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"Even things that are true can be proved"
-Oscar Wilde, The Picture of Dorian Gray






Abstract

By an exponential sum of the Fourier coefficients of a holomorphic cusp form we
mean the sum which is formed by first taking the Fourier series of the said form,
then cutting the beginning and the tail away and considering the remaining sum
on the real axis. For simplicity’s sake, typically the coefficients are normalized.
However, this isn’t so important as the normalization can be done and removed
simply by using partial summation.

We improve the approximate functional equation for the exponential sums of
the Fourier coefficients of the holomorphic cusp forms by giving an explicit upper
bound for the error term appearing in the equation. The approximate functional
equation is originally due to Jutila [9] and a crucial tool for transforming sums
into shorter sums. This transformation changes the point of the real axis on which
the sum is to be considered.

We also improve known upper bounds for the size estimates of the exponen-
tial sums. For very short sums we do not obtain any better estimates than the very
easy estimate obtained by multiplying the upper bound estimate for a Fourier co-
efficient (they are bounded by the divisor function as Deligne [2] showed) by the
number of coefficients. This estimate is extremely rough as no possible cancella-
tion is taken into account. However, with small sums, it is unclear whether there
happens any remarkable amounts of cancellation.
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| ntroduction

Holomorphic cusp forms can be represented as Fourier series

F(z) = ia(n)n

k-1
2

e(nz), @)

where the numbers a(n) are called normalized Fourier coefficients, e(nz) = e
and x € Z is the weight of the form. It is of interest to consider exponential sums
of the normalized Fourier coefficients:

AMA )= > anena). )
M<n<M+A

Wilton’s estimate [16]
A(1M—1,0) < M2 logM

from the year 1929 is a classical result. It is nearly sharp, only the logarithm can
be removed and that was done by Jutila [9] in 1987. Before that it was proved by
Deligne [2] that |a(n)| < d(n) < n°. When the parameter oc = h/K is rational with
k not too large in comparison with M, there are much better estimates as Jutila
showed by proving ([8], formula 1.5.20) that

2 a(n)n%e(2n> <<k2/3M;</2_1/6+€’

1<n<M

which is equivalent to
A (17 M—1, E) < k2/3M1/3+€,
which in turn implies
A (M,A, E) < k2/3M1/3+€,

when 1 <A < M. However, in the general case it is impossible to obtain very good
estimates for long sums. The situation changes drastically when one considers
short sums. From now on we assume 1 < A < M. Jutila [9] proved the estimate

AM,A, o) < MY2-a <1+AM’1/2>



with a; positive, and he also proved that
AM, A, 00) < MY2, ©)

These results are a natural starting point for this thesis. We will improve the
results. We show that for, 1 < A < M3/4,

A(M,A,(X) < M1/2—f(logMA)7

where f is positive when A < M3/4~¢ for any fixed &€ > 0. As usual, Voronoi
type sum formulas are very helpful in the proofs. Results for shorter sums lean
heavily on good estimates for non-linear sums. For longer sums an approximate
functional equation for exponential sums is crucial. We will also give an explicit
formula for f. In the final chapter we will prove that

= AM71/4,

a(n)w(n)e(

M<n<M+A

where w is a smooth weight function satisfying certain conditions and M1/2+¢ « A
for some fixed € > 0. This also yields the interesting corollary telling

1
A(M M4 )| < MY/
b 7\/M

and we may hence conclude Jutila’s estimate (3) to be best possible when M3/4 < A.
Another interesting corollary is the fact that the estimate to be derived is best pos-
sible for A >> M3/4-1/32+¢,

Already in 1933 Wilton [17] proved an approximate functional equation for
linear exponential sums involving the divisor function d(n) in place of a(n). Later
Jutila [7] generalized the result by proving an approximate functional equation
which used rational approximations of the parameter o.

In this thesis we will prove that the formula

AM,A; )  A(MK2nZ AKPN?; B)
M1/2 (Mkznz)l/z

i) <(Mk2n2) 71/12+£>

holds for any € > 0, under the following assumptions:
e o =1+ isaFarey approximation of order M4, i.e. k < M**and |n| <
(k24"
e hh=1 (mod k)

« B=—f—(n)"
e M <M; <2M and kK2n2M > 1.



In [9] Jutila proved the approximate functional equation with an unspecified
positive constant a in the place of 1—12 in the error term of the above formula. He
needed this result to prove the estimate (3).

Using Rankin’s result [13] (the same result can also be find in Selberg’s paper
[14]) and partial summation, we obtain

1
)
Therefore, Jutila’s result is sharp. However, the more precise form of the approxi-

mate functional equation is useful in attempts to obtain sharper estimates for short
sums of the type A(M,A; @r).

2

Y a(nje(na)

n<m

da=Y [amn)[?=BM +o(M3/5) ,
n<M

The following figure shows the currently best estimates in a clear way.

logy A(M,A; o)
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35 21 33 g A
58 32 3214

T Z
4 5 2

1. The trivial estimate obtained by multiplying Deligne’s estimate for a coef-
ficient by the number of coefficients

2. The result from Theorem 24 as written in Corollary 27
3. Estimate from Theorem 30

4. Estimate from Theorem 33. However, it is not known whether this estimate
may be improved.

5. Estimate from Theorem 33. It is proved in Theorem 39 that this bound is
sharp.



6. Estimate derived using triangle inequality from Jutila’s estimate for longer
sums and proved here to be sharp

7. Sharp estimate for sum Yy <n<ma a(n)w(n)e(\/—"m>

8. The average estimate derived from Rankin’s formula.

Before considering the above mentioned linear sums, we will prove, using the
Farey method due to Bombieri and Iwaniec [1] and Jutila [7], that

5/6
a(m)g(me( F(m) < (%) (G+AG)MY/2FY/3+e
M<m<M+A
for f(2) =nz+BZ/?, F = |BI[MY2, g C*M,M +A], [g(x)| < Gand |¢/ ()| < G.
For this, we will also prove certain lemmas on properties of rational numbers.

In the following <, > and < are used in the standard way and the implied
constants depend only on € and «.

A part of the results have appeared in [4]. The rest are to appear in [3]. Also,
a part of the results has appeared in Karppinen’s licentiate thesis [11].




Chapter 1

Notation, preliminaries and
analytic lemmas

1.1 A briefintroduction to holomor phic cusp for ms, Vor onoi
formulas and Bessel functions

Definition 1. Write
H={zeC:3z>0}.

Let f : H — C be holomorphic. We call f a modular form of weight x € Z if
1. f(z+1)=f(z) and f (-1) = Zf(2), when z€ H,

2. the function f has a Fourier expansion of the form

f(2) =a(0)+ ¥, a(mm'z &5,

m>1

In particular, f is a cusp form when a(0) = 0. The first condition may also be
written in the following form:

1* Let i d be a matrix with integer entries and determinant 1 (in other
words, it is an element of the group SL, (Z)). Then
ar+b
f = d)*f (7).
(222) o

It is worth noting that although one may define non-holomorphic cusp forms,
functions with the invariance condition with respect to another group, etc, in
which case the set of possible weights k may be fairly large, in the case of holo-
morphic modular forms, «x is always a positive even integer. We wrote the Fourier
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coefficients in the form a(n)n(*~Y/2 hecause we are interested in the normalized
Fourier coefficients instead of the original ones. This does not really affect the
results as we may change between

a(ne(na) and Y a(n)e(na)n*12
M<n<M+A M<n<M+A

using partial summation ([?], Theorem 1.4):

Lemma 2 (Partial summation). Let A; < A, < --- be a sequence of real numbers
such that limp,_... An = o and let g be a continuously differentiable function on the
interval [A1,<]. Let (an),_, be an arbitrary sequence of complex numbers. \We
have

roo

Y, ag(2) = AN - [ alg O,

M <An<x M
where
At)= Y a.

M<An<t

Now the Ramanujan-Pettersson conjecture, proved by Deligne [2], states that

la(n)| < d(n),
where
dn= Y 1
d|n,d>0

Using the well-known estimate for d(n), we obtain |a(n)| < n® for any fixed
positive €. Also, the normalization allows us to treat all the holomorphic cusp
forms with the same calculations, without having to worry about the weights of
the forms, and without having to carry along some extra terms.

It is an easy observation that a linear combination of holomorphic cusp forms
of weight x is also a holomorphic weight form of the same weight. Another easy
observation is that the product of holomorphic weight forms of weights x; and x,
is a holomorphic modular form of weight k1 + x». Also, if either of the modular
forms is a cusp form, then their product is a cusp form as well.

Let us now devote some time to recall the Ramanujan z-function. Define the
discriminant function by the formula

oo

A =q[J1-d),

where
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Further, define the Eisenstein series

1
Cu(d= > —
@140 (CZ+ d)
c,dez

where k > 2 is an integer, and the normalized Eisenstein series

_ ng(Z)

P

Then Ey has a Fourier series of the type

Ex(z) =1+ aq".
n>0
It is an easy calculation to show that Gy is a holomorphic modular form of the
weight 2k. It follows that the function

A1(2) = (60G4(2))* — 27 (140G (2))?,

is a holomorphic modular form of the weight 12, and furthermore, it is a cusp
form. It is not so simple (but pretty easy, anyway) to show that

A1(2) = A(2).

From this we get an alternative representation for A(z). Typically we write the
Fourier series of A(z) in the following form

A(2) =Y, t(n)e(nz).
n>1

The function 7(n), thus defined, is known as the Ramanujan t function. This
multiplicative function is of great interest due to the fact that very little is known
about its properties. The Lehmer conjecture states that 7(n) # 0. However, this
has not yet been proved or disproved.

