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ABSTRACT

The objective of this thesis is to design a distributed formation control system
for swarms of unmanned aerial vehicles which addresses the challenges of scalabil-
ity, collision avoidance, failure recovery, energy efficiency, and control performance.
The swarms are arranged in tightly/loosely coupled architectures, which are based on
homogeneous nodes in a distributed network of leader-follower/leaderless structures.
The model of each node in the swarm formation is based on the nonlinear/linear dy-
namic model of a quadcopter, i.e. an unmanned aerial vehicle. The goal is to design
the formation control of swarms of unmanned aerial vehicles, which is divided into
high- and low-level control. From the high-level control perspective, the main con-
tribution is to propose continuous path planning which can quickly react to events.
Setpoints are generated for the swarms of unmanned aerial vehicles considering the
complex movement of a hierarchical formation, soft landing, and failure recovery.
The hierarchical formation and soft landing are executed using a fixed formation.
Reconfiguration of the formation after node failures is implemented using a short-
est path algorithm, combinatorial algorithms, and a thin plate spline. Besides this,
from the low-level control perspective, the main contribution is to manoeuvre the
nodes smoothly. The tracking of setpoints and stabilisation of each node is handled
by a nonlinear sliding mode control with proportional derivative control and a linear
quadratic regulator with integral action. The proposed strategies are evaluated using
simulations, and the obtained results are compared and analysed both qualitatively
and quantitatively using different scenario-relevant metrics.

KEYWORDS: Unmanned aerial vehicles, multi-drone systems, swarm intelligence,
formation maintenance, distributed control, hierarchical systems, soft landing, fail-
ure recovery system.
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TIIVISTELMÄ

Tämän opinnäytetyön tavoitteena on kehittää miehittämättömien ilma-alusten
parville hajautettua muodostumisen ohjausta, joka vastaa skaalautuvuuden, törmäys-
ten välttämisen, vikasietoisuuden, energiatehokkuuden ja ohjauksen suorituskyvyn
haasteisiin. Parvet on järjestetty tiiviisti/löyhästi kytkettyihin arkkitehtuureihin, jotka
perustuvat homogeenisiin yksikköihin hajautetussa johtaja-seuraaja-/johtajattomien
rakenteiden verkostossa. Parvimuodostelman jokaisen yksikön malli perustuu ne-
likopterin eli miehittämättömän ilma-aluksen epälineaariseen dynaamiseen malliin.
Tavoitteena on ehdottaa miehittämättömien ilma-alusten parvien muodostelmaoh-
jausta, joka on jaettu korkean ja matalan tason ohjaukseen. Korkean tason ohjauksen
näkökulmasta tärkein panos on ehdottaa jatkuvaa polun suunnittelua, joka pystyy
reagoimaan nopeasti tapahtumiin. Asetusarvot luodaan miehittämättömien ilma-
alusten parville ottaen huomioon hierarkkisen muodostelman monimutkaisen liik-
keen, pehmeän laskun ja vikatilanteesta palautumisen. Hierarkkinen muodostelma ja
pehmeä lasku suoritetaan kiinteällä muodostelmalla. Muodostelman uudelleenkon-
figurointi yksiköiden vikatilanteiden jälkeen toteutetaan käyttämällä lyhimmän polun
algoritmia, kombinatorisia algoritmeja ja ”thin plate spline” -algoritmia. Lisäksi
matalan tason ohjauksen näkökulmasta tärkein panos on ohjata yksiköitä sujuvasti.
Asetusarvojen seuranta ja kunkin yksikön stabilointi hoidetaan ”sliding mode” -
säätimellä, jossa on suhde- ja derivoiva säätö, sekä lineaarisella neliösumman mini-
moivalla säätimellä, jossa on integroiva ominaisuus. Ehdotetut strategiat arvioidaan
simuloinnilla, ja saatuja tuloksia verrataan ja analysoidaan sekä kvalitatiivisesti että
kvantitatiivisesti käyttämällä erilaisia skenaarioihin liittyviä mittareita.

ASIASANAT: Miehittämättömät ilma-alukset, monidronejärjestelmät, parviälykkyys,
muodostelman ylläpito, hajautettu ohjaus, hierarkkiset järjestelmät, pehmeä lasku,
vikatilannetoipumusjärjestelmä.
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I Anam Tahir, Jari Böling, Mohammad-Hashem Haghbayan, Hannu Toivo-
nen, and Juha Plosila. Swarms of Unmanned Aerial Vehicles – A Survey.
Journal of Industrial Information Integration, 2019; vol. 16 (100106): 1-7.
DOI: https://doi.org/10.1016/j.jii.2019.100106
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1 Introduction

Swarms of unmanned vehicles (UVs) are sets of robots that work together to achieve
a specific goal. They include vehicles moving on the ground, UGVs, in the air,
UAVs, on the sea surface, USVs, or underwater, UUVs. UVs are increasingly getting
attention on both recreational and military groundsi [1; 2; 3]. They can shape the
future with the potential benefits of remote sensing and the elimination of human
error. For example, UVs manoeuvre autonomously in and around and are capable
of carrying out tasks in a variety of situational operations. Such vehicles can have
innovative impacts in the areas of (a) security and surveillance, (b) data collection,
(c) search and rescue, and (d) autonomous deliveries and shipping [4; 5; 6; 7].

UVs can operate in different modes depending upon their adaptation to versa-
tile environmental conditions. The operational modes can be teleoperation, remote
control, semi- or fully autonomous [8; 9].

• Teleoperation is a mode in which the human operator either directly controls
the actuators or sets incremental objectives on a continuous basis, using sen-
sory feedback from the location of the UVs [9].

• In comparison to the teleoperation mode, remote control is a mode in which the
human operator controls the UVs on a continuous basis also from the location
of the UVs but using only their direct observation [9]. In this mode, the UVs
rely on input from the human operator.

• In contrast, a mode in which the UVs enjoy relative autonomy is the semi-
autonomous mode. In this operational mode, an unmanned system and/or a
human operator plan and conduct a mission that requires different levels of
human interaction [9]. This enables the UVs to operate autonomously between
human interactions.

• Going further, the fully autonomous mode is the mode of operation where
the UVs have the most control without human intervention. It lets the UVs
accomplish the assigned mission within the defined scope while adapting to
operational and/or environmental conditions [9].

iUNMANNED AIRCRAFT SYSTEMS (UAS), DoD Purpose and Operational Use. Available at
https://dod.defense.gov/UAS/, accessed on 09.06.2023.
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In a formation based on distributed control, i.e., a bottom-up approach, a top-
down approach is one of the main problems which lacks the perception of the overall
dynamics of a swarm in a local controller of each UV. Hence, one of the important
challenges in the formation of a swarm of UVs is the dependability of the swarm to
proceed with its mission. As a solution, the purpose of this thesis is to address the
distributed formation control problem, which enables dynamic management of the
creation, maintenance, and termination of swarms with the challenges of scalability
in terms of architecture. As a test case, unmanned aerial vehicles (UAVs) are consid-
ered, commonly known as drones. A detailed literature review of swarms of UAVs is
presented in Publication I. To achieve better scalability, a methodology is proposed
in which a high-level control (HLC) is integrated with a low-level control (LLC) so
that the swarm performs the setpoint decision-making and an individual UAV tracks
the given trajectory.

1.1 Preliminaries
The focus of this thesis is to explore multi-drone systems, i.e. swarms of UAVs, due
to their vital challenges of formation control. It is defined as organising a set of nodes
by maintaining its formation in a specific shape. To solve any formation control
problem, three main components are considered i.e., system design, its modelling,
and approaches of formation control structures [10; 11].

The system design delivers the framework upon which formation control is im-
plemented such as:

• Homogeneity and Heterogeneity
Homogeneous nodes consist of similar modules of software and/or hardware
whereas heterogeneous nodes consist of different software and/or hardware.

• Communication Structures
The communication structures of nodes can be listed with respect to their
range, topology, and bandwidth.

• Centralised, Decentralised, and Distributed Networks
In the centralised network, as illustrated in Fig. 1(a), a single node acts as a
server and holds all the information that is needed to obtain the desired ob-
jectives. Hence, these networks are prone to hacks and failures as it takes
only one node to be compromised or shut down for the entire network to
collapse. On the other hand, decentralised and distributed networks do not
rely on a central node, as described in Fig. 1(b)-(c). These networks provide
greater user control, system dependability, scalability, and privacy. Decen-
tralised and distributed networks have several characteristics and they are not
synonymous. Decentralised networks make use of a range of distinct con-

2
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(a) Centralised (b) Decentralised (c) Distributed

Figure 1. Network formations [12].

necting nodes. In decentralised networks, each node can have independent
decision-making and information processing. The functionality is distributed
across the network, which prevents total system failures or breakdowns. In
contrast, distributed networks behave in a transparent manner, for example,
location data is shared and decision-making is divided between the nodes,
which is absent in decentralised networks. Hence, their distinguishing char-
acteristic is reliance on equally powerful connecting hubs. However, unlike
decentralised networks, these can become centralised, and can also refer to
dispersed networks with a top-down approach. As a result, troubleshooting is
easier as the system failures, incursions, and crashes may be traced back to
specific nodes, making it easier to pinpoint the source of the problem. In addi-
tion, hybrid centralised/decentralised/distributed networks, in turn, use central
planners to provide HLC over autonomous robots.

