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In this work the application of machine learning methods for quantum control of
trapped ion quantum computers is studied. This is done in the framework of a single
quantum gate, the geometric phase gate.

The fundamentals of trapping ions as well as machine learning are presented. The
Hamiltoninan operator is derived for a system of two ions in a linear Paul trap.
After presenting the consepts of open quantum systems and quantum computing in
general, a master equation for two ions in a noisy environment that are driven by a
laser is presented.

The solution to the master equation is used to generate datasets that corresond to
the application of a geometric phase gate. The datasets are then used to train a
variety of machine learning models that emulate the mapping from the shape of the
control laser all the way to the resulting fidelity of the gate operation. The output
of the models is then optimised to acquire the optimal control parameters describing
the laser pulse.
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Introduction

Quantum computing was first proposed as a concept by Richard Feynman in 1982 as
a way to simulate quantum mechanical systems [1]. The idea was that modeling such
systems is very hard on classical computers and that by harnessing the properties
of quantum mechanics one could simulate them more efficiently. While simulating
quantum systems is one of the applications of quantum computers it is not anymore
the only one that has been proposed. It has been shown that quantum computing
shows great promise for further advancements in many fields and disciplines such
as finance [2], medicine [3] and supply chain management [4]. The road to reaching
these benefits is still long and not certain. Most of the benefits will only be in reach
with large scale fault tolerant quantum computers, that have many magnitudes more
logical qubits than the largest machines of today:.

There are many different apporaches to creating quantum computers and the
logic gates that are used to perform the computations. Trapped ion systems are
among the earliest proposed [5] and most researched approaches. Ion traps are not
used solely for computing but instead have a wide range of applications. Since the
ions are trapped in a system that is well isolated from the outside environment, they
can be for example be used to study the properties of the ions in low energy states
[6]. The benefits of the trapped ion approach inculde long coherence times and high
fidelities of the gates |7]. The coherence times have been reported to be measured in
seconds in some cases [8]. There are however still many hurdles with this approach.
One of the biggest problem is how to scale the number of ions in the trap while
conserving a high fidelity in the operations. Currently the largest number of qubits
successfully demonstrated in a quantum register is 56 [9].

Having a platform for quantum computing with plenty of working qubits is just
the first step towards quantum computation. Just like in classical computers, logic

gates are needed in order to perform computations on the qubits. Gates are opera-



tions that implement transformations like bit flips and phase changes to the qubits.
In order to be able to perform arbitrary unitary transformations on the qubtis, both
single qubit gates and two qubit entangling gates are needed. There are different
kinds of entangling two qubit gates, like the controlled-not (CNOT) gate [10] or the
geometric phase gate which is the focus of this work. Geometric phase gates are a
natural choice for entangling qubits in trapped ion quantum computers, since they
can be realised essentially just by driving the motional states of the ions in the trap
and returning them to their initial state. This driving can be conducted via lasers,
and thus the problem of performing the operation of the gate boils down to finding
an optimal laser pulse.

Machine learning and physcis have through history been used as tools to uder-
stand eachother. In 2024 the Nobel price in pysics was awarded to Geoffrey Hinton
and John J. Hopfield "for foundational discoveries and inventions that enable ma-
chine learning with artificial neural networks" [11]. Data driven machine learninig
has been widely used in different physical problems. The reasons for using such ap-
proaches are usually that the underlying problem is very hard to solve just with the
tools of modern physics alone. Applications have been found in disciplines such as
cosmology, particle physics and material physics. In quantum computing machine
learning has been found useful in quantum control, quantum state tomography and
quantum error correction [12].

In this work the goal is to construct suitable control forces for the application of
a geometric phase gate in a noisy trapped ion quantum computer by emulating the
whole process with a machine learning model. The noise arising from the interaction
with the environment is a big problem when aiming for high fidelities in such gates.
The idea is that the ML model would learn from the data how the environment
interacts with the ions during the gate operation. In order to experimentally obtain

the fidelity for a given control force, it would be applied to the ions, after which



the fidelity would be calculated. The machine learning model tries to emulate these
steps and produces a prediction for the fidelity just from the given laser pulse. By
maximising the output of the models prediction, the optimal laser pulse can then in
theory be found.

Overviews to foundational consepts needed for achieving the goals of this work
such as the basics of trapping ions, machine learning, quantum computing, open
quantum systems and the geometric phase gates are given. After going over the
requirements for building such a model, the methods as well as the results for the
optimisation are presented.

As per the guideline on artificial intelligence by the University of Turku: large
language models have been used to generate small parts of the code in the pro-
gramming part of this work. The code generated by the models was nearly always
modified by hand and not directly used as is. This process was used to speed up the
process of writing noncritical parts of the code such as functions for plotting graphs.

Al has not been used elsewhere in this work.

1 Trapped ion quantum computing

1.1 Trapped ions

Trapped ion quantum computers work by trapping ions, which can be of the same
kind or different, in a linear string. Due to Earnshaw’s theorem, an electrical charge
cannot be kept stationary with only a static electric field [13]. This has lead to the
developement of a few different trap designs that work around this problem. The two
most widely used ways to trap ions are Paul traps [14] with time dependent electric
fields usually in the radio-frequency domain or Penning traps [15] with static electric
and magnetic fields.

A general trap potential for a single ion with static and time dependent electric



fields is of the form [16]:
1 2 2 2 7 1 /2 /2 /1.2
Ot 2.y, 2) = Ug(aa® + By” +727) + U cos(wt) 5 (a'a” + By” +7'2%),

where w¢ is the driving frequency of the oscillating radio-frequency electric field, U

and U are amplitudes and «, 3, v,a, B+ are geometric factors. The trap potential
must satisfy the Laplace equation V2® = 0. With the choices —(y+ 8) = a < 0
and 7' 4+ ' = o/ = 0 the Laplace equation is satisfied at all times. This choice leads

to the linear Paul trap, that has a static potential in the x direction and a time

dependent potential on the y and z axis.

7
4
ON 7 .
AL [0 "
i,
' ." ar ’-;a’- i ."l‘“‘
NNt

Wil
/)
dniint
i

Figure 1. The general shape of the equipotential lines of a linear Paul trap. The z
direction has the static potential while y and z have time dependent potentials.

The shape of the potential in a linear Paul trap is illustrated in Figure 1. As
the saddle surface is formed by the equipotential of the trap potential, the ion can
move on the surface without effort. If the ion is initially radially at the center of
the linear trap, any radial movement is unwanted. The ion is kept radially centered

by oscillating the electric field in the y and z directions with frequency wy¢. This



oscillation can be thought of as the rotation of the equipotential lines with the same
frequency along the z-axis. If the ion is not radially at the center of the trap and the
potential is rotated slightly, the ion enters a higher potential because of the saddle
shape. This causes the ion to fall back towards the center of the trap. The ion
can’t be kept completely still and small oscillations, called micromotion are present,
however the system can be kept stable for long periods of time.

Solving for the equation of motion for the x direction for an ion in a general trap
potential and switching to quantum mechanical operators (x refers to the position

operator from now on) leads to the Mathieu equation:

w2
0 =4 + L (a, — 2q, cos(wyt))

4
4QU 2QU
Ay = ——% 5 qo = 2
mwrf mwrf

where () is the charge of the ion. Since this is just the equation of motion for a one

dimensional harmonic oscillator, the potential for the system can be written as:

1
va(tal‘) = —mwz(t)x2,

2 x
W,
we(t) = 2f V(g — 2¢, cos(wit)).

The Hamiltonian for a single ion in a general trap can be then expressed using this

potential:

Pi 1 2 2

where p, is the canonical conjugate momentum operator.

For the purposes of this work, we will focus on the Pauli trap. Going forward the
subscripts denoting the coordinate axis have been dropped, since the only coordinate
axis of interest is the direction of the trapping axis. This can be done, assuming that
the trap allows only for neglighle radial movement of the ions. With the selection

of geometric constants for the Paul trap, the constant ¢, is zero and the frequency



of the ion reduces to the time independent form: w = % The potential of the
system is still time dependent implicitly through the position operator.