A necessary tool in this work is the Voronoi type summation formula due to
Jutila, namely the formula ([8], formula (1.9.2))

S “a(mnt®Y/2g(nh) f (n)

a<n<b

=2mk 1 (—1)*/? i a(n)ex (—nh) /bx("’l)/z\],(_l (Mkm) f(x)dx, (1.1)
n=1 a

where g (nh) =e(M), f € Cl[a,b], hh=1 (mod k), J(x) is the J-Bessel function,
and ’ in summation means that if a or b is an integer, then the corresponding term
is to be halved, and otherwise the summation is carried out in the standard way.
Typically, it is easier to consider sums when they are weighted with a smooth
weight function:
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Definition 3. We say that w is a smooth weight function on the interval [a,b] if it
has a support on the interval [a,b] and for any x € [a,b]

w(x) <1, w(x) < (b—a) for j € {0,1,...,3}, (1.2)

where J is a sufficiently large integer. Assume further that w(x) = 1 on an interval
of length <b—a.
Sometimes, to simplify the notation, we write
AMA )= Y  an)eno)w(n).
M<n<M+A

While working with weighted sums, a very useful version of the formula (4.2) is
the following:

Y, a(n)e(na)w(n)

a<n<b

= 2nk 1 (—1)~/? i a(n)e (—nh) /bJH (Mﬁ) w(x)e(nx)dx, (1.3)
n=1 a

where w(x) is a sufficiently smooth weight function with support on the interval
[ab],and o =+ 7.

Lebedev’s book [12] gives several useful formulas for the J-Bessel functions.
Firstly, it is possible to write it as a sum of Hankel functions H,ilfl and Hfﬁl:

Jea(@d = 5 (HE@+HZ @)

When R z> 0 and |zl > 1, we may use the asymptotic formula for the Hankel
functions:

HI@) =/ Ze((-0)1 (= -2)) ) @)+ 01232 M)
Here

’ H ) .
o' @ =3 (-1 z " =1+ (-1)iC 7 4
h=0

where 4 = %+% and the coefficients Cy,, are certain constants ([12], formulas
5.11.4-5). Let us choose H = 1. Then

H;(<j21 (47r\k/ﬁ)
e () (50

V3
40 (k5/2n*5/4r5/4) . (L4)
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where A = § — % This also gives a very useful asymptotic expansion for the
J-Bessel function ([12], formula (5.11.6)):

NVICAN! k vxo 1 1
Ji_1 (471: K _\/Zr mcos At K 2K'7'L'+47'C
k \%? Jx o1 1 K5/2
— ar¥—=_ Zgp—= — | @
+Cl(\/ﬁ) sm( T K 2K‘7‘E 47T)+O L (1.5)
where ¢; is a constant.

1.2 Known lemmasand enough notation to support them

As we may now easily think what kind of integrals and sums are to be estimated,
it is natural to introduce a couple of derivative tests ([15] Lemmas 4.3 and 4.5).

Lemmad4 (First derivative test). Let f(x) and g(x) bereal functions on theinterval
[a,b] such that ?f(’;)) is monotonic and

Then o
/E1 g(x)e(f(x))dx <« %

Lemma 5 (Second derivative test). Let f(x) and g(x) be real functions on the

interval [a, b] such that g,(’;) is monotonic and

(%)

[T"(¥)] > 2 >0, |g(x)| <G,

then

b G
/a oxe(f () dx <~

However, sometimes when we know estimates for the higher derivates, we
get better estimates for integrals using the following lemma which is a slightly
modified version of lemma ([10], Lemma 6). The proof is similar to that of the
original lemma. To state the lemma, we need the following definition:

Definition 6. Given X,Y,Z € R we write
D(X,Y,Z)={xeC: Jye [X,Y]:|x-y| <Z}.

The lemma reads as follows.
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Lemma 7. Let A be a function which is compactly supported in a finite interval
[M1,M,] and at least P > 0 times differentiable. Assume also that there exist two
quantities Ag and A; such that for any non-negative integer v < P and for any
Xe [Ml, Mz},

AV (x) < AgATY.

Also, let B be a function which is real-valued on [My, M5], and regular throughout
the complex domain D (M1, My, p); and assume that there exists a quantity B
such that

0< By < |B(¥)

for any point x in the domain. Then we have

- P
[wA(X)e(B(X))dX<<Ao(AlBl)7P (1+%) (M2 —My).

This lemma and the derivative test are useful while estimating oscillating in-
tegrals. However, some integrals require a bit different treatment. In this case a
slightly different weight function is needed.

The following definition is similar to formula (2.1.2) in [8].

Definition 8. Let ny(x) be the function on the interval [a, b] satisfying the follow-
ing equation for any integrable function h:

U U b—u b
ufJ./0 dul.../o oluJ/b+u h(x)dx:/a n3(X)h(x)dx (1.6)

where u=u; +---+uyand U < (b—a),/2J, and define ng to be the characteristic
function of the interval [a, b].

Notice that ny, for large J, is a smooth weight function which is equal to 1
on the interval [a+ JU,b—JU]. A weight function of this type is very useful
every now and then. For instance, the saddle-point lemma (which will be formu-
lated soon) requires this weight function. One may easily compute the Fourier
transform

} J . .
ﬁj(l) _ 702{)7\]71 <e7I7LU 71) (efllbieflla> .
This implies that n3(x) is J — 1 times differentiable.

To keep the notation short and simple, denote by D the complex domain con-
sisting of points z satisfying the condition |z— x| < u for some x € [a,b], where
u=<axbhb. Thatis, D =D (a,b;u) in the notation of Definition 6.

It is now the time to state a simplified version of the Saddle-point lemma ([8]
Theorem 2.1).
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Lemma 9 (Saddle-point lemma). Let F > a° for some positive €, G and U be
positive parameters. Let f be a holomorphic function on the domain D. Assume
further

e thefunction f isreal on theinterval [a,b]
o f'(x) < EforxeD
o [f"(x)| =L for x € [a,b].

Let g be a holomorphic function with g(z) < G in the domain D. Denote the
characteristic function of

(aa+JuU)| J(b—JU.b) @.7)

by 8(x). Let xo be the (possibly existing) zero of f/(x) + y in the interval (a,b),
and suppose that U > §(xo)F ~Y/2a+ af. Write

G
(1) + 7|+ F1/2/a)"

Ey(x) =
Then

[ 00100+ 1) 0= E3(10)300) 7 (050) 21 06) + 700+ 1/8)
+o<<1+5 (x0)F/2 )GaF 3/2>

< EJL Ej(a+ju) +Ea(bJU))>,

where &; is a bounded function on (a,b) with the following properties:
e £3(x)=1on(a+JU,b—JU)

e £)(x) iscontinuous and &}(x) < U~ on the set (1.7), except possibly at the
pointsa+ jU,b—juU,j=1...,J-1

If Xo does not exist, then the terms and conditions involving X, are to be omitted.

This differs only slightly from Lemma 3 in [9] which was also a simplified
version from the same saddle point lemma. In the original version, there is the
assumption F > 1. In the version of the paper [9], this assumption is in the form
F > a. This assumption allows us to omit the first error term as it may be con-
tained in others. However, this assumption may be replaced with the assumption
F > a¢ for any fixed € > 0 as is done in this version. It is still easy to see that the
same error term may be omitted.
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Let us now state the most technical looking lemma in this thesis. We use
01,8, ... for some fixed constants which can be chosen to be arbitrarily small.
A slightly different version of the following lemma is due to Jutila ([8] Theorem
3.4). After stating the lemma, we will briefly explain the differences in the lemmas
and proofs.

Lemma 10. Assume M, < 2M; and let f and g be holomorphic functions on the
open set D(M;, My, cM; ), where c is a positive constant. Let us assume that f(x)
isreal when M; < x < M,. Assume further that there are parameters F and G
such that

F F
9@ <G 1@ < [T7(0] > w2

when z € D(Mi,M,cM;) and My < x < M,. Letr = & be a rational number
satisfying

o M) =1

T<ka M2 ) =< v
1

for some M(r) € [My, M,]. Define

Pin(X) = f(X) —rx+ (1)1 (2@7 %)

and
nj = KM;(r — f'(M)))%.
Let xj,n be the unique zero of the function p/jyn(x) on the interval (M1, M) when

n<nj. Let
U NI]:!.+52|:—]./27

Denote

M1 =M(r)—my, Mz=M(r)+m
Mi =M +JU =M(r)—mj, Mj=M;—JU=M(r)+n,

assuming that J is large enough. Assume further that my =< m, <y, <,
MITOE-L2 « my < ME %, (1.8)
Let us define similarly to n;

n.

L =M (r — /(M)

Then

Y ma(maimg(mye(f(m)

M;<m<M,

H 2
i _1,.1/2

= @;(r,n) +O(G(|ak)*M; m“U logM; ), (1.9
Tk’;ﬂ;} j(r,n) < (lafk)™ My “m, g 1) (1.9
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where

@;(r,n) = v(r,n)a(n)e (—%) n’l/“x;,ﬁ/“x

~172 [f7(M1) 1
a0%30) [PnC)| ey + 5 0 g )
and
vy(r,n) =1, whenn < nj
vi(r,n) <1, whenn<n;
vJ(r,n ) =0, whenn>n;.
(

The functions v;(r,y) v;(r,y)) are piecewise continuous on the interval
(nj,nj) having at most J discontinuities and

a%(w(ny)) < (nj—n)t

when £ (vs(r,y)) exsts.

Remark 11. In the original theorem f”(x) is assumed to be positive, but it may be
negative, as well, if absolute values and signs are introduced. Also, the condition
1.8 is weaker than the original condition (3.1.8) but it may be used in the case of
the holomorphic cusp forms.

1.3 Miscelaneouslemmas

In this section we collect various technical results and simple lemmas which will
be used in the proofs to come. Some of the results may look completely random,
and maybe even utterly useless. However, the reader should not worry, they will
all be used. We begin by fixing some notation. Remember that k and 7 satisfy the
conditions given in the introduction.