The modelling of UAVs is based on their mathematical models, discussed in
Chapter 2. Furthermore, a formation structure defines how a group of UAVs can
be controlled to form and maintain the desired formation. To control the formation
of swarms, the recent literature normally classifies the different structures into the
following main categories [13], as presented in Fig. 2.

• Leader-follower [14; 15; 16; 17]
A leader aims for team objectives, while the follower(s) track the paths of the
leader with prescribed offsets. This structure is prone to error propagation and
sensitive to the leader’s failure.

• Virtual [18; 19; 20]
Letting each node have its own trajectory will solve the error propagation but
cannot avoid collisions.

3



Anam Tahir

(a) Leader-follower (b) Virtual (c) Behaviour-based

Figure 2. Formation structures.

• Behaviour-based [21; 22; 23]
To form the desired shape of a swarm, each node is assigned to one of the sev-
eral desired behaviours. The overall control is then derived from a weighting
of the relative importance of each behaviour. This structure is scalable, but
cannot ensure a fixed pattern.

The formation structures can be further categorised into position, displacement,
distance, and angle based with regards to the need for interaction topology and sens-
ing capability [24]. The formation in position-based control is defined by the de-
sired positions of nodes with respect to the global coordinate system. Also, it is
assumed that each node can sense its own position. In contrast to this, the forma-
tion in displacement-based control is defined by the desired displacements between
pairs of nodes with respect to the global coordinate system. Also, each node can
sense its own and its neighbour node(s)’ positions, which ensures maintaining the
same orientation. Furthermore, the formation in distance-based control is defined by
the desired inter-node distances that are actively controlled. Besides this, in angle-
based control, the actively controlled variable is the bearing between neighbours. In
distance- or angle-based control, distance assignment instead of position assignment
is present for pairs of nodes. The controlled variables are also the distances to the
sensed neighbours or the bearings between pairs of neighbours. Hence, all the vari-
ables can be sensed locally as there is no need for a global or aligned coordinate
system.

1.2 Problem Formulation
Inspired by the aforementioned discussions, the first key element that needs to be
adapted in most swarms of UAVs is scalability so that a swarm can be further divided
into subgroups. One of the main problems in distributed formation control of swarms
of UAVs is enabling the dynamic management of the creation, maintenance, and
termination of swarms. The following questions are addressed in this thesis:

4



Introduction

1 System design for swarms of UAVs
What different set-ups are used for formation control of swarms of UAVs, and
which set-up should be used in this study?

2 High-level control (HLC)
How to design a control system which can handle hierarchical formation, soft
landing, and failure recovery while maintaining its formation with collision
avoidance? This procedure is defined as the mapping problem, which de-
scribes the best shape of the desired swarm formations.

3 Low-level control (LLC)
How do UAVs smoothly manoeuvre in the formations, arranged in tightly and
loosely coupled architectures? This problem addresses the optimal tracking
movement of each node from its initial to final position in a swarm formation.

1.3 Thesis Layout
This thesis is divided into five chapters. The introduction and the problem formu-
lation are stated in Chapter 1. The models of UAVs are outlined in Chapter 2. The
methodology for designing formation control of swarms of UAVs is elaborated in
Chapter 3. The concluding remarks are discussed in Chapter 4. Lastly, the overview
of publications is presented in Chapter 5.

In a swarm formation, most of the state-of-the-art is focused on the distributed
controllers i.e., the local controller of each UAV. It only manipulates its actuators
based on the observations of the local dynamic model of each node i.e., a bottom-
up approach. Hence, it is unaware of the behaviour and constraints of the swarm’s
higher levels of hierarchy i.e., the top-down approach. Both approaches try to refine
and optimise the partial behaviour of the systems, which eventually leads to global
emergent behaviour. This optimal or near-optimal behaviour of the system is the final
goal of control designs. This work addresses the problem of a distributed formation
control that is based on the dynamics of the overall swarm and the local dynamics
of each node via implementing the partial controllers i.e., the top-down, bottom-up
approach.

As a preliminary study, a comprehensive literature review of the general research
field of UAVs, with a particular emphasis on swarms is presented in Publication I.
In addition, an online survey among the general public was performed to investi-
gate the public awareness of the technology field. The model of each node in the
swarm formation is based on the nonlinear (Publications II, IV, and V) and linear
(Publication III) dynamic models of a quadcopter, i.e. a UAV. This work is based
on the formation control of swarms of homogeneous UAVs in a distributed network
of leader-follower and leaderless structures in Publications II-IV and Publication V
respectively. It sheds light on the challenges of scalability, collision avoidance, fail-

5
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Figure 3. Structure of the thesis.

ure recovery, energy efficiency, and control performance. This addresses Research
Question 1. The goal is to design the formation control of swarms of UAVs, which
is divided into HLC and LLC, as explained in Fig.3.

In the HLC, to avoid collisions among UAVs, setpoints are generated for the
swarms of UAVs considering the complex movement of a hierarchical formation,
soft landing, and failure recovery. The hierarchical formation and soft landing are
executed using a fixed formation in Publications II and III respectively. The recon-
figuration of the formation after a single failed node is implemented using a short-
est path algorithm in Publication IV. For multiple failed nodes, the reconfiguration
of the formation is implemented using combinatorial algorithms (i.e., distance- and
time-optimal algorithms) and thin plate spline (TPS) method in Publication V. This
addresses Research Question 2.

Besides this, in the LLC, the tracking of setpoints and stabilisation of each node
for smooth manoeuvre is handled by a nonlinear sliding mode control (SMC) with
proportional derivative (PD) control in Publication II and a linear quadratic regulator
(LQR) with integral action in Publications II-V. This addresses Research Question 3.

6



2 Models of Unmanned Aerial Vehicles

The model of each node in the swarm formation consists of the nonlinear (Publica-
tions II, IV, and V) and linear (Publication III) dynamic models of a quadcopter, i.e.
UAV. Exhibiting the concept of the proposed control designs, this model presents
itself as a case study for swarms of UAVs.

Each UAV in a swarm is responsible for tracking the desired trajectories as well
as for hovering at desired positions for given time periods. In this section, the dy-
namic model of a quadcopter is examined. Consider a quadcopter as shown in Fig.
4(a), commonly known as a drone, an under-actuated system having four input en-
gines and propellers enabling six degrees of freedom including roll 𝜑, pitch 𝜃, yaw
𝜓, and thrust for movement and manoeuvre. For most quadcopter designs, there are
two possible configurations as illustrated in Fig. 4(b), i.e. plus and cross [25; 26; 27].
In each configuration, the two rotors on the opposite ends always rotate in the same
direction while the other two rotate in the opposite direction, whereas all the thrusts
have the same direction.

(a) (b)

Figure 4. (a) Quadcopter’s movement about the axis. (b) Configuration of a quadcopter.

The direction of movement, i.e. rotations, is the roll 𝜑, pitch 𝜃, and yaw 𝜓, which
are affected by thrusts from the propeller. The roll 𝜑, pitch 𝜃, and yaw 𝜓 movements
are controlled to ensure the stability of rotation around the 𝑥-axis (longitudinal axis),
𝑦-axis (lateral or transverse axis), and 𝑧-axis (vertical axis) respectively. In other
words, the roll 𝜑 is the measure of side-to-side tilting, i.e., it causes the vehicle
to move to one side or the other depending on the tilt. The pitch 𝜃 determines the

7
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rotation of the vehicle fixed between the side-to-side axis, i.e., it would tilt the vehicle
up and down from front to back causing the vehicle to move forwards or backward
depending on which way it is tilted. The yaw 𝜓 moves the vehicle around in a
clockwise/anticlockwise rotation as it stays level to the ground, i.e., it changes the
direction of the vehicle accordingly. However, the thrust is not a directional element
like roll 𝜑, pitch 𝜃, and yaw 𝜓, but controls the altitude of the vehicle.

2.1 Nonlinear Model

Consider a quadcopter that has four propellers with fixed pitch mechanically movable
blades, as described in Fig. 5.

Figure 5. Kinematics of the quadcopter.

The major forces acting on the quadcopter are the gravity 𝑔 and the thrust 𝑇𝑖, 𝑖 ∈
{1, 2, 3, 4}, of the propellers. In this model, the inertial reference is the earth shown
as (𝑥, 𝑦, 𝑧) which is the origin of the reference frame. A quadcopter is assumed to
be a rigid body that has a constant mass symmetrically distributed with respect to the
planes (𝑥, 𝑦), (𝑦, 𝑧), and (𝑥, 𝑧).

