). The cardinalities
are marked for OSCAR. For LASSO the numbers of predictors are 2 and 4 starting from left, and
corresponding numbers for APM-𝐿0 are 4,6 and 14.

In trial cohorts (VENICE, MAINSAIL, ASCENT) the most robust predictors varied.
Unlike in TYKS, PSA was not as robust and, based on bootstrap analysis, it was
selected often only in ASCENT. If only one predictor was allowed, ALP was se-
lected most often in ASCENT and VENICE cohorts. In MAINSAIL, LDH was the
most robust predictor. HB was relevant predictor in VENICE and MAINSAIL. In
the VENICE cohort, potential additional predictors were aspartate aminotransferase
(AST), creatinine (CREAT), sodium (NA) and albumin (ALB). In the MAINSAIL
cohort magnesium (MG), body mass index (BMI), ALB, AST and weight were po-

44



Cancer survival prediction based on clinical data

tential predictor candidates. In the ASCENT cohort neutrophils (NEU), calcium
(CA), LDH and HB were selected often in the bootstrap analysis.

When compared to LASSO and APML-𝐿0, all three suggested similar predic-
tors. However, like with TYKS cohort, in the cross-validation analysis, the OS-
CAR method resulted in higher mean C-index than LASSO and APM-𝐿0. Similarly
to TYKS, the Pareto-front was approximated from cross-validation mean C-index
and costs and OSCAR resulted in higher accuracies when compared to LASSO and
APM-𝐿0 within the same cost. The models of the approximated Pareto-fronts were
tested in the validation data. Considering the objective of maximizing C-index and
minimizing the cost, OSCAR performed well in the validation data.
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5 Discussion

Previous chapters summarize the approaches that were investigated to obtain predic-
tions of cancer behavior and treatment outcomes. Publications I and II have more
theoretical mechanistic approaches to achieve qualitative predictions of cancer be-
havior. Publications III and IV lean towards machine learning with training data and
patient outcomes.

The ODE model in Publication I (Chapter 2) incorporates the key aspects of cancer
and immune system communication: activation and infiltration of T-cells, elimina-
tion of cancer cells and cancer cells making T-cells inefficient. In addition, the im-
munotherapy was incorporated with targeted and chemotherapy. The model could be
easily altered for different patients to form an individualized model to make patient-
specific predictions and treatment decisions. For example, the cancer cells’ sensi-
tivity to either the T-cell attack (antigen missing) or different treatments could be
tailored. Also, it is possible to further develop the model and include other im-
munotherapy mechanisms, such as the lack and treatment of the initial T-cell activa-
tion (CTLA4 vs. anti-CTLA4).

In Publication I, different immunotherapy schedules were compared with each
other (pre-set treatment periods vs. threshold-based treatment initiation), and it was
noted that both have their advantages and disadvantages. However, the threshold-
based initiation led to a positive treatment outcome (low cancer burden) more easily,
as the treatment schedule responded to the need rather than sticking to a pre-set
schedule that might not have been suitable.

On the other hand, the pre-set periods may also be adapted to an extent, by start-
ing with a tighter schedule and lengthening the drug holidays (gaps between treat-
ments) later, when the initial treatment response is already achieved. In general, the
treatment combinations, with either immuno- and targeted therapy or immuno- and
chemotherapy led to a better treatment effect than monotherapies, however, despite
the additional possibility of fewer treatment initiations, the burden of two therapies
has to be considered. With careful treatment selection and based on the underlying
biological patient characteristics, a stable, possibly undetectable, disease was attain-
able [42; 43; 44; 45] or cancer remained chronic with repeated treatment periods
[129].
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Discussion

The metapopulation model in Publication II (Chapter 3) adapted some aspects present
in the Publication I (e.g., the resources), however, instead of the immune response,
the process of angiogenesis was incorporated. Also, instead of investigating the treat-
ment effect on non-variating cancer cell subpopulations (Publication I), the metapop-
ulation model was utilized to investigate the change in the populations, i.e., how the
different treatment regimens affected the qualities of the population. We investigated
the treatments’ effect using tools of adaptive dynamics [63; 64; 65] and analyzed
how the cells’ angiogenesis contribution, emigration eagerness and resistance against
anti-angiogenic treatment would evolve under the treatments. A positive angiogene-
sis contribution was shown to be beneficial for cancer cells if the benefits outweigh
the costs [66; 67]. Similarly to real-life observations, the anti-angiogenic monother-
apy did not usually extinguish cancer completely and combination treatments were
required [17; 80; 81]. The main focus was on the anti-angiogenic therapy, however,
we modelled and analyzed also cytotoxic treatment. It was observed that the combi-
nation with anti-angiogenic treatment reduced the need for cytotoxic treatment when
the goals was to reach population non-viability. The treatments and their dosages
have to be carefully selected to avoid high risk of treatment resistance while main-
taining sufficient treatment effect.