Let J be a fixed natural number that can be chosen to be arbitrarily large.
Assume 0 < A <M and let w(x) stand for a J times differentiable weight function
on the interval [M —JU,M + A+ JU], where M*/2+¢k < U for some fixed ¢ and
M —JU < M. Let

w(x) =1 for xe&[M,M+A4A]

and suppose moreover that
WM (x) <U™ wM—-JU)=w(M+A+JU)=0 (1.10)

for any non-negative m < J.
Denote

M_1=M—-JU, M{=M+A, and My =M +A+JU.



14 Notation, preliminaries and analytic lemmas

Write also,
N_; = Kn?M_1, N=Kk*n>M, N; = k1M, and N, = k?n°M,.

The proofs of the following lemmas are simple. They mostly use the derivative
tests and Lemma 7 in addition to basic analysis and arithmetic. Their importance
is visible while treating the terms arising from the asymptotic expansion of the
J-Bessel function and the integral around it in the current work. To simplify, write
N = K2n2M.

Lemmal2. Letn > 0andc > 1 bea fixed constant. We have

k(-1 2 Y a(n)@(fnﬁ)n’l/“/MMjw(x)x’l/“e(nxf2@() dx < 1.

n>cN

Proof. We first use Lemma 7 with A(x) = w(x)x /4, B(x) = nx—2¥%, Ay =

M:11/4, A =U,B = % and p < M_;. This gives

M
/ ’ W(x)x‘l/“e(nxf 2@() dx < M~Y4U~PkPMP/2n~P/2 (U 4 A)
JM_1

for any P < J. Substituting this estimate, the left-hand side is dominated by

<kl Z ne-1/4-P/2p = 1/44P/2y PP (U 4 A)

n>cN
and this is <« 1 when P is sufficiently large. |

Lemma13. Let c bea (large) constant and n > 0. \We have
_ M
K72y a(n)ek(—nh)n*3/4/ “Wixx e (nxi @() dx < 1.
n>cN M-y k

Lemmal4. Letn > 0. Then

NG

o _ M
k(=12 a(n)eK(fnh)n’l/“/ 2W(x)x’l/“e(nxnL ZT) dx < 1.
n=1 M

~1
Lemma15. Letn > 0. Then

ad _ M+A
K2 Y a(n)e,(—nhyn—/4 / x~3/%e (nx+ 2@) w(x)dx < 1
n=1 M

The following lemma is of a very similar nature, and it is easy to prove in a
slightly different way.
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Lemma 16. Let c be a constant and let n > 0. We have
M
K2y a(n)n’3/4/ “wixx e (nxi @) dx < k (Kn?M)°.
1<n<cN JM_y k

Proof. The second derivative test Lemma 5 gives

./MZ w(x)x /e <nxi @> dx < vk

M., k n1/4 :

Hence

M
SEEDY a(n)n’3/4/ 2W(x)x"”/“e<nxﬂzgx)dx<<k(k2112M)g.

1<n<cN M_1
U
Lemma 17. Let c be any given constant. Let T be any number of the form M —
jU or M+ jU, where 0 < j < J,U = MY2-1/2 (i212M) and d is some fixed
number. Then
nt/4 —J-1
+ \/RM3/4
< VM (ken2m)* .

Proof. We estimate the left-hand side by S} +$ + S5, where

KL nfl\/4|—<M_1/4U_J ‘TI* vn
nt/ VTk

1<n<cN

—1/2)p—1/4 13 YV o
S =kY2mM~Y4y Y  onY

In—1en?T|<VN Vikms/4
31
SZ :k71/2M71/4U -J z n€71/4 n— \/ﬁ
VTk

1<n<k?n2T—/N

and S is like S, but with the condition k21T ++/N < n < cN. Then it is easy to
verify the claimed upper bound for each term S.
U






Chapter 2

Arithmetic Lemmas

Before getting to the actual bounds, we need some more lemmas. These lem-
mas are arithmetic in nature, and some of the results are both new and even of
independent interest.

Huxley has proved the following useful result (Chapter 1, [6]).

Lemma 18. Let F(Q) be a Farey sequence of order Q on the interval J. If the
length of Jis A, then

1
Y 1<1+AQ% Y L <1HAQ (2.1)
F(Q)nJ 2eF(QNJ

The next lemma introduces the Magic Matrix ([5], Lemma 7.17).

Lemma 19. Let the rational numbers % and ﬁ—; where (ag, k1) = (ag,kp) = 1,
satisfy the condition
a @

ki ko

where ||x|| is the distance of x from the nearest integer and & is the solution of the
congruence & = 1 (mod k;j). Then there exists a matrix

(5)

with integer entries with determinant 1 such that,

a \ ar
(e)m(%)
& ko, —ramtak—-ak

a:YE o P keky 75:—7/*14'* (2.3)

<A, (0<A <), (2.2)

and
7] < Arkiko. (2.4)
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Remark 20. Because a; is defined only modulo k;j, we may assume
a @

— ——| <A1
ki ko M

As far as we know, the next result is new; to be precise, it differs from a result
of Bombieri and Iwaniec ([1] Theorem 4.1) by the additional condition (2.9).

Lemma 21. Let A and Q be natural numbers and let A; <1 and Ay,A3 < 1 be
positive real numbers such that AAz > Q. Let us assume that rational numbers %
satisfy the conditions

a = A k=Qand (ak) =1 (25)

Let [R,R] be a subinterval of [C;A/Q,C,A/Q] such that R — R=< A;AQ L. As-
sume further that y(X) is a continuously differentiable function on [R,R] such

that OH
w(X) < H and y/(x) < e (2.6)

for some parameter H. Then the number of pairs of rational humbers (%, %)
satisfying the conditions

a @
=< .
kl k2 >~ Al7 (2 7)
a a;
ky () —kew (& )| < 22QH, (2.8)
ky ko
and a a
is
< A3AQ+ AmAsA? + Ag (A + Ag) AFAPQY, (2.10)

where Ay = min(Az, A3).

Proof. Notice first that by lemma 18 the number of the rational numbers 2 on
the interval [R R/] satisfying the conditions (2.5) is at most < Az3AQ. In order
to estimate the number of pairs, let us classify these by the matrices of lemma
19. Let us first consider those matrices having at least one entry equal to zero. If
y=0, then ay = a; + ki, ko = kg, and by (2.9) we have

2

a a;
a_=2 < AgAQ_14
ky

Bl= o -

However, the conditions (2.6) and (2.8) give

[k

v () -v(R+p)| = Blialonat < a0,
1 1
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so 3 has at most < 14 AnAQ ™! different possible values. Hence the number of
pairs is
< AsAQ(1+ AnAQ D).

If B =0, then a, =&, ko = yay + k; and

ks
ai

vl =

< AQA L,

so the number of pairs will be < A3AQ(1 + A3QA 1) <« A3AQ, since A3;QA ! «
1.

If oo =0, then
|5|<— —34

and if 6 =0, then

kq
<2, My
|a\_al ko

In both cases the number of pairs will be < AzAQ.
Let «f3yd # 0 and D be a constant We will later show that the number of

matrices satisfying the condition |y < % is bounded (see formula (2.13)), and
the number of corresponding pairs is < A3AQ Let us assume from now on that

the matrix M = ( o B ) is given and
y 6

DQ

AA (2.11)

>

Now the condition (2.8) yields

ke (& &

Zyl =) - =< .
klw(kZ) w("l)’*AzH

& _ ox+f
ko YX+57

000 = v () v () =onromw (505 ) - v,

so that |@(x)| < AzH and

009 = 1w (S8 ) (oo 8 v (5L ) vty

Write X = % Then
ko
d =X+ 0.

Define
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if we interpret x as a continuous variable. Since

ox+f , QH
yx+5)7l]j(x)<<7

ox+p DQH _ DQH
w(yx >’>>|7\H>A3A>> A

we may assume that |¢’(x)| > |y|H (by formula (2.11), when D is large enough).
Let (%, %) and (%, %) be two pairs corresponding to the matrix M and satis-

(e 8) v

and

fying the assumptions (2.7)-(2.9) of the lemma. Let x lie between % and % Then
the inequality
lo'(x)] > |y|H

- ax+B ap &
holds also for this value of x, because s lies between o and K and yx+ 6

lies between % and k% Hence we find upper and lower bounds for the integral

e
ar /ky
namely »
lyH %f% < /ala;i;(p’(t)dt‘«AzH,
and it follows that
a_al 4
ke K|y

An interpretation of this result is that if % is given, then all the other possible

values of % corresponding to the given matrix lie on an interval of length <« |A72‘.
1

On an interval of this length (remember that 1 < |y\_lA1QZ) there are

Ay Q? A1+ Ap)Q?
1429  Mat2)Q

17l 7
rational numbers satisfying the conditions (2.5). It suffices to count the number of
matrices in order to estimate the number of pairs. First notice that the conditions
(2.3) and (2.9) imply

lor = YRl <1+ |7]A3AQ (2.12)
|6+ 7R <L+ 7/AsAQ (2.13)

and therefore for any given y we may choose o and & in

1+]71AsAQ 1 < [7]AsAQ !
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different ways (by condition (2.11)). Moreover, ad =1 (mod 7). Then, for any
given pair (y, o), 8 can be chosen only in

< 1+AAQ T < AAQ
different ways. Hence the number of pairs will be

2
< z A3AQ71 (A1+A2)Q

171A3AQ < Ar (A1 + Ap) AJAPQP.
1<yl A1 Q? 7]

This also shows that when 1 < |y| < %, the number of suitable matrices is

bounded. O

The next lemma is a useful variant of the preceding one.

