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Algorithm 1047: FdeSolver, a Julia Package for Solving
Fractional Differential Equations

MOEIN KHALIGHI, GIULIO BENEDETTI, and LEO LAHTI, Department of Computing,
Faculty of Technology, University of Turku, Turku, Finland

We introduce FdeSolver, an open-source Julia package designed to solve fractional-order differential equations
efficiently. The available solutions are based on product-integration rules, predictor—corrector algorithms,
and the Newton-Raphson method. The package covers solutions for one-dimensional equations with orders
of positive real numbers. For higher-dimensional systems, it supports orders up to one. Incommensurate
derivatives are allowed and defined in the Caputo sense. Here, we summarize the implementation for a
representative class of problems and compare it with available alternatives in Julia and MATLAB. Moreover,
FdeSolver leverages the power and flexibility of the Julia environment to offer enhanced computational
performance, and our development emphasizes adherence to the best practices of open research software. To
highlight its practical utility, we demonstrate its capability in simulating microbial community dynamics and
modeling the spread of COVID-19. This latter application involves fitting the order of derivatives grounded on
real-world epidemiological data. Overall, these results highlight the efficiency, reliability, and practicality of
the FdeSolver Julia package.
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1 Introduction

Fractional calculus is the mathematical study of derivatives and integrals of arbitrary orders,
encompassing a broad spectrum that includes integer, non-integer, and complex values. Fractional
derivatives have emerged from pure mathematics to be applied in various disciplines and real-world
scenarios due to advanced computational approaches and new perspectives [43]. Because the
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domain of application of fractional calculus has expanded, but analytical solutions are sometimes
difficult or even impossible to find, researchers are studying, developing, and using numerical
methods to solve fractional differential equations (FDEs).

One significant application of fractional derivatives is incorporating memory effects into the
classical system with integer order [1, 13, 24]. Although memory effects in real phenomena are not
unique, their common feature is incorporating an average of the previous values into the current
value. This inherent characteristic of memory effects has led to multiple interpretations through
various definitions of fractional derivatives [6].

Among these, Caputo has defined one of the most popular differential operators with notable
advantages [25, 36], which have wide-reaching implications in applied mathematics and practical
applications. These advantages include: (1) the derivative of a constant is zero, (2) it includes
convolution integrals with a singular power-law kernel, and (3) initial conditions expressed as
integer order derivatives; the first one leads to having an operator for modeling systems with higher
orders and nonzero initial values, the second one applies to many real-world phenomena with
gradually decaying memory effects [10], and the last property is beneficial as it aligns mathematical
models more closely with physical reality [7, 36]. Often, initial conditions, obtained from real-world
data or measurements, are more naturally and simply represented as integer-order derivatives,
such as initial velocity being the first derivative of position over time. Hence, the last attribute not
only strengthens the model’s mathematical integrity but also enhances its practical significance,
making it more straightforward to corroborate with empirical data.

Therefore, we have developed the FdeSolver package based on well-established mathematical
algorithms [8, 9, 14] that were formerly designed and implemented as MATLAB routines [16].
These implementations convert the FDE problem to a Volterra integral equation, discretize it via
product-integration (PI) rules, numerically solve this by using either the predictor-corrector
(PC) method or the Newton—-Raphson (NR) method, and finally, reduce the cost of computations
by fast Fourier transform (FFT). Furthermore, many other MATLAB toolboxes exist, offering
various methods for specific applications, as detailed in literature reviews [26, 43]. However, because
MATLAB is a proprietary programming language, its usability is restricted to the holders of a
MATLAB license.

FdeSolver is a pioneering open-source Julia package, offering a free and high-performance
alternative to MATLAB routines for solving FDEs with Caputo derivatives, overcoming the licensing
barriers and dependency on C, C++, or Fortran libraries. While FractionalDiffEq is another key
player in the Julia ecosystem, our numerical experiments reveal that FdeSolver not only meets
but often exceeds the performance of existing solutions in both MATLAB and Julia. This superior
performance is largely attributable to Julia’s just-in-time compiled nature, which translates code into
machine language for rapid execution, and its unique multiple dispatch feature, which optimizes
code dynamically based on the types of parameters passed [4].

The package benefits further from Julia’s built-in package manager and robust ecosystem, facili-
tating interoperability with other tools [4]. Julia’s interactive read-evaluate-print loop (REPL)
enhances user experience by providing immediate code execution and results visualization. FdeS-
olver’s open-source license invites community contributions, encouraging feature enhancements
and optimizations. With its blend of computational efficiency, coding flexibility, user-friendliness,
and community-driven development, FdeSolver is a premier tool for researchers dealing with FDEs.

This study is based on FdeSolver’s Version 1.0.7, archived in the Collected Algorithms
repository (http://calgo.acm.org). The package is publicly accessible via its GitHub repo-
sitory, with a permanent Zenodo DOI (https://doi.org/10.5281/zenodo.5906103). Further
insights into its structure, implementation, and usage can be found in the accompanying user
manual. Additionally, a dynamically updated user manual is hosted on the package website
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(https://juliaturkudatascience.github.io/FdeSolver.jl/stable/examples), ensuring it remains current
with ongoing updates and new version releases.

We organized the paper as follows: We start with preliminary mathematics and numerical
methods in Section 2. The usage of the package for five classes of problems is demonstrated in
Section 3, including benchmarks with alternative solvers. We provide two applications of the
package in the context of ecological and epidemiological models in Section 4. We comprehensively
discuss results in Section 5 and conclude with Section 6.

2 Preliminaries and Numerical Scheme

This section focuses on some primary definitions in fractional calculus, as presented in [25, 36] and
the numerical methods used in the package, which is proposed by Diethelm [8, 9] and implemented
in MATLAB by Garrappa [16].

