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In this paper basic properties of both Sobolev and relative capacities are studied in generalized Orlicz spaces. The capacities
are compared with each other and the Hausdorff measure. As an application, the existence of quasicontinuous representative of

generalized Orlicz functions is proved.

1. Introduction

In the calculus of variations one studies existence and pro-
perties of solutions to minimization problems such as

min J F (x,|Vu|)dx. )
uewh!

Classical techniques, by De Giorgi and Moser, cover both the
linear case and the p-growth case, where F(¢) =~ t. Marcellini
[1] developed the theory of (p, q)-growth, which is based on
the growth assumption ¥ = 1 < F(x,t) < t1+ 1, g > p.
Zhikov [2] studied such minimizers as models of anisotropic
materials and also observed that they exhibit the so-called
Lavrentiev phenomenon whereby minimizers do not have
improved regularity and may even be discontinuous.

In the variable exponent case, F(x,t) = tP ("), the change
in the anisotropy (growth rate) is gradual owing to the conti-
nuity of p. For instance, in electrorheological fluid dynamics,
where the anisotropy depends on the smooth electrical field,
this is a reasonable assumption [3]. In other situations, such
as composite materials, a more clear-cut transition is better.
To this end, Baroni, Colombo, and Mingione [4-7] have
developed a regularity theory of the double phase functional
F(x,t) = t? + a(x)t1, ¢ > p, which has the property that
the growth rate changes abruptly from p to g in the sets
fa = 0} and {a > 0} (see also [8-12]). Recently, we were
able to generalize their first step, showing Hélder continuity,
to the general ®-growth case [13]. Also other results have

recently been obtained for partial differential equations with
generalized Orlicz growth, cf. [13-16].

A different approach to differential equations is based
on (nonlinear) potential theory. The foundation of nonlin-
ear potential theory includes general notions of a Radon
measure, a capacity and generalized functions. The sets of
capacity zero are the exceptional sets for representatives of
the function. In this paper we give basic properties of both
Sobolev capacity and relative capacity in the generalized
Orlicz setting. We follow the general framework of [17] and
its previous adaption to the variable exponent setting [18,
Chapter 10]. The results can be applied, e.g., in the study of
boundary behavior of solutions to PDE.

We consider general ®-functions which need not be
convex. Many of the proofs in this paper follow a standard
pattern, since they do not depend on the exact form of the
integrand used in the definition of capacity. We have therefore
omitted or abbreviated several proofs (e.g., Section 6). Nev-
ertheless, it is necessary to check these basic building blocks
in order to proceed with constructing the theory, since the
results are not covered by earlier results, merely similar. There
are also some proofs which are new, namely, Theorem 9,
Example 13, and Proposition 20. Furthermore, this general
setting clarifies the necessity of various assumptions for
different properties (e.g., Theorem 8). In particular, we find
that the relative capacity is Choquet also for nonconvex
®-function, whereas convexity is needed for the Sobolev
capacity.
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It should be noted that Ohno and Shimomura [19] have
recently studied (Sobolev) capacity in the generalized Orlicz
case. However, they consider the capacity in a metric measure
space setting with Hajlasz gradients. These results therefore
work in the Euclidean setting only when the maximal
operator is bounded, since the Hajlasz gradient corresponds
to M(IV]).

The outline of the paper is as follows. We start by
introducing our notation and basic definitions. Then we study
Sobolev capacity and compare it with the Hausdorff measure.
Next we derive existence of a quasicontinuous representative
of generalized Orlicz function. Finally, we study relative
capacity and compare it with the Sobolev capacity.

2. Preliminaries

We study spaces of functions defined in R” or opens sets Q) C
R".

A real-valued function is L-almost increasing, L > 1, if
Lf(s) = f(t) for s > t. So a 1-almost increasing function is
increasing. L-almost decreasing is defined analogously.

Definition 1. We say that ¢ : Q x [0, 00) — [0, c0] is a weak
®-function, and write ¢ € @,,(Q), if the following conditions
hold:

(i) For every t € [0,00) the function x +— @(x,1) is
measurable and for every x € Q) the function ¢t +—
¢(x,t) is non-decreasing and left-continuous.

(i) ¢(x,0) = lim, ,p+¢(x,t) = 0 and lim,_,  @(x,t) =
oo for every x € Q.

(iii) There exists L > 1 suchthatt — ¢(x, )/t is L-almost
increasing in (0, 00), for every x € Q.

If p € O,(Q) is convex with respect to the second variable,
then it is called a convex ®-function, and we write ¢ € ©_(Q).

If there exists § € (0,1] such that ¢(x,) < 1 and
o(x,1/B) = 1 forall x e Q, then we say that (A0) holds.
Further, we say that ¢ € @ (Q) satisfies

(aInc)‘l7 if there exists L > 1 such that t — ¢(x,t)/tf is L-
almost increasing in (0, co) for every x € Q,

(alnc) if there exist p > 1 such that (alnc) » holds,

(aDec)q if there exists L > 1 such that t +— ¢(x,£)/t? is L-
almost decreasing in (0, co) for every x € Q,

(aDec) if there exist g > 1 such that (aDec) q holds.