Lemma 22. Let the assumptions of Lemma 21 be satisfied with the exception of
(2.7) Then the number of pairswill be

AsAQ(1+ (A2 +A3)Q)(1+AmA). (2.14)
Proof. Let us choose two rational numbers % and ﬁ—; satisfying the conditions of

the lemma and write
a a
E:=k — -k —= .
1W<h) 2”(@)

‘E—(kl—kz)llf<%) W(%>—W(%>‘<A3QH-

From the condition (3) we obtain |E — 0] < A,QH. So if

Then
= |ke|

a
kg — ko| (é) = |ky — ko|H > (A2 + A3)QH,

i.e. |ki —ka| > (A2 + A3)Q, then the conditions (2.8) and (2.9) cannot hold simul-
taneously. Therefore we may suppose that

ko — ki| < (A2 +43)Q. (2.15)

Let % be given. According to the condition (2.15) the denominator k; can be
chosen in at most < 1+ (A2 + A3)Q different ways. Since a;, ki and ky will
then be determined, we deduce from the assumptions (2.6) and (2.8) that a, can
be chosen in at most < 1+ A,A different ways. Because this cannot exceed the
number of all possibilities for ay, the actual number of possibilities will be <
min(1+ A2A, 1+ AsA). Therefore, for any given % we can choose % in at most

< (1+ (A2 +A3)Q) (14 AnA) (2.16)

different ways satisfying the conditions (2.8), (2.9) and (2.15). Because the ratio-
nal number % has < A3AQ different possibilities, we obtain (2.14) from (2.16).
' 0
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2.1 A Bound for a Non-linear Exponential Sum

Even though our main interest lies in estimating linear exponential sums, we con-
centrate on non-linear exponential sums for a while and prove a result that will
later serve as a necessary auxiliary theorem.

Theorem 23. Let,Be R, 1 <A <M, and denote F = |B|M*/2. We assume that

M? < AF. (2.17)
Let
f(2) = nz+BZ/2 (2.18)
Letg € CHM,M +A] and
llgll- <G, [|d|l.<G. (2.19)
Then
AN 5/6
a(m)g(mje(f(m)) < (M) (G+AG)MY2FL3+e (2.0
M<m<M-+A

Proof. Even though the beginning of the proof follows closely the proof of theo-
rem 4.6 in [8], it will be presented for the sake of completeness.

As €N = 1 for any integer n, we may assume that 0 < |n| < 1 and that the sign
of n is the same as that of B. Since the sign of B is not essential in the proof, we
may choose B > 0. Then f/(x) is decreasing on the interval [M,M -+ A]. Writing
& = &, the condition (2.17) becomes M < &F and 0 < & < 1. In the following,
o is a small fixed number.

It is enough to show that

SM&) = Y ame(f(m) < E/OMIZRL3E
M<m<M+A

because the original claim (2.20) can then be derived using partial summation:

> a(mg(m)e(f(m))

M<mEM+A
"M+A t—M ,
s g+~ [ s(m ) d e
< §5/6M1/2F1/3+8G+G’A§5/6M1/2F1/3+€.
If M < E-1/3F2/3+8 then estimating simply by absolute values we obtain

S(M, &) < MMHEE « ES/OML/2EL/3+e
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Therefore, the original condition (2.17) may be replaced by
ETIBR23H < M « EF. (2.21)
The existence of such a number M implies that
1< EYBELR-S, (2.22)
When z < [M,M + A], we get the easy estimates

1 F
2= |n+ 3o 7 < <

5 (2.23)

E " 3/2| _
<y IP@I=|-jer

and use the Farey method. Choose K = |&~Y/3MY/2F~1/3-9/2| 10 be the order
of the Farey sequence. Note that K > 1 by (2.21). Consider now an increasing
sequence of rational numbers r = k, with 1 < k < K, on the interval

= [F/(M + ), /(M )1—[i+n Mo +n],

with
Ag =< EFML,

then Ag > 1 by (2.21). For any given r let r; and r, be the preceding and the next
member in the Farey sequence. Let us divide the sum according to Farey fractions:

SM.&) = > S(a/k) =3, > a(me(f(m)),

rel rel meM,M+MEJN (Mg, My]

where f'(M;) = p; is the mediant of ry and r and ' (M) = p; is the mediant of
r and ro. Now

1 _ _
Mj = ZF*M ™ (pj—m) % (2.24)

This expression looks as if it were made for Lemma 10. Define M(r) just as
in the aforementioned lemma, to stand for the number satisfying f'(M(r)) =r.
According to the estimate (2.23) for the second derivative of f, we have

= [M(r) — Mj| < M2F* [£(M(r)) — £'(M))| = M?F~Hr — p||
= M2ZF kK- 1x§1/3M3/2F 2/310/2k1 . (2.25)
Especially this shows that my < m, and
éz/SMF_1/3+5<<mj <<§5/6MF_1/6+€. (226)

The incomplete sums at the ends of the interval [M,M + M&] may be estimated by
absolute values:

< m]ME < 55/6MF71/6+28 < 65/6M1/2F1/3+£.
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Let us now weight the sums S(a/k) with the function w;(x). Choose U =
MF~1/2+¢ Then U > 1 by (2.21). On an interval of length Aq there are <
AgK? < EYBFL/3+2 Farey fractions of order K. Hence the error caused by the
weighting is

<<A0K2UMS<<§1/3MF71/6+£<<€5/6M1/2F1/3+87

so it is sufficient to estimate the weighted sums.

First notice that
m] > MF71/2€2/3F1/6+5.
Thus, by (2.22),
m; > Ml+35/2F71/2.
This estimate together with (2.26) shows that the condition (1.8) of Lemma 10 is
satisfied. The remaining assumptions of Lemma 10 are satisfied due to the choices

of the function f and the Farey sequence. It is enough to consider the case j =1
because the case j = 2 is similar. Now

2y 1
k 8

PLa(X) = BX/? — (r —m)x+
and according to (2.25)
ny = F2M3nek? < E2/3F2/3+8
Define x, n from the equation pj ,(x1n) = O:
2
B n _
Xn=(r—m)"2 (§+%) = (r—n)2B%

note that
r—-n<FMt=|B/M Y2

Let us start with the error term in (1.9). Because |alk < kK*FM~1, using (2.25) the
error term becomes

F*1/2+£(|a\k)1/2m1/2 < 51/6M1/4K1/2F—1/3+£ < MY2E-1/2+e

Taking now into account the total number of Farey fractions on the interval | and
noting that £2/3F /8 > 1 by (2.22), the estimate becomes

< éMl/ZFS < 65/6M1/2F1/3+8.

Let us put n~ Ato denote A< n<2A Let Ky < K and Ny < N. We need to
estimate O (log? F) sums of the type

S= Y X varnmamQ(rme(f(r,n)),

rel k~Ko n~Noy
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where

—1/2
Q(r,n) = k—1/2n-1/4 (2 + %) xi/nz,

na 2, /NXq,
f(r-,n)=*?+Bxf,ﬁzf(rfn)xl,n+ kl'n7
0 a J 1 19 1/2 a 1 11/
S frm =— 1+ p’lﬁn(xl’n)%(xl_,n) Lk — Tk 1y 1/2X1,/n-

Substituting the formula for x; , we obtain

1/2
7i 12\ —1/4,~1/2—1/4 7 -1 2v/nM
Q(rvn)—ﬁF MY ) 14 =
<F 2K AMAANS A,
Now
J _
55Q(nm) < Ng*Q(r,m) (2.27)
and
0 ¢ a FM—l/Zn—l/Z 1
an = sk ka—kn)
02 EM—1/2n=3/2
—frn)=———-—-
or? 4(a—kn)

The sum S; may be estimated using Cauchy’s inequality:

Y an) Y vi(r.n)Q(r.n)e(f(r,n))

n~Ny rel k~Kp

2\ 1/2
<<Né/2|:s < 2 Zvj(r,n)Q(r,n)e(f(r,n)) )
" 1/2

< NJ/?Fe <22 ZvJ(rl,n)vJ(rz,n)Q(rl,n)Q(rz,n)e(f(rl,n)—f(rz,n))) .

ry r2 |n~Np
Write

No+Vv
2=XX M, | X eFm), (2.28)
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where
F(n) :f(rl7n) - f(r27n) (229)
& a1 1_ . 15 1(@—kn)— (a1 —kin) 1
Fi(n)=22— 2 4 ZFMY2n71/2

( ) k2 k]_ 2 (al—kln)(az—kzn) kl(al—kln)

(2.30)
1
- 2.31
ko(a2 —kom) (23
1_ 10 ap(@—kn)—(a1—kin)

F/(n) =— =FM~1/2n3/2 . 2.32
() 4 (a1 — ki) (a2 — ko) (2.32)

Because the functions v;(r1,n)Q(r1,n) and vj(rz,n)Q(rz,n) are piecewise suffi-
ciently stationary in n, they can be eliminated by partial summation. Hence

Sl < F—l/2+€K61/2M3/4N(:)|-/4|SZ|1/2.
Assume for a while that
S <<§5/3F5/3+€K0M71/2N071/2 (2.33)

holds. Then
S_I. << 55/6M1/2F1/3+£.

This shows that it is sufficient to prove that (2.33) holds. Notice that the denom-
inators of the derivatives (2.32) satisfy (&g — kin)(az — k1) < K2F2M~2, when
ri,r2 €1 and ki ~ Kg. We will use Lemmas 21 and 22. For this purpose let us
choose

Q=Ko A=KgFM ™Y Ag=¢&, w(x)=x—7n, H= % RR]=I.

Then R —R= A¢ < A3AQ ! and £A>> Kg. The sum S, (defined in (2.28)) can be
estimated trivially, if the n-sum is short enough. Choose Ny = coF ~2K; *K~2M?3.
This choice will be motivated in a moment. If Ng < Nz, we obtain

S < (EAKo)ZF K5 4K M3 = E2K2M « E7/2F¥/2 koM Y/2Ng V2.