The position of a quadcopter reference frame (𝑥, 𝑦, 𝑧) with respect to an inertial
frame (𝑥, 𝑦, 𝑧)0 can be expressed mathematically in a state variable form [28; 29]
where translational and angular accelerations are given by

8
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�̇�𝑥 = −𝑣𝑧𝑤𝑦 + 𝑣𝑦𝑤𝑧 − 𝑔 sin 𝜃

�̇�𝑦 = −𝑣𝑥𝑤𝑧 + 𝑣𝑧𝑤𝑥 + 𝑔 cos 𝜃 sin𝜑

�̇�𝑧 = −𝑣𝑦𝑤𝑥 + 𝑣𝑥𝑤𝑦 + 𝑔 cos 𝜃 cos𝜑− 𝑇

𝑚

(1)

and

�̇�𝑥 =
1

𝐽𝑥
(−𝑤𝑦𝑤𝑧(𝐽𝑧 − 𝐽𝑦) +𝑀𝑥 −

𝑘𝑤𝑇

𝑘𝑀𝑇
𝐽𝑚𝑝𝑀𝑧𝑤𝑦)

�̇�𝑦 =
1

𝐽𝑦
(−𝑤𝑥𝑤𝑧(𝐽𝑥 − 𝐽𝑧) +𝑀𝑦 −

𝑘𝑤𝑇

𝑘𝑀𝑇
𝐽𝑚𝑝𝑀𝑧𝑤𝑥)

�̇�𝑧 =
𝑀𝑧

𝐽𝑧

(2)

respectively. The thrust produced by each propeller 𝑇𝑖 is translated into a total thrust
𝑇 and the reactive torques 𝑀𝑖, 𝑖 ∈ {𝑥, 𝑦, 𝑧}, affecting the rotations along the cor-
responding axis. 𝐽𝑖, 𝑖 ∈ {𝑥, 𝑦, 𝑧}, is known as the moment of inertia along the
corresponding axis, and 𝐽𝑚𝑝 is the moment of inertia of a motor with a propeller.
The angular velocities of propellers are assumed to be proportional to the thrusts of
propellers i.e., 𝑤𝑗 = 𝑘𝑤𝑇𝑇𝑖, 𝑗 ∈ {𝑥, 𝑦, 𝑧}. Similarly, the reactive moments of pro-
pellers are assumed to be proportional to the thrust of propellers i.e., 𝑀𝑖 = 𝑘𝑀𝑇𝑇𝑖.
Depending on the chosen configuration, the propeller thrusts 𝑇𝑖 will generate differ-
ent thrust 𝑇 and torques 𝑀𝑖 namely

⎡
⎢⎢⎣

𝑇

𝑀𝑥

𝑀𝑦

𝑀𝑧

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

1 1 1 1

0 −ℓ 0 ℓ

ℓ 0 −ℓ 0

𝑘𝑀𝑇 −𝑘𝑀𝑇 𝑘𝑀𝑇 −𝑘𝑀𝑇

⎤
⎥⎥⎦

⎡
⎢⎢⎣

𝑇1
𝑇2
𝑇3
𝑇4

⎤
⎥⎥⎦ (3)

for a plus configuration and

⎡
⎢⎢⎣

𝑇

𝑀𝑥

𝑀𝑦

𝑀𝑧

⎤
⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 1 1 1
√
2
2 ℓ −

√
2
2 ℓ −

√
2
2 ℓ

√
2
2 ℓ

√
2
2 ℓ

√
2
2 ℓ −

√
2
2 ℓ −

√
2
2 ℓ

𝑘𝑀𝑇 −𝑘𝑀𝑇 𝑘𝑀𝑇 −𝑘𝑀𝑇

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎣

𝑇1
𝑇2
𝑇3
𝑇4

⎤
⎥⎥⎦ (4)

for a cross configuration where ℓ is the length of the fixed pitch to mechanically
movable blades [30]. The velocities corresponding to Equations (1) and (2) are
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�̇� = 𝑣𝑥 cos𝜓 cos 𝜃 + 𝑣𝑦(− sin𝜓 cos𝜑+ cos𝜓 sin 𝜃 sin𝜑)+

𝑣𝑧(sin𝜓 sin𝜑+ cos𝜓 sin 𝜃 cos𝜑)

�̇� = 𝑣𝑥 sin𝜓 cos 𝜃 + 𝑣𝑦(cos𝜓 cos𝜑+ sin𝜓 sin 𝜃 sin𝜑)+

𝑣𝑧(− cos𝜓 sin𝜑+ sin𝜓 sin 𝜃 cos𝜑)

�̇� = 𝑣𝑥 sin 𝜃 − 𝑣𝑦 cos 𝜃 sin𝜑− 𝑣𝑧 cos 𝜃 cos𝜑

(5)

and

𝜃 = 𝑤𝑦 cos𝜑− 𝑤𝑧 sin𝜑

�̇� = 𝑤𝑥 + 𝑤𝑦 sin𝜑 tan 𝜃 + 𝑤𝑧 cos𝜑 tan 𝜃

�̇� = 𝑤𝑦
sin𝜑

cos 𝜃
+ 𝑤𝑧

cos𝜑

cos 𝜃

(6)

respectively. Equations (1) to (6) represent the complete nonlinear model of a quad-
copter, composed of twelve states, four inputs, and twelve outputs. More precisely,

x =
[︀
𝑣𝑥 𝑣𝑦 𝑣𝑧 𝑤𝑥 𝑤𝑦 𝑤𝑧 𝜃 𝜑 𝜓 𝑥 𝑦 𝑧

]︀T (7)

is the state or system vector,

u =
[︀
𝑇 𝑀𝑥 𝑀𝑦 𝑀𝑧

]︀T (8)

is the input or control vector, and

y = x (9)

is the output (measured) vector. In any practical setting, some of the states would
be estimated using numerical derivation or integration with respect to time. The
nonlinear equations can be expressed in a compact form

ẋ = 𝑓(𝑥, 𝑢). (10)

Furthermore, the reduced state vector

xs =
[︀
𝑣𝑥 𝑣𝑦 𝑣𝑧 𝑤𝑥 𝑤𝑦 𝑤𝑧

]︀T (11)

and the performance outputs

𝑦𝑝1
∈ {𝑥, 𝑦, 𝑧}, (12)

𝑦𝑝2
∈ {𝜃, 𝜑, 𝜓}, (13)

and

10
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yp =
[︀
𝑥 𝑦 𝑧

]︀T (14)

are defined for future use. {𝑣𝑥, 𝑣𝑦, 𝑣𝑧} and {𝑤𝑥, 𝑤𝑦, 𝑤𝑧} are defined as translational
and angular velocities respectively. Furthermore, 𝑦𝑝1

and 𝑦𝑝2
are defined as the trans-

lational and angular positions respectively. The values assigned to each quadcopter
are illustrated in Table 1, which are used in analytical solutions and simulations.

Table 1. System parameters [28].

Symbol Quantity Value
𝑔 gravitational force 9.81 m/s2

ℓ length of the blades 0.2 m
𝑚 mass of the quadcopter 0.8 kg
𝐽𝑚𝑝 moment of inertia of motor with propeller ≈ 0*

𝐽𝑥, 𝐽𝑦 moment of inertia with respect to axis (𝑥, 𝑦) 1.8×10−3 kgm2

𝐽𝑧 moment of inertia with respect to axis 𝑧 1.5×10−3 kgm2

𝑘𝑀𝑇 ratio of reactive moment and thrust of used propellers 0.1 m
*Assuming zero means that the rpm of a propeller can be directly manipulated.

2.2 Linear Model
In reconnaissance missions, the prevailing state of a quadcopter is either to have
a slow flight or to hover in equilibrium with all the state derivatives equal to zero
such as ẋ = 0, known as an equilibrium point. Putting all the derivatives to zero in
nonlinear Equations (1) to (6) leads to equilibrium values,

𝑇0 = 𝑚𝑔 and

𝑀𝑥0 =𝑀𝑦0 =𝑀𝑧0 = 0,
(15)

for the manipulated variables.
Consequently, nonlinear dynamic equations can be converted into standard equa-

tions of a linear system by assuming small values of state variables and small dif-
ferences of manipulated variables from equilibrium using a standard linearisation
method given by

ẋ = Ax+Bu (16)

where A = [𝐴𝑖𝑗 ] and B = [𝐵𝑖𝑗 ], defined as

𝐴𝑖𝑗 =
𝜕𝑓𝑖
𝜕𝑥𝑗

|𝑥 = 𝑥0, 𝑢 = 𝑢0 (17)

and

11
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𝐵𝑖𝑗 =
𝜕𝑓𝑖
𝜕𝑢𝑗

|𝑥 = 𝑥0, 𝑢 = 𝑢0 , (18)

are the matrices with functions as constant elements for the state vector x from Equa-
tion (7) and the input or control vector u from Equation (8) respectively. The matri-
ces’ components are established systemically term by term at the equilibrium point
(𝑥0, 𝑢0) = (0, 0).

Consider Equation (10) and Equation (16) where x does not depend on u so the
derivative with respect to u = 0. Differentiating 𝑓1 = −𝑣𝑧𝑤𝑦 + 𝑣𝑦𝑤𝑧 − 𝑔 sin 𝜃 with
respect to x leads to

𝜕𝑓1
𝜕𝑥2

=
𝜕𝑓1
𝜕𝑣𝑦

= 𝑤𝑧|0 = 0,

𝜕𝑓1
𝜕𝑥3

=
𝜕𝑓1
𝜕𝑣𝑧

= −𝑤𝑦|0 = 0,

𝜕𝑓1
𝜕𝑥5

=
𝜕𝑓1
𝜕𝑤𝑦

= −𝑣𝑧|0 = 0,

𝜕𝑓1
𝜕𝑥6

=
𝜕𝑓1
𝜕𝑤𝑧

= 𝑣𝑦|0 = 0, and

𝜕𝑓1
𝜕𝑥7

=
𝜕𝑓1
𝜕𝜃

= −𝑔 cos 𝜃|0 = −𝑔.