With multiple ions in the trap, in addition to the electric field, the ions also
interact with eachother via the Coulomb repulsion. The potential generated by the
trap is purposefully made weaker in the direction of the trapping axis to account
for this extra force and also to allow for slight movement in the ions. The slight
movement allows for the motional states of the ions in the trap to be coupled. In this
work we focus on a system where the motional states of two ions are coupled. This

effectively means that there are only two ions in the trap or that they are decoupled

from the other ions in the string by some means.
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o O

Center of mass (-)

Figure 2. The normal modes of two ions in a linear Paul trap. The stretch mode
refers to the movement of the ions in opposite directions. The center of mass mode
corresponds to the movement of the center of mass of the two ions.

The Hamiltonian for two positively charged ions of the same kind in a trap is

[17]:
2 2
H = g & gy + Vloni2a), (1)
1 1
V(onaa) = gmutey + gmutey + o — Vo,
3 99
W= 1ML,



9 is the equilibrium position of the ion ¢ and C'

where V(z1, x9) is the potential, xg
is a constant defining the magnitude of the Coulomb repulsion. The last term Vj is
added to ensure that the potential is minimised at zero when both ions are in their
equilibrium points. This form of the potential includes an interaction term between
the ions that represents the Couloumb repulsion.

By approximating for small oscillations the potential can be diagonalised to
turn a problem of two coupled oscillators into two independent oscillators. The
arising two independent oscillators are actually normal modes of the system and
are visualised in Figure 2. The diagonalisation yields new normal-mode coordinates
as well as their respective angular frequencies [18]. The coordinate for the center
of mass mode (-) represents the displacement of the ions center of mass from the
equilibrium position. The coordinate for the stretch mode (+) on the other hand
represents the distance from the ions equilibrium distance.

The equilibrium positions for the ions are found by minimising the potential and
they are 2\* = (—C/(4mw?))""* and 2{” = (C/(4mw?))"®. The Taylor expansion

of the potential V(x1, z5) around the equilibrium point up to the quadratic terms is:

1 OV (x1,
[t}

0 0
5 (i = 2”)(2; — 2”)

7
0 J

4,j=1,2

since the first derivatives evaluated at x, as well as V <x§0),xé0)> are all zero by

definition. This sum can be expressed as a matrix product:

T
Yoy )~ by |7 SRl B EIc
T 2] = VI ) Veyer Veges | VT )
T2 = o Tm Tm T2 = o
1
= _r'Vr
2
1
= §rTODOTr,

where in the last line the diagonal representation V.= ODO? is used, where D
is a diagonal matrix of the eigenvalues A, = 3w? and A\_ = w? of V, and O is an

orthogonal matrix of the corresponding eigenvectors [17].



The mass-weighed normal-mode coordinates can be found from the diagonalisa-

tion:
—1 T — ZL‘(O) T, — x(o) — <a:2 — x(0)> T
x=0"r = vm Y o um L 2 ) _ 7
1 1 Ty — :z:go) T, — a:(lo) + 29 — xgo) xT_

with z, being the position of the stretch mode and z_ in turn the position of the
center of mass mode. In the stretch mode the ions move in opposite directions and
in the center of mass mode only the center of mass moves. These two modes can
be treated as independent harmonic oscillators. Using these new coordinates, the

potential can be expressed in a diagonal form:

I

V(xq,x9) & X Dx
Loge 1 202
= §ZL’+Q+ + éflf_Q_,

by defining the normal-mode angular frequencies 2. = /4.
To fully transform the Hamiltonian in Eq. (1) to the new coordinate system, the

terms representing the kinetic energy need to also be transformed:

.0
pj = —@ha—%

_ i Ory O +8:U, 0
B Or; Ory  Oxj Ox_

, 0
= —th/% Z Ojka—xk,

k=t~

2 2 N2 2
P1 Pa (—ih) J
— 4+ = = 0,0,y ———
2m + 2m 2 Z Z Ik gk 0x0xy

=12 kK’

where matrix indices (4) correspond to 1 and (—) to 2 respectively. In the last row,

the canonical momentum operators py = —ih% in the normal mode coordinates



are also defined. The Hamiltonian in the normal mode coordinates is then:

pr 2 1 1
H:H++H—=7++7_+§x391+§x392_ (2)

In this form the mass of the ions m is embedded into the coordinates and is therefore
not explicitly visible. It can easily be seen that the Hamiltonian can be separated

into two distinct parts each describing a harmonic oscillator.

1.2 Open quantum systems

In closed quantum systems, all environmental effects are neglected and only the
system of interest is studied. As a reslt of this, the Hamiltonian operator governs
all of the dynamics of the system. The evolution of the system can be calculated

using the von Neumann equation [19]:

p(t) = == (D), p(1)]. 8

Because the Hamiltonian of a system is by definition hermitian, it generates unitary
dynamics and the general solution can be written as p(t) = U(t,to)p(to)U' (¢, o),
where U(t,ty) = Texp(—% j;to H (3)d5> is the unitary operator induced by the time
dependent system Hamiltonian and 7 is the chronological time ordering operator.
The purpose of open quantum system theory is to find the equations of motion for
the system from the equations of motion of the total system when the environment
(E) is also taken into account. The Hilbert space of the total system can be expressed
as a product of the Hilbert spaces Hiot = H @ Hp. A general open quantum system
is presented in Fig. 3. The coupling to the environment leads to an irreversible
loss of quantum information from the system to the environment. The dynamics
of an open quantum system can be Markovian or non-Markovian. In this work we
consider only systems with Markovian dynamics. Because all systems in reality are
open systems, it is important to be able to study them effectively, which is why the

theory of master equations have been developed.
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Hiot, Prot, Htot
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Figure 3. A representation of a general open quantum system. The system that is
to be studied is at the innermost layer with its own Hilbert space, density matrix
and Hamiltonian operator. Surrounding the system is the environment, again with
its own corresponding properties. Together these two interacting systems form the
total system that has the composite properties of the subsystems.

Generally for open quantum systems the von Neumann equation (3) is not enough
to study the system [19]. This is because when the environment is traced out,
the dynamics induced by the Hamiltonian of the total system are generally not
unitary. There are different types of master equations depending on the properties
of the system that is under study. They are usually extensions of the von Neumann
equation with various operators added for modeling the effects of the heat bath
surrounding the system.

The Gorini-Kossakowski-Surdashan-Lindblad (GKSL) master equation is a gen-
eral form for the generator of a completely positive and trace preserving quantum
map [20]. It is useful in areas such as quantum optics, condensed matter, atomic
physics and quantum information among others [21]. The GKSL master equation
can be written as:

p(t) = == [H (@), o] + D mi (2oL = { LLLes (D)} ) (4)
k
where {a,b} is the anticommutator, L, are called Lindblad operators and 7, > 0

are coefficients that define the rate of the decay process induced by the Lindblad
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operators. The von Neumann equation gives the unitary part of the evolution,
while the sum term models the effects of the environment. The latter is sometimes
called the dissipator. The dissipator diminishes the offdiagonal terms of the density
matrix and therefore causes decoherence. It can also describe energy dissipation and
fluctuations.

A driven harmonic oscillator coupled to a heat bath can be modeled using Eq.
(4). In this case the sum is taken over two values k& = 1,2. The corresponding
Lindblad operators are the bosonic annihilation L;(t) = a and creation operator
Ly(t) = a'. The damping rates are 1, = (7 + 1) and n, = 7 respectively, where
v > 0and n = 1/(exp(fw/(kT)) — 1) is the mean bosonic occupation number at
frequency w and temperature T, with k£ being the Boltzmann contant. The master

equation for the system is [19]:

p(t) = 3 [H(0), p(0)] + 70+ 1) (2ap(t)al — alap(t) — plha'a) — (5)

+ 71 (2a’p(t)a — aa’p(t) — p(t)aa') .

The first term again represents the unitary free evolution of the system without
the effects of the interacting environment. The second term represents thermally
induced emission, while the last term in turn represents absorption. Essentially the
oscillator gains energy from the environment, but it also loses energy at a slightly

faster pace and is therefore damped by the environment.