The corresponding conditions with L = 1 are denoted by
(Inc) and (Dec). Note that the definition of weak ®-function
includes assumption (alnc);.

Definition 2. Let ¢ € ®,(Q) and define the modular (1) for
f e L°(Q) by

00y () = L @ (x,|f (0)]) dx. )
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The generalized Orlicz space, also called Musielak-Orlicz
space, is defined as the set

L*9(Q) = {f € L’(Q): lim gy, (Af) = 0} ©

equipped with the (Luxemburg) norm

||f||¢(.) = inf {/\ >0 0y <§> S 1} . (4)

For ¢ € ®.(Q), L?Y(Q) is a Banach space [18, Theorem
2.3.13.].

Definition 3. A function f € L*"(Q) belongs to Sobolev
space WH?U(Q), if its weak partial derivatives 9, f,...,0, f
exist and belong to L29(Q), that s,

wh@Q) = {f e W (@) f [Vf] e L7}, (5)
We define a semimodular on Wl’g"(')(Q) by

0100) (f) = 040y () + 24y (VA - (6)

which induces a quasinorm by ||f||1,(p(,) = inf{l > 0 :
Ql’q,(,)(f/)t) < 1}

Lemma 4. Let ¢ € ®.(Q) satisfy (alnc) and (aDec), and let
fjpg; € wheh(Q) for j = 1,2,... Assume further that the

sequence (Ql,go(~)(gj))]o'<:)1 is bounded. Ifgw(,)(fj - gj) — 0as
j — 00, then

lovge) (f5) ~ @1g0r (9;)] — 0 as j— o0, (7)

Proof. Since ¢ is convex and satisfies (aDec) it satisfies (Dec)
for some possible larger exponent g by Lemma 2.6 of [13]. Let
A € (0, 1). By convexity and (Dec) we obtain

9 (olfil) =0 (o lfi-9;+9)))
< 9"(’“ % \fi=ail+ H |9j|)
<"9"<x’%|fj‘9j|) ®
+ Q1 —A)go(x,ﬁ |gj|)
<A (x|f; - 9))

+(1- )L)l_q(p(x, |gj').

Next we subtract ¢(x, g;) from both sides and integrate over
Q. Hence

00y (f) = €0 (97) <AV 000 (£ - 95)

(=0T =1) gy (95)-

Note that the choice A = 1/2 implies that (0g(y( fj)) is a
bounded sequence.

)



Journal of Function Spaces

Swapping f; and g; gives a similar inequality, and,
combining the inequalities, we find that

loger (£7) = 2o02 (9))]
<A (f; - g5) dx (10)

+(@=071=1) (g0 (£3) + 0400 (9))) -

The same argument can be applied also to the weak gradient.
Hence

lovger (£5) = rger ()]
<M 140 (fi-95) (1)

=D =1) (0190 () + 0190 (97)) -

Let & > 0 be given. Since ¢, 4y (f;) + 01,4(1(g;) < 2¢, we
can choose A so small that

(=2 =1) (@90 () + g0 (97)) <5 (1)

We can then choose j, so large that )Ll_qgl)q,(_)(fj —g;) <¢€/2
when j > j, and it follows that [g; o) (fj) =014 (g))l <& [

The first claim of the following lemma has been proved in
[16, Lemma 4.4]. The proof for the second claim is similar.

Lemma 5. Let ¢ € ®,(R") satisfy (A0) and let E ¢ R” be
bounded.

(a) If ¢ satisfies (aInc)P, then L*O(E) — LP(E).
(b) If ¢ satisfies (aDec),, then LYE) — L*Y(E).

Lemma 6. Let Q ¢ R". Let ¢ € @,(Q) satisfy (alnc), and
( aDec)q. Then

11y < max {(LQ¢(~) ()™ (Leye (f))llp} (13)

where L is the maximum of the constants from (alnc) and
(aDec).

Proof. It Q(p(,)(f) =0, then ||f||¢(,) = 0 and the claim holds.
Let 4, ( f) > 0 and assume first that Loy ( f) < LThen
(aDec) gives that

\ (x, 1 ) >
(LQ<P(') (f))l/q

<L(Loyy () 9 (x| )
= (g0 (1) @ (s |f ).

Integrating over ), we find that Q(p(,)(f/(LQ(p(,)(f))l/q)) <1,
which yields ||f||¢(,) < (LQ(P(,)(f))l/q. If Lg(p(,)(f) > 1 we simi-

larly use (alnc) to conclude that || fll,) < (Lng(.)(f))l/‘D- The
claim follows from these two cases. O

(14)

3. Sobolev Capacity
We define a set of test-functions for the capacity of the set E
by

Swgty (B) = {f e WHO (R") s f (15)
> 1 in an open set containing E and f > 0}.