(19)

Differentiating 𝑓2 = −𝑣𝑥𝑤𝑧 + 𝑣𝑧𝑤𝑥 + 𝑔 cos 𝜃 sin𝜑 with respect to x leads to

𝜕𝑓2
𝜕𝑥1

=
𝜕𝑓2
𝜕𝑣𝑥

= −𝑤𝑧|0 = 0,

𝜕𝑓2
𝜕𝑥3

=
𝜕𝑓2
𝜕𝑣𝑧

= 𝑤𝑥|0 = 0,

𝜕𝑓2
𝜕𝑥4

=
𝜕𝑓2
𝜕𝑤𝑥

= 𝑣𝑧|0 = 0,

𝜕𝑓2
𝜕𝑥6

=
𝜕𝑓2
𝜕𝑤𝑧

= −𝑣𝑥|0 = 0,

𝜕𝑓2
𝜕𝑥7

=
𝜕𝑓2
𝜕𝜃

= −𝑔 sin 𝜃 sin𝜑|0 = 0, and

𝜕𝑓2
𝜕𝑥8

=
𝜕𝑓2
𝜕𝜑

= 𝑔 cos 𝜃 cos𝜑|0 = 𝑔.

(20)

Differentiating 𝑓3 = −𝑣𝑦𝑤𝑥 + 𝑣𝑥𝑤𝑦 + 𝑔 cos 𝜃 cos𝜑 with respect to x leads to

12
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𝜕𝑓3
𝜕𝑥1

=
𝜕𝑓3
𝜕𝑣𝑥

= 𝑤𝑦|0 = 0,

𝜕𝑓3
𝜕𝑥2

=
𝜕𝑓3
𝜕𝑣𝑦

= −𝑤𝑥|0 = 0,

𝜕𝑓3
𝜕𝑥4

=
𝜕𝑓3
𝜕𝑤𝑥

= −𝑣𝑦|0 = 0,

𝜕𝑓3
𝜕𝑥5

=
𝜕𝑓3
𝜕𝑤𝑦

= 𝑣𝑥|0 = 0,

𝜕𝑓3
𝜕𝑥7

=
𝜕𝑓3
𝜕𝜃

= −𝑔 sin 𝜃 cos𝜑|0 = 0, and

𝜕𝑓3
𝜕𝑥8

=
𝜕𝑓3
𝜕𝜑

= −𝑔 cos 𝜃 sin𝜑|0 = 0.

(21)

Differentiating 𝑓4 = 1
𝐽𝑥

(−𝑤𝑦𝑤𝑧(𝐽𝑧 − 𝐽𝑦)) with respect to x leads to

𝜕𝑓4
𝜕𝑥5

=
𝜕𝑓4
𝜕𝑤𝑦

=
−𝑤𝑧(𝐽𝑧 − 𝐽𝑦)

𝐽𝑥
|0 = 0 and

𝜕𝑓4
𝜕𝑥6

=
𝜕𝑓4
𝜕𝑤𝑧

=
−𝑤𝑦(𝐽𝑧 − 𝐽𝑦)

𝐽𝑥
|0 = 0.

(22)

Differentiating 𝑓5 = 1
𝐽𝑦

(−𝑤𝑥𝑤𝑧(𝐽𝑥 − 𝐽𝑧)) with respect to x leads to

𝜕𝑓5
𝜕𝑥4

=
𝜕𝑓5
𝜕𝑤𝑥

=
−𝑤𝑧(𝐽𝑥 − 𝐽𝑧)

𝐽𝑦
|0 = 0 and

𝜕𝑓5
𝜕𝑥6

=
𝜕𝑓5
𝜕𝑤𝑧

=
−𝑤𝑥(𝐽𝑥 − 𝐽𝑧)

𝐽𝑦
|0 = 0.

(23)

Differentiating 𝑓6 = 0 with respect to x leads to 0. Differentiating 𝑓7 = 𝑤𝑦 cos𝜑−
𝑤𝑧 sin𝜑 with respect to x leads to

𝜕𝑓7
𝜕𝑥5

=
𝜕𝑓7
𝜕𝑤𝑦

= cos𝜑|0 = 1,

𝜕𝑓7
𝜕𝑥6

=
𝜕𝑓7
𝜕𝑤𝑧

= − sin𝜑|0 = 0, and

𝜕𝑓7
𝜕𝑥8

=
𝜕𝑓7
𝜕𝜑

= (−𝑤𝑦 sin𝜑− 𝑤𝑧 cos𝜑)|0 = 0.

(24)

Differentiating 𝑓8 = 𝑤𝑥 + 𝑤𝑦 sin𝜑 tan 𝜃 + 𝑤𝑧 cos𝜑 tan 𝜃 with respect to x leads to

13
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𝜕𝑓8
𝜕𝑥4

=
𝜕𝑓8
𝜕𝑤𝑥

= 1,

𝜕𝑓8
𝜕𝑥5

=
𝜕𝑓8
𝜕𝑤𝑦

= sin𝜑 tan 𝜃|0 = 0,

𝜕𝑓8
𝜕𝑥6

=
𝜕𝑓8
𝜕𝑤𝑧

= cos𝜑 tan 𝜃|0 = 0,

𝜕𝑓8
𝜕𝑥7

=
𝜕𝑓8
𝜕𝜃

= (𝑤𝑦 sin𝜑 sec
2 𝜃 + 𝑤𝑧 cos𝜑 sec

2 𝜃)|0 = 0, and

𝜕𝑓8
𝜕𝑥8

=
𝜕𝑓8
𝜕𝜑

= (𝑤𝑦 cos𝜑 tan 𝜃 − 𝑤𝑧 sin𝜑 tan 𝜃)|0 = 0.

(25)

Differentiating 𝑓9 = 𝑤𝑦
sin𝜑
cos 𝜃

+ 𝑤𝑧
cos𝜑
cos 𝜃

with respect to x leads to

𝜕𝑓9
𝜕𝑥5

=
𝜕𝑓9
𝜕𝑤𝑦

=
sin𝜑

cos 𝜃
|0 = 0,

𝜕𝑓9
𝜕𝑥6

=
𝜕𝑓9
𝜕𝑤𝑧

=
cos𝜑

cos 𝜃
|0 = 1,

𝜕𝑓9
𝜕𝑥7

=
𝜕𝑓9
𝜕𝜃

= (𝑤𝑦 sin𝜑(
−1√
1− 𝜃2

) + 𝑤𝑧 cos𝜑(
−1√
1− 𝜃2

))|0 = 0, and

𝜕𝑓9
𝜕𝑥8

=
𝜕𝑓9
𝜕𝜑

= (𝑤𝑦
cos𝜑

cos 𝜃
− 𝑤𝑧

sin𝜑

cos 𝜃
)|0 = 0.

(26)

Differentiating 𝑓10 = 𝑣𝑥 cos𝜓 cos 𝜃+𝑣𝑦(− sin𝜓 cos𝜑+cos𝜓 sin 𝜃 sin𝜑)+𝑣𝑧(sin𝜓 sin𝜑+

cos𝜓 sin 𝜃 cos𝜑) with respect to x leads to

𝜕𝑓10
𝜕𝑥1

=
𝜕𝑓10
𝜕𝑣𝑥

= cos𝜓 cos 𝜃|0 = 1,

𝜕𝑓10
𝜕𝑥2

=
𝜕𝑓10
𝜕𝑣𝑦

= (− sin𝜓 cos𝜑+ cos𝜓 sin 𝜃 sin𝜑)|0 = 0,

𝜕𝑓10
𝜕𝑥3

=
𝜕𝑓10
𝜕𝑣𝑧

= (sin𝜓 sin𝜑+ cos𝜓 sin 𝜃 cos𝜑)|0 = 0,

𝜕𝑓10
𝜕𝑥7

=
𝜕𝑓10
𝜕𝜃

= (−𝑣𝑥 cos𝜓 sin 𝜃 + 𝑣𝑦 cos𝜓 cos 𝜃 sin𝜑+

𝑣𝑧 cos𝜓 cos 𝜃 cos𝜑)|0 = 0,

𝜕𝑓10
𝜕𝑥8

=
𝜕𝑓10
𝜕𝜑

= (𝑣𝑦 sin𝜓 sin𝜑+ 𝑣𝑦 cos𝜓 sin 𝜃 cos𝜑+ 𝑣𝑧 sin𝜓 cos𝜑−

𝑣𝑧 cos𝜓 sin 𝜃 sin𝜑)|0 = 0, and
𝜕𝑓10
𝜕𝑥9

=
𝜕𝑓10
𝜕𝜓

= (−𝑣𝑥 sin𝜓 cos 𝜃 − 𝑣𝑦 cos𝜓 cos𝜑− 𝑣𝑦 sin𝜓 sin 𝜃 sin𝜑+

𝑣𝑧 cos𝜓 sin𝜑− 𝑣𝑧 sin𝜓 sin 𝜃 cos𝜑)|0 = 0.