1.3 Quantum computing

Quantum computing (QC) is a way to solve computational tasks using the prop-
erties of quantum mechanics. Superposition and entanglement are properties only
achievable in the smallest scales and exactly these properties are what set QC apart
from classical computation. By leveraging these properties quantum algorithms

have been developed that can vastly outperform classical versions, perhaps most
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famously with Shor’s factorisation algorithm [22]. To a certain extent quantum
computers are analogous to their classical counterparts. With classical computers
the store of information is a bit and the quantum counterpart is called a quantum
bit or qubit for short. While the state of a bit can be either 0 or 1, the measured
state of qubit can be |0) or [1). The key difference is that before measurement of
the qubit, superposition states 1)) = a|0) + b|1) are possible, where the complex

probablity amplitudes satisfy |a|?> + |[b> = 1.

V<

Figure 4. The bloch sphere used to represent a pure qubit state [)).

A general pure qubit state can also be defined with the help of trigonometric
functions and a relative phase: [¢) = cos £ |0) + e sin & [1) [10]. With these angles,
the state can be represented as a vector on the surface of the bloch sphere which is
visualised in Fig. 4. The angle 6 represents the probabilities of the basis states |0)
and |1), while the angle ¢ represents the relative phase between the states. At the
north and south poles are the states |0) and |1) respectively. Every other point on
the sphere represents a superposition of these states.

The Bloch sphere representation for qubits can be generalized to mixed states
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(I+r-0), where o is a vector of the

by decomposing the density matrix as p = %

Pauli matrices:

I is the identity matrix and r is the Bloch vector [10]. For mixed states the Bloch
vector lies inside the Bloch sphere (|r| < 1) unlike for pure states where it is on the
surface (|r| = 1). States with Bloch vectors outside the sphere (|r| > 1) are not
physical.

The state of a classical bit can be known exactly at all times. The same cannot
be said in the case of qubits because of superposition. The only information that
the qubit can give when measured are the probabilities |a|* and |b|*> and even that
information is not trivial to obtain. In order to figure out the probabilities, the same
state needs to be prepared and measured a number of times. From the distribution
of measured states |0) and |1), the probablities for the state before measurement
can be approximated. In principle an infinite amount of measurements would be
required to be able to determine the probabilities exactly [10].

Just like in classical computers the bits are manipulated with logic gates, QC
uses quantum gates to manipulate the qubits. Quantum gates can be represented as
2N x 2N unitary matrices, where N is the amount of qubits involved in the operation
[10]. The condition of unitarity ensures that the probabilities stay normalised. The
types of gates can be roughly divided into two groups: single and multi-qubit gates.
In classical terms the bit flip (NOT) gate is the only non-trivial operation that can
be performed on a single bit. However there are a multitude of different operations
like phase shifts and different kinds of bit flips that can be performed on a single
qubit. The Hadamard gate is one the most important single qubit gates as it can
be used to construct a superposition state.

Multiple qubit gates work by transforming or atleast utilizing multiple qubits
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instead of just one. For example the controlled not gate (CNOT) is a two qubit gate
that uses one of the bits to determine if it should flip the other one. If the control bit
is 1, the target bit is flipped, otherwise not. This gate only potentially transforms
one of the qubits but it needs two qubits to work and is therefore a two qubit
gate. As it turns out, single qubit gates combined with two qubit gates that can
entangle the qubits are enough to implement any arbitrary unitary transformation
on the qubits. The two qubit gates are usually the bottleneck in the implementation
fidelity of any given unitary operator, therefore it is important that high fidelity two
qubit gates are available [23].

The physical implementation of a qubit requires a two level system that can be
used to create an orthogonal basis. Systems that can be used as qubits include
for example: the horizontal and vertical polarisation of a photon, the ground and
excited energy levels of an atom, and the spin up and down states of an electron
[10]. In addition to the qubits, a way to efficiently implement quantum gates needs
to be available among other things.

Building a working quantum computer is hard for a number of different reasons.
The qubits must be well isolated to preserve the quantum effects but also at the
same time they need to be easily addressable and measurable. Environmental noise
is a big problem in quantum computing since the systems presenting quantum effects
are very vulnerable to even the smallest of disturbances. To preserve the quantum
states, the computations need to be performed in environments with temperatures
nearing absolute zero.

The DiVincenzo criteria [24] are a set of five basic criteria that need to be fulfilled
for quantum computing to be possible on a given platform. The criteria are as
follows: a scalable system with well characterised qubits, controlled initialisation
of the qubits, long enough coherence times, a universal set of quantum gates and

qubit specific measurements. These priciples are enough for basic computations,
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but DiVincenzo also includes two additional criteria that allow for full on quantum
information processing. These additional criteria are: the ability to transport flying
qubits and the ability to interconvert qubits and flying qubits. As discussed in [25],
trapped ion quantum computers fulfill all these criteria and are therefore a viable
candidate for universal quantum computing.

In a trapped ion quantum computers based on the Paul trap, all of the ions are
trapped in a straight line and their motional states are coupled by the Coulomb
potential that they generate. The internal states of the ions act as the qubits and
store the information for the computations. The quantum gates are implemented
by exciting the motional states of the ions and by altering their internal states.
Resonant lasers are used to change the internal states of the ions, while offresonant

lasers are used to drive the ions.

2 Geometric phase gate

As mentioned in the previous section, high fidelity two-qubit gates are essential
to be able to perform arbirtary unitary operations on quantum computers. The
geometric phase gate is one such gate, since it can be used to create maximally
entangled states. In an ideal two qubit system, the operation of the gate is of the
form [26]:

|00) — |00)

[11) — |11)

|01) — €@ |01)

110) — €' [10) .
In this thesis the focus is on creating such a transformation. The operation of a geo-

metric phase gate is based on the geometric phase that is generated when a quantum

system undergoes a cyclic evolution [27|. This geometric phase is solely dependent
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on the shape and size of the trajectory traced out in phase space. By constructing
suitable driving forces that depend on the internal state (spin) of the ions, the tra-
jectories can be shaped to produce the phases in (6). During the operation of the
gate the internal states of the ions are not altered. An experimental implementation
of such a gate was first demonstrated in [28]. Due to the nature of the operation of
the gate, they can have relatively small operation times and don’t require that the
ions are driven excessively [17].

In experimental implementations of the gate, the ions are constantly interacting
with the environment. This leads to noise being present during the operation that in
turn reduces the fidelity of the gate. The effects of quantum and thermal fluctuations
on the system have been studied before [26]. These fluctuations cause the trajectory
to not be fully closed anymore, meaning that the ions don’t return to their original

states.

2.1 Control model

Control of the ions can be achieved with a laser that is tuned to such a frequency,
that the forces that act on the ions are dependent on their internal states. The
induced state dependent control force can be added to the trap Hamiltonian Eq. (1)
as the terms o F(t)x; = F;(t)x;, i = 1,2, where o7 is the Pauli z matrix acting on
the Hilbert space of the internal state of the ion i. After the normal mode coordinate

transformation, the Hamiltonian of the controlled ion trap system is:

H(t) = Hi(t) + H_(t), (7)
H:t(t) = p?i -+ %l’i@i + Fi(t)xi,
Fi(t) _ F1<t) + F2(t)

vmo
where Q4 is the angular frequency of the mode and FL(t) is the real valued spin

configuration dependent control force affecting the modes. The normal-mode angu-
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lar frequencies are defined as Q, = v/3w and Q_ = w, where w is the frequency for
the oscillation of the ions [17].

An interaction term H;p,(t) = 52 (F2(t) — F1(t)) has been left out from the Hamil-
tonian in (7). As explained in [17], this term is dependent only on time and the
internal states of the ions which remain constant during the gate operation and
therefore it generates a global phase. The phase vanishes at the end of the gate
operation when the force F'(t) is an odd function relative to the midpoint of the
operation time of the phase gate. The forces constructed later on in this work are
exactly of this form, and therefore the term can be dropped from the Hamiltoninan
and the results wont be affected. Thus the system can still be thought of as two
independent oscillators even with the control laser acting on the ions.