The generalized Orlicz ¢(-)-capacity of E is defined by

Coy (E) = _inf jRn<p(x,f)+<p(x,IVf|)dx- (16)

in
€810y (E)

We now prove the following properties for the set func-
tion E +— C,,(E). We emphasize that these do not require
the convexity of .

Proposition 7. Let ¢ € @, (R").
(82) I_fEl C E2 C Rn, then C(p()(El) < C(P() (EZ)
(83) I](E C Rn, then C(p()(E) = infUDE opeano(~)(U)'

(84) Ij-El’EZ C Rn, then C(p()(El U Ez) + C(p()(El n Ez) <
Coey(Er) + Cy (Ey).

(85) IfKy > K, > ... are compact, then lim;_,,,Cy,(K;) =
Cq)(')(ﬂ?:l Ki)'

Proof. (S1) follows from testing with f = 0. Since a test-
function for E, is also a test-function for E;, (S2) follows from
the infimum in the definition of capacity.

IfU > E, then Co()(E) < Cy,y(U) by (S2). Thus,

Cq)(.) (E) < Uaginfpenc(p(') ). (17)

For the opposite inequality, let e > 0 and choose f € S, ,,(E)
such that

Q100) (f) < Cq,(.) (E) +e. 18)

Denote V := int{f > 1}. Then f € SW(,)(V), and so

UD}EncfpenC‘P(') U) < Cﬁo(') (V) < Q1,() (f) 19)

< C(P() (E) + E.

This implies (S3) as ¢ — 07.
Let € > 0. Choose fj € S,4(-(E;) such that

Ql,q)(») (f]) < Cq,(.) (E]) +¢ for ] € {1,2} . (20)

Since max{f;, f,} > 1 in an open set containing E; U E,,
it follows that max{f, f,} € S, (E; U E,). Similarly,
min{fy, fo} € 8y o) (E; N Ey).



The lattice property of Sobolev functions [18, Proposition
8.1.9] implies that Vmax{f,, f,} = Vf; and Vmin{f,, f,} =
Vf, almost everywhere in A = {f, > f,}. Therefore

[ ¢ (o lvmax {1, £} dx
+ L(p(x,lein {fi, f2}]) dx (21)

= pr (Vi) dx + qu (% [Vfa]) dx

The same argument also gives the equality in the complement
of A,ie. {f, < f,}. Hence

() (Vmax{fy, f,}) + () (Vmin{f,, fo})
= Qy() (Vfi) + () (Vf2)

almost everywhere. An analogous results holds without the
derivative V.

Since max{fi, f,} € S;4)(E; U E,), it follows from the
definition that Cp)(E; U E;) < gy 4)(max{f;, f>}), and
similarly C,,y(E; NE,) < @y 4y (min{f}, f,}). Combining this
with the conclusion of the previous paragraph, we find that

(22)

Cyy (EyUE,) +Cy
< Qg (Max {fy, fo}) + 01,5y (min {3, £5})

= C10() (fl) * 01,00) (fz)
< C(P() (El) + C(P() (EZ) + 2¢.

) (EyNE,)

(23)

(S4) follows from this as e — 0*.

It remains to prove (85). Since (.2, K; ¢ K; for any j,
the “>”-inequality follows from (S2). To prove the opposite
inequality, we choose an open U > () K;. Since [0, K; is
compact and (K) is decreasing, there is a positive integer k
such that, K; c U for all i > k. Then, again by (S2), we have

lim C,(, (K;) < Cy, (U). (24)

i—00

Taking the infimum of this inequality over such sets U, we
obtain the claim by (S3). O

Notice that we need convexity for the next property.

Theorem 8. Let ¢ € @ (R") satisfy (alnc) and (aDec) and
E, CE, C---CR" Then

Proof. Letusdenote E = | J2, E;. By (S2),lim;__,,,Cyy(E;) <
C(p(-)(E)'

Now to prove the opposite inequality, we may assume that
lim;_,,Cyy(E;) < 00. Let f; € 8y 4)(E;) and gy 4y (f;) <
Coy(Ep) + 27 for everyi € N.

The space LPO(R™) is uniformly convex and reflexive [20,
Theorem 1.3]. The same holds for W', which is a closed
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subspace of (L?")"*!, By reflexivity, the bounded sequence
(f;) has a subsequence which converges weakly to a function
f € WHO(R™). Tt follows from the Banach-Saks theorem
that

_Zfl—>f in WO (R") as m — oo. (25)
mia

Let g; = (1/j(j~ 1) XL ,,, f Then

j i=1 ]
(26)
fi
" (J -5 Z
from which we get, by the triangle inequality, that
2 17)
1% 1 1%
j_zzf"_gf ST j_Z.Zf"
= Lo() T e @)
1 ]
—1 Zfl — 0
U=

as j — oo,sothatg; — fin WO R"),
By the convexity of the modular and the choice of g;, we
obtain that

Z Q1,0(:) (f;) < SuPngo()(fz)
1 j+1 izj+1 (28)

Cypy (E;) + 27).