(27)
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Differentiating 𝑓11 = 𝑣𝑥 sin𝜓 cos 𝜃+𝑣𝑦(cos𝜓 cos𝜑+sin𝜓 sin 𝜃 sin𝜑)+𝑣𝑧(− cos𝜓 sin𝜑+

sin𝜓 sin 𝜃 cos𝜑) with respect to x leads to

𝜕𝑓11
𝜕𝑥1

=
𝜕𝑓11
𝜕𝑣𝑥

= sin𝜓 cos 𝜃|0 = 0,

𝜕𝑓11
𝜕𝑥2

=
𝜕𝑓11
𝜕𝑣𝑦

= (cos𝜓 cos𝜑+ sin𝜓 sin 𝜃 sin𝜑)|0 = 1,

𝜕𝑓11
𝜕𝑥3

=
𝜕𝑓11
𝜕𝑣𝑧

= (− cos𝜓 sin𝜑+ sin𝜓 sin 𝜃 cos𝜑)|0 = 0,

𝜕𝑓11
𝜕𝑥7

=
𝜕𝑓11
𝜕𝜃

= (−𝑣𝑥 sin𝜓 sin 𝜃 + 𝑣𝑦 sin𝜓 cos 𝜃 sin𝜑+

𝑣𝑧 sin𝜓 cos 𝜃 cos𝜑)|0 = 0,

𝜕𝑓11
𝜕𝑥8

=
𝜕𝑓11
𝜕𝜑

= (−𝑣𝑦 cos𝜓 sin𝜑+ 𝑣𝑦 sin𝜓 sin 𝜃 cos𝜑− 𝑣𝑧 cos𝜓 cos𝜑−

𝑣𝑧 sin𝜓 sin 𝜃 sin𝜑)|0 = 0, and
𝜕𝑓11
𝜕𝑥9

=
𝜕𝑓11
𝜕𝜓

= (𝑣𝑥 cos𝜓 cos 𝜃 − 𝑣𝑦 sin𝜓 cos𝜑+ 𝑣𝑦 cos𝜓 sin 𝜃 sin𝜑+

𝑣𝑧 sin𝜓 sin𝜑+ 𝑣𝑧 cos𝜓 sin 𝜃 cos𝜑)|0 = 0.

(28)

Differentiating 𝑓12 = 𝑣𝑥 sin 𝜃−𝑣𝑦 cos 𝜃 sin𝜑−𝑣𝑧 cos 𝜃 cos𝜑 with respect to x leads
to

𝜕𝑓12
𝜕𝑥1

=
𝜕𝑓12
𝜕𝑣𝑥

= sin 𝜃|0 = 0,

𝜕𝑓12
𝜕𝑥2

=
𝜕𝑓12
𝜕𝑣𝑦

= − cos 𝜃 sin𝜑|0 = 0,

𝜕𝑓12
𝜕𝑥3

=
𝜕𝑓12
𝜕𝑣𝑧

= − cos 𝜃 cos𝜑|0 = −1,

𝜕𝑓12
𝜕𝑥7

=
𝜕𝑓12
𝜕𝜃

= (𝑣𝑥 cos 𝜃 + 𝑣𝑦 sin 𝜃 sin𝜑+ 𝑣𝑧 sin 𝜃 cos𝜑)|0 = 0, and

𝜕𝑓12
𝜕𝑥8

=
𝜕𝑓12
𝜕𝜑

= (−𝑣𝑦 cos 𝜃 cos𝜑+ 𝑣𝑧 cos 𝜃 sin𝜑)|0 = 0.

(29)

Keeping all the attained differential values from Equations (19) to (29) into Equa-
tion (17), the matrix
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𝐴𝑖𝑗 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 −𝑔 0 0 0 0 0

0 0 0 0 0 0 0 𝑔 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0

0 0 −1 0 0 0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(30)

with functions as constant elements is obtained for the state vector x.
Consider Equation (10) and Equation (16) where u does not depend on x so the

derivative with respect to x = 0. Differentiating 𝑓1 = − 𝑇
𝑚 with respect to u leads

to

𝜕𝑓1
𝜕𝑢1

=
𝜕𝑓1
𝜕𝑇

= − 1

𝑚
|0 = − 1

𝑚
. (31)

Differentiating 𝑓2 =
𝑀𝑥
𝐽𝑥

(where 𝐽𝑚𝑝 = 0, see Table 1) with respect to u leads to

𝜕𝑓2
𝜕𝑢2

=
𝜕𝑓2
𝜕𝑀𝑥

=
1

𝐽𝑥
|0 =

1

𝐽𝑥
. (32)

Differentiating 𝑓3 =
𝑀𝑦

𝐽𝑦
(where 𝐽𝑚𝑝 = 0, see Table 1) with respect to u leads to

𝜕𝑓3
𝜕𝑢3

=
𝜕𝑓3
𝜕𝑀𝑦

=
1

𝐽𝑦
|0 =

1

𝐽𝑦
. (33)

Differentiating 𝑓4 =
𝑀𝑧
𝐽𝑧

with respect to u leads to

𝜕𝑓4
𝜕𝑢4

=
𝜕𝑓4
𝜕𝑀𝑧

=
1

𝐽𝑧
|0 =

1

𝐽𝑧
. (34)

Keeping all the attained differential values from Equations (31) to (34) into Equa-
tion (18), the matrix

𝐵𝑖𝑗 =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 − 1
𝑚 0 0 0 0 0 0 0 0 0

0 0 0 1
𝐽𝑥

0 0 0 0 0 0 0 0

0 0 0 0 1
𝐽𝑦

0 0 0 0 0 0 0

0 0 0 0 0 1
𝐽𝑧

0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

T

(35)
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with functions as constant elements is obtained for the input or control vector u.
Hence, the complete dynamics of a quadcopter can be represented in a standard

linear time-invariant (LTI) form

ẋ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 −𝑔 0 0 0 0 0

0 0 0 0 0 0 0 𝑔 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0

0 0 −1 0 0 0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣𝑥
𝑣𝑦
𝑣𝑧
𝑤𝑥

𝑤𝑦

𝑤𝑧

𝜃

𝜑

𝜓

𝑥

𝑦

𝑧

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0

0 0 0 0

− 1
𝑚 0 0 0

0 1
𝐽𝑥

0 0

0 0 1
𝐽𝑦

0

0 0 0 1
𝐽𝑧

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

𝑇

𝑀𝑥

𝑀𝑦

𝑀𝑧

0

0

0

0

0

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(36)

using Equations (16), (30) and (35). More precisely, it can be written as

ẋ = Ax+Bu

=

[︂
−𝑔𝜃 𝑔𝜑 − 𝑇

𝑚
𝑀𝑥
𝐽𝑥

𝑀𝑦

𝐽𝑦
𝑀𝑧
𝐽𝑧

𝑤𝑦 𝑤𝑥 𝑤𝑧 𝑣𝑥 𝑣𝑦 −𝑣𝑧
]︂T (37)

and

y = Cx+Du = x (38)

where C and D are defined as output (measured) matrix and feedthrough matrix
respectively. The state or system vector, input or control vector, output (measured)
vector, reduced state vector, and the performance outputs are given in Equations (7)
to (9) and (11) to (14) respectively.
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3 Methodology

In this thesis, the model of each node in the swarm formation is based on the non-
linear (Publications II, IV, and V) and linear (Publication III) dynamic models of a
quadcopter, i.e. a UAV. The goal is to design the formation control of swarms of
UAVs, which is divided into HLC and LLC, as presented in Fig.3. The HLC(s) relies
on continuous monitoring, which communicates with the LLC(s), as explained in
Fig. 6. In particular, the HLC integrates a continuous path planning and execution
cycle which can quickly react to events. In contrast, the LLC decides the control
modes and the associated trajectories taking into account the mission, path, and con-
trol constraints and requirements of each UAV in a swarm.

Figure 6. Overall control scheme.

3.1 High-Level Control
In the HLC, the setpoints are generated using offsets in Publication II to maintain the
hierarchical formation of UAVs in the swarms. In contrast, the setpoints are gener-
ated using offsets in Publication III to guarantee the smoothness, i.e. soft landing, of
desired landing missions on a movable surface while minimising the possibilities for
landing errors. The hierarchical formation and soft landing are executed using a fixed
formation. Besides this, the failure recovery method is included, which reconfigures
the swarm formation after single and multiple failed nodes in Publications IV and V
respectively. For reconfigurations, the setpoints are generated using the shortest path
algorithm in Publication IV. In contrast, the setpoints are generated using combina-
torial algorithms (i.e., distance- and time-optimal algorithms) and the TPS method
in Publication V. Only the TPS method is described in the following subsection.