Here ¢y is a positive constant that can be chosen suitably. When Np > N; we may
estimate the sum using first or second derivative test ([15] Lemmas 4.2, 4.7, 4.8,
and 5.9), depending on the size of the derivatives, or actually, on the difference

a; a:
(@ —kon) — (s —kam) =koy ( = ) —kay ( = )
ko kg

Let
1
FA2A< (8~ kon) — (a1 — k)| < AzA, (2.34)
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where A, is a variable and 0 < A < 1. Let us write 8 = F 1K, 'K~*M. Notice
that 8 < A~ < &. Let us now assume for a while that (2.34) holds and A, < &.
Then the expression for the first derivative can be written as
, & o1
F (n):k——k—+O(A1)+O(K0 F M), (2.35)
2 1
where
Ay = F 1Ky 2K IM3/2NG 12,

Since K = |£~Y3MY2F~1/3-8/2] and Ny < ny < E2/3F2/3+9 it follows that
AL > F71K072§1/3M71/2F1/3+5/2M3/2€71/3F71/375/2 — F71K62M7

and the second O-term is absorbed into the A;-term. Note that the choice of N;
enables the inequality A; < 051/2 to be satisfied when Ny > N;. Choosing cg large
enough allows us to assume that F’(n) < 1. The number of the sums where

is according to lemma 21 (remembering that A, < & < Ay and & < &)
< EAKg + ApEA? - AZE2APKE.

Since
(AEA%) (EAKo) ' < BAK L =Ky lK T < 1,

the number of the sums will be
< EAK+AZE2A2KE. (2.36)

These sums may be estimated trivially (remember that we may choose d to be an
arbitrarily small positive constant, according to the desired choice of e and that
Ko > 1):
< (EAK+AZEZAPKE) No
< EFKoMY/2NG Y2 (KM /NG 2 4 Rtk 2me/2NG 2)
< iF”SKOM’l/ZNgl/Z (52/3F2/3+55/2F1/2)
< 55/3F5/3+€K0M’1/2Ngl/2.

Next let
1

57 =

a
ke ki
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and A; < @ < 3. According to Lemmas 4.2 and 4.8 [15]

No+v
2, e(F(m)

< 1
n=Np 0

max
0<v<Ny

Combining this with (2.36), when 6 stands in the place of the number Ay, the
estimate becomes

< EFM KM /NG V2 (07 MKoM /NG 2 + EFKEM¥/NG )
< EFHERoM /2N, V2 (FREM 2N + EFKEM /28 %)
< gF”SKoM*l/ZNO_l/Z <§*2/3F1/3+§1/3F1/3> )
Since 1 < E4/3F1/3-9 (see (2.22)), we may conclude that
£-2PF3 « E23F23-8
and the estimate becomes
< 55/3F5/3+€K0M’1/2N(;1/2.
When &y < A, < 1, we can use the second derivative. Since
F/(X) < A = AgKg IMY/2N, /2,
we obtain the following estimate from the second derivative test
No+v

2 e(F(n)

n=No
< KalN(;l/z (A;1/2K1/2M1/4Ng/4_‘_A2*1/2K3/2M71/4Ng/4) E¢

max < AYPKG AMYANYA 4 AT PRI ANY

0<v<Ny

<<51/3F1/3+8K61M1/2N(;1/2A;1/2_ (2.37)
Because min (&,A,) < EY/2AY?, the estimate of Lemma 22 can be simplified to
< EAK (1+min(&,A2)A+ &Ko+ A2Ko + EA2AKy)
< EAKg (1 FEV2AYPA L EK 4 AK + ‘g’AzAK> (2.38)
Use now the inequality (2.22) to simplify this further to
< §F1+5K§M’1 (52/3Fl/6+él/ZA;./ZKOFM—l+A2§1/3F1/3> ]
Multiplication of the terms (2.37) and (2.38) gives

< €5/3F3/2+£K0M71/2N0*1/2 (A;1/2§1/3+§1/6K0F5/6M71+A;/2F1/6) .
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Use the formula (2.21) and recall that 8y > £%/3F ~1/3 to obtain

A2—1/2§2/3F1/6+€l/2KOFM—1+A;/2§1/3F1/3
<<8(;1/262/3F1/6+§1/2KFM71+51/3F1/3
« ES/BFL/3+e | E1/3EL/3  g1/3E1/3+e,

This finally completes the proof of the theorem. |






Chapter 3

Boundsfor Short Linear
Exponential Sums

Theorem 24. Let w be a smooth weight function on theinterval [M, M +A], where
1 <A <M. Assume further that o = 2 + 1, (a,k) =1, 1 <k < Q < Al/279/2,
In| < % where § is a small fixed positive real number (which may be chosen to
be arbitrarily small). If || < 1A71%9, then

. AN\ /6
A(M,A,E—i—n) < (M) MY+, (3.1)
If
A< % (3.2)
n
and n # 0, then
B AN L/6
AM, A, o) < (M) MYZHe Lk IA |22 (3.3)

Proof. Using Deligne’s estimate |a(n)| < d(n) < nf, the theorem holds for A <
M2/5+3 s we may assume A > M2/5+3_ First using a transformation formula of
the Voronoi type ([8], Theorem 1.7) we obtain

A(M,A,E+n)= S a(m)w(m)e(nm)e(?)

M<m<M+A
B /22T = na\ M+ 4m\/nt
— (1) /ZT%a(n)e(—?)/M w(t)JH( : )e(nt)dt. (3.4)

Writing the J-Bessel function as a sum of Hankel functions and then substituting
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(1.4) into (3.4), we obtain

A(M,A,E+n)

_ (D2 f"/z 71/2261 ( )n71/4 (1@ +12m)
+0 (A7),
where
e = [ g et
fi(n,t) =nt+(-1)* (%H—QL),

_p)i
gi(nt) =t "+ %Cl,plkn*/zt*/“.

To make this proof a bit more reader-friendly, the rest is divided into two lemmas.
The first one covers the case < 1A%-1,

Lemma 25. With the assumptions of the Theorem 24 and the additional assump-
tion 0 < 1 < 1A=1+%, thefollowing holds

. ANYE
J2+¢€
A(M A7k+n) (—M) ML/2te, (3.5)

Proof. We will choose Ny = kXMA~2+28 from the condition

(42 - o

We split the summation into two parts

(-1 _ na\ _ ;
A+B= \/§ k1/2<n<2”\‘0 n;gﬁ) ( k)n1/4|(1>(n)

and consider separately the cases
(1) M?/5H8 « A MY2and 1 < k< Q,
)MY2 < A<Mand1<k<ATMY2)
B)MY2 <« A<Mand A1M Y2 <k<Q.

Let us first consider the cases (1) and (3). Now Ny > 1. In the oscillating integrals
of the sum B

‘gt fi(n t)‘ > A,
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From this we see that it is sensible to estimate by partial integration. Lemma 7
gives
1) (n) < ALIIM-4+/209/2 (3 > 2)

and therefore we obtain

B <k L/2HIAL-I\ /4132 z n-1/4-3/2+¢
n>Np
<<k—1/2+JA1—JM—1/4+J/2Ng/4*3/2+5 < AHIML/2te

where J; = J— 1. Let us now choose J such that J; 6 > % Hereby we obtain
A7J15M1/2+£ < A71/4M1/2+£ < A1/6M1/3+8.

Next turn to the sum A. Changing the order of the summation and integration and
integrating using absolute values, we obtain

12 na  2y/nt
A<<AM§rtn§a,\>/l<Jr k™ ngﬁoa g,nt)( i

LetY < Ny and write
na 2/nt
S:=k 2y a(nn4g;(n,t)e (——i—)
550 ‘
We may treat this as a long sum according to theorem 23. When we choose

F:£+ LG=Y VA G =Y ie = -2,
the condition (2.17) will be fulfilled because
Y
E <1

and theorem 23 gives
S« k5/6y5/12¢-1/12+¢

Hereby we obtain
A< Amax <k’5/6Y5/12r1/12+8> « AL/BML/3+e
tY
Let us now consider the case (2). Now Ny < 1. Partial integration twice gives
|(J)(n) < A hem34nt

and this yields the estimate

~ a >
A(M,A, R n) < KZATIMIAY nS/AE  AL/2730/2  AVEMLS,
n=1
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The following lemma deals with bigger values of 1.
Lemma 26. In addition to the assumptions of theorem 24, assume that

1 145 1
= <.
3T S1S 4G
Then
. AN /6
AM,A, ) < (M) MY/2He 4 Iap Y2\ L/2 e (3.6)

Proof. Let us first consider the sum containing the integral 1% (n). Now

d 2y/nt _ [ when n < 2ng
ot <nt+ k 71) ' - { n'/2k-*M~%/2_ when n> 2ng 37)

where ny = k2Mn2 >> kMA~2+28, Partial integration J > 2 times (lemma 7) gives

[(RONGIETRS LAWY
ng‘la(n)e( K ) n (n)

V2
< Al—Jn7Jk71/2M71/4 2 n71/4+s
n<2ng
4 K L/2HI AL - 1/449)2 Z n-Ll/4-3/2+¢
n>2ng

< KALIn¥23\/2re o AI-D8ML/2+e o ALBML/3+e  (38)
when J > 1+ 4.

In the integral 12 (n) the function e(fj(n,t)) oscillates on the whole interval
of integration [M,M + A] if (3.2) holds and

[n—no| > N := knMA~1+3, (3.9)
Then
AL+ when1l<n<ny—N,
2¢/n - = ’
}%(nt—%—i—l)‘» A-LHS when ng+N < n < 2ng,
n'/2k-1M~%/2 when n > 2ny,

and we may treat the case (3.9) similarly to (3.8). We have now

A (=1)~2 ~1/2 na\ 4/
MA o) =~—=—k _ /412 Lo (AYEML/3+e)
(MA, ) A > a(n)e 0 + ( )

[n—ng|<N

(3.10)
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If N < % then there is at most one term, say n’, in the sum (3.10). Integration
using absolute values gives

1) < AM~ Y4,

Hence
A(M,A,O{) < Ak71n71/2M71/2+8+A1/6M1/3+£.