Q10() (91) (

< sup(

izj+1

Now Cq,(_)(Ei) increases in i whereas 2~ decreases. Hence

Qg0 (95) < Jim Copy (E;) +27. (29)

By considering a subsequence if necessary, we may
assume that g, — gjlli o) <27/ Thenh; = 9]+Z, Zi1Gi—
g;l € WY (R™). By definition of a test- functlon, there exists
an open set U; > E; such that f; > 1in U,. As E; is an
increasing sequence, it follows that E; ¢ U; for every j <i.In

. i1 Ujs fi 2 1 for all relevant i, so that g; >
(open) set Since h

1 in the same
> sup;; ;g;, we have

E; cint{g; > 1} cint{h; > 1}. (30)
Taking the union over i of the previous inclusion, we find that
h; > 1in the open set [ JZ;int{g; > 1} > E, so that h; €
Sl,(p(,)(E). Hence

Coy (B) < @iy (1;)  for j=1,2,... 31
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Furthermore,
o0

o . .
“hj - gj“l,(p(-) S Z "9i+1 - 91‘"1,(,;(.) < 22_1 =27 (32)
i=j

i=j

and, hence, by [1§, Corollary 2.1.11?], Ql,w(,)(hj - gj) < IIhj _
9illio) — 0as j — oo. Then, using Lemma 4, we also have
l01,p()(1}) = 01,4()(g))] — 0as j — 00, which we apply in
(31) to obtain

Cot (B) < lim 0140, (r;) = Jim 0160y (9) 03
and further (29) implies
Coty (B) < lim 014, (9;)

< lim (1 Gy (B)+27)  (34)

j—00 \i—00

i—00
[l

In the next result we use a trick to get back to weak ®-
functions despite an application of (S6).

Theorem 9. Let ¢ € @, (R") satisfy (alnc) and (aDec) and
E,E,,... C R". Then

(S7) C(P(.)(U?:Ol E) < Zlojl C‘P(')(Ei)'

Proof. Let y € O (R") with ¢ = y [21, Lemma 3.1]. Since ¢
satisfies (aDec) ¢ = y yields ¢ = y. Denote F" = U:.‘:mEi for
k =m,m+ 1,... By induction on (54), we obtain that

k k
Coiy (F") = Cypy (UE) < ZC¢(~) (E;)

i=m

(35)

(o)
< ZCW (E,).

The same inequality holds also for y. Now, using (S6) for (Fy),
we have

(o) (o]
Cyo <U5k> =Cy() ( UE > = lim Cy, ()
k=m k=m

(36)
o0
< ZCy/(~) (E)
Furthermore, for k = 1,2,..., by (S4) and ¢ = y,
o0 . (o)
Cor | UEj | <Coty (B) + Coir | U E;
j=1 j=k+1
(37)
. (o)
<Coiy (Fe)+eCyy| U B
j=k+1

By the two estimates in the previous paragraph, we obtain that

o0 (o] ()
j=1 i=1 i=k

Since the sum is finite (otherwise, there is nothing to prove),
the second term on the right hand side tends to zero as k —
00. This gives the claim. O

Remark 10. A set function satisfying the properties (S1), (S2),
and (S7) is called an outer measure. This holds if ¢ € @,,(Q) is
satisfies (alnc) and (aDec). If ¢ is convex and satisfies (alnc)
and (aDec), then it is a Choquet capacity, [22], i.e., it satisfies
(S1), (S2), (S5), and (S6). Then, for every Borel set E C (),

Co) (E)
(39)
= sup {Cq,(,) (K) : K is compact and K ¢ E}

4. Sobolev Capacity and Hausdorff Measure

In this section, we discuss simple relations between the
generalized Orlicz capacity and the Lebesgue and Hausdorft
measures.

Lemma 11. Let ¢ € @, (R") satisfy (aDec) and (A0). Then
every measurable set E ¢ R" satisfies |E| < cCy(,(E), where
¢ > 1 depends on (aDec) and (A0).

Proof. Let f € S ,(E). By (aDec), with exponent g and
constant L, we conclude that ¢(x, f(x)/B) < LB 1p(x, f(x)).
We have ¢(x, f(x)/) = 1 for f(x) > 1by (A0). Therefore

|E| < JR"S"(?C)%)dx <Lﬁ_qJ

< Lﬁ_qglxp(') (f) .

Taking infimum over f € S, ,,(E), we obtain the claim. [

p(x f)dx
(40)

Proposition 12. Let ¢ € @, (R") satisfy (A0), (aInc)P, p>1
and (aDec). Iqu,(_)(E) =0, then C,(E) =0.

