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Abstract

A boundary integral equation method is presented for fast computation of the analytic
capacities of compact sets in the complex plane. The method is based on using the
Kerzman-Stein integral equation to compute the Szeg6 kernel and then the value of the
derivative of the Ahlfors map at the point at infinity. The proposed method can be used
for domains with smooth and piecewise smooth boundaries. When combined with
conformal mappings, the method can be used for compact slit sets. Several numer-
ical examples are presented to demonstrate the efficiency of the proposed method.
We recover some known exact results and corroborate the conjectural subadditivity
property of analytic capacity.
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equation - Szegd kernel - Ahlfors map - Special functions

Mathematics Subject Classification 65E05 - 30C40 - 30C85 - 65R20

1 Introduction

Capacities—such as analytic, logarithmic, and conformal—are fundamental tools in
complex analysis and have several applications to problems in different fields, e.g.,
in approximation theory, potential theory, electronics, and fluid dynamics [5, 6, 8,
19, 31, 37]. These capacities can be expressed explicitly in only a handful of special
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cases, and therefore numerical methods are needed to compute these capacities in the
majority of instances.

The Riemann mapping theorem states that any unbounded simply connected domain
G in the extended complex plane C=cCu {oo} with co € G and whose boundary
consists of more than one point can be mapped one-to-one onto the unit disk D by a
conformal map f. If we assume that

f(c0) =0 and f'(c0) >0, (1)

then this mapping f is unique and known as the Riemann mapping function. Here,
the derivative of an analytic function f at the point at infinity is

f(o0) = Jim z[f(z) — f(o0)]. @

The so-called Ahlfors map can be regarded as an extension of the Riemann mapping
function for multiply connected domains. That is, given an unbounded multiply con-
nected domain G of connectivity m, the associated Ahlfors map is the unique analytic
function f that maps G onto D such that [8, 31, 37]

f(00) =0, f'(c0) >0, and f/(c0) is maximal. 3)

The Ahlfors map w = f(z) is then an m-to-one covering of G onto D which maps
each boundary component of G one-to-one onto the unit circle.

Let us now introduce the notion of analytic capacity. Let E be a compact subset of
the complex plane C and let G = C\E be its complement in the extended complex
plane C = C U {oo}. The analytic capacity of E is defined to be [31, p. 15]

Y(E) = sup | f(00)]

where the supremum is taken over all analytic functions f : G — C such that
|f(z)| < 1forall z € G,and f'(00) is as in (2). In this paper, we assume that G is an
unbounded multiply connected domain of connectivity m with co € G.

It is well-known that analytic capacity is inextricably linked to the Ahlfors map [6,
8,19, 31, 37]. If w = f(z) is the unique Ahlfors map from the unbounded multiply
connected domain G in the z-plane onto the unit disk D in the w-plane satisfying the
conditions (3), then the analytic capacity of the set E is given by [8, 31]

Y(E) = f'(c0). “

In particular, when E is compact and connected such that G = @\E is a simply
connected domain, the Ahlfors map w = f(z) is a conformal map from G onto the
unit disk D and hence the analytic capacity y (E) is equal to the logarithmic capacity
cap(E) of E. However, for a general compact set E, we have y(E) < cap(E). See
[37, p. 13] for details.
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Closed-form expressions for analytic capacity are special and known only in a
handful of cases, and it is informative to survey some of these briefly here. If E is a
disk of radius r, then [31, p. 17]

yY(E) =r, )
and if E is a square with sides of length ¢, then [16]

eT2(1/4)
4vm3

where I'(-) is the gamma function. For a complex line segment E = [a, b] C C, we
have [31, p. 17]

y(E) = (6)

)/(E)=4—1‘|b—a|- (N

For any compact subset E of R, we have [8, Ch. I, Thm. 6.2]

1
y(E) = J|El.

In particular, for m non-overlapping real intervals E; = [a;, b;] with a1 < by <
S < ay < by, ifE= UT:l Ej, we have [37, p. 14]:

1 1 m 1 m
y(E)=ZIEI =7 |Ejl =7 (b —ap. ®)
j=1 j=1
If E C F C C, then y(E) < y(F). Furthermore, for all z, . € C, y(z + AE) =
[A|y (E). For a compact and connected set E C C, we have

diam(E)

7 = V() = diam(E)

where diam(E) denotes the diameter of E. For more details, see [31, p. 17].
When E and F are disjoint connected compact subsets of C, Suita [29] proved that
the subadditivity property

Y(EUF) <y(E)+y(F) ©))
holds. For general compact sets, the proof of this property is still an open problem.
However, Tolsa [30] proved the semi-additivity of analytic capacity: there exists a
constant ¢ such that for all compact sets E, F C C, the analytic capacity satisfies

Y(EUF) <c(y(E)+y(F)). (10)
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Moreover, proving the conjectural subadditivity of analytic capacity for arbitrary com-
pact sets E, F C C is equivalent to proving it for all disjoint compact sets E, F C C
that are finite unions of disjoint closed disks, all with the same radius [17, 36]. Several
numerical examples have been considered by Younsi and Ransford in [36] for purely
circular compact sets. Numerical results for sets other than circular ones were also
presented in [35, 36]. All of these examples provide convincing evidence to suggest
that the conjectural subadditivity property for analytic capacity is true. It should also
be pointed out that, from (8), in the case of multiple real slits, equality as opposed to
inequality holds in (9). The subadditivity property will be of significant interest in the
ensuing discussion and will be corroborated numerically in several cases.

