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Abstract
Both atom localization and Raman cooling, considered in the thesis, re-
flect recent progress in the area of all-optical methods. We focus on two-
dimensional (2D) case, using a four-level tripod-type atomic scheme for
atom localization within the optical half-wavelength as well as for efficient
subrecoil Raman cooling.

In the first part, we discuss the principles of 1D atom localization, ac-
companying by an example of the measurement of a spontaneously-emitted
photon. Modifying this example, one archives sub-wavelength localization
of a three-level Λ-type atom, measuring the population in its upper state.
We go further and obtain 2D sub-wavelength localization for a four-level
tripod-type atom. The upper-state population is classified according to the
spatial distribution, which in turn forms such structures as spikes, craters
and waves.

The second part of the thesis is devoted to Raman cooling. The cooling
process is controlled by a sequence of velocity-selective transfers from one to
another ground state. So far, 1D deep subrecoil cooling has been carried out
with the sequence of square or Blackman pulses, applied to Λ-type atoms.
In turn, we discuss the transfer of atoms by stimulated Raman adiabatic
passage (STIRAP), which provides robustness against the pulse duration
if the cooling time is not in any critical role. A tripod-type atomic scheme
is used for the purpose of 2D Raman cooling, allowing one to increase the
efficiency and simplify the realization of the cooling.
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Chapter 1

Introduction

The interaction of an atomic ensemble with external fields is of interest from
both theoretical and experimental viewpoints. In last decades, advances in
experiments have led to the observation of new sorts of atomic media such
as Bose-Einstein condensate (BEC) [1], a single atom in a trap [2] and
a quantum qubit [3, 4]. These experiments have opened new prospects
of studying fundamental properties of atomic interaction in the condensed
matter [5], ultracold particle collisions [6] and quantum entanglement [7–9].
Along with other reasons, this great success was initiated by the presence
of atomic transitions driven by optical laser sources. This interaction has
quantum nature which appears in such effects as electromagnetically in-
duced transparency [10] and coherent population trapping [11, 12]. Stimu-
lated widespread study of this interaction has made a considerable contri-
bution in high-precision measurements [13–15], atomic clocks [16–18] and
quantum computing [19, 20].

At the same time, it has turned out that managing intrinsic atomic
levels yields an effective tool to manipulate extrinsic degrees of freedom
not only of a charged particle but also of a neutral atom. Absorption or
emission of a photon is accompanied by a momentum kick of ~k involving
the acceleration or deceleration of the atom by resonant light of the wave
vector k, giving many possibilities of a high-precision control on atomic
motion. This fact has found applications in high-precision measurements
using absorbing masks of light [13, 14], atom nanolithography [15, 21], and
optical trapping and cooling [22–24]. At the cost of additional tools, it has
made possible obtaining BEC by means of evaporative cooling following
optical cooling [25], as well as cooling other sorts of atoms via sympathetic
cooling [26]. Laser cooling is also used in experiments with non-degenerate
gases such as atomic clocks [27, 28] and ultraprecise measurements [17],
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providing required large numbers of cold atoms.
A recoil momentum of ~k transferred by a photon to an atom charac-

terizes the recoil-limit temperature Trec of an atomic ensemble when the
average velocity of atoms coincides with the recoil velocity vrec = ~k/M ,
where M is the atomic mass. Typical temperatures of cold atoms for cool-
ing mechanisms based on continuous interaction with lasers are few times
Trec. For instance, polarization gradient cooling [29–31] produces the mean
velocity vrms as low as 3−5vrec. Going below the recoil limit became pos-
sible as proper cooling techniques were suggested. In 1988, Aspect and
co-workers at the ENS in Paris demonstrated the possibility to cool atoms
below the recoil limit by velocity-selective coherent population trapping
(VSCPT) cooling [32]. A different subrecoil cooling scheme, namely, Ra-
man cooling, was developed by Kasevich and Chu in 1992 at Stanford [33].

On the other hand, the development of atom-localization techniques [34–
38] led to the overcoming of another fundamental limit connected to the
Heisenberg’s microscope [39]. Known from the early days of quantum me-
chanics, this tool imposes the limitation that the atomic position can not
be detected more precise than the half-wavelength of radiation used for
detection. With the development of localization methods affecting the in-
ternal atomic states, extremely high spatial resolutions of position measure-
ment [34–36] and of state preparation [37, 38] were demonstrated. These
techniques find important practical applications in neutral atom lithogra-
phy with ultrahigh resolution [21].

For optical tools to be more efficient and powerful, the required atomic
schemes become more complicated. For instance, a three-level Λ-type
system suits fine for one-dimensional (1D) Raman cooling, for which the
feasibility of deep subrecoil temperatures is confirmed in experiment [33].
Straightforward extensions to 2D and 3D were realized in Ref. [40], with-
out the achievement of subrecoil temperatures. So far, experiments have
demonstrated 2D Raman cooling down to 0.15Trec [41]. Hence, the use of
a Λ-type scheme in 2D and 3D cases causes a crucial decrease in cooling
efficiency. The main reason is the overall control on internal atomic states,
which declines with the transfer to 2D and 3D. Situations are even more
complicated, because the corresponding laser configurations may involve
interactions with other sublevels of atomic hyperfine structure. These facts
obviously show that the actual atomic scheme substantially affects on the
success of techniques based on the atomic-level structure. Hence, finding
and studying appropriate atomic schemes represents an additional issue,
where most simple atomic schemes are preferred.
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The use of powerful optical methods together with appropriate atomic
schemes opens new opportunities and promising experiments, for instance,
laser cooling of diatomic molecules [42] or fermionic isotopes [43, 44]. Also,
new types of traps may be required, such as state-insensitive traps for
precision metrology and quantum state engineering [17, 18, 45]. Not every
technique realized in 1D can be extended to 2D and 3D cases, and thus it
should pass a proper verification. As an example, a 3D scheme based on
the J = 1 → J = 1 configuration was suggested for VSCPT cooling [46],
but has not found any application, because studied atomic states do not
form a closed velocity family. At the same time, a transition from 1D to
more dimensions usually introduces new aspects and features, unobservable
in 1D. For instance, the extension of 1D atom localization [37, 38] to 2D
(paper I) led to the discovering of three new spatial structures of population
distribution such as spikes, craters, and waves.

The formulated issues stimulated us to search for an appropriate atomic
scheme with further use in application to atom localization and subrecoil
Raman cooling. In this thesis, we theoretically study a tripod-type atomic
scheme [47, 48] attainable in metastable Ne, 87Rb and other gases. The
scheme is formed by a proper 2D laser configuration and represents a re-
placement of Λ-type scheme for 2D. In contrast to the J = 1 → J = 1
configuration, the tripod-type linkage consists only of one upper and three
ground states. In comparison with atom localization, subrecoil cooling puts
higher demands of atomic system, where a dramatic role is played by the
presence of long-living ground states and the capability of atomic states to
form a closed velocity family. The tripod-type system fulfills both these
requirements.

In the part devoted to 2D atom localization, the possibility to localize an
atom within narrow domains substantially smaller than the optical wave-
length is demonstrated (see also paper I), which opens new perspectives
in the high-precision lithography with neutral atoms. The use of tripod-
type scheme for 2D Raman cooling reduces the number of Raman beams
down to three pairs (paper IV). Whereas the direct extension [40, 41] of the
original Raman cooling to 2D requires four Raman beam pairs, producing
temperatures down to 0.15Trec [41]. As shown in this thesis, tripod-type
atoms in theory can be cooled down by an order of magnitude or even
more, which means going down to 0.01Trec. The scheme can also be used in
transversal cooling of atomic beams, for example Ne∗ [47, 48]. However, 2D
Raman cooling requires more cooling cycles as compared with 1D, imposing
strict demands on the velocity precision of the Raman transfer. In other
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words, one needs very accurate adjustment of laser detunings and the pulse
area. We in turn suggest to overcome these limitations with the help of a
STIRAP pulse which provides the robust transfer process (papers II, V).
As a result, the cooling of tripod-type atoms down to 0.01Trec was achieved,
which nevertheless allows a wide variation in both the pulse duration and
envelope if only the adiabaticity criterion is satisfied. The pulse duration
of STIRAP exceeds those of normal Raman processes, so the advantage of
robustness is attained only if the cooling time is not in any critical role.
This slowness related to adiabaticity would restrict the application of the
method in atomic beam collimation to very slow beams. Because Raman
cooling requires hundreds of cooling cycles to be applied, a natural question
arises: Does the order of cycles influence the efficiency of cooling process?
This thesis gives the answer in the part where an analytical form of the
cold-atom momentum distribution is derived for the 1D case (paper III). It
is shown that the resulting momentum distribution is independent of the
cycle order once the number of applied cooling cycles is large enough.

The organization of this thesis is as follows. Chapter 2 considers the
sub-wavelength localization of an atom in the field of resonant standing
wave. Section 2.1 explains the principles of localization with an example of
measuring spontaneous emission. This example, adapted in Sec. 2.2 to the
1D localization of an atom via its level population, finds practical appli-
cations in nanolithography [21]. Of greater interest is the 2D localization
of a tripod-type atom via level population, which is presented in Sec. 2.3,
classifying the upper-level population in respect to its 2D spatial structure.
Chapter 3 gives a description of Raman cooling, starting from elementary
cooling cycle in Sec. 3.1. Different mechanisms of coherent population
transfer are discussed in Sec. 3.2. Section 3.3 presents the resulting cool-
ing of an atomic ensemble, whose momentum distribution under certain
conditions takes an analytical form, derived in Sec. 3.4. Section 3.5 ex-
tends Raman cooling over 2D, using a tripod-type atomic scheme. Finally,
Chapter 4 concludes and summarizes the thesis.



5

Chapter 2

Atom localization

The prototype of an all-optical measuring device is the Heisenberg micro-
scope [39], based on the uncertainty principle

∆px∆x ∼ h. (2.1)

The greatest momentum kick ∆px = 2~k, transferred from an optical pho-
ton to an atom, determines the precision of the atomic position measure-
ment in terms of the optical wavelength λ:

∆x ∼ λ

2
. (2.2)

Consequently, the Heisenberg microscope demonstrates that an atom can
not be localized within the optical half-wavelength without involving the
intrinsic atomic structure. Knowledge about the atomic-level structure ini-
tiated numerous localization techniques within a half-wavelength region,
based on the measurement of the atomic resonance frequency [49–51], the
phase shift [52–54] or the atomic dipole [55]. The highest localization
degrees have been demonstrated by measuring either spontaneous emis-
sion [34–36] or a level population [37, 38] of an atom moving through a
resonant standing wave.

2.1 Localization via spontaneous emission
The high-precision localization of an atom relies on position-dependent
modification of its internal states. For this purpose, the atom passes
through an optical standing wave inducing inhomogeneity within the opti-
cal half-wavelength. As shown in Fig. 2.1a, the atom is moving along the
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Figure 2.1: An atom passes through a classical standing wave resonant to
transition |c〉 ↔ |a〉. The atom prepared in state |a〉 only decays through
channel |a〉 ↔ |b〉 with the decay rate γ. The standing-wave field creates
an inhomogeneity along axis Ox, which allows to localize the atom after a
spontaneously emitted photon is measured.

