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SOME PROPERTIES OF A CLASS OF ELLIPTIC PARTIAL

DIFFERENTIAL OPERATORS

SHAOLIN CHEN AND MATTI VUORINEN

Abstract. We prove Schwarz-Pick type estimates and coefficient estimates for
a class of elliptic partial differential operators introduced by Olofsson. Then we
apply these results to obtain a Landau type theorem.

1. Introduction and main results

Let C be the complex plane. For a ∈ C, let r > 0 and D(a, r) = {z : |z− a| < r}.
In particular, we use Dr to denote the disk D(0, r) and D, the open unit disk D1.

For a real 2× 2 matrix, we will consider the matrix norm ‖A‖ = sup{|Az| : |z| =
1} and the matrix function l(A) = inf{|Az| : |z| = 1}. For z = x+ iy ∈ C with x
and y real, we denote the complex differential operators

∂

∂z
=

1

2

(

∂

∂x
− i

∂

∂y

)

and
∂

∂z
=

1

2

(

∂

∂x
+ i

∂

∂y

)

.

If we denote the formal derivative of f = u+ iv by

Df =

(

ux uy

vx vy

)

,

then ‖Df‖ = |fz| + |fz| and l(Df ) =
∣

∣|fz| − |fz|
∣

∣, where u, v are real functions,
fz = ∂f/∂z and fz = ∂f/∂z. Throughout this paper, we denote by Cn(D) the
set of all n-times continuously differentiable complex-valued functions in D, where
n ∈ {1, 2, · · · }.

For α ∈ R and z ∈ D, let

Tα = −
α2

4
(1− |z|2)−α−1 +

α

2
(1− |z|2)−α−1

(

z
∂

∂z
+ z

∂

∂z

)

+
1

4
(1− |z|2)−α∆

be the second order elliptic partial differential operator, where ∆ is the usual complex
Laplacian operator

∆ := 4
∂2

∂z∂z
=

∂2

∂x2
+

∂2

∂y2
.

We consider the Dirichlet boundary value problem of distributional sense as follows
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2 Sh. Chen and M. Vuorinen

(1.1)

{

Tα(f) = 0 in D,

f = f ∗ on ∂D.

Here, the boundary data f ∗ ∈ D
′(∂D) is a distribution on the boundary ∂D of D,

and the boundary condition in (1.1) is interpreted in the distributional sense that
fr → f ∗ in D

′(∂D) as r → 1−, where

(1.2) fr(e
iθ) = f(reiθ), eiθ ∈ ∂D,

for r ∈ [0, 1) (see [21]).
In [21], Olofsson proved that, for parameter values α > −1, a function f ∈ C2(D)

satisfies (1.1) if and only if it has the form of a Poisson type integral

(1.3) f(z) =
1

2π

∫ 2π

0

Kα(ze
−iτ )f ∗(eiτ )dτ, for z ∈ D,

where

Kα(z) = cα
(1− |z|2)α+1

|1− z|α+2
,

cα =
(

Γ(α/2 + 1)
)2
/Γ(1 + α) and Γ(s) =

∫∞
0

ts−1e−tdt for s > 0 is the standard
Gamma function. If we take α = 2(n− 1), then f is polyharmonic (or n-harmonic),
where n ∈ {1, 2, . . .} (cf. [1, 2, 5, 14, 18, 19, 20, 22]). In particular, if α = 0, then f
is harmonic.

For a, b, c ∈ R with c 6= 0,−1,−2, . . . , the hypergeometric function is defined by
the power series

F (a, b; c; x) =
∞
∑

n=0

(a)n(b)n
(c)n

xn

n!
, |x| < 1,

where (a)0 = 1 and (a)n = a(a+1) · · · (a+n−1) for n = 1, 2, . . . are the Pochhammer

symbols. Obviously, for n = 0, 1, 2, . . ., (a)n = Γ(a + n)/Γ(a). In particular, for
a, b, c > 0 and a + b < c, we have (cf. [3, 4])

(1.4) F (a, b; c; 1) = lim
x→1

F (a, b; c; x) =
Γ(c)Γ(c− a− b)

Γ(c− a)Γ(c− b)
< ∞.

On the basis of Olofsson’s research, we continue to investigate some properties of
solutions to (1.1). The following is a Schwarz-Pick type estimate on the solutions
to (1.1).

