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ABSTRACT

Aims. In this study, we demonstrate some of the caveats in common statistical methods used for analysing astronomical variability
timescales. We consider these issues specifically in the context of active galactic nuclei (AGNs) and use a more practical approach
compared to mathematics literature, where the number of formulae may sometimes be overwhelming.
Methods. We conducted a thorough literature review both on the statistical properties of light-curve data, specifically in the context
of sampling effects, as well as on the methods used to analyse them. We simulated a wide range of data to test some of the known
issues in AGN variability analysis as well as to investigate previously unknown or undocumented caveats.
Results. We discovered problems with some commonly used methods and confirmed how challenging it is to identify timescales from
observed data. We find that interpolation of a light curve with biased sampling, specifically with bias towards flaring events, affects its
measured power spectral density in a different manner than those of simulated light curves. We also find that an algorithm aiming to
match the probability density function of a light curve has often been used incorrectly. These new issues appear to have been mostly
overlooked and not necessarily addressed before, especially in astronomy literature.
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1. Introduction

Active galactic nuclei (AGNs) exhibit strong time variability in
their flux densities. The extremity of the variability depends on
the source, frequency domain, and various observational effects,
such as Doppler boosting. The variability can be seen in a light
curve as changes in its flux density, and generally interest is on
the amplitudes and intervals of these changes. That is, one is typ-
ically interested in how often such changes occur, how dramatic
they are, and whether they differ between observing periods.

The term ‘timescale’ is usually associated with analysing10

time variability, although the meaning of timescale is ambigu-
ous and varies from author to author. A timescale is often derived
from the power spectral density (PSD) of a source. We discuss
the PSD in Sect. 2.1.2 and how to obtain a descriptor called the
periodogram for it in Sect. 4.1. Analysing the PSD of a time se-
ries is very common in all signal-processing fields, which means
that literature on the subject is vast and the methods are thor-
oughly documented. However, the information is spread across
disciplines, which may complicate finding the relevant literature
and then understanding the implications on AGN data analysis.20

Multiple authors have made great efforts in collecting,
analysing, and improving time-series methods in the context of
astronomical time-series analysis (e.g. Press 1978; Scargle 1979;
Uttley et al. 2002; Vaughan et al. 2003; Vaughan et al. 2016).
We refer to their work several times throughout this paper but
also extend our literature review to other fields, specifically
statistics literature. Some aspects of time-series analysis are of-
ten taken at face value, and we provide more information on
them, hoping it will benefit future studies.

We have written two articles jointly. In the first article, here-30

after Paper I, we analysed the long-term radio variability of

AGNs in the radio domain. We used up to 42 years of data
observed in 37 GHz in the Aalto University Metsähovi Radio
Observatory (MRO), and we attempted to find characteristic
timescales for each source using the periodogram. The charac-
teristic timescale we were interested in is one that can be seen in
the periodogram as a bend frequency. We were only able to con-
strain this timescale for 11 out of 123 sources, and we believe
a major reason to be the long timescales expected in the radio
domain as well as sampling-induced effects. The timescales are 40

not likely to be on the order of tens of years, but we believe
their identification requires monitoring periods to be equivalent
to several multiples of the timescale, depending on the sampling
cadence.

During the analysis process, we encountered some diffi-
culties and unexpected results in our test simulations that we
were initially unable to explain. We conducted a thorough lit-
erature review and performed more simulations in order to un-
derstand the root cause of the inconsistencies. The information
we present here is a collection of both old information not nec- 50

essarily widely known in the astronomy community as well as
information we identified during the analysis in Paper I. We wish
to share our findings, as they should aid in understanding some
of the common pitfalls and misunderstandings in AGN variabil-
ity analysis. We refrain from including in-depth mathematical
descriptions and instead focus on the issues at a more practical
level.

In Sect. 2, we discuss some basic concepts of astronomi-
cal data. We then continue to stochastic processes and how to
model them in Sect. 3. In Sect. 4, we discuss the most commonly 60

used and basic methods of AGN variability analysis. After this,
we move to describing light-curve simulations and how they are
used in model fitting in Sect. 5. Before summarising our review
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and analysis, we discuss characteristic timescales in more detail
in Sect. 6.

2. Astronomical data

Astronomical data is usually unevenly sampled, it has errors
caused by observing instruments and environmental effects, and
it may contain seasonal gaps. Ground-based astronomy, specif-
ically of faint sources, is challenging due to the weather con-70

ditions altering the instrument detection limits. In the context
of AGN studies, for blazars this is usually not a factor as they
are highly beamed and thus bright sources. In the radio do-
main, for faint sources such as narrow-line Seyfert 1 galax-
ies (Lähteenmäki et al. 2017), this is an important considera-
tion when analysing the data. Here we focus on the analysis of
blazars and other bright AGNs, which in addition to their high
flux densities, are usually densely sampled, allowing for the use
of specific time-series analysis tools, especially the use of the
periodogram (Sect. 4.1). The discussion in this article applies to80

all frequency domains, but some of the specific considerations
are most relevant in cases where AGN variability is expected to
be slow.

2.1. Light curve properties

2.1.1. The probability density function

An important feature of a time series is the probability density
function (PDF). The PDF characterises the flux density distri-
bution of the data points, that is with what probability can the
data have a value between certain points. This means that we
can for example identify the probability that a flux-density point90

is between 3 and 3.1 Jansky (Jy). The most common PDF is the
Gaussian distribution, and it is also an assumption in many sta-
tistical analysis methods.

The PDFs of AGN light curves cannot be purely Gaussian
because they do not have negative values. Their non-Gaussianity
also appears clear from plotting their PDFs, as their shapes are
usually closer to a log-normal PDF though the specific shape
depends on the frequency domain the observations are made in
(e.g. Max-Moerbeck et al. 2014b; Liodakis et al. 2017). Natu-
rally, uneven sampling and observational errors complicate the100

analysis of the distribution.
The log-normal distribution is common in nature, and it

arises from multiplicative processes (Limpert et al. 2001). How-
ever, Scargle (2020) challenges the necessity of multiplicative
underlying processes to explain AGN PDFs and argues that the
initial assumption of an ’either or’ decision between Gaussian
and log-normal distributions may be a false choice. We do not
go into the details of this argument, but refer to the original ar-
ticle for more discussion. We discuss the PDF in the context of
simulating light curves later in Sect. 5.4.2.110

2.1.2. The power spectral density

The power spectral density (PSD) of a time series is the modu-
lus squared of the discrete Fourier transform (DFT) defined as
(Deeming 1975)

|FN(ν)|2 = (
N∑

i=1

f (ti)cos(2πνti)2 +

N∑
i=1

f (ti)sin(2πνti)2, (1)

where f (ti) is a time series, N is the number of data points, t is
the time of each observation, and ν is the sampled frequency.

The PSD together with the process mean contains all infor-
mation of the statistical properties of a stochastic process only
when the process is Gaussian-Markov (Thorne & Blandford
2021). A Markov process is one whose present depends only 120

on its previous state. The Ornstein-Uhlenbeck process discussed
later in Sect. 3.1.2 is one example of a Gaussian-Markov process.

For non-Gaussian Markov processes, Press (1978) shows
how very different-looking light curves, generated by varying
the duration of pulses as well as their frequency and amplitude,
have the same PSD. Thus, it may be challenging to determine
from visual analysis alone, whether the PSDs of two light curves
differ from each other. We return to discussing PSD analysis later
at multiple points, starting in Sect. 3.2.

