A4l UNIVERSITY
zt> OF TURKU

THE MATHEMATICS OF NEURAL NETWORKS BEHIND IMAGE
RECOGNITION

Jarno Jéppinen

Master’s thesis
June 2024

Supervisor:
Prof. Ion Petre

Reviewer:
Dos. Yury Nikulin

DEPARTMENT OF MATHEMATICS AND STATISTICS



The originality of this thesis has been checked in accordance with the University of
Turku quality assurance system using the Turnitin OriginalityCheck service.



UNIVERSITY OF TURKU
Department of Mathematics and Statistics

JARNO JAPPINEN: The mathematics of neural networks behind image recognition
Master’s thesis, 48 p.

Mathematics

June 2024

This thesis aims to present a special case of neural network for image recognition:
the convolutional neural network. Before that, the neural network in general, its
components, architecture and operation will be presented. The idea of a convolu-
tional neural network is to reduce the mathematical computation by focusing more
on extracting the information that is necessary for recognition. With the convolution
neural network technique, networks can be made quite large and complex without
the computational needs increasing proportionally. In this paper, we will introduce
the mathematics needed to train a neural network. The computation is based on
optimizing the weight coefficients of the network by minimizing the error function
using a backpropagation algorithm.

The work also includes a simple fully connected neural network and a more complex
convolutional neural network trained on two different datasets. The CIFAR-10 and
Fashion-MNIST datasets have been used. The CIFAR-10 dataset consists of small
coloured images which were more challenging to recognize with the models com-
pared to the Fashion-MNIST dataset where the images are greyscale and slightly
smaller. With the CIFAR-10 data, the convolutional neural network learned with a
fairly good accuracy in recognition while the fully connected neural network did not
achieve very good learning results. With the Fashion-MNIST dataset, both models,
fully connected and convolutional, learned to recognize objects quite well.

I conclude that the learning of recognition is particularly influenced by the content
of the material. If the images are clear and contain only one object, classification is
easy, as it is for humans. But if there are many different things in the picture it is
much harder for a human as well as a machine to tell what is in the picture. The
amount of computation required is also greatly affected by the size of the images
and the number of different classification categories.

Keywords: neural network, fully connected neural network, convolutional neural
network, backpropagation.
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1 Introduction

This topic has been chosen because artificial intelligence has recently taken on a
very large role in humanity. In particular, autonomous transportation robots such
as shopping delivery, cleaning robots and even taxis in some countries. The aim has
been to investigate what this machine vision is based on and how a machine/program
can be taught to autonomously recognize things it has learned using big data. The
primary goal is to learn about the mathematics behind image recognition. The
mathematical implementation is based on neural networks inspired by biology. In
simplified terms, neural networks should be able to generate a function with X as
the initial value and Y as the response, Y = f(X), where X is the information about
the pixels in the image and Y is the information about what is in the image.

The first aim is to go through the structure and architecture of artificial neural
networks (ANN), the components that make up a neural network. This will be
followed by an introduction to the mathematical functions used in the training
of neural networks. Mainly the functions are threshold/activation functions and
functions that measure the error in learning recognition. After the introduction of
the functions, the forward computation (forward propagation) of the neural network
is introduced where values are computed for the neurons in the network based on the
data entering the network and its values. Once the calculations have been done up to
the end of the network, i.e. the prediction result, we next explore the minimization
of the prediction error using a backpropagation algorithm to update the weights of
the neurons in the network and a few other parameters for a new round of forward
computation.

We then present the structure and operation of a special case of a neural net-
work, a convolutional neural network (CNN), which is particularly developed for
image recognition. From the convolutional neural network, we present the differ-
ent layers, followed by the computations in the network and the operation of the
backpropagation algorithm in the convolutional neural network. After that, two
different important/renowned convolutional neural networks LeNet-5 and AlexNet
will be presented.

We will then briefly introduce the Keras and TensorFlow libraries, which are
widely used in the code of these neural networks.

This is followed by two examples using the well-known datasets CIFAR-10 and
Fashion-MNIST. For each of these datasets, a fully connected neural network and a
convolutional neural network have been programmed and it has been examined how
the models learn to recognize the dataset images.

This work is written in KTEX-code on overleaf.com. The images in the thesis
are made with BTEX-code, drawio.com and Python code. The deepl.com translator
and the Grammarly application have been used to assist with the English language.

2 Neural Networks

Section 2 is based mainly on the Section 2.6. Artificial Neural Networks of the book
[7] and the Section 11. Multilayer Perceptrons of the book [5].
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2.1 Architecture of the Neural Networks
2.1.1 Neuron

A neuron is the smallest unit in a neural network. Each node in a neural network
graph is called a neuron. There are as many neurons in the input layer as the data
we use needs. The output layer contains as many neurons as there are classes to be
classified. Between these layers, there are several hidden layers, and in these layers,
there are several neurons. The number of layers and neurons needed depends on the
complexity of the task the network is supposed to learn. Unfortunately, there is no
mathematical way to calculate how many layers or neurons are needed, but it has
to be found by experimenting with different combinations.

2.1.2 Perceptron

Perceptron is the smallest version of neural networks. The perceptron has a single
input layer and in that layer, a set of neurons with values x; € R;i =1,...,d and
each neuron has its own weight w; € R. There is also an extra neuron called bias, x,
which always has a value of +1 and is connected to the weight value wy € R. Neurons
can be outputs of other perceptrons or they can come from the environment, such as
the original dataset. The values of each neuron are multiplied by the corresponding
weights and then summed. Now the weighted sum of the inputs of the perceptron
is:

d
z= Zwixi +wy =w'x (1)
i=1

where x; € R is one of the input values and w; € R is the associated weight and
in the simplest case z is the perceptron output value. Figure 1 illustrates what
a perceptron looks like and how it works. On the left are the incoming values
x = [1,21,..., 247, which we multiply by the values w = [wg, wy,...,wq|". Now
we get a weighted sum 2, which is equal to the dot product of the vectors w”z.
Often there is some threshold function or activation function that gives the final
output of the perceptron, f(z) = a.

Figure 1: The perceptron model.



In order to learn, perceptron needs feedback on how well it responds. To do this,
we need some kind of function that estimates the difference between the output of
the perceptron and the actual label of the data. An error function can make such
an estimate, and in this case, our main goal is to minimize the value of the error
function. It would be better if the error function were differentiable because then
we can minimize it using the gradient descent method. The minimization has to be
done by updating the values of the weights w;. This can be done by taking the partial
derivative of the error function with respect to the variable w; and multiplying it by
the learning factor n:

oFE
Gwi ’

Let us take an example where a perceptron solves a classification problem with
two classes (see Section 2.3.2 for more information). In this case, we can use a
logistic cost function:

E = —ylog(a) — (1 —y)log(l — a) (3)

for cross-entropy as an error function that measures the goodness of the prediction.
Here y is the actual value, so it takes the value one when the data point belongs
to the class and zero when it does not. We can use the chain rule to compute the
partial derivative of the error function with respect to the variable w;:

A — oE (9_E da 0z
wz_nﬁwi_nﬁa 0z Ow;

(4)

Let us first calculate three different partial derivatives. In this example we use the
logistic function as the activation function:

a=f(z) = . (5)

We get the following results:

oK  y l1—-y a-y

da a+1—aia(1—a)

da

- _ _ 6
P a(l —a) (6)
0z o

awi S

Now we can use these results to calculate the update rule for Aw;:

Aw; =n a_y)'a(l—@'xz‘:??(a—y)xi- (7)

a(l—a
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In error minimization, we go in the opposite direction to the gradient, and the
function finally takes the form:

Aw; =y — a)z;. (8)

2.1.3 Architecture

Figure 2 illustrates what a feedforward neural network (FNN) looks like and how
it works. The FNN takes in a data matrix X € R™" and modifies it to vector

mXxXn
shape (™ € R%. Then each value of vector ™ is set to different neuron in the
input layer of the FNN. In the input layer, there are m xn = d different neurons plus
a bias neuron whose value is always 1. In the input layer the values xl(-m),i =1,...,d
and agm) are the same. However, the data points may have been modified to correct

form before that i.e X ™ is already modified to suitable form from the original data.

The next layer is the first hidden layer and all layers between the input and output
layers are hidden layers. In Figure 2 we have two hidden layers. The incoming value
of the j:th neuron of the first hidden layer is:

d
h1 hl) (i h1
A 35 U0l 1 ot 0
i=1
where j = 1,..., e. Then we use selected activation function for every zj(.hl) to get a

new activated outgoing value of the j:th neuron of the first hidden layer:

"™ = (") (10)

J

where f(-) is the activation function. Now respectively we get the following and all
the remaining possible hidden layers in the network. The same calculation method
can be used up to the calculation of the output values of the output layer. It may
often be necessary to use a different activation function than in the previous layers.

4



2™ [ af™ M PR A ) [ 4t R 2o | yfout

A
N
o4
"N
5
S\
]
%

i ‘v‘ ~
X SIAK KK
SN\ YZ N2\

: AN = o
NN

(in) (h1) | (h1) (h2) | (h2)
"d z ) |ag zp ey

Figure 2: FNN Architecture. The first layer on the left is called the input layer and
the last layer on the right is called the output layer. The layers between them are
called hidden layers, and the more hidden layers there are, the deeper the network.
Every neuron in each layer is connected to every neuron in the next layer except for
the bias neuron in the next layer, there are no incoming connections to bias. Each
connection has its weight and each neuron is activated with the activation function.

2.2 Activation Functions

Section 2.2 is based mainly on the Section 2.6.2 Activation Functions of the book
[7] and also on the Section 6.4 Activation function of the book [13].