Several numerical methods are available in the literature for computing the logarith-
mic and conformal capacities. One of these methods is based on the boundary integral
equation (BIE) with the generalized Neumann kernel [16, 24]. For the numerical com-
putation of analytic capacity, to the best of our knowledge, the only available numerical
method is that given in [36]. The method is based on using quadratic minimization
for the numerical computation of upper and lower bounds for the analytic capacity,
which, in principle, converges to its exact value. This method has been used before to
compute the logarithmic capacity [27]. In this paper, we present a fast and accurate
BIE method for the numerical computation of the analytic capacity. Our presented
method will be used to compute the analytic capacity for a wider class of compact
sets, including those with smooth boundaries, piecewise smooth boundaries, and sets
consisting of only slits. The method is based on using a BIE for the Szeg6 kernel (refer
to [3, 7, 12, 13, 19] for the definition and basic properties of the Szeg6 kernel). The
BIE has been used by Kerzman and Trummer [13] to compute the conformal mapping
for simply connected domains. Bell [2] proved that the BIE can be used to compute
the Ahlfors map of bounded multiply connected domains. In [4], the BIE has been
implemented numerically to compute both the Riemann mapping function and the
Ahlfors map for bounded simply and multiply connected domains, respectively. See
also [3, 12, 25, 32].

Besides this introductory section, our paper is structured in the following way. In
Sect. 2, we introduce a numerical method for computing the analytic capacity for
compact sets bounded by smooth or piecewise smooth Jordan curves, and several
numerical examples for such sets are presented in Sect. 3. In Sect. 4, we consider
compact slit sets. We provide our concluding remarks in Sect. 5. Finally, in Appendix
A, for a given multiply connected rectilinear slit domain, we review an iterative method
from [23] for the construction of a preimage unbounded multiply connected domain
bounded by smooth Jordan curves.

2 The Numerical Method
2.1 Analytic Capacity and the Szegd Kernel
Let E be a compact subset of the complex plane Candlet G = @\E be its complement

in the extended complex plane C. We assume that G is an unbounded multiply con-
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nected domain bounded by m smooth, or piecewise smooth, Jordan curvesI'y, ..., T'y,.
Domains bounded by slits will be considered in Sect. 4 below.

From (4), the analytic capacity y (E) is calculated by computing the derivative
f/(00) of the Ahlfors map f from the domain G onto the unit disk I with the nor-
malization (1). A BIE method for computing the Ahlfors map for a bounded multiply
connected domain is presented in [2, 4]; however, the domain G is unbounded, and
therefore a preliminary step is required. We first conformally map the unbounded mul-
tiply connected domain G onto a bounded multiply connected domain D using the
Mobius transformation

1
{=M(@)= ,
—x

where o is a point in the interior of any of the curves I' ;. The point at infinity is mapped
onto the origin, M (c0) = 0 € D.Letw = F(¢) be the Ahlfors map from the bounded

multiply connected domain D onto the unit disk ID such that F(0) = 0, F’(0) > 0,
and F’(0) is maximal. It follows immediately that

f@)=FM@z), z€G,

is the Ahlfors map from the unbounded domain G onto the unit disk D which satisfies
the conditions (3). Note that

f(00) = F(M(o0)) = F(0) =0
and

f(o0) = Jim z[f(2) — f(eo)] = lim zf(2) = lim zF(M(2)).

Note also that £ = M(z) = 1/(z — «) ifand only if z = M~'(¢) = a + 1/¢ and
hence z — oo if and only if { — 0. Thus, since F(0) = 0,

f/(OO) = lim (Cl + l) F@¢)= F'(0) > 0.
=0 ¢

It is straightforward to prove that f’(0o) is maximal since F’(0) is maximal.

As D is a bounded multiply connected domain, the Ahlfors map w = F(¢) from
D onto the unit disk D can be computed using the method presented by Bell [2] (see
also [4]). However, computing the analytic capacity y (E) requires only computing
the derivative F’(0) since y (E) = f'(o0) = F’(0). In fact, it follows from [2] that

F'(0) = 27.5(0,0)

where S(¢, 0) is the Szegd kernel for the bounded multiply connected domain D with
respect to the base point O € D. Our numerical method is based on computing S (0, 0)
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using the BIE related to the Szegd kernel in multiply connected domains [2]. Then

Y(E) = f'(c0) = F'(0) = 215(0, 0). Y

2.2 Integral Equation for the Szegs Kernel

Assume that each boundary component I'; is parametrized by a 27 -periodic function
¢j(),t € Jj =10,2x], j = 1,..., m.For domains with corners, the parametrization
¢ (t) is defined as described in [16]. We define the total parameter domain J as the
disjoint union of the m intervals J; = [0, 27 ], j =1, ..., m. The whole boundary I
is therefore parametrized by

(), rely,
) =4 : 12)
Cm(®), 1€ Jp.

See [16, 22, 23] for more details. Further, the boundary d D of the bounded multiply
connected domain D is parametrized by

n@t) = tel. (13)

1
ORN
The Szeg6 kernel for the bounded multiply connected domain D with respect to
the base point 0 € D can be computed by solving the second-kind Fredholm integral
equation [2, 4]

n'(t)

— T gy
oo Y

S(n(l),O)+/JA(77(I),n(S))S(n(S),O)In/(S)IdS =

where

n' (1) 1 n'(s)

A , =-— T o
(@), n(s)) 271 ' ()| (@) —n(s)) 2w [0/ (s)|(n(s) — n(t))

The kernel A(n(¢), n(s)) is continuous with A(n(¢), n(¢)) = 0. The integral equation
in (14) is known as the Kerzman—Stein BIE [12, 13, 25, 32]. It was proved in [2] that
this BIE can be used also for the computation of the Szeg6 kernel for bounded multiply
connected domains. Multiplying both sides of (14) by n’(¢)/n(¢) and defining

S @), 0n' (1)

= 7 15
¢(1) ) (15)
the BIE (14) can be written as
@O i @)
¢(1) +/JA(17(I), n(s)) 0 n,(s)¢(8)|n (s)lds = 2 IR (16)
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Now, since

1
, E(f)—%-l-oh

1
n() = [0 —a

it follows that

! 1\ —al®) 17
A , d
¢(ﬁ+fl ({(1‘)—0{ {(s)—a) c(t) —a £'(s) IC(S)—a|2¢(S) N

i /!
= Eli (O]

or equivalently,

1 Z'(s) 1 (@) /
— i R d
o) /J (Zni [E/IC(s) —¢@)  2mi |/ (D)) — g“(s))) £ (0)lg()ds

= Lo
- 27 ¢l
Taking the conjugate of both sides and then multiplying by i/|¢’(¢)|, we obtain