2.2. Stationarity 130

For most statistical methods, the assumption is that the analysed
data is stationary. This is self-explanatory, as defining a whole
process from a discrete data segment requires the process to not
change over time, especially not on observable timescales. A
time series is stationary if its statistical properties, such as the
mean, variance, and autocorrelation function, do not change over
time. Unfortunately, this is not trivial to estimate from an AGN
light curve due to statistical fluctuations.

Source 3C454.3 is an example of a source that appears to vi-
sually change its behaviour over time as shown in the left-side 140

plot of Fig. 1 using 37 GHz data from MRO. On the right-side
plot is a simulated light curve using similar PSD parameters (ob-
tained in Paper I) and a log-normal PDF. We simulated 400 years
of data and cut it to a segment of 40 years. The bend timescale
is at 8.2 years, well within the observing period. The behaviour
between the observed and simulated data is similar with extreme
flare amplitudes towards the latter part of the observing period.
The simulation is the product of a stationary model; The diffi-
culties of determining stationarity in the context of AGN light
curves are further discussed in Vaughan et al. (2003). 150

A time series can be weakly or strongly stationary, and in re-
search it is usually up to the author of the analysis to decide what
they consider sufficient for their purposes. Weak or wide-sense
stationarity indicates that some requirement of strong or strict
stationarity is not fulfilled, while some other is. We return to the
implications of stationarity later, as it is an important considera-
tion in hypothesis testing.

3. Stochastic processes and modelling them

The astronomical data we observe are generated by stochastic
processes. A stochastic process is a random process, where we 160

are only able to derive certain statistical parameters of the pro-
cess but not predict future values. Below we describe a few of the
commonly used stochastic processes for modelling AGN vari-
ability behaviour and briefly discuss some of their caveats in
the context of time-variability analysis. After that we move to
describing what the colours of noise are, and then what the im-
plications are for the shape of the PSD. For thorough reviews of
stochastic processes and modelling them in the context of astron-
omy, we refer the reader to Scargle (1979) and Scargle (2020).

While here we refer to the bending power law and simple 170

power law as models, they are technically not models but de-
scriptors for the distribution of power in the frequency domain.
That is, they contain no information or assumptions of the un-
derlying process generating similar PSD shapes.

The naming conventions of stochastic processes vary be-
tween disciplines and also within astronomical literature as
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Fig. 1. Comparison between observed data of 3C454.3 at 37 GHz (error bars not included) and simulated data on the right with similar modelling
parameters obtained from the analysis of Paper I. The simulated data is evenly sampled, and the observed data has an uneven cadence.

noted by Scargle (2020). Here we discuss models with names
that are commonly seen in astronomy literature.

3.1. Gaussian processes

Some stochastic processes are called Gaussian processes. The180

requirement is that a finite collection of data points generated by
the stochastic process be jointly Gaussian. The Gaussian process
is a generalisation of the multivariate normal distribution for in-
finite dimensions. Gaussian processes have been commonly used
in astronomical studies to model light curves in the time domain
(Kelly et al. 2014).

3.1.1. Random walk

Random walk is a stochastic process originally used to describe
Brownian motion. Brownian motion is a Gaussian process that
describes the path molecules take in a medium of liquid or gas,190

named after botanist Robert Brown (1828). Today, random walk
is also used to describe a variety of different processes, such as
stock market changes and neuronal dynamics, which may not be
Gaussian.

For a random walk, each position is the sum of the previous
positions. In the most simple case this can be described as

yt = yt−1 + εt, (2)

where t is time, y is the value of the random variable, and ε is its
error.

The equation tells us that each position of the random vari-
able y at time t depends on its previous position only. When t→200

∞, the random walk will take each position an infinite number
of times, and thus the mean of the process is constant. However,
its variance increases infinitely causing the process to be non-
stationary. While the process is not stationary, the increments are
both independent and stationary; that is, we should observe the
same behaviour regardless of the initial value of observations.

3.1.2. The Ornstein-Uhlenbeck process

The Ornstein-Uhlenbeck process (Uhlenbeck & Ornstein 1930),
also called the damped random walk, is one of the more com-
monly used stochastic processes for modelling AGN behaviour210

in recent years (e.g. Kelly et al. 2009). In contrast to the random

walk, the Ornstein-Uhlenbeck process is a continuous-time pro-
cess and a specific case of the Continuous Autoregressive pro-
cess (CAR(1)) (Kelly et al. 2009; for a review see e.g. Scargle
2020). The Ornstein-Uhlenbeck process is a modification of de-
scribing pure Brownian motion. The main difference is that the
process variance is finite in the Ornstein-Uhlenbeck formula-
tion whereas for pure Brownian motion it is infinite as discussed
above. The Ornstein-Uhlenbeck process is mean-reverting – that
is, its value tends to its mean over time. It is also a stationary 220

process as it has a well defined mean and variance.

The Ornstein-Uhlenbeck process has some caveats when
used for modelling AGN noise processes. One of the issues is
that it only allows for two free parameters, a bend frequency
(described below in Sect. 3.3) and a normalisation (Kelly et al.
2014). This may for example cause some biases in the estimated
characteristic timescales (Kozłowski 2016). Another potential
caveat with using the Ornstein-Uhlenbeck process is that it is
a Gaussian-Markov process, that is its PDF is Gaussian. As we
discussed previously, AGN light curves cannot be purely Gaus- 230

sian due to their non-negative flux densities.

3.1.3. CARMA

The Ornstein-Uhlenbeck process can be written as a first-
order stochastic differential equation. Kelly et al. (2014) suggest
adding higher order derivatives to the Ornstein-Uhlenbeck pro-
cess to overcome the limitation of having only two free param-
eters. This model is called the continuous autoregressive mov-
ing average (CARMA) process, and it is a generalised version
of the Ornstein-Uhlenbeck process but provides a more flexi-
ble PSD. Both the Ornstein-Uhlenbeck process and CARMA 240

have an exponential autocorrelation function, which is desir-
able, as their likelihood functions can be calculated efficiently
(Kelly et al. 2014). Kelly et al. (2014) show that CARMA can be
used to model irregularly sampled stochastic and quasi-periodic
light curves. Of course, with a higher number of parameters, one
must then be careful when evaluating the significance of their
results, as adding parameters will naturally risk overfitting the
data.
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3.2. The simple power law and colours of noise

The simple power law is defined as250

P(ν) =
1
νβ
, (3)

where the ν’s are the probed frequencies and β is the PSD slope.
The simple power law is used for describing the different

colours of noise. A process with a simple power-law PSD is not
strictly stationary as its variance increases infinitely; that is it
does not converge (e.g. Press 1978). This is not feasible in a
real process: In the context of AGNs, we should then see flare
amplitudes growing infinitely over longer and longer temporal
distances.

While a simple power-law PSD cannot be produced by a
real-world process over non-discrete observing windows, differ-260

ent slopes of the simple power law are used to define the so-
called colours of noise. Colours of noise are in practice simply
definitions of the shapes of the PSD and do not hold physical
meaning themselves. In real-world applications the processes are
always band-limited, which relaxes their requirements for sta-
tionarity.

We can consider (the weak) stationarity of coloured noise in
this way: If we have a data sample with a PSD that remains the
same within that discrete observing window, each segment of the
signal we take should have that same shape. In addition, any new270

observation of the same length of observing window should have
the same PSD.