18



Methodology

3.1.1 Thin Plate Spline

For robust nonrigid 2D transformation, consider a point set registration [31; 32; 33]
using TPS, which is known for solving data interpolation and smoothing problems
[34]. A spline is a function defined by polynomials in a piecewise manner. For
the approximation of complicated shapes, spline curves are used via curve fitting
that is adaptable and has noncomplicated construction [34]. To make it simpler, this
method is analysed in 2D in Publication V. Consequently, two sets of correspondence
data points, 𝑋 = 𝑥𝑖 and 𝑉 = 𝑣𝑖 where 𝑖 = 1, 2, 3, ..., 𝑛 are considered. Here,
𝑥𝑖 and 𝑣𝑖 are defined as the locations of a point in the desired formation (scene)
and the initial formation (model) respectively. Keeping the shape of the disturbed
formation/function under consideration, a mapping function 𝑓(𝑣𝑖) can be obtained
by minimising the energy function

𝐸𝑇𝑃𝑆(𝑓) =
𝑛∑︁

𝑖=1

||𝑥𝑖−𝑓(𝑣𝑖)||2+𝜆
∫︁∫︁ (︀

(
𝜕2𝑓

𝜕𝑥2
)2+2(

𝜕2𝑓

𝜕𝑥𝜕𝑦
)2+(

𝜕2𝑓

𝜕𝑦2
)
)︀
𝑑𝑥𝑑𝑦 (39)

that evaluates the amount of formation disturbance. The data points of 𝑉 are mapped
as closely as possible to the data points of 𝑋 by minimising the first error measure-
ment term. The second regularisation term is a penalty on the smoothness of 𝑓 , and it
is in a general case needed to make the mapping unique. In the cases that are studied
in this thesis, one can put 𝜆 = 0, and still get unique solutions.

3.2 Low-Level Control
In the LLC, a feedback controller is designed to track the setpoints and stabilise the
positions of UAVs for smooth manoeuvre in a swarm formation. The tracking of
setpoints and stabilisation of each UAV is handled by LQR with integral action in
Publications II-V and SMC PD in Publication II. This is further described in the
following subsections.

3.2.1 Linear Quadratic Regulator with Integral Action

LQR is a simple control design method that provides good control performance in
the full-state feedback case and can handle a multivariable system [35]. For the for-
mation flight, a standard LQR augmented with integral action is tested as illustrated
in Fig. 7, similar to what was done in [36] and [37]. Each UAV has its local control
system, with the setpoints coming from the above level. LQR provides an optimal
full-state feedback controller using linear model Equations (37) and (38), which is
tested on the nonlinear model Equations (1) to (6) of each UAV in Publications II,
IV, and V whereas it is tested on the linear model Equations (37) and (38) of each
UAV in Publication III.
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Figure 7. Block diagram of LQR integral control design.

Considering the linear model Equations (37) and (38), the control input u min-
imises the quadratic cost function

𝐽(u) =

∫︁ ∞

0
(ẋT

a𝑄ẋa + u̇T𝑅u̇)𝑑𝑡 (40)

where

xa =

[︂ ∫︁ 𝑡

0
e(𝜏)T 𝑑𝜏 xT

]︂T

, (41)

the states x, and the control vector u are defined in Equations (7) and (8) respectively.
𝑄 is a positive semi-definite matrix that defines the weights of states, whereas 𝑅 is a
positive definite matrix that weights the control inputs. To get the desired response,
the controller can be tuned by changing the (diagonal) elements in the 𝑄 and 𝑅

matrices. Positive-definite and semi-definite criteria for the diagonal matrices mean
that the diagonal elements are greater than zero and greater than or equal to zero
respectively. A larger diagonal element in 𝑄 or 𝑅 means fewer variations in the
corresponding state or control input respectively. Furthermore,

e = r− yp (42)

is the error term and

r =
[︀
𝑥𝑟 𝑦𝑟 𝑧𝑟

]︀T (43)

is the reference for yp, defined in Equation (14). The state feedback law

u =
𝐾𝑖

𝑠
e−𝐾𝑝(x− x̂) (44)

gives the four control inputs i.e., thrust 𝑇 and torques 𝑀𝑖; 𝑀𝑥 (along 𝑥-axis i.e. roll
𝜑), 𝑀𝑦 (along 𝑦-axis i.e. pitch 𝜃), and 𝑀𝑧 (along 𝑧-axis i.e. yaw 𝜓). The controller
uses two separate gain matrices 𝐾𝑝 and 𝐾𝑖 where 𝐾𝑝 is the state feedback gain and
𝐾𝑖 is the integral gain. x̂ is the setpoints of the states x and 𝐺𝑟 is the reference gain.
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3.2.2 Sliding Mode Control with Proportional Derivative Control

The SMC method reduces the order of the state equations and provides a quick re-
sponse, which leads to the simplification of a design procedure. It may reduce the
system’s sensitivity with respect to parameter variation and disturbances when it en-
ters the sliding surface. However, this may lead to a chattering phenomenon that
can be minimised by using proper switching gains in the saturation function. Fur-
thermore, PD control is a closed-loop system in which the proportional controller
reduces the rise time and steady-state error, and the derivative controller reduces
overshoot, increases the stability of the system, and improves the transient response.

For the formation flight, an SMC PD control method from [38] is adapted and
tested on the nonlinear model Equations (1) to (6) of each UAV in Publication II. Fig.
8 shows the control design of each UAV, which is divided into two feedback control
loops, i.e., outer and inner, where xs, 𝑦𝑝1

, and 𝑦𝑝2
are defined in Equations (11)

to (13). Furthermore,

𝑟1 ∈ {𝑥𝑟, 𝑦𝑟, 𝑧𝑟} (45)

is the reference for 𝑦𝑝1
. In this control design, SMC is tied to the PD control and the

gain parameters can be adjusted based on the overall dynamics of the swarm, which
eventually produces input or control vector u, defined in Equation (8). A UAV’s
translational position 𝑦𝑝1

is handled by the outer feedback control loop using PD
control whereas angular position is handled by the inner feedback control loop using
SMC. This is further described in the following subsections.

Figure 8. Block diagram of SMC PD control design.

Translational Position Control Design

The control design of each UAV’s translational positions 𝑦𝑝1
is described in Fig. 9.

Using three PD controllers, the angular position errors 𝑒2 ∈ {𝜃𝑒, 𝜑𝑒, 𝜓𝑒} are gener-
ated, which are fed to the angular position control design as inputs. The feedback
law

𝑒2 = 𝑦𝑝2
− 𝑟2 = 𝑦𝑝2

− (𝐾𝑃 · 𝑒1 +𝐾𝐷
𝑑

𝑑𝑡
𝑒1) (46)
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is obtained where 𝑒1 = 𝑟1 − 𝑦𝑝1
, and the parameters 𝐾𝑃 and 𝐾𝐷 are the propor-

tional and derivative gains respectively. 𝑦𝑝1 and 𝑦𝑝2 are the translational and angular
positions respectively, see Equations (12) and (13).

Figure 9. The translational position control design.

Furthermore, to control the hierarchical formation of tightly coupled architec-
tures, a lead compensator is connected in series with the PD control block, which
reduces the overshoots of translational positions 𝑦𝑝1

. Mathematically, the transfer
function

𝐺(𝑠) =
𝑠− 𝑧𝑧
𝑠− 𝑧𝑝

(47)

is defined as the lead compensator where 𝑧𝑧 is the zero and 𝑧𝑝 is the pole, satisfying
0 < 𝑧𝑧 < 𝑧𝑝.

Angular Position Control Design

For each UAV, the input or control vector u, see Equation (8), is obtained using
four SMC controllers. The actuator thrust 𝑇 is generated to drive each UAV, and
the torques 𝑀𝑖 ∈ {𝑀𝑥,𝑀𝑦,𝑀𝑧} are generated for the stabilisation of the position
angles, as presented in Fig. 10.

Figure 10. The angular position control design.

Consider a time-varying surface 𝑠𝑎(𝑡) in the state space R𝑛 by the scalar equation
𝑠𝑎(𝑥, 𝑡) = 0. The sliding surface

𝑠𝛼 = 𝑐𝛼𝑒𝛼 + �̇�𝛼 (48)
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is chosen where 𝛼 ∈ {𝑇,𝑀𝑥,𝑀𝑦,𝑀𝑧}, 𝑐𝛼 is a strictly positive constant, and 𝑒𝛼 is
the tracking error [39]. The chattering free control law

𝛼 = �̂�−𝐾𝛼sat(
𝑠𝛼
𝛽𝛼

) (49)

for thrust 𝑇 and torques𝑀𝑖;𝑀𝑥 (along 𝑥-axis i.e. roll 𝜑),𝑀𝑦 (along 𝑦-axis i.e. pitch
𝜃), and 𝑀𝑧 (along 𝑧-axis i.e. yaw 𝜓) is obtained. The control design parameters �̂�,
defined as equivalent control, and𝐾𝛼 indicate the motion of the state trajectory along
the sliding surface 𝑠𝛼 and the maximum controller output respectively. To eliminate
the chattering phenomena, the saturation function

sat(
𝑠𝛼
𝛽𝛼

) =

⎧
⎪⎨
⎪⎩

𝑠𝛼
𝛽𝛼
, | 𝑠𝛼

𝛽𝛼
| ≤ 1

sgn( 𝑠𝛼
𝛽𝛼

), otherwise
(50)

allocates a low pass filter to the local dynamics of the variable 𝑠𝛼, which approxi-
mates the sgn(.) term in a boundary layer of the manifold 𝑠𝑎(𝑡) = 0. This bound-
ary layer solution avoids control discontinuities and switching actions in the control
loop. The 𝛽𝛼 is a constant that defines the thickness of the boundary layer. The
control design is more efficient when a minimum amount of boundary layer is used.
The method of obtaining the equivalent control �̂� is described below.