Let us now assume N > % We change the order of the integration and summation
and consider the sum

kY2 Y amnYig(nte na_ 2yt (3.11)
k k
[n—no|<N
for a fixed value of the variable t. Since
N AS
— =" «1
np An <

the sum (3.11) is typically short, and we need the sharp result of Theorem 23. We
may use it with

M=ng, A=N, F = 20 _ o /M,
G=n /Y4 G =ny'G, n=—2
Specifically (2.17) follows from n < k% We obtain
k2 ¥ a(n)n‘l/“gj(n,t)e(f@ = @> < A¥EMmY/3re,
[n—no[<N k k

Integration using absolute values completes the proof of the lemma. |

Combining the results of the above lemmas with the comment between them,
proves the original theorem. |

Notice that the condition (3.2) may be considered as a condition for |n|:
Inl < MA=2,

Ifk-1Q ! < MA2, that is, if A < M35, then the condition (3.2) holds for all k
and the estimate (3.3) holds for all real o, so we may infer the following corollary.
Corollary 27. Let 1 < A < M?/3, Then

A(M7A,a) <<Al/6Ml/3+£+A3/2M71/2+8. (312)
Taking the estimate obtained using absolute values into account when 1 < A <
M?2/®, we obtain

AME, when1 < A <« M%/5
AMA o) < { AYVSMY3+e when M?/5 < A < M5/8
AS/ZM_1/2+€, when M5/8 <AL MZ/S‘
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The first one is the trivial estimate by absolute values. Next, we will show that
quite often one is able to obtain good estimates also for non-weighted sums.

Theorem 28. Let M%/®> < A < M58, Then
A(M,A; o) < AYEMY/3+e,

Further, if M8 < A < \/‘/‘;_‘ k < M5/16-4/2 for some positive § and |n| <
k—1M5/2-5/16 \ve have

A(M,A, OC) < A1/6M1/3+8+k_1A|T'|_l/2M_1/2+€.
Proof. Let ¢ > 0. To simplify the notation, write

Mg =M ——%
M/—M-F +10+2A2| 12.

M- /—M+—*1—*2T15* R

(3
_ _ A
Ay=Ar=5

Consider the set of weight functions {w.., | 0 < ¢ < L(x)} satisfying the following
conditions:

and

e The support of each function is bounded. To be precise,

1, whenxe [M0+ e ,M0+3A°
Wo(X) = 0, when x < My
or x> Mg+ Ag

and when ¢ > 0,

1, whenxe [Mg_1+Ag_1,Mg+1]
Wo¢(X) =< 0, whenx<M,
or x> My+Ay.

e The derivatives are assumed to satisfy the normal conditions of a smooth

weight function:
|
W) A
< ()

for 0 < j < J for some suitable value of J.
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e On the interval

A A 2041 A A 2A
Mt=t—+=2=% =M =
+5+=+ 2‘12I, +5 +10+2[+15 :

L1
Z 7|
the functions wy(x) and wy1 add to one:

Wep1(X) =1 —wp(X).

The function w_,(x) is symmetric to w.¢(x) with respect to the line x =M + 5
The picture will look like the following:
Consider now the function defined as

L

W= X we(X).

(=—L

This function is a long weight function with only short slopes:
1, whenxe [M—L—l +A_| 1, ML+1]
WL(X) =< 0, whenx<M_p
orx> M +AL,
This function differs from the characteristic function of the interval [M, A] only on

the interval
M,M_|_1 +A_ _1]U[MLt1,M +A].

The total length of these intervals is:

A A A 2A L1 3A
2| = - i -2
<2 (10 + 2L+15 z 2i )) 2L5
Notice that the length of the interval on which W_ differs from the characteristic

function, is of the same magnitude as the slope of W.. Choosing L to be suffi-
ciently large, yields

3A
o = M?/5. (3.13)

Assume now A < M>/8, Use the result of the Corollary 27, and choose L as in
(3.13). Notice that for any A’ < M5/8

A(M, A, ) < AYOMY/3+e,

Notice also that for this choice of L, the interval on which W_ differs from the
characteristic function of the whole interval [M, M -+ A], is of length at most M%/5,
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On an interval of that length, we may use estimates by absolute values to obtain
the error term of O(M2/5+“"). Let us now consider the sum weighted with the
function WL.

Y anW(nena) = Y ¥ AM,AL)
n=1 —L<t<Ln=1
<<M3/3+£Aé/6+ 2 Mél/3+£Ai/6+ z Mj/3+sAi/e
0</<L —L<¢<0

A A
1/3+ 1/3+
<<M/ 8(g+%m><<'\/|/ EA.

This proves the first part of the theorem. Let us now consider the second part.
Proceed as in the earlier case. However, choose L according to the following
condition instead of the condition (3.13):

o = M58, (3.14)

Define now the constants A, and M, as above for £ € Z for the current choice of
L. As k< M¥/16-¢ we have k < A}/2~° for any ¢ € [—L, L] and a suitable choice
for 6. We may estimate the sum

> W (na(n)e(nn)e <n2> < MYBHEAL/6 | LA |- 12M - L/2\me

With this choice of L, the characteristic function of the interval [M,M + A differs
from the function WL only on intervals of the length < M®/8. We may now use
partial summation in order to estimate the sums on these intervals. Write this
interval in the form

[M, Nﬂ @] [Nz,M +A}



39

Y (1-W(n)a(ne(on)

M<n<M+A
= ( + ) (1—=WL(n))a(n)e(an)
M<n<N;  Np<n<M+A
Ny M-+A
:/ Wt Y ame(andi+ [ W) Y ane(an)dt
M N; <n<t Ny Np <n<t
+ Y ane(an)
N, <n<M+A
< max a(nje(an)|+ max a(n)e(an)
M<t<Ni |\ 5 No<t<M-+A |\ S0
+ a(n)e(an)
N, <n<M+A
< ME8+3+e < M7/167
which finishes the proof of the theorem. |

Remark 29. Assuming similar conditions as in Theorem 24 and arguing slightly
more carefully, we get

1/6
A(M,A.,oz)<<<%) M2 L kA [TY2MY2 (IBn2M)©. (3.15)

With the additional assumptions of the Theorem 28, the following formula holds:
AN L/6
AM,A, o) < (M) MY2+e L k1A [7Y2M Y2 (Rn2M)©. (3.16)

One may easily see that the estimate (3.12) weakens too fast (it increases faster
than linearly) when M5/8 < A, and hence the following theorem is useful.

Theorem 30. Let M58 < A < M1/%8, Then
AM, A, o) < M~%/48+Ep

for any o.

Proof. By Corollary 27,

AM,A, o) < AYEmY/3+e
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for any A < M5/8, Let us split: A = mM5/8 + Ay, where A; < M%8. Using
corollary 27, we obtain

m—1
AM, A, 0) = A<M T mMS/B,Al,oc> n A(M T k|v|5/8,|v|5/8,a)
k=0

<<A1/6(M+M5/8 1/3+g+mzl<M5/s> <M+kMS/8)1/3+€
k=0

< AMY/48+E - (317)

|



Chapter 4

An approximate functional
eqguation

Theorem 31 (Approximate functional equation). For any € > 0 we have

M2 (Mk2n2)1/2

A(MK?n?, Ak?n?; -
AMA o) ( n-,AaKm ’B)+O((Mk2n2) 1/12+s>7 4.1)

whenever o = I + 11 is a Farey approximation of the order MY/4, B = fé —
(Kn)~t and 1M > 1.

Write U = MY/2p~1/2 (kznZM)d, where d is a fixed positive constant which
will be chosen suitably later. Let us start by a lemma before turning to the actual
proof of the theorem.

Lemma32. Let &£(x) < 1and &'(x) < (K*n?U)~! ontheintervals [N_;,N] and
[N1,No]. Then we have

! nh n
kn <N1§1<N+N1<2:n<Nz> é(n)a(n)e<7? a @)

< \/M (kznzM)£+d/6—l/12 '

Proof. Using partial summation we conclude that it suffices to deal with the case
E(n)=1.
The length of the two sums is N —N_; = N, — Ny =< k?n2U. Since

d+1/2
)

Kn2U = (kznZM kn'/2 < (kznzM)5/8 — NS/B,
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for d < £, Theorem 28 gives the bound

1 I"IF] n
[y + a(n e<—— - _)
kn (N 1§1§N N1<Z’I'1<N2> ) k kzﬂ

< : (kznzu)l/ﬁ (kznzM)l/3+£ n

1 (K¥n?M)*
n

kn

)

where the latter term corresponds the case where k?n2U < 1 but there is an integer
on the interval [N_1,N] or [Ny, N,]. By simplifying and using the fact that k?n < 1,
we see that this is further equal to
£+d/6 £-1/2

< (anZM)Hd/671/12 \/M

Ml/Z(nM)*l/l2 (k2n2M) +M1/2 (anZM)

|

Now we have enough lemmas (here and in the earlier chapters) to carry out
the details of the proof.

Proof of Theorem 31. Consider the weighted sum

a(nw(n)e(on)
M—JU<n<M-+A+JU

instead of the original sum, where w(x) is the special weight function defined in
(1.6) with V =U. Now w(x) satisfies the conditions (1.10).
Using the Voronoi summation formula (1.9.2 in [8]) we obtain

a(n)w(n)e(on)
M_1<n<M;
:an‘l(fl)’(/zéa(n)q(fnﬁ) /M Mj Jet (47[@) e(xn)w(x)dx, (4.2)

where Ji._; is the Bessel J-function. Without loss of generality we may assume
n=>0.

Substituting the asymptotic expansion (1.5) in place of the Bessel function in
the formula (4.2) and writing sine and cosine in terms of exponentials, we see that



it is sufficient to consider the sums
A =27k H(—1)*2 Y a(n)ex(—

Mo VK X—1/4e(:F \/—X
M1 24/27nt/4

B =K1Y, a(ned(—nh
n=1

Mz |3/2 Jx 11 3
- A /4w
/M n3/4e(¢2 K i4KjF8> e(xn)x**w(x)dx

+ 4K1F 8) e(xn)w(x)dx

k5/2

1
C =k 2 / (e W09

The sums A_, B_ and B._ are handled up to constant factors in Lemmas 14, 13
and 16. The sum C is easy to estimate:

C—kt 2 / ) W X)dx << k32 Z n-5/4+e\—1/4
n=1

< k3/2M71/4 < Ml/B.