The activation function should be nonlinear and continuously differentiable. If
there are only linear activation functions, then the model will be just linear. A
neural network is mainly trained by using gradient descent method so that is why
we need the differentiability property. There are other ways than gradient descent,
and the differentiability property is not always needed. A couple of examples of
these situations:

e Non-Differentiable Components: Some modern techniques incorporate non-
differentiable components (e.g., reinforcement learning with discrete action
spaces, certain regularization methods, and attention mechanisms). In such
cases, techniques like REINFORCE, Gumbel-Softmax, or straight-through es-
timators are used to handle non-differentiability.

e Alternative Optimization Methods: Though gradient descent is predominant,
there are alternative optimization methods being explored, such as evolution-
ary algorithms, particle swarm optimization, and more. These methods do not
always require differentiability.

e Automatic Differentiation: Modern deep learning frameworks (e.g., Tensor-
Flow, PyTorch) provide automatic differentiation, which simplifies the imple-
mentation of backpropagation even for complex models.



2.2.1 Sigmoid

Section 2.2.1 is based mainly on the Section 2.6.2.1 Sigmoid of the book [7] and also
on the Section 6.4.1 Sigmoid of the book [13].

First, we present the sigmoid activation function, also called the logistic function.
It is smooth and differentiable everywhere. In the past sigmoid function was a
very popular activation function in feedforward neural networks. But there are
two problems with that function. The first one is that the identity function is not
approximated near zero which we can see from the fact that sigmoid(0) is not close
to zero and also sigmoid/(z) is not close to 1. The second one and the bigger problem
is that the gradient of the sigmoid function is close to zero when the input value z
is not close to the origin this is called as vanishing gradients problem.

In the backpropagation algorithm, these close to zero values are going to be
multiplied because each neuron has its local gradient, so neurons that get first own
local gradient are also affecting those neurons that come after. The more layers in
the network, the closer the local gradients are to zero in the layers at the beginning
of the network. Cause of that the weight updates will be very small and finally the
learning will stuck and stop so the sigmoid function is not used in deep networks
where there are many hidden layers.

The sigmoid function takes a real number and returns a real number from the
interval (0,1): sigmoid(z) : R — [0, 1]. The sigmoid function is the following func-
tion:

1
1+e =

f(2) = sigmoid(z) = (11)

Next, we show how the derivative of the sigmoid function with respect to z is ob-
tained:

) (I+e#)-0—-1-(0+e7)-(—1)

fe) = (I+e)?
B e ” I+ eF-1
S (14+e2)?2 (1+e3)2
 l4e 1
T (1+e2)?2 (1+4e2)? (12)
o 1
T l4e (1+e7%)2
1 1

= (1 )

l+e?  1+4e>
= sigmoid(z)(1 — sigmoid(z))
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(b) Derivative function of the sigmoid-

(a) Sigmoid-function. function.

Figure 3: Sigmoid-function and its derivative function. (Based on Figure 2.39 of |7])

2.2.2 ReLU

In Section 3.5.1 ConvNet Architecture of the book [7] it is stated that an activation
function should be chosen from the family of ReLU (Rectified Linear Unit) function.
So let us introduce those family members here. Section 2.2.2 is based mainly on the
Section 2.6.2.4 Rectified Linear Unit of the book [7] and also on the Section 6.4.2
ReLU of the book [13].

The sigmoid function was typically used for activation before ReLLU (rectified
linear unit) function was proposed. ReLU was proposed as an activation function in
the 2012 architecture called AlexNet [13], after which it grew quickly in popularity.
Especially networks with many hidden layers, which are called deep neural networks,
work better with ReLLU- than sigmoid-function. With ReLLU-function the gradient
is not vanishing.

We define the ReLLU function as follows:

f(2) = max(0, z) (13)

and its derivative:

, 0 2<0
f(z)—{l e (14)
From the graph of the ReLU-function 4a we easily see that if input is negative
function gives 0 and positive input is output as such. From the graph 4b we can
easily see that also the derivative of the ReLLU is always zero in the region R~ and
always one in the region R*. ReLU is very efficient in a computational way. Even
though ReLLU does not approximate the identity function near the origin but it is
not saturated in R™ so it can produce a strong gradient always in that region and
that is why it does not have a vanishing gradient problem and it is always a good
choice to deep neural networks. However, not so much good as not something bad
because there can be dead neurons because of ReLLU activation. The dead neuron



is always getting zero from the activation because the adjustment of the weight of
the neuron is like that wz is always negative. The good side of those neurons which
are always zero is that those are, in a sense, excluded from the learning calculus and
make the network more simpler and more efficient computationally. But the bad
side of it is that missing some neurons which are always zero can affect to whole
network’s accuracy so it should be checked while training the network if there are
any dead neurons.

f(2) f'(2)
3 3
2 2
1 1
z z
—4 -3 -2 -1 1 2 3 4 —4 -3 -2 -1 1 2 3 4
—14 —1+
1 2>0
-2 —921
(a) ReLU-function. (b) Derivative function of the ReLU-function.

Figure 4: ReLU-function and its derivative function. (Based on Figure 2.42 of [7])

2.2.3 LReLU

This Section 2.2.3 is based mainly on the Section 2.6.2.5 Leaky Rectified Linear Unit
of the book [7].
Second, we have LReLU (Leaky ReLU), which is defined as follows:

f(2) = max(0, z) + bmin(0, z) (15)
or equivalently:
z, ifz>0
=< 16
/) {bz, if2<0 (16)
Z) =
b, if 2 <0,

where b is a fixed and small value usually between [0, 1], often b = 0.01. That
constant b is the difference between the original ReLU and it is there for solving the
problem of dead neurons. Because of that the gradient does not vanish when z gets
negative values.



2.2.4 PReLU

This Section 2.2.4 is based mainly on the Section 2.6.2.6 Parameterized Rectified
Linear Unit of the book [7].

Third, we present PReLU (Parameterized ReLU), which is the same as LReLU,
but now the b is not a fixed hyperparameter but a learning parameter, so its value
may change while the network is learning. But it needs that we have to compute
the gradient of the LReLLU with respect to b:

of(z2) 0, ifz>0
= 18
ob {z, if 2 <0, (18)

and the gradient of the error function with respect to b is also obtained with the
backpropagation algorithm and updated as the other parameters in the network.

4

4+ f'(z)
f(z)
3+
3|
921
91
1
14
z
> ; ; ; ; ; ; N
-4 -3 -2 -1 1 2 3 4
4 39 1 1 2 3 4
1l manil 1,if 2>0
[— max(0, z) + bmin(0, z)] b, if 2<0
-2
—2

(b) Derivative function of the LReLU /

(a) Leaky ReLU / PReLU. PReLU-function.

Figure 5: LReLU / PReLU -function and its derivative function. For clarity of the
graph, b = 0.1 instead of 0.01. (Based on Figure 2.43 of [7])

2.2,5 ELU

This Section 2.2.5 is based mainly on the Section 2.6.2.8 Ezponential Linear Unit
of the book [7].
As the last of the ReLU family, we present ELU (Exponential Linear Unit):

f(z) = {z, if 2z>0 (19)

ale* —=1), if2<0

) {1, if > >0 (20)

a(e?), if 2 <0.

Learning is usually sped up by ELU activation. Because of the non-linearity, its
negative gradient is also smoother than the others and does not fall as steeply,
which can be also seen in the graph (6b) of the gradient of the ELU-function.
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function.

Figure 6: ELU-function and its derivative function (o = 1). (Based on Figure 2.45
of [7])

2.2.6 Softmax

Section 2.2.6 is based mainly on the Sections 6.5.3 [0,1] Interval with Sum 1 and
7.4.2 Gradient of Cross-Entropy Function of the book [13] and also on the Section
2.3.4 Multinomial Logistic Function of the book [7].

For multi-class classification, we need some function that can convert the input
real values to an interval of [0, 1] and also ensure that the output values sum to one.
This is because we need a probability value for each category in the output layer. For
this requirement, there is a function called the softmax activation function or just
the softmax. The softmax function takes a real number and returns a real number
from the interval (0,1): softmax(z) : R — [0, 1]. The sum of the softmax outputs is
equal to one Y7 | softmax(z;) = 1. The softmax function is the following function:

Zi

e

g
J=1

f(zi) = softmax(z;) = : (21)

e~

where ¢ is the number of classification classes and

Z e (22)

is the normalization factor that makes the sum of the output values of the softmax
function equal to one. It also relates all input values to each other, i.e. each input
value gets its value from the interval of [0, 1] depending on how large the value is.
The values are then comparable, and in our case, they are given a probability value.

For the backpropagation, we also need the partial derivative of the softmax with
respect to z. Since the softmax function has a sum function in the denominator
with different values of z, we also need to take the partial derivative with respect to
all of these values. There are two different cases, in one case z; in the numerator is
different from z; in the partial derivative, and in the other case they are the same.

10



Osoftmax(z;)

Mathematically speaking when ¢ # j and when ¢ = j. Let us first look

0z; ’
at the case one, i # j:
Of(z) Y g e*-0—e%-e%  —e%-e%
05 e (S
J _eZi k=1 ezj k=1 (23)

= = —f(z1) - f(2)-

et €7 . D he €%
So it is just a minus sign multiplication of two different values activated by the
softmax function. Let us look at the second case, ¢ = j:

0f () jot € €T — et e et (R e —e¥)
0z, (CiLer CLe)?
e ( e — e"’f) e ( 1 e o en )
D he €% o € D €7 DY AR ARC
%

s (1 s ) = ) (= 1) = 1) (1= )
(24)

And this is just multiplying the probability value of one neuron by the probability
value of its negation. So both cases together:

of () ) =f(z) - f(2), when i # j
0z {fm) (1= f(z)), wheni— ). %)

2.3 Error Functions

This Section 2.3 is based mainly on the lecture material of Ion Petre [10].