Let us suppose D, as a notation of time-fractional Caputo derivative with order of f € R* from
initial value fy. Thus, the fractional derivative of a given differentiable function g at time ¢ in the
sense of Caputo is defined as:

9™ (v)dr
F— 7'_)1+[>’—m >

¢
B _ ym=B_(m) _ 1

Dl g(t) = 1" Pg™ (1) = / (1
WD I Tm=F) Ju, (

in which ¢(™ (t) denotes the mth order derivative of g(t), and m represents the smallest integer

that is greater than or equal to the derivative order f. The term It': 7 is Riemann-Liouville fractional
integral of order m — f that is defined by

; 1 tog(rydr
1o = 11 / —— @)

where I' denotes the gamma function.
FdeSolver can solve the following types of equations and systems:

Z)ffxi =fi(t,X), i=1..,M, @)

with the initial conditions X;(#y) = X;o when 0 < f; < 1 for a system of equations, and Xl(j ) (tp) =

Xf,](;) (j =0,...,m—1) for one-dimensional equations when f; > 1. We can rewrite the fractional
order system (3) in the following vector form:
DIX =F(1,X), @)

0

where X = [Xi, ... Xm], B = [f1, ... Pm], and F = [f1, ..., fu].
The initial value problem (4) is equivalent to the Volterra integral equation [8, 25]

X(t) = Tyt [Xsto] + %ﬁ) / (t = )P F(r, X(0))dr, (5)

in which T,,_1[X;; tp] is Taylor polynomial of degree m — 1 for the function X;(t) centered at t,
defined as

m-—1 _ k
Toa X 0] () = > o x0 ),
k=0 :

The integrals in Equation (5) give us history-dependent dynamics, and the presence of power
in the kernels provides a nonlocal feature of our fractional order modelings. These, however,
cause a non-smooth behavior at the initial time; thus, straightforward numerical methods, such as
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polynomial approximations, cannot achieve the solution, and only those are acceptable that each
step of computation involves the whole history of the solution.

Therefore, based on PI rules [8, 14], we discretise the integral term of Equation (5) in n points
and the step size h > 0; t, =ty + rh(r = 0,...,n — 1), so that the Equation (5) turns to

tr+1

n-1
X =Tl Xol) + 505 3, [ (0= 07 X0 ©

Then, we use piece-wise interpolating polynomials for the approximation of integral terms.

2.1 PC Method

The PC approach has been proposed using a generalization of Adams multi-step methods to solve
fractional ordinary differential equations [8, 14]. To use this technique for the solution of Equation
(6), we start with a preliminary explicit estimation as a predictor and then improve it by the iteration
of implicit approximations as a corrector. Hence, the PI rectangular rule [16] gives the matrix form
of the predictor of the solution of Equation (6) for the nth step:

x1(t,) = Ty + hbFI7Y, (7)

and the PI trapezoidal rule [16] provides the framework for the corrector:

X" (t,) = Ty + hcFy + hdF". (8)
To elaborate, Equation (7) is
Xl[O](tn) ' T(X1)]"
XZ[O](tn) ~ T(X3)
x| 1T Xn)
PPN [t binez oo big|[ AX() ... fu(X(t))
hPe bon-1 banz ... bao|| A(X()) ...  fu(X(t))
+ 1 . . . . . . . . >
W] \ban-1 bmn-z - bamol| [AX(th=1)) oo fui(X(tn-1))
where T(X;) = T,,-1[Xi; t0](t,) and b;, = (H;)(l;—é;)ﬁl, i=1.,M r=0,..,n—1,and Equation
(8) is
)" [TO T [ B X e X fi(X (1) |
X (t,) T(X2) hP2 X ¢y X f3(X (1))
. = . + .
X]E/’[‘](tn) T(Xm) WP X epn X fin (X (1))
hP ]t din-1 dip—2 ... dio
hP: dan-1  don—2 ... dap
+ [ . . . .
W | \dmn-1 dmn-2 ... dumpo
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AX(H) o (X ()

: K : cu=12, ..,
AKr) o fuX () |
AXE@)) o fu(XE ()
in which
_(n=)P —nPi(n - B - 1)
s T(hi+2) ’
if r=0,
ifr=12.,n-1,

1
_ JT(Bi+2)°
dir = {(rl)/}i”Zr/}i“+(r+1)/3i”
T(pi+2) ’
and, p is the number of corrections. This is the main algorithm of our package with the convergence
rate of O(h) for the predictor and O (h™™{1*£2}) for the corrector [16].

2.2 NR Method

The PC method may not be sufficient for stiff problems, which need too small step size h, leading
to high computation costs for accuracy. Hence, we use the more efficient approximation with
better stability properties, the implicit method Equation (8). However, this method needs a prior
approximation of the current step besides the computed values of the previous steps. So, we rewrite
Equation (8) as:

X(ty) =¥Yu1+aoFp, 9)
where ¥, _; denotes the term including all the explicitly known information of the previous steps

TX) " [ PP xein X i(X (k) 17
T(X3) hP2 X ¢y X f5(X (1))

V,_1= +

TOG)| W x eapn X fir (X (1))

WO [dypor  dipe ... dia ][ AX(H) ... fmu(X(t))
.\ hP: dan-1 don—z ... da1 AX () ... fm(X(t))
W) dyms dumez oo dan) LX) o (X (tar))

and the second term a,F, is related to the initial approximation of the current step

dio x fi( X1 (1))
dao sz(X[‘u_l](tn))

aF, =

dyto X fur(X1A11(2,))

Garrappa [16] suggested the iterative modified Newton-Raphson method for the solution of
Equation (9) with the convergence order O(h?). With having an initial approximation X [1(t,) for
X (t,), we can calculate new improved solutions X!#I(t,,) by the following iterative formula

X[p+1](tn) = xlxl (tn) — [I _ aO]F(X[O] (tn))]_l (X[H](tn) -V, - (Ian) s (10)
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where I is the identity matrix and Jr(X(#,)) is the Jacobian matrix of F with respect to the variables
X; at t,, (or a derivative for one-dimensional problems) defined as

ofi  ofi of

Xy Xt Xm
]F(X(tn)) = (tn)-

o  ofm Ofm.

20X, X, *°° X pm

Then, we only need an initial approximation for each step that we achieve from the last evaluated
approximation X! (t,,1) = X(t,), (r = 0,...,n — 1). It might seem this assumption leads to the
method’s inefficiency. Still, the high-order convergences of the two blended algorithms and a
sufficient number of iterations guarantee efficiency unless the variables X or derivative functions
F alter very rapidly (see Example 3.2.2) and the step size is not small enough.

23 FFT

In both methods, there are convolution sums in the second term of Equation (7), the third term
of Equation (8), and the second term of Equation (9). Thus, the whole evaluation of the solution
requires n number of operations for grids 1, ..., n, which proportionally costs O(n?). Hence, the direct
calculation of the matrix is not reasonable when the number of grid points n is sufficiently large.
However, using FFT, as elaborately explained in [11], can substantially reduce the computational
cost proportional to O(n(logyn)?).