Now treat the sum A,. This requires a different treatment because of the
resonance between the Bessel function and the exponential term. The sum of the
terms with n > cN, where ¢ is some constant, is estimated in Lemma 12. Let us
then assume 1 < n < cN and consider the first term of the expansion of the Bessel
function in formula (1.5). Using the saddle-point Lemma 9 we obtain

/Mzw(x)x‘l/4 (nx 2Y — )dx
M_1
V/2nt/4 n 1 K3/2 M4k
—sm e (@*5)“’(@*5@—)
J 1/4 !
—1/40 -3 _ Vi n
O(M U 1;3(‘” ’—'_MjUk‘—i_\/RMS/A) )

—J-1
J 1/4
—1/4; -3 _ Vvn n
+O<M ’ J%(’n \/M+A+JUK‘+\/RM3/4 9

where

(n)=1and 8(n)=0,ifN<n<N;

E(n)=0and 6(n)=0,ifn<N_jorn>N,
<
{ E(n) < 1, &'(n) < (K¥n?U)~tand §(n) = 1, otherwise.
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The sum of the main terms in (4.3) is
k 2nt/4 1 nh n 1
a(n) [14§(n)\/— e(E fffff —+7)
1<n<cN mv/2nt/ Vkn
1 nh n 1 nh n
2,20k wn) i 800 )

KN N<hng L<n<N

+i Y é(n)a(n)e(fn—;f%). (4.4

KN, Zhing

ﬂkfl(fl) K/2

The first sum on the right-hand side of (4.4) is the main term of the approximate
functional equation (4.1). The other two sums in (4.4) of the length k*n2JU are

estimated in Lemma 32.
The sum of the first error term in formula (4.3) is equal to

1 vk (K32 M*/%k 2. 2\ 1\etd

The remaining error terms in (4.3) are estimated in Lemma 17.
We have now derived

a(n)w(n)e(an)
M_1<n<M;

a(nje(—np)+0 (Ml/z (kznzM)&Jd)

s+d/671/12>

~ kn B
+0(M¥2 (kM)
However, there is still the error caused by the introduction of the weight func-
tion. Next we will estimate its size and optimize it together with the error terms
M1/2 (kgnzM)std and M1/2 (kznZM)£+d/671/12.
\We use partial summation to estimate

Y ane(anw(n)+ > a(nw(n)e(an)

M_1<n<M M; <n<M,

-3 a(n)e(om)—/M wt) S ane(an)dt
M-y M.

M_1<n<M 1<n<t

_/MZW'(t) Y a(n)e(an)dt

My My <n<t

Y, a(ne(an)|+

M_1<n<M

a(nje(an)
M_1<n<t

max
M_;1<t<M

Y. a(nje(an)

M; <n<t

max
M <n<M;
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We will use Theorem 24 to estimate the sums. Notice that U does not satisfy the
condition (3.2), as
M
u- ™ (kn2m)*.

Vil

Therefore, we need to divide the length of the sum by (kznzM)d. The new length

of the sum is then M1/2 |n|*1/2. We may then apply the theorem to the shorter
sums to obtain good estimates for each of them, and finally multiply the estimate
by the number of sums. This is similar to the proof of the theorem ??. As an
estimate for the short sums, we obtain

_ 1/6
ML/2 1/2 _
< < l\;lﬂ M1/2+5+k’1M1/2m|*1/2n’1/2M’1/2 (kznzM)e d

— MY/2 [(Mn)—l/ﬁ ME & (kznzM)’l/Z“] .

Now we notice that
2.2 1/24
(Mn)—l/lz _ (kznzM)*l/12 (k ?AM> KL/12,

and remember that ) )
(kznZM)fl/ < (kznzM)*l/l :

and therefore, the estimate for the longer sums becomes

B k2 2M 1/24
<<M1/2(k2n2M)d 1/12 ( n ) M5k1/12+(k2n2M)£ .

M

Now it suffices to show that, for any given positive & > 0,

2. 2 1/24
<k K/IM) MEKL/12 o (sz]ZM)EZ

for a suitable choice of . Assume next k2n2M > M¥/4. Now

K2n2M 1/24 e N
< N ) Mskl/12 < (anZM) k1/6n1/12 < (kZTIZM) 27

when &, = 4e. Let us now assume k2n’M < MY/4,

sz]zM 1/24
( ) MEKL/2 o M-3/96+2)1/12 o \p—3/96+1/48+e
M

< M£—1/96 < (Mk2n2)527
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when & = e. We may choose d arbitrarily small, and hence get the estimate
arbitrarily close to M/2 (k22M)~*/*?, The estimate for the error term

ML/2 (sz]ZM)£+d/671/lz

coincides with this. The final error term to consider is
M2 (iZn2M) .

Choose J = ﬁ to complete the proof. |



Chapter 5

Boundsfor longer linear
exponential sums

Let us next consider the case when A > M/36. The bound O (M*/2) may be
viewed as a "trivial" bound, not because of actually being trivial or simple in the
standard meaning; on the contrary, the bound is by far non-trivial for long sums
and only obtained by Jutila in 1987 in his article [9], but because the estimate
can be obtained for short sums very simply by using the triangle inequality and
estimates for longer sums. We are going to show that only when A < M3/4, a non-
trivial upper bound is possible, and the following theorem states one such bound.
After that it remains to prove that for larger values of A a non-trivial general upper
bound does not exist.

Theorem 33. Let M%/8 < A < M/, Then
A(M,A, a) < Al/6M1/3+£+M71/4A+ M%faw7

where a < % is the constant in the approximate functional equation ([9]) and
® = min { tfg}v'f., Wlaﬂ} where ¢ can be chosen to be an arbitrarily small

positive real number.

Currently, the best known value for a is derived in Theorem 31. It states that a
can be chosen to be an arbitrary positive real number less than ﬁ Before proving
the actual theorem, we present several useful lemmas which will be used in the
proof. In fact, the first lemma proves the theorem for certain values of k and 7.

Lemma 34. Let Mk?n?2 = M?, where y > 0, k < MY/* and M1%/16 « A « M3/4,
Then
a(n)e(on) < AYSMY/3+er  mt/2-ar (5.1)
M<n<M-+A
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Proof. Since n2 < k=2M~1/2, also

5/8
(n2k2)3/8 < M-3/16 MT’
and therefore k2n2A < (anZM)S/B. Now we may use the approximate functional
equation (??) and Corollary 27 (this required the preceding inequality). We obtain

a(nje(an) = e
M<n<M+A T kenzm<nsien?(M+a)

% (kznzA)l/ﬁ (kznzM)l/3+£+M1/2—ay+ (kznzM)s (kn)—l

a(nje(nn)+0 <|v|1/27a7)

<

< A1/6M1/3+sy+M1/2—ay_

O

Lemma 35. Assume k?nM > 3, >0, M/16 <« A < M¥4 S>1 and S—
k?n%A > S Then we have

- _ MeA o
k™1/2Y a(nn /*g(-nh) / x Ve (nxf 2%) w(x)dx
n=1 JM
<« M7/18 4 M¥2I8n32S 1AL (I22M)© + AM 2k~ 125(K2n2M) ¢

Proof. To be technically correct, we should divide the proof into two cases de-
pending on whether S< k?1?M or not. However, we will only handle the case
S< k?1n?M as the other one is similar and even slightly easier.

When k?1°M — S< n < k®n%(M +A) + S we will estimate the sum by abso-
lute values:

M—l/4Ak—1/2 Z n—1/4+€
K2n2M—S<n<k2n2(M+A)+S

< MAAK2 (18n2M) T s AM YA I T2 (202 M)

Otherwise, let us use lemma 7 to estimate the integral. For n > k?n? (M+A), we
obtain

M-+A NG vn F
2V Adx <« MTYAAYP Y ) | (52
/M w(x)e( ” nx)x X K NVIE n (5.2)

Let now k?1?(M +A) + S< n < ck?n®M for some suitable constant c. Sub-
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stitute the result (5.2), with P = 2, in the place of the integral in the sum:

-2
M- 1/4A 1172 3 e 1/4( Vv —77>
K2n2(M+A) + S<n<ck2nM kvM+A

< M7/4k7/2n2A’1 (kznzM)*l/HS %

(n—Kn*(M+A))
k2n2(M+A)+S<m<ck?n2M

-2

< M¥Acn32A71 (Kn?M) S,
For n> ck?n®M, the calculations are similar those above, only simpler. We obtain

V2 S ann e (i) [ e (nx—zﬂ)wmdx

n>ck2n2M k
< M7/16

Finally, for n < k?n2M — S the calculations are again very similar to the earlier
ones except for the details requiring a bit more attention. One gets

K172 y a(n)n—l/ﬁleK(_nﬁ)/MMMx—l/“e(nx—zgx)w(x)dx

n<k?n2m-Ss
< M7/16 + M3/2k3n3/2A715Fl (anZM)S ]

This completes the proof of the lemma. |
Similarly we may prove the following lemma.

Lemma36. Assume k?n2M > 3, 1 >0 and M1Y/16 < A < M%%. Then

_ o MeA /X
K2 z a(nn—3/*g nh)/ x /e (nx— 2ﬂ> w(x)dx
M k
< M3/8 (kZ.nZM)S
Lemma37. Letk?n?M < } and M*/16 <« A < M3/4. Then

M+A
KL/2 2 )4 nh)/ x3/4e (nxi 2@() w(x)dx < M8,

Now we may finally move to the actual proof of the theorem.