2.3.1 Regression

We use regression when we want to determine the relationship between two variables
[15]. For example when the value of z increases how will the value of y = f(x)
change. We can develop a straight line to describe the correlation between those
two values. When we have that regression line, which is the same as our predicting
function, then we can use the mean squared error (MSE) to evaluate the error of
our predicting function. So, the error function for regression is:

Bly,r) =3 S~ (26)

i=1
where y; is the actual value and r; is the calculated/predicted value. And the
gradient of that with respect to variable r; is:

OB(y,r) Oli—rn)f 1
or; or; 2

22 (yi — i) - (1) = (ri — wa). (27)

11



2.3.2 Binary Classification

Next, we present the binary classification. We use it when there are only two classes
to classify. So, the error function for binary classification is:

E(y,r)=— Z yilog(r:) + (1 — yi) log(1 — 1), (28)

where the actual value y; = 1, if data point z € C} and y; = 0, if x € Cy. And
r; € [0,1] is the calculated /predicted value. In that equation, there are two different
log-functions of which only one is valid at a time. The value of this negative log-
function increases the further the prediction is from the true value so the error
function gets a bigger value depending on how incorrect the prediction has been.
Figure 7 illustrates the graph of the log-function. When the input value is 1 the
output is 0 and the further the value is from one toward zero the higher the output
is.

| ~tes(a) — —log(x)

31

02 04 06 08 1 T2—%+4_
-1

-2

Figure 7: Negative log function. Returns zero when x = 1, and increases as x
approaches zero.

And the gradient of that error function with respect to variable r; is:

aE({(;:T) _ O(—y;ilog(r;) (alri y;) log(1 — 7)) =y, - rlz —(1—y)- : _1 s (=1)
_ Y " L=y _ —yi(L—ry)  ri(l—y;) _ TYi Y T — Yl
T; 1—mr ri(1—1;) ri(l—r;) ri(1—r;)
_ il
(1 —1y)

(29)

2.3.3 Multiclass Classification

Last, we present the multiclass classification. We use it when there are more than
two classes to classify. So, the error function for multiclass classification is:

E(y,7) = — Z yi log(r:), (30)

12



where the actual value y; = 1, if data point x € C;, otherwise it is 0. r; € [0,1] is
the calculated/predicted value and

Zn:ri =1. (31)

Equation (30) is the same as the first part of the previous equation (28). In that
sum, all but one of these terms will be zeros because y; = 1 only when the index ¢
is the same as the class where x belongs. When y; = 1 then the magnitude of the
error depends on how close also 7; is to one. And the magnitude of the error will
increase according to the graph of Figure 7.

2.4 Forward Propagation

This Section 2.4 is based mainly on the lecture material of Ton Petre [10].

Figure 8: The beginning of a small fully connected neural network.

Figure 8 demonstrates the beginning of a small fully connected network. Let us
denote the input data with & € R¥! where d is the needed quantity of the neurons
on the input layer. Let us denote the values of different weights that are connected
from layer [ — 1 to layer [ with W' € R™*" where m and n are the quantity of
neurons on layers [ and [ — 1 respectively. Now we can start to calculate the values
on the first hidden layer:

2t =Wl (32)

where z! € R®! represents the incoming values of the layer 1. Next, we are using
the activation function to activate all the income values:

a' = fl(z') = f'(W') (33)

where a! € R®*! represents the activated values of the layer 1. Now the following
layers will be calculated in the same way. Let us calculate the values of the second
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layer. Incoming values:

22 = W2a' = W2f'(W'a) (34)

and activated outgoing values:

a’ = f*(2%) = fA(W*f1(W'a)). (35)

Now we can generalize the calculation to any layer [, incoming values:

2l =Wl = Wit (wht (W)L ) (36)

and activated outgoing values:

a' = fi(z') = W S WL (W) L) (37)

also, the output layer has the same calculation but the activation function often be
different.

2.5 Parameters
2.5.1 Weights and Biases

Section 2.5.1 is based mainly on the Section 2.6.4 Initialization of the book [7].

The artificial network has mainly two parameters, weights and biases. In the
beginning, the values of those parameters are initialized as zero for the biases and
nearly zero for the weights. Also, it is very important to initialize different values
for every weight in the same layer. Otherwise, their update rule will be generated
the same because they will have the same gradients.

2.6 Backpropagation

With the backpropagation algorithm, we are updating the weights of the neural
network. The update of the weights is based on the minimization of the selected
loss function. In backpropagation, we are traveling the network from the end to
that connection line which weight we are going to update. Figure 9 illustrates the
connections after the connection line where wil is the weight. All these connections
depend on the weight wil so in backpropagation we have to go all these paths back
to updated weight wil. Next, we are going to see how that is done in practice.
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Figure 9: Weight w; ; update.

Let us choose to our loss function:

E(y,r)=— Z yi log(r;) (38)

where y is the actual value where y; = 1 if datapoint x € C; and y; = 0 if = & C;.
And 7, where r; = P(C;|x), is the vector that includes different probabilities that
our network gives for different classes. Now if we would like to update the weight
value of the last outgoing layer it would happen in the following manner:

=G T Tl )

Jit J J Jit

!
Awm = -
where wé»’i, 0<j<gand 0<i<f, is the weight value to the j:th neuron in layer
[ from the ¢:th neuron in layer [ — 1.

We can use the equation 39 to generalize that same calculation over the whole
network. Let us make the following notation:

OE Or  OF
W.a_ﬂl:W:(s;, (40)
"5 9% %
where 5; is a local gradient for the neuron j in layer [ [10]. Let us now use that
same model also for other layers. If we now use Figure 9 to make it easier for us to
understand and let us update the weight from the penultimate layer then we get:

oF OE  da™' 927!
Awt = — = — T 41
Lh 1 8w§;l1 K dal™t 9z 8w§,711 (41)
where
OF I OF . 8r§ ' élzé _ Y. OF 8z§ _ g 5! 1
dal™? ort 02k 9al™t 92k 9al! Z s (42)



Now we easily see that the local gradient for neurons in hidden layers is:

Ny

l l
g8 _0OF ga;' =3 ol Oa; (43)
Z~ 9
7 j=1

too2 dd

1
0z;

where N1 is the number of the neurons in the layer [ + 1. We see that the new
gradient is the sum of earlier gradients and weights multiplication which is multiplied
with the gradient of the activation function. Now we can rewrite the equation 39:

OF OF ort 02 OE 02 0zt
Wi n@wéyi 7787“;- 8z§ 8w§-,i n(‘?z;- 8w§-’i 0 8w§-,i’ (44)

now here we have a clear way to update the weights.

2.6.1 Adaptive Gradient Algorithm, AdaGrad

This 2.6.1 Section is based on the Section 4.3 Adagrad of the article An overview of
gradient descent optimization algorithms [16] and also to AdaGrad textbook of the
Cornell University [3].

Let us denote for brevity, the gradient of the loss function E with respect to the

parameter wivjvi at time step ¢:

! oF (45)
gt, .’4 = -,
T owl,
now, we can denote the normal update rule as follows:
l 1 . ! 46
Wiyt = Wi — 1 Gtjis (46)

here the learning rate 1 has the same value in every time step. In Adagrad there
will be also another factor so the learning factor is in a sense different in every time
step. Let us present a diagonal matrix:

t
Gfﬁzz = Zglr,j,i@lf,j,i)T- (47)
=1

On the diagonal of this matrix G € R*/ there is the sum of the squares of the
gradients up to the time step ¢. In the final Adagrad update algorithm, we have the
dividing factor:

1
A /Gzlf,ii + € (48)
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where € is mainly to prevent division by zero and without that square root the next
algorithm works a lot worse [16].

I I R R S S/ R
Wit ji = Wi =1 Gt ; = Wiji , i (49)
Gyt e Ghait+e€

The main benefit of this Adagrad algorithm is that the learning rate does not need to
be adjusted manually. Adagrad’s weakness is that the accumulated sum of gradients
G, in the denominator continually increases during training, leading to a decrease
in the learning rate and eventually it becomes too small and no longer able to learn.
This can lead to premature convergence and poor performance on large datasets.

2.6.2 Root Mean Square Propagation, RMSProp
This 2.6.2 Section is based on the Section 4.4 Adadelta and 4.5 RMSProp of the

article An overview of gradient descent optimization algorithms [16].

RMSProp is a popular choice for training neural networks due to its efficiency
and robustness. It is commonly used in deep learning frameworks and often performs
well with default hyperparameters. However, the performance of RMSProp can be
sensitive to the choice of hyperparameters, especially the learning rate and decay
rate.

In RMSProp is used a running average A[g?]; which is recursively defined by the
running average of the preceding time step and gradient of this time step:

A[QQ]ft,j,i = ’YA[92]55—1,]',¢ + (1 - 7)(92)2]‘,@ (50)

here v is suggested to be set to 0.9 by Geoff Hinton who proposed this method [16].
Now we can use that value for the update rule:

l _ l l l
Wit = Wi =N Grg = Weji — “Iugic (51)

2.6.3 Adaptive Moment Estimation, Adam

This 2.6.3 Section is based on the Section 4.6 Adam of the article An overview of
gradient descent optimization algorithms [16], slideshow of Nadav Cohen [14] and
also to Adam textbook of the Cornell University |2].

Adaptive Moment Estimation (Adam) is combining advantages of the AdaGrad
and RMSProp [14]. Adam is storing both exponentially decaying averages of past
gradients and past squared gradients, m; and v, respectively. Storing methods are
quite the same as in the RMSProp:

l l !
My i = By g+ (1= B1)gs

(52)
Uili,j,i = 52”3&—1,;’,1' + (1 - 62)(92)zlt,j,i7
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here m! ;i 1s estimate of the first moment and vl ;4 1s estimate of the second moment.

At the beginning mim and vfzjﬂ- are initialized as zeros so those equations (52) are
giving zeros especially when (; and (3, are close to 1 [16]. The authors of Adam
fixed this flaw by computing bias-corrected estimates for both. Next, we show how
Cohen [14] mathematically argues the derivation of the bias-corrections:

t

mvlt,j,z' = 517”55714',@' + (1 - ﬁ1>gllf,j,i = Z(l - ﬁﬁ(ﬁl)t_T : glf,j,z‘ (53>

=1

and here

t

D 1=8)B)T =1 (B)) (54)

T=1

so we can divided by (1 —(31)") to achieve unbiased estimates, analogous arguments
to both:

1 My

tv]ﬂ - 1 _ /Bt

1
. (55)

2V t:

1 -5

Now we have every elements to use the Adam update rule:
w! — U s
t+15i = Wi = g0 (56)
Uy ji +e€

here proposed values are 0.9 for £y, 0.999 for 3 and 1072 for € [16]. It is empiri-
cally shown by the authors that Adam works better in practice than other adaptive
learning-method algorithms [16]. Still, like many adaptive methods, Adam can
sometimes lead to overfitting on training data if regularization is not done properly.