Both immune response and angiogenesis play an important part in the cancer de-
velopment, the previous being the body’s own attempt to eradicate the anomaly, and
the latter being the key hallmark to achieve a higher level of cancer growth. Thus it
would be interesting to connect these key phenomena present separately in Publica-
tions I and II into a combined model. Since both of these models also incorporate
resources, it would be interesting to include the cancer cells’ ability to adapt to low
level of resources or hypoxia [130; 131]. The emergence of new (resistant) variants
often causes the relapse and treatment failure [132], and thus it would be interesting
to investigate it also in the ODE model in Publication I. Multiple dynamically adapt-
ing populations could be included, also to present normal or endothelial cells. Also
the treatment mechanisms could be expanded to include a combination of multiple
immune response mechanisms and corresponding therapies (e.g., anti-PD1 and anti-
CTLA4), or a combination of multiple angiogenesis mechanisms and therapies, such
as VEGF family and fibroblast growth factors (FGFs) [33]. In the case the angiogen-
esis and immune response mechanism were combined, the combination therapy of
anti-angiogenic treatment with immunotherapy could be considered [82; 83].

In Publications III and IV (Chapter 4) the cancer survival was predicted with meth-
ods based on penalized Cox regression [9; 93]. It was noted that the economic costs
could be reduced without a great loss in prediction accuracy. In Publication III,
Greedy Cox algorithm performed better than the LASSO selection, when the bud-
get was low, however, overall the LASSO selection gave the highest accuracy. Even
though not completely comparable due to slight differences in the training data, OS-
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CAR method in Publication IV produced similar or slightly higher level of accuracy
as the methods in Publication III. For Greedy Cox and OSCAR, the grouped struc-
ture (kit structure) of features was included to accommodate the real-world practice
of measuring the features together (e.g. complete blood cell count).

The methods in Publication III used traditional 𝐿1 and 𝐿2 penalizations, how-
ever, for Publication IV we implemented 𝐿0-pseudonorm, which is discontinuous
and noncovex, making the optimization problem NP-hard [108]. The penalization
term was rewritten to an exact continuous presentation which was also in the form
of a DC composition. This enabled the use of DBDC algorithm [113; 114] in the
optimization. 𝐿0-pseudonorm also allowed the nonzero model coefficients to vary
freely away from zero (unlike, e.g., in LASSO).

We investigated the model performance in four data cohorts, one from hospital
registry data (TYKS) and three from randomized clinical trials (VENICE, MAIN-
SAIL, ASCENT). For TYKS data, all tested methods resulted in similar main pre-
dictors: PSA, HB, ALP and AGEGRP. If the number of predictors (or budget) was
increased, the selected predictors started to vary. For trial cohorts, methods in Pub-
lication III selected predictors such as LDH, HB, ALP, CHF and PSA. These were
distinguished also with OSCAR method: ALP, AST, CREAT, NA, HB and ALB
for VENICE; HB, ALB and LDH for MAINSAIL; PSA, ALP, LDH and HB for
ASCENT. Some of the detected differences between cohorts and methods may be
due that in Publication III, there were more features from which to select. In addi-
tion, some important predictors selected in trial cohorts were not available in TYKS
cohort. However, the selected parameters are reasonable and validate the method
functionality, when compared to previous research (e.g. [95]) and clinical practice.
For example, PSA reflects the disease severity and has been assessed as an important
predictor of disease state [133]. Furthermore, ALP is associated with metastases in
prostate cancer [134]. LDH is released by damaged tissues and has been linked to
cancer [135].

Since the cost was calculated after the model fitting for OSCAR and LASSO se-
lection, in future work it would be an interesting challenge to incorporate the cost as
a part of the objective function. This would require the inclusion of discrete coeffi-
cients in the optimization. The selection of starting points in OSCAR method affects
the outcome and also the running time, thus further development on the starting point
selection would be interesting and potentially beneficial for the overall applicability.
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6 Conclusions

We modelled cancer dynamics with an ODE model incorporating the mechanism
of immune response and immunotherapy. We predicted the treatment outcome of
different treatment regimens, either as monotherapies or in combinations. Different
scheduling techniques were also compared to see whether the pre-set treatment peri-
ods usually used in practice would be outperformed by a threshold-based treatment
initiation. Generally, a more adaptive schedule, either with a threshold-initiation
or modifying the pre-set treatment schedule, resulted in smaller cancer burden along
with less time in treatment. We also considered cancer in a continuous-time metapop-
ulation model with migration through a dispersal pool. A mechanism of angiogenesis
and anti-angiogenic treatment was included and, using the tools provided by adaptive
dynamics, we investigated how the cancer cells affect the angiogenesis depending on
the treatment. We also analyzed the evolution on emigration and treatment resistance
against anti-angiogenic treatment.