Differentiating the Equation (48) with respect to 𝑒 leads to

�̇�𝛼 = 𝑐𝛼�̇�𝛼 + 𝑒𝛼 (51)

for thrust 𝑇 and torques 𝑀𝑖. The sliding surfaces

�̇�𝑇 = 𝑐𝑇 �̇� + 𝑧,

�̇�𝑀𝑥 = 𝑐𝑀𝑥 �̇�+ 𝜑,

�̇�𝑀𝑦 = 𝑐𝑀𝑦𝜃 + 𝜃, and

�̇�𝑀𝑧 = 𝑐𝑀𝑧 �̇� + 𝜓

(52)

are obtained by letting {�̇�𝑇 , �̇�𝑀𝑥 , �̇�𝑀𝑦 , �̇�𝑀𝑧} = {�̇�, �̇�, 𝜃, �̇�} respectively. Keeping
the �̇� from Equation (5) and �̇�𝑧 from Equation (1) in Equation (52),

�̇�𝑇 = 𝑐𝑇 (𝑣𝑥 sin 𝜃 − 𝑣𝑦 cos 𝜃 sin𝜑− 𝑣𝑧 cos 𝜃 cos𝜑) +
𝑑

𝑑𝑧
�̇�

= 𝑐𝑇 (𝑣𝑥 sin 𝜃 − 𝑣𝑦 cos 𝜃 sin𝜑− 𝑣𝑧 cos 𝜃 cos𝜑)− �̇�𝑧 cos 𝜃 cos𝜑

= 𝑐𝑇 (𝑣𝑥 sin 𝜃 − 𝑣𝑦 cos 𝜃 sin𝜑− 𝑣𝑧 cos 𝜃 cos𝜑)−

(−𝑣𝑦𝑤𝑥 + 𝑣𝑥𝑤𝑦 + 𝑔 cos 𝜃 cos𝜑− 𝑇

𝑚
) cos 𝜃 cos𝜑

(53)

23



Anam Tahir

is obtained for the thrust 𝑇 . Keeping the �̇� from Equation (6) and �̇�𝑥 from Equa-
tion (2) where 𝐽𝑚𝑝 = 0, see Table 1, in Equation (52),

�̇�𝑀𝑥 = 𝑐𝑀𝑥(𝑤𝑥 + 𝑤𝑦 sin𝜑 tan 𝜃 + 𝑤𝑧 cos𝜑 tan 𝜃) +
𝑑

𝑑𝑥
�̇�

= 𝑐𝑀𝑥(𝑤𝑥 + 𝑤𝑦 sin𝜑 tan 𝜃 + 𝑤𝑧 cos𝜑 tan 𝜃) + �̇�𝑥

= 𝑐𝑀𝑥(𝑤𝑥 + 𝑤𝑦 sin𝜑 tan 𝜃 + 𝑤𝑧 cos𝜑 tan 𝜃)+

1

𝐽𝑥
(−𝑤𝑦𝑤𝑧(𝐽𝑧 − 𝐽𝑦) +𝑀𝑥)

(54)

is obtained for the torque 𝑀𝑥. Keeping the 𝜃 from Equation (6) and �̇�𝑦 from Equa-
tion (2) where 𝐽𝑚𝑝 = 0, see Table 1, in Equation (52),

�̇�𝑀𝑦 = 𝑐𝑀𝑦 (𝑤𝑦 cos𝜑− 𝑤𝑧 sin𝜑) +
𝑑

𝑑𝑦
𝜃

= 𝑐𝑀𝑦 (𝑤𝑦 cos𝜑− 𝑤𝑧 sin𝜑) + �̇�𝑦 cos𝜑

= 𝑐𝑀𝑦 (𝑤𝑦 cos𝜑− 𝑤𝑧 sin𝜑) + (
1

𝐽𝑦
(−𝑤𝑥𝑤𝑧(𝐽𝑥 − 𝐽𝑧) +𝑀𝑦)) cos𝜑

(55)

is obtained for the torque 𝑀𝑦. Keeping the �̇� from Equation (6) and �̇�𝑧 from Equa-
tion (2) in Equation (52),

�̇�𝑀𝑧 = 𝑐𝑀𝑧 (𝑤𝑦
sin𝜑

cos 𝜃
+ 𝑤𝑧

cos𝜑

cos 𝜃
) +

𝑑

𝑑𝑧
�̇�

= 𝑐𝑀𝑧 (𝑤𝑦
sin𝜑

cos 𝜃
+ 𝑤𝑧

cos𝜑

cos 𝜃
) + �̇�𝑧

cos𝜑

cos 𝜃

= 𝑐𝑀𝑧 (𝑤𝑦
sin𝜑

cos 𝜃
+ 𝑤𝑧

cos𝜑

cos 𝜃
) +

𝑀𝑧

𝐽𝑧

cos𝜑

cos 𝜃

(56)

is obtained for the torque 𝑀𝑧 . Let {�̇�𝑇 , �̇�𝑀𝑥 , �̇�𝑀𝑦 , �̇�𝑀𝑧} = 0 in Equations (53)
to (56), the equivalent control �̂�;

𝑇 = − 𝑚𝑐𝑇
cos 𝜃 cos𝜑

(𝑣𝑥 sin 𝜃 − 𝑣𝑦 cos 𝜃 sin𝜑− 𝑣𝑧 cos 𝜃 cos𝜑)+

𝑚(−𝑣𝑦𝑤𝑥 + 𝑣𝑥𝑤𝑦 + 𝑔 cos 𝜃 cos𝜑),

𝑀𝑥 = −𝑐𝑀𝑥𝐽𝑥(𝑤𝑥 + 𝑤𝑦 sin𝜑 tan 𝜃 + 𝑤𝑧 cos𝜑 tan 𝜃) + 𝑤𝑦𝑤𝑧(𝐽𝑧 − 𝐽𝑦),

�̂�𝑦 = −
𝑐𝑀𝑦𝐽𝑦

cos𝜑
(𝑤𝑦 cos𝜑− 𝑤𝑧 sin𝜑) + 𝑤𝑥𝑤𝑧(𝐽𝑥 − 𝐽𝑧), and

�̂�𝑧 = −𝑐𝑀𝑧𝐽𝑧(𝑤𝑦 tan𝜑+ 𝑤𝑧)

(57)

is obtained for the Equation (49).
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The control law 𝛼 from Equation (49) ensures both the reachability condition
𝑠𝛼�̇�𝛼 < 0 and the sliding condition �̇�𝛼 = 1

2
𝑑
𝑑𝑡𝑠

2
𝛼 using Lyapunov’s stability analysis,

given below. Consider a positive definite scalar function for the thrust 𝑇 and torques
𝑀𝑖 as

𝑉𝛼 =
1

2
𝑠2𝛼 (58)

and its derivative leads to

�̇�𝛼 = 𝑠𝛼�̇�𝛼 (59)

where �̇�𝛼 is given in Equations (53) to (56). Keeping the control law 𝛼 from Equa-
tion (49) and the equivalent control �̂� from Equation (57) in Equation (59),

�̇�𝛼 = −𝜂|𝑠𝛼| < 0 (60)

is obtained by letting 𝐾𝛼;

𝐾𝑇 =
𝑚

cos 𝜃 cos𝜑
,

𝐾𝑀𝑥 = 𝐽𝑥,

𝐾𝑀𝑦 =
𝐽𝑦

cos𝜑
, and

𝐾𝑀𝑧 =
𝐽𝑧 cos 𝜃

cos𝜑
,

(61)

where 𝜂 = 1, a strictly positive constant, and |𝑠𝛼| = 𝑠𝛼sat( 𝑠𝛼
𝛽𝛼

). Hence, Equa-
tion (60) states that all the system trajectories point towards the sliding surface 𝑠𝛼 in
a finite time. To be specific, once on the surface, the system trajectories stay on the
surface. The conditions are verified by 𝑠𝛼 and therefore the inner closed-loop system
is guaranteed to be stable.
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4 Conclusion

The objective of this thesis is to design the distributed formation control for swarms
of UAVs, arranged in tightly and loosely coupled architectures, which addresses the
challenges of scalability, collision avoidance, failure recovery, energy efficiency, and
control performance. A comprehensive literature review of the general research field
of UAVs with a particular emphasis on swarms is presented in Publication I.