3 Convolutional Neural Networks

This Section 3 is based mainly on the Section 3. Convolutional Neural Networks of
the book [7] and also on the lecture material of Ion Petre [10].

The main motivation for using convolution is that it requires far fewer parameters
than fully connected networks. It makes learning so much easier from a mathemati-
cal point of view and also less data is needed for learning. Let us say that we have a
colour image size of 32 pixels times 32 pixels, which is a rather small image size, still
there would be 32 x 32 x 3 = 1024 x 3 = 3072 different data points which correspond
to the number of neurons needed in our case. Now if we use the FNN architecture,
where every neuron in each layer is connected to every neuron in the previous layer,
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we get a huge number of connections. Each of these connections would have its own
weight which would need to be updated by calculating new values for them. Let us
go back to calculating the image size. Let us say that there are 4704 neurons in the
first hidden layer. So that makes 3072 x 4704 = 14,450, 688 different connections,
all with different weights to update, and this is only in the first layer.

If we start thinking about how we could reduce that number of different weights,
we could easily come up with the idea of reducing the number of neurons in the
hidden layer. However, this is not a good idea because it can adversely affect the
classification performance, which is why we want to keep the number of neurons in
the first hidden layer high. If we rearrange the neurons in the first hidden layer,
we can do this, for example, by making six different 28 x 28 neuron blocks. In
an image, pixels that are close together tend to correlate more than pixels that
are far apart. Now we could try to take, for example, a 5 x 5 pixel area from
the original image and, by some operation, connect them to just one neuron in
the first hidden layer. Then another area of the same size is taken, then a third,
and so on. This will help us reduce the number of connections. This would be
(5 x5 x3) x (28 x 28 x 6) = 352,800 different connections, which is less than 3%
of the original number of connections. This number can still be reduced more. In
the previous example, we had different weights for each connection, but we could
also use the same weights between neurons in the same block, which is called weight
sharing. In this case, it can be thought that there is some kind of filter between
the image and each block of the first hidden layer, as shown in Figure 10. Now the
number of different weights is (5 x5 x 3) x (6) = 450 which is so far from the original
14,450, 688. This is the main idea of the convolution.

3.1 Architecture

This Section 3.1 is based mainly on the Section 3.5.1 ConvNet Architecture of the
book [7].

The architecture of convolutional neural networks often starts with a convolu-
tional layer or even several convolutional layers, followed by a pooling layer. This
usually continues for a few layers, followed by a couple of fully connected layers
and finally, always an output layer comes last one. A couple of architectural rules
are that there is only one classification layer, and that is the output layer. It does
not make sense to use more than one layer for classification. Typically, filters of
size 3 x 3, 5 x b and 7 x 7 are used in the convolution. typically, the activation
function is only used immediately after the convolution layer, but if there is more
than one convolution layer in a row, only one activation function is still used. It is
also suggested to use ReLLU or a similar activation function from the ReLU family.
It is also important to note that the number of network parameters to be trained
should not be in the millions if there is very little training data.

3.2 Types of Layers
3.2.1 Convolutional

This Section 3.2.1 is based mainly on the lecture material of Ion Petre [10].
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In convolution, a filter or typically many different filters of a certain size (for
example 5 x 5) is applied to the original image to pick up the numbers from that
size range by some rule that is usually stored in the filter (coefficients e.g. -1,0,+1,
etc...). Filters are designed to recognize certain features, e.g. contours. The filter
outputs only one number which is stored in one pixel of the output matrix. The
number of filters tells how many different matrices there are in the post-convolution
layer. The different filters run their own rules to pick up the data from the same
points and form a single number in their own matrix. Filters can also be used to
reduce parameters when using weight sharing to update filter weights. Figure 10
shows how the convolution works. There are 5 x 5 x 3 filters that first take the 5 x 5
region from the top left of each of the three input channels, filter it and store it in
the output matrix. Next, the filters move to the right by as many steps as the stride
is. In this case, one step. Once the filter has reached the top right corner of the
input matrix, it returns to the left side and goes down as many steps as the stride
is. Now the filters move again to the right and then downwards, thus filtering the
entire input matrix into output matrices.

Figure 10: Hlustrative figure of the image, filters and first hidden layer.

Let us first introduce the hyperparameters of convolutional layer (:

The size of the filter: f® x f® x =1

The number of the filters: ngl)

Padding: p®

Stride: s®
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In general, the filters are square matrices and the number of channels ¢!~Y is the
same as in the input matrix of the convolution layer, i.e. the previous layer. The
number of filters is decided by the designer of the network who tries to find the
best match. Padding means how many rows and columns there are extra, typically
they are just zeros. For example, if the padding is one, the matrix will have one
extra row at the top and bottom and one extra column at the beginning and end of
the matrix. Padding can be used to make neurons at the edge of the matrix more
valuable. Especially in corners where neurons would otherwise have been detected
with filters only once. Stride means how many steps the filters move at a time. It
is the same to the right and down, but only in one direction at a time.

Second, we introduce the size of the input matrix and how to calculate the size
of the output matrix from that in layer [:

o Input: AU x w1 x =1

e Output: A x w® x c®
— KO = LMJ 1

_ w0 = qu—luzpm,fmJ 1

s

The size of the output matrix is equal to the number of times the filter covers the
input matrix. This is based on the fact that for each region where the filter is, it
stores one value in the output matrix. So, here the height and width are calculated
in the same way. First, add the padding times two to get the size of the input
matrix, then subtract the size of the filter. To get a figure for how many times the
filter covers the input matrix, divide the calculation by the stride value and if the
result is not an integer, round down to the nearest integer and then we add one. The
number of channels in the output matrix ¢! is the same as the number of filters ngl).
This is based on the fact that each filter passes through an input matrix and stores
the values in its own matrix. Therefore there are as many channels as there are
filters, the channels in this case could also be thought of as just separate matrices.

Third, we introduce the trainable parameters of the convolutional layer:

e Each filter has f® . fO . (=1 parameters
e Each filter has one bias parameter

e So altogether there is nil) (f@ - fO =D 4 1) parameters

Each filter has certain values that are used to calculate the network. These values are
weighted differently and updated while the network is learning. Each filter therefore
has as many parameters as the size of the filter is. Each filter also has its own bias
parameter. Therefore, there are as many parameters as the size of the filters plus
one and that times the number of filters.
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3.2.2 Pooling

This Section 3.2.2 is based mainly on the lecture material of Ion Petre [10].

Like the convolution layer, the pooling layer has a filter that goes through the
input matrices. The pooling layer has only one filter that passes through each
channel of the input matrix. The filter stores one value in the output matrix for
each step it takes from the input matrix.

Let us first introduce the hyperparameters of pooling layer [:

e The size of the filter: f® x f®
e The number of the filters: 1
e Padding: p¥) (very often p = 0)

e Stride: s®

e Type of pooling is MAX (maximum value) or AVG (average value)

Also in the pooling layer, the filter is a square matrix, for example 2 x 2, but with
only one channel. The same filter goes through each channel, and no other filter is
used at the same time, just this one. Padding means the same as in convolution, but
in pooling it is very often just zero, so it is rarely used. Stride is also the same as
in convolution, it means step length, how many steps the filter takes when moving.
In pooling, the filter is not involved in the calculation, so the filter does not contain
any numbers. There are two types of filters, a maximum filter and an average filter.
From the area covered by the maximum filter is selected the maximum number and
from the area covered by the average filter is calculated the average value.

Second, we present the size of the input matrix and how the size of the output
matrix is calculated using it in layer I:

e Input: Al x w1 x =1

e Output: AW x w® x W
o [

W=D _ D)
—w® = L#J 1

Heights and widths are calculated in the same way as for the convolution layer. The
padding is omitted because it is almost always zero, but otherwise, the calculation
is the same. The filter goes through each channel in the input and forms a new
channel in the output, so the number of channels in the output is the same as in
the input. Since the filter does not contain any numbers that would be included
in the network calculation, it has no values to update. So the pooling layer has no
parameters to learn.
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3.2.3 Batch Normalization
This Section 3.2.3 is based on the Section 3.8.4 Batch Normalization of the book

[7].

Let us first introduce the hyperparameters of batch normalization layer [:

e Mean: p

e Variance: o2

e Epsilon: €

Here the mean and variance can be learned from the training set using the exponen-
tial moving average method. The epsilon is a very small constant which just ensures
that we do not divide by zero.

The size of the input and output matrix of the batch normalization layer [ is the
same because only the values are modified, but everything else remains the same:

e Input: A4 x w1 x =1

e Output: A x w® x O
— pW) = pl=1)
— w(l) — w(l_l)

_ ) — D)

Third, we introduce the parameters of the batch normalization layer:
e Scale: v

e Shift:

Using these trainable parameters, we can rescale the values of the neurons and move
them, for example, in a coordinate system or on a line.

When the convolutional network is trained all its distributions between different
neurons are different and the distributions are also different in different layers. The
distributions also change with training cycles. This is problematic for the conver-
gence rate of the network, which is why it decreases. In 2015, Ioffe and Szegedy
discovered a technique to solve this problem. It is based on the normalisation of
mean and variance:

= —==7+5, (57)

where this equation:

z N (58)
normalizes the input values x using mean g and variance 0. The output z is
then more comparable with the other z values in the network. Then there are two
parameters used to modify the output, v is used for linear scaling and S is used for
shifting. typically, the batch normalization layer is set before the activation function
of the fully connected or convolution layer.
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3.2.4 Dropout

This Section 3.2.4 is based on the Section 3.6.5.4 Dropout of the book [7].
Let us first introduce the hyperparameters of the dropout layer:

e Dropout ratio: p

e Keeping ratio: 1 —p

Each neuron in the dropout layer is assigned a random value between 0 and 1
according to a uniform distribution, let us call it the dropout number. Dropout
ratio is defined by the network designer and it is usually set to 0.5. If a neuron
receives a value that is less than the dropout rate, it is dropped from that training
round. In the next layer, the weighted sums of neurons are divided by the keeping
ratio so that the weighted sums are on the same scale as if each neuron were active
in the network.