1W+/ 1 40) b ¢'(s) imk'(x)lds
120 " S\ 27 1 OIC@) = ¢6s) 211 ©IE () = @) ) 1E'(s)]

1
T ox

which can be written in the concise form

ig(t)
4G

1
V() + / A @), NV ()L (5)lds = eyl v = (17)
J
This BIE (17) is a modification of the Kerzman—Stein BIE (14).
By (11), computing the analytic capacity y (E) requires computing the value of
the Szegd kernel S(0, 0). Since the Szegd kernel S(¢, 0) is an analytic function in the
domain D, by the Cauchy integral formula, we have

1/ 5(£,0) 1 S, 0) ,
aD

$0,0) = — dt = — t)dt.
©.0 2mi e ¢ 27i J; () n (0
Then, by solving the BIE (17) for v(¢) and using (15) and (17), we have
1 1 —
$(0,0) = r/cb(t)dt = —/ v (@) ()lde.
i)y 2w J;
It then follows at once from (11) that

y(E) =275(0,0) = /, Y ()| (@t)ldt. (18)
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It is immediate from (18) that the integral f Y@ |¢’()|dt must be real and hence

y(E) =Re [/JWIC’(UIG’I} =/JR6[I/f(t)]|§’(t)|dt. 19)

2.3 Numerical Solution of the Integral Equation

The Kerzman-Stein BIE (14) has been used to compute conformal mappings for
bounded and unbounded simply connected domains [13, 20, 25, 32], and in [2, 4]
to compute the Ahlfors map for bounded multiply connected domains. A combination
of the usage of the Kerzman—Stein BIE (14) and the Fast Multipole Method (FMM)
[9, 10] has been presented in [25] for computing conformal mappings for bounded
simply connected domains.

In this paper, to compute the analytic capacity y (E), we will solve the BIE (17)
which is a modified version of the Kerzman—Stein BIE (14). To accomplish this, we too
shall employ the FMM when solving (17). Since the integrand in (17) is 27 -periodic,
the BIE (17) can be best discretized by the Nystrom method with the trapezoidal rule
[13, 20, 25, 32].

For domains with smooth boundaries, we use the trapezoidal rule with equidistant
nodes. We discretize each interval J, = [0, 2r],for p = 1, 2, ..., m, by n equidistant
nodes si, ..., s, Where

2
sq=@—-1)—, g=1,...,n, (20)
n

and n is an even integer. Writing s = [s1, . .., s, ], we discretize the parameter domain
J by the vector t = [s, s, . . ., s] which consists of m copies of s, i.e.,

t=[t17t25"'7tm}’l]

where for p =1,2,...,mandg =1,...,n,

lp=Dnt+q = Sq-

For a real or a complex function (¢ (¢)) defined on the boundary I, the trapezoidal
rule then yields

mn

/]M(i(t))dt = Zf] w(Ep)de =y " 7%(;1,(&,)) =y %M(g@j)).
p=17"7

p=1g=1 j=1
(21)

Discretizing the BIE (17) using the trapezoidal rule (21) and substituting t = #;, we
obtain the linear system
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27T , 1.
Yn(t) + == D A, LI apln(ty) = o~ i =1,2,...,mn,

j=1

where v, is an approximation of . Recall that A(¢(1;), ¢(¢;)) = 0 wheni = j.
Using the definition of the kernel A(¢(¢), {(s)), we have fori =1,2,...,n,

i 5 ¢ (@) £'@)) , !
n(ti) + — — + j n\lj) = 5>
0 ,;(w(nm(zi) T |¢/<rj><z<rj>—z<n>>) ) = 5
J#
or equivalently,
i @) 5 1 ——
Un(ti) + ~ 1)) [Wn (1))
n|¢/<n)|§:(n)—;(q) Pt
J#

_ iZ;
ni ¢(t) — ()
J#i

, 1
; ([j)wn(lj) = E,

which can be written in the following concise form:

X+ %(W./m/(tm. «B(UO] *%) — %B (£ (t). xx) =r. (22)

Here, .x and ./ are the MATLAB element-by-element multiplication and division,
respectively, X = ¥, (t), r is the mn x 1 vector with entries r; = % and B is the
mn X mn matrix with entries

0, l=],
(B)ij= ; . . =12 | (23)
co—cay L Fd bi=LZemt b

The linear system (22) will be solved using the GMRES iterative method [28] where
the matrix-vector product can be computed using the FMM. The FMM allows us to
use the method presented to compute the analytic capacity of compact sets consisting
of a high number of components. If we define the left-hand side of (22) to be a function
of the unknown vector X,

F(X) =x+ %(m-/lé’(t)l)- * B (I (D] *X) — %B (¢'(1). xx),

then the value of the function .% (x) can be computed quickly and accurately using the
MATLAB function zfmm2dpart in the MATLAB toolbox FMMLIB2D developed
by Greengard and Gimbutas [9]. This method for computing the solution ¥ to the
BIE (17) is summarized in the following MATLAB function where the tolerances for
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the FMM and the GMRES method are taken to be 0.5 x 10715 and 10~ 14, respectively,
and the GMRES method is run without restart:

function yv = szegofmm (et,etp,psi,n)

Tet = etp./abs (etp) ; Tet (etp==0) = 0;

a = [real(et.’) ; dimag(et. ') ]1;

m = length (et) /n-1;

Y = gmres (@ (x)F(x) ,psi,[],1e-14,100) ;

function vy = F(x)

bl = [abs (etp) .*conj(x)]1."';

[Ubl] = zfmm2dpart (5, (m+1) *n,a,bl,1);

Ebl = (Ubl.pot).’;

b2 = [abs(etp).*Tet.*x].’;

[Ub2] = zfmm2dpart (5, (m+1) *n,a,b2,1) ;