Proof. Let B = B(0,R+1)and# € C;°(B) be a cut-off function
with # = 1in B(O,R),0 < n < land |[Vy| < 2. Let f €
LPO(R™). By Lemma 5, we obtain

||f’7||LP(R") = “f’l”LP(B) sc¢ ||’7f||L<P<->(B) sc¢ "f"L‘P")(R") (41)

where ¢ depends on (alnc) and | B|. The same inequality holds
for |Vf]. Now V(fy) = nVf + fVn, and, thus [V(fn)| < |[Vf|+
2| f by the assumptions on 7. Since | f o0 ®ry = | f o ey +
V£l s we obtain that

"f’?"wLP(R") < ||f’7“LP(R”) +[v (fﬂ)"LP(R")

< £ oo g -

Since C,,(E) = 0, we can choose fi € S1p()(E N
B(0,R)) with 91,<p(-)(fi) — 0. Since ¢ satisfies (aDec),



I fillwreo®ry —> 0O [18, Lemma 2.111]. Thus the above
inequality implies that || f;#llyy1.r @+ — 0. Since fi7 is a test-
function for the p-capacity of E N B(0, R), we get C,(E N
B(0,R)) = 0, for every R > 0. Since E = | Ji)(E n B(0,1)),
the claim follows by the subadditivity of the p-capacity. [

In the previous result the assumption (alnc),, is natural,
since p gives the capacity to compare with. However, the
assumption (aDec) is surprising. The next example shows that
it is nevertheless needed.

Example 13. Let ¢(t) = 0 when t € [0,11/10] and ¢(t) =
t —11/10 when ¢t > 11/10. Then ¢ satisfies (alnc) with p =1
and (A0) with 3 = 10/21. Let B be an open ball with a radius
one. Let f be a Lipschitz-continuous function that is one in B,
zeroin R"\2Band linear in 2B\ B. Then |Vf| = 1in 2B\ Band
zero elsewhere. We obtain Ql»ﬁo(f) = 0 and thus C(p(,)(B) =0.
On the other hand CP(B) > 0.

The s-dimensional Hausdorff measure of a set E ¢ R" is
denoted by Z°(E).

Corollary 14. Letg € @, (R") satisfy (A0), (alnc), with p > 1
and (aDec).

(1) If p < nand E c R" with Co((E)
foralls >n— p.

(2) If p > n, then Cyy(E) = 0 if and only if E = 0, where
EcR"

=0, then#*(E) =0

Proof. It Cw(,)(E) = 0, we then obtain CP(E) = 0 by
Proposition 12. This leads to the first claim by [23, Theorem
4, p. 156].

If p > n, then we may choose s = 0 in (1) and so #°(E) =
0. Since %#° is a counting measure, E must be an empty set.
On the other hand, C,,,() = 0, by (S1). O

Corollary 15. Let v € ®,(R") satisfy (A0), (alnc), and
(aDec),. Let E € R" be bounded. IfC,(E) = 0or H"IUE) <
00, then Cyy(E)=0

Proof. Let C,(E) = 0. By Lemma 5, LY(E) — LYY(E). The
remaining proof follows the same procedure as in the proof of
Proposition 12. If 7" 4(E) < oo, it follows from [23, Theorem
3, p- 154] that C_(E) = 0 and thus the claim follows from the
first part. O

5. Quasicontinuity

In this section, we prove the existence of ¢(-)-quasicon-
tinuous representatives of generalized Orlicz functions. A
function f : R" — [—00, 00] is ¢(-)-quasicontinuous if for
every € > 0 there exists an open set U with C(p(,)(U) < ¢
such that f restricted to R” \ U is continuous. We say that
a claim holds ¢(-)-quasieverywhere if it holds except in a set
of Sobolev ¢(-)-capacity zero.

In this section we assume the density of continuous
functions. A sufficient condition for this can be found in
Theorem 6.5 of [16].
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Lemma 16. Let ¢ € ©,(R") satisfy (alnc) and (aDec). Then,
for each Cauchy sequence C(R") N WEO(R™), there is a
subsequence which converges pointwise @(-)-quasieverywhere
in R". Moreover, the convergence is uniform outside a set of
arbitrarily small Sobolev ¢(-)-capacity.