The size of the output matrix is the same as the input matrix because only some
of the neurons drop out, so the information received by the output neuron may be
obtained from a smaller number of neurons, but the number of neurons in the next
layer does not change by the dropout.

e Input: AU x w1 x =1

e Output: A0 x w® x O

— O = pl=1)
— w® = =D

In the dropout layer, there are no parameters to learn. The dropout technique
is an attempt to avoid overfitting the network. Some of the neurons in the original
network are dropped out, i.e. they are then inactive. A forward and backward
calculation is then performed on the new smaller network, updating the parameters
that are present in the network and then the new updated values are added to the
original network and the same is repeated for different subsets of the network where
each neuron in dropout layer has a new dropout number. Often dropout layers are
after the fully connected layers.

3.3 Parameters

In convolutional neural networks the basic idea is to reduce the number of different
parameters so the network can be deeper [7]. When designing ConvNet, we should
always calculate the trainable parameters, because if we have a lot of parameters to
train and only a little data, ConvNet may not generalize well enough to the test set

[7]-
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3.4 Forward Computation

This Section 3.4 is based mainly on the lecture material of Ion Petre [10].

Let us use the structure of LeNet-5, which is also presented later (3.6.1), as an
example for our forward computation. So we have input image X € R"*%*¢ where
h,w, c are height, width, and number of channels respectively. Then we have a filter
F c RM/*¢ where f is height and width, which typically are the same size and the
number of channels is the same as in input image. Between these two matrices is the
convolutional operator, we denote it by *. The filter F' is multiplied element-wise
with the input matrix and the output is stored for a given neuron in the output
matrix. Let us see what the convolution operation looks like in mathematical terms:

f f Ne
Z:n,n - (X * F)in,n - Z Z Z Xm+i—1,n+j—1,c ’ ‘F;ij,c (59>

i=1 j=1 c=1
where zf,m is the output value stored in the neuron at (m,n), where m,n =1,...,28,
of the output matrix ¢, where t = 1,...,n; is the number of used filter in the con-

volution operation. This equation makes a couple of assumptions, that padding is
zero and stride isone sothen 1 < m < h—f+1land1<n<w-— f+1. Letter
¢ =1,...,n. represents here the number of the channel of the input image. The
maximum values of ¢ and 7 depend on how big a filter we have in this operation.
Once the convolution operation has been done to the entire input matrix then the
output matrices are activated by the activation function.

Next, the output matrices are going to the pooling layer. In LeNET-5 there is a
pooling layer with a pooling filter size of 2 x 2 and stride is 2. From the region of the
input matrix that the pooling filter is covering, we select the maximum value for our
output matrix. Since the size of the filter is 2 x 2 and the stride is also 2, the pooling
filter covers each neuron in the input matrices once. The same filter is used for all
the input matrices, and the number of output matrices is the same as the input.
In other words, in this case, the pooling filter is used 14 x 14 per each 6 matrices,
so the output is 6 different 14 x 14 matrices. After the second convolutional and
pooling layer, the 3-dimension matrix is converted to a flattened shape (same as a
vector), and then there are a couple of fully connected layers that are working as we
already presented in Section 2.4. After fully connected layers, the softmax function
is used to obtain the probabilities for each neuron in the last layer, and the neuron
with the highest probability is output from the program.

3.5 Training with Backpropagation
3.5.1 In Convolutional Layer

This Section 3.5.1 is based mainly on the Section 3.1.2 Backpropagation of Convo-
lution Layers of the book [7].

In a convolutional layer, backpropagation is broadly similar to fully connected
layers, but of course, because there are fewer connections and weight sharing, there
are also differences in backpropagation.
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Figure 11: Number of outgoing connections of the input matrix.

The neurons in the input matrix have at least one connection from each neuron
and no more than the number of neurons in one filter layer. So, mathematically
speaking, outgoing connection (OC):

1<0C< fxf, (60)

where OC is:

OC' = min(i, f) - min(j, f), (61)

where 7,7 > 1 are a kind of coordinates from the nearest corner. If there is a stride,
then we can think of a single coordinate displacement as being one stride long. Let
us take a simple example. Consider the top left corner of the matrix. typically, only
one neuron in a corner, at position (1, 1), has only one connection, but if there is a
stride, the area with only one connection increases, (1 xstride, 1 xstride). The bigger
the stride, the fewer the connections. Figure 11 illustrates the outgoing connections
of the input matrix in the convolution layer. The side has coordinates from one to
twelve, which can also be thought of as strides. If the stride is greater than one,
multiply the coordinate by the stride. We can see that there are more connections
in the center of the matrix than in the sides. As a result, the things in the middle
of the picture are more important than the things near the edges.

The number of incoming connections (/C') for each neuron in the output ma-
trix is exactly equal to the number of neurons in all layers of the filter. This is
mathematically speaking:

IC=fxfxec (62)
We can assume that the local gradient shown in Section 2.6 is calculated for the
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unactivated output matrix of this convolution layer:

. OE

m,n )
’ ozt
b

(63)

where 0/, , is a local gradient for the neuron z,,, in output matrix £. Now the

gradient of error function with respect to wj ;. is:

OF M N HE 2t M X 2t
_ ‘L (64)
where

is a convolution operation between the input matrix of the convolution layer and
the filter and wj ;. is the weight value of the filter, so:

ozt X« F)

m,n — 5 , (66)
awzj,c aF?,j,c
and then:
OF M N
owt = Z Z 51tn,n * Xitm—1,j+n—1c- (67)
i,J5C m=1 n=1
This can also be seen as a convolution operation between X and 9:
(X % 0)i 0 (68)

so if we convolve the incoming matrix X with the local gradients d of the outgoing
matrix, we obtain a matrix containing the gradients of the error function with respect
to the weights of the filter 2 8W

We also need to propagate the error to the previous layers, and for that, we also
need to calculate g—f;. This can be done with the chain rule as before:

oF oOE 0z,
8thc - 8zt 8thc Zzéh fHik—f+5 " 1+f i,1+f—j.c (69)

i=1 j=1

where

Ohe fyijomfig = and 1 <k—f+j<N (70)

0, else.
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This is same as the equation:

8" x flip(F"), (71)

where flip(-) is a function that flips the matrix F* backwards. So the gradient of

the error function with respect to the incoming matrix of the convolution layer g—f;
is thus obtained by convolving the local gradients of the outgoing matrix &' with a

matrix containing the filter values of the convolution layer in inverse order flip(F").

3.5.2 In Pooling Layer

This Section 3.5.2 is based mainly on the Section 3.2.1 Backpropagation in Pooling
Layer of the book [7].

In the pooling layer, there is typically used maximum or average pooling. From
the area that the pooling filter is covering only one neuron is connected to the output
matrix in the case of the maximum pooling. In general, the stride is s = f(= 2),
so there are only # neurons in the input matrix that are connected to the output
matrix. On the other hand, this connection is fully and direct from neuron to neuron.
In average pooling, each neuron is connected to the output matrix, but in a sense,
their share of the connection is only 7.

Again, we can assume that we already know the local gradients of the output
matrix of this pooling layer:

oF
t —
6m,n - azfn’n‘ (72)

Now we have no trainable parameters to update in the pooling layer, so it is sufficient
to compute the gradients of the error function with respect to the neurons in the
input matrix.

oF OFE 0%,

= . , 73
aX};k (‘32}@%” 8X,’;k (73)
where
an,n - maX(ansfs+p,nsfs+q)7 (74>
where s is stride and p,g = 1,..., f runs every index of the pooling filter. Now
azﬁn,n _ ]-7 lf maX(ansferp,nsfﬁ»q) - XftLJc (75>
0X} . 0, else.
Now we can write
OE oE 0z,
= ' — = 5fn,n 1= 5m,n7 (76>

oXt, 0z, 0X],

m,n
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this means that when a neuron is selected based on its maximum value and is
connected to the next layer, in backpropagation that neuron transfers the local
gradient to the previous layer, and neurons that are not connected do not transfer
the local gradient to the previous layer because these gradients are zero 52%” -1=0.

Next, we consider the case of average pooling. In average pooling, the values of
the output matrix are obtained as follows:

1 ;o f
3r:n,n = f_ Z Z ms—s+p,ns—s+q’ (77>

and if we now take the gradient of the output matrix with respect to the input
matrix, we get:

8zf,m_ 1 - 1 (78)
oxXp, f-f  f-f

This can be applied to equation 76 to obtain:

oF . 1
oxp, T (7
This means that from the local gradient 5fnn, of the output matrix neuron, there
ﬁ share for each neuron in the input matrix that is connected to that output
matrlx neuron. Also, if the stride s < f, many neurons in the input matrix can
receive their share of several local gradients, because they are then connected to
several neurons in the input matrix.

3.6 Examples
3.6.1 LeNet-5

This Section 3.6.1 is based mainly on the Section 3.3 LeNet of the book [7] and on
the Section 10.4 Hands-On LeNet-5 of the book [13] and also on the lecture material
of Ion Petre [10].

As early as 1979, Kunihiko Fukushima proposed the ConvNet, an artificial neu-
ral network of complex and simple cells, very similar to the convolution and pooling
layers we have today [7]. In 1989, LeCun and others proposed the weight sharing
method and derived the modern convolution and pooling layers [7]. Then they de-
signed a ConvNet called LeNet-5 [7]|. LeNet-5 was designed to recognize handwritten
digits and next, we present it here.