Eb2 = (Ub2.pot).’;

v = .
x+(1./(n*1i)).*(-conj (Tet) .*conj (Ebl)+Eb2) ;

end

end

The preceding method assumes that the boundaries of the domains of interest are
smooth, i.e. without corners. In the case of domains with corners (excluding cusps),
to obtain accurate results, a re-parametrization of the boundary of the domain is per-
formed as described in [16]. Assume that the boundary component I'; has £ corner
points. We first parametrize each boundary component I'; by a 27 -periodic function
g:j () fort € J; = [0, 27 ]. The function &; (¢) is assumed to be smooth with {J’. () #0
for all values of ¢ € J; such that £; () is not a corner point. We assume that g“]’. (1) has
only the first kind discontinuity at these corner points. At each corner point, the left
tangent vector is taken to be the tangent vector at this point. As above, let J be the
disjoint union of the m intervals J; = [0, 2x], j = 1,2,...,m and E(I), teJ,bea
parametrization of the whole boundary I'. Then, we parametrize the boundary I by
() = g: (8(t)), where the function §(#) is defined in [16, pp. 696—-697]. The function
8(t) is chosen such that the singularity in the first derivative of the solution of the BIE
in the vicinity of the corner points is removed [15, 16]. With the new parametrization
£ (t), the BIE (17) can be solved accurately using the above MATLAB function. How-
ever, for domains with corners, we usually need a larger number of points n (which
should be a multiple of the number of corners on each boundary component) for dis-
cretizing the BIE compared to domains with smooth boundaries (see [15, 16, 22] for
further details).

Once the solution i of the BIE (17) has been found, we can proceed to compute
the analytic capacity y (E) using the formula (19). This can be undertaken using the
following MATLAB function:

function cap = ancap (zet, zetp,n)

h = 2*pi/n;

rzet = 1/(2*pi)+zeros(size(zet));
psi = szegofmm (zet, zetp, rzet ,n) ;
cap = sum (h*real (psi) .*abs (zetp)) ;
end
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Table 1 The relative error in the approximate values of the analytic capacity y (E) for Example 1

r c=0.5 c=1 c=2 c=3

0.1 1.40 x 10716 2.78 x 10716 1.39 x 10716 2.78 x 10716
0.5 1.18 x 10716 1.80 x 10715 1.12 x 10715
1 1.18 x 10~16 1.03 x 10715
2 2.99 x 10715

Various numerical examples will be presented in the proceeding two sections. We will
take, in turn, domains bounded by Jordan curves and domains bounded by slits.

3 Domains Bounded by Jordan Curves

In this section, we will use the method presented in the previous section to compute
numerical approximations y (E) to the analytic capacity y (E) of compact sets bounded
by smooth and piecewise smooth boundaries.

Example 1 Consider the compactset E = E1UE> where Ej 2 = {z € C||zxc| <r}
and 0 < r < c¢. Then [36]

’

— 2 _ 1
y(E)= —— (1 —q)62(q), q=2—"YP

LA T -
24 p+vp*—1

C
r
where

02(q) = 2¢"/* ]O_o[ (1 - qz) (1 +612")2

j=1

is the second Jacobi theta function. The relative error in the computed approximate
values 7 (E) obtained with n = 2° are given in Table 1 for several values of ¢ and r.
For ¢ = 2 and r = 1, our obtained value is y(E) = 1.875595019097120 which is
in the interval (1.875595019097112, 1.875595019097164) given in [36]. The exact
value is

2
y(E) = «/3922((2 - ﬁ) ) ~ 1.8755950190971197.

ExampLgZ Let E be the square with corners 1, —i, —1, 1. In this case, the domain
G = C\E is an unbounded simply connected domain. Thus, by (6), the analytic
capacity of E is

r2(1/4)
2273

y(E) =cap(E) = ~ (0.834626841674073. (24)

@ Springer



M. M. S. Nasser et al.

Table 2 The approximate values

5(E) to the analytic capacity n y(E) Relative error Time (s)

éif;;?ed;hsﬁ:;a;(vz)ei";vi‘;r 28 0.834627510939279 8.02 x 10~7 0.13

by 24) 2° 0.834626889228525 5.70 x 1078 0.31
210 0.834626845029913 4.02 x 1079 0.40
211 0.834626841908855 2.81 x 10710 0.42
212 0.834626841690432 1.96 x 1011 0.55
213 0.834626841675243 1.40 x 10712 0.82
214 0.834626841674219 1.75 x 10713 1.02
215 0.834626841674058 1.80 x 10714 1.85

Table 3 The approximate values y (E) of the analytic capacity y (E) for Example 3

E n y(E) Time (s)
Union of 25 disks 29 4.14833193431691 1.29
Union of 4 ellipses 29 5.37199577528044 0.55
Union of 4 polygons 3x212 2.69399397476757 3.28
Union of a disk and 2 semi-disks 210 2.12070613733366 0.57

In this example, the boundary components of the compact set E have corners. We use
our numerical method with various values of n to approximate the analytic capacity
y (E) and the results are presented in Table 2. As can clearly be seen in Table 2, the
relative error decreases as n increases.

Example 3 As a validation of our numerical method, let us also consider the four
compact sets shown in Fig. 1. These sets were considered in [36, Figures 2, 3, 5
and 6]. We are not aware that the analytic capacities y (E) of these sets are known
analytically. The approximate values of y (E) computed by our method are presented
in Table 3.

It is important to point out that for the union of 4 ellipses, the elapsed time of
0.55 seconds suggests that our computations are more than 1000 times faster than the
method used for the same problem in [35, 36]. However, around a decade has passed
since the computations in [36] were performed. We also note that our method is much
faster than the method presented in [35, 36] for non-circular compact sets compared
with circular ones.