Theorem 1. For α > −1, let f ∈ C2(D) satisfy (1.1) and supz∈D |f(z)| ≤ M , where

M is a positive constant. Then, for z ∈ D,

(1.5)

∣

∣

∣

∣

f(z)−
(1− |z|)α+1

1 + |z|
f(0)

∣

∣

∣

∣

≤ M

[

1

2π

∫ 2π

0

Kα(ze
−it)dt−

(1− |z|)α+1

1 + |z|
Kα(0)

]

and

(1.6) ‖Df(z)‖ ≤
MMα(|z|)

[

2 + α+ (4 + 3α)|z|
]

1− |z|2
≤

M
[

2 + α + (4 + 3α)|z|
]

1− |z|2
,
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where

(1.7) Mα(r) =
1

2π

∫ 2π

0

Kα(re
iǫ)dǫ =

[

Γ
(

1 + α
2

)]2

Γ(1 + α)
F
(

−
α

2
,−

α

2
; 1; r2

)

, r ∈ [0, 1).

Let f be a harmonic mapping of D onto D with f(0) = 0. In [15], Heinz showed
that, for z ∈ D,

‖Df (z)‖ ≥
2

π
.

By using Theorem 1, we get a Heinz type inequality on ∂D as follows.

Theorem 2. For α ≥ 0, let f ∈ C2(D) satisfying (1.1). Suppose that f(0) = 0,
f(D) = D and f(∂D) = ∂D.

(a) If α = 0, then, for θ ∈ [0, 2π],

‖Df(e
iθ)‖ ≥

2

π
;

(b) If α > 0, then, for θ ∈ [0, 2π],

‖Df(e
iθ)‖ ≥ lim

r→1−

d

dr
Mα(r) =

α

2
,

where Mα(r) is given by (1.7).

The following result is the homogeneous expansion of solutions to (1.1).

Theorem A. ([21, Theorem 2.2]) Let α ∈ R and f ∈ C2(D). Then f satisfies (1.1)
if and only if it has a series expansion of the form

f(z) =
∞
∑

k=0

ckF
(

−
α

2
, k −

α

2
; k + 1; |z|2

)

zk(1.8)

+
∞
∑

k=1

c−kF
(

−
α

2
, k −

α

2
; k + 1; |z|2

)

zk, z ∈ D,

for some sequence {ck}
∞
k=−∞ of complex numbers satisfying

(1.9) lim
|k|→∞

sup |ck|
1

|k| ≤ 1.

In particular, the expansion (1.8), subject to (1.9), converges in C∞(D), and every

solution f of (1.1) is C∞-smooth in D.

For α = 0, there are numerous discussions on coefficient estimates of harmonic
mappings in the literature, see for example [7, 8, 9, 11, 13, 17, 24]. We investigate
the problem of coefficient estimates on the solutions to (1.1) as follows.

Theorem 3. For α > −1, let f ∈ C2(D) be a solution to (1.1) with the series

expansion of the form (1.8) and supz∈D |f(z)| ≤ M , where M is a positive constant.

Then, for k ∈ {1, 2, . . .},

(1.10)
∣

∣

∣
ckF

(

−
α

2
, k −

α

2
; k + 1; 1

)
∣

∣

∣
+
∣

∣

∣
c−kF

(

−
α

2
, k −

α

2
; k + 1; 1

)
∣

∣

∣
≤

4M

π
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and
∣

∣

∣
c0F

(

−
α

2
,−

α

2
; 1; 1

)
∣

∣

∣
≤ M.

In particular, if α = 0, then the estimate of (1.10) is sharp and all the extreme

functions are

fk(z) =
2εM

π
Im

(

log
1 + ϑzk

1− ϑzk

)

,

where |ε| = |ϑ| = 1.

The following result easily follows from Theorem 3 and [21, Proposition 1.4].

Corollary 1.1. For α > −1, let f ∈ C2(D) be a solution to (1.1) with the series

expansion of the form (1.8) and supz∈D |f(z)| ≤ M , where M is a positive constant.

Then, for k ∈ {1, 2, . . .},

|ck|+ |c−k| ≤
4MΓ

(

1 + α
2

)

Γ
(

k + 1 + α
2

)

k!Γ(α + 1)π
.