LeNet-5 is illustrated in Figure 12. It takes images of size 32 x 32 x 1, which is
the size of the input layer. After the input layer, there is a convolution layer with
a stride of one and six filters of size 5 x 5 x 1. The output of the first convolution
is 28 x 28 x 6, as calculated in Section 3.2.1. Next, these six matrices go to the
pooling layer. The pooling layer is the maximum pooling layer with a stride of
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two and a filter size of 2 x 2. The output of this pooling layer is 14 x 14 x 6,
as calculated in Section 3.2.2. Next, there is a second convolution layer with 16
different filters, and since the input of this layer is six different matrices, each filter
is also six-dimensional. The stride is one, so the output of this convolution layer
is 10 x 10 x 16. Next, there is again the maximum pooling layer with a stride of
two and filter size of 2 x 2. The output of the pooling layer is 5 x 5 x 16. These
matrices are converted to vector or flattened form because next we have three fully
connected layers. So after conversion, we have 400 neurons fully connected to the
next layer, which has 120 neurons fully connected to the next layer which has 84
neurons fully connected to the 10 neurons in the next layer. The last layer therefore
has ten neurons which is the same number as the number of classes to be classified.
The softmax function is used to select the neuron/class from the ten with the highest
probability score.

Conv 1 Conv 2
oxHx1 Maxpool 1 5x5x6 Maxpool 2
ng =06 2x2 ny = 16 2x2
s=1 s=2 s=1 s=2
p=0 p=0
Input
39x32x1 28x28x6 14x14x6 10x10x16
Converted Fully Fully Fully
to flatten connected 1 connected 2 connected 3
— 5x5x16 =400 120 84
Softmax
— 10 1

Figure 12: The structure of LeNet-5. The asterisk denotes the operations applied
to the matrix along the path of the network structure. The upper boxes, connected
to the asterisks, contain the necessary information about the operation applied to
the matrix. For example, the first box tells the convolution operation and the filter
size, number of filters, stride and padding.

Since the number of learning parameters is a very important piece of information
about ConvNet, we next compute it as described in Section 3.2. These parameters
per layer are also calculated in Figure 13. The first convolution layer contains 6,
5 x b5, filters. Each filter therefore has 5 - 5 parameters and one bias parameter,
ie. 6-(5-5+ 1) = 156 parameters. Pooling layers have no learning parameters,
so nothing needs to be calculated. The second convolution layer has 16, 5 x 5 x 6,
filters and the bias parameter of each filter, i.e. 16-(5-5-6 + 1) = 2416. The
first fully connected layer has 400 different neurons and one bias, each with one
connection to the next layer. This can also be thought of as 120 different filters of
size 400. The first fully connected layer has 120-(400+1) = 48, 120 parameters. The
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following layers are calculated in the same way. So there are 84 - (120+ 1) = 10, 164
parameters in the second fully connected layer and 10 - (84 + 1) = 850 parameters
in the third fully connected layer. The LeNet-5 network therefore has a total of
156 4 2416 4 48,120 + 10, 164 + 850 = 61, 706 parameters.

Input 333 3232 (= 1029) 0

Conv. 1 3I2x321 28x28X6 (= 4704) 6%(5*5*1+1)=156
Pool 1 28286 14146 (= 1175) 0
Conv. 2 14x14x6 10x10x16 (= 1600) 16%(5*5"6+1)=2416
Pool 2 10x10x16 BX5X16 (= 400) 0
FC1 400 120 120%(400+1)=48,120
FC 2 120 84 84%(120+1)=10,164
FC 3 a4 10 10°{84+1)=850
Quitput 10 1 0

Figure 13: The layers of LeNet-5 and the input and output size of the layers and
the number of trainable parameters on that layer.

3.6.2 AlexNet

This Section 3.6.2 is based mainly on the Section 3.4 AlezNet of the book [7] and
on the original article [1].

In 2012, Alex Krizhevsky and others trained the ImageNet dataset using the
large ConvNet, which won an image classification competition [7]. The challenge
was to identify 1000 different categories of the natural objects [7]. Afterward, this
ConvNet became popular and was called AlexNet [7] and next, we present it here.

AlexNet is illustrated in Figure 14. It takes colour images as input, so the input
matrix is three-dimensional. The size of the input images can be 224 x 224 x 3,
which is the size of the input layer.

The first layer after the input layer is the convolution layer. This layer contains
96 different filters of size 11 x 11 x 3 and with a stride four. The output of the first
convolution layer is 55 x 55 x 96. This is followed by a maximum pooling layer with
3 x 3 filters and stride two. Then the neural network sort of splits in two in terms
of depth. Then the second convolution layer takes 96 matrices in two parts so also
the size of the filters is smaller. There are 256 filters of size 5 x 5 x 48 and stride
one. The first 128 filters are convolving the first 48 matrices and the second 128
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filters second 48 matrices. This convolution layer also includes padding of size two,
so the size of the input matrices after padding is 31 x 31. Then the second pooling
layer is also the maximum type with a stride of two and filter size of 3 x 3. After
pooling we have 256 matrices with a size of 13 x 13. The third convolution layer
has 384 filters with a size of 3 x 3 x 256 and a stride of one and a padding of one.
The third convolution layer is not split, but its output is split because the fourth
and fifth convolution layers are split. The fourth convolution layer is similar to the
third, but the filters are 192-dimensional and the convolving is in two parts. Next
is the fifth convolution layer, which is similar to the fourth, but with 256 filters.
Then there is the third pooling layer, which is also the maximum type, with stride
two and filter size 3 x 3. After this, we have 256 matrices of size 6 x 6. These
matrices are converted to a vector of size 9216. This vector is fully connected to
the next layer, which has 4096 neurons, between these layers there is also dropout
in use. Then there is the second fully connected layer which also has 4096 neurons
and also in this layer, there is dropout in use. The third fully connected layer is the
classification layer with 1000 neurons. The softmax function gives us the class with
the highest probability score out of these 1000 classes.

Conv 1 Conv 2
11x11x3 Maxpool 1 HxHx48 Maxpool 2
ny = 96 3x3, s=2 ny = 2-128 3x3, s=2
s=4 p=0 s=1 p=2
Input . 27x27x48 27x27x128
224x224x3 POX55x96 27x27x48 27x27x128
[ Conv3 | [ Conv4 | [ Convs |
3x3x256 3x3x192 3x3x192 Maxpool 3
ny = 384 ny = 2-192 ny = 2-128 3x3, s=2
s=1p=1 s=1p=1 s=1p=1
13x13x192 13x13x192 13x13x128
- 4
7| 18x13x256 13x13x192 13x13x192 13x13x128
Fully Fully Foll
Converted connected 1 connected 2 utly

to flatten connected 3

(dropout) (dropout)

Softmax

— 1000 1

— 6x6x256 g =9216 4096 4096

Figure 14: The structure of AlexNet. The asterisk denotes the operations applied
to the matrix along the path of the network structure. The upper boxes, connected
to the asterisks, contain the necessary information about the operation applied to
the matrix. For example, the first box tells the convolution operation and the filter
size, number of filters, stride and padding. The matrix inside the network path is
also split and merged twice. After the first two fully connected layers there are also
dropouts in use.
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Let us now compute the learning parameters of AlexNet, which are also shown
in Figure 15 below. The first convolution layer has 96 filters of size 11 x 11 x 3
so there are 96 - (11 - 11 - 3 + 1) = 34,944 parameters in that layer. The second
convolution layer has 256 filters in two parts, each with 128 filters, of size 5 x 5 x 48
so that layer contains 128 - (5-5-48 + 1) - 2 = 307,456 parameters. The third
convolution layer has 384 filters of size 3 x 3 x 256 so that layer consists of 384 -
(3-3-256 + 1) = 885,120 parameters. The fourth convolution layer has 384 filters
in two parts of size 3 X 3 x 192 so there are 192 - (3-3-192+ 1) - 2 = 663,936
parameters in that layer. The fifth convolution layer has 256 filters in two parts of
size 3 x 3 x 192 so there are 128 - (3-3-192 4+ 1) - 2 = 442,624 parameters in that
layer. Next, there are three fully connected layers, where the first fully connected
layer has different weighted connections from 9216 neurons and one bias neuron to
4096 different neurons in the next layer, so there are 4096 - (9216 + 1) = 37, 752,832
different parameters. The second fully connected layer follows the same procedure
with 4096 - (4096 + 1) = 16, 781, 312 different parameters. The third fully connected
layer has 1000 - (4096 + 1) = 4,097,000 different parameters. That makes a total
of 34,944 + 307,456 + 885,120 + 663, 936 + 442,624 4 37,752,832 + 16,781,312 +
4,097,000 = 60, 965, 224 parameters for AlexNet.

Input 224x224%3 224x224x3 (= 150.528) 0
Conv. 1 224x224%3 55x55x96 (= 200,400) 96*(11*11*3+1)=34,944
2732748 (= 34.009)
= oukl e 2TX2T%48 (= 34.002) 2
Conv. 2 272748 2Tx27x128 (=03.312) 128*
' 27x2Tx48 2Tx2Tx128 (=03317) {5*5*48+1)*2=307,456
2727128 )
Pool 2 S7x37128 13x13%256 (= 43,284) 0
: 132132192 (= 32,448 384
Conv.3 13x13:258 13x13%192 (= 32.443) | (373"256+1)=885,120
Comv4 13x13x192 13x13x192 (= 32.448) 192*
# 13x13x192 132132192 (=3z.498 | (3*3*192+1)*2=663,936
TS 13x13x192 13x13x128 =21837 128*
E 13x13x182 132132128 (=21832) | (3*3*192+1)*2=442,624
13x13¢128
Pool 3 135132128 6x6x256 (=0218) 0
4096
R b S {9216+1)=37,752,832
4096*
b S8 S (4096+1)=16,781,312
1000*
FC 3 4096 1000 (4096+1)=4,097,000
Qutput 1000 1 0

Figure 15: The layers of AlexNet and the input and output size of the layers and
the number of trainable parameters on that layer.

Finally, a small comparison between LeNet-5 and AlexNet.
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Small-scale tasks, simple datasets Simpler, fewer layers and

LeNet-5 like MNIST. parameters.

Early use of CNNs, basic layers.