Here, we briefly describe exploiting the FFT algorithm in the PC and NR methods. Suppose Y, =

}1:1 dn—jfi(X(t;)) is one of the last sums of our matrix products. The idea is to split each sum into
two halves of the computation interval. The Fourier Transform converts the convectional coefficients
of one part into frequencies, multiplies once, and finally, converts back the sum evaluation. This
process requires only O(2nlog,2n) proportional operations and it can be reduced if we recursively
repeat by splitting the interval. However, we need to start the evaluation from the initial time to a
smaller length of the interval r < n

9
Y, = Z dy i fi(X (1), q=1,2...r.
j=1

This is the initial vector of values that can be directly evaluated, and the length r is fixed, which
could be any small integer number power of two for convenience (where we consider r = 2%). Then
we calculate the values of the following r points of the interval:

r q

Yo=Y+ Y=Y de i fi(X(1) + Y dg i fi(X(1), q=r+1r+2,..2r,
j=1 j=r

where FFT algorithm can evaluate the partial sum Y, with a computational cost proportional to

O(2rlog, 2r) instead of O(r?). For the computation of the next 2r values, we have two splits from
2r to 3r and from 3r to 4r:

2r 9
Yo=Y+ VL= Y dg i fi(X(4)) + D dg s fi(X(1), q=2r+1,2r+2,..,3n,
j=1 j=2r

2r
Yo =YP + Y+ Y] = dy i fi(X(1))
j=1
3r 9
+ Z dy i fi(X(1)) + Z dg—ifi(X(t;)), q=3r+13r+2,..4r
j=2r j=3r
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where FFT algorithm can evaluate the partial sums Y?" and Y,", with computational costs propor-
tional to O(4r log, 4r) and O(2r log, 2r), respectively. Similarly, this process can be repeated until
it reaches the nth point.

3 Usage and Benchmarks

In the following, we present examples using FdeSolver to solve some model classes. Certain examples
necessitate specific packages and corresponding implementations, as detailed in the accompanying
user manual. It is worth noting that we considered the initial conditions of all examples equal to
zero, while they could be nonzero as well.

We compared the efficiency, in terms of speed and accuracy, of the PC and NR methods within
the FdeSolver. This is contrasted with four solvers from MATLAB counterpart [16] and six methods
provided in another Julia package, FractionalDiffEq.jl v0.3.1 [38]. While FractionalDiffEq is compre-
hensive in offering numerical methods for FDEs, our empirical findings indicated certain limitations
in its current version (v0.3.1), particularly for one-dimensional FDEs. These limitations included
challenges in parameter flexibility and handling integer order equations, as well as issues with
accuracy and convergence in many examples. Consequently, while FractionalDiffEq theoretically
supports FDEs, its practical application for one-dimensional equations was found to be constrained,
as evidenced by our testing. Moreover, the results suggest that our solver provides a performance
that is similar to or better than that of the MATLAB counterparts (Figures 1, 2, and A2), and
significantly greater accuracy than any available Julia alternative (Figures 1 and 2(a)).

Let us define some notations for the methods used for solving the examples. As shown in Table 1,
Julia solvers employ notations beginning with “J” while MATLAB solvers use the “M” prefix. For
instance, J1 indicates the PC method in FdeSlover, corresponding to M1 used in the MATLAB code
[16]. Similarly, J2 denotes the NR method in FdeSolver, analogous to M2 in MATLAB.

We benchmarked these methods across five examples. In addition, we considered alternative
algorithms: M3, which employs the NR method with PI rectangular rule, and M4, which uses the
explicit PI rectangular rule without PC [16].

For one-dimensional examples and Example 3.2.1, we compared these methods against eight
additional Julia-developed methods [38]. They include J3, which mirrors the methods of J1 and
M1; J4, which aligns with M4; J5, a modified Griinwald-Letnikov approach; J6, which is a one-step
Adams-Bashforth method [9]; J7, which is derived from the fractional-order transfer functions
(FOTF) Toolbox [45]; and J8 to J10, which are based on fractional linear multistep methods [15].

In our study, all execution times were provided in seconds. To accurately assess the performance
of various methods, we compared their numerical solutions against known analytical solutions
whenever available. In cases where analytical solutions are not accessible, we contrasted the results
with those obtained using a more finely resolved grid and optimized configurations. For both
MATLAB and Julia implementations, we employed a step size 271° and specified a relative tolerance
10712 for the solver. This is our benchmark for accuracy, as exact solutions for multi-dimensional
models are often difficult or impossible to determine. The deviation between the approximations
and exact solutions, derived using solvers with fine step sizes, could either confirm or refute the
convergence of these approximations to exact solutions.

All the experiments were carried out in Julia Version 1.7.3 and MATLAB Version 9.12.0.1975300
(R2022a) Update 3 on a computer equipped with a CPU Intel i7-9750H at 2.60 GHz running under
the OS Ubuntu 22.04.1 LTS. Results may vary when using different versions than those mentioned
above.
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(a) Non-stiff example (b) Stiff example
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(c) High-order example 107 1072
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Fig. 1. Error versus execution time of FdeSolver, MATLAB codes, and alternative Julia solvers for solving
the one-dimensional differential equation of (a) Example 3.1.1, (b) Example 3.1.2, and (c) Example 3.1.3. The
axes are visualized on a logarithmic scale. The unit of the X-axes is second (Sec), and the Y-axes show the
Euclidean norm of the difference between the approximations and exact values. For FdeSolver methods, the
notations are J1 for the PC method and J2 for the NR method. For MATLAB routines, we use M1 for the
PC method, M2 for the NR method, M3 for the NR method with the PI rectangular rule, and M4 for the
explicit Pl rectangular rule without PC. Within the Julia FractionalDiffEq package, solvers J3 to 6 are used:
J3 parallels methods J1 and MT1; J4 corresponds to M4; J5 is a modified Griinwald-Letnikov method; and J6
employs a one-step Adams-Bashforth approach.

3.1 One-Dimensional Models

We start solving three model examples described by one differential equation. The first two examples
have f < 1 and the third one has > 1. For these examples, we examined ten solvers: six developed
in Julia, denoted as J1 through J6, and four implemented in MATLAB, labeled M1 through M4. For
a detailed list of these methods, please refer to Table 1.