Proof of Theorem 33. The details of this proof could be given more in the spirit of
the proof of Theorem 24, however, we feel that the following approach supports
more the proof of the next theorem.
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Write o = § + 1, where 1 < k < MY/* and |n| < &. Without loss of gen-
erality we may assume 1 > 0. Write k2n2M = M?. We will estimate the sum in
two different cases. The first approach works for large values of y and the latter
for the smaller values.

According to Lemma 34:

a(n)e(an) <<A1/6M1/3+£+O<M1/2—aa)>.
M<n<M-+A
For an alternative approach, let us introduce a smooth sufficiently many times
differentiable weight function w and consider smoothed sums. Using similar
method as in the proof of the Theorem 28, we see that this does not affect the
final results. Using the Voronoi summation formula ([8], Theorem 1.7) we obtain

a(n)w(n)e(on)
M<n<M+A
_ M+A nx
=27k (—1)~/? z a(n /M Je 1 (47r%> w(x)dx
Using the expansion for the J—Bessel functions (5.11.6 [12]) we obtain
Jx—1 (M\/_x)
vk VX 1 Jx 11
= ~1/4 2V " T p IS e
Vami/ (e< ¢ 4>+e< K 4"*4))
1 1 VX o101
13/2n~3/4%—3/4 2@__ “n)—el 2" =
+ck¥en%x e K 4n+87r e k+4K8
k5/2
o ——
co( ).

where ¢ is some constant. Substituting this, we see that the sums to be evaluated
are

0 _ M+A
A=cak 2y a(n)n‘l/“a((—nh)/ x Ve <nx— 2@> w(x)dx
n=1 M
i _ M+A
B=csk /%Y a(n)n‘l/“ek(—nh)/ x V4e (nx+ 2@) w(x)dx
M

n=1

i _ M+A
C=cck’2 Y a(mn~¥/e (—nh) / x~3/te <nx— 2@‘) w(x)dx
M

o _ M+A
D=cpk2 Y a(n)n’3/4eK(—nh)/ x 34 (nx+ 2@) w(x)dx
M

n=1

E :k3/2 i n875/4AM75/4 < k3/2AM75/4.

n=1
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All the sums are estimated up to some constants in the previous lemmas, so we
may conclude that

a(n)w(nje(on)
M<n<M+A

< M7/16_ M3/23p3/25 7171 (kznzM)g _,’_AM—l/Zk—ln—l/ZS(anZM)S.
(5.3)

In order to optimize this, we set
M3/2k3n3/28—1A—1 (anZM)E - AM—l/Zk—ln—l/ZS(anZM)el

Now
S=MKenat.

If MK?nA~! < Lor [MK*nA~t —k*n?A| = o (Mk?nA~1), we need to choose
S=max (1,k*n%A,Mk*na~1).
Assume first S= 1 and substitute the value into (5.3). The estimate becomes
M7/16 4 AM~ 1219y =172 (kznzM)s.

It suffices again to consider the latter term. Substitute ) = k=M ~1/27/2 and the
term becomes

AM—l/Zk—1k1/2M1/4—y/4 (anZM)S :AM—1/4—y/4+syk—l/2 <<A|V|_l/4. (5_4)
We may now proceed to the next case. The substitution S= k?n2A to (5.3) gives
M7/16+M3/2kn’1/2A’2 (kznzM)eJrAzM’l/zkn?’/z (kznzM)E,

Because Mk?nA~! < k?n2A (which is assumed whenever doing the substitution
S=k?n?A) is equivalent to M < nA?, we have

M3/2kn*1/2A*2 (kznzM)g <<A2M*1/2kn3/2 (anZM)g.
Now it is sufficient to consider the term
AZM Y2k 3/2 (kznzM)gZ
Substitute 1 = M(~1/2k-1 to obtain
Aszl/zkna*/z (kznzM)S — A2M5/4+37/4tery—1/2

We may now require
A2M75/4+37/4+87<<AM71/4
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without weakening the overall estimate as it is impossible to get below this bound.
This requirement obviously sets a bound for v, and the values of y not satisfying
the condition are treated according to the other approach (Lemma 34). This ap-
proach may seem a bit risky as the obvious question regarding the harshness of
the bound may rise. However, it will be seen that this bound is suitable.

We obtain
1—logy A

y< m (5.5)

as a bound.
The following calculations will complete the proof. Substitute now
S=Mk?nA~1 > linto (5.3). The estimate becomes
M7/16 4 M3/2i33/2A (kznzM)g (Aflezn)fl
— M7/18 4 MY/2p /2 (kznzM)g.
Let us estimate the latter term. Remember that for large values of v, the estimate
A1/6M1/3+8+M1/2—a}’
will be used. The term AL/6M1/3+¢ js relatively small and it suffices to consider
the other term. To optimize, we should have
MY/2-80 — pM1/2kn1/2 (kznzM)E (5.6)
when the sides attain their maxima. Further,
Ml/anl/Z (kznzM)e _ (anZM)l/‘HE ML/4L/2
_ My/4+yeM1/4k1/2 < My/4+ys+3/8
and therefore, it suffices to consider the equation

ML/2—ay _ \3/8+v/4+ve

Thus,
! a *3+y+ €
2 =gy
Now y (3 +a+¢) = % and
1
= o2isate

Concluding, the estimate becomes
A(M,M+A7§+Tl> < M7/16 4 AL/B\L/3+e | AM—L/4 4 (320
< AVEIMYHE L AMYA L ME (57)

" 1-logy A 1
where @ = min (W,m) -
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According to the best current knowledge, derived in [3], a can be chosen to be
arbitrary close to but no exceeding 7. Notice

1 1—logy A
< )
2+48-5 ~ 3/4

when logy, A < 22. However,
M 32

11

M YAA s Mrn‘miﬁ’

when A > M3/4-1/32 and therefore, we may write the estimate of the Theorem
33 in the form

Theorem 38 (another formulation). Let M11/16 « A < M3/4, Then
AM, A, ) < MV4A Mz 32+,

This version is easy to use, but it is obviously less flexible than the original
formulation.






Chapter 6

Sharp estimates for certain sums

In this section, it will be proved that the upper bounds can never be smaller
than M~1/4A, when M4 <« A < M3/4. Specifically, it will be proved that when
MB3/4-1/32+€ « A <« M, the derived bounds are sharp. (When M%* < A < M,
the sharp estimate is M%/2, which is the bound already derived by Jutila.)

Theorem 39. Let MY/2+3 < A < AM3/* where0 < A < 1isaconstant. Letwbea
smooth weight function on the interval [M,M + A] which equals 1 on the interval
[a,b] € [M,M+4A] wherea—M =M +A — b= A= with § a sufficiently small
fixed positive real number. Assume further that o = M~2. Then

a(nw(n)e(an)| = AM~ Y4,

M<n<M+A

Proof. Write A = MY. We may assume thoroughout the proof that 6 < % Let us
start just like in the proof of Theorem 33. Assume first n > 2. Use a sufficiently
large value of P in Lemma 7 to obtain

M-+A X k—1 1
wxe( = )e(2ymx+t -~ — = ) x ¥4dx <« n P2
/M ) (VM) ( 4 8)

/M+Aw(x)e <L — 2@) X Y4dx < nP/2,
Im VM

Now, let n = 1. Using absolute values while integrating, we get

M+A M+A
/ / (—ﬂ:Zﬁ) 3/4dx<</ ¥/ 4dx < 1.

Lemma 7, with a sufficiently large value of P, gives us

and

JM

oo ravi) o
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We have now obtained

a(njw(nje (%)

M-+A

M<n<M+A

- 27r(71)’</2/

M

2X— "%1 - %) x V4dx 4+ O(L).

X
VM

Let us now treat the only lasting term. This integral

M+A X 2R g
el — —2/X | w(x)x~~/*dx
fo el 2R wen

is the most crucial one and will contribute the main term. In this case partial
integration (and use of Lemma 7) fails. In order to simplify notations, write g(x) =
\/im —2,/x. Taylor expansion gives the following approximation

w(x)e (

A? A3

Write X
y() =g(x) —g(M) = VM — 2/X+ N

Now y is increasing, y(M) = 0 and

A? A3

Specifically this means that %2 +0O(M~1/4) is an upper bound for y(x) on the
interval [M,M + A]. Therefore, we may assume the values of cosine to be non-
negative. We may rewrite the integral

/N:Vl+A e <\/LM - 2\/>_<) w(x)x Y4dx

. M-+A
— g 2mivM / (cos (27y(x)) +isin (2my(x)) ) w(x)x Y4dx. (6.1)
JM
We immediately see that

M+A X MA
el —— —2yX Wxx*1/4<</ x V4 <« AM~1Y/4,
[ - av)wooc < [

Therefore, it suffices to show that

M+A
‘ / c0s (27y (X)) Wx)x /4| = M~ 1A,
JM
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First notice

/M+A cos (2my(x)) w(x)x Y/4dx| > /'\AM+% cos (27y(x)) w(x)x/*dx

M

A
M+

M+3 A
= / cos (2my(x)) X Y/4w(x)dx > cos (Zny (M + —)) / ‘
M 2 M-+AL-S

> cos <27ry (M + %)) AM~Y4,

We need a good approximation for y in order to estimate the cosine. First compute

A [ A M+5 A? A3
y(M+E)f\/M—2 M+ + N 716M3/2+O<M5/2>'

Notice now that for 0 < or <

x 1/4dx

cosa=V1—sina>\V1-2sino+sinfo=1—sino>1—a.

A A A3
cos <2ny(M+§)> 21—SIHM+O(W)7

which proves the theorem.

Therefore

|

Remark 40. This also shows that for A > M3/4 there is no better general upper
bound than M¥/2 because then the triangle inequality would give a better bound

also for A(M,M3/4, ﬁ) Also, this shows that the estimate of Theorem 33 is

sharp whenever AM~1/4 is the leading term. At the moment, the best known value
for a implies that the estimate is sharp once A > M3/4-1/32+¢
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