3.2.1. White noise

White noise is noise where all observed data points are uncor-
related in time. That is, the current position has no effect on the
following position, and thus it has no memory of its past. White
noise has finite mean and variance, and its PSD slope β is 0.
Whether white noise is stationary or not depends on how it is
defined, but by the usual definition it is. For our purposes it is
not relevant to go into the mathematical details, but the reader280

should consider this possibility if reading further on the subject
and seeing some apparent conflict in terminology. White noise
can have a Gaussian distribution, but it is not a requirement.

3.2.2. Red noise

Another well-understood type of noise is red noise with a PSD
slope β = 2. Red noise is obtained from integrating white noise
and it has no correlation between increments, which means that
in a time series the position of the next data point only depends
on its current position. This can be thought of as its variance
accumulating over every step, and hence the variance increases290

into infinity. The definition of red noise varies in astronomy: For
example in the X-ray domain, all slopes β > 1 are often called
red noise (e.g. Vaughan et al. 2003).

Pure red noise (β = 2) is produced by for example Brow-
nian motion, hence it is also called Brown or Brownian noise
(after Robert Brown, not to be confused with the colour). Noise
produced by Brownian motion is by definition Gaussian and it
has stationary increments (e.g. Hunt 1956), but it is not a strictly
stationary process as described earlier. For example, the PSD of
random walk is red noise with β = 2 similarly to the damped300

random walk (CAR(1)), whose PSD is a Lorentzian.

3.2.3. Flicker noise and other long-memory noise

Flicker noise, also called 1/ f noise, as well as other coloured
noise of slopes different from 0 or 2 continue to be poorly under-
stood, as they cannot be obtained from integrating white noise.
These processes require memory over long timescales, which is
difficult to model mathematically (Keshner 1982).

Flicker noise is seen everywhere in nature, but it has proven
to be very challenging to universally model these processes gen-
erating such noise (e.g. Press 1978; Keshner 1982; Milotti 2002 310

and references therein). On the other hand, it is debated whether
there even is a universal explanation for flicker noise and that it
would rather be a manifestation of different dynamics in different
systems.

The definition of flicker noise is usually extended to include
slopes between β = 0.5 to 1.5, as these slopes have been observed
in electronics components (Milotti 2002 and references therein).
Flicker noise can be generated for instance by additive pulses
of varying duration that have a power-law distribution (Halford
1968) or as a superposition of relaxation processes (Press 1978). 320

We discuss the generation mechanisms further in the context of
characteristic timescales in Sect. 6.

In AGN light curves the power-law part of the PSD is con-
sidered to be approximately red noise, but it typically varies
between slopes β = 1 and β = 3 (e.g. Uttley et al. 2002;
Max-Moerbeck et al. 2014a) and is dependent on the observing
domain. In Paper I, the average slope of the power-law portion
of the PSD for the 11 constrained sources was β = 2.3.

3.3. The bending power law

Red noise and flicker noise are not strictly stationary due to their 330

lack of convergence when f → 0. This does not suggest that
sources cannot have an apparent simple power-law slope over
finite (band-limited) observing windows: The flattening may oc-
cur over frequencies whose inverse is longer than the monitoring
period, and thus only the steep simple power-law portion of the
PSD may be visible until more data is collected.

The bending power law has a power-law portion followed
by a smooth bend to white noise in low frequencies. It can be
defined as

P(ν) =
1

(1 +

(
ν

x−1
b

)2
)
β
2

, (4)

where the ν’s are the sampled frequencies, xb is the inverse of 340

the bend frequency, and β is the PSD slope (Uttley et al. 2002).
Figure 2 shows the differences between the simple power

law and the bending power law as well as how changing the
timescale alters the PSD shape. As mentioned above, an impor-
tant point to note is that the bending power law will equal the
simple power law when the timescale is at a longer timescale
than the observing window length (blue and green curves in Fig.
2). However, it is not quite this simple when analysing real-world
data, but rather the timescale will need to be considerably longer
than the observing window length for it to be guaranteed to not 350

affect the fitting procedure. The considerations include uneven
sampling, spectral leak as well as observational errors, which
may all affect the PSDs in different ways depending on the PSD
parameters.

The plot also highlights the possible dangers in using a sim-
ple power law: If the bend frequency is already within the mon-
itoring period length, using a simple power law to find the best
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Fig. 2. Plot showing four PSDs of varying parameters and with a slope
of β = 2. In the blue is the simple power law, in red is the bending power
law with a characteristic timescale of 20 days, in purple is the bending
power law with a characteristic timescale of 200 days, and last in green
is the bending power law with a characteristic timescale of 2000 days.
The dashed grey line shows the principle of how a simple power law
would fit to a bending power law. The powers (y-axis) are arbitrarily
scaled.

fit for the PSD will result in a flatter estimate as shown in Fig. 2
with the dashed line approximately fitted to the bending power
law with parameters β = 2 and xb = 20 days. Clearly, the dashed360

line would not be a good fit in this situation, but the principle
is the same: Sparse sampling and observational errors distort the
periodogram in a way that may lead to the bending power law
resembling the simple power law more, especially if the charac-
teristic timescale is closer to the length of the observing window.

The simple power law is still relatively commonly used in
PSD analysis and it is not necessarily an issue per se. However,
in addition to the potentially flat slope estimates, if the PSD of
the source is not a simple power law, as is expected with long-
enough monitoring periods, then using it as a reference model370

to identify deviations from the underlying noise process, such as
quasiperiodicities, will result in false positives. Vaughan (2005)
suggests that in such a case, using short enough segments of the
light curve should allow this issue to be circumvented. Of course,
if the quasiperiodicity occurs at such periods that it is within
the flat portion of the PSD, other methods need to be consid-
ered. We discuss some other issues regarding the identification
of quasiperiodicities from AGN light curves again in Sect. 6.2.

It is also possible that a bending power law is not enough to
describe the PSD of a source. For example Belloni & Hasinger380

(1990) showed that the black-hole X-ray binary system Cyg X-1
includes two breaks in its PSD. Naturally, increasing the number
of parameters poses its own constraints in analysis, and the risk
of overfitting the data needs to be carefully assessed. For the
bending and simple power laws, the fact that the bending power
law becomes a simple power law in short-enough monitoring
periods is convenient as it removes the necessity of comparing
the model fits in relation to their different number of parameters.

4. Methods

AGN variability analysis shares in principle all methods with390

other signal processing fields and even with stock market anal-
ysis as mentioned previously. Here we first describe the peri-
odogram with some of its caveats we discovered during the anal-

ysis of Paper I, and then briefly a few of the other most basic
methods that are used in AGN light-curve analysis.

4.1. The periodogram

The periodogram is an estimator of the underlying true power
spectrum of a light curve and its use is widely covered also in as-
tronomy literature (e.g. Uttley et al. 2002). The periodogram can
be obtained by applying a normalisation to the modulus squared 400

DFT (Deeming 1975):

P(ν) =
2T
µ2N2 |FN(ν)|2, (5)

where T = length of the time series, µ = mean of the light curve,
N = number of data points, and FN = Discrete Fourier Trans-
form. This normalisation allows the fractional root mean squared
(RMS) variability to be determined (Uttley et al. 2002).

The mean of the periodogram approaches the true PSD as
the length of the time series increases. However, the variance of
the true power spectrum is exaggerated by the periodogram and
the variance does not decrease with the number of data points in-
creasing (e.g. Whittle 1957). This is especially important when 410

analysing notable deviations from a null hypothesis of a feature-
less power spectrum.