A system of two trapped ions driven with a control laser in a noisy finite tem-

perature environment can be modeled with a GKSL master equation of the form in

Eq. (5) as follows [26]:

p(t) = L4(p(8)) + L-(p(1), (8)
Lo(p(t) = = [He(8), p(t)] + (7 +1) (2ap(t)al — alasp(t) = plt)akas ) +

+9n <2alp(t)ai — azalp(t) — p(t)aial> :

Here H. are the Hamiltonians from Eq. (7), v is the damping rate and n is the
bosonic thermal occupation number of the heat bath (with frequency w). It is
notable that the modes are not coupled by the master equation but remain inde-
pendent.

As demonstrated in [26], it is possible to construct a new stochastic master
equation that yields the solution to the master equation (8) as a classical average.
This is done in practice by taking the zero temperature (7 = 0) version of Eq. (8)
and adding a complex valued fluctuating force \/2ynhx(¢) to the Hamiltonian. The
function x4 (t) is a complex valued Gaussian white noise with properties (x(t)) =

(x(t)x(s)) = 0 and (x(t)x*(s)) = 0(t — s). This kind of noise can be modeled by
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taking the white noise limit of an Ornstein-Uhlenbeck process [29]. The details of
this calculation are included in Appendix A.

The canonical position and momentum operators in Eq. (7) can be expressed
with the mode dependent annihilation and creation operators a4 and aTi. After
that it is convenient to study the system in a picture where the free evolution of the
oscillations is cancelled out. This is done by moving into an interaction picture with
respect to the time independent free evolution Hamiltonian Hy 1+ = A, (&ldiﬂ /2).

Now the master equation for a single realisation of the noise takes the form:

px(t) = £x7+(Px(t)) + Ly - (Px(t))a (9)
Lyi(p) = —% [H (), p(t)} +7 <2aip(t)al — alaxp(t) — p@)dl%) :

i t) = (FLlt) + V29anii0) as + (Fo(t) + V29ahi. (1)) al

where

fo(t) = e fa(t),

Folt) = \ gy P 0 (10)

Xe(t) = ey (t).

By taking a classical average of the noisy state p,, the solution to the original master
equation (8) can be found (p,(t)) = p(t).

In this thesis we study a system where the first ion is in the spin state |1) and the
second ion is in a superposition of spin states a 1) +b|}), |a|*+ |b|* = 1. These spin
configurations are assumed to be constant during the operation time of the gate.
Because the modes are not coupled by Eq. (9), the master equation can be solved
one mode at a time with the help of a coherent state ansatz:

p) = Y e © [ZLOXA @] @ LKL @], (1)

Lie{1, 1}
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where the coefficients p;; are determined by the probabilities @ and b. The ansatz is
a tensor product of four Hilbert spaces: two for the internal states and one for the
motional states in each of the normal modes. The solution to the master equation

leads to a differential equation for the coherent state labels:

j - L /i —
5(0) + 740 = — (FLl) + V2rmhga (). (12)
and a solution for the phases after the gate operation ¢t = ¢,, with ¢, as the operation

time of the gate:
0ij(ty) = O + i + &ij+ + Eij—s (13)

ol = [ m (210220 - )20 o

t
s =7 [ (0P + |20 - 2:4(020) ar.

It is easy to see that after the gate operation the phase is non-zero only when i # j
and thus the master equation (9) describes the gate operation in Eq. (6). The terms
gpfji”i contribute a purely imaginary phase without any dephasing and are present
even without quantum fluctuations (though the damping still affect their values
since zft implicitly depends on 7). The terms ¢;; + on the other hand arise from the
damping and contribute a real valued dephasing to the overall phase.

The solution to the differential equation (12) is:

. 1 [t . )
2 (t) = ﬁi/ dr <fi(7') + \/27%71)&(7)) et (14)
0
where the initial state 2/.(0) = 0 has been assumed to simplify the calculations
going forward. This can be done, because the initial state of the system can be
prepared in any way and any other choice would just lead to more complications in
the calculations.

The control forces f1(t) in Eq. (10) can be constructed as [17]:

F't)y=F*@t) =0 -

FI(t) = FE () = alH (1) + QLal (),



20

where:
_ao—i—ZaZcos{ 2n—1)1’ (16)
ty
with ¢, being the operation time of the gate. It’s easy to see why the forces in
the first row of (15) equal zero: in the stretch mode, both ions being affected by
the same force leads to equal acceleration in both ions which means no stretching
happens. Same kind of logic applies to the second force equaling zero. With the
choice of ag = 0, this form of function is an odd function of ¢,/2, ensuring that the
control forces (10) are also odd functions with respect to the same point in time. In
addition to the fact that the extra term in the Hamiltonian (7) can be dropped as
previously discussed, this form of force also ensures that the momentum of the ions
remains unchanged after the gate operation Ap = f t)dt = 0.
As shown in [26], in the effects of quantum fluctuation induced damping can be
compensated for by applying a scaling constant and an exponential factor to the

undamped (v = 0) version of the driving force:

fi,damped (t) = K:ei’\{tf:JI':,uxrzdcmzped(t)' (17>

Since the generated phase is proportional to the area swept by the state labels, it is
therefore also proportional to the amplitude of the control force. These corrections
alter the trajectories of the coherent state labels in such a way that after the gate
operation the state returns to the origin and the trajectory is scaled in such a way
that the desired phase is generated.

In Figure 5 the trajectories of the coherent state labels of a noisy system are
presented. The chosen parameters for the system are the exact same ones (except
temperature) that will be used through this work. Since the damping constant -y
is non-zero, quantum fluctuations are present that cause damping. This can be
seen as the states don’t close the loop but instead are instead driven away from

the origin. The thermal fluctuations are visible by the fact that the two states that
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Figure 5. The uncorrected trajectories of the coherent state labels. The lighter
versions of the driven trajectories contain thermal noise, while the darker ones do
not. The parameters were w = 47 MHz, ¢4 = —m, t; = 0.8 us, v = 0.05w and
temperature corresponding to ynt, = 0.309. The mass of the ions as well as the
reduced Planck constant was set to one.
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should remain idle, in fact move around the origin. The effects of the environments
heat can also be seen in the driven trajectories, as they are not smooth but contain

bumps when compared to the zero temperature trajectories.

2.2  Fidelity

In this thesis, we focus on a system where the initial state is a superposition of two
spin configurations, [1+1) and |) with equal probablities 1/4/2. Those probablities
are chosen because every other choice would lead to higher fidelities as discussed in
[26]. The initial state is then an equal superposition of two different spin configura-

tions:

1 1
|\I/0> = E |TT> & |O>+ ® |O>— + E H\if) & |O>+ ® |O>_ )

with }zi(0)> = |0),.. The final state of the noisy state p,(t,) and the desired final

state |W,) are of the form:

Vo) = M ©10), ©10)_+ == (1) @ o), ©10)_,
pult) =5 S K © |2 (6) XA )] @ |2 (1) K (1)

Ske{t1 M}
Since the ions experience different forces based on their internal state, the coher-
ent state labels also evolve along different paths depending on the respective spin
configurations.
Because the desired final state is a pure state, the fidelity of the noisy state can

be measured as:

Fy = (Wal py(ty) [Va)

1
e e I B B
4

1 , L2 M2 2 2
l —i(prp,14 (bg)—0a)—T =5 (2 P+ 2+ 2+ )2)
+ 5 Re [e ] e 2\ + ,

P=r [ ar (J26) - P + ) - 0P

(18)
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where the coherent state labels without arguments correspond to the final positions
of the trajectories. Due to the fact that the solution to Eq. (8) is a classical average

of the noisy state, the fidelity can be calculated as:

F = (V| p(ty) |Va)
= (Wal (px(tg)) [Va)

= ((Wal px(ty) [Va))

= <]:x>

(19)

This means that the fidelity for the phase gate can be calculated as a classical

average of many noisy realisations of the final state of the noisy system in (9).

3 Machine learning

There a few different machine learning paradigms, but in this thesis we use su-
pervised learning. In supervised learning the model has access to inputs and the
corresponding outputs. Supervised learning can further be divided into classifier
and regression models [30]. Classifier models map the input into predetermined
classes. For example a classification model could be used to learn a mapping from
exam points to a grade, since the possible grades are predetermined set of discrete
classes 0, 1, 2,... etc. Regression models on the other hand map the input values
to a continuous real valued output, while some regression models can even support
multiple output values. In this work only regression models are used and as such ev-
ery further mention of a ML model without explicitly stating classifier or regression,

regression is always meant.