For p ∈ (0,∞], the Hardy space Hp consists of those functions f : D → C such
that f is measurable, Mp(r, f) exists for all r ∈ (0, 1) and ‖f‖p < ∞, where

‖f‖p =







sup
0<r<1

Mp(r, f), if p ∈ (0,∞),

sup
z∈D

|f(z)|, if p = ∞,

and

Mp
p (r, f) =

1

2π

∫ 2π

0

|f(reiθ)|p dθ.

The classical theorem of Landau shows that there is a ρ = 1
M+

√
M2−1

such that

every function f , analytic in D with f(0) = f ′(0)− 1 = 0 and |f(z)| < M in D, is
univalent in the disk Dρ and in addition, the range f(Dρ) contains a disk of radius
Mρ2 (see [16]), where M ≥ 1 is a constant. Recently, many authors considered
Landau type theorem for planar harmonic mappings (see [6, 7, 8, 9]), biharmonic
mappings (see [1]) and polyharmonic mappings (see [11]). Applying Theorems 1
and 3, we get the following Landau type theorem.

Theorem 4. For α ∈ (−1, 0], let f ∈ C2(D) be a solution to (1.1) satisfying f(0) =
|Jf(0)| − λ = 0 and f ∈ Hp, where λ is a positive constant and Jf is the Jacobian

of f . Then f is univalent in Dγ0ρ0, where ρ0 satisfies the following equation

λ

M∗(2 + α)
−

4M∗ρ0
π

[

2− ρ0
(1− ρ0)2

+
2ρ0

(1− ρ0)(1− ρ20)
2

]

= 0,

where µ(γ) =
(

1+γ
)

α+1

p /
[

γ
(

1− γ
)

1

p

]

, µ(γ0) = min0<γ<1 µ(γ) andM
∗ = c

1

p
α‖f‖pµ(γ0).

Moreover, f
(

Dγ0ρ0

)

contains a univalent disk Dγ0R0
with

R0 ≥
2ρ0
3

[

λ

M∗(2 + α)
−

M∗ρ0(2− ρ0)

π(1− ρ0)2

]

.
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We remark that Theorem 4 is a generalization of [6, Theorem 2] and [10, Theorem
5].

The proofs of Theorems 1, 2 and 3 will be presented in Section 2, and the proof
of Theorem 4 will be given in Section 3.

2. Schwarz-Pick type estimates and coefficient estimates

Proof of Theorem 1. We first prove (1.5). By the assumption, we see that fr → f ∗

in D
′(∂D) as r → 1−, where fr is given by (1.2) for r ∈ [0, 1). By (1.3), for

z = reiθ ∈ D, we have

∣

∣

∣

∣

f(z)−
(1− |z|)α+1

1 + |z|
f(0)

∣

∣

∣

∣

=
1

2π

∣

∣

∣

∣

∫ 2π

0

Kα(ze
−it)f ∗(eit)dt−

(1− |z|)α+1

1 + |z|

∫ 2π

0

Kα(0)f
∗(eit)dt

∣

∣

∣

∣

=
1

2π

∣

∣

∣

∣

∫ 2π

0

(

Kα(ze
−it)−

(1− |z|)α+1

1 + |z|
Kα(0)

)

f ∗(eit)dt

∣

∣

∣

∣

≤
1

2π

∫ 2π

0

(

Kα(ze
−it)−

(1− |z|)α+1

1 + |z|
Kα(0)

)

|f ∗(eit)|dt

≤ M

[

1

2π

∫ 2π

0

Kα(ze
−it)dt−

(1− |z|)α+1

1 + |z|
Kα(0)

]

.

Next we prove (1.6). By the proof of [21, Theorem 3.1], we observe that

(2.1) Mα(r) =
1

2π

∫ 2π

0

Kα(re
iǫ)dǫ =

[

Γ
(

1 + α
2

)]2

Γ(1 + α)
F
(

−
α

2
,−

α

2
; 1; r2

)

and Mα(r) is increasing on r ∈ [0, 1) with

lim
r→1−

Mα(r) = 1.