3.1.1  Non-Stiff Example. Consider the following nonlinear FDE [8]:

40320 5 p ,L5+5/2) 4ppo
ro-p) I'(5-p/2)

3
+ Zr(/ﬂ 1)+ (gtﬁ/z - t4) —(X(1)Y?, 0<p<i.

DIX(1) =
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(a) Non-oscillation example

» fvd FdeSolver
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Error = |z — Z|
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Execution Time (Sec)

(b) Sharp oscillation example

10—1.0

Execution Time (Sec)

Fig. 2. Error versus execution time of Julia and MATLAB codes for solving for multi-dimensional systems
of (a) Example 3.2.1 and (b) Example 3.2.2. The axes are visualized on a logarithmic scale. The unit of the
X-axes is second (Sec), and the Y-axes show the accuracy by measuring the Euclidean norm of the difference
between the approximations and the results with fine step size 2719, Methods in FdeSolver are marked as J1
(PC method) and J2 (NR method). For FractionalDiffEq, we denote methods as J3 (PC method), J4 (explicit PI
rectangular rule without PC), J7 (based on FOTF Toolbox), and J8-J10 (fractional linear multistep methods). In
MATLARB routines, we have M1 (PC method), M2 (NR method), M3 (NR method with Pl rectangular rule),
and M4 (explicit Pl rectangular rule without PC).

With initial value X(0) = 0, the exact solution is X(t) = ¢® — 3t*#/2 + 24/ Suppose the final
time equals 1 and the order derivative f = 0.5.

This example has a smooth solution despite its derivative function displaying a nonlinear and
nonsmooth equation. We run the solvers for this range of step size of computations: h = 27", n =
3, ..., 8. Figure 1(a) shows the performance of MATLAB and our Julia equivalence codes, J1 versus
M1 and J2 versus M2, along with an evaluation of alternative Julia solvers, J3 to J6. The results
of this example indicate that the NR method is more efficient than the PC method. Additionally,
our solvers perform slightly faster than MATLAB. Notably, these four solvers—J1, J2, M1, and
M2—exhibit greater accuracy than their counterparts, the MATLAB solvers M3 and M4, and the
alternative Julia solvers J3 to J6.

ACM Transactions on Mathematical Software, Vol. 50, No. 3, Article 22. Publication date: October 2024.
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Table 1. A List of Solvers Used in This Study for Solving the FDEs

Notation FdeSolver Notation = MATLAB [16] Notation FractionalDiffEq [38]

n PC M1 FDE_PI12 PC.m J3 PIPECE
J2 NR M2 FDE_PI2_Im.m - -
- - M3 FDE_PI1_Im.m - -
- - M4 FDE_PI1_Ex.m J4 PIEX
- - - - J5 GL
- - - - J6 Euler
- - - - J7 NonLinearAlg
- - - - J8 FLMMBDF
- - - - J9 FLMMNewtonGregory
- - - - J10 FLMMTrap

The solvers on the same rows are built on the same algorithms.

A detailed step-by-step Julia code for this example, including the equation, its Jacobian, and how
to use the FdeSolver package, can be found in the PDF user manual (Section 3.1.1).

3.1.2  Stiff Example. It is recommended to consider the Jacobian function and use the NR method
for stiff problems [16] such as:

DIX() = 2X(1), X (1) = X,

where the exact solution is X(t) = Eg ((t- to)ﬁl) in which the one parameter Mittag-Leffler
function is defined as:

Ep(0) = % T(pk+1)

The implementation of this function and other settings are explained in the PDF user manual
(Section 3.2.1).

We solved this problem with initial condition X (0) = 1, order f = 0.8, and A = —10, to t = 5. We
also used 4 corrections of the PC method to improve the accuracy of the results.

This example illustrates the superiority of the NR method. We ran the solvers for this range
of step size of computations: h = 27", n = 3, ..., 8. The PC method diverges for h > 274 however,
the 2-norm error of the NR method for & = 273 is about 0.16. Our FdeSolver outperforms both
MATLAB and Julia alternatives in terms of efficiency and reliability. This is further evidenced in
Figure 1(b), which highlights the limited accuracy of Julia solvers J3 to J6. Moreover, it reveals that
for smaller step sizes h < 277, the error margins for MATLAB solvers M1 and M2 notably increase.

3.1.3  High-Order Example. We can solve Example 3.1.1 for an order greater than 1. But, let us
consider another popular example, fractional Harmonic motion [47], described as:

k
DFx (1) = ——X(D), k>0, m>0 1<f<2 (11)

where X is the displacement from the equilibrium point, k the spring constant, and m is the inertial
mass of the oscillating body. The exact solution for § = 2 case is given by

«w

X(1) = X(0)cos(wt) + D in(or), o = \/g (12)
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The general analytical solution for other values of ff can be derived using the Laplace transform
method. This technique involves transforming a function X (¢) into a function Y (s) of complex
variable s using the equation [27]

Y(s) = L{X(t)} = / e ' X (t)dt.
0
Applying the Laplace transform to both sides of (11) yields [27]
L{DIx (1)} = Y (s) - 71X (0) - $P~2X" (0),
resulting in

X(0)s#~1 X’(0)sP2

pred] fros)

The inverse Laplace transform then provides the analytical expression:

Y(s) =

X(t) = X(0)Eg, (—%tﬁ) +X'(0)tEg, (—%tﬁ), (13)

where Eg; and Eg; are two-parameter Mittag-Leffler functions, generally defined as

R n

t
Eﬁ,a(t) = ; m, IB,G{ > 0.

Specifically, for f = 2 we have

0o

_+2\n ny 2n
S i Z( DT cos(o)

T (2n+ 1) (2n)!
and

o ()" (—D)"?*1 sin(t)

Erp(-2) = ZF(2n+2) Z (2n+1)!  t

Thus, it is evident that the solution in Equation (13) aligns with the solution in Equation (12) for
the case of § = 2. Notice that for non-integer orders of 8, the Mittag-Leffler functions must be
evaluated numerically.

Let us consider X(0) = 1 and X’(0) = 1 when the parameters are k = 16 and m = 4, and solve
the equation for f = 1.90 to t = 10. The related code for functions and conditions is represented in
the user manual (Section 3.1.3).

Figure 1(c) shows the similar performance of FdeSolver and its MATLAB counterparts, while
both are better than M4 and M3, and Julia solvers J3 to J6. We run the solvers for this range of step
size of computations: h=27", n=2,...,7.