Oz direction, whereas the standing wave of wave vector k = ω/c is aligned
along the Ox axis, and its electric field is given by

E(r, t) = E sin(kx) cos(ωt). (2.3)

Assume that the atom has three levels, |a〉, |b〉, and |c〉, as shown in
Fig. 2.1b, and the standing wave (2.3) is at the resonance with transition
|a〉 ↔ |c〉, i.e., ω = ωca. Incipient spontaneous radiation on transition |a〉 ↔
|b〉 of the atom is detected during its motion through the standing wave.
The center-of-mass deflection along axis Ox of the atom is considered to be
negligible, which allows us to apply the Raman-Nath approximation and
thus avoid the kinetic-energy term for the atom. The atomic Hamiltonian in
the interaction representation and the rotating-wave approximation (RWA)
is therefore written as [34]

Ĥ = ~g(x)
(
|c〉〈a|+ |a〉〈c|

)
+ ~

∑
q

(
gq(x) exp(−iδqt)|a〉〈b|b̂q + g∗q(x) exp(iδqt)|b〉〈a|b̂†q

)
. (2.4)

The coupling of transition |a〉 ↔ |c〉 by the resonant standing wave is
associated with the position-dependent Rabi frequency g(x) = G sin(kx),
whereas the annihilation b̂q and creation b̂†q operators of photons with wave
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vector q describe spontaneous emission through the |a〉 ↔ |b〉 channel. A
spontaneous photon emitted under the angle θ with respect to axis Ox has
coupling parameter gq(x) = Gq exp(iqx cos θ), where q = |q|; δq ≡ νq−ωab
is the detuning between the frequency νq = cq of the photon and the
frequency ωab of transition |a〉 ↔ |b〉.

The atom-field state vector |Ψ(t)〉 of the atom is given by

|Ψ(t)〉 =

∫
dxf(x)|x〉

(
Ca,0(x; t)|a, 0〉

+ Cc,0(x; t)|c, 0〉+
∑
q

Cb,1q(x; t)|b, 1q〉
)
. (2.5)

Here, the position-dependent probability amplitudes Ci,0(x; t) (i = a, c)
correspond to the atom in state |i〉 with no photons in the reservoir mode,
whereas the probability amplitude Cb,1q(x; t) describes the atom in ground
level |b〉 and one photon in mode q; f(x) is the center-of-mass wave function
of the atom.

The detector absorbs photons spontaneously emitted by the atom. A
photon in mode q detected at time t allows us to determine the probability
W (x; t|b, 1q) for the atom to be at position x at the moment. The fact that
the atom is found in state |b, 1q〉 defines the reduced state of the atom,

|ψ(atom)
b,1q

〉 = N〈b, 1q|Ψ(t)〉 = N
∫
dxf(x)Cb,1q(x; t)|x〉, (2.6)

where N is a normalization factor. Hence, the conditional position proba-
bility is given by

W (x; t|b, 1q) = |〈x|ψ(atom)
b,1q

〉|2 = |F(x; t|b, 1q)|2|f(x)|2, (2.7)

whose dependence on the probability amplitude Cb,1q follows from the filter
function

F(x; t|b, 1q) = |N |2|Cb,1q(x; t)|2. (2.8)

The atomic Hamiltonian (2.4) and the probability function |Ψ(t)〉 (2.5)
satisfy the Schrödinger equation

i~
∂

∂t
|Ψ〉 = Ĥ|Ψ〉, (2.9)
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which in turn gives the following equations of motion for the probability
amplitudes:

Ċa,0 = −igCc,0 − i
∑
q

gq exp(−iδqt)Cb,1q , (2.10)

Ċc,0 = −igCa,0, (2.11)

Ċb,1q = −ig∗q exp(iδqt)Ca,0. (2.12)

The formal solution of Eq. (2.12) with the initial condition Cb,1q(t = 0) = 0
is written as

Cb,1q = −ig∗q
∫ t

0

dt′ exp(iδqt
′)Ca,0(t′). (2.13)

Substituting the probability amplitude Cb,1q (2.13) into Eq. (2.10) and ap-
plying the Weisskopf-Wigner approximation, one gets equation

Ċa,0 = −igCc,0 − γCa,0, (2.14)

where 2γ is the natural linewidth of level |a〉. Solving the reduced system
of Eqs. (2.11) and (2.14), one gets decay from state |a〉. If the atom is
originally prepared in the |a〉 state, then the probability amplitude Ca,0 is
given by

Ca,0(x; t) = exp(−γt/2)

(
cosh{1

2
[γ2 − 4g2(x)]1/2t}

− γ

[γ2 − 4g2(x)]1/2
sinh{1

2
[γ2 − 4g2(x)]1/2t}

)
. (2.15)

The high-precision localization of the atom crucially depends on preci-
sion with which the frequency νq of the spontaneously emitted photon is
measured. The measurement with accuracy |∆νq| � γ is possible for times
considerably larger than the lifetime γ−1 of level |a〉, that is γt� 1. In this
long-time limit, we ensure that the photon is detected, and the probability
amplitude Cb,1q follows the steady-state solution

Cb,1q(x; t→∞) = − G∗q exp(−ikx cos θ)δq

G2 sin2(kx)− δ2
q − iδqγ

. (2.16)

If we consider the coupling parameter Gq to be constant, then the filter
function (2.8) is given by

F(x; t→∞|b, 1q) ≡ F(x) = |N |2 |Gq|2δ2
q

[G2 sin2(kx)− δ2
q]2 + δ2

q

, (2.17)
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Figure 2.2: Conditional position distribution W (x) (equation (2.7)) as a
function of kx. The nodes of Rabi frequency g(x) of amplitude G = 10γ
lie at positions kx = 0,±π,±2π, . . .. The peaks of W (x) arise in a strong
correlation with the detuning δq of the measured spontaneously emitted
photon. For δq = 5γ (a) maxima lie between the antinode and node, and
for δq = 10γ (b) the positions of maxima approach antinodes. The peak
positions are defined by the resonance condition δq = G| sin(kx)| following
from Eq. (2.17).

and defines the conditional position distribution (2.7) in dependence on the
frequency νq of the spontaneously emitted photon.

Figure 2.2 shows the probability W (x) of finding the atom at position
x of an initially broad wave packet for two selected values of detuning
δq = νq−ωab, corresponding to the frequency νq of the detected spontaneous
photon. A strong correlation between the measured photon frequency νq
and the position x of the atom is reflected by the location of the maxima
of W (x), which strongly depends on the detuning δq. As a result, the atom
is localized in a narrow position range within the half-wavelength of the
standing wave.

Maxima in position distributionW (x) defined by the frequency νq of the
spontaneously emitted photon are caused by the Autler-Townes effect [56,
57]. The maxima correspond to a doublet in the Autler-Townes spectrum,
arising under the influence of a resonant wave on transition |a〉 ↔ |c〉.
The corresponding splitting between dressed states equals twice the Rabi
frequency g, and the spectrum of spontaneous emission on transition |a〉 ↔
|b〉 has two peaks at frequencies νq = ωab± g. In our case, the fact that the
Rabi frequency is position-dependent defines a strong correlation between
the frequency of the spontaneously emitted photon and the position of the
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atom within the half-wavelength domain.

2.2 Localization via level population
In the frame of the Raman-Nath approximation, the actual position dis-
tribution f(x) of the atomic center-of-mass does not change during the
measurement of a spontaneously emitted photon. In this case, the wave
function |Ψ〉 of the atom does not provide information about the position
of the atom in contrast to the reduced state |ψ(atom)

b,1q
〉. In other words, the as-

surance that the atom is found in state |b, 1q〉 after it emits the spontaneous
photon allows us to localize the atom. However, we only probe the reduced
wave function |ψ(atom)

b,1q
〉 without changing it. On the other hand, the possi-

bility to manage a certain internal state would allow a high-precision tech-
nique to manipulate atoms localized in a narrow position range, not limited
by the optical wavelength. There are demonstrations of several such tech-
niques [37, 38] based on measuring population in an internal state, which
may be applied for atom nanolithography [21] to form spatial structures of
the order of few tens of nanometer on the sample surface.

Following closely Ref. [37, 38], we consider a three-level Λ-type atom
shown in Fig. 2.3. A strong standing wave of frequency ω1 couples tran-
sition |1〉 ↔ |2〉, whereas a probe running wave of frequency ω2 couples
transition |2〉 ↔ |3〉. Transition |1〉 ↔ |3〉 is forbidden in the electric dipole
approximation. Hence, the coupling operator V̂ in the RWA and the inter-
action representation is written as

V̂ = ~g(x)
{
|1〉〈2|+ |2〉〈1|

}
+ ~Ω

{
|2〉〈3|+ |3〉〈2|

}
, (2.18)

where g(x) = G sin(kx) is the position-dependent Rabi frequency of the
standing-wave field, Ω is the constant Rabi frequency of the probe field.
Assuming that the center-of-mass position of the atom along axis Ox does
not change, we apply the Raman-Nath approximation and neglect the ki-
netic energy of the atom. Then, taking level |1〉 for the zero-energy floor,
the atomic Hamiltonian is given by

Ĥ = −~∆1|2〉〈2|+ ~(∆2 −∆1)|3〉〈3|+ V̂ , (2.19)

where ∆1 = ω1−ω21, ∆2 = ω2−ω23 are the detunings from the upper state
|2〉 to states |1〉 and |3〉, respectively.

Spontaneous decays through channels |2〉 ↔ |m〉 (m = 1, 3) with the
decay rates γ1 and γ2, respectively, determine the natural linewidth γ =
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Δ2
Δ1

Ω
g(x) γ1

γ2

2

1
3

Figure 2.3: Population localization of a Λ-type atom. A spatial inhomo-
geneity of atomic populations follows from the position-dependent Rabi
frequency g(x) of standing wave coupling transition |1〉 ↔ |2〉. The adja-
cent transition |2〉 ↔ |3〉 of the atom is coupled by a probe field of Rabi
frequency Ω. The detunings of the standing-wave and probe fields are ∆1

and ∆2, respectively; γ1, γ2 are the decay rates from the upper state.

γ1 + γ2 of the upper level |2〉. Spectral widths of optical transitions are
2Γ12 and 2Γ23. In order to take into account all the relaxation rates, we
describe this localization scheme with the help of density matrix ρ, whose
the equation of motion is given by [58]

i~
d

dt
ρ = [Ĥ, ρ]− i~R(ρ), (2.20)

with the atomic Hamiltonian (2.19) and the linear relaxation contribution
R(ρ) from the decay rates. Consequently, the equations of motion for the
density-matrix elements ρij are written as

iρ̇11 = −g(x)(ρ12 − ρ21) + iγ1ρ22, (2.21a)
iρ̇22 = g(x)(ρ12 − ρ21)− Ω(ρ23 − ρ32)− iγρ22, (2.21b)
iρ̇33 = Ω(ρ23 − ρ32) + iγ2ρ22, (2.21c)
iρ̇12 = −g(x)(ρ11 − ρ22)− Ωρ13 + ∆1ρ12 − iΓ12ρ12, (2.21d)
iρ̇13 = −Ωρ12 + g(x)ρ23 − (∆2 −∆1)ρ13, (2.21e)
iρ̇23 = Ω(ρ33 − ρ22) + g(x)ρ13 −∆2ρ23 − iΓ23ρ23. (2.21f)

The rest of equations for density-matrix elements follow from Eqs. (2.21)
as their complex conjugates. Similarly to Sec. 2.1, the localization of the
atom is considered in the long-time limit, when

ρ̇ij = 0, i, j = 1, 2, 3. (2.22)
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The effect of coherent population trapping (CPT) in ground states |1〉
and |3〉 of a three-level Λ-type atom is observed in the case of equal detun-
ings (∆1 = ∆2). As follows from Eqs. (2.21) and (2.22), the atomic-level
populations are then given by

ρ11 =
Ω2

g2(x) + Ω2
, ρ22 = 0, ρ33 =

g2(x)

g2(x) + Ω2
. (2.23)

The atom localization in the CPT case was considered by Agarwal and
Kapale [21]. The case of the strong standing wave and the weak probe
wave (G � Ω) demonstrates the localization of the atom in state |1〉 near
the node of the standing wave g(x).