By elementary calculations, for z ∈ D, we have

∂

∂z
Kα(ze

−it) = cα
(1− |z|2)α

[(

1 + α
2

)

e−it(1− zeit)(1− |z|2)− (α + 1)z|1− ze−it|2
]

|1− ze−it|4+α

and

∂

∂z
Kα(ze

−it) = cα
(1− |z|2)α

[(

1 + α
2

)

eit(1− ze−it)(1− |z|2)− (α+ 1)z|1− ze−it|2
]

|1− ze−it|4+α
,

which, together with (1.3) and (2.1), imply that

‖Df(z)‖ =

∣

∣

∣

∣

1

2π

∫ 2π

0

∂

∂z
Kα(ze

−it)f ∗(eit)dt

∣

∣

∣

∣

+

∣

∣

∣

∣

1

2π

∫ 2π

0

∂

∂z
Kα(ze

−it)f ∗(eit)dt

∣

∣

∣

∣

≤
Mcα
π

∫ 2π

0

(1− |z|2)α
[

(1 + α)|z||1− ze−it|2 +
(

1 + α
2

)

|1− ze−it|(1− |z|2)
]

|1− ze−it|4+α
dt
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=
Mcα
π

[

∫ 2π

0

(1 + α)|z|(1− |z|2)α

|1− ze−it|2+α
dt+

∫ 2π

0

(

1 + α
2

)

(1− |z|2)α+1

|1− ze−it|3+α
dt

]

≤
Mcα
π

[

(1 + α)|z|

(1− |z|2)

∫ 2π

0

(1− |z|2)α+1

|1− ze−it|2+α
dt+

(

1 + α
2

)

(1− |z|)

∫ 2π

0

(1− |z|2)α+1

|1− ze−it|2+α
dt

]

=

[

2M(1 + α)|z|

1− |z|2
+

M(2 + α)

1− |z|

]

1

2π

∫ 2π

0

Kα(ze
−it)dt

=

[

2M(1 + α)|z|

1− |z|2
+

M(2 + α)

1− |z|

]

Mα(|z|)

=
MMα(|z|)

[

2 + α + (4 + 3α)|z|
]

1− |z|2

≤
M
[

2 + α+ (4 + 3α)|z|
]

1− |z|2
.

The proof of this theorem is complete. �

Proof of Theorem 2. Since (a) easily follows from the inequality (15) in [15], we
only need to prove (b). Let α > 0. By Theorem 1 (1.5), we have

|f(eiθ)− f(reiθ)|

1− r
≥

1− |f(reiθ)|

1− r

≥
1− 1

2π

∫ 2π

0
Kα(ze

−it)dt+ (1−|z|)α+1

1+|z| Kα(0)

1− r
.(2.2)

where z = reiθ ∈ D and θ ∈ [0, 2π).
Applying [21, Theorem 3.1], we get

1

2π
lim

|z|→1−

∫ 2π

0

Kα(ze
−it)dt = lim

r→1−
Mα(r) = 1,

which, together with L’Hopital’s rule and (2.2), yield that

‖Df (e
iθ)‖ ≥

(

∣

∣

∣

∣

∂f(reiθ)

∂r

∣

∣

∣

∣

)

r=1

= lim
r→1−

|f(eiθ)− f(reiθ)|

1− r

≥ lim
r→1−

1− 1
2π

∫ 2π

0
Kα

(

rei(θ−t)
)

dt+ (1−r)α+1

1+r
Kα(0)

1− r

= lim
r→1−

1− 1
2π

∫ 2π

0
Kα

(

reiη
)

dη + (1−r)α+1

1+r
Kα(0)

1− r
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=
1

2π
lim
r→1−

d

dr

∫ 2π

0

Kα

(

reiη
)

dη

= lim
r→1−

d

dr
Mα(r).

where Mα(r) is given by (1.7). It follows from the proof of [21, Theorem 3.1] that

Mα(r) =

[

Γ
(

1 + α
2

)]2

Γ(1 + α)
F
(

−
α

2
,−

α

2
; 1; r2

)

=

[

Γ
(

1 + α
2

)]2

Γ(1 + α)

∞
∑

n=0

[(

− α
2

)

n

]2

(n!)2
r2n,

which yields that

d

dr
Mα(r) =

α2

2

[

Γ
(

1 + α
2

)]2

Γ(1 + α)
rF
(

1−
α

2
, 1−

α

2
; 2; r2

)

,

where r ∈ (0, 1). By (1.4), for α > 0, we see that

lim
r→1−

d

dr
Mα(r) =

α2

2

[

Γ
(

1 + α
2

)]2

Γ(1 + α)
F
(

1−
α

2
, 1−

α

2
; 2; 1

)

=
α2

2

[

Γ
(

1 + α
2

)]2

Γ(1 + α)

Γ(2)Γ(α)
[

Γ
(

1 + α
2

)]2

=
α2

2

Γ(α)

Γ(1 + α)
=

α

2
.