The periodogram probes only certain frequencies, which is
important to remember when analysing light curves for any po-
tential timescales. That is, for a light curve of length N, the peri-
odogram (or more specifically the DFT) will search for sums of
sine and cosine functions of periods T = N, N/2, N/3,.. exact peri-
ods depending on the chosen frequency grid and if oversampling
is employed. Therefore, one must be careful when analysing for
any specific timescales from the periodogram: If the timescale 420

is not an exact probed Fourier frequency, the timescale will be
shifted to adjacent bins. We discuss Fourier frequencies further
in Sect. 5.2.1 and timescales in Sect. 6.

The periodogram is often binned logarithmically to reduce
its variance (Papadakis & Lawrence 1993). The issue with loga-
rithmic binning is that the low-frequency bins have a very small
number of samples, thus making them much more erratic and
difficult to fit compared to high frequencies (Uttley et al. 2002).
However, if no binning is used or it is not done logarithmically,
high frequencies will dominate as the contribution of low fre- 430

quencies to any fitting procedure will be minimal.

4.1.1. Interpolation

The periodogram requires evenly sampled data; thus AGN light
curves need to be interpolated. Interpolation may cause some is-
sues if the data is very strongly biased towards flaring events,
and if the time series contains sections of very sparse sampling.
With strong flare bias, interpolation will affect the periodogram
less than that of an unbiased sparsely sampled light curve. This
occurs because interpolation smooths out short-timescale varia-
tions (reduces the power in high frequencies in the periodogram) 440

causing the periodogram to become steeper. If the observed data
instead contains many data points in high-activity states, the pe-
riodogram will contain more power in the high frequencies, thus
decreasing the steepening effect of interpolation. This is an is-
sue for model fitting as simulations that replicate the original
sampling cannot reproduce the bias due to the randomness of a
stochastic process: In our simulations the flares will occur ran-
domly, and not necessarily during the periods of denser sam-
pling.
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Fig. 3. Comparison between the PSDs of an evenly sampled light curve and flare-biased light curve. Left-side plot: Light curve we generated using
the bending power-law PSD with parameters β = 2 and xb = 500. The grey light curve has been evenly sampled, and the black light curve has flare
bias. Right-side plot: Obtained periodograms. The periodogram in grey shows the PSD of the light curve with even sampling. The periodogram
in orange is the mean periodogram of 1000 realisations using the same parameters and even sampling. The black periodogram is the periodogram
of the flare-biased light curve. The purple periodogram is the mean periodogram of 1000 realisations using the same parameters and replicated
sampling. Because the replicated periods of denser sampling only randomly occur during flares in simulated light curves, the effect of interpolation
is stronger than on the black periodogram.

Figure 3 shows an example of a periodogram constructed450

from a light curve with simulated flare bias and sparse sampling,
and then conversely a periodogram constructed from a light
curve with daily even sampling. We generated the flare-biased
sampling by choosing data-point time stamps with pseudo-
random Gaussian (integer) sampling, heavily favouring higher
flux densities by dividing the time stamps of flux densities into
two arrays based on their values. The simulation process is dis-
cussed later in Sect. 5.1 and 5.4.1.

The black periodogram of the light curve with flare bias is
steeper than the periodogram with even sampling (grey) due to460

interpolation. The steepening of the periodogram is caused by
the flare-biased light curve having multiple gaps, which interpo-
lation smooths out. However, the simulated mean periodogram
using the sampling of the flare-biased light curve is clearly
steeper. With flare bias, some portions of the light curve with
high flux densities are over-represented: Interpolating between
the points will hardly smooth these densely sampled flares result-
ing in more power on high frequencies. Because we are applying
the same sampling to the simulated light curves used to construct
the mean periodogram, the biased sampling will randomly occur470

during flares and randomly during periods of low flux densities.
Therefore, the steepening of the periodogram due to interpola-
tion will be stronger for the simulations, as many of the light
curves used to construct the mean periodogram will have at least
some strong flares with poor sampling. If there is less flare bias,
the source light curve will be more similarly steepened to the
mean periodogram of the simulations.

The flare bias of MRO light curves is much less prominent
than in our simulations. While the MRO light curves are thus less
susceptible to these effects, it is a consideration and highlights480

the need for estimating the potential effects in the results gained
from variability analysis of AGNs.

In Paper I, many sources also had a very large parameter
space of good fits. We assumed this to be because interpolat-
ing sparsely sampled data results in similar periodogram shapes
regardless of the model PSD used to create the light curves. Fig-
ure 4 shows how the difference between slopes β = 2 and β = 3
increases with denser sampling. The plots on the left and mid-

dle show how initially with sparse sampling the slopes are much
closer to each other than with the densely sampled plot on the 490

right. These effects are magnified with the bending power law,
as it contains a second free parameter, as well as with the ob-
servational errors included. Here, the sampling is Gaussian and
thus not completely representative of real sampling, which may
include larger gaps and segments of denser sampling and further
contribute to the number of good fits.

4.1.2. Normalisation of the periodogram

How the normalisation is done depends on the author, and espe-
cially on if the exact powers in the periodogram are of interest.
When analysing timescales, the power axis can usually be cho- 500

sen freely, and thus the choice of normalisation is less important.
However, this is where it is relevant to consider the accuracy of
the mean and variance of the observed light curve, if the light
curves are shifted and scaled according to them. Uttley et al.
(2002) consider this when averaging the light curve means in
such a way, where an increased number of data points in one bin
does not contribute to the mean more than a bin with fewer data
points. However, as they also note, the mean of the light curve
is vulnerable to variations inherent of a red noise process and
adding uneven sampling may distort the statistical parameters 510

further.
We tested the normalisation of the periodogram with simply

scaling the periodograms as described in Eq. 5, and with an al-
ternate strategy, where the periodograms were shifted to have a
mean of zero in logarithmic space. This ensured that the position
of a periodogram was independent of the statistical parameters
obtained from the light curves. The motivation for testing this
strategy came from initial simulations, where we noticed that
using the light curve mean and variance for shifting and scal-
ing the simulated light curves sometimes resulted in a slightly 520

mis-matched power-axis position.
Figure 5 shows periodograms with both the normalisation

introduced in Eq. 5 as well as the shifted equivalents. Shifting
the periodograms to have a mean of zero appears to bring the
simulated mean periodogram closer to the periodogram of the
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Fig. 4. Mean periodograms plotted using simulated light curves constructed from two simple power laws with β = 2 and β = 3 with a varying
number of data points. The first plot includes 48 data points, the second plot 146 data points, and the third plot is evenly sampled with the full
14610 data points.

Fig. 5. Examples of scaling the periodogram. The black and orange pe-
riodograms use the normalisation presented in Eq. 5, whereas the grey
and purple periodograms are shifted to have a mean of zero in logarith-
mic space.

mock light curve. The result is desirable as it removes some of
the potential errors in the scaling of the simulated light curves.

While shifting the periodograms to have a mean of zero was
successful, it also had some issues, specifically due to the ob-
servational errors: Sources with flatter PSD slopes were not af-530

fected by this, but for sources with steep PSD slopes (β > 2) we
were sometimes unable to set an upper limit for the slope. This is
due to observational errors, which can limit the steepness of the
slope; that is, adding Gaussian white noise to a smooth red-noise
periodogram causes the high frequencies to flatten. This affects
the non-shifted periodograms less because the power-axis posi-
tion of the simulated mean periodogram will be changed even if
the steepness of the slope is not dramatically altered. However,
in the analysis of Paper I, we disregarded some fits that were
clearly caused by observational errors as they were distinguish-540

able as a sudden increase in fit significance in the steepest slopes
(β > 3).