Proof. Let (f;) be a Cauchy sequence in C(R") N WheO(R™).
We assume without loss of generality, by considering a
subsequence if necessary, that || f; = fi,1ll1 4 <4 for every

i = 1,2,... Fori € N we denote g, = 2|f; = fi,il
whHO(R"), E; = {g: > 1} and F; = |JZ; E;. Note that
Igillp0) < 27". We obtain by Corollary 2.1.15(a) of [18] that

Cq)(») (E )

The subadditivity (S7) further implies

Qup0) (91) "gllllq)() <2’ (43)

oo (F) < ZCW(E Q=27 @y
i=j
Since (FJ»);?Z1 is decreasing and Cq,(_)(Fj) > 0, the limit

lim;_, C,,(F;) exists. Since ﬂ;’il F; c Fforallk = 1,2,...,

we obtain by (S2) that

(ﬂF) lim Cw()(P) j@wzl‘jzo. (45)

Now (f;) converges pointwise in R" \ N7

Coo (N F) - =

proved. Moreover, for x € R" \ F;and k > 1 > j,

]1] and

0, so the first claim of the lemma is

Zlf,(x) fi1 ()] < Zz
i=l (46)

|f; () = fi ()] <

<2

Therefore, the convergence is uniform in R” \ Fj, and the
second claim follows.

The existence of the so-called ¢(-)-quasicontinuous repre-
sentative follows from Lemma 16 by standard arguments (e.g.,
[18, Theorem 11.1.3]):

Theorem 17. Let ¢ € @, (R") satisfy (alnc) and (aDec).
Assume that C(R™) nWO(R") is dense in W) (R™). Then
for each f € WHO(R™), there exists a ¢(+)-quasicontinuous

function g € W?I(R™) such that f = g almost everywhere
in R".

Lemma18. Let ¢ € @, (R") satisfy (aDec). Suppose that f €
Wl"P(')(IR") is a nonnegative @(-)-quasicontinuous function

with f 2 1in E C R". Then for every ¢ > 0 there exists
9 € S1p()(E) such that ¢, ,,(f — g) < .

Proof. Lete € (0,1) and & = ¢/2L27(1 + LQI,¢(.)(f)), and
let U c R" be an open set such that f restricted to R" \ U
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is continuous and C,.,(U) < &. Moreover, let us take h €
Sl,(p(,)(U) such that Ql,(p(-)(h) < §,and denote g == (1+9) f +h.

Then g € WO(R™). Theset V = {x € R"\U : (1+0) f(x) >
1}UU is open and contains E. Since g21inV,g €S, (E).
It remains to estimate 01,9( ( f-

Now, ¢(x, h + 0f) < go(x 2h) + go(x 26f). By (aDec),, and

(alnc), we have ¢(x, 28f) < L2%¢(x, 8f) < L? 298¢(x, f),and
$0 @(x, h + 8f) < L2%(¢p(x, h) + LO@(x, f)). Therefore

00y (f = 9) = 04y (h +6f)

< L2 (Q(p(.) (h) + L6Q<p(~) (f)) (47)

1

by the assumption on §. An analogous inequality holds for
the gradient, and so the claim follows. O

6. Relative Capacity

In this section, we introduce relative ¢(-)-capacity, analogous
to the relative p(-)-capacity of variable exponent spaces in
(18], taken with respect to an open set, ), in R".

Definition 19. Let & ¢ R", K ¢ Q be compact, and ¢ €
®,,(Q). Denote

Ry (K, Q) = {f e W (@)nCy(Q): f
(48)
>linKandf>0}.
We define cap;(,)(K, Q) = inffeRw(.)(K)Q)g(p(,)(IVfI). Further,
for U c Q open, we set

cap,, (U, Q)=  su cap’., (K, Q),
p(p( ) KcU corr,npact pq)( ) (49)
and, for an arbitrary set E (), we define
capy (E, Q) = Uagnfpencapw-) U.9). (50)

The number cap(P(,)(E, Q) is called the relative ¢(-)-capacity of
E with respect to Q.

In the next result we offer two alternate set of assump-
tions. It seems that (aDec) alone is not sufficient, although we
have not been able to prove this.

Proposition 20. If ¢ € @, (Q) satisfies either (Dec) or (A0),
then

K@= _inf | p(ulVf)dx (s

*
cap, .
90 FeR, (k) Ja

where R,y (K,Q) = {f € W"(Q) n Cy(Q) :
K and f > 0}.

f=1lin

Proof. Since R(P(,)(K, Q) ¢ §¢(,)(K, Q), the inequality “>” is
clear. Now, to prove the opposite inequality, we fix ¢ > 0 and
let f € ﬁ(p(,)(K, Q), be such that

Vfl) < inf
y(IVf) < _in )20

IR0

(Ivg]) +e. (52)

If (Dec) holds, we set g == (1 + ¢) f. Then g > 1in K, so
that

cap,, (K, Q) < gy, (Vg) = JQ @ (x,(1+€)Vf)dx

(53)
<(1+e)1 Lgo(x, |Vf]) dx,

where we used (Dec) for the last inequality. The claim follows
ase — 0.