Large-scale tasks, complex datasets | Deeper, more layers, significantly |Introduced RelU acfivation, dropout for regularization

HELE like ImageNet. more parameters. and GPU acceleration.

Figure 16: A small comparison of LeNet-5 and AlexNet.

4 Coding Neural Networks

Next, we present two standard libraries that are very popular in the field of machine
learning.

4.1 Tensorflow Library

This section is written mainly from information found on the website of TensorFlow
[17]. With TensorFlow, you can easily build Al-powered applications. TensorFlow
supports devices such as desktops, mobile devices, web browsers and cloud services.
It provides ready-to-use datasets. In TensorFlow 2.0.0, Keras was merged with
TensorFlow [18]. By default, TensorFlow will try to run on the GPU if one is
available, if not, on the CPU [19]|. The library also provides the option to choose
which GPU or CPU to use if there are multiple [19].

4.2 Keras Library

This section is written mainly from information found on the website of Keras [11].
Keras is a simple, flexible and powerful multi-framework deep learning API written
in Python and can run on top of JAX, TensorFlow and PyTorch. Keras library
provides support to for example computer vision (as in this thesis), natural language
processing, generative deep learning and audio data. The API contains, for example,
the implementation of neural network models, model layers, model optimizers, model
activations, model metrics and losses, and dataset loaders. Pretrained models are
also available, where the weights are preset.

5 Application

The code used in the following applications is for the time being available in my
GitHub repository https://github.com/JarnoJappinen/ ANN-CNN.

5.1 CIFAR-10

The CIFAR-10 database consists of 60,000 color images, 32 x 32 x 3 in size. There are
10 different classes and every class has 6,000 images with 5,000 training and 1,000
testing images per class, the dataset is well balanced. The classes are: airplane,
automobile (but not truck or pickup truck), bird, cat, deer, dog, frog, horse, ship,
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and truck (but not pickup truck) [4]. Figure 17 shows some sample images and their
labels from the CIFAR-10 training dataset. In the next sections, we try to train our
model to recognize images that include those classes. First, we try it with a simple
fully connected network and then a more complicated convolution network.

Automobile Automobile

Automobile

e \
Cat

Automobile Automobile

Airplane Frog Bird

Figure 17: Random images from the CIFAR-10 training dataset.

5.1.1 With ANN

In the code, 50,000 test images are divided into 40,000 for training and 10,000 for
validation. In our model, which comes from Ion Petre’s GitHub [8], we have after
the input layer three fully connected layers and an output layer. They have 128,
64, 32, and 10 neurons. They have the ReLU activation function in the hidden
layers and the softmax in the output layer. This makes a total of 404,010 trainable
parameters, as also shown in Figure 18.

Layer (type) Qutput Shape Param #
flatten (Flatten)  (None, 3672) o
dense (Dense) (Mone, 128) 393344
dense 1 (Dense) (Mone, 64) 8256
dense 2 (Dense) {Mone, 32) 2688
dense 3 (Dense) {Mone, 1@) 338

Total params: 484,018
Trainable params: 404,018
Non-trainable params: @

Figure 18: Parameters of the model for the CIFAR-10 dataset (ANN).

Figure 19 shows different metrics of the model. The graph on the left shows
training loss with a blue line and validation loss with a red line. Initially, both
are trending downwards, but already at around ten epochs the validation loss stops
decreasing, and after fifty epochs it even starts to increase. At the same time, the
training loss continues to decrease. In the middle graph, the training accuracy is
shown by a blue line and the validation accuracy by a red line. Somewhere around
ten epochs, the blue line continues to rise, but the red line slows down and soon after
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fifty epochs it goes down more than it remains stable. In the third graph on the
right, a blue line shows training true positives and a red line shows validation true
positives. Again, at around ten epochs, the training line continues to rise, while the
validation line starts to slow down. We can easily see that the model is overfitting,
as the training values keep improving while the validation values are deteriorating.

Training and validation loss Training and validation accuracy Training and validation true positives

—— Taining cat. cross-entropy — Taining accuracy — Taining TP
—— Validation accuracy —— Validation TP

05
04
203

02

01

00
0 50 100 150 200 20 300 0 0 100 150 200 250 300 0 Y 100 150 200 250 300
Epochs Epochs Epochs

Figure 19: Metrics of the model.

Figure 20 is a confusion matrix of the validation data. It shows the percentage
of predictions for each category. On the diagonal of the matrix are the correct
predictions. In each row, the number on the diagonal is the largest, which is good,
and five out of ten numbers on the diagonal are above 50 %.

[[52 5 5 5 4 3 2 610 8]
[653 3 3 2 2 2 3 6 20]
[9 335 81410 818 2 2]
[3 21838 52318 8 4 5]
[7 215 835 9 912 3 2]
[3 2 920 639 518 2 3]
[2 21811 91147 4 1 3]
[4 2 7 6 8 8 258 2 4]
[13 8 3 2 2 2 1 258 8]
[518 2 4 2 3 2 7 6 51]]

Figure 20: A confusion matrix of validation data, results are in percentages.

Figure 21 shows nine different randomly selected images from the validation
dataset. Below the images are labeled with the prediction and prediction percentage
and in parenthesis the actual labeling of the images. If the prediction is correct the
label is blue and if the prediction is wrong the label is red. For each image, there
is also a bar chart where the bars represent the probability of the categories for the
image label.
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Figure 21: Random validation images and their predictions. Correct prediction in
blue and incorrect prediction in red.

5.1.2 With CNN

Here we have the same dataset, divided in the same way as in Section 5.1.1 into
training, validation and test subsets. The code and model follow the example of
Ion Petre’s course [9]. The summary of the model is shown in Figure 22. After
the input layer, there are 16 layers. The first is a convolutional layer, which has 32
filters of size 3 x 3 with a padding that makes the output size the same size as the
input size. The stride is one and the activation function is ReLLU. Then there is a
batch normalization layer, which contains two trainable parameters for each filter
in the previous layer and two non-trainable parameters, since there are four batch
normalization layers in total, two with 32 and two with 64 filters, the model has a
total of 2-(32-2) +2- (64 -2) = 384 non-trainable parameters. The next two layers
are the same as layers one and two. Layer five is a max pooling layer with a filter
size of 2 x 2 and the stride is two. Layer six is a dropout layer with a dropout ratio
of 0.25, which means that for each round of training, 25 % of the output neurons
in layer five are excluded from training. The next six layers are the same as the
first six layers, but the convolutional layers have 64 filters instead of 32. Then layer
13 is for flattening and layer 14 is a fully connected layer with 64 neurons and the
activation function is ReLLU. Then again comes a dropout layer with a dropout ratio
of 0.25. And finally, layer number 16 with 10 neurons, and the activation function
is the softmax function.
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Layer (type) Output Shape Param #

conv2d (Conv2D) (MNone, 32, 32, 32) 896
batch_normalization (BatchMo (Mone, 32, 32, 32) 128
conv2d_1 (Conv2D) (Mone, 32, 32, 32) 9248
batch_normalization 1 (Batch (Mone, 32, 32, 32) 128
max_pooling2d (MaxPooling2D) (Mone, 16, 16, 32) @
dropout (Dropout) (Mone, 16, 16, 32) @
conv2d 2 (Conv2D) (Mone, 16, 16, 64) 18496
batch_normalization 2 (Batch (Mone, 16, 16, 64) 256
conv2d_3 (Conv2D) (None, 16, 16, 64) 36928
batch_normalization_3 (Batch (MNone, 16, 16, 64) 256
max_pooling2d_1 (MaxPooling? (Mone, 8, 8, 64) 8
dropout_1 (Dropout) (None, 8, 8, 64) 8
flatten (Flatten) (None, 4896) 8
dense (Dense) (None, &4) 26220838
dropout_2 (Dropout) (None, &4) 8
dense_1 (Dense) (None, 18) 656

Total params: 329,194
Trainable params: 323,818
Non-trainable params: 384

Figure 22: Ton Petre’s CNN model and its parameters.

Figure 23 shows the different metrics of Ion Petre’s CNN model. The blue
lines are the training results, they look very much the same shape as in Figure 19,
but note that the results are better with a much smaller number of epochs. More
importantly, however, the red lines showing the validation results are very different
and much closer to the blue lines. In the graph on the left, the validation loss drops
below 1.0 at around 10 epochs and then remains below 1.0. After that, it does
not improve, but it does not get worse either. In the middle graph, the validation
accuracy rises above 0.7 at 10 epochs, after which the accuracy does not improve
much, but with ANN it does not exceed 0.5. In the right graph, the true positives
in the validation dataset rise above 0.7, while with ANN they remain below 0.4.
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Figure 23: Metrics of the model.

Figure 24 is a confusion matrix of the validation data. Compared to Figure 20,
the diagonal now has much higher percentages, all above 50 % and six out of ten
above 80 %.

(82 1 3 2 1 1 1 1 4 4]
[18 © @ © © @ @ 1 8]
[6 868 7 5 4 6 2 1 8]
[1 1 566 315 5 3 1 1]
[2 8 5 771 4 4 7 1 @]
[@ 8 319 2780 1 3 @ 1]
[1 8 4 4 2 28 @ 1 @]
[1 8 3 4 2 5 8384 8 1]
[3 2 6 1 6 © @ 892 2]
[2 4 86 1 0 & @ @ 8 91]]

Figure 24: A confusion matrix of validation data from the Ion Petre’s model, results
are in percentages.

Figure 25 has many more correct predictions than Figure 21. Seven predictions
are correct, while ANN gave only three correct predictions out of nine. There is one
interesting image in the middle left where the prediction is almost even with a cat
and dog, it could well be a cat.
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Figure 25: Random validation images and their predictions. Correct prediction in
blue and incorrect prediction in red.

5.2 Fashion-MNIST

The Fashion-MNIST database consists of 70,000 grayscale images, 28 x 28 x 1 in
size. There are 10 different categories and every category has 7,000 images with 6,000
training and 1,000 testing images per category, also this dataset is well balanced [6].
The categories are: ankle boot, bag, coat, dress, pullover, sandal, shirt, sneaker,
t-shirt /top, and trouser [12]|. Figure 26 shows some sample images and their labels
from the Fashion-MNIST training dataset. In the next sections, we try to train
our model to recognize images that include those categories. First, we try it with a
simple fully connected network and then a more complicated convolution network.