3.1 DModel training

A model is trained by feeding it a dataset consisting of features X and corresponding

output targets Y. The input data X consists of vectors x that represent individual
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observations that correspond to a target y from Y. In a simple example the input
features can be two numbers, and the target is just the sum of them. The model
learns the mapping from the inputs to the outputs by utilizing some algorithm
specific to the model. For example neural networks (NN) do this by altering the
weights of the internal network.

Having the dataset consist of many good quality datapoints is very important.
When using real world data, usually one needs to clean the data before using it
for ML purposes. There might be missing values for some of the features or there
might be some clear outliers that are the result of some error in the measurements.
When working with a synthetic dataset, these problems can be largely avoided at the
cost that the data represents an idealised version of the real system. One standard
transformation that should be applied to nearly every dataset is to normalise the
input features and targets [31]. Usually this is done is such a way that the data is
normalised to zero mean and unit variance. In gradient descent based ML models
the difference in feature scale can lead to a slow convergence.

When the model has learned the mapping, meaning that the value of some loss
function L(y,y), ¥ being the vector of predictions, is minimised, it can output
estimates of Y for different input values X, even if such input values were not
included in the training data. There are however limits to how well a model can
generalize beyond its training dataset. This means that if a model is trained on a
dataset with little variation in the input, the trained model might not perform that
well when predictions are made with inputs wildly differing from the ones found in
the training dataset.

When building a ML model for a specific application, beyond the base model
selection, the hyperparameters of the model have to be tuned to achieve the best
possible results. Hyperparameters are parameters that change some properties of the

model. For example with neural networks, the amount of nodes (artificial neurons)
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and layers in the network can be modified via a hyperparamter. While tuning
the hyperparameters, its also important to avoid overfitting to the training and
testing datasets. If this happens, the model is no longer able to generalize to other
data outside its training. The effects of overfitting can be mitigated by sticking to
simpler models, increasing the amount of training data, and by train-test-validation
methods.

Once the model training is completed, it’s performance needs to be evaluated.
This is done by making predictions on new data that wasn’t used in the training
process. The test data predictions are then compared with the true target values
using some score metric. Commonly used metrics include mean squared error (MSE)
and coefficient of determination (R?), which is the square of the correlation between
true and predicted targets [32]. These metrics give a numeric estimate of how well
the model has fit to the data.

A general practise for tuning the hyperparameters of a model and testing its
performance requires splitting the original dataset into train and test subsets. The
training dataset gets the largest chunk of the original datapoints and is further
divided into training and validation subsets. The training data is then used to train
the model with different hyperparameter combinations. In the Fig. 6 three-fold
cross validation is presented, so the inner split of the training dataset is performed
three times per hyperparameter combination. The mean score is calculated for these
folds. After going through all of the hyperparameter combinations, the performance
of the model with the best cross validation score is then evaluated one final time
with the test dataset. This last testing round gives an estimate of how well the

trained model actually performs with new data from outside the training process.
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Figure 6. The workflow of training a machine learning model with three-fold cross
validation. The training step is repeated for every given hyperparameter combina-
tion and the best model is then evaluated on the test dataset.

3.2 Multilayer perceptron

Multilayer perceptrons (MLP) are one of the simplest and most widely used types
of neural networks (NN). A NN is essentially a large network consisting of layers
of nodes (artificial neurons) [33]. This general network structure is illustrated in
Figure 7. The first and last layers are generally called input- and output layers
respectively. The input layer has as many nodes as the dataset has features. Meaning
that each feature has its own corresponding node where the value of that parameter
is fed into. The output layer on the other hand has one node per each output value
in the model. In bewteen these layers there can be one or more hidden layers. The
input nodes are connected to the next in some configuration. The connections flow

one way from the input layer to the output layer such that no loops are formed.
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This means that the network is of a feed forward type.

Hidden Hidden

Input . .7’. Output
B ».;@ 3\ [
o 0 0 \*’*o
o EF‘Q
‘)./ .-A‘
Figure 7. The layered structure of a general NN model. The example network

contains three input features, two hidden layers with five nodes each and three
outputs.

The nodes in MLPs work by taking a weighted sum of its inputs and adding a
constant to the result. Then this value is passed through an activation function. The
output of the activation function then becomes the input value for the connected
nodes in the next layer. The activation function should be non-linear, to allow
the model to capture non-linear relationships in the dataset. Popular activation
function choices include hyperbolic tangent and sigmoid functions. In this thesis,
the function f(x) = max(0,z), called the rectified linear unit (ReLU) [34], is used.
It is very lightweight to compute and still effectively adds nonlinearity to the model.

Beside the model architecture described above, NNs need a loss function and an
optimiser to train. The task of the loss function is to give an estimate of how well
the model has learned the realtionship between the features and the targets. The
optimiser is the key to the training process: it is the part that tweaks the models
architecture towards an optimal configuration. More precisely the optimiser decides
how to update the weights of the network every time after the whole training dataset
has been passed through the network. Like with the model architecture itself, the

optimiser also has hyperparameters that can be modified to tailor its performance
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to different scenarios.

As outlined in [33], the training of a MLP has multiple steps, beginning from
the network weight initialization. The intuitive choice for the initial values of the
network weights would be zero, so that the model training starts from a neutral
position. This intuitive choice would however lead to the model being stuck with the
initial weights and therefore is not a viable option. The most widely used workaround
is to draw the network weights from a symmetric uniform random distribution.
The choice of the distribution can affect how fast the model converges. In the
implementation used in this work, the uniform distribution suggested by Glorot and
Bengio [35] is used. In this proposal every layer has its own distribution, with a
width determined by the amount of nodes in that layer and the next.

The next step is to run an epoch. One epoch simply means the process of
feeding all of the datapoints in the training set through the algorithm once and
making adjustments based on the performance. An epoch consists of iterations and
might be made up of only one iteration if the whole taining dataset is passed at once.
In stochastic optimisation, there is more than one iteration, as the original training
dataset is randomly sampled into smaller sets called minibatches. One iteration
then means a pass of one batch, whatever size, through the network back and forth.

Every training iteration consists of two steps: the feedforward pass and the
backward pass. The forward pass refers to the training data being fed through the
network. The outputs are evaluated and the value of the loss function is calculated.
The backwards pass refers to the calculation of the gradient of the loss function with
respect to the weights of the network. This calculation is based on the chain rule
and is performed in a backwards manner starting from the output layer and ending
up in the input layer. This efficient method of calculating the gradients is called
backpropagation and is the most widely used method.

The optimisation algorithm makes adjustments to the network weights after the
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gradients have been calculated using backpropagation. The weights are updated
linearly w = w — aAw, where « is called the learning rate and Aw are the gradients
of the weights. This way in stochastic optimisation the weights are adjusted on
the fly after every minibacth iteration and not only after the whole training data
has gone through. The very popular optimisation algorithm Adam proposed in [36]
works in exactly this way. As mentioned in the original paper, the randomised
minibatching adds noise to the loss functions.

After the epoch has been run, the stopping conditions are tested. Common
stopping conditions include: a maximum amount of epochs, threshold for the value
of the loss function or a number iterations where the loss function hasn’t decreased
more than some given tolerance. If no stopping conditions are met, the next epoch is
run, with new randomised minibatches or just the whole training dataset, whatever
the optimisation algorithm calls for. Because of the recursive optimisation and
usually large size of the networks, NNs can be quite resource intesive to train. In
turn they are really good at capturing complex relationships between features and

targets. They can be used for virtually any kind of ML problem.

3.3 Histogram based gradient boosting

Histogram based gradient boosting (HBGB) is an ensemble model, meaning that it
combines many small base learners. When the weak predictions of the base learners
are aggregated, they form a more accurate estimate for the original mapping. In
this section the basic theory of HBGB is explained starting from the smallest pieces:

base learners, and building up from there eventually to the complete model.

3.3.1 Decision trees

Histogram based gradient boost is a ensemble model that is based on regression

decision trees. Regression trees are binary tree models that partition the training
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dataset into smaller subsets [37]. The root node of the tree represents the whole
training dataset and each consequent node splits the incoming dataset into two
parts.