Three variable selection methods were implemented and tested, one being a cost-
specified greedy algorithm (Publication III), one based on LASSO regularization
(Publication III) and one based on 𝐿0-pseudonorm regularization with DBDC op-
timization (Publication IV). All three methods (LASSO selection, Greedy Cox and
OSCAR) were designed to achieve prognostic models with varying levels of sparsity
to monitor, not only the prediction accuracy, but also the cost-efficiency. For Greedy
Cox, the budget was incorporated into the algorithm, whereas the other two methods
consider the cost afterwards. Group-wise feature selection was included in Greedy
Cox and OSCAR since group-wise measurement of features is general practice in
clinic. Greedy Cox and LASSO selection restrict the model parameters with well-
known 𝐿2 and 𝐿1 penalizations. The 𝐿0 penalization in OSCAR method has been
under-represented in regularized regression due to its discontinuous and nonconvex
nature. OSCAR method utilizes an exact DC-composition of the penalty term. OS-
CAR method was also made available as a user-friendly R package in CRAN. We
tested and validated the methods in prostate cancer patient data (real-world and trial
cohorts), which is clinically significant due to high occurrence among men.

We have presented highly applicable models and methods with varying approaches
and key aspects (i.e. angiogenesis and immune response) to gain insights into the
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cancer development and response as well as the patient survival prediction. We have
incorporated multiple treatment options in the theoretical models and analyzed the
qualitative outcomes. We utilized a real-world and trial data cohorts from advanced
prostate cancer to predict the overall survival with three penalized regression meth-
ods. Hopefully these novel models and methods lead to more patient-specific treat-
ment choices and bring new tools into the quest of defeating cancer.
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bundle method for large-scale nonsmooth optimization. Mathematical Programming, 109(1):
181–205, 2007.

[117] Nicolas Mottet, Joaquim Bellmunt, Michel Bolla, Erik Briers, Marcus G. Cumberbatch, Maria
De Santis, Nicola Fossati, Tobias Gross, Ann M. Henry, Steven Joniau, Thomas B. Lam, Mal-
colm D. Mason, Vsevolod B. Matveev, Paul C. Moldovan, Roderick C.N. van den Bergh, Thomas
Van den Broeck, Henk G. van der Poel, Theo H. van der Kwast, Olivier Rouvière, Ivo G. Schoots,
Thomas Wiegel, and Philip Cornford. EAU-ESTRO-SIOG Guidelines on Prostate Cancer. Part
1: Screening, Diagnosis, and Local Treatment with Curative Intent. European Urology, 71(4):
618–629, 2017. ISSN 18737560. doi: 10.1016/j.eururo.2016.08.003.

58

https://cran.r-project.org/package=l0ara
https://cran.r-project.org/package=l0ara


LIST OF REFERENCES

[118] Frank E. Harrell Jr, Robert M. Califf, David B. Pryor, Kerry L. Lee, and Robert A. Rosati.
Evaluating the yield of medical tests. JAMA, 247(18):2543–2546, 1982. doi: 10.1001/jama.
1982.03320430047030.

[119] Hung Hung and Chin-Tsang Chiang. Estimation methods for time-dependent AUC models with
survival data. Canadian Journal of Statistics, 38(1):8–26, 2010. ISSN 03195724. doi: 10.1002/
cjs.10046.

[120] Daniel P. Petrylak, Nicholas J. Vogelzang, Nikolay Budnik, Pawel Jan Wiechno, Cora N. Stern-
berg, Kevin Doner, Joaquim Bellmunt, John M. Burke, Maria Ochoa de Olza, Ananya Choud-
hury, Juergen E. Gschwend, Evgeny Kopyltsov, Aude Flechon, Nicolas Van As, Nadine Houede,
Debora Barton, Abderrahim Fandi, Ulf Jungnelius, Shaoyi Li, Ronald de Wit, and Karim
Fizazi. Docetaxel and prednisone with or without lenalidomide in chemotherapy-naive patients
with metastatic castration-resistant prostate cancer (MAINSAIL): A randomised, double-blind,
placebo-controlled phase 3 trial. The Lancet Oncology, 16(4):417–425, 2015. ISSN 14745488.
doi: 10.1016/S1470-2045(15)70025-2.

[121] Ian F. Tannock, Karim Fizazi, Sergey Ivanov, Camilla Thellenberg Karlsson, Aude Fléchon,
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