The overall system design is based on the formation control of swarms of homo-
geneous UAVs in a distributed network of leader-follower and leaderless structures
in Publications II-IV and Publication V respectively. The leader-follower structure
is prone to error propagation and sensitive to the leader’s failure. Furthermore, the
distributed networks provide user control, system dependability, scalability, and pri-
vacy. They behave in a transparent manner, for example, location data is shared and
decision-making is divided between the nodes. However, these can become cen-
tralised, and can also refer to dispersed networks with a top-down approach. As a
result, troubleshooting is easier as system failures, incursions, and crashes may be
traced back to specific nodes, making it easier to pinpoint the source of the problem.
The model of each node in the swarm formation is based on the nonlinear (Publica-
tions II, IV, and V) and linear (Publication III) dynamic models of a quadcopter, i.e.
a UAV. Exhibiting the concept of the proposed control designs, this model presents
itself as a case study for swarms of UAVs. This addresses Research Question 1.

The overall control scheme of the formation control of swarms of UAVs is di-
vided into high- and low-level control. In the proposed method, an HLC is integrated
with an LLC. In the HLC, the setpoints, i.e. desired points of tracking, are generated
for the swarms of UAVs considering the complex movement of a hierarchical forma-
tion, soft landing, and failure recovery. This addresses Research Question 2. In the
LLC, a feedback controller is designed to track the setpoints and stabilise the posi-
tions of UAVs for smooth manoeuvre in a swarm formation. This addresses Research
Question 3.

Due to the hybrid nature of the whole system architecture (system design and
control methods), the dependability of each node in terms of its location gives rise
to problems in the adjustment of the controller’s design parameters. In other words,
deviations of a node might cause significant unwanted changes in the other nodes’ lo-
cations, especially in cases of leader-follower structures. From the HLC perspective,
the main contribution is to propose continuous path planning which can quickly re-
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act to events. This procedure is defined as the mapping problem, which describes the
best shape of the desired swarm formations. Besides this, from the LLC perspective,
the main contribution is to manoeuvre the nodes smoothly. This problem addresses
the optimal tracking movement of each node from its initial to final position in a
swarm formation. Hence, the overall contribution of this thesis can be outlined as
follows:

• This work addresses the problem of a distributed formation control that is
based on the dynamics of the overall swarm and the local dynamics of each
node via implementing the partial controllers i.e., the top-down, bottom-up
approach. The formation complexity of a large system of tightly and loosely
coupled swarms of UAVs is reduced. To achieve better scalability, a methodol-
ogy is proposed in which an HLC is integrated with an LLC so that the swarm
performs the setpoint decision-making and an individual node tracks the given
trajectory.

• To avoid collisions among nodes, continuous path planning is proposed in the
HLC. The hierarchical formation and soft landing are executed using a fixed
formation in Publications II and III respectively. The reconfiguration of the
formation after a single failed node is implemented using a shortest path algo-
rithm in Publication IV. For multiple failed nodes, the reconfiguration of the
formation is implemented using combinatorial algorithms (i.e., distance- and
time-optimal algorithms) and the TPS method in Publication V. The objec-
tives of the post-failure reconfiguration are to provide collision avoidance and
smooth energy-efficient movement.

• To manoeuvre the nodes smoothly, optimal tracking movement is proposed in
the LLC. The tracking of setpoints and stabilisation of each node for smooth
manoeuvre is handled by a nonlinear SMC with PD control in Publication II
and a linear LQR with integral action in Publications II-V. The control per-
formance of each node is improved by reducing the system’s settling time as
much as possible without introducing oscillations in the response. The param-
eters of the controllers are determined through testing of the overall dynamics
of the swarm, and convergence towards the setpoints is guaranteed.

4.1 Future Work
All the work in this thesis is based on simulations, and it would be valuable to con-
sider experimental studies on small-scale UAVs. Also, potential challenges are dis-
cussed in [3].

There can be various directions in which this work can be extended. For in-
stance, variations of system design can be implemented to achieve scalability such
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as (1) Heterogeneous models of UAVs or the hybrid combination of homogeneous
and heterogeneous UAVs can be considered. (2) Centralised, decentralised or cou-
pling of centralised/decentralised distributed networks can be studied. (3) Similarly,
virtual, behaviour-based or their combination with leader-follower structures can be
examined.

In a leader-follower structure, the further the follower(s) node is from its re-
spective leader(s)/sub-leader(s) node, the larger oscillations can be observed in a
formation. This effect can be compensated/cancelled using other methods such as
model predictive control and reinforcement learning [40; 41; 42]. Another possible
extension is to improve the proposed solutions to gain better overall system control
performance such as robust stability, collision avoidance, and energy efficiency.
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5 Overview of Publications

5.1 Swarms of Unmanned Aerial Vehicles – A Survey

UAVs, in the market, come with diversity in the number of propellers. They can
also be grouped based on their size, range, and equipment. The sizes can be either
nano, mini, regular, or large while the range can be either very close, close, short,
mid, or endurance. In this Publication, a survey-type study on UAVs and swarms
of UAVs is presented, with a special focus on quadcopters. The mechanics, func-
tionality, organisation, modelling, applications, and autonomy aspects of such UAVs
and their swarms are discussed. In addition, the Publication includes the result of
an online survey in order to get a picture of public awareness regarding the use of
UAV technology. The participants of this survey were from different countries and
associated with several professional fields. The results showed that although a large
proportion of the responders were concerned about the privacy and security concerns
of swarms of UAVs, on the other hand, it can be quite useful in disaster management,
environmental mapping, and search and rescue activities.

5.2 Comparison of Linear and Nonlinear Methods for
Distributed Control of a Hierarchical Formation of
UAVs

A key problem in cooperative robotics is the maintenance of a geometric configura-
tion during movement. As a solution for this, a multi-layered and distributed control
system is proposed for the swarm of UAVs in the formation of hierarchical levels
based on the leader-follower structure. The complexity of developing a large system
can be reduced in this way. To ensure the tracking performance and response time
of the ensemble system, nonlinear and linear control designs are presented; (a) SMC
connected with a PD controller and (b) LQR with integral action respectively. The
safe travel distance strategy for collision avoidance is introduced and integrated into
the control designs for maintaining the hierarchical states in the formation. Both de-
signs provide rapid adoption with respect to their settling time without introducing
oscillations for the dynamic flight movement of vehicles in the cases of (1) nominal,
(2) plant-model mismatch, and (3) external disturbance inputs. Also, the nominal
settling time of the swarm is improved by 44% on average when using the nonlinear
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method as compared to the linear method. Furthermore, the proposed methods are
fully distributed so that each UAV autonomously performs the feedback laws in order
to achieve better modularity and scalability.

5.3 Navigation System for Landing a Swarm of Auto-
nomous Drones on a Movable Surface

The development of a navigation system for the landing of a swarm of UAVs on a
movable surface is one of the major challenges in building a fully autonomous plat-
form. Hence, the purpose of this study is to investigate the behaviour of a swarm
of ten UAVs under the mission of soft landing on a movable surface that has con-
stant speed with oscillations. This swarm, arranged in a leader-follower hierarchical
manner, has distributed control units based on LQR with an integral action method.
Furthermore, to prevent UAVs from landing arbitrarily, the leader node takes the
feedback of translational coordinates from the movable surface and adjusts its posi-
tion accordingly. Hence, each follower tracks the leader’s trail with offsets, taking
collision avoidance into account. The design parameters of controllers are mapped
in such a way that the simulations demonstrate the feasibility and great potential of
the proposed method.

5.4 Development of a Fault-Tolerant Control System for
a Swarm of Drones

One of the important challenges in an autonomous swarm of UAVs is the dependabil-
ity of the swarm to continue its mission. Engine failure or propeller disintegration
poses a significant risk to the operation of each node of the swarm, and if it happens
the system should be able to tolerate such malfunction by reconfiguring the swarm
and reforming if it is necessary. In this Publication, a fault-tolerant control system
for an autonomous leader-follower-based swarm of UAVs is presented. For defining
the fault model, the full failure of an engine is considered as an emergency situation,
and the controller of each node is facilitated to reconfigure the swarm by imposing
a bottom-up reformation to bypass the faulty node, which keeps the formation intact
as much as possible. The simulation results show the effectiveness of the proposed
method with respect to reliability and robust stability.

5.5 Energy-Efficient Post-Failure Reconfiguration of
Swarms of Unmanned Aerial Vehicles

In this Publication, the reconfiguration of swarms of UAVs after simultaneous fail-
ures of multiple nodes is considered. The objectives of the post-failure reconfig-
uration are to provide collision avoidance and smooth energy-efficient movement.
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To incorporate such a mechanism, three different failure recovery algorithms are
proposed, namely TPS, distance- and time-optimal algorithms. These methods are
tested on six swarms, with two variations on failing nodes for each swarm. The sim-
ulation results of reconfiguration show that the execution of such algorithms main-
tains the desired formations with respect to avoiding collisions at run-time. Also,
the results show the effectiveness of the proposed methods concerning the distance
travelled, kinetic energy, and energy efficiency. As expected, the distance-optimal
algorithm gives the shortest movements, and the time-optimal algorithm gives the
most energy-efficient movements. The TPS is also found to be energy-efficient and
has less computational cost than the other two proposed methods. Despite the sug-
gested heuristics, these are combinatorial in nature and might be difficult to use in
practice. Furthermore, the use of the regularisation parameter 𝜆 in TPS is also in-
vestigated, and it is found that too large values of 𝜆 can lead to incorrect locations,
including multiple nodes in the same location. In fact, it is found that using 𝜆 = 0

works well in all cases.
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