3.2 Multi-Dimensional Systems

FdeSolver can solve high dimensional systems of incommensurate FDEs, which means the order
derivatives could be unequal. Here, we present two three-dimensional examples of FDE systems
without and with oscillation dynamics to evaluate the performance of the PC and NR methods
alongside alternative solvers. For the non-oscillation dynamics example, we analyzed with eleven
solvers: seven from Julia, identified as J1-4 and J7-10, alongside four MATLAB solvers, M1 to M4. In
the sharp oscillation example, we used six solvers: two from our FdeSolver package, J1 and J2, and
the same four MATLAB solvers, M1 to M4. Details about these methods can be found in Table 1.
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3.2.1  Non-Oscillation Example. The susceptible-infected-recovered (SIR) model is the most
popular mathematical model for simulating the transmission dynamics of infectious diseases in
a population that Kermack and McKendrick have introduced [22]. Recently, its extensions with
fractional orders have been commonly used in different contexts. This motivates us to present it
here as an example and its generalization as an application in Section 4.2. Suppose the following
fractional SIR model [39] for susceptible (S), infected (I), and recovered (R) individuals with the
corresponding order derivatives as, ay, and ag:

DES(1) = ~I(DS(),

DEI(1) = PIDS(D) - yI(1),
DERR(1) = yI(1),

where f is the infectious rate and y the recovery rate. We solved this system until ¢ = 100 for initial
conditions S(0) = 1 —I(0), I(0) = 0.1, and R(0) = 0, orders as = 0.9, a; = 0.6, and ag = 0.7, and
parameters f§ = 0.4 and y = 0.04. Notice that we considered tol = 10~ for the NR method to have a
distinguishable result in benchmarking. The user manual (Section 3.2.1) provides the related code.

We added six alternative methods from FractionalDiffEq to benchmark this example. The methods
J8, J9, and J10, from the alternative Julia package, fail, the methods J4 and J7 have a similar
performance with M3 and M4, and the method J3 is similar to M1, which is a more reliable solver
within the FractionalDiffEq (Figure 2(a)).

Approximations taken from M2 and J2 with fine step size h = 271° and tol = 1072 were the
candidates for the exact solutions for measuring the errors. The square norm of the difference of
these solutions was about 2.68 X 10712, We ran the solvers for h = 27", n =2, ..., 7 and Figure 2(a)
shows FdeSolver superiority.

3.2.2  Sharp Oscillation Example. The dynamics of the previous example are smooth, and here
we challenge the solver by considering a three-species Lotka-Volterra model [23] with a sharp
oscillation behavior (Figure A1(b)). This can be defined as:

DYXi (1) = X1(1) (a1 - @X, (1) = Xa (1) = X3(1)),
DPX(1) = Xo(1) (1 - a3 + @ Xy (1)),
D£3X3(t) = Xg(t) (1 —das + (,16X1(t) + a7X2(t)) s

where 0 < ff; <1 (i = 1,2,3), and all coefficients a; > 0 (i = 1, ..., 7), and initial values are positive.
We solved the system until ¢ = 60 for initial conditions X;(0) = X,(0) = X3(0) = 1, with parameters
a;=ay; =as =as =ag=a; =3 and as =5, and orders f; =1, f; = 0.9 and 5 = 0.7.

We conducted a comparative analysis between our Julia solvers (J1 and J2) and the MATLAB
codes (M1-4). This is a challenging example for solvers such that all methods of FractionalDiffEq
fail to solve it even for the fine step sizes. Moreover, the PC method is more efficient than the NR
method for the solution of this example due to fast oscillation dynamics at the initial times, as
mentioned in Section 2.2. Hence, we set 4 corrections for the PC method and tol = 1072 for both
methods for better accuracy and comparison.

Approximations taken from M2 and J2 with fine step size h = 271% and tol = 10712 were the
candidates for the exact solutions for measuring the errors. The square norm of the difference
of these solutions was about 1.62 X 1071°. We considered h = 27", n = 4,...,8, and Figure 2(b)
illustrates that M4 and M3 are not reliable since they tend to diverge as the step size decreases.
Furthermore, the PC method has a better performance than the NR method in both Julia and
MATLAB due to the sharp oscillations of the dynamics (see 2.2 and Figure A1).
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3.2.3  Random Values. To assess the generality of the results, we considered random values for
the parameters and conditions of the studied examples. Thus, we ran the solvers for the methods J1,
J2, M1, M2, M3, and M4 (see Table 1), to solve Example 3.1.1 40 times with random values including
0 < B < 2 and 30 times each Example of 3.1.2-3.2.1. We excluded Example 3.2.2 due to the difficulty
of controlling conditions for making a solvable FDE.

Figure A2 shows the distribution of errors and execution times of the solutions of the problems
with random conditions, illustrating the similar or improved performance of the FdeSolver Julia
package compared to the MATLAB alternatives. Codes related to the randomization step are
available in the user manual (Section 3.2.3).

4 Applications

Let us next present two examples of applications of fractional calculus in community dynamics
and epidemiology, where fractional derivatives have been used to describe memory effects or the
influence of past events on population dynamics [24, 39].

4.1 Simulation of Microbial Community Dynamics

In microbial ecology, long-term memory has been observed in the context of antibiotic-tolerant
persister cells [41], which results from phenotypic heterogeneity [19, 37] that has a power-law scale
feature. In our recent study, we numerically examined the effect of memory in ecosystem dynamics
of interacting communities [24], using some of the methods converging in the FdeSolver package.
We investigated extensions to interaction models, including the Generalized Lotka-Volterra model
with fractional orders described as:

N n

Dy =X bfi((Xi) —kiX), f(X) =] | i 1= LN, (14)
]I;:IA ik k
#i

where N is the number of species, X; species abundances, b; growth rates, k; death rates, and f;
inhibition functions such that K;; and n denote interaction constants and Hill coefficients [20]. If
we determine 1 — f3; as the memory index of the dynamics of species abundance i, then a decrease
in the order of the corresponding derivative leads to an increase in its memory.

The FdeSolver package thus allows us to replicate the simulation results that we recently reported
[24] to demonstrate and assess system dynamics under pulse and periodic perturbations in the
presence of ecological memory. We have included the codes in Section 4.1 of the user manual.