If, on the other hand, (A0) holds, then we fix # € C;°(Q)
with 7 = Lin suppf.Let A = B|Vxll.}. Weset g == f+¢&'Ayj €
Ry (K, Q). Since the supports of Vf and Vr are disjoint, we
observe that

200) (V9) = 051 (VF) + 2y ('AV7)
< ey (V) + Ls’&p(.) (Avn),

where (alnc); has been used in the last inequality. The claim
follows as &, — 0. O

(54)

Next, we show that cap;(_)(K ,Q)and capq,(_)(K , Q) are the
same; that is, the relative capacity is well defined on compact
sets.

Proposition 21. Let ¢ € @, (Q). Then cap;(,)(K, Q) =
cap,( (K, Q) for every compact K C Q.

Proof. The inequality cap,,(K, Q) <
directly from the definition.

Now, to prove the opposite inequality, fix ¢ > 0 and let
f € Ry,(K, Q) be such that g,,(Vf) < cap;;(.)(K, Q) +e.
Then, f is greater than one in U = f _1(1, 00), which is open
since f € C,(Q)), and contains K. Thus, f is also a valid test-
function for every compact set K’ ¢ U, so that

capg (K, Q) follows

capy) (U,0) = supeapy, (K',€2) < gy (V)
K'cU (55)
< cap;(,) (K, Q) +e.
The result follows from this as e — 0%. O

Next, we show that the relative capacity has the same basic
properties as the Sobolev capacity.

Proposition 22. Let QO ¢ R" be open and ¢ € @ ,(R").
(R1) cap,,(9,9) =0
(RDIFE c¢ E c @

cap(P(,)(E', ah.

(R3) g)E C Q, then capy,(E, Q) = infy,p gpenCaPy() (U,

(R4) IfE,F c Q, then

C €, then cap,,(E,Q) <

capy) (EUF, Q)+ capy( (ENF,Q) 56
< capy, (E,Q) + capy, (F,Q).



(R5) IfK; > K, > -+ are compact, then lim;__,,cap,., (K,
Q) = capw(,)(ﬂffl K;, Q).

Proof. Properties (R1) and (R3) follow immediately from the
definition. For proving property (R2), we observe that if E' ¢
U c Q' thenalso E c U ¢ Q. Thus

capg. (E',Q') = inf cap,. (U, Q')

E'cUcQ (57)

> capy(y (E, Q).

Properties (R4) and (R5) are proved exactly like (S4) and (S5).
O

The proof of the following results follows from (R4) by
standard arguments, see, e.g., [18, Lemma 10.2.5].

Lemma 23. Suppose that ¢ € ,(Q) and E|,E,,...,E;, c Q.
Then,
k k
CaPy. <UE, Q) ~ CaPy( (UA,-, Q)
i=1 i=1
1 1 (58)

M=

<

(capq,(,) (E»,Q) - capy (A, Q)) ,

Il
=

whenever A; C E;;i=1,2,...,kand cap(p(,)(Uf:1 E;, Q) < oo.

Furthermore, the previous lemma implies directly prop-
erties (R6) and (R7), see, e.g., [18, Theorem 10.2.6]. Note that
these properties hold for the relative capacity without any
extra assumptions on ¢.

Theorem 24. Let ¢ € O, (Q).
(R6) IfE; C E; C -+ C €, then lim;_,,capy,(E;, Q) =
capyy (U B Q).
R7)IfE; ¢ Qi = 1,2,..., then cap,, (U2, E» Q) <
(e}
2 capq)(,)(Ei, Q).

Remark 25. A set function satisfying the properties (R1),
(R2), (R5), and (R6) is called a Choquet capacity [22]. They
imply for every Borel set E ¢ () that

capy (E, Q)
(59)
= sup {capq)(,) (K, Q) : K is compact and K ¢ E}
7. Relationship between Capacities

Lemma 26. Assume that ¢ € @, ,(R") satisfies (A0) and
(aDec),. If Q is bounded and K c Q) is compact, then,

Cy (K) < Cmax {capq,(,) (K, )", cap (K, Q)} , (60)

where the constant C depends on the dimension, |Q| and the
constants in (A0) and (aDec).
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Proof. We may assume that cap,,(K,Q) < oo. Let f €
Ry (K, Q) with g, (IVf]) < 2capy,( (K, €2). Extend f by zero
outside of Q) and set g := min{l, f}. Since f € Cy(Q) and
f > 1inthe compact set K, U = {f > 1} > K is open. Hence
ge€ Sl’q,(,)(K) and so

Cypy (K) < jw ¢(x.9) +¢(x,|Vg|) dx

(61)
< JRn @ (x,9) + ¢ (x| Vf]) dx.
Using 0 < g < 1, (alnc),, (aDec)q and (A0), we obtain
9 (x g(x) < Lg(x) 9 (x,1) < L’g (x) B9 (x, B) .

<L’g(x) B

Integrating over the bounded set Q) and using the classical
Poincaré inequality, we find that

LQD(X,g)dx <CJdix sCJQfdx
(63)
<CJQ|Vf| dx.

