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two labeled graphs with the same compositions are called equicomposable. We prove
that reconstructing through a brute-force algorithm is wildly inefficient, before giving
methods for reconstructing several graph classes using as few compositions as possible.
We also give negative results, finding the smallest confusable graphs and trees, as well as
families with a large number of equicomposable non-isomorphic graphs. An interesting
result occurs when twinning one leaf of a path: some paths are confusable, creating a
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1. Introduction

The problem of reconstructing a graph from incomplete information has been studied for quite some time, being
introduced at least in the 1950s [15]. Much of the research on this topic is about finding the original graph by asking
oracle questions about, e.g., connectivity of sets of vertices. In particular, we usually know the vertex set and wish to find
the edge set. We are interested in a vertex-labeled version of the reconstruction problem: given a graph (of which we know
the structure) and an oracle, can we find the labels of the vertices? Note that we are in a wholly deterministic setting, so
the oracle answers truthfully and correctly, and our goal is to find the correct labels exactly (up to graph isomorphisms).
Furthermore, the problem is trivial if only one label can be used, so we are going to use alphabets of size at least 2.

There are several ways to define an oracle to query about the graph, and we are going to use the one used by Acharya
et al. in the context of strings [1] and reused by Bartha et al. for edge-labeled graphs [5,6]. The oracle can be queried
about subgraph compositions: for a given integer t, it gives information about all connected subgraphs of order t. This
information is not separated, so we do not know which piece of information relates to any given subgraph.
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Given a vertex-labeled graph G where each label belongs to k-letter alphabet X for k > 2, we give the total number
each label occurs with an integer valued vector of length k. For example, if the graph has two vertices labeled with A and
one with B over alphabet X, = (A, B), then the vector would be (2, 1) where 2 corresponds to the number of A’s and 1
corresponds to the number of B's. We are going to use two types of compositions. First is the multiset-composition M(G),
which is a multiset of vectors such that each vector corresponds to a connected subgraph of order t, and contains all of its
labels (note that we do not know which vector is connected to which subgraph, so we do not know the labels of vertices
but only how many labels there are in different types of subgraphs). Next, the sum-composition S;(G), which is a vector of
length k, where each element corresponds to a symbol of the alphabet X, and contains the number of times the symbol
appears in all subgraphs of order t. It is clear that we can find a sum-composition from a multiset-composition, but the
reverse is not true, hence sum-compositions contain less information, and being able to reconstruct a graph using only
sum-compositions is generally stronger.

If it is possible to connect all labels of a graph G with its vertices by querying compositions, then we say that G
is reconstructible. There is a straightforward and wildly inefficient algorithm to find the labels of a reconstructible
graph: enumerate all its multiset-compositions, and do so for every possible non-isomorphic labeling until the multiset-
combinations coincide. Obviously, our goal is to have more efficient algorithms for reconstructing graphs, which we will
generally evaluate by number of queries (note that, in a classical complexity framework, we consider a query as a singular
operation, having access to the oracle). Since sum-compositions contain less information than multiset-compositions,
we also consider algorithms reconstructing a graph using only sum-compositions to be better than those also using
multiset-compositions. If G can be reconstructed with only sum-compositions, then we say that G is sum-reconstructible.

Some graphs cannot be reconstructed, even with the brute-force method, those are called confusable. Two labeled
graphs that yield the exact same multiset-compositions are called equicomposable, and a simple way to prove that a
graph G is confusable is to exhibit two equicomposable labeled copies of G.

Formal definitions will be given in Section 1.2. Before this, we explain in the following subsection how the problem
of reconstructing graphs can be related to recovering data from polymers.

1.1. Polymer-based memory systems

Recently, polymer-based data storage systems have been considered from both theoretical and experimental points-of-
views, see for example [1,2,17]. In these types of memory systems, the information is stored into the (synthesized) polymer
using molecules with large weight differences. Then, for example, when we use molecules with weights A and B, we can
deduce the number of A’s and B’s based on the total weight of the polymer but this does not allow us to immediately
know their ordering. For example, when we know that there are at most nine molecules in total and we have A = 1 and
B = 10, then total mass 72 implies that there are two As and seven Bs.