In the case of unequal detunings (∆1 6= ∆2), the spatial dependence of
atomic populations has a more complex form in comparison with the CPT
case. As follows from Appendix A, the steady-state solution of Eqs. (2.21)
for the two-photon detuning δ 6= 0, where δ = ∆2 −∆1, is written as

ρ11 =
Ω2

A

(
2Γ12Γ23g

2(x) + γ1 Re(βα1)
)
, (2.24)

ρ22 =
2Γ12Γ23g

2(x)Ω2

A
, (2.25)

ρ33 =
g2(x)

A

(
2Γ12Γ23Ω2 + γ2 Re(βα2)

)
, (2.26)

where the denominator is given by

A = 6Γ12Γ23g
2(x)Ω2 + γ1Ω2 Re(βα1) + γ2g

2(x) Re(βα2), (2.27)

and the rest of values are

β =

(
Γ12 − i∆1 − i

Ω2

δ

)(
Γ23 + i∆2 − i

g2(x)

δ

)
+
g2(x)Ω2

δ2
, (2.28)

α1 = Γ12 + i∆1 + i
ζ

γ1δ
, (2.29)

α2 = Γ23 − i∆2 + i
ζ

γ2δ
, (2.30)

ζ = γ1Ω2 + γ2g
2(x). (2.31)

In this case, the localization of the atom may occur beside the nodes
of the standing wave g(x). For instance, let us consider population in the
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Figure 2.4: Spatial distribution of upper-state population ρ22 as a function
of kx. The decay rates γ1,2 from the upper state |2〉 are denoted as γ,
the spectral widths 2Γ12, 2Γ23 of optical transitions |2〉 ↔ |m〉 (m = 1, 3)
equal 2γ. The nodes of Rabi frequency g(x) of amplitude G = 3γ lie at
positions kx = 0,±π,±2π, . . ., whereas the positions of maxima in spatial
distribution ρ22 are defined by the detunings having the following values:
(a) ∆1 = 0.5γ, ∆2 = 2γ; (b) ∆1 = 4.5γ, ∆2 = 6γ. The Rabi frequency Ω
of the probe field equals 0.3γ.

upper state |2〉 for position x far from the nodes, where g(x)� Ω. Hence,
the spatial dependency of ρ22 is given by

ρ22(x) ≈ 2Ω2

γ2

Γ23(
∆2 −

g2(x)

δ

)2

+ Γ2
23

. (2.32)

Figure 2.4 illustrates the localization of the atom in the upper state |2〉
for detunings δ,∆2 > 0. In the case of δ∆2 � G2, population ρ22 has two
narrow symmetric peaks on the left and right of nodes kx = 0,±π, . . ., as
shown in Fig. 2.4a. As follows from Eq. (2.32), the positions of the peaks
correspond to relationship

g2(x) ≈ δ∆2. (2.33)

For instance, the positions of peaks around node x = 0 are given by

kx ≈ ± arcsin

(√
δ∆2

G

)
. (2.34)
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When the condition of δ∆2 = G2 is satisfied, these peaks approach antin-
odes kx = ±π/2 (see Fig. 2.4b).

The peaks in the spatial distribution of the upper-state population ρ22

can be explained in terms of the dressed-state picture. In this representa-
tion, levels |1〉 and |2〉 are split under the influence of the strong standing
wave g(x), where g(x) � Ω. Taking into account that δ = ∆2 − ∆1, we
transform Eq. (2.33) to the following form:

∆1 ±
√

4g2(x) + ∆2
1

2
≈ ∆2. (2.35)

Here, the left-hand side represents the splitting of the upper state |2〉,
whereas the right-hand side ensures that probe field coupling transition
|2〉 ↔ |3〉 is tuned into resonance with a dressed state.

2.3 Two-dimensional localization via level pop-
ulation

The two-dimensional (2D) spatial localization of an atom in scales sub-
stantially smaller than an optical wavelength is of a great interest in atom
nanolithography. Such a localization is achieved in the field of two per-
pendicular standing optical waves producing the mask of light [13, 14] and
thus changing populations in atomic levels.

Let us consider the four-level tripod-type atom shown in Fig. 2.5a for
the needs of atom localization as it was suggested in paper I. The atomic
transition |2〉 ↔ |4〉 is coupled by a linear-polarized standing-wave laser
of the Rabi frequency g2(y) = G2 sin(ky) and the detuning ∆2, which
forms a position inhomogeneity along axis Oy (see Fig. 2.5b). Two lasers
circular-polarized in opposite directions propagate along axis Ox and cou-
ple transitions |1〉 ↔ |4〉 and |3〉 ↔ |4〉 of the atom. The standing-wave
laser near-resonant to the |1〉 ↔ |4〉 transition has the Rabi frequency
g1(x) = G1 sin(kx) and the detuning ∆1, whereas the laser near-resonant
to the |3〉 ↔ |4〉 transition is a running wave of the Rabi frequency Ω and
the detuning ∆3. The decay rates though channels |4〉 ↔ |m〉 (m = 1, 2, 3)
equal γ1, γ2, and γ3, respectively. Thus, the natural linewidth of the upper
state |4〉 is given by γ = γ1 + γ2 + γ3. Spectral widths of optical transitions
are Γ14, Γ24 and Γ34.

We describe the dynamics of internal states of the atom at position
(x, y) by density matrix ρ(x, y, t). The equations of motion for density-
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Figure 2.5: A tripod-type atom falls along axis Oz and passes through
a range of the interaction with two perpendicular strong standing waves
of the Rabi frequencies g1(x) and g2(y), and a probe running wave of the
Rabi frequency Ω. The waves propagating along axis Ox, g(x) and Ω, are
circularly polarized in opposite directions, and the linearly polarized wave
g(y) is aligned along axis Oy.

matrix elements are then given by

iρ̇11 = g1(x)(ρ14 − ρ41) + iγ1ρ44, (2.36a)
iρ̇22 = g2(y)(ρ24 − ρ42) + iγ2ρ44, (2.36b)
iρ̇33 = Ω(ρ34 − ρ43) + iγ3ρ44, (2.36c)
iρ̇44 = g1(x)(ρ41 − ρ14) + g2(y)(ρ42 − ρ24) + Ω(ρ43 − ρ34)− iγρ44, (2.36d)
iρ̇12 = g2(y)ρ14 − g1(x)ρ42 + (∆1 −∆2)ρ12, (2.36e)
iρ̇13 = Ωρ14 − g1(x)ρ43 + (∆1 −∆3)ρ13, (2.36f)
iρ̇23 = Ωρ24 − g2(y)ρ43 + (∆2 −∆3)ρ23, (2.36g)
iρ̇14 = g1(x)(ρ11 − ρ44) + g2(y)ρ12 + Ωρ13 + (∆1 − iΓ14)ρ14, (2.36h)
iρ̇24 = g2(y)(ρ22 − ρ44) + g1(x)ρ21 + Ωρ23 + (∆2 − iΓ24)ρ24, (2.36i)
iρ̇34 = Ω(ρ33 − ρ44) + g1(x)ρ31 + g2(y)ρ32 + (∆3 − iΓ34)ρ34. (2.36j)

The rest of equations for density-matrix elements follow from Eqs. (2.36)
as their complex conjugates.

Similarly to Sec. 2.2, we consider the long-time limit (ρ̇ij = 0) and obtain
the steady-state population ρ44 of the upper state |4〉 under the condition
of weak probe field (Ω � g1(x), g2(y)). In the case of Ω = 0, strong
standing waves g1(x), g2(y) displace all the atomic population into ground
state |3〉, so that ρ33 = 1; the rest of density-matrix elements ρij = 0.
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These values of ρij are considered as the starting approximation to the
case of Ω � g1(x), g2(y). Consequently, Eqs. (2.36f) and (2.36g) give the
steady-state density-matrix elements

ρ31 ≈
g1(x)

∆13

ρ34, ρ32 ≈
g2(y)

∆23

ρ34, (2.37)

where ∆13 = ∆1 −∆3, ∆23 = ∆2 −∆3. From Eq. (2.36j), it follows that

ρ34 ≈
Ω

iΓ34 −
g2

1(x)

∆13

− g2
2(y)

∆23

−∆3

. (2.38)

Here, the starting condition ρ33 − ρ44 = 1 is taken into account. Hence,
Eq. (2.36c) gives the upper-state population in the form

ρ44 ≈ −
2Ω2

γ3

Im
1

iΓ34 −
g2

1(x)

∆13

− g2
2(y)

∆23

−∆3

. (2.39)

After the substitution of the explicit expression for the Rabi frequencies
g1(x) and g2(y), the density-matrix element ρ44 is written as

ρ44 ≈
2Γ34Ω2

γ3Z
, (2.40)

where

Z =

(
G2

1

∆13

sin2 kx+
G2

2

∆23

sin2 ky + ∆3

)2

+ Γ2
34. (2.41)

Note that the form of the upper-state population given by (2.40) with (2.41)
is similar to Eq. (2.32) obtained for a three-level Λ-type atom.

The upper-state population of the atom is given by Eqs. (2.40) and (2.41)
for those atomic positions (x, y), where the condition of Ω� g1(x), g2(y) is
satisfied. The situation becomes different when the atom passes the optical
mask of light close to a nodal line of standing wave g1(x) or g2(y). The
nodal-line position is defined by either g1(x) = 0 or g2(y) = 0, causing the
atomic population in the long-time limit to be either in state |1〉 or |2〉,
with no population in the upper state |4〉.
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(a) (b)
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Figure 2.6: 2D periodic spatial structures of upper-state population ρ44

represent (a) spikes, (b) craters, and (c) waves. The kind of spatial struc-
ture is defined by the detunings having the following values: (a) ∆1 = 10γ,
∆2 = 14γ, ∆3 = 16γ; (b) ∆1 = 5γ, ∆2 = 9γ, ∆3 = 11γ; and (c) ∆1 = γ,
∆2 = −3γ, ∆3 = 5γ. Here, γ is the common decay rate through channels
|4〉 ↔ |m〉 (m = 1, 2, 3), i.e, γ1, γ2, γ3 = γ. The spectral widths of opti-
cal transitions, 2Γ14, 2Γ24, and 2Γ34, equal 2γ. The Rabi frequencies are
G1 = 6γ, G2 = 4γ, and Ω = 0.3γ.

2.3.1 Spatial structures of upper-level population

The spatial distributions of population in state |4〉 can be classified with the
help of Eqs. (2.40) and (2.41). We select three types of spatial distribution
such as spikes, craters, and waves, and illustrate them in Fig. 2.6, which in
turn represents the result of numerical calculations for the long-time limit.
Every population distribution forms a spatial periodic pattern with the
minimal 2D domain of the size of λ/2, where λ is the optical wavelength.
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As follows from Eq. (2.41), maxima of population ρ44 in the case of
spikes occur at positions (x, y), where

sin2 kx ≈ 1, sin2 ky ≈ 1, (2.42)

which in turn gives the following positions of the maxima:

(x, y) ≈
(

(2m+ 1)
λ

4
, (2n+ 1)

λ

4

)
, (2.43)

with integer numbers m, n. Hence, population in the upper state shows
how close to point (2.43) the atom passes the light mask, leading to the
high-precision atom localization in the case of narrow spikes. In turn, the
localization of the atom at a distance from point (2.43) is attained in the
case of craters. One can see from Eq. (2.41) that the corresponding points
of the maximal population are given by

G2
1

∆13

sin2 kx+
G2

2

∆23

sin2 ky + ∆3 ≈ 0. (2.44)

Equation (2.44) defines the maximal population in the case of waves as well.
For instance, parameters of the atom-field coupling may satisfy inequality∣∣G2

2/∆23

∣∣� ∣∣G2
1/∆13

∣∣ . (2.45)

In this case, Eq. (2.44) gives the following positions of the maximal popu-
lation:

sin2 kx ≈ ∆3(∆3 −∆1)/G2
1. (2.46)

As a result, the atom is localized along axis Ox. Also, the localization
along axis Oy is possible, when∣∣G2

1/∆13

∣∣� ∣∣G2
2/∆23

∣∣ . (2.47)

The corresponding positions of the maximal upper-state population are
given by

sin2 ky ≈ ∆3(∆3 −∆2)/G2
2. (2.48)

The considered cases of spikes, craters and waves demonstrate that the
localization of an atom in its upper state |4〉 is not limited by the optical
wavelength λ, achieving spatial domains much smaller than λ2. The preci-
sion of the localization increases together with the amplitudes G1 and G2
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(a) (b)

Figure 2.7: 2D spatial structures from Fig. 2.6 shifted along directions Ox
and Oy by λ/4, where λ = 2π/k is the optical wavelength. (a) Craters
after shifting along axis Oy to the nodal lines of standing wave g2(y); (b)
spikes after shifting to the crossings of nodal lines of standing waves g1(x)
and g2(y). The frequency detunings of lasers are (a) ∆1 = −3γ, ∆2 = 5γ,
∆3 = 3γ; and (b) ∆1 = 8γ, ∆2 = 4γ, ∆3 = 2γ. The other parameters of
the atom-field coupling coincide with those in Fig. 2.6.

of the Rabi frequencies g1(x) and g2(y), whereas the intensity Ω2 of the
weak probe field defines the maximal value of the upper-state population.