Therefore, for θ ∈ [0, 2π],

‖Df(e
iθ)‖ ≥ lim

r→1−

d

dr
Mα(r) =

α

2
,

where α > 0. The proof of this theorem is complete. �

Proof of Theorem 3. For r ∈ [0, 1), let

Ak(r, α) = ckF
(

−
α

2
, k −

α

2
; k + 1; r2

)

and

Bk(r, α) = c−kF
(

−
α

2
, k −

α

2
; k + 1; r2

)

,

where r = |z|. Then

Ak(r, α)r
k =

1

2π

∫ 2π

0

f(z)e−ikθdθ

and

Bk(r, α)r
k =

1

2π

∫ 2π

0

f(z)eikθdθ,

which imply that

(2.3) |Ak(r, α)|r
k =

1

2π

∫ 2π

0

f(z)e−ikθe−i argAk(r,α)dθ
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and

(2.4) |Bk(r, α)|r
k =

1

2π

∫ 2π

0

f(z)eikθe−i argBk(r,α)dθ ,

where Ak(r, α) = |Ak(r, α)|e
i argAk(r,α), Bk(r, α) = |Bk(r, α)|e

i argBk(r,α) and z = reiθ.
By (2.3), (2.4) and [12, Lemma 1], we have

∣

∣

(

|Ak(r, α)|+ |Bk(r, α)|
)

rk
∣

∣(2.5)

=

∣

∣

∣

∣

1

2π

∫ 2π

0

f(z)
[

e−i

(

kθ+argAk(r,α)
)

+ ei
(

kθ−argBk(r,α)
)

]

dθ

∣

∣

∣

∣

≤
1

2π

∫ 2π

0

|f(z)|
∣

∣

∣
e−i

(

kθ+argAk(r,α)
)

+ ei
(

kθ−argBk(r,α)
)

∣

∣

∣
dθ

≤
M

2π

∫ 2π

0

∣

∣

∣
e−i

(

kθ+argAk(r,α)
)

+ ei
(

kθ−argBk(r,α)
)

∣

∣

∣
dθ

=
M

2π

∫ 2π

0

∣

∣

∣
1 + ei

(

2kθ+argAk(r,α)−argBk(r,α)
)

∣

∣

∣
dθ

=
M

π

∫ 2π

0

∣

∣

∣

∣

∣

cos

(

kθ +
argAk(r, α)− argBk(r, α)

2

)
∣

∣

∣

∣

∣

dθ

=
4M

π
.

By letting r → 1− on (2.5), we obtain

|Ak(1, α)|+ |Bk(1, α)| ≤
4M

π
.

On the other hand, for k = 0, we have

1

2π
lim
r→1−

∫ 2π

0

|f(reiθ)|2dθ =
∣

∣

∣
c0F

(

−
α

2
,−

α

2
; 1; 1

)
∣

∣

∣

2

(2.6)

+

∞
∑

k=1

(

∣

∣

∣

∣

ckF
(

−
α

2
, k −

α

2
; k + 1; 1

)

∣

∣

∣

∣

2

+

∣

∣

∣

∣

c−kF
(

−
α

2
, k −

α

2
; k + 1; 1

)

∣

∣

∣

∣

2
)

≤ M2,

where r ∈ [0, 1). It follows from (2.6) that
∣

∣

∣
c0F

(

−
α

2
,−

α

2
; 1; 1

)
∣

∣

∣
≤ M.

If α = 0, then the sharpness part follows from [11, Lemma 1]. The proof of this
theorem is complete. �



Differential operators 9

3. The Landau type theorem

Lemma 1. For x ∈ [0, 1), let

ϕ(x) =
δ

M(2 + α)
−

4Mx

π

[

(2− x)

(1− x)2
+

2x

(1− x)(1− x2)2

]

,

where α > −2, δ > 0 and M > 0 are constant. Then ϕ is strictly decreasing and

there is an unique x0 ∈ (0, 1) such that ϕ(x0) = 0.