Resistance and resilience are two key factors in determining the stability of an ecological system.
Resistance describes a system’s ability to maintain its existing state when subjected to external dis-
turbances, while resilience refers to its capability to return to its original state after being disturbed
[40, 42]. To investigate how memory influences resistance and resilience within a community facing
disruptions, we altered the growth rates of species over time (Figure 3(a) and (c)) and observed the
subsequent effects.

Our findings indicate that memory strengthens a community’s resistance to disturbances. Specif-
ically, memory enables competing species to coexist for extended periods [24]. Moreover, when
memory is a factor, transitions between alternative states of the community are more gradual fol-
lowing a short-term disturbance (Figure 3(b)) or are completely averted in some cases (Figure 3(d)).

Regarding resilience, our study reveals that the role of memory is complex. In the immedi-
ate aftermath of a disturbance, memory speeds up the community’s recovery. However, as the
community returns to its original state, memory slows down this recovery (Figure 3(b)). Thus,
depending on the time frame, memory can either accelerate or decelerate recovery, enhancing or
diminishing resilience accordingly. In terms of long-lasting effects, memory can exert its influence
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Fig. 3. This is the replication of Figure 2 from [24] using the mature FdeSolver Julia package to illustrate the
influence of commensurate fractional derivatives on resistance and resilience of the 3-species community
model (14). Let us suppose Xp, Xg, and X as the abundance of blue, red, and gray species, where indexes
B, R, and G indicate the colors and present through all parameters. We solve the model with initial conditions
Xp(0) = 0.99, Xg(0) = 0.01, and Xg(0) = 0.01, and parameters K; j = 0.1,Vi # j, n = 2, k; = 1. The order
of the derivatives is set to integer one and fractional values fig = fir = S = 0.9. (a) The growth rates of
the system during relaxation are bg = 1, bg = 0.95, and bg = 1.05. A pulse perturbation is applied to the
system during a time window indicated via the gray background by lowering the growth rate of the blue
species (bp = 0.5) and raising that of the gray species (bg = 2). (b) The perturbation temporarily moves the
system away from the original stable state. However, fractional orders increase resistance to perturbation
since the community (solid lines) is not displaced as far from its initial state as the system’s dynamics with
integer order (dashed lines). (c) A slightly stronger pulse perturbation is applied to the growth rate of the
gray species (bg = 2.2). (d) It triggers a shift toward an alternative stable state dominated by the gray species
in the system with integer order (dashed lines). However, fractional orders can also entirely prevent a state
shift (solid lines) by increasing resistance and resilience to perturbation.

over multiple time scales due to the slow dissipation of the impact of prior states. Additionally,
memory fortifies resilience in systems with multiple stable states by favoring the original stable
state, as demonstrated in Figure 3(d).

4.2 Epidemiological Analysis of COVID-19 Transmission Dynamics

Recent studies highlight the growing importance of mathematical tools, especially fractional calculus
modeling, in analyzing infectious diseases, addressing the intricate dynamics and complexities
of studying epidemic spread [5, 34]. Following the global spread of the Coronavirus pandemic in
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2019, infectious disease transmission analysis has become very popular, and a large amount of time
series data on COVID-19 occurrences has been published [12]. Although this stimulated progress
in epidemiological models, predicting the pandemic’s spread proved challenging. We demonstrate
how the FdeSolver package can speed up simulations and improve model fits in real data.

Methods for modeling general transmission dynamics are available; for instance, the Julia package
Pathogen.jl [2] provides many tools to simulate and infer transmission networks and to model
parameters of infectious disease spread. Our work can complement and extend such models by
providing new tools for incorporating memory effects. These effects have been linked to the spread
and control of epidemics, for instance, by changes in precautionary measures, such as vaccinations
and lockdowns [39]. The COVID-19 evolution was suggested to exhibit power-law scaling features
[21], which motivates using Caputo derivatives.

A recent compartmental model with super-spreader class [32] was extended with fractional
order derivatives [31, 33]. In this model, the population is constant. It is divided into eight epi-
demiological compartments: susceptible individuals (S), exposed individuals (E), symptomatic and
infectious individuals (I), super-spreaders individuals (P), infectious but asymptomatic individuals
(A), hospitalized individuals (H), recovery individuals (R), and dead individuals (F). Here, we study
an incommensurate fractional orders form of the model defined as:

DES(t) = —ﬁ%s - 1/3%5 - ﬁ’%s,

DEFE(H) = ﬁ%s N lﬂ%s N ,3'%5 _KE,

Z)Z?I(t) =kp1E — (ya+yi)I - 6i1,

DPP(t) = kpoE = (ya +yi)P = 8P,

Dy A(t) = k(1= py = p2)E,

DP"H(t) = ya(I+ P) = y,H - 8 H,

DiER(t) = yi(I+P) +y,H,

DEFF(t) = 81 +6,P + Sy H, (15)

where 0 < a; < 1(i = S,E,I,P, A, H,R, F) are the order derivatives corresponding to the compart-
ments and not necessarily equal, and N is total population, where N =S+E+I+P+A+H+R+F.
Table 2 describes the parameters with their values.

Let us consider the time series of Spain and Portugal’s daily new confirmed cases from cumulative
confirmed cases reported by the center for systems science and engineering at Johns Hopkins
University [12]. We took into account three types of the system equation (15) in terms of the
derivatives: with integer orders (M1), commensurate fractional orders (Mf1), and incommensurate
fractional orders (Mf8). The approximated values for the parameters, the initial conditions, and the
population size were derived from [31, 33].

Integer derivatives imply a memory-less system, while fractional values show a system influenced
by its past and present. Such memory effects indicate that past disease exposures can shape
current susceptibilities; prior exposure might offer some immunity, or past outbreaks might prompt
increased caution. The consistent @ in Mf1 suggests a simplified, uniform memory across disease
stages, whereas Mf8’s varied « values show distinct memory effects for different disease progression
stages.

We estimated the parameter infection rate f by fitting the models to the data. For the fractional
models (Mf1 and Mf8), we optimized the values of order derivatives and the parameter f to achieve
the best fit. All the fitted values are listed in Table 3. The residual of the fitting is measured by
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Table 2. Description of the Parameters Used in Model (15) and Their Values Taken
from [31, 33]

Notation Description Value Units
B Transmission coefficient from infected Individuals Fitted day~!
K rate at which exposed become infectious 0.25 day !
l Relative transmissibility of hospitalized patients 1.56  Dimensionless
Jid High transmission coefficient due to superspreaders 7.65 day~!
K Rate at which exposed become infectious 2.55 day~!
1 Rate at which exposed people become infected I 0.58 Dimensionless
P2 Rate at which exposed people become super-spreaders 0.001  Dimensionless
Ya Rate of being hospitalized 0.94 day !
Yi Recovery rate without being hospitalized 0.27 day~!
Yr Recovery rate of hospitalized patients 0.50 day~!
Si Disease induced death rate due to infected class 1/23  day!
Sp Disease induced death rate due to super-spreaders 1/23  day!
Sp Disease induced death rate due to hospitalized class 1/23  day~!