The spatial structure of population distribution is defined by parame-
ters of the atom-field coupling, which in turn can be adjusted to shift the
structure along either the Ox or Oy axis by a spatial phase shift of π/2. It
is straightforward to verify that transformations

∆′1 = 2∆3 −∆1 +G2
1/∆13, (2.49a)

∆′2 = ∆2 +G2
1/∆13, (2.49b)

∆′3 = ∆3 +G2
1/∆13, (2.49c)

applied to denominator Z in Eq. (2.41), modify its value as

Z ′ =

(
G2

1

∆′13

sin2 kx+
G2

2

∆′23

sin2 ky + ∆′3

)2

+ Γ2
34

=

(
G2

1

∆13

sin2
(
kx± π

2

)
+

G2
2

∆23

sin2 ky + ∆3

)2

+ Γ2
34. (2.50)
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Whereas transformations

∆′′1 = ∆1 +G2
2/∆23, (2.51a)

∆′′2 = 2∆3 −∆2 +G2
2/∆23, (2.51b)

∆′′3 = ∆3 +G2
2/∆23, (2.51c)

lead the denominator Z to the form

Z ′′ =

(
G2

1

∆13

sin2 kx+
G2

2

∆23

sin2
(
ky ± π

2

)
+ ∆3

)2

+ Γ2
34. (2.52)

New spatial structures determined by Eqs. (2.50) and (2.52) represent the
original structure shifted along either the Ox or Oy axis by a spatial phase
shift of π/2.

Figure 2.7 illustrates the result of applying the transformations (2.50)
and (2.52) to such spatial structures as craters and spikes. Craters shifted
along the Oy axis to the crossing with nodal lines of standing wave g2(y)
are shown in Fig. 2.7a, whereas spikes shifted to the crossing of nodal lines
of standing waves are shown in Fig. 2.7b.
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Chapter 3

Raman cooling

After the discovering of VSCPT cooling in 1988 [32], Raman cooling [33]
(1992) was the second technique which demonstrated cooling below the
recoil limit. Both VSCPT and Raman cooling rely on a three-level Λ-
type atomic system, but mechanisms used for the achievement of subrecoil
temperatures are different. Raman cooling utilizes velocity-selective trans-
fers among ground states in order to accumulate atoms in “dark states”.
Thereby, Raman cooling represents manipulating the internal degrees of
freedom and accomplishes velocity selectivity in the same manner as the
Maxwell’s demon does. An improvement of internal-state manipulation
reflects on the efficiency of Raman cooling, for instance, a qualitative anal-
ysis [59] given in the Lévy-flight approach [60] improved an earlier exper-
iment [61] with a better fraction of atoms in the cold peak and a consid-
erably simpler pulse sequence. The manipulation of internal atomic states
extended over two and three dimensions made possible 2D and 3D Raman
cooling as well [40, 41].

Temperatures archived by Raman cooling are substantially below the
recoil limit, which in principle can not be reached by a cooling technique
based on a continuous interaction of atoms with laser sources. In turn,
Raman cooling originates from another cooling principle which can be ex-
plained in terms of a random walk in the velocity space. Each elementary
cycle initiates such a random walk of an atom after a two-photon transfer
and proceeding optical pumping. However, if the excitation profiles have
the proper envelopes, atoms near the zero velocity remain untouched, i.e.,
these atoms stay in a “dark state”. At that time, other atoms may fall
into the dark state during the random walk, causing an accumulation of
atoms near the zero velocity and cooling of the atomic ensemble. The final
temperature is defined by the velocity width of the dark state, and reaches
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Figure 3.1: An elementary cycle of Raman cooling consists of (a) coherent
population transfer and (b) optical pumping. (c) The initial Maxwell dis-
tribution of atoms which all seat in ground state |1〉. (d) and (e): velocity
distributions after the first (a) and second (b) cooling steps. As a result,
an increase of atoms near the zero velocity is observed.

very low values as the dark state becomes narrow.

3.1 Elementary cooling cycle

Raman cooling is a cyclical process, an elementary cycle of which is imple-
mented in two steps shown in Fig. 3.1. We assume that the initial atomic
ensemble, depicted in Fig. 3.1c, is Maxwell-distributed in velocity, and the
atoms are in ground state |1〉. The first step of cooling cycle implements a
transfer of atoms through two-photon resonance between states |1〉 and |3〉,
created by two counter-propagating laser beams (see Fig. 3.1a). A certain
velocity group of atoms is cut off and then transferred to adjacent ground
state |3〉, forming a sharp population peak in the velocity distribution in
Fig. 3.1d. This step realizes the concept of internal-state manipulation, de-
termining where and how much atoms to be transferred. This step usually
varies from cycle to cycle exciting different velocity groups of atoms in or-
der to provide the most productivity. The second step shown in Fig. 3.1b is
accomplished by optical pumping, returning all the atoms in ground state
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|3〉 back to the original state |1〉. As a result, a growth in atoms around
the zero velocity is observed (see Fig. 3.1e), involving a phase-space-density
increase and cooling of the ensemble.

Raman cooling uses two laser beam configurations, which alternate dur-
ing cooling process. For the first laser configuration, pump laser is aligned
forwards the Oz axis and couples state |1〉 to the upper state |2〉, which in
turn is coupled to state |3〉 by Stokes laser aligned backwards the Oz axis.
As a result, atoms transferred in the first cooling step gain a momentum
shift of ~(kP − kS), where kP = kez, kS = −kez are the wave vectors of
the pump and Stokes lasers, respectively.

In the second step of cooling cycle, the pump laser is switched off,
whereas the Stokes laser is tuned at the resonance and plays the role of
optical pump, exciting atoms from state |3〉 to the upper state |2〉. An
excited atom then decays through channel |2〉 ↔ |1〉, when a spontaneously
emitted photon of momentum ∆p takes away a part of the atomic kinetic
energy, causing a cooling of the atom. Hence, in the second cooling step,
the atomic momentum is shifted by ~kS−∆p, so that the total momentum
shift after the cooling cycle (steps 1 and 2 combined) is given by

δp = ~(kP − kS) + (~kS −∆p) ≡ ~kP −∆p. (3.1)

Because |∆p| ≈ ~k, the projection of δp on axis Oz is non-negative and,
hence, the atom has been pushed in the velocity space forwards the Oz
axis. If the atomic velocity before the cooling cycle was on the left-hand
side of axis Oz, the atom experiences cooling.

The second laser configuration takes place when the pump laser propa-
gates backwards the Oz axis (kP = −kez), and the Stokes laser propagates
forwards the Oz axis (kS = kez). Under this laser configuration, an ele-
mentary cooling cycle in relation to the velocity space pushes atoms to the
left against axis Oz and is used for cooling atoms on the right-hand side
of the velocity distribution. Consequently, alternating the first and second
laser beam configurations cool the atomic ensemble in total.

3.2 First step of cooling cycle

Let us consider the first step of cooling cycle applied for a three-level Λ-type
atom shown in Fig. 3.2. The atom interacts with two lasers of frequencies
ωP , ωS, resonant to transitions |1〉 ↔ |2〉 and |2〉 ↔ |3〉, respectively. The
first laser configuration with kP = kez, kS = −kez, defines the following
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Figure 3.2: A three-level Λ-type atom interacts with the first laser beam
configuration which includes a pump and Stokes lasers, near-resonant to
transitions |1〉 ↔ |2〉 and |2〉 ↔ |3〉, respectively.

electric field:

E(r, t) =
1

2
EP e

ikz−iωP t +
1

2
ESe

−ikz−iωSt + c.c. (3.2)

To ensure that the one-photon resonances are avoided, we assume that

|∆P | � Γ, |∆S −∆P |, (3.3)

where ∆P = ωP − ω21, ∆S = ωS − ω23 are the detunings of the pump
and Stokes laser, respectively; ω21, ω23 are the frequencies of transitions
|1〉 ↔ |2〉 and |2〉 ↔ |3〉; Γ is the natural linewidth of the upper state |2〉.
As a result, decays through channels |1〉 ↔ |2〉 and |2〉 ↔ |3〉 are inhibited,
and such a non-dissipative system is described by the Schrödinger equation

i~
∂

∂t
|Ψ〉 = Ĥ|Ψ〉, (3.4)

where |Ψ〉 is the probability function. The atomic Hamiltonian consists of
the kinetic-energy term, the Hamiltonian of a non-moving atom with mass
M , and the coupling operator:

Ĥ =
P̂ 2

2M
+ Ĥ0 + V̂ . (3.5)

Taking the ground state |1〉 for the zero-energy floor of a non-moving
atom, one gets

Ĥ0 = ~ω21|2〉〈2|+ ~(ω21 − ω23)|3〉〈3|. (3.6)
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The interaction of the atom with the external laser fields is given by the
coupling operator

V̂ = −d̂E(r, t), (3.7)

where d̂ is the electric-dipole operator of the atom. The rotating-wave
approximation (RWA) allows one to split up the coupling V̂ into a sum
of terms describing the coupling with transitions |1〉 ↔ |2〉 and |2〉 ↔ |3〉.
Taking into account Eq. (3.2), the sum is written as

V̂ = −d21EP

2
|2〉〈1|eikz−iωP t − d23ES

2
|2〉〈3|e−ikz−iωSt + H.c., (3.8)

where d21, d23 are the corresponding dipole moments; H.c. is the Hermitian
conjugate. On the other hand, the strengths of laser couplings are defined
by the corresponding Rabi frequencies,

ΩP =

∣∣∣∣d21EP

~

∣∣∣∣ , ΩS =

∣∣∣∣d23ES

~

∣∣∣∣ , (3.9)

which in turn allows, without loss of generality, to write the coupling op-
erator V̂ as

V̂ =
~ΩP

2
|2〉〈1|eikz−iωP t +

~ΩS

2
|2〉〈3|e−ikz−iωSt + H.c. (3.10)

Before a cooling cycle starts, an atom of a certain momentum projection
p on axis Oz stays at state |1, p〉. Under the influence of the pump laser,
the atom reaches the upper state |2, p + ~k〉; then it is transferred to the
adjacent state |3, p + 2~k〉 by the Stokes laser. These three states coupled
by the first laser configuration form a closed momentum family

F(p) = {|1, p〉, |2, p+ ~k〉, |3, p+ 2~k〉}, (3.11)

which provides a basis of states for the Schrödinger equation (3.4). As
follows from (3.10), couplings between states of family F(p) are given by

V̂ |1, p〉 =
~ΩP

2
e−iωP t|2, p+ ~k〉,

V̂ |3, p+ 2~k〉 =
~ΩS

2
e−iωSt|2, p+ ~k〉,

(3.12)

where the following relationships

eikz =
∑
p

|p+ ~k〉〈p|, e−ikz =
∑
p

|p+ ~k〉〈p+ 2~k|, (3.13)
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are taken into account. Using Eqs. (3.6) and (3.12), the atomic Hamilto-
nian (3.5) in the basis of F(p) is written as

Ĥ = ~


p2

2M~
1

2
ΩP e

iωP t 0

1

2
ΩP e

−iωP t
(p+ ~k)2

2M~
+ ω21

1

2
ΩSe

−iωSt

0
1

2
ΩSe

iωSt
(p+ 2~k)2

2M~
+ ω21 − ω23

 . (3.14)