Proof. For x ∈ [0, 1), let

f1(x) =
4M

π

x(2− x)

(1− x)2
and f2(x) =

4M

π

2x2

(1− x)(1− x2)2
.

Since, for x ∈ [0, 1),

f ′
1(x) =

8M

π

1

(1− x)3
> 0,

we see that f1 is continuous and strictly increasing in [0, 1). We observe that f2 is
also continuous and strictly increasing in [0, 1). Then

ϕ(x) =
δ

M(2 + α)
− f1(x)− f2(x)

is continuous and strictly decreasing in [0, 1), which, together with

lim
x→0

ϕ(x) =
δ

M(2 + α)
> 0 and lim

x→1−
ϕ(x) = −∞,

imply that there is an unique x0 ∈ (0, 1) such that ϕ(x0) = 0. �

Lemma 2. For α ∈ (−1, 0], let f ∈ C2(D) be a solution to (1.1) satisfying f(0) =
|Jf(0)| − β = 0 and supz∈D |f(z)| ≤ M , where M, β are positive constants and Jf

is the Jacobian of f . Then f is univalent in Dρ0, where ρ0 satisfies the following

equation

β

M(2 + α)
−

4Mρ0
π

[

2− ρ0
(1− ρ0)2

+
2ρ0

(1− ρ0)(1− ρ20)
2

]

= 0.

Moreover, f
(

Dρ0

)

contains a univalent disk DR0
with

R0 ≥
2ρ0
3

[

β

M(2 + α)
−

Mρ0(2− ρ0)

π(1− ρ0)2

]

.

Proof. By Theorem A, we can assume that

f(z) =
∞
∑

k=0

ckF
(

−
α

2
, k −

α

2
; k + 1; |z|2

)

zk

+
∞
∑

k=1

c−kF
(

−
α

2
, k −

α

2
; k + 1; |z|2

)

zk, z ∈ D,
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for some sequence {ck}
∞
k=−∞ of complex numbers satisfying

lim
|k|→∞

sup |ck|
1

|k| ≤ 1.

For α ∈ (−1, 0], by [21, Proposition 1.4], we observe that

F
(

−
α

2
, k −

α

2
; k + 1; r2

)

=
∞
∑

n=0

(

−α
2

)

n

(

k − α
2

)

n

(k + 1)n

r2n

n!
≥ 0

is bounded and increasing on r ∈ [0, 1), which imply that

(

|ck|+ |c−k|
)

F
(

−
α

2
, k −

α

2
; k + 1; r2

)

(3.1)

≤
(

|ck|+ |c−k|
)

F
(

−
α

2
, k −

α

2
; k + 1; 1

)

≤
4M

π
,

where r = |z| and k ∈ {1, 2, . . .}.
By (3.1) and Theorem 3, we see that, for each k ∈ {1, 2, . . .},

(3.2) (|ck|+ |c−k|)

(

−α
2

)

n

(

k − α
2

)

n

(k + 1)n

1

n!
≤

4M

π
,

where n ∈ {1, 2, . . .}.
Since c0 = f(0) = 0, we see that

fz(z)− fz(0) =

∞
∑

k=2

kckF
(

−
α

2
, k −

α

2
; k + 1;w

)

zk−1(3.3)

+

∞
∑

k=1

ck
d

dw
F
(

−
α

2
, k −

α

2
; k + 1;w

)

zkz

+

∞
∑

k=1

c−k

d

dw
F
(

−
α

2
, k −

α

2
; k + 1;w

)

zk+1

and

fz(z)− fz(0) =

∞
∑

k=2

kc−kF
(

−
α

2
, k −

α

2
; k + 1;w

)

zk−1(3.4)

+

∞
∑

k=1

ck
d

dw
F
(

−
α

2
, k −

α

2
; k + 1;w

)

zk+1

+

∞
∑

k=1

c−k

d

dw
F
(

−
α

2
, k −

α

2
; k + 1;w

)

zkz,

where w = |z|2.
Applying (3.2), (3.3) and (3.4), we obtain
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|fz(z)− fz(0)|+ |fz(z)− fz(0)|(3.5)