Pullover T-shirt/top Coat Coat Sneaker

Bag Shirt Ankle boot Trouser

].=

Trouser Ankle boot

Trouser Coat

Bag

Figure 26: Random images from the Fashion-MNIST training dataset.

5.2.1 With ANN

In the code, 60,000 test images are divided into 48,000 for training and 12,000 for
validation. In our model, which comes from Ion Petre’s GitHub [8], we have after
the input layer three fully connected layers and an output layer. They have 128,
64, 32, and 10 neurons. They have the ReLU activation function in the hidden
layers and the softmax in the output layer. This makes a total of 111,146 trainable
parameters, as also shown in Figure 18. This is the same model as in Section 5.1.1,
with the only difference being the input layer, where fewer neurons are needed.
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Layer (type) Output Shape Param #

flatten (Flatten) (Mone, 784) 8
dense (Dense) {(Mone, 128) 166480
dense_1 (Dense) (Mone, 64) 8256
dense_2 (Dense) (Mone, 32) 2030
dense_3 (Dense) (Mone, 18) 338

Total params: 111,146
Trainable params: 111,146
Non-trainable params: @

Figure 27: Parameters of the model for the Fashion-MNIST dataset (ANN).

Figure 28 shows different metrics of the model. If we compare these graphs to
the graphs in Figure 19 we can see that the lines look very similar, but we should
notice that the values on the x and y axes are much better, so this dataset can
be trained with the same model much faster to a better result. With this dataset,

the validation accuracy rises above 0.875, and the validation true positives also rise
above 0.85.

Training and validation loss Training and validation accuracy Training and validation true positives
1000 100

10 { — Taining cat. cross-entropy
—— Validation cat. cross-entropy

— Taining TP
—— Validaticn TP
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0900 085
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0875

Categorical accuracy

0380
0850

0825 075

0.800 — Taining accuracy
— Validation accuracy 070

0 20 4 & 80 100 120 140 180 0 2 4 & 8 100 120 140 160 0 20 40 60 ED 100 120 140 160
Epochs Epochs Epochs

Figure 28: Metrics of the model for the Fashion-MNIST dataset (ANN).

Figure 29 is a confusion matrix of the validation data from the model for the
Fashion-MNIST. Category seven, which is the shirt, has the biggest problem getting
correct predictions and also that is more than 70 %. 11 % of those predictions have
gone wrongly to the first category which is T-shirt/top. Three categories get more
than 80 % and even six categories get more than 90 % correct predictions.
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[[84 @ 2 4 1 @ 9 8 1 8]
[097 @ 2 @ @ @ @ 0 0]
[2 €82 2 7 © 8 0 0 0]
[2 @ 191 3 @ 3 @ 0 @]
[@ @ 9 380 0 8 @ 0 0]
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[1 86 8 @ 1 @ 1 096 0]
(6 0@ @ @ @ 1 @ 4 0 96]]

Figure 29: A confusion matrix of validation data, results are in percentages.

Figure 30 shows that of the nine predictions, seven were correct and one was
almost correct, but the shirt was incorrectly predicted as a T-shirt/top.
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Figure 30: Random validation images and their predictions. Correct prediction in
blue and incorrect prediction in red.

5.2.2 With CNN

The model used here is the same as the CIFAR-10 with CNN in Section 5.1.2. The
summary of the model is shown in Figure 31. A smaller model could also have been
used, such as LeNet-5 with the advantage of being a smaller model the speed of
training could be faster. The dataset is the same and divided in the same way as in

Section 5.2.1.
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Figure 31: Ion Petre’s CNN model for the Fashion-MNIST dataset and its parame-

ters.

This dataset is very well trained, as we can see in Figure 32, where the red line
is very close to the blue line in each graph and these lines show very good results.
The number of epochs needed is quite small, but still, for example, the validation
accuracy is around 0.9 as are the true positives in this same line. These graphs are

Layer (type) Output Shape Param #
conv2d_4 (Conv2D) (Mone, 28, 28, 32) 320
batch_normalization_4 (Batch (Mone, 28, 28, 32) 128
conv2d_5 (Conv2D) (Mone, 28, 28, 32) 9248
batch_normalization_5 (Batch (Mone, 28, 28, 32) 128
max_pooling2d 2 (MaxPooling2? (MNone, 14, 14, 32) 8
dropout_3 (Dropout) (None, 14, 14, 32) 8
conv2d_6 (Conv2D) (None, 14, 14, 64) 18496
batch_normalization_6 (Batch (Mone, 14, 14, 64) 256
conv2d_7 (Conv2D) (None, 14, 14, 64) 36928
batch_normalization_7 (Batch (MNone, 14, 14, 64) 256
max_pooling2d 3 (MaxPooling2 (Mone, 7, 7, 64) 8
dropout_4 (Dropout) (None, 7, 7, 64) 8
flatten_1 (Flatten) (None, 3136) 8
dense_2 (Dense) (None, 64) 208768
dropout_5 (Dropout) (None, 64) 8
dense_3 (Dense) (None, 1@8) 650

Total params: 267,178
Trainable params: 266,794
Non-trainable params: 384

definitely the best of the four cases presented here.

Training and validation loss
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Training and validation true positives

—— Training cat. cross-entropy
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Figure 32: Metrics of the model for the Fashion-MNIST dataset (CNN).

As we can see in Figure 33, this time we have as many as eight out of ten in the
ninety percent and above range of correct predictions, and even in the two worse
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ones, eighty-six percent of the predictions have gone right. Such a model is already
starting to be very usable.

[[86 © 2 1 @ 011 © © 0]
[698 8 1 @ @ @ @ 0 0]
[1 898 1 3 @ 5 @ @ 8]
[2 1 192 2 @ 3 @ @ 0]
[@ @ 2 193 @ 3 @ 0 0]
[0 @ @ @ 099 @ 1 0 0]
[6 @ 3 2 3 08 © 0 0]
[@ 8 @ @ @ 1 @98 0 1]
[@ @ @ @ @ © 1 © 938 @]
[0 @ @ @ @ @ B8 3 @ 97]]

Figure 33: A confusion matrix of validation data from the Ion Petre’s model, results
are in percentages.

There is only one incorrect prediction in Figure 34, it has to be said that the
picture looks more like an ankle boot than a normal sneaker, so it might not be such
a bad mistake. Also, in the correct shirt prediction, some probability points have
also gone to the T-shirt/top category, which contains quite similar-looking images.

1. |

Dress 82% (Dress) g o owowom M M Pullover 100% (Pullover) o o o o= = N M
= + = £ =
i -0 i T g%
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21 TN

Ankle boot 100% (Ankle bootls. ¢ o Dress 100% (Dress) S5 pnEE LoD M

Figure 34: Random validation images and their predictions. Correct prediction in
blue and incorrect prediction in red.

5.3 Summary

Here is a small summary of previous applications. As we have already seen and also
in Figure 35 we can see that the CNN model gives better results. With CIFAR-10
we also had fewer trainable parameters with CNN than with the fully connected
model (ANN). Fashion-MNIST also trains very well with ANN, unlike CIFAR-10.
Fashion-MNIST has fewer trainable parameters than CIFAR-10 because it has a
smaller input image, which especially affects the fully connected model. Fashion-
MNIST images are also easier to train because they are slightly smaller and have
only one colour channel.
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ANN CNN

Trainable params: 404,010 Trainable params: 328,810
[[52 5 55 4 3 2 610 8] [[82 1 3 2 1 1 1 1 4 4]
[653 3 3 2 2 2 3 6 28] [18 @ 2 @ @ @ @ 1 8]
[9 335 81418 8 18 2 2] [6 868 7 5 4 6 2 1 @]
[3 21836 523186 8 4 5] [1 1 566 315 5 3 1 1]
CIFAR-10 [7 215 835 9 912 3 2] [2 @5 771 4 47 1 @]
[3 2 920 639 518 2 3] [@ @ 319 2780 1 3 @ 1]
[2 21811 91147 4 1 3] [1 8 4 4 2 28 0 1 @]
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Trainable params: 111,146 Trainable params: 266,794

Figure 35: Confusion matrices and trainable parameters for each of the four cases.

6 Conclusions

One of the biggest difficulties with image recognition in the real world is that there
are often many different objects in an image. Will the machine be able to recognize
all of them or just a specific one? If there can be many objects in one image, there
can always be a different object in many images. There are an infinite number of
different things in the world to identify. The more versatile the recognition capability
you want, the more classes you need to have in the model output layer. The number
of neurons in the input and output layers greatly impacts the number of parameters.
In these example works they have been quite moderate and still a lot of data has
been needed to get even these results and the learning time of the model is quite
considerable. Of course, once the model has been trained to its optimum state, the
weights can be stored and the model can be used afterward. It is also important for
the learning of the model that the images are either captured or processed in such
a way that the actual object is as central as possible because it transfers the most
information to the layers and that the object is large and there is little else in the
image except the thing to be identified.

Just as with humans, you need to see certain things enough times to recognize
them. Just as a human can learn to recognize a car with relative ease, but it takes
more to recognize certain car models from each other, so it is the same with machine
learning. The harder the task, the more data is required and still the recognition is
harder. If the classes to be identified are particularly different in shape or colour,
identification is much easier.

If the training data gives the model an accuracy close to 100 %, even if the model
then overfits the training data, it means that once the model has seen all possible
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images related to the topic, it will recognize them with good accuracy in the future.
In other words, the size of the data is of great importance.

Training the model is affected by the number of layers. In this work, the fully
connected networks had only input + 3 + output layers while the convolution models
had input + 15 + output layers. If a fully connected network had a similar number
of layers, the number of parameters would be absolutely enormous. Now there are
quite a few of them, which makes it easier to do the maths for teaching the model.
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