The interaction representation is given by states

|a1〉 = exp

{
−i p2

2M~
t

}
|1, p〉, (3.15)

|a2〉 = exp

{
−i
(

p2

2M~
+ ωP

)
t

}
|p+ ~k〉, (3.16)

|a3〉 = exp

{
−i
(

p2

2M~
+ ωP − ωS

)
t

}
|3, p+ 2~k〉, (3.17)

in the basis of which the Hamiltonian (3.14) takes the form

Ĥ = ~


0

1

2
ΩP 0

1

2
ΩP

k(2p+ ~k)

2M
−∆P

1

2
ΩS

0
1

2
ΩS

2k(p+ ~k)

M
+ ∆S −∆P

 . (3.18)

3.2.1 Population transfer by square pulse

The Hamiltonian (3.18) describes a non-dissipative Λ-type atomic system
in general, including the case of a two-photon transfer from the |1〉 to |3〉
ground state. In the case of square pulse, the Rabi frequencies ΩP , ΩS are
constant; the transfer has the simplest form for lasers of the same intensity:

ΩP = ΩS = Ω. (3.19)

In this symmetric case, the detuning from the |3〉 state of the Hamilto-
nian (3.18) in terms of the atomic velocity v = p/M is written as

2k(p+ ~k)

M
+ ∆S −∆P = 2k(v − v0). (3.20)
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Here, the two-photon resonant velocity v0 corresponds to the zero detuning
from the |3〉 state, i.e.,

2k(v0 + vrec) + ∆S −∆P = 0, v0 =
∆P −∆S

2k
− vrec, (3.21)

where vrec = ~k/M is the recoil velocity. Although Eq. (3.3) assumes
detuning ∆P to be large, the two-photon detuning ∆S −∆P in Eq. (3.21)
can have as small values of the resonant velocity v0 as needed for deep
subrecoil cooling.

Atoms are only transferred by the two-photon resonance when

|∆P | � Γ, |∆S −∆P |, k|v0|, ωR, (3.22)

where ωR = ~k2/(2M) is the recoil frequency. In addition, we assume that
~∆P exceeds largely the energy level splitting of the Λ-type atom,

|∆P | � Ω, (3.23)

in order to adiabatically eliminate the upper state. Such elimination is pos-
sible when the probability function |Ψ〉 of atom in state |2〉 is approximately
non-oscillatory:

d

dt
〈Ψ|a2〉 ≈ 0. (3.24)

In this case, the substitution of the Hamiltonian (3.18) into the Schrödinger
equation (3.4) gives approximate equality

〈Ψ|a2〉 ≈
Ω

2∆P

(
〈Ψ|a1〉+ 〈Ψ|a3〉

)
. (3.25)

The adiabatic elimination and consequent relationship (3.25) reduce the
Hamiltonian (3.18) to an effective Hamiltonian of a two-level system of
states |1〉 and |3〉, describing population transfer between ground states of
the original Λ-type system.

After the exclusion of state |2〉 from the Hamiltonian (3.18) with the
help of Eq. (3.25), one gets the effective two-level Hamiltonian in the form

Ĥeff = ~

 −δ0
1

2
Ωeff

1

2
Ωeff 2k(v − v0)− δ0

 , (3.26)
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where Eq. (3.20) is taken into account. The detuning and the Rabi fre-
quency are given by

δ0 = − Ω2

4∆P

, Ωeff =
Ω2

2∆P

. (3.27)

Once the intermediate state |2〉 is avoided, the atomic population is totally
contained in the effective two-level system, i.e.,

|〈Ψ|a1〉|2 + |〈Ψ|a3〉|2 = 1, (3.28)

where population transfer among states |1〉 and |3〉 is carried out by means
of the two-photon Rabi frequency Ωeff . Invoked Rabi oscillations in the
effective system (3.26) give the following time dependence of populations
in states |1〉 and |3〉:

|〈Ψ|a1〉|2 = 1− Ω2
eff

D2
eff

sin2
(

1
2
Defft

)
,

|〈Ψ|a3〉|2 =
Ω2

eff

D2
eff

sin2
(

1
2
Defft

)
,

(3.29)

where

Deff =
√

Ω2
eff + 4k2(v − v0)2. (3.30)

The two-photon resonance v = v0 corresponds to the greatest spread of
Rabi oscillations, allowing the total population transfer from the |1〉 to |3〉
state, when the pulse duration T is given by

ΩeffT = π. (3.31)

Condition (3.31) defines the Π-pulse which inverts the population of the
effective two-level system. On the other hand, the zero velocity should be
preserved from the transfer in order to accumulate atoms with v = 0. Using
Eqs. (3.29) and (3.31), the corresponding relationship is written as

k|v0|T =

√
3

2
π. (3.32)
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t

Rabi
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Figure 3.3: STIRAP pulse is formed by pump and Stokes pulses arranged in
the counterintuitive order. The Gaussian profiles of pulses overlap during
period ∆τ .

3.2.2 Population transfer by STIRAP

STIRAP is accomplished by the Gaussian pump and Stokes laser pulses
arranged as in Fig. 3.3 in a counterintuitive order,

ΩP (t) = ΩP0e
−(t−tP )2/2T 2

P , ΩS(t) = ΩS0e
−(t−tS)2/2T 2

S , (3.33)

where tS < tP ; 2TP , 2TS are the pulse widths. These pulses transfer the
resonant-velocity group of atoms from the original ground state |1〉 to state
|3〉. The resonant velocity of the corresponding two-photon transition |1〉 ↔
|3〉 is defined by the zero detuning from state |3〉 in the Hamiltonian (3.18).
Hence, the resonant velocity of an atom prepared in state |1〉 is given by

v0 =
∆P −∆S

2k
− vrec. (3.34)

Under the resonant condition (3.34), the Hamiltonian (3.18) has the
following basis of the time-dependent eigenstates (see Ref. [62, 63]):

|a+〉 = sin Θ sin Φ|a1〉+ cos Φ|a2〉+ cos Θ sin Φ|a3〉, (3.35a)
|a0〉 = cos Θ|a1〉 − sin Θ|a3〉, (3.35b)
|a−〉 = sin Θ cos Φ|a1〉 − sin Φ|a2〉+ cos Θ cos Φ|a3〉. (3.35c)
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The time-dependent eigenvalues of the dressed states (3.35) are given by

ω+ =
1

2

(√
∆̃2
P + Ω2

P (t) + Ω2
S(t)− ∆̃P

)
, (3.36a)

ω0 = 0, (3.36b)

ω− =
1

2

(√
∆̃2
P + Ω2

P (t) + Ω2
S(t) + ∆̃P

)
, (3.36c)

where ∆̃P = ∆P +ωR− kp/M . The angle Φ is determined by the detuning
∆̃P and the Rabi frequencies [62]:

tan Φ =

√
Ω2
P (t) + Ω2

S(t)√
∆̃2
P + Ω2

P (t) + Ω2
S(t)− ∆̃P

, (3.37)

whereas the mixing angle Θ is a function of the Rabi frequencies only:

tan Θ =
ΩP (t)

ΩS(t)
. (3.38)

Let us consider the case of large detuning ∆P (|∆P | � ΩP (t),ΩS(t)),
leading to the reduced basis of the eigenstates equal to {|C〉, |NC〉, |a2〉}.
The coupled |C〉 and non-coupled |NC〉 states of the basis form the following
linear combinations of ground states:

|C〉 = sin Θ|a1〉+ cos Θ|a3〉, (3.39a)
|NC〉 = cos Θ|a1〉 − sin Θ|a3〉. (3.39b)

Assuming that |∆P | � ωR, kp/M , the corresponding eigenvalues are writ-
ten as

ωC =
Ω2
P (t) + Ω2

S(t)

4∆P

, ωNC = 0. (3.40)

The total population of atom is kept in states |C〉 and |NC〉, the interchange
of population between these states is defined by the Hamiltonian matrix
element 〈C| d

dt
|NC〉 [64] for nonadiabatic coupling. The case, when this

matrix element is much smaller than the energy splitting |ωC−ωNC| induced
by external fields, gives the “local” adiabaticity criterion:

|〈C| d
dt
|NC〉| � |ωC − ωNC|, |Θ̇| � Ω2

P (t) + Ω2
S(t)

4|∆P |
. (3.41)
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The “global” adiabaticity criterion follows from Eq. (3.41) after the replace-
ment of Θ̇ by its time-average value 〈Θ̇av〉 = π/2∆τ :

Ω2
P (t) + Ω2

S(t)

|∆P |
∆τ � 1, (3.42)

where ∆τ is the overlapping period of the pump and Stokes pulses.
The case of large detuning ∆P (|∆P | � ΩP (t),ΩS(t)) allows us to con-

sider an atom with arbitrary velocity v and derive the velocity group of
atoms transferred by STIRAP to state |3〉. As shown in Appendix B, if the
adiabaticity criterion (3.42) is satisfied then this velocity group is given by

− Ω2
S0

4k|∆P |
< v − v0 <

Ω2
P0

4k|∆P |
if ∆P > 0, (3.43a)

− Ω2
P0

4k|∆P |
< v − v0 <

Ω2
S0

4k|∆P |
if ∆P < 0. (3.43b)

The obtained velocity range (3.43) only depends on the two-photon Rabi
frequencies. The transfer probability grows from zero at a boundary of
range (3.43) and reaches unity at the two-photon resonance.

During STIRAP pulse, intermediate state |2〉 is not occupied for the
resonant atoms only. In other cases, population in the |2〉 state causes
spontaneous decay to ground states |1〉 and |3〉 of the Λ-type atom. In order
to estimate the contribution of the decay, we introduce the density operator
σ, the matrix elements of which in the basis of states |ai〉 (i = 1, 2, 3) are
written as

σij(p) = 〈ai|σ|aj〉, i, j = 1, 2, 3. (3.44)

Fraction of atoms spontaneously decaying from state |2〉 is defined by its
natural linewidth Γ in accordance with equation

d

dt
σsp(p) = Γσ22(p). (3.45)

We only consider the overlapping time ∆τ of the pump and Stokes pulses
when state |2〉 is actually populated. Hence the spontaneous-emission con-
tribution is given by

σsp(p) = Γ

∫ ∆τ

0

σ22(p)dt. (3.46)
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The limitation on a portion of atoms in the upper state |a2〉 follows from
Eq. (B.1):

σ22(p) .
Ω2
P (t)

2∆2
P

σ11(p) +
Ω2
S(t)

2∆2
P

σ33(p) ≤ Ω2
P (t) + Ω2

S(t)

2∆2
P

. (3.47)

This constraint on σ22(p) is then substituted into Eq. (3.46), giving the
contribution

σsp(p) . Γ
Ω2
P (t) + Ω2

S(t)

2∆2
P

∆τ. (3.48)

Inequality σsp(p)� 1 allows us to neglect from consideration spontaneous
emission from state |2〉. Combining this inequality with the adiabaticity
criterion (3.42) and Eq. (3.48), one gets condition

|∆P |
Γ
� Ω2

P (t) + Ω2
S(t)

|∆P |
∆τ � 1, (3.49)

which is satisfied when detuning ∆P is large enough.

3.3 Cold-atom distribution
This Section shows the result of Raman cooling by STIRAP (see paper II
for details). The cooling of atomic ensemble includes the alternation of
the first and second laser beam configurations in order to cool whole the
velocity distribution. Once the laser configuration is fixed, a sequence of
cooling cycles is applied, so that a different velocity group of atoms is
transferred in the beginning of each cycle. The left-hand side of the velocity
distribution is cooled by transfer profiles shown in Fig. 3.4a. The broadest
profile including atomic velocities far from the center of the distribution
goes first, each next profile is narrower and closer to the center than the
previous one. Such a cooling sequence passes through the left-hand side
from the wing to the center, pushing atoms closer and closer to the zero
velocity. However, the zero-velocity group is not excited, which in turn
produces the accumulation of cold atoms there. The situation is repeated
as the laser configuration is alternated. As a result, the atomic distribution
is transformed into a narrow and high peak of cold atoms. The cooling
process proceeds until the very low temperature is achieved.