≤
∞
∑

k=2

k
(

|ck|+ |c−k|
)

F
(

−
α

2
, k −

α

2
; k + 1;w

)

|z|k−1

+2
∞
∑

k=1

(

|ck|+ |c−k|
) d

dw
F
(

−
α

2
, k −

α

2
; k + 1;w

)

|z|k+1

≤
4M

π

∞
∑

k=2

k|z|k−1 + 2
∞
∑

k=1

[

4M

π

∞
∑

n=1

n|z|2(n−1)

]

|z|k+1

=
4M

π

|z|(2− |z|)

(1− |z|)2
+

8M

π

∞
∑

k=1

|z|k+1

(1− |z|2)2

=
4M

π

|z|(2− |z|)

(1− |z|)2
+

8M

π

|z|2

(1− |z|)(1− |z|2)2
.

Applying Theorem 1 (1.6), we get

β = |Jf(0)| = | detDf(0)| = ‖Df(0)‖l
(

Df(0)
)

≤ M(2 + α)l
(

Df (0)
)

,

which gives that

(3.6) l
(

Df(0)
)

≥
β

M(2 + α)
.

In order to prove the univalence of f in Dρ0 , we choose two distinct points z1,
z2 ∈ Dρ0 and let [z1, z2] denote the segment from z1 to z2 with the endpoints z1 and
z2, where ρ0 satisfies the following equation

β

M(2 + α)
−

4Mρ0
π

[

2− ρ0
(1− ρ0)2

+
2ρ0

(1− ρ0)(1− ρ20)
2

]

= 0.

By (3.5), (3.6) and Lemma 1, we have

|f(z2)− f(z1)| =

∣

∣

∣

∣

∫

[z1,z2]

fz(z)dz + fz(z)dz

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

[z1,z2]

fz(0)dz + fz(0)dz

∣

∣

∣

∣

−

∣

∣

∣

∣

∫

[z1,z2]

(

fz(z)− fz(0)
)

dz +
(

fz(z)− fz(0)
)

dz

∣

∣

∣

∣

≥ l(Df )(0)|z2 − z1|

−

∫

[z1,z2]

(

|fz(z)− fz(0)|+ |fz(z)− fz(0)|
)

|dz|
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> |z2 − z1|

{

β

M(2 + α)

−
4Mρ0
π

[

2− ρ0
(1− ρ0)2

+
2ρ0

(1− ρ0)(1− ρ20)
2

]}

= 0.

Thus, f(z2) 6= f(z1). The univalence of f follows from the arbitrariness of z1 and z2.
This implies that f is univalent in Dρ0 .

Now, for any ζ ′ = ρ0e
iθ ∈ ∂Dρ0 , we obtain that

|f(ζ ′)− f(0)| =

∣

∣

∣

∣

∫

[0,ζ′]

fz(z)dz + fz(z)dz

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

[0,ζ′]

fz(0)dz + fz(0)dz

∣

∣

∣

∣

−

∣

∣

∣

∣

∫

[0,ζ′]

(

fz(z)− fz(0)
)

dz +
(

fz(z)− fz(0)
)

dz

∣

∣

∣

∣

≥ l(Df )(0)ρ0 −

∫

[0,ζ′]

(

|fz(z)− fz(0)|+ |fz(z)− fz(0)|
)

|dz|

≥ l(Df )(0)ρ0 −
4Mρ20
π

∫ 1

0

[

t(2− ρ0t)

(1− ρ0t)2
+

2ρ0t
2

(1− ρ0t)(1− ρ20t
2)2

]

dt

≥
βρ0

M(2 + α)
−

4Mρ20
π

[

(2− ρ0)

(1− ρ0)2

∫ 1

0

tdt

+
2ρ0

(1− ρ0)(1− ρ20)
2

∫ 1

0

t2dt

]

= ρ0

{

β

M(2 + α)
−

4Mρ0
π

[

2− ρ0
2(1− ρ0)2

+
2ρ0

3(1− ρ0)(1− ρ20)
2

]}

=
2ρ0
3

[

β

M(2 + α)
−

Mρ0(2− ρ0)

π(1− ρ0)2

]

.