For reading the mass of the polymer, tandem mass (MS/MS) spectrometers are used [1,11,17]. The tandem mass
spectrometers break the polymers into smaller fragments and measure the masses of these fragments. The goal is to
reconstruct the original polymer using the masses of these fragments which we obtain from multiple original copies of
the polymer.

We consider this problem from a somewhat idealized combinatorial perspective for mathematical modeling, as has
been previously done for example in [1,10,11,20,21]. The two assumptions originally presented in [1] which we use are:

Al: We can uniquely deduce the composition, that is, the number of each symbol of a fragment string from its mass.
A2: We observe every fragment of a polymer with equal frequency.

In previous work, it has been assumed that the underlying polymer structure is a string (although in [4] generalizing it
to other structures, such as cycles, has been suggested).

1.2. Problem definitions and first lemmas
In this section, we give formal definitions, explain our notation and present some general lemmas.

Definition 1. For an integer k > 2, let G = (G, A) be a connected labeled graph with labeling A : V(G) — X, where X
contains symbols (A;. .. ., A). We denote ni(G) = |{v € V(G) | A(v) = Ai}| and c(g) = {ATD, A9 AWy,
We denote the subgraph composition multiset of G by:

M(G) = {{c(¢") | G is connected induced subgraph of G}}

and call the elements of M(G) compositions.

Let G; be the set of t-vertex connected induced subgraphs of G. We denote by AM,(G) the restriction of M(G) to
connected t-vertex subgraphs of G, that is, M(G) = {{c(¢') | ¢ € G:}}. We define the t-sum-composition of G as
$:(6) = Ygreq, (m(G"). n2(G"). ..., m(G")) and the sum-composition of G by S(6) = U,/ ().

Notation. For readability, when ¢(g) = {A7"9 AR A™M} we may denote it as a sequence, that is, c(G) =

A”l(Q)Aﬂz(Q) Ank(g)
1 2 . .

k

199



A. Dailly and T. Lehtild Discrete Applied Mathematics 390 (2026) 198-219

Fig. 1. A labeled tree 7 on nine vertices.

Notation. For ease of use, we will sometimes denote the t-sum-composition of G as:
k
Si(9) = D ni(9);
i=1

where n{(g) = ZQ, G n;(¢'). That is, n{(g) is the number of times the label A; appears in total in every connected induced
subgraph of order t.

Note that c(G) can be understood as a Parikh vector of G, [5]. Hence we mean with, for example, alphabet X3 = (A, B, C)
that composition A is the same as vector (1, 0, 0) and (2, 1, 0) — AB = (1, 0, 0) = A (the subtraction X — Y is only allowed
if it does not result in any negative coordinates). We consider t-subgraph composition multisets and t-sum compositions
as queries asked to an oracle. We call the former a multiset-query and the latter a sum-query.

As an example, consider the labeled tree 7 from Fig. 1. The multiset-query M3(7) outputs {{A>C, ABC, ABC, A’B, ABD,
ABD, ABD, BD?, BD?, BCD, BCD, AD?*}} = {{A>C, 2ABC, A*B, 3ABD, 2BD?, 2BCD, AD*}} where we write A> for AA and 2ABC
for two copies of ABC. Note that in our notation ABC and ACB are the same as we are only interested in the compositions.
The sum-query S3(7") outputs (10, 10, 5, 11), which can also be written as S3(7) = 10A 4+ 10B + 5C + 11D.

In the following definition, we define what we mean by reconstructible. Informally, the question is: can we (or how
can we) obtain the original graph labeling of a graph (up to graph isomorphisms), when we know the structure of the
underlying graph and the multiset M(G). Furthermore, we also define a stronger notion of sum-reconstructibility which
asks whether the labeling of G can be deduced based on S(G) instead of M(G).

Definition 2. Let G be a graph and A be a labeling of G. We say that G = (G, )) is reconstructible if any labeled graph
G = (G, 2) such that G and G’ have equal composition multisets (i.e., M(G) = M(G’)) is isomorphic to G. Similarly,
we say that G is sum-reconstructible if any labeled graph ¢’ = (G, A") with equal sum-composition (i.e., S(G) = S(g')) is
isomorphic to G.