Example 4 Consider the square [—2, 2] x [—2, 2] and the four sub-squares with centers
+1 4 1. Let ¢ > 0 be a real parameter. We consider three cases (i)-(iii). In the case
(i), consider moving the centers of the sub-squares via the parameter € to the points
(1+¢e)(£1 £1) (see Fig. 2 (left)). In case (ii), let us fix the lower two sub-squares and
consider moving the centers of the upper sub-squares to the points (1 + ¢)(£1 + i)
(see Fig. 2 (middle)). Finally, in case (iii), let us fix three of the sub-squares and move
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10 8
6 6
e @ A
2 000 000
o 0 00
( 1] 000 © .: 2
-2 - ‘
O
-6 -
-10 -4
-10 -6 -2 2 6 0 -6 -4 -2 0 2 4 6
12 : : : 5 : ‘
8 4
3
4
2
- 1
| A
0
i - !
212 -2
12 -8 4 0 4 8 2 -2 -1 0 1 2 3 4 5

Fig.1 The four compact sets considered in Example 3 and in Younsi and Ransford [36, Figures 2, 3, 5 and
6]

the center of the remaining sub-square to the point (1 + ¢)(1 + i) by increasing the

value of € (see Fig. 2 (right)). Let us label the union of the compact sets generated with

¢ in each case by E;. For ¢ = 0, then Ey = [—-2, 2] x [—2, 2] is the original square.
Note that the length of each side of the original square is 4, and hence, by (6),

I'2(1/4)
o

., Fy4, then the length of each of these

v (Ep) =

Further, let us label the sub-squares by Fi, ..
sub-squares is 2, and hence, by (6),

(F.)_m_l(;;) =1 4
4 ]—zm—zy 0, j=1,...,4

In each of the three cases, we compute the analytic capacity y (E;) as a function of
& which are presented in Fig. 3. The results indicate that y (Ep) is a lower bound
for y(E;) and Z?‘:l y(Fj) = 2y (Ep) is an upper bound for y (E,). These results
collectively provide numerical evidence to corroborate the conjectural subadditivity
property of analytic capacity for these compact sets. Our results demonstrate the
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3 3 3
2 2 2
N EN
0 0 0
-1 -1 -1
=] -2 -2
-3 -3 -3

3 -2 -1 0 1 2 3 3 -2 -1 0 1 2 3 3 -2 -1 0

Fig.2 The three kinds of compact sets considered in Example 4

Fig.3 Graphs of the ! I I
approximate values y (E¢) of the 5 4‘ Case 1 Case 11 Case IH‘*
analytic capacity as a functionof =~ pttmmmmmmrosossmsoooem--ooo-o-- [y
¢ in each of the three cases in 4.5 : ‘
Example 4. The dashed line 4 /
denotes the upper bound 2y (E() - |-y
and the dotted line denotes the S 35
lower bound y (Eg) e /
/
2.5 £
2
0 2 4 6 8
€

expected phenomenon that the analytic capacity increases as the sub-squares move
further apart from each other, and values of the analytic capacity in the case (i) are
larger than those in the cases (ii) and (iii) corresponding to the greater number of
sub-squares.

Example 5 Consider the four disks with radius 1 and centers at 1 £i. Let & > 0
be a real parameter. We consider three cases (i)-(iii). In case (i), consider moving the
centers of the four disks via the parameter € to the points (1 + ¢)(£1 % 1) (see Fig. 4
(left)). In case (ii), let us fix the lower two disks and consider moving the centers of
the upper disks to the points (1 + €)(£1 + 1) (see Fig. 4 (middle)). Finally, in case
(ii1), let us fix three of the disks and move the center of the remaining disk to the point
(1 4+ &)(1 + 1) by increasing the value of € (see Fig. 4 (right)). We label the union of
the compact sets generated with € in each case by E,.

Let us label the disks by Fy, ..., Fy, then y(F;) = 1, j = 1,...,4. In each of
the three cases, we compute the analytic capacity y (E;) as a function of ¢ which are
presented in Fig. 5. The results demonstrate the expected phenomenon that the analytic
capacity increases as the disks move further apart from each other, and values of the
analytic capacity in case (i), corresponding to the case when all disks are moving away
from each other, are larger than those in cases (ii) and (iii).
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Fig.4 The three kinds of compact sets considered in Example 4

Fig.5 Graphs of the ! ! ! !
approximate values y (Eg) of the ‘ Case I — Case Il — Case 111}
analytic capacity as a function of 4 S —
& in each of the three cases in /
Example 5. The dotted line 35
denotes the upper bound - '
Ty =4 S) past

w3 // //—

2.5 W
2
0 2 4 6 8 10

Remark 1 If E is a compact set such that G = @\E is bounded by finitely many
analytic curves, then [35, 36]

)/(E):min{zi/‘ |l+g(Z)|2|dZ|}
T JaG

where the minimum is taken over all functions g(z) that are analytic on G, continuous
up to the boundary, with g(co) = 0. Thus, taking g(z) = 0 gives the inequality

1
y(E) < 2—/ ldz]|.
T JaGg

Hence, if E is a union of finitely many disjoint closed disks Ey, ..., E, with radii
ri, ..., "y, we have

Y(E)=ri+-+rm=y(ED)+ -+ y(En).

This explains the results presented in Fig. 5 indicating that Z;‘-: 1Y (Fj) = 4isan
upper bound for y (E,).
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J
Fig.6 Theratioin (25) as functions of the run number j for random radii in (0.2, 0.8) (left), and an example

of the compact set EU F with 100 random disks, where the elements of E are shown in blue and the elements
of F are shown in red (right)

Example 6 We consider m = 100 random non-overlapping disks. For k& =
1,2,..., 100, the radius r¢ of the disk Ej is chosen randomly in (0.2, 0.8) and its
center ¢ is chosen in the square [—10, 10] x [—10, 10] such that all disks are non-
overlapping. Then we randomly choose an integer £ € [1, 99]. We define

E = UEk, F= U Ey.

k=(+1

See Fig. 6 (right) for an example of such compact sets E and F.

For this problem, we run our method 50 times to obtain 50 different locations for
these disks as well as different sets £ and F. For each run j, we use the above presented
method with n = 2° to compute approximate values of the quantities y (E), y (F) and
y (E U F). The values of the ratio

y(EUF)

— (25)
Y(E) + v (F)

are plotted as a function of the run number j as shown in Fig. 6 (left). As can be seen
from the graphs in this figure, we have verified that the conjectural subadditivity prop-
erty of analytic capacity holds for each of the 50 random compact sets we considered,
and in particular that

y(EUF) <y(E)+y(F).