Hence f
(

Dρ0

)

contains a univalent disk DR0
with

R0 ≥
2ρ0
3

[

β

M(2 + α)
−

Mρ0(2− ρ0)

π(1− ρ0)2

]

.

The proof of this lemma is complete. �

Let us recall the following result which is referred to as Jensen’s inequality (cf.
[23]).
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Lemma B. Let (Ω, A, µ) be a measure space such that µ(Ω) = 1. If g is a real-valued

function that is µ-integrable, and if χ is a convex function on the real line, then

χ

(
∫

Ω

g dµ

)

≤

∫

Ω

χ ◦ g dµ.

Proof of Theorem 4. For z ∈ Dr, we have

f(z) =
cα

2πrα

∫ 2π

0

(

r2 − |z|2
)α+1

|r − ze−it|2+α
f(reit)dt,

where r ∈ (0, 1). Let

φz(r) =
cα

2πrα

∫ 2π

0

(

r2 − |z|2
)α+1

|r − ze−it|2+α
dt,

where z ∈ Dr. Applying [21, Theorem 3.1], we see that, for z ∈ D,

(3.7) φz(1) ≤ lim
|z|→1−

φz(1) = 1.

By using Jensen’s inequality (see Lemma B), for p ≥ 1, we get

∣

∣

∣

∣

f(z)

φz(r)

∣

∣

∣

∣

p

=

∣

∣

∣

∣

∣

1

2π

∫ 2π

0

cα
rαφz(r)

(

r2 − |z|2
)α+1

|r − ze−it|2+α
f(reit)dt

∣

∣

∣

∣

∣

p

≤
1

2π

∫ 2π

0

cα
rαφz(r)

(

r2 − |z|2
)α+1

|r − ze−it|2+α
|f(reit)|pdt

≤
cα

rαφz(r)

(

r2 − |z|2
)α+1

(

r − |z|
)2+α

(

1

2π

∫ 2π

0

|f(reit)|pdt

)

≤
cα‖f‖

p
p

rαφz(r)

(

r + |z|
)α+1

(

r − |z|
) ,

which implies that

|f(z)| ≤

[

cα‖f‖
p
p

(

φz(r)
)p−1

rα

]
1

p
(

r + |z|
)

α+1

p

(

r − |z|
)

1

p

,

where z ∈ Dr. By letting r → 1− and (3.7), for z ∈ D, we have

(3.8) |f(z)| ≤
[

cα‖f‖
p
p

(

φz(1)
)p−1

]
1

p

(

1 + |z|
)

α+1

p

(

1− |z|
)

1

p

≤ c
1

p
α‖f‖p

(

1 + |z|
)

α+1

p

(

1− |z|
)

1

p

.

For ζ ∈ D, let Q(ζ) = f(γζ)/γ, where γ ∈ (0, 1). It is not difficult to know that
Q(0) = |JQ(0)| − λ = 0. By (3.8), for ζ ∈ D, we obtain

|Q(ζ)| =
|f(γζ)|

γ
≤ c

1

p
α‖f‖p

(

1 + γ
)

α+1

p

γ
(

1− γ
)

1

p

,
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which gives that

|Q(ζ)| ≤ c
1

p
α‖f‖p min

0<γ<1
µ(γ),

where

µ(γ) =
(

1 + γ
)

α+1

p /
[

γ
(

1− γ
)

1

p

]

.

Let γ0 ∈ (0, 1) satisfy
µ(γ0) = min

0<γ<1
µ(γ).

By using Lemma 2, we observe that Q is univalent in Dρ0 , where ρ0 satisfies the
following equation

λ

M∗(2 + α)
−

4M∗ρ0
π

[

2− ρ0
(1− ρ0)2

+
2ρ0

(1− ρ0)(1− ρ20)
2

]

= 0,

where M∗ = c
1

p
α‖f‖pµ(γ0). Moreover, Q

(

Dρ0

)

contains a univalent disk DR0
with

R0 ≥
2ρ0
3

[

λ

M∗(2 + α)
−

M∗ρ0(2− ρ0)

π(1− ρ0)2

]

.

Hence f is univalent in Dγ0ρ0 and f
(

Dγ0ρ0

)

contains a univalent disk Dγ0R0
. The

proof of this theorem is complete. �
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