Furthermore, we say that a graph G is (sum-)reconstructible if all of its labeled graphs are (sum-)reconstructible, and
that a class of (resp. labeled) graphs is (sum-)reconstructible if all of its (resp. labeled) graphs are (sum-)reconstructible.

If G or G is not reconstructible, then we say that it is confusable. Furthermore, we say that G; and G, are equicomposable
if M(G1) = M(G,), denoted by G; ~ G,.

As a first, easy result, consider the complete graph K, on n vertices, where every possible edge exists. Since all vertices
are symmetrically positioned, two labelings with the same subgraph composition multiset are isomorphic, and thus it
suffices to query M, (K;) to reconstruct K.

We also show the following natural lemmas:

Lemma 3. If G is sum-reconstructible, then G is reconstructible.

Proof. Let G be sum-reconstructible and suppose to the contrary that G = (G, A) and ¢’ = (G, A’) are equicomposable
where A and ) are labelings over X\. Hence, we have M(G) = M(G'), where M(G), M(G') € Z¥, (recall that M(G) and
M(G') are computed over connected subgraphs) and in particular, the subset M;(G) of M(G) containing exactly the t
symbol compositions of M(G) is equal to the subset M(G") of M(G’). Hence, we have S;(G) = S;(G’). Furthermore, this is
true for any t > 1. Hence, we have S(G) = S(g’), a contradiction. Thus, the graph G is reconstructible. 0O

Lemma 4. For G = (G, A), we have Sy(G) = Y y d(V)A(v).

veV(G

Proof. In S,(G), every edge is counted. Hence, the label of each vertex is counted exactly in as many edges as the vertex
appears, which is its degree. O
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1.3. Graph notations

The graphs we consider are all simple, connected, and unweighted. We are going to study specific graph families,
focusing mainly on trees, that is, acyclic graphs. In a tree, degree 1 vertices are called leaves while the other vertices are
called internal vertices. The simplest subfamily of trees is paths: the path P, on n vertices has two leaves (or one if n = 1).
Another simple family is stars: the star S, on n+1 vertices has n leaves connected to the center. The subdivided star Sy, .. n,,
is the star S;, where each edge has been subdivided n; — 1, ..., n, — 1 times, that is, it consists of a center to which are
attached paths of nq, .. ., n, vertices, called branches. In particular, a star is subdivided at most once if ny, ..., n, < 2 (that
is, every edge is subdivided at most once). Finally, a bistar B, , has two adjacent vertices each being adjacent with m and n
leaves, respectively; those two non-leaf vertices are called the centers of the bistar.

The open neighborhood of a vertex is the set of all the vertices it is adjacent to, and its closed neighborhood is its open
neighborhood plus itself; we call twins (resp. false twins) two vertices with the same closed (resp. open) neighborhood
(for instance, in a star, all leaves are false twins, and in the complete graph all vertices are twins). Note that, if a set of
vertices are all twins or false twins, then they are not distinguishable in the setting we are studying, hence, we consider
isomorphic labelings to be the same. We denote by LI the additive union of (multi)sets, that is, A LA = {{A, A}}.

1.4. Related research

The related research consists of two topics: graph theoretical reconstruction problems and mass spectrometry related
string reconstruction problems as well as DNA-based data storages. We first discuss graph theoretic reconstruction
problems and then continue with mass spectrometry and DNA related research.

Probably the best known and still open graph reconstruction conjecture from Kelly and Ulam states that any (unlabeled)
graph G on at least n > 3 vertices can be reconstructed (up to isomorphisms) based on the multiset containing every
induced (n — 1)-vertex subgraph of G [15,26]. While this conjecture is still open, it has been proved for some graph
classes such as trees [15]. Interested readers may read more about the reconstruction conjecture in a survey article by
Harary [12]. For some variants of graph reconstruction, we refer interested readers to the survey [3] or to [7,16,24].

Bartha et al. have considered an edge