Each node contains a split rule. The split rules are tests that are used to split the
datapoints in the parent node into two new child nodes. The tests are mathematical
statements comprised of the input features that evaluate either to true or false.
The two branches leaving each node represent these two outcomes. Since a every
unique datapoint can only have a single path through the tree, it is ensured that
every datapoint ends up in only one of the leaf nodes of the tree [38]. The tests
are generated by algorithms in such a way that some specified splitting criterion is
maximised. Metrics like entropy based information gain can be used as the splitting
criterion to make sure that the most informative splitting choises are always made
[37].

Once a node reaches some criterion, for example it only contains ten datapoints,
it is turned into a leaf node meaning that no more branches come out of it. The
nodes are divided recursively until every branch ends up in a leaf node or some other
stopping condition is met. Each of the leaf nodes gets an output value assigned to
it that is usually the mean of the traget values of the datapoints that end up there
in training. All in all, the model divides the training dataset into different sets each
consisting of datapoints the model deems as similiar.

The model makes predictions by feeding the input through the root node and
by directing the inputs through the tree based on the branch tests. The tree will
eventually lead the prediction input to a leaf node that during training attracted
similiar datapoints. The prediction is then given the value of the leaf node. The finite
amount of leaf nodes and their constant prediction values mean that the prediction
function of a decision tree model is a piecewise function of different constants i.e.

discontinuous. The model also can’t make any predictions outside the values that
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it has assigned to the leaf nodes during training. These facts make a basic decision

tree somewhat limited and dependent on good training datasets.

3.3.2 Random forests and gradient boosting

Random forest is an ensemble model built on decision trees proposed by Leo Breiman
in 2001 [39]. The model works by training N amount of base learners (decision trees)
with a randomised element. One of the ways to add randomness is to randomly
select a set of split features for each split. Sampling n input datapoints randomly
to construct a given tree could also be used to add some randomness (bagging).
Usually this is done with replacement, meaning that when a datapoint is picked
to be included in the training dataset of the tree, it is put back into the pool of
potential candidates. This way the same datapoint can appear multiple times in the
training dataset. If n equals the number of datapoints in the whole training set, this
method is called bootstrapping. After the random sampling, each tree gets trained
individually and predictions are made by taking the average over all of the individual
trees predictions. The simplicity of its training and the fact that the computation
time can be easily shortened by computing in parallel have made random forests a
very popular model a variety of different tasks [40].

Gradient boosting differs from random forests in a slight manner. In [41] the or-
dinary and stochastic gradient boost models are presented. The stochastic version
differs from the ordinary version such that it uses bagging to incorporate random-
ness. Whilst in random forests the models are trained in parallel and have nothing
to do with eachother, in gradient boosting trees they are trained in sequence. The
core idea is that each subsequent tree tries to correct the errors of the former trees.
First a single base learner is trained on the training dataset. The error of the pre-
dictions the tree makes on the validation data are used to tune and train a second

base learner that tries to mitigate the error by adding its prediction to the previous
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learners prediction with a scaling factor. This process is repeated recursively until

a stopping criteria is met.

3.3.3 Histogram based based gradient boosting

Histogram based gradient boosting was proposed by Aleksei Guryanov in 2019 [42]
as a faster and more accurate alternative to gradient boosting decision trees. Instead
of using plain decision trees, HBGB uses piecewise linear decision trees. They are
decision trees that make splits the same way a normal decision tree would. In
this type of tree however, every branch also gets assigned a weight. When making
predictions, the value of the feature on which the split was based on is multiplied by
the weight and added to the overall prediction of that path. All the branches add
up to the final prediction value at the leaf node.

HBGB also uses binning in the feature space during the trainig process. This
means that every feature value gets put into discrete bins with other values that
are close to it. The splits are then considered only between these bins, reducing the
amount of possible split points to evaluate the amount of datapoints to the number

of bins the feature has (minus one).

4 Optimisation

The goal is to train a ML model, so that it learns the mapping from the laser
parameters a;,i = 0,1,2,3,4 in Eq. (16) to the fidelity of the noisy phase gate
operation (18) resulting from the corresponding control laser. When the model is
trained, it can then in theory be used to find new laser parameters that produce
high fidelities, by maximising the prediction of the ML model with an optimisation
algorithm.

Five different datasets were created for this thesis. All of the datasets are syn-

thetic, meaning that they contain data from simulation instead of real experiments.
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Each of the datasets differ in the temperature of the heat bath 7. The independent
variables that are varied for every datapoint are the laser parameters a;. The con-
trol variables that are the same for every datapoint across all dataets were chosen
as follows: w = 47 MHz, ¢4 = —7, t; = 0.8 pus and v = 0.05w.

Each row in the dataset consist of a input vector (x) and an output scalar (y).
The inputs in this case are the laser parameters a;,7 = 1,...4. The values for
the constants were pulled from a normal distribution with a center and standard
deviation of a;. The parameter values proposed in [17]| that generate the control
force for a phase gate of ¢4 at the zero temperature were used for the values of a;.

The datasets were generated by simulating two interacting ions using the equa-
tion (14) and varying the constants a; in Eq. (16). The solution to the equation for
the coherent state label time evolution can be thought of as a convolution of two

functions:

gty =e"

plt) = (FL(E) + V2R () ) e,

This form of solution was used with a readily available implementation of the con-
volution algorithm to speed up the simulation process. With the randomised laser
parameters, the trajectories of the coherent state labels were calculated. The expo-
nential correction term from (17) was used to correct the forces, while the scaling
constant xk was set to a constant one. This way the ML models are also responsi-
ble for scaling the laser parameters to produce the desired phase. After that, the
fidelity was calculated with Eq. (18). The parameters and resulting fidelity were
then saved to a csv file as one row. This process was repeated until the dataset
contained 3000 rows of generated data ready for use. This process was repeated for
every different heat bath temperature studied. In the finite temperature datasets,
no averaging over the thermal noise was done, instead each randomised parameter

sequence had a unique realisation of the noise included in the trajectory calcula-
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tions, as would happen when this kind of data would be gathered using real ion

traps experimentally.

4.1 Machine learning model training and optimisation

A multilayer perceptron (MLPRegressor) and a histogram based gradient boosting
model (HistGradientBoostingRegressor) from the Python package scikit-learn
[43] were both trained with each one of the five datasets, totaling ten different
models overall. The whole dataset was initially divided into a train (80%) and
test (20%) sets. The input parameters were normalised to zero mean and unit
variance, while the target fidelities were scaled using a minmax scaler that rescales
every value to the range [0, 1]. The ML models were trained with a gridsearch of the
optimal hyperparameters with the performance metric chosen as R?. The search was
conducted on the train dataset using a three fold cross validation [44] to further split
it into a train and validation sets. After the hyperparameter tuning, the R? metric
was once again used with the test set to evaluate the performance of the selected
and trained model. The selected hyperparameters are presented in Appendix B.
Once trained, the ML models take a vector of four values a;,i = 1,..4 as input
and give out one scalar value, the predicted fidelity. This is backwards from the
purpose of finding optimal parameters that result in high fidelity. To reverse this, the
output of the ML models mapping {a;} — F can be maximised with an optimisation
algorithm. Differential evolution [45] was chosen for the HBGB models, as it doesn’t
require a differentiable function, which the predictions of HBGB are not, because
of the inherent tree structure. It also seemed to outperform other methods for the
MLP models so it was also used for them. The center parameters for the dataset
generation a; were used as the initial guess in the optimisation. The bounds for
each parameter were set symmetrically with a buffer twice the magnitude of the

parameter. With a; > 0 the bounds would be defined as (—a}, 3'a;) and the other



35

way around if a; is negative.

Because the chosen optimisation algorithm is stochastic in nature, the results
vary depending on the random number generator utilised by the algorithm. The
optimisation was performed a number of times and the maximum and mean of the
resulting fidelities were studied. To make the results reproducable, the random
number generator was set to the same initial state before running the batch of
optimisations for a given models outputs.

As mentioned before, hyperparameter tuning was performed for each model.
The optimal hyperparameters for each model are shown in tables II and III in
subsection 4.2. Beside the hyperparameters found in the tables, all others were left

to the default values of the implementations.