,,,,,,,

of System Equation (15) with Integer Orders (Model M1) Commensurate Orders
(Model Mf1) Incommensurate Orders (Model Mf8) for Fitting COVID-19 Data from
Spain and Portugal with Their Errors Measured by RMSD

Fitted values for Spain’s data  Fitted values for Portugal’s data

Models M1 Mf1 Mf8 M1 Mf1 Mf8
B 1.852210 2.503197 2.520522 1.638658 2.548180 2.841678
QS .EIP,AHRF - 0.829366 - - 0.775394 -
as - - 0.829128 - - 0.764514
aE - - 0.865748 - - 0.724861
ar - - 0.685968 - - 0.875856
ap - - 0.500000 - - 1.000000
aa - - 0.749881 - - 0.749835
oy - - 0.809659 - - 0.611715
aR - - 0.749881 - - 0.749835
af - - 0.749881 - - 0.749835
RMSD 1,746.57 1,016.33 1,012.72  264.696 137.448 134.067

root mean square deviation (RMSD) defined as: RMSD(Y, ?) =4 I% Yy ({{; —Y;)2, where n is
the number of data points, Y the vector of approximations, and Y real data. In this context, Y is
a scalar, Y = f3, for the integer order model M1. For the fractional order models, Mf1 and Mf8, Y
becomes a vector: for Mf1, it includes two variables, Y = (S, as g1.p.AHRF), and for Mf8, it expands
to a vector with nine variables, Y = (f, as, ..., ar). Thus, in these models, the order derivatives
function as additional parameters for the fitting process. Utilizing advanced optimization methods,
we effectively determine the optimal values for these parameters.

We used the StatsBase.jl package to apply the RMSD for the real values and the sum of all infec-
tious compartments I + P+ H approximated from the models. To minimize the residual, we used two
functions from the Optim.jl package [28]: the Limited-memory Broyden-Fletcher-Goldfarb—Shanno
algorithm, and Simulated Annealing for MINimization, for problems with bounds constraints. The
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Fig. 4. The comparison between real data on the daily new confirmed cases as retrieved from center for
systems science and engineering [12] and the estimation of I + P + H from the system equation (15) with
integer order derivatives (model M1 shown by the dash-dotted blue line), commensurate fractional derivatives
(model Mf1 shown by the solid orange line), and incommensurate fractional derivatives (model Mf8 shown
by the green dashed line). The circles indicate the real data for (a) Spain from 25 February to 7 June and (b)
Portugal from 3 March to 17 May. The infection rate f is fitted for the M1 model, the commensurate order
for the Mf1 model together with f are optimized, and finally, the eight incommensurate orders and f for
model Mf8 are optimized to fit real data. The specified error bars are based on root mean square deviation
(RMSD) such that the fewer values indicate the less residual variance. The fitted values are listed in Table 3.

optimization process was configured to terminate upon meeting predefined criteria, such as a
specific number of iterations or achieving an acceptable error tolerance level in each iteration. The
user manual presents the related codes (Section 4.2).

Figure 4 compares the simulations from our models to real data. The discrepancies in residual
errors highlight that solely fitting one parameter in model M1 does not provide an optimal fit.
Enhancing the model’s flexibility by optimizing the order of derivatives noticeably increases its
accuracy. However, while adjusting the order of derivatives can elevate the precision of our model,
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the computational expense rises significantly. For instance, optimizing for eight orders in model
MIf8 is more resource-intensive than for a single order in model Mf1. This greater computational
demand does not always translate to a proportionate increase in performance. Figure 4 and Table 3
illustrate this, showing the minimal performance difference between Mf1 and Mf8. In a biological
context, these mathematical adjustments allow us to better represent the intricate facets of disease
spread, including diverse transmission routes (e.g., symptomatic, asymptomatic, super-spreaders)
and variations in disease severity.

When comparing the models, the fractional order models suggest a faster and more intense
disease spread, peaking earlier and higher. The higher estimated transmission coefficient f, as
shown in Table 3, indicates a more aggressive disease transmission. Furthermore, the order values
in the fractional models suggest a significant influence of past dynamics on the current state of
the disease. These memory effects and the higher transmission coefficient could explain the earlier
and more pronounced peak. Conversely, with its lower transmission coefficient, the integer order
model estimates a slower and less aggressive disease progression. The results underline the critical
role of memory effects, such as lingering immunity or behavioral changes due to past exposures, in
shaping disease dynamics, emphasizing the need for swift interventions and the delay risk.

5 Discussion

In this work, we evaluated the efficiency and reliability of the FdeSolver in various scenarios, as
illustrated in our figures. This discussion aims to understand better these results, their implications,
and the package’s applications.

Figure 1(a) highlights the efficiency of the NR method over the PC method and shows Julia’s
slightly superior performance over MATLAB. In stiff problems, as shown in Figure 1(b), our
FdeSolver outperforms its MATLAB counterparts, particularly for step sizes h < 277. For high-order
problems, FdeSolver matches MATLAB’s performance and excels over other methods, as depicted
in Figure 1(c). Across all one-dimensional cases, alternative solvers provided by FractionalDiffEq
demonstrate inadequate or insufficient accuracy and require adjustments to avoid errors. In the
context of the non-oscillatory SIR model, FdeSolver exhibits superiority over FractionalDiffEq
methods, as shown in Figure 2(a). In the sharp-oscillatory example of the Lotka-Volterra model
(Figure A1), FdeSolver stands out as other methods falter, as seen in Figure 2(b). Conclusively, a
meticulous assessment employing randomized parameters and conditions, illustrated in Figure A2,
reaffirms FdeSolver’s Julia package as exemplary, surpassing MATLAB versions and clearly showing
its flexibility and performance in solving various problems.