The recoil temperature Trec is defined by the velocity spread of the
atomic ensemble,

σ = WFWHM/
√

8 ln 2, (3.50)
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Figure 3.4: (a) The probability of transfer by STIRAP for different atom-
field coupling parameters against the velocity v of atom in state |1〉. (b)
The velocity distribution of cold atoms, the spread σ of the distribution
has decreased from the initial 3vrec to 0.1vrec.

equal to the one-photon recoil velocity (vrec = ~k/M). In general case, the
temperature is given by

T =
( σ
~k

)2

Trec, (3.51)

and declines as the squared velocity spread σ. Thereby, subrecoil Raman
cooling requires a very narrow transfer profile of a small part of the recoil
velocity vrec to be attained. However, a Λ-type system contains a short-
living upper state |2〉 capable to limit the resonant-velocity group by its
natural linewidth Γ. That is why both lasers in the first step of cooling
cycle are detuned from the one-photon resonances on values much larger
than Γ in order to avoid such an undesirable broadening. In this case, the
two-photon resonance is found far from the upper state which then is not
occupied.

Figure 3.4b shows the velocity distribution after 200 cooling cycles of
Raman cooling by STIRAP, starting from the initial distribution with
the velocity spread of 3vrec. The spread σ has been reduced to nearly
0.06vrec, whereas the temperature of the atomic ensemble have gone down
to 0.004Trec.
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3.4 Analytical form of momentum distribu-
tion

As seen in Sec. 3.3, Raman cooling down to subrecoil temperatures requires
a large number of cooling cycles. So far, we got a cold-atom distribution
by numerical calculations, and preliminarily studied only one cooling cycle.
But such knowledge is not enough to understand properties of cold ensem-
ble, requiring another approach which combines a large number of cooling
cycles. Such a method allowing an arbitrary population transfer in the first
step of cooling cycle was suggested in paper III.

Assume that a Λ-type atom of momentum p = pz is prepared in ground
state |1〉 with the probability amplitude a(p). As a cooling cycle starts, the
atom is transferred to the adjacent ground state |3〉 through two-photon
transition |1〉 ↔ |3〉. The number of transferred atoms is given by

∆N = f(p)|a(p)|2, (3.52)

where f(p) is the transfer probability. Consequently, the number of atoms
left in state |1〉 is written as

|a1(p)|2 = (1− f(p))|a(p)|2. (3.53)

Here, spontaneous emission from the upper state |2〉 is neglected, which
becomes possible in the case of large the upper-state detuning as shown
above in Subsecs. 3.2.1 and 3.2.2. As a result, atoms are only transferred
by the two-photon transition |1〉 ↔ |3〉, which in turn allows to deeply cool
atoms because the momentum group of resonant atoms is not limited by
the natural linewidth of the upper state.

In this general case, we do not specify laser beams, each of them may
include one or more lasers, and only focus on the resulting probability f(p)
of population transfer. Independently to the number of lasers forming a
laser beam, we describe it by the overall wave vector: pump laser near-
resonant with transition |1〉 ↔ |2〉 is described by kP , and Stokes laser
near-resonant with transition |2〉 ↔ |3〉 by kS. Raman cooling consists of
two laser configurations: the first cools atoms with p < 0, and the second
cools atoms with p > 0. Consequently, the first laser configuration is formed
by kP = kPez, kS = −kSez, and the second one by kP = −kPez, kS = kSez.
Hence, the transfer shifts the momentum of atom by ±~(kP +kS) in respect
to used laser beam configuration. As follows from Eq. (3.52), atoms in state
|3〉 are given by

|a3(p)|2 = f(p∓ ~(kP + kS))|a(p∓ ~(kP + kS))|2. (3.54)
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Here, the “−” and “+” signs are used for the first and second configuration
of laser beams, respectively.

In the second step of cooling cycle, the pump laser is switched off,
whereas the Stokes laser is tuned into resonance with transition |2〉 ↔ |3〉.
An atom of momentum p′ in state |3〉 is excited to the upper state |2〉,
gaining a momentum kick of ~kS, so that its momentum becomes p′∓ ~kS,
where the sign of the kick depends on the laser beam configuration. Then
the atom emits a spontaneous photon of momentum ~kPu and decays into
state |1〉, when its momentum becomes p = p′ ∓ ~kS − ~kPu, where u is a
random value within range [−1, 1].

After this step, population distribution in state |1〉 is given by

|a′(p)|2 = |a1(p)|2 +

∫ 1

−1

N(u)|a3(p± ~kS + ~kPu)|2du, (3.55)

with the angular distribution N(u) of spontaneously emitted photons. In
turn, Eqs. (3.53) and (3.54) give the population change of the complete
cooling cycle in the form

|a′(p)|2 = (1− f(p))|a(p)|2

+

∫ 1

−1

N(u)f(p∓ ~kP + ~kPu)|a(p∓ ~kP + ~kPu)|2du. (3.56)

Although, in many cases Eq. (3.56) is the starting point for numeri-
cal calculations, paper III suggests a different way, taking the average of
Eq. (3.56) over a large number of cooling cycles. Laser configurations al-
ternate during cooling process, and the corresponding transfer probabilities
f(p) form sequences F1(p), . . . , Fl(p) and G1(p), . . . , Gl(p) for the first and
second laser configuration, respectively; l is the number of different transfer
envelops in each sequence. Once the average of Eq. (3.56) is obtained, we
introduce the average transfer probabilities

F (p) =
1

l

l∑
j=1

Fj(p), G(p) =
1

l

l∑
j=1

Gj(p). (3.57)

The first laser configuration transfers atoms with p < 0, which in terms of
F (p) is written as

F (p) > 0, if p < 0; F (p) = 0, if p ≥ 0. (3.58)
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The corresponding relationship for the second laser configuration transfer-
ring atoms with p > 0 is given by

G(p) = 0, if p ≤ 0; G(p) > 0, if p > 0. (3.59)

Note that Eqs. (3.58) and (3.59) correspond to the most efficient excitation
profiles, accessible to STIRAP and Blackman [33, 40, 61] pulses, but not
to square pulses.

In the assumption of Eqs. (3.58) and (3.59), the momentum distribution
of atoms tends to the steady-state solution ρ(p). Setting the scaling ~kP = 1
in Eq. (3.56), paper III derives the following analytical expression:

ρ(p) =



0, p ≤ −2;

A

F (p)

∫ 1

−1−p
N(u)du, p ∈ (−2, 0);

A

G(p)

∫ 1−p

−1

N(u)du, p ∈ (0, 2);

0, p ≥ 2.

(3.60)

Here, the constant A is the normalization factor, the value of which follows
from the fact that the number of atoms is conserved during the cooling
process.

A specific case studied by the Levý-flight theory [60] corresponds to the
Raman excitation spectrum (functions F (p) and G(p) with our notation)
having the form of pa, where a > 0. In turn, Eq. (3.60) divides this case
into two parts: a < 1 and a ≥ 1. One can see that the case of a < 1
is characterized by A > 0. On the other hand, the second case of a ≥ 1
requires A to be equal to zero, so that the steady-state solution ρ(p) equals
zero for all momenta p except p = 0. In other words, the momentum
distribution actually converges towards a delta function centered at p = 0.
This fact is in a good agreement with the Levý flight theory, because, in
both considerations efficient cooling takes place if a ≥ d, where d is the
dimensionality of cooling (here, d = 1).

3.5 Two-dimensional Raman cooling
In Sec. 3.2, we have considered a square pulse (Subsec. 3.2.1) and STIRAP
(Subsec. 3.2.2) applied for coherent population transfer in the first cooling
step; another possibility is the use of Blackman pulse [33, 40, 61]. In spite
of differences between these pulses, Section 3.4 demonstrates that results of
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1D Raman cooling can be approached in the same manner. The situation
is different for 2D and 3D Raman cooling, where cold-atom distribution
may vary if different pulse envelops are utilized. Although square pulses
lead to efficient 2D cooling [59], Blackman pulses may be preferable in
3D, as predicted by the Levý-flight approach [60]. Notice that situations
in 2D and 3D are not as successful as that in 1D, through the lack of
simple atomic systems. On one hand, such a multidimensional cooling
requires complicated experimental equipment, for instance, including four
and eight Raman-beam pairs in 2D and 3D configurations, respectively [40].
On the other hand, the cooling efficiency is rather low, and even subrecoil
3D Raman cooling has not been demonstrated yet. The lowest temperature
of 2D Raman cooling achieved in experiment is 0.15Trec [41]. As a possible
path, papers IV and V suggest efficient 2D Raman cooling based on a
tripod-type system attainable in 87Rb, metastable Ne and other sorts of
atoms. In this Section, we focus on cooling by STIRAP only (paper V),
giving required additional notes for cooling by square pulses (paper IV).

3.5.1 Tripod-type system and laser configuration

Let us consider a four-level tripod-type system, using metastable Ne in
Ref. [47] as an example. State (2p53s) 3P0 is coupled by pump laser to
an upper state (2p53p) 3P1 (M = 0), which in turn is coupled by two
Stokes lasers to magnetic substates M = ±1 of (2p53s) 3P2. The laser
beam configuration is shown in Fig. 3.5a, where the π-polarized pump laser
propagates along axis Oy, and the σ-polarized Stokes lasers propagate along
axis Oz in opposite directions. The electric field of the laser configuration
is written as

E(r, t) =
1

2
EP e

ikP r−iωP t +
1

2
E+
S e

ikSr−iω+
S t +

1

2
E−S e

−ikSr−iω−
S t + c.c. (3.61)

The first term describes the pump laser of frequency ωP and wave vector
kP = kPey; two other terms describe the σ+- and σ−-polarized Stokes
lasers of frequencies ω+

S , ω
−
S and wave vectors kS, −kS, respectively, where

kS = kSez.

The atomic states coupled by the laser beam configuration are shown
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Figure 3.5: The 2D laser configuration includes three running waves: a π-
polarized pump laser propagates in the Oy direction, and two σ-polarized
Stokes lasers are arranged along axis Oz in opposite directions. (b) The
atom-field coupling of a tripod-type system.

in Fig. 3.5b, with labelling

|1〉 = |(2p53s) 3P0,M = 0〉,
|2〉 = |(2p53p) 3P1,M = 0〉,
|3+〉 = |(2p53s) 3P2,M = −1〉,
|3−〉 = |(2p53s) 3P2,M = 1〉.

(3.62)

Originally, an atom is prepared in state |1,p〉, where p is the atomic
momentum. In the rotating wave approximation (RWA), the strengths of
laser-atom coupling are written as

V̂ |1,p〉 =
~
2

ΩP (t)e−iωP t|2,p + ~kP 〉,

V̂ |3±,p + ~kP ∓ ~kS〉 =
~
2

Ω±S (t)e−iω
±
S t|2,p + ~kP 〉.