4.2 Zero temperature

When the temperature of the heat bath is zero, the only forces affecting the coherent
state label trajectories are the quantum fluctuations and the control force. The
fluctuations cause damping in the ions oscillations while the control force acts as a
driving force on the ions.

The loss curve depicts how the trainning process of an iterative MLL model has
progressed. As seen in Fig. 8 the training for the MLP model initially learns quite
fast and majority of the improvements are done in the first 25 iterations. After the
initial jump, the learning rate tapers off. In Fig. 9 the a plot for the predicted
fidelities against the actual values is presented. In the plot is also drawn the line
where every dot would fall if the trained model was perfect. The MLP model keeps
the datapoints pretty close to the ideal line, but conatins a few obvious outliers.
In Fig. 10 a similiar fit plot is presented for the HBGB model. Based on the
variance of the datapoints its clear that the model hasn’t performed as well. This

is also evident from the smaller R? score. The spread of the values seems to tighten
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with highest fidelities and the highest true fidelity still corresponds to the highest
predicted fidelity.
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Figure 11. Contour of the true fidelities around the optimum predicted by the MLP
model at zero temperature. The fidelity at the predicted point is 0.997.
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Figure 12. Contour of the MLP models predicted fidelities around the maximum at
zero temperature.
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Contour plots of the actual fidelities calculated with Eq. (18) around the MLP
models predicted maximum are presented in Fig. 11. The same bounds were used
for the countours as for the optimisation. In the Figs. 12 the same kind of contours
are presented with the difference that the contour is given by the models predicted
fidelities. These plots give a visual reference as to how well the model has fit around
its maximum values. If the fit was perfect, these contours would match. Since
these are the true fidelity contours and the predicted laser parameters are quite
close to eachother, the contours look roughly the same, however it’s clear that some
information has been lost during the training process. Because the models output
wasn’t restricted to the range [0, 1] fidelity predictions also include some values that
are not possible for real fidelities. This is not a problem because we are interested

only in the highest possible values and not any specific fidelities.

True contour Predicted contour

® Prediction

-1.5 -1.0 -05 0.0 0.5
al

Figure 13. The true contour on the right and the predicted contour on the left for
the MLP model.

The true and predicted fidelity contours look relatively similiar, as is shown in
a side by side comparison of the two different a; vs as plots in Fig. 13. There
are however small differences. The model retains the shape and size of the largest
areas containing high fidelities rather well. The areas of lower fidelity are however

blurred and not as accurately depicted. In the true contour the areas of the highest
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fidelities are shadowed by narrow stripes of alternating areas of gradually decreasing
high fidelities and low near zero fidelity sections. The model is possibly not complex
enough to be able to fully depict these ares of decay and instead just approximates
them as areas continuous decay.
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Figure 14. Contour of the true fidelities around the optimum predicted by the HBGB
model at zero temperature. The fidelity at the predicted point is 0.989.

In the Figures. 14 and 15 the same kind of contours are presented for the
HBGB model as for the MLLP model. The predicted optimal parameters were slightly
different between the models and therefore the contours for the true fidelities differ
between the models. In the predicted contour, the artifacts caused by the internal
tree based structure of the HBGB model are clearly visible. The stripes and blocky
look are a product of the nature of the HBGB model. They are caused by the
finite amount of leaf nodes and therefore output values. Unlike the MLP this leads
to the contour being discontinuous. If the number of trees was increased in the
model and more randomness would be introduced, then perhaps the contour could
be smoother. Because of these artifacts, the contours don’t look nearly as similiar

as they did for the MLP model. Again though, the areas of higher fidelity are more
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Figure 15. Contour of the HBGB models predicted fidelities around the maximum
at zero temperature.

or less distinguishable in the predictions.

True contour Predicted contour
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Figure 16. The true contour on the right and the predicted contour on the left for
the a1, az parameter pair of the HBGB model.

In Fig. 16 a comparison between one of the parameter pairs in the contours is
presented. In the true fidelity version, there is a clear reagion that is shaped like an

x that has very low fidelity. Surrounding that area of low fidelity there are again
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the alternating areas of decreasing high fidelities and areas of low fidelities. clearly
the area of the highest fidelity is right below the x shape. This is about the only
part of the contour that is recognisable from the predicted contour. The right side
of the x is also slightly defined in the predicted contour.

It is clear that both of the models retain the shape and location of the highest

hills in the contours but the information about the surrounding areas gets lost.

4.3 Finite temperatures

When the temperature of the surrounding heat bath is nonzero, the effects of thermal
fluctuations start affecting the trajectories of the ions. This causes decoherence
Modern ion traps have long coherence times when compared to the gate operation
times t, < 1/(yn), implying that the coherence ratio ynt, has a value much smaller
than one. As such, four different finite temperature cases where the coherence ratio
is small, were chosen to be simulated: ynt, ~ 0.008, 0.044, 0.100 and 0.309. Every
other parameter was kept the same in all cases, only the temperature of the bath
was increased. Plots for the case ynt, ~ 0.100 are presented in this section, while
the rest of the results are in Appendix B.

The loss curve of the MLP model fitting is plotted in Fig. 17. The loss curve
seems much smoother than in the zero temperature case. This might be due to the
fact that the layer structure of the higher temperature models is much simpler than
for the lower temperature models. In higher temperatures, more general models
that simplify the mapping seem to perform better based on the results of the hy-
perparameter tuning in Table II. As can be seen from Appendix B, the only finite
temperature MLP model that has the same internal layer structure as the zero tem-
perature model is the lowest temperature model. The model has the same shape and
slight roughness on the loss curve as the zero temperature model. The HBGB mod-

els also reduced the complexity by lowering the amount of both maximum number
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Figure 17. Training loss curve for the MLP model at temperature vynt, ~ 0.100.
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Figure 19. Fit of the HBGB model at
temperature ynt, ~ 0.100. R? score of
0.26 and MSE of 0.065.

The plot fits in Figs. 18 and 19 show signs that the models are struggling to

find a good mapping from the laser parameters to the fidelity when the temperature

is increased and hence the noise is more prevalent. As seen from the rest of the

fit plots found in Appendix B, the models seem to trend towards predicting the
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mean fidelity. The R? and MSE scores also keep dropping significantly when the
temperature is increased.
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Figure 20. Contour of the MLP models predicted fidelities around its maximum at
temperature yiit, ~ 0.100. The true fidelity at the prediction points is 0.845.
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Figure 21. Contour of the HBGB models predicted fidelities around its maximum
at temperature ynt, ~ 0.100. The true fidelity at the prediction points is 0.894.
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In Figs. 20 and 21 the contour plots have become noticeably more cloudy around
the maximum when compared to the zero temperature versions. The models are
still able to create distinct areas of high fidelities. From the rest of the contours
in Appendix B and especially in Figs. 36 and 37 this gradual loss of sharpness is

clearly visible.
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Figure 22. The mean and maximum fidelities of all of the models as well as the
fidelity arising from just using the corrected force from Eq. (17).

All of the resulting fidelities from the finite temperature and the zero temperature
cases are visualised in Fig. 22. Both the predicted maximum and mean fidelities
of the optimisation process are included in the plot. The fidelities resulting from
just using the corrected force in Eq. (17) are also included for reference. Based on
the plot, the HBGB model seems to perform the best out of all the methods atleast
when only the maximum value is taken into account. However while with all the
other approaches the mean fidelity is near one when the temperature is zero, the

HBGB model for some reason struggles with that, achieving an even lower mean



45

fidelity as for some of the lower temperature cases. Since the maximum fidelity is
the metric that we are interested in, this is not really a problem, but just indicates
that the predictions are not quite as stable as for the other models.

As the temperature of the environment increases, the values of the models’ pre-
dicted fidelities seem to drop quite significantly, however so is the case with the
corrected force. It seems that at higher temperatures the machine learning based

approaches outperform the plain correction force.