The applicability of FdeSolver in ecology is exemplified by its implementation in Microbiome-
Analysis.jl — a leading package for cutting-edge microbiome data analysis. Here, the functionality
of FdeSolver is applied to simulate and model complex microbial communities. In practice, this
allows us to predict the behavior of natural microbial systems and rigorously evaluate artificial
bioprocess outcomes. Leveraging these design insights will significantly reduce implementation
costs and enhance production yields.

Our package has been fundamental in elevating recent epidemiological research and driving
innovation in creating and refining mathematical models for infectious diseases. Its application
was central in the intricate modeling of the Ebola epidemic, supporting the formulation of a robust
8-dimensional compartmental model [29]. Notably, it also bolstered a COVID-19 study, aiding
in developing a fractional model that embraced environmental pathogens, ensuring meticulous
numerical simulations and precise data fitting from South African cases [30]. The utilization of our
package, particularly on the high-performance computing system PUHTI at the Finnish IT Center
for Science, demonstrates its adaptability and instrumental role in enhancing epidemiological
models’ accuracy and comprehensiveness.
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One of the key strengths of the FdeSolver package is its exceptional speed and adaptability,
primarily due to its foundation in the Julia programming language. Julia is a compiled language,
enhancing execution speed and resource efficiency. Its interactive REPL environment adds user-
friendliness, benefiting those requiring a hands-on approach. The open-source package encourages
community contributions for feature enhancements, optimizations, and bug fixes. This ensures that
FdeSolver remains versatile and current in fast-evolving research and development sectors.

Additionally, FdeSolver leverages Julia’s unique multiple dispatch feature. Multiple dispatch in
Julia is a paradigm where the method called during a function call is determined by the types of all
arguments, not just the first one. Consequently, it dynamically selects the appropriate function
version based on input types, thus increasing performance and coding flexibility. Unlike other
programming languages, where functions are object-specific, Julia’s independent functions make
multiple dispatch more potent. This mechanism is particularly beneficial for our package, which
deals with various types of FDEs. Depending on the type of equation and associated parameters
passed to a function in FdeSolver, Julia’s multiple dispatch system ensures that the most optimized
and suitable algorithm is selected for computation. This not only streamlines the coding process
but also results in more efficient and faster computations, a significant advantage in computational
research and application development.

Lastly, Julia’s support for static and dynamic types, as utilized in FdeSolver, significantly en-
hances code efficiency and flexibility. Static typing allows for early type verification and optimized
performance, crucial for computationally intensive tasks in FdeSolver. Meanwhile, dynamic typing
offers the adaptability to handle various data types and structures, essential in diverse research
scenarios. This balanced approach in type specification ensures that FdeSolver can efficiently tackle
a wide range of computational challenges, illustrating its significance in computational research
and application development.

6 Conclusion

Efficient methods for optimizing FDE models can provide valuable tools for dynamical systems
analysis in many application fields. The scarcity of user-friendly utilities for fractional calculus
in modern open-source computational languages, such as Julia, has hampered the adoption and
development of these methods as part of the broader data science ecosystem. We have introduced a
new Julia package that helps to bridge this gap, offering a collection of efficient, customizable, and
seamlessly integrated utilities designed for numerical analysis and simulation of FDE models.

Our FdeSolver package provides numerical solutions for FDEs with Caputo derivatives in uni-
variate and multivariate systems. The algorithm is based on PI rules, and we have optimized
the computational efficiency by incorporating the FFT technique. The benchmarking experiments
showed better speed and accuracy performance than the currently available alternatives in MATLAB
and Julia. Furthermore, we have demonstrated two applications of complex systems for simulating
and fitting the models to real data. The package adheres to good practices in open research soft-
ware development, including open licensing, unit testing, and comprehensive documentation with
reproducible examples in the accompanying user manual.

While maintaining adherence to fundamental numerical schemes, FdeSolver exhibits enhanced
adaptability, facilitating its application across diverse research scenarios. Its intrinsic flexibility and
ease of integration make it a practical and efficient choice for computational tasks, extending the
applicability of the numerical scheme it employs. This adaptability is a significant advantage of
FdeSolver over existing schemes, promoting broader and more efficient utilization in computational
research.

Future extensions of FdeSolver could include fractional linear multistep methods, improv-
ing efficiency beyond PI rules [15]. Time delays in species interactions, influencing ecological
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stability [46], could be addressed by extending the package based on delay fractional equations [18].
Support for models with time-varying derivatives [35] is also planned, thus enhancing applicability
in problems like infectious disease transmission with multiple memory effects [21]. Due to the
flexibility of fractional models, automated cross-validation will be developed to manage overfitting
risks. Integration of Bayesian approximation from Turing.jl package [17] and GPU support [3]
is the future priority, aiming for enhanced performance and broader integration within the Julia
ecosystem.

Thus, FdeSolver exemplifies the implementation of robust computational methodologies in
scientific computing, aligning with the guidelines presented in [44]. Its development demonstrates
the importance of such practices in ensuring reproducibility, reliability, and efficiency in scientific
research. The adherence of FdeSolver to these standards makes it not just a technical achievement
but also a model for future scientific software development, bridging gaps in the data science
ecosystem and facilitating broader adoption of fractional calculus methods in diverse scientific
fields.

Appendix

There are two additional figures in this Appendix, one showing the dynamics of the multi-dimensional
example systems (Figure A1) and the other showing the speed and accuracy of solving the problems
with random conditions (Figure A2).

(a) Dynamics of non-oscillation example (b) Dynamics of sharp oscillation example
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Fig. A1. Illustration of the dynamics of multi-dimensional examples. (a) Non-oscillation dynamics of the
susceptible (S), infected (I), and recovered (R) population fractions for Example 3.2.1. (b) Sharp oscillation
dynamics of the abundance of species X1, X2, and X3 for Example 3.2.2.
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Fig. A2. Scatter plot of error versus execution time for several solutions of Examples 3.1.1-3.2.1 with random
parameters and conditions. The axes are visualized on a logarithmic scale. The unit of the X-axes is second
(Sec), and the Y-axes show the Euclidean norm of the difference between the approximations and exact
values. The lines on the background are the linear fit of the logarithm of the scatter points, and the color of
the lines corresponds to the methods with the same color. For FdeSolver methods, we use J1 to represent the
PC method and J2 for the NR method. In MATLAB routines, M1 stands for the PC method, M2 for the NR
method, M3 signifies the NR method with the Pl rectangular rule, and M4 denotes the explicit Pl rectangular
rule without PC.
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