Again, the conjectural subadditivity property for analytic capacity holds for the com-
pact sets in this example.

Example 7 In this example, we study compact sets consisting of disjoint disks of
equal radii. In particular, we will validate numerically the conjectural subadditivity
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property of analytic capacity in several cases. The consideration of such compact sets
is important since proving the conjectural subadditivity property of analytic capacity
for arbitrary compact sets E, F € C is equivalent to proving it for all disjoint compact
sets that are finite unions of disjoint closed disks, all with the same radius [17, 36].

Let E,, be a union of m disjoint disks and F' be a disk with center x + iy such that
these m + 1 disks are non-overlapping and of unit radii. Let the real function u(x, y)
be defined by

u(x,y) =y(E,UF),

i.e. the function u(x, y) is defined for all points (x, y) € RR? such that the disk F does
not overlap any of the other m disks. Note that the domain of definition of the function
u(x, y) is unbounded. Hence, in our numerical computations, we consider only the
region —10 < x, y < 10 and we assume that the minimum distance between any two
disks is 0.02. We compute approximate values of the function u(x, y) using n = 2'°
and then plot several level curves of u(x, y). We consider four cases of m, namely
m=1,2,3,4. Form = 1, E,, consists of only one disk which is assumed to be the
unit disk. For m = 2, 3, 4, we assume that the centers of the disks forming E,, are
5¢2kmi/m k= 1,2, ..., m. The approximate values 7 (E,,) of the analytic capacity of
E,, are presented in the following table.

m 7 (Em)

1 1

2 1.98000206142844
3 2.88420404308815
4 3.67012955644439

The computed level curves of the function u(x, y) are presented in Fig. 7. The results
presented demonstrate that the values of the analytic capacity y(E;,, U F) increase
when F moves away from E,, and decrease when F moves towards E,,. In particular,
when F is far away from E,,, we have

Y(EmUF) = y(Ey) +y(F). (26)
The results presented also illustrate that
Y(En) < y(EnUF) <y(En) +y(F)=y(En) +1,
which indicates that the conjectural subadditivity property for analytic capacity again
holds in this example.
Finally, we compute approximate values y (E,) of the analytic capacity for the
above compact sets E,,, this time assuming that the centers of the disks are re2kmi/m

k=1,2,...,m, for 1.5 < r < 20. The ratios y(E,)/m are plotted in Fig. 8 as
functions of ». As we can see, each of these ratios tends to 1 as r increases; that is, the
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Fig.7 The level curves of the function u(x, y) = y(E; U F) in Example 7 when m = 1, 2,4, 5, and the
disks forming E,, are colored blue

analytic capacity of E,, (the union of m disks) tends to the sum of the individual analytic
capacities of these m disks which is equal to m (see Remark 1 above). The results
presented in (26) and Figs. 7 and 8 provide experimental evidence for a previously
known result due to Pommerenke who showed that, roughly speaking, the analytic
capacity of a compact set is approximately equal to the sum of the analytic capacities
of its components if they are far away from each other (see [14, p. 267]).

4 Domains Bounded by Slits

In this section, we will use our numerical method to compute numerical approxima-
tions y (E) to the analytic capacity y (E) of sets consisting of slits. We will consider
here only rectilinear slits. However, the method presented can be extended to other
types of slits.

Foray,...,an, by, ..., b, € C such that E/j\ = [a;, b;] are non-overlapping for
j=12,...,mletE = U;-"Zl EjandletQ = C\E,i.e., Qis the unbounded multiply
connected slit domain obtained by removing the m slits E1, . . ., E,, from the extended

complex plane C. The method presented in Sect. 2 is not directly applicable to such a
domain Q2. However, an iterative method has been presented in [23] for constructing
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Fig.8 The ratios y(Ey;)/m as 1 _
functions of the distance r
measured from the origin to the
centers of the m disks 0.9
I
£08 —m =2
E —m=3
- L —m=
= 0.7
0.6
0.5 -
0 5 10 15 20

of a preimage unbounded multiply connected domain G bounded by smooth Jordan
curves and the unique conformal mapping { = ®(z), ® : G — €, such that ® is
normalized near infinity by the condition

B() =2+ 0 (%) @7)

The inverse function z = ®~!(¢) is then the conformal mapping from 2 onto G. The
method presented in Sect. 2 is now applicable to the new domain G. This iterative
method is reviewed in Appendix A.

Let w = f(z) be the Ahlfors map from the unbounded domain G onto the unit disk
D such that f(o0) =0, f'(00) > 0, and f’(oco) is maximal. Then the function

w=g@) =f(o7'©)
is an Ahlfors map from the unbounded slit domain €2 onto the unit disk D. We have
g(00) = £ (#7'(00)) = f(00) =0,
and
§'(00) = Jim ¢[g(¢) — g(oo)] = lim ¢ (@7'@)).
If z = & 1(¢), then ¢ — o0 as z — oo, and
¢(00) = Jim @) = Jim = lim 2/ @) = 1'(o0)

where we used (27) and the fact that lim,_, o zf (z) = f'(00). Since f’(c0) is max-
imal, it then follows that g’(c0) is maximal too. Thus, by computing the preimage
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domain G and the conformal mapping ® : G — 2 normalized by the condition (27),
we will have

V(E) = g'(c00) = f'(c0)

where w = f(z) is the Ahlfors map from the unbounded domain G onto the unit disk
D with the normalization f(00) = 0 and f'(00) > 0. Since the domain G is bounded
by smooth Jordan curves, the value of f/(00) can be computed as explained in Sect. 2.

We consider three examples. In our first example, we consider rectilinear slits on
the real line. We know the exact value of the analytic capacity in this case and hence the
error in the computed approximate values can be calculated. Examples with unknown
explicit formulae are also presented.