5 Summary and conclusions

We started by exploring the key consepts that are foundational to the system of a
trapped ion quntum computer. Three distinct areas were introduced: ion traps, open
quantum systems and finally quantum computing in general. With the trapping
of ions the focus was on Paul traps that use electic fields both dependent and
independent of time to trap the ions. The equations of motion and the Hamiltonian
operator for a single ion in such a trap were presented. The Hamilonian operator was
presented for two interacting ions in a single trap. With the help of normal mode
coordinates, the Hamiltonian was transformed from representing two interacting
oscillators into effectively describing two independent oscillators.

The differences of closed and open quantum systems were discussed along with
the mathematical formalism of describing such systems. For closed systems the von
Neumann equation was presented as way to solve for the equations of motion. For
a closed system alternative, master equations were introduced. A general form of
a GKSL master equation was presented along with a more specific application to a
system of an oscillator damped by its environment.

The differences of classical and quantum computation were discussed. The qubit
was introduced as a quantum counterpart to the classical bit. Properties of the

qubit were discussed, mainly the ability for its state to be in a superposition. A
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few different physical realisations of qubits were also presented. Quantum gates
were presented as analogous to logic gates on classical computers. Few different
types of gates were discussed and in more general the composition of any unitary
transformation of the qubits was presented as a problem of performing single and
multiple qubit operations with high fidelity gates. Moving more to the hardware
side, the DiVincenzo criteria that can be used to determine if a platform is suitable
for quantum computing were presented. This was tied to trapped ion quantum
computers by stating that all of the criteria are satisfied and beacuse of that, trapped
ion quantum computers are a valid approach to quantum computing.

The geometric phase gate was introduced as a two qubit quantum gate that
can be used to entangle the qubits. The basic principles that the gate is based on
were presented along with the problem of environmental noise. Next the model for
controlling the ions in the trap was presented using a laser induced state dependent
force. The master equation describing a system of two trapped ions interacting with
the environment and driven with a laser was presented. The solution to this master
equation was transformed into the classical average over the realisations of the noise
in the solutions to a stochastic version of the master equation.

The stochastic master equation was solved with a coherent state ansatz and the
solution was presented as differential equations for the coherent state labels. The
generated phases after the gate operation were also presented. A corrected control
force that compensates for the damping caused by the environment was shown. The
control laser force was formalised as being dependent on five parameters that would
be later on used in the optimisation. Also the fidelity of the phase gate operation
was presented.

The basics of regression based machine learning like the process of training a
general model and testing its performance were introduced. Two different kinds

of models were presented: the multilayer perceptron and gradient based histogram
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boosting. The inner workings as well as the training traning processes for these
models were explained.

Next the methods and processes for generating the data as well as training the
machine learning models and optimising the laser parameters with them were shown.
The zero temperature case was studied separately from the finite temperature cases.
The performance of the models and the optimisation results were discussed. Dif-
ferences between the models’ predictions and the actual fidelities were highlighted.
The performance of the models was compared with the plain corrected laser force
presented earlier on.

As expected the performance of the models decreased as the temperature of the
heat bath was increased. The HBGB models seemed to generally perform better
than the MPL models when looking at the maximum predicted fidelity over the
optimisation process. The training of the HBGB based models is also quite a bit
faster than the training of the MLP models, however the laser parameter optimi-
sation process is in turn much slower for the HBGB models as it is for the MLP
models.

Even though the mehods used in this work were quite rudimentary and straight-
forward, the results seem promising atleast when the performance of the models is
compared to the corrected laser force. Better results could possibly be obtained
by using more customisable implementations of the machine learning models, or by
using completely different machine learning models overall. Applying these meth-
ods with experimental data might prove more insight into the performance of such

approaches with real world trapped ion machines.
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A White noise limit of Ornstein-Uhlenbeck process

Ornstein—Uhlenbeck process is defined as [29]:

X(t) = —yx(t) + TE().

The solution to the differential equation where the process £ has been split into real

and imaginary parts (with initial condition x(0) = 0) is:

() =T / dse ) (&, + i)

which in discrete form is:

x(t;) =T Z oA (i) (Afj + ZA&";) ’

=0
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Now the conjugate time correlation is:
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If and if j is larger than ¢, the term (i — j) flips around to be (j — ¢). Because of

this, the two distinct solutions can be combined by taking the absolute value:
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where the approximation comes from ¢ and j approaching infinity. In the white

noise limit as v approaches infinity:

(X(t:)x"(t;)) =~ 0;;2T° A,
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so in order to have (x(t)x*(s)) = 6(t — s), the noise needs to be scaled with

I'= —.
2At

B Plots and data

Table I. The predicted laser parameters
ynt, | Model aq as as ay
MLP | -0.31336 | 0.05942 | 0.26028 | -0.07397
nom HBGB | -0.31578 | 0.09937 | 0.65494 | -0.33039
MLP | -0.28350 | 0.09781 | 0.64710 | -0.53169
0 HBGB | -0.30078 | 0.06939 | 0.21448 | -0.06067
MLP | -0.26661 | 0.08389 | 0.06897 | -0.09911
v HBGB | -0.33120 | 0.03470 | 0.23507 | -0.01097
MLP | -0.30123 | 0.06462 | 0.08841 | -0.08702
A0 HBGB | -0.30363 | 0.06620 | 0.17673 | -0.00292
MLP | -0.36745 | 0.07765 | 0.22263 | -0.08645
-3 HBGB | -0.31173 | 0.06777 | 0.11343 | -0.05513

Table II. The selected hyperparameters for the MLP models

ynt, | Learning rate init | « hidden layers
0.000 0.001 1075 | 300, 200, 100, 100
0.008 0.0001 1075 | 300, 200, 100, 100
0.044 0.0001 1074 200, 100
0.100 0.0001 1074 200, 100
0.309 0.0001 10-¢ 200, 100
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Table III. The selected hyperparameters for the HBGB models

ynt, | Learning rate | max iterations | max leafs | 12 | max bins
0.000 0.05 500 63 0.1 127
0.008 0.05 300 63 0.1 127
0.044 0.01 500 31 0.1 127
0.100 0.01 500 15 1.0 63
0.309 0.01 300 15 0.0 63
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Figure 23. Training loss curve for the MLP model at temperature ynt, ~ 0.008.
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Figure 26. Contour of the MLP models predicted fidelities around its maximum at
temperature yint, ~ 0.008. The true fidelity at the prediction points is 0.969.
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Figure 27. Contour of the HBGB models predicted fidelities around its maximum
at temperature ynt, ~ 0.008. The true fidelity at the prediction points is 0.981.
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Figure 28. Training loss curve for the MLP model at temperature ynt, ~ 0.044.



NN

1.0

0.8

e
o
L

Predicted Fidelity
o
=
L

0.2 1

0.0

n.:rue Fidelit:G
Figure 29. Fit of the MLLP model at tem-

perature ynt, ~ 0.044. R? score of 0.37
and MSE of 0.0528.

Varyinga_l and a_2 Varying a_1

54

HBGB
1.0 4 L
,l
° 7 e
| ° ° %
0.8 . N 0. o "f
w ° ® op % L
> ® e O { o®
£ - [ ]
T 061 s & - e [ 4
= * o
= P e
B - < o'l 0%,
z *Se o’o
S 0.4 [) -} o0 .
o e X 1] ']
a ,‘ [} .
B, P e
0.2 b P | e * o
[ ]
]
0.0 4
00 02 04 06 08 10
True Fidelity

Figure 30. Fit of the HBGB model at
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Figure 31. Contour of the MLP models predicted fidelities around its maximum at
temperature yint, ~ 0.044. The true fidelity at the prediction points is 0.889.
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Figure 32. Contour of the HBGB models predicted fidelities around its maximum
at temperature ynt, ~ 0.044. The true fidelity at the prediction points is 0.912.
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Figure 33. Training loss curve for the MLP model at temperature ynt, ~ 0.309.
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Figure 35. Fit of the HBGB model at
temperature ynt, =~ 0.309. R?* score of
0.07 and MSE of 0.083.
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Figure 36. Contour of the MLP models predicted fidelities around its maximum at
temperature yint, ~ 0.309. The true fidelity at the prediction points is 0.602.
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Figure 37. Contour of the HBGB models predicted fidelities around its maximum
at temperature ynt, ~ 0.309. The true fidelity at the prediction points is 0.751.
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