(3.63)

Here, V̂ is the coupling operator, and real-valued the Rabi frequencies are
given by

ΩP (t) = −d21EP

~
, Ω±S (t) = −d±23E

±
S

~
, (3.64)
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where d21, d±23 are the non-diagonal matrix elements of the dipole moment
operator. In addition to the operator V̂ of atom-field coupling, the atomic
Hamiltonian

Ĥ = Ĥ0 +
P̂2

2M
+ V̂ (3.65)

includes the kinetic-energy term P̂2/(2M), and the Hamiltonian Ĥ0 of a
non-moving atom having the internal level energies E1, E2, E+

3 and E−3 .
The contribution of spontaneous emission into population transfer is

neglected in the case of large the upper-level detuning. The corresponding
condition on the parameters of atom-field coupling is given in paper IV
for square pulses (equation (6)) and in paper V for STIRAP (equation
(13)). With spontaneous emission neglected, atomic states occupied by a
tripod-type atom form a closed family of momentum p:

F(p) = {|1,p〉, |2,p + ~kP 〉,
|3+,p + ~kP − ~kS〉, |3−,p + ~kP + ~kS〉}. (3.66)

Then, in the representation of four bare states

|a1〉 = exp

[
−i
(
E1

~
+

p2

2M~

)
t

]
|1,p〉,

|a2〉 = exp

[
−i
(
E2

~
+

p2

2M~
+ ∆P

)
t

]
|2,p + ~kP 〉,

|a±3 〉 = exp

[
−i
(
E±3
~

+
p2

2M~
+ ∆P −∆±S

)
t

]
× |3±,p + ~kP ∓ ~kS〉,

(3.67)

the atomic Hamiltonian (3.65) is written as

H =
~
2


0 ΩP (t) 0 0

ΩP (t) −2∆̃P Ω+
S (t) Ω−S (t)

0 Ω+
S (t) 2δ+

S 0
0 Ω−S (t) 0 2δ−S

 , (3.68)

where frequency detunings are given by

∆̃P = ∆P −
kPpy
M
− ωRP ,

δ±S = ∆±S −∆P +
kPpy ∓ kSpz

M
+ ωRP + ωRS .

(3.69)
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Here, py, pz are projections on axes Oy and Oz of momentum p, respec-
tively; ∆P = ωP −ω21, ∆±S = ω±S −ω±23 are the laser detunings; ω21, ω±23 are
the atomic-transition frequencies; ωRP = ~k2

P/(2M), ωRS = ~k2
S/(2M) are

the one-photon recoil frequencies.

3.5.2 Cooling mechanism

The velocity selectivity of population transfer in the first cooling step fol-
lows from the fact that velocities of atoms transferred by STIRAP cor-
respond to dark state formed by ground states of the tripod-type system.
Because the dark state is a combination of ground state |1〉 with either state
|3+〉 or |3−〉, it occurs when two selected ground states satisfy the condition
of two-photon resonance. As follows from the atomic Hamiltonian (3.68),
the corresponding resonant velocities are given by

δ+
S = 0 or δ−S = 0. (3.70)

The former condition is associated with population transfer through Raman
transition |1〉 ↔ |3+〉, the latter is associated with transition |1〉 ↔ |3−〉.

Figures 3.6a and 3.6b illustrate velocities of atoms transferred to states
|3+〉 and |3−〉, respectively; these velocity groups correspond to a hole burn-
ing for atoms in state |1〉, as shown in Fig. 3.6c. The transfer of dark-state
atoms by two Raman transitions represents an obvious advantage of cool-
ing in a tripod-type system, because atoms are cooled in two directions
simultaneously. The laser beam configuration defines the burned cross-like
hole in state |1〉, allowing one to vary only the hole position. The center of
the cross-like pattern is given by

δ+
S = δ−S = 0, (3.71)

and its position changes together with frequency detunings ∆P , ∆±S . Note
that population transfer by a square pulse has a very similar picture of
velocity selectivity (see Fig. 2 in paper IV). Although the position of cross-
like hole is different, it is shifted by changing detunings ∆P , ∆±S as well.

In the second cooling step, atoms from states |3+〉 and |3−〉 return to
the original state |1〉 by means of optical pumping. For this purpose, the
π-polarized pump laser is switched off, and the σ-polarized Stokes lasers are
tuned into resonance with the corresponding one-photon transitions. An
atom excited to the upper state |2〉 from either state |3+〉 or |3−〉 gains a
momentum kick along axis Oz. As a result, the atomic momentum changes
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σ++
33

(a)

σ−−
33

(b)

σ11

(c)

Figure 3.6: (a) and (b): Velocity groups of the initial distribution trans-
ferred by STIRAP into the |3+〉 and |3−〉 states, respectively. (c) The corre-
sponding hole showing the depletion of atoms in state |1〉 due to these trans-
fers. The scaling is given by the recoil velocity vrec = ~kP/M = ~kS/M .

from p to p′ = p± ~kS, the sign of change corresponds to Stokes laser ex-
citing the atom. Then the atom emits a spontaneous photon of momentum
∆p, where |∆p| ≈ ~kP , and decays into state |1〉, gaining a momentum
kick of −∆p. Hence, after the cooling cycle finishes, population in state
|1〉 is given by

〈1,p|σ̂′|1,p〉 = 〈1,p|σ̂|1,p〉+ 〈3+,p− ~kS + ∆p′|σ̂|3+,p− ~kS + ∆p′〉
+ 〈3−,p + ~kS + ∆p′′|σ̂|3−,p + ~kS + ∆p′′〉, (3.72)

where σ̂ is the density operator. Let us introduce the density matrix ele-
ments corresponding to the momentum family F(p) (3.66):

σij(p) = 〈ai|σ̂|aj〉, i, j = 1, 2, 3+, 3−. (3.73)
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Initial distribution

(a)

Final distribution

(b)

Figure 3.7: The velocity distribution of atoms when 2D Raman cooling
by STIRAP starts (a) and ends (b). During the cooling, 500 elementary
cycles have been applied, which results in the decrease of the velocity spread
σ from (a) 3vrec to (b) 0.1vrec and the increase about 230 times of the
central-peak height. The corresponding effective temperature goes down to
0.01Trec. The scaling is given by the recoil velocity vrec = ~kP/M = ~kS/M .

Then equation (3.72) is written as

σ′11(p) = σ11(p) + σ++
33 (p− ~kP + ∆p′) + σ−−33 (p− ~kP + ∆p′′), (3.74)

where the momentum shifts were changed in relation to F(p).
In contrast to the first step of cooling cycle, when atoms are held in

the same momentum family F(p), Eq. (3.74) demonstrates that the second
cooling step mixes different families F(p). Taking the average of Eq. (3.74)
over all directions of spontaneous emission, one can see that the velocity
distribution is generally pushed by a cooling cycle along the Oy axis. If the
center v0 = p0/M of the cross-like hole for atoms in state |1〉 (see Fig. 3.6c)
is adjusted to v0

y < 0, then the cooling cycle pushes atoms with vy < 0
closer to the zero velocity, stimulating a cooling of the atomic ensemble.
In turn, an alternated laser configuration with a pump laser propagating
in the opposite direction and adjustment to v0

y > 0 lead to a cooling of
atoms with vy > 0. As a result, whole the atomic ensemble is cooled by
alternating these laser beam configurations.

During the cooling process, atoms are accumulated into a narrow peak
centered at the zero velocity, which grows together with the number of cool-
ing cycles. Figure 3.7 shows the result of 2D Raman cooling by STIRAP
after 500 elementary cycles have been applied. One can see that the height
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of the peak has increased about 230 times, starting from the initial broad
distribution. Simultaneously, the spread σ = (FWHM)/

√
8 ln 2 of the ve-

locity distribution has been reduced from 3vrec to 0.1vrec. The effective
temperature Teff of the atomic ensemble goes down to 0.01Trec, given in
terms of the recoil-limit temperature Trec.

2D Raman cooling by square pulses (paper IV) has the same behavior of
the cooling process as shown above, but the difference in the mechanisms of
population transfer leads to the following. Deep subrecoil cooling requires
the very accurate and short duration of square pulses, whereas the duration
of STIRAP does not influence on the velocity selectivity of the transfer but
takes a much longer time. Hence, cooling by STIRAP is applicable if the
cooling time is not in any critical role, providing the robustness against the
pulse durations.
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Chapter 4

Conclusions

This thesis investigates two different 2D methods, atom localization and
Raman cooling, merged into one topic devoted to tripod-type atoms.

First, we have shown the high-precision 2D localization of a tripod-type
atom after it passes an optical mask of light. Two perpendicular strong
standing waves near-resonant to transitions of the atom induce a spatial
inhomogeneity in atomic populations, with narrow localization domains
within the optical wavelength λ. We select three spatial structures of the
upper-state population such as spikes, craters and waves, which allow one to
localize the atom within sub-wavelength domains of the width not limited
by λ. The demonstrated method may find important practical applications
in high-resolution atom lithography, which is of particular interest due to
recent experiments with semiconductor elements [65–67].

Second, we have demonstrated efficient 2D Raman cooling of tripod-
type atoms. Because such a cooling is sensitive to the form of coherent
population transfer, we have considered for this purpose the transfer by
square pulses and STIRAP. Both mechanisms lead to deep 2D cooling
down to temperatures essentially below the one-photon recoil limit. On
the other hand, the pulse durations needed by square pulses should be
adjusted very accurately, but can be set in robust way for STIRAP. At
the same time, the pulse duration of STIRAP is much longer than that of
square pulse, hence, the use of STIRAP is preferable only if the cooling
time is not in any critical role. The required theory of Raman cooling
by STIRAP was first developed for 1D case and then extended to 2D. In
addition, the momentum distribution of cold atoms has been derived for an
arbitrary form of coherent population transfer, showing that cooling cycles
can be reordered without the loss of cooling efficiency.

Our simplified treatment does not necessarily take into account many
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aspects of an actual experiment, but it shows that a priori Raman cooling
applied for tripod-type atoms may reach ultracold temperatures without
the use of evaporative cooling. In addition to 3D cooling by thermalization,
the approach can be used to cool atoms in an 1D optical lattice, where the
sample is “sliced” into 2D pancake-like structures. This approach is used
for investigating optical frequency standards with alkaline-earth atoms [28].
Also, for atomic clocks one needs high numbers of atoms and yet low
densities to avoid interaction-induced frequency shifts, and one solution
is again an optical lattice that slices the sample into non-interacting 2D
pancakes [18]. Although then narrow-band cooling is the basic tool for e.g.
alkaline earth atoms, one can also consider cooling at higher-lying atomic
energy levels, which gives a rich level structure and opens the possibility
for Raman cooling with tripod configuration.



46

Appendix A

Steady-state elements of density
matrix

In this Appendix, we derive the steady-state solution for the density-matrix
elements ρij of Λ-type system shown in Fig. 2.3. The corresponding Eqs.
(2.21) are written as

iρ̇11 = −g(ρ12 − ρ21) + iγ1ρ22, (A.1a)
iρ̇22 = g(ρ12 − ρ21)− Ω(ρ23 − ρ32)− iγρ22, (A.1b)
iρ̇33 = Ω(ρ23 − ρ32) + iγ2ρ22, (A.1c)
iρ̇12 = −g(ρ11 − ρ22)− Ωρ13 + ∆1ρ12 − iΓ12ρ12, (A.1d)
iρ̇13 = −Ωρ12 + gρ23 − (∆2 −∆1)ρ13, (A.1e)
iρ̇23 = Ω(ρ33 − ρ22) + gρ13 −∆2ρ23 − iΓ23ρ23. (A.1f)

Here, the dependence of the Rabi frequencies, g and Ω, on the position
x of atom may have an arbitrary form. The steady state corresponds to
relationships

ρ̇ij = 0, i, j = 1, 2, 3. (A.2)

Hence equation (A.1e) takes the form

ρ13 =
−Ωρ12 + gρ23

δ
, (A.3)

where δ = ∆2 −∆1 is the two-photon detuning between ground states |1〉
and |3〉. The substitution of Eq. (A.3) into Eqs. (A.1d) and (A.1f) produces
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the following matrix equation for elements ρ12 and ρ23:Γ12 + i∆1 + i
Ω2

δ
−igΩ

δ

−igΩ

δ
Γ23 − i∆2 + i

g2

δ

(ρ12

ρ23

)
=

(
igq12

−iΩq32

)
, (A.4)

where qm2 = ρmm − ρ22 (m = 1, 3). It is straightforward to verify that the
solution of this matrix equation is written as

(
ρ12

ρ23

)
=

1

β∗

Γ23 − i∆2 + i
g2

δ
i
gΩ

δ

i
gΩ

δ
Γ12 + i∆1 + i

Ω2

δ

( igq12

−iΩq32

)
, (A.5)

where

β =

(
Γ12 − i∆1 − i

Ω2

δ

)(
Γ23 + i∆2 − i

g2

δ

)
+
g2Ω2

δ2
. (A.6)