Then the embedding 19(Q) — LYQ) (Lemma5) and
Lemma 6 for the function |Vf| give that

[, #x.9)dx < Cmax{g,, (97D, e (4D} - (69

Combining this with (61) and taking the infimum over f, we
obtain the claim. O

In the next proof the Choquet property for Sobolev
capacity is needed and hence we assume that ¢ is convex.

Theorem 27. Assume that ¢ € O (R") satisfies (A0) and
(aDec)q. If Q is bounded and E C Q, then

Cy( (E) < Cmax {capq)(,) (E, Q)" capy, (E, Q)} , (65)

where the constant C depends on the dimension, |Q)|, and the
constants in (A0) and (aDec).

Proof. We may assume that cap,,(E,Q)) < oo. By the
definition of cap,(E, ), there exist open sets U; > E with
capy(y (U, Q) — capyy(E, Q),as i — 00. Let U := NZ, Us.
Then U is a Borel set, and hence, by the Choquet property
(Remark 10),

C,y(E)<C, .y (U) =supC, (K),
»(0) o) ch () (66)

where the supremum is taken over all compact sets K ¢ U.
By Lemma 26, we obtain

Cyy (B) < 5111<p Co(y (K)

< Csup max {capq)(.) (K, Q)l/q »CapPg.) (K, Q)} (67)
KcU

< Cmax {capq,(,) U, )", capyy) (U;s Q)} .

The claim follows from this as i — oo. O
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From the above result, we can conclude that Cw(,)(E) =0
if cap,)(E, Q) = 0. To get the converse implication, we first
prove the following results.

Lemma 28. Let ¢ € @, (Q) satisfy (aDec). Assume that
C(R™) n WHO(R™) is dense in W™O(R™). If K ¢ R" is
compact, then

Cor @)= inf | g(uf)+o(ulVfdx  (s8)

1o (K) JR

where Si,w(,)(K) = S1,4)(K) N C(R™).

Proof. Since C,)(K) is defined as the infimum over the larger
set Sy 4 (K), the inequality “<” is clear.

Suppose f € S ,,)(K), with 0 < f < 1 and choose
functions f; € C(R") n WHO(R"™) converging to f in
WHO(R™), with 0 < fj < 1. Choose a bounded neighbor-
hood U of K such that f = 1inU. Lety € C'(R"),0 <5< 1
with# = 1in R" \ U and # = 0 in a neighborhood of K.

Let g; = 1 - (1 — f;)n and note that g; > 0 since 0 <
fpn< 1. Wefindthat f—g; = f—1+n-nf;=(f - fi)n+
(I-m(f-D=(f-f)nasf=1inUandy=1inR"\U.
Sincer € W"*(R") and fi— fin WhO(R™), we find that
g; — fin W#O(R™). Further, # = 0 in a neighborhood of
K, so0 g; = 1 in a neighborhood of K. Thus g; € Siq)(_)(K).
Thisand g; — f imply the “>” inequality. O

Proposition 29. Let QO C R” be bounded and ¢ € ®,(R")
satisfy (aDec). Assume that C(R") is dense in WheO(R™). If
E c Q with C(p(,)(E) =0, then cap(p(,)(E, Q) =0.

Proof. Let K Q be compact with C,,(K) = 0. By
Lemma 28 we may choose a sequence of functions ( f;) from
SLP(,)(K) such that | f;llyie0@s — 0. Letn € C3°(Q) be a
cut-off function that equals two in K. Since f; € Si’(p(,)(K),
it is easy to conclude that r7f; > 1 in K and 7f; > 0, hence
1fi € Ry((K, Q). Since modular convergence and norm con-
vergence are equivalent [18, Theorem 2.1.11], we obtain

< g0 (cfi) + 2y (¢ |Vi)) — 0.

Hence the claim holds for compact sets.

By (S3) there exists a sequence of open sets U; > E with
Cpy(U;) — 0asi — oo. Let U := 2, U; N Q. Then, U is
a Borel set containing E which satisfies C,,(U) = 0. By the
Choquet property of the relative capacity, we obtain

(69)

capy (E, Q) < capy) (U, Q) = sup cap,, (K, Q),  (70)
K

where the supremum is taken over all compact sets K ¢ U.
By the first part of the proof, capq,(,)(K , Q) = 0, and the claim
follows. O

If E ¢ Band Q = 2B for a ball B, then the Lipschitz
constant of the cut-off function # in the previous proof can

be chosen to be c(diamB)~. Then an similar proof gives the
following quantitative version of the previous result, cf. [18,
Theorem 10.3.5].

Theorem 30. Let B ¢ R" be a ball and ¢ € O, (R") satisfy
(aDec),. Assume that C(R") is dense in W) (R™). For E C B,

capy( (E,2B)
(71)
< C (1 + max {diam (B) , diam (B)"}) C,, (E)

where the constant C depends on q and L.
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