Example 8 We consider several of the compact sets used in the process of generating
the middle-thirds Cantor set. Let Eg = [—1, 1], and let E; for k > 1 be defined
recursively by

= (E - Yol (g, + ! (28)
k—3 k—1 3 3 k—1 3 .

Note that Ej consists of m = 2k sub-intervals of the [0, 1], each of length 2/ 3%, We
denote these sub-intervals by /; for j = 1,2, ..., m. By (8), the exact value of y (Ey)
is known and given by

o= tim =L =1 (2) 29)

from which it is immediate that y (E;) — 0 as k — oo. Note for this example that

vEd =y UL | =2_rap.

j=1 j=1

The proposed method is used to compute approximate values y (E) to the analytic
capacity y (Ex) fork = 1,2, ..., 10 and the obtained results are presented in Table 4.
We compute also the relative error in the computed approximate values. As can be
seen in Table 4, our numerical method gives accurate results for sets consisting of a
very high number of slits.

Example 9 We next consider the union of two equal rectilinear slits of unit length:
one slit /1 = [0.1, 1.1] is fixed on the real line, and the other is taken to be F» , =
[0.1€!7  1.1¢"¥™ ] where we vary ¢ between zero and one. A schematic of this config-
uration is shown in Fig. 9 (right) when ¢ = 1/3. Let E, = F; U F, .. It is known that
y(F1) =y (F2,) = 1/4,by (7). Whene = 1, wehave E; = [0.1, 1.1]JU[—1.1, —0.1]
and hence y (E1) = 1/2, by (8). When ¢ = 0, we have Eg = F| = F20 = [0.1, 1.1]
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Table 4 The approximate values

y (E}) to the analytic capacity " v (ED Relative error
v (E) and their relative errors 2 0.333333333333328 1.45 x 1014
for Example 8, where y (E}) is
given by (29) 2 0.222222222222224 7.62x 10715
3 0.148148148148148 2.06 x 10715
4 16 0.098765432098761 429 x 10714
5 32 0.065843621399160 2.60 x 10713
6 64 0.043895747599439 274 x 10713
7 128 0.029263831732889 2.68 x 1012
8 256 0.019509221155260 2.66 x 1012
9 512 0.013006147436531 2.64 x 10711
10 1024 0.008670764957687 2.65x 10711
0.6 1
0.8
0.5 —
] 0.6 :
Eﬂj 0.4 - 0.4 /
=
0.2
0.3 /(«5 T
0f ———
0.2 -0.2
0 0.2 0.4 0.6 0.8 1 0 02 04 06 08 1 1.2

£

Fig.9 Graph of the approximate values y (E¢) of the analytic capacity for the compact set E in Example 3
as a function of ¢ (left). A schematic of the compact set Ez showing the parameter ¢ (right)

and hence y (Eg) = 1/4. For 0 < ¢ < 1, there is no exact value of y (E.). We use our
method to compute y (E;) for 0.05 < & < 1 and the numerical results are presented
in Fig. 9 (left). It is clear that

1 1
7 =V (E0) =y (E) =y(E) = 7.

That is, the value of the analytic capacity of E, is maximum when the two slits are
collinear. Furthermore, we always have

1
v(Ee) =y(F1UFe) =y(E)+y(Fe) = 5.

Example 10 We next consider the union of four equal rectilinear slits of length 2 — 2¢,
0 < & < 1, such that these four slits make the square [—1, 1] x [—1, 1] when ¢ = 0.
A schematic of this configuration is shown in Fig. 10 (right) when ¢ = 0.1. We denote
these four slits by Fy . with k =1, 2, 3, 4. We define E, = Uilek,g.
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Fig. 10 Graph of the approximate values y (E¢) of the analytic capacity for the union of rectilinear slits in
Example 10 as a function of e (left). A schematic of the compact set E¢ for ¢ = 0.1 (right). The red dot
is the exact value of the analytic capacity of the square [—1, 1] x [—1, 1] and the dashed-line is the upper
bound 2 — 2¢ of y(E;)

We use our method to approximate y (E,) for 0.01 < & < 0.99 and the obtained
numerical results are presented in Fig. 10 (left). As ¢ — 0, it is clear that the approx-
imate values y (E) approach

r2(1/4)

23

i.e., the value of the analytic capacity of the square [—1, 1] x [—1, 1]. Furthermore,
we always have

Y (Eo) = ~ 1.1803405990161,

4

P(Ee) <Y y(Fre) =2 —2e.
k=1

5 Concluding Remarks

This paper has shown how to use a numerical boundary integral equation method to
quickly and accurately compute analytic capacity, an important conformal invariant.
This quantity has been widely studied from a mostly theoretical perspective with
several deep analytical results having been established [1-3, 6, 8, 11, 18, 19, 26, 30,
31, 33, 35-37]. Analytic capacity is intimately connected to the Ahlfors map and the
Szegb kernel—two fundamental objects in complex analysis—and arises from the
generalization of the Riemann map to multiply connected domains.

In our work, two particular classes of configurations were considered over which our
calculations of analytic capacity were performed: compact sets bounded by smooth and
piecewise smooth Jordan arcs, and domains consisting of a finite number of rectilinear
slits. Throughout, we made connections with previous results; in particular, we have
been able to corroborate the bounds found by Younsi and Ransford [36] for the analytic
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capacity for several compact sets they considered, and we were able to validate the
conjectural subadditivity property of analytic capacity for numerous configurations.
We were also able to validate numerically other exact results of analytic capacity,
and illustrate several of its properties. Furthermore, the presented numerical results
demonstrate that the analytic capacity y (E U F), roughly speaking, increases when
the distance between E and F increases and decreases when this distance decreases.

Our work has been mainly numerical in approach, and the key to its success lies
in the BIE scheme based on the Kerzman-Stein BIE [2, 13, 20, 32] and the FMM
[9, 10]. The method presented can be used for domains with smooth and piecewise
smooth boundaries as well as for domains with many boundary components. We used
the method also to approximate the analytic capacity for compact sets consisting of
rectilinear slits. However, for the latter case, a preliminary conformal mapping step is
required; this has also been shown to be expedient in other works [16, 23, 24].