4.2. Briefly on other methods

In the following sub-sections, we briefly describe the other meth-
ods that were tested for the analysis in Paper I. We conducted
various simulations to confirm the caveats described in some of
the original papers cited below.

4.2.1. The Lomb-Scargle periodogram

The Lomb-Scargle periodogram is a modification of the original
formulation of the periodogram (Lomb 1976; Scargle 1982). It 550

is intended for unevenly sampled data and as such it has been
widely used in AGN variability studies. The generalised Lomb-
Scargle periodogram (Zechmeister & Kürster 2009) is an im-
proved modification of the original formulation, where obser-
vational errors are considered and the mean of the data need
not be the mean of the fitted sine function. We tested the ability
of the Lomb-Scargle periodogram to identify the correct PSDs,
and confirmed that especially for longer periods, the generalised
Lomb-Scargle periodogram was superior.

In the original formulation by Scargle (1982), the false- 560

alarm-probability (fap) is presented as a way to identify non-
stationarities, such as quasiperiodicities. A sometimes over-
looked aspect is that the fap is in fact only usable for stochas-
tic processes generating white noise and for identifying a signal
specifically from white noise (e.g. VanderPlas 2018). Thus fap
should not be used in the context of AGN variability analysis,
where the data is red noise.

Most of the issues of the Lomb-Scargle periodogram are
highlighted in VanderPlas (2018), where many common miscon-
ceptions over its superiority compared to using the ordinary pe- 570

riodogram are disproved. For example, it is often argued that the
Lomb-Scargle periodogram does not suffer from aliasing (dis-
cussed in Sect. 5.2.2), but VanderPlas shows this not to be true.

4.2.2. The structure function

The structure function is in principle the time-domain version
of the periodogram. Thus it should give similar information as
the PSD. The structure function has been used for example to
analyse phase and frequency instabilities in precision frequency
sources (Rutman 1978), and flicker noise remains an active field
of study in electronics components (e.g. Schmid 2018). The 580
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first-order structure function is defined as (Simonetti et al. 1984;
Hughes et al. 1992)

D1(τ) = 〈[S (t) − S (t + τ)]2〉, (6)

where S(t) is the signal flux density at time t and τ is a time lag.
In the astronomy literature, the structure function is com-

monly described with having a flat short-timescale slope dom-
inated by noise (Hughes et al. 1992). This flat portion is then
followed by a steeper slope, after which it turns over into an un-
correlated flat section. This is the same behaviour that we expect
in a bending power law in the frequency domain.

We simulated multiple sets of 100 light curves using the590

bending power law with β = 2 and varying the timescale location.
We constructed both the periodogram and the structure func-
tion for them and visually estimated the bend-frequency location
from the periodogram and the timescale from the structure func-
tion. The results from the structure function analysis show that
the timescales are often close to a location xb/2, whereas in the
periodogram the bends are close to x−1

b . This is a similar result
that Emmanoulopoulos et al. (2010) obtained fitting a broken
power law to the structure function. We did not consider all pos-
sible scenarios, specifically we did not use long time series with600

even sampling due to the computational cost. While we cannot
draw any firm conclusions of a systematic offset until more simu-
lations are done, the difference in the timescale obtained from the
periodogram and structure function are known and reported in
the astronomy literature (e.g. Tanihata et al. 2001; Hovatta et al.
2007). The difference in the timescale location is often attributed
to the structure function probing the rise and decay times of
flares. From Eq. 6 we see that the structure function indeed is
sensitive to differences in flux densities. The periodogram on the
other hand deconstructs the light curve into sine (cosine) waves,610

where analysing a singular sine wave results in a peak in the pe-
riodogram, shown also later in the bottom left panel in Fig. 6. If
we analysed the sine wave with the structure function, the full
period from start to finish would result in no difference in flux
densities. Rather, the largest difference would come from the ex-
tremes of the sine wave, equating to half of the sine wave period.
A similar explanation is provided in Hovatta et al. (2007).

The slope α of the structure function is also related to the
PSD as (Emmanoulopoulos et al. 2010)

α = β − 1. (7)

Similarly to the Lomb-Scargle periodogram, there are some620

misconceptions regarding the structure function. Its caveats are
thoroughly discussed in Emmanoulopoulos et al. (2010): For ex-
ample, sampling affects the shape of the structure function sig-
nificantly, and it cannot be used without simulations. The cor-
relation between the PSD slope and the slope of the structure
function depends on the light curve properties. That is, it needs
to be stationary, have a mean of zero, have the frequency range
[0,∞], and have a PSD slope of a power-law form with 1 < β <
3 (Emmanoulopoulos et al. 2010).

In addition to testing for the location of the characteristic630

timescale, we also generated structure functions for our simu-
lated light curves and saw that densely sampled light-curve seg-
ments dominated them. This may warrant using some sort of a
tapering method to ensure that the shape of the structure function
is not biased towards areas of denser sampling.

Because the structure function should give us the same in-
formation as the periodogram but the method contains more un-
certainties, we opted to not use it in our final analysis in Paper
I.

5. Simulations and model fitting 640

5.1. The power spectral response method

We do not discuss the power spectral response (PSRESP)
method in depth, but the reader is referred to the original article
by Uttley et al. (2002). The main principle is to use the original
sampling of the source light curve and apply it to the simulated
light curves to mimic sampling artefacts and spectral distortions.
The goodness of fit is then estimated with a χ2-type distribution,
χ2

dist.
In the PSRESP method, the χ2-value is obtained with the

following equation: 650

χ2
dist =

νmax∑
ν=νmin

(Psim(ν) − Pobs(ν))2

∆Psim(ν)2
, (8)

where Pobs is the periodogram of the observed data, and Psim
the mean of the simulated periodograms. The χ2

dist distribution
is otherwise similar to the chi-square statistic, but it does not
assume Gaussianity. Uttley et al. (2002) state that a major benefit
of this approach is our ability to estimate the periodogram errors
from the spread of the simulated periodograms.

The original formulation draws from an approximately
Gaussian distribution to generate light curves (discussed later
in Sect. 5.4.1). In our simulations, we did not observe issues
with the ability of the PSRESP to identify the correct PSDs 660

within error margins, even if the input light curve was highly
non-Gaussian. The PSD and PDF of a light curve are connected
through variance, where for a stationary zero-mean process, the
integral of the PSD equals the process variance.

5.2. Spectral distortions

5.2.1. Red-noise leak

Red-noise leak is a well known issue considered in most astron-
omy literature where PSD analysis is conducted. It is caused by
the finite observing window, and corrected for by initially simu-
lating longer time series and then selecting a sub-section to rep- 670

resent the same finite observing window. We wish to expand on
this explanation, as it is not usually discussed further in astron-
omy literature and hopefully the explanation provides some in-
sight into the simulations.

Red-noise leak occurs because the Fourier Transform of a
rectangular window — the window we are observing with —
is no longer rectangular, but a sinc function. This change in the
window shape causes the frequencies to be spread to adjacent
bins unless all deconstructed sine waves in the light curve have
an integer multiplier of the number of periods in the observing 680

window, resulting in exactly the observing window length. The
Fourier transform essentially copies each individual sine wave,
and if there is a discontinuity, spectral leak will occur. This can
be visualised with a periodic signal in Fig. 6. The top left-side
plot shows a sine wave with two full periods. The orange part
is essentially what the Fourier transform does; that is, it copies
the input signal exactly as is. On the top right-side plot we see
the discontinuity in this process, when the input sine wave does
not have a full integer number of periods. The Fourier transform
cannot generate a continuous pure sine wave from the original 690

input signal. An impulse signal in the time domain is a constant
in the frequency domain, which explains the consequent spread
of the discontinuity.
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Fig. 6. Plots illustrating the cause of red-noise leak in Fourier analysis. The top left-side plot shows a sine wave with two full periods resulting
in no red-noise leak, depicted by the continuous sine wave transfer from blue to orange. The right-side plot shows a non-integer multiple of the
period resulting in a discontinuity in the Fourier transform. The middle row shows sine waves with periods T = 1/(15 Hz), with the left-side plot
having again full integer periods and the right-side plot conversely having a discontinuity. The bottom row shows the respective periodograms.

Fig. 7. Comparison between periodograms with no red-noise leak and
with red-noise leak present. The blue periodogram is of a light curve
without red-noise leak, and the orange periodogram is of a light curve
with red-noise leak. Both of the light curves were simulated using the
same power-law slope.

The middle plots of Fig. 6 correspondingly show two sine
waves with period T = 1/(15 Hz) and below them are their re-
spective periodograms. For the signal with an integer multiplier
of periods (left-side plot), the peak of the power spectrum occurs
exactly at 15 Hz as expected and there is no power in adjacent
frequencies. Conversely, for the right-side plot with a disconti-
nuity, the power of the signal is concentrated at 15 Hz, but some700

of the power is spread across neighbouring frequencies.

Figure 7 shows how red-noise leak is visible in the logarith-
mically plotted periodograms of noise containing multiple dif-
ferent frequencies. The blue graph without red-noise leak con-
tinues as a simple power law, but the orange plot with red-noise
leak has a much flatter slope due to the spread of power into
adjacent frequencies. Red-noise leak most prominently affects
steeper power-law slopes β > 2. This is because light curves with

steep PSD slopes have little power in high frequencies, and thus
red-noise leak has a more significant impact on them. 710

In astronomy, we usually initially simulate a longer light
curve and then cut it to the length of the observed time series to
mimic the discontinuity. It is unclear how long the so-called red-
noise length should be to sufficiently mimic this effect. Certainly,
one can always choose 1000 times the length of the original time
series, but this is usually unnecessary and computationally ex-
pensive. In Paper I, we simulated light curves with a length mul-
tiplier of 10. This appeared to be sufficient for our purposes and
we did not notice a difference compared to the larger multipliers
we tested (up to 10 000). 720

5.2.2. Aliasing

Aliasing is caused by discrete data sampling, where it is most
dominant with evenly sampled data (Deeming 1975). Aliasing
occurs when power on intermediate frequencies of continuous
data is leaked to the measured frequencies if the sampling occurs
at a lower rate than the Nyquist rate. Aliasing causes high fre-
quencies of a PSD to flatten similarly to red-noise leak. As was
discussed previously, the Lomb-Scargle periodogram is not im-
mune to this spectral distortion despite using unevenly sampled
data as input and requiring no interpolation. In fact, VanderPlas 730

2018 argues that using the Lomb-Scargle periodogram may be
detrimental for the analysis, since the spectral leak cannot be
properly characterised.

Aliasing mostly affects flatter PSD slopes β < 1.5 because
they contain more power in short temporal intervals. Aliasing
occurs when a continuous signal cannot be sufficiently sampled,
and thus it is intuitive that noise with more power on those short
intervals would then be more significantly aliased.

Aliasing cannot be eliminated from the data, but binning of
the data helps reduce it. The aliasing effect can also be repro- 740

duced in simulations by simulating a finer grid of data, and then
sampling from it according to the sampling pattern of the ob-
served light curve. This ensures that there are higher frequencies
present in the initial simulations.
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5.3. Methods for removing red-noise leak

5.3.1. End-matching

One way to reduce red-noise leak is to match the ends of the
time series manually. We can force the start and end points of a
light curve to be close to each others’ values by choosing a sub-
segment of the light curve where the start and end points match750

as closely as possible (e.g. Fougere 1985; Schreiber & Schmitz
2000). In general, the larger the difference between the values at
the start and end of a time series, the larger the flattening caused
by red noise leak in the high frequencies. In our simulations,
it was sufficient to have the flux densities close to each other in
value, but they did not need to be an exact match to reduce the ef-
fect of red-noise leak to be negligible. It is likely good practice to
test the required matching in each individual case, depending on
how accurate the PSD is desired to be. As Schreiber & Schmitz
(2000) note, the smoothness of the time series relates to how well760

the ends need to match.

5.3.2. Windowing

Red-noise leak can also be eliminated from the data fairly well
by using a window function, but it is only applicable for evenly
sampled data and is thus not possible with the Lomb-Scargle
periodogram. Max-Moerbeck et al. (2014b) showed that a win-
dowing function is necessary to avoid this flattening of the PSD
in high frequencies unless some other method of reducing the
leak is used. While technically the flattening will be imprinted on
the simulated data when using the PSRESP method, finding the770

upper limits for the steepness of the PSD slope will be difficult.
Figure 8 illustrates the issue. For the left-side plot, no windowing
function is used and all periodograms with β = 2, 3, and 4 appear
to have almost the same slope. In the right-side plot the slopes
are clearly different from each other, and this is because the sim-
ulated light curves are convolved with a Hann window. What the
windowing function in principle does is to weigh the discontinu-
ous portion (both ends of the light curve) in such a manner that it
becomes approximately continuous. This transform is naturally
not perfect.780

The window function works similarly to end-matching in
the sense that the start and end of the data is brought to zero.
Windowing is not always unproblematic though. An issue rises,
when there is relevant information at the beginning and at end of
the observed time series because the windowing function smears
this information out. When analysing stochastic noise processes
and attempting to find a characteristic timescale, this is a possi-
ble issue because the low frequencies are smeared out. A priori
it is difficult to know, whether the characteristic timescale is suf-
ficiently within the observing period not to be affected by the790

windowing function.
For a comprehensive review of windowing functions in the

context of discrete Fourier transforms, we refer the reader to
Heinzel et al. (2002).

5.4. Simulated time series

5.4.1. The Timmer and Koenig method

The most commonly used method for time series simulations
in the astronomy literature is the algorithm introduced by
Timmer & Koenig (1995), hereafter TK95. The algorithm ran-
domises both the phase and amplitude of the light curves. The800

idea is that the algorithm allows any realisation of the process to
be generated.

Something that needs to be considered, when simulating
light curves with the TK95 algorithm, is that the variance does
not depend on the number of data points. This is especially im-
portant when simulating longer initial light curves in order to
apply red-noise leak to the data. That is, if one simulates red-
noise leak by increasing the length of the observing period by
any factor, then the variance in the cut segment will be reduced
according to that factor. Figure 9 demonstrates this with using 810

ten and 1000 times longer time series for the initial simulation,
after which the data is cut to a 40-year segment. This is not an
issue if the data is scaled but is nevertheless a consideration.

The Gaussianity of the light curve PDFs created by the TK95
method should also be considered carefully. Morris et al. (2019)
showed that steeper PSD-slope values saw a decrease in the
Gaussianity of the light curves. We saw this same effect in our
simulations shown in Fig. 10, where using a simple power law
with either β = 0 or β = 1 gives clearly Gaussian-distributed
data, but the Gaussianity is much weaker when β = 2. This is a 820

serious consideration in analysis, where TK95 data is used as is
with the assumption of its Gaussianity.

5.4.2. The Emmanoulopoulos algorithm

An improved simulation algorithm by Emmanoulopoulos et al.
(2013), hereafter EMP13, for generating simulated PSDs with a
known PDF has been widely adopted in the astronomy commu-
nity. The method uses the TK95 algorithm for its input data.

The method is based on the Improved Amplitude Adjusted
Fourier–Transform (Schreiber & Schmitz 2000) (IAAFT). The
method is a part of a group of methods intended for creating sim- 830

ulated data, also called surrogate data. There are differences be-
tween the EMP13 and IAAFT method, mainly that in the EMP13
formulation, the TK95 data is used as a basis for the surrogate
time series and the original amplitude data is not simply shuffled,
but drawn pseudo-randomly from a model distribution (usually
created based on the observed data).

The EMP13 method has a caveat, which has often been over-
looked. In EMP13 chapter 2.3, it is suggested that if phase infor-
mation is not required, the entire light curve can be simulated
and then cut to the wanted length before the iterative (and thus 840

the most time-consuming) step preserving the red-noise leak.
However, this presents an issue: The iterative step in generating
surrogate data attempts to end-match the light curve. More accu-
rately, the jump between the first and last point of the shorter seg-
ment is spread through time in the iterative step because phase
information is not preserved. With the generation of a Gaussian-
distributed light curve in TK95, the phases are randomised but
cutting the time series short for simulating red-noise leak pre-
serves the same randomisation. If this time series is then used
for the EMP13 iterative step, the phase information is again ran- 850

domised. The red-noise leak will thus be imprinted on the PSD
in such a manner that windowing methods used for reducing red-
noise leak do not work. Figure 11 demonstrates this with the top
row showing the entire TK95-simulated light curve with simple
power law and slope β = 3. The bottom left-side plot shows the
resulting light curve when the phase information is randomised,
that is, when the light curve is cut to a shorter segment before
the iterative step (see the end-matched flux densities). The right-
side plot demonstrates the result if the entire long light curve is
used in the iterative step and cut to the desired length only after 860

it. Visually, it is clear that the left-side plot contains more high
frequencies than the original light curve or the right-side plot.

This is the same issue that was discussed in Sect. 5.2.1 and it
is demonstrated in Fig. 12. When a light curve simulated with a
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Fig. 8. Effect of windowing on steep slopes in periodogram analysis. The left-side plot shows examples of periodograms with varying simple
power-law slopes and red-noise leak present. On the right-side plot are the equivalent power-law slopes, but this time the same time series has
been convolved with the Hann window.

Fig. 9. Comparison between simulated light curves when varying the simulation length in the TK95 algorithm. The left-side light curve is a 40-year
segment from a 400 year-long simulated light curve using the TK95 algorithm and slope β = 2. The right-side light curve has the same parameters
but is cut from a 40 000-year long light curve.

steep slope (here β = 3) is convolved with the Hann window, the
windowing function will correct for red-noise leak if the phase
information is retained. If the phase information is randomised,
as it is in the iterative step of the EMP13 algorithm, then the
light curve convolved with the Hann window will result in a flat-
ter periodogram. This occurs because the Hann window cannot870

recognise the presence of red-noise leak if the original phase in-
formation is not retained. Because red-noise leak starts to affect
the periodogram when β > 2, this may not be a serious issue
unless steep PSD slopes are analysed. The phase randomisation
does not affect the results of model fitting as severely if no win-
dowing functions are used, but it will reduce our ability of con-
straining the correct slope, and especially our ability to constrain
an upper limit for it as explained before.

Depending on application, one could potentially implement
end matching (Sect. 5.3.1) for the input light curve in order to880

avoid the computationally heavy simulation of a long light curve.
That is, one could end match the original light curve and base
the surrogate iterative step on this sub-segment and simply use
a simulated light curve of the same length for the iterative step.
The process is described in Schreiber & Schmitz (2000).

The original IAAFT method and thus the EMP13 method
also suffer from difficulties with matching the PDF and PSD ex-

actly to the wanted parameters (Maiwald et al. 2008). This may
be a similar issue noticed by Morris et al. (2019), where it was
shown that the TK95 method gives a poorly Gaussian PDF for 890

steeper PSD slopes. It is likely inherent to the PSD that not
all PDFs are possible for given models and model parameters.
Maiwald et al. (2008) show that following the final iterative step
in the IAAFT method ends with a perfectly matching PSD but a
less perfect PDF match. Stopping the algorithm before the final
step in the iteration results in a perfect PDF match but a less per-
fect PSD match. They suggest that depending on the analysis,
the researchers need to choose which information is more cru-
cial. This information may also warrant specific care for shifting
and scaling data as dramatic changes in the PDF may have un- 900

expected effects on the PSD.

6. Characteristic timescales

We discussed timescales briefly in the introduction but expand
on them to complement the analysis in Paper I.

Since the publication of the articles by Uttley et al. (2002)
and Vaughan et al. (2003), it appears to have become more
widely known in the astronomy community that a characteris-
tic timescale seen in the PSD is a fundamental requirement of a
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Fig. 10. Distributions of flux densities from simulated data using the TK95 method with the simple power law and the slopes β = 0, β = 1, and β
= 2, respectively.

Fig. 11. Plots illustrating how randomising the phase information affects the resulting light curve in the EMP13 algorithm. The top row is the
entire simulated light curve with slope β = 3 using the TK95 algorithm. The bottom left-side plot shows the light curve obtained from a 40-year
segment of the entire light curve, which has been run through the iterative step of the EMP13 algorithm. The right-side plot shows the result of the
same iterative step when the entire light curve has gone through it, and only after the iterations has it been cut to a 40-year segment. The PDF used
for the EMP13 algorithm was Gaussian with a mean of zero and a standard deviation of one.

real stochastic noise process and thus should also be expected in
the PSDs of AGNs. The characteristic timescale in question will910

show as a bend from a steep power-law part to a flat white-noise
portion in low frequencies, similarly to the PSD given by the
bending power law. Press (1978) discusses this bend frequency,
but states that it may be at such a low frequency that it need
not be considered. Indeed, there is discussion on when and if the
timescale will be observable across disciplines (e.g. Milotti 2002
and references therein), but defining a short and for that matter
long monitoring period is challenging.

The bend frequency has been recovered in the PSDs of some
sources especially in frequency domains characterised by fast920

variability, specifically the X-ray domain. Edelson & Nandra
(1999) found a bend in the PSD of Seyfert I galaxy NGC 3516
at their estimate of approximately 1 month. Uttley et al. (2002)
continued this work with three additional sources for which they
found a flattening in the low frequencies for three of them, in-
cluding for NGC 3516. In Paper I, using data streams that were
up to 42 years long, we were able to identify that 11 out of 123
analysed sources in 37 GHz appeared to have a timescale visible
in their PSDs. Similar results for a smaller sample of sources in
14.5 GHz were obtained by Park & Trippe (2017).930

6.1. Characteristic timescale relationship with physics of
AGNs

In Paper I, we found a preliminary correlation between the char-
acteristic timescale and the maximum time a knot is visible in 43
GHz very long baseline interferometry (VLBI) images. As knots
are known to be correlated with the flares in the radio domain
(e.g. Turler et al. 2000; Savolainen et al. 2002; Lindfors et al.
2006), this naturally suggests that the flare duration is somehow
connected to the characteristic timescale. We believe this to be
logical, as power-law noise can be generated with pulsations of 940

varying duration where the duration correlates with the bend fre-
quency (e.g. Halford 1968; Press 1978).

One way to think of the characteristic-timescale relation to
the pulse duration is to consider a pulse followed by another
pulse. As long as the first pulse remains non-zero, it will affect
the second pulse by increasing the overall variance of the pro-
cess. In the PSD, in principle, as long as the first pulse affects the
following multiple pulses, the PSD slope will continue as a sim-
ple power law. When the initial pulse has fully decayed, it causes
the simple power law to flatten, as a discontinuity in the power- 950

law relationship would break down the increase of power and
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Fig. 12. Resulting periodograms when using a window function on light
curves with phase information randomised and with phase information
retained. The light curves have been convolved with the Hann window
to show the effect of phase randomisation in the iterative step of the
EMP13 algorithm. The grey periodogram of the phase-randomised light
curve is not affected by the Hann window, and thus it remains flat, simi-
lar to the left-side plot of Fig. 8. The black periodogram, with phase in-
formation retained, is affected in the same way as the simulations made
with the TK95 algorithm. With the TK95 algorithm, the phases are re-
tained, as there is no iterative step.

Fig. 13. Mean periodograms of sparsely sampled light curves showing
how small the differences are between the different parameter combina-
tions.

variance. We do not expect the pulses to have equal durations,
and thus the bend frequency should refer to the longest pulse
duration. Press (1978) states that the continuing of the power-
law slope would require a power-law relation between the pulse
durations.

Our description of the process may be too simplistic, but it
is perhaps helpful in creating some sort of an intuition of how
the PSD works. Keshner (1982) provides good discussion on the
topic of coloured noise and its memory regarding different slope960

values.
The identification of a characteristic timescale is not simple

as was shown in Paper I: The outcome is always a large param-
eter space of good fits. In our analysis, we noticed that the char-
acteristic timescale and the PSD slope had a clear correlation.
We believe this to be related to the fitting of a model with two
freely varying parameters, especially in sparsely sampled data.

As was shown already in Sect. 4.1.1 with a simple power law,
the cadence of the observations affect the periodogram signifi-
cantly, and poor sampling hinders our ability to constrain a best 970

fit.

Park & Trippe (2017) discuss these results, that is, the corre-
lation between the timescale and the slope, from a more phys-
ical perspective. Figure 13 shows how the shapes of the peri-
odograms evolve according to the parameter combinations when
using heavily gapped data and a bending power law. We chose
these combinations based on the results from Paper I, where
we often saw these types of correlations between the slope and
timescale. Already visually it is very difficult to differentiate
these bending power laws from each other, and even with evenly 980

sampled data, the differences are not very dramatic. Since it is
clear that adding more model parameters generates better fits,
and especially because of the uncertainties caused by sampling
and observational errors, we understand the correlation between
slope β and the bend frequency (timescale−1) as their conse-
quence.

6.2. Identifying a quasiperiodicity

It is sometimes unclear what authors refer to as a quasiperiod-
icity. It is our understanding that quasiperiodicity suggests a de-
viation from the underlying noise process(es), and it should be 990

visible as a deviation from the expected PSD. Some authors pos-
sibly consider this quasiperiodicity to simply be inherent of the
noise process and use it to describe the rate of variability they de-
rive from visual inspection of the light curve. However, as such it
should then not be separable from the source PSD. Press (1978)
notes that to the eye, flicker noise appears to be periodic, which
is an important consideration when attempting to perform visual
analysis of a red noise process. That is, it is an inherent feature
of coloured noise to contain such changes, which may appear to
have a periodic nature. 1000

Quasiperiodicity usually refers to a periodic component that
does not repeat for the entire monitoring period. If there in-
deed exists a periodic ’signal’ observable in AGN light curves,
it should be additional to the inherent stochastic noise process,
and thus we should see a separate component in the PSD. This is
also how quasiperiodicities are usually probed from light curves,
but determining the significance of such deviations is notoriously
difficult: Vaughan (2005) and Vaughan et al. (2016) give pre-
scriptions for how to analyse for quasiperiodicities in red noise.
They assume a simple power law, which complicates things for 1010

long monitoring periods.

There is also a concern in how to detect quasiperiodicities
from a time series which includes red-noise leak, that is all
AGN light curves. A quasiperiodicity, when at an intermedi-
ate frequency (that is, not at a multiple of the monitoring pe-
riod length), will cause spectral leak. If the time series includes
a quasiperiodicity, reconstructing a power spectrum becomes
more difficult: As explained in Sect. 5.2.1, the time series needs
to be approximately continuous at the first and last data points.
However, Theiler et al. (1993) show that if the time series in- 1020

cludes a quasiperiodicity, also this periodicity needs to have an
integer number of periods, which should also be an integer frac-
tion of the time series length. Otherwise, its power will be spread
to adjacent frequency bins and in this situation windowing the
time series will not help.
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7. Summary

Analysing AGN variability is convenient in the sense that the
same signal-processing methods are used in most time-series
analysis fields, and thus literature on the topic is vast. Never-
theless, or maybe for that reason, it is sometimes difficult to find1030

exact information on why these methods work as they do and
what their caveats are.

A severe complication in the analysis of astronomical time
series is of course that the test environment cannot be controlled.
Therefore, it is important to carefully assess the benefits of using
certain methods and whether they provide adequate results for
each application. Unfortunately, it is not always trivial to find
the right information, and even in statistics literature, there are
differing opinions on some concepts.

Our main conclusions are as follows:1040

1. Analysis of AGN time variability requires careful consider-
ation of how the methods work and which models are sensi-
ble for hypothesis testing. Even if a method has been widely
used in a certain way, it is a good idea to test it with simula-
tions in order to see if the results are as expected.

2. Surprising factors can affect the analysis, such as decisions
on light-curve or periodogram bin size, whether to use win-
dowing functions, which method to simulate the data with,
how the data is normalised, how long the monitoring period
is, and so on. Effects of these decisions on the analysis should1050

be assessed, especially if very exact results are given.
3. Usually, the original formulation already gives restrictions

on the use of the method or algorithm. For example,
Emmanoulopoulos et al. (2013) clearly specify that phase in-
formation is lost when cutting the light curve short before
the iterative step, but what this actually means has not been
well understood. Similarly, Scargle (1982) specifically dis-
cussed white noise and identifying signals from white noise.
Regardless, fap has been used on red-noise PSDs.

4. While it is necessary to understand the used methods well,1060

it is likely unnecessary to use overly complicated models for
modelling AGN variability, especially without any physical
a priori reasoning.

5. A characteristic timescale can refer to different things de-
pending on the author, and its meaning is an important con-
sideration when discussing AGN variability.

6. Quasiperiodicities are too often proposed to explain AGN
variability, even if the data were consistent with noise. Care
should be taken when considering what a quasiperiodicity is
and how it may manifest in the data.1070

We have identified several caveats in the variability analy-
sis of AGNs and described our findings in detail. The provided
explanations and clarifications in methods should help other re-
searchers to refine their approach in analysing astronomical time
series.
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