The imaginary parts of elements ρ12 and ρ23 are then given by

Im ρ12 = q12
g

|β|2 Re

{
β

(
Γ23 − i∆2 + i

g2

δ

)}
+ q32

gΩ2

δ|β|2 Im β, (A.7)

Im ρ23 = −q12
g2Ω

δ|β|2 Im β − q32
Ω

|β|2 Re

{
β

(
Γ12 + i∆1 + i

Ω2

δ

)}
. (A.8)

Taking into account that

ρ22 =
1− q12 − q32

3
, (A.9)

one can write Eqs. (A.1a) and (A.1c) in the form

Im ρ12 =
γ1

6g
(1− q12 − q32), (A.10)

Im ρ23 = − γ2

6Ω
(1− q12 − q32). (A.11)

Combining Eqs. (A.10) and (A.11) with Eqs. (A.7) and (A.8), one gets the
matrix equation

MQ = Γ, (A.12)
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where the matrix M is written as
6g2

|β|2 Re

{
β

(
Γ23 − i∆2 + i

g2

δ

)}
+ γ1

6g2Ω2

δ|β|2 Im β + γ1

6g2Ω2

δ|β|2 Im β + γ2
6Ω2

|β|2 Re

{
β

(
Γ12 + i∆1 + i

Ω2

δ

)}
+ γ2

 ,

(A.13)

and the vectors in Eq. (A.12) are given by

Q =

(
q12

q32

)
, Γ =

(
γ1

γ2

)
. (A.14)

From the matrix equation (A.12), one derives variables q12 and q32:

q12 =
γ1Ω2

A
Re(βα1), (A.15)

q32 =
γ2g

2

A
Re(βα2), (A.16)

with the denominator

A = 6Γ12Γ23g
2Ω2 + γ1Ω2 Re(βα1) + γ2g

2 Re(βα2), (A.17)

the rest of values are given by

α1 = Γ12 + i∆1 + i
ζ

γ1δ
, (A.18)

α2 = Γ23 − i∆2 + i
ζ

γ2δ
, (A.19)

ζ = γ1Ω2 + γ2g
2. (A.20)

Finally, the populations of the Λ-type system are written as

ρ11 =
Ω2

A

(
2Γ12Γ23g

2 + γ1 Re(βα1)
)
, (A.21)

ρ22 =
2Γ12Γ23g

2Ω2

A
, (A.22)

ρ33 =
g2

A

(
2Γ12Γ23Ω2 + γ2 Re(βα2)

)
. (A.23)
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Appendix B

Velocity selectivity of STIRAP

The case of large detuning ∆P (|∆P | � ΩP (t),ΩS(t)) allows us to consider
an atom with arbitrary velocity v. For this purpose, we adiabatically elim-
inate the upper state |2〉, because it remains almost unpopulated during
STIRAP. Hence, the probability function |Ψ〉 of atom satisfies approxima-
tion 〈a2| ddt |Ψ〉 ≈ 0, with the help of which contributions into state |a2〉 are
derived from the Hamiltonian (3.18):

〈a2|Ψ〉 ≈
ΩP (t)

2∆P

〈a1|Ψ〉+
ΩS(t)

2∆P

〈a3|Ψ〉. (B.1)

Here we use constraints |∆P | � ωR, kp/M , and

|〈a2|
d

dt
|Ψ〉| � |∆P ||〈a2|Ψ〉|. (B.2)

Equation (B.1) after the substitution into the left-hand side of Eq. (B.2)
results in the following limitations:

|∆S −∆P |, T−1 � |∆P |. (B.3)

Taking into account Eq. (B.1), the Hamiltonian (3.18) is reduced to the
Hamiltonian of effective two-level system

Ĥeff =
~
2

(
−2δ0(t) Ωeff(t)
Ωeff(t) 2(δeff(t)− δ0(t))

)
, (B.4)
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with the effective Rabi frequency and detunings

Ωeff(t) =
ΩP (t)ΩS(t)

2∆P

, (B.5a)

δ0(t) = −Ω2
P (t)

4∆P

, (B.5b)

δeff(t) = ∆δ +
Ω2
S(t)− Ω2

P (t)

4∆P

, (B.5c)

where ∆δ = ∆S −∆P + 2kp/M = 2k(v − v0).

B.1 The eigenstates of the effective Hamilto-
nian

The eigenstates of the effective Hamiltonian (B.4) are given by

|a+〉 = sin Θ|a1〉+ cos Θ|a3〉, (B.6a)
|a−〉 = cos Θ|a1〉 − sin Θ|a3〉, (B.6b)

where the mixing angle Θ is

tan Θ =

√
1 +

δ2
eff

Ω2
eff

− δeff

Ωeff

. (B.7)

The corresponding eigenfrequencies are

ω± = −δ0 +
δeff

2
± Ωeff

2

√
1 + δ2

eff/Ω
2
eff . (B.8)

In terms of eigenstates |a+〉 and |a−〉, the two-photon resonance (3.34)
corresponds to ∆δ = 0. In this case, Eq. (B.7) for the mixing angle Θ is
reduced to Eq. (3.38), and eigenstates |a+〉, |a−〉 coincide with states |C〉
and |NC〉, respectively. The adiabatic population transfer from the |a1〉 to
the |a3〉 state is accomplished by the non-coupled eigenstate |NC〉 during
the period when the angle Θ changes from 0 to π/2. Hence, the eigenvalue
ωNC starts from the frequency of |a1〉 and ends at the frequency of |a3〉.
One can apply this qualitative picture for the case of δ 6= 0, replacing the
non-coupled state |NC〉 by state |a−〉. To ensure that population transfer
by STIRAP occurs, we follow eigenvalues ω±, the dependence of which on
detuning δeff is shown in Fig. B.1. During the overlapping period ∆τ , the
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|a+〉

|a
−
〉|a1〉

|a3〉

δeff = 0

∆ω = Ωeff

−4 −2 0 2 4
−4

−2

0

2

4

δeff/Ωeff

(ω
+

δ 0
)/
Ω

e
ff

Figure B.1: The eigenfrequencies of bare atomic states |a1〉 and |a3〉 (dashed
lines) cross at point δeff = 0. The level crossing avoided for the eigenstates
(solid lines) changes the association between eigenstates and bare atomic
states.

sign of δeff changes from positive to negative or vice versa, depending on the
sign of ∆P . The zero value of δeff determines the point where the switching
between states |a1〉 and |a3〉 appears.

Figure B.2 shows the eigenfrequencies ω± as functions of time, where
the behavior of the detuning δeff defines three possible cases: (a) δeff > 0 or
(b) δeff < 0 during the overlapping period ∆τ of laser pulses; (c) δeff = 0 at
some moment of this period. Adiabatic transfer is suppressed in Figs. B.2a
and B.2b, because both eigenstates |a+〉 and |a−〉 come back to the initial
bare state as the STIRAP ends. Adiabatic transfer is only accomplished
in Fig. B.2c, where the crossing between the frequencies of bare states |a1〉
and |a3〉 occurs, and dressed state |a−〉 carries out population from state
|a1〉 to |a3〉. The explicit expression (B.5c) of δeff gives the velocity range
of the adiabatic transfer in the form

− Ω2
S0

8k|∆P |
< v − v0 <

Ω2
P0

8k|∆P |
if ∆P > 0, (B.9a)

− Ω2
P0

8k|∆P |
< v − v0 <

Ω2
S0

8k|∆P |
if ∆P < 0. (B.9b)
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ω+

ω−|a1〉

|a1〉

|a3〉

|a3〉

t

ω

(a)

ω+

ω−

|a1〉

|a1〉

|a3〉

|a3〉
t

ω

(b)

ω+

ω−
|a1〉

|a1〉|a3〉

|a3〉

t

ω

∆τ

(c)

Figure B.2: The time dependence of the dressed-state eigenfrequencies
(solid line) over the overlapping period ∆τ of laser pulses. The frequen-
cies of the bare atomic states are shown in dashed lines. There are three
possible cases in dependence on ∆δ: (a) δeff > 0, (b) δeff < 0 over all this
period; (c) δeff = 0 at a specific time. (c) corresponds to adiabatic transfer
from the |a1〉 to |a3〉 state.

B.2 Resonant velocity group

For adiabatic transfer, detunings δeff(t) and δ0(t), and Rabi frequency
Ωeff(t) should evolve in time very slowly to neglect the mixing between
dressed states |a+〉 and |a−〉. Then a transferred atom remains in the |a−〉
state until the STIRAP ends, and the atom comes to state |a3〉 from |a1〉.
If such a condition is satisfied for all atomic velocities, then Eq. (B.9) cor-
responds to the velocity range of population transfer. As a result, the
probability of the transfer within the range (B.9) is near unity, whereas the
rest of atoms are not affected. However, the adiabaticity criterion for huge
velocities can not be sustained, because it requires too long pulse durations,
suppressing effective cooling. In contrast, our suggestion is to adiabatically
transfer only atoms at the resonant velocity (3.34), which requires a much
shorter duration of STIRAP.
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In the case of large detuning ∆P , the adiabaticity criterion reads

|〈a+|
d

dt
|a−〉| � |ω+ − ω−|. (B.10)

We transform this constraint, substituting dressed states |a+〉, |a−〉 from
Eq. (B.6) and frequencies ω± from Eq. (B.8) to the form

|Θ̇| �
√

Ω2
eff + δ2

eff . (B.11)

Similarly to Eq. (3.41), Eq. (B.11) leads to the “global” adiabaticity crite-
rion after the replacement of derivative Θ̇ by its average value 〈Θ̇av〉.

Whether population transfer between states |a1〉 and |a3〉 is adiabatic
or not, the largest rate of the transfer corresponds to the two-photon reso-
nance. On the other hand, for atoms adiabatically following dressed state
|a−〉, population in bare state |a3〉 changes as sin2 Θ, so that it has a similar
behavior to the mixing angle Θ. Thus we can assume that the largest rate
of Θ corresponds to the two-photon resonance as well, at least for large
enough ∆τ . As a result, the average value 〈Θ̇av〉 satisfies the inequality

〈Θ̇av〉 ≤
π

2
∆τ. (B.12)

Figures B.2a and B.2b demonstrate cases where for each atomic state pop-
ulation is the same at the beginning and at the end of STIRAP, however
the mixing angle Θ may take significant values from 0 to π/4. Hence the
order of magnitude of 〈Θ̇av〉 is about ∆τ−1. Explicit forms (B.5) of Ωeff(t),
δeff(t) allows us to rewrite Eq. (B.11) as

1

∆τ
�
√(

Ω2
P (t) + Ω2

S(t)

4∆P

)2

+ ∆δ

(
∆δ +

Ω2
S(t)− Ω2

P (t)

2∆P

)
. (B.13)

Equation (B.13) is reduced to the adiabaticity criterion (3.42) in the
case of the two-photon resonance due to ∆δ = 0. Hence adiabatic transfer
of population takes place for the resonant atoms and those of them, for
which the following condition is valid:

∆δ

(
∆δ +

Ω2
S(t)− Ω2

P (t)

2∆P

)
≥ 0. (B.14)
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In accordance with this inequality, velocity groups of the adiabatic transfer
are given by

v − v0 ≤ −
Ω2
S0

4k|∆P |
or v − v0 ≥

Ω2
P0

4k|∆P |
if ∆P > 0, (B.15a)

v − v0 ≤ −
Ω2
P0

4k|∆P |
or v − v0 ≥

Ω2
S0

4k|∆P |
if ∆P < 0. (B.15b)

One can see that, in these cases, Θ equals 0 when STIRAP ends, causing
atoms to come back to state |a1〉. As these atoms are not transferred, only
the atoms in velocity range

− Ω2
S0

4k|∆P |
< v − v0 <

Ω2
P0

4k|∆P |
if ∆P > 0, (B.16a)

− Ω2
P0

4k|∆P |
< v − v0 <

Ω2
S0

4k|∆P |
if ∆P < 0, (B.16b)

can reach state |a3〉.
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