The MATLAB codes for the presented computations in this paper can be found at
the link https://github.com/mmsnasser/ac.

Appendix A Computing a Preimage Domain for the Rectilinear Slit
Domain

Let 2 be a given multiply connected domain that is obtained by removing m rectilinear
slits Eq, ..., E,, from the extended complex plane C such that the slit E  makes an
angle 0; with the positive x-axis, j = 1, ..., m. In this appendix, we will summarize
the iterative method from [23] for the construction of a preimage unbounded multiply
connected domain G bounded by m smooth Jordan curves I'y, ..., I, as well as a
conformal mapping { = ®(z) from G onto €2. This method has already been used
in [16, 24] for computing numerically the logarithmic and conformal capacities for
rectilinear slit domains.

We assume that the boundary components I'y, ..., I, of the required unbounded
domain G are ellipses and are parametrized by

nj(t) =c; +0.5a;e% (cost —rsint), teJ;=][0,2r], (30)

where c; is the center of the ellipse I'; and a; is the length of its major axis, j =
1, ..., m. The real parameter r is the ratio between the length of the minor and major
axes of these ellipses. We will choose its value such that 0 < » < 1 where the domain
G is a circular for r = 1. The value of r is chosen to be r = 1 when the slits are well
separated and less than 1 when the slits are close to each other (see [23] for details).
Our objective here is to find the values of the parameters ¢; and a;, j =1, ..., m, of
the domain G as well as a conformal mapping { = ®(z) from the domain G in the
z-plane onto the given unbounded rectilinear slit domain €2 in the ¢-plane. With the
normalization

d>(z)=z+0<%>, (31)
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near infinity, such a conformal mapping is unique.

The conformal mapping ®(z) can be computed using the following boundary inte-
gral equation method from [21]. We parametrize the whole boundary I" of the domain
G on the total parameter domain J by

nm@), teJ,
n) = : (32)
(), t€Jy.

Then, we define a complex-valued function A(¢) on J by
A(t) = e(n/2—9(t))i’ (33)

where 0(t) = 0; fort € J;, j = 1,..., m. With the functions A(¢) and (), we
define the kernels N (s, ¢) and M (s, t) for (s,1) € J x J by

NG.1) = - Im (AO)L) (34)
b4 A(s) n(@) —n(s)

MGs.1) = L Re (A(t) ”—(t)> (35)
b4 A(s) n(@) —n(s)

The kernel N (s, t), which is known as the generalized Neumann kernel, is continuous
and the kernel M (s, ¢) is singular [34]. The integral operators with the kernels N (s, )
and M (s, t) are then defined by

NuG) = [ N oud, Mue) = [ Mo, s e .
J J
Let the function y be defined by

Y () = Im [e—i"@n(z)] L rel, (36)

let i be the unique solution of the boundary integral equation with the generalized
Neumann kernel

I—=N)u =-My, (37
and let the function & be given by
h Z%(MM— I-=N)y). (38)
Then the function W with the boundary values
V() =y@) +h@) +in) (39)

@ Springer



Fast Computation of Analytic Capacity

is analytic in G with W(oco) = 0. The values of W(z) for z € G can be computed
by the Cauchy integral formula. Then, the values of the conformal mapping ®(z) are
given for z € G UT by

D(z) =z + V(2). (40)

For more details, see [21].

The application of this method requires that the domain G is known. However,
in our case, the slit domain 2 is known and the domain G is unknown and needs
to be determined alongside the conformal mapping ¢ = ®(z) from G onto 2. This
preimage domain G as well as the conformal mapping ®(z) will be computed using
the following iterative method from [23] which generates a sequence of multiply
connected domains G, G, G?®, ..., that converges numerically to the required
preimage domain G. Let L; = |E;| be the length of the slit £; and let 8; be its
center, j = 1,...,m. In the iteration step i = 0, 1,2, ..., we assume that G is

an unbounded multiply connected domain bounded by the m ellipses ng), e F,(,?
parametrized by

(1) = +0.5a0 e (cost —rsinn), 0<t<2m, j=1,....m. (41)

The parameters cﬁ-i) and a;i) are computed as follows:

1. Set

0 0 .
=g a? =1-05)L;, j=1,....m.

2. Fori=1,2,3,...,

— Compute the conformal mapping from the preimage domain GY~1 in the
z-plane onto the canonical rectilinear slit domain Q) obtained by removing
m rectilinear slits E;'), Jj = 1,...,m, from the {-plane (using the method

presented in (36)—(40) above). Let L;i) denote the length of the slit E;.i) and

let ﬂ](.i) denote its center.
— Define

O _ =) _ (g0 _ 5
o) =" — (B - 8;).

O _ =D O\
" = af (1 O.Sr)(Lj L/), i=1,....m.

3. Stop the iteration if
I . )
5 Z (|,3](-l) - Bil+ |L;’) - LI) <& or i>Max

2m
j=1

where ¢ is a given tolerance and Max is the maximum number of iterations allowed.
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Fig. 11 The given slit domain 2 in Example 9 (for ¢ = 0.25) and the computed preimage domain G (with
r =0.25)
05F 05f kj <
-0.5 -0.5
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Fig. 12 The given slit domain €2 in Example 10 (for ¢ = 0.2) and the computed preimage domain G (with
r=1)

The above iterative method generates sequences of parameters ¢ and ' that
converge numerically to ¢; and a, respectively, and then the boundary components of
the preimage domain G are parametrized by (30). In our numerical implementations,
we used ¢ = 10713 and Max = 100.

It is clear that each iteration of the above method requires solving the integral
equation with the generalized Neumann kernel (37) and computing the function &
in (38) which can be done with the MATLAB function £bie presented in [22]. In our
numerical computations, the value of n as well as the values of the other parameters in
fbie are chosen to be the same as those used in the method described in Sect. 2 for
computing the analytic capacity. The given slit domain €2 and the computed preimage
domain G for Examples 9 and 10 are presented in Figs. 11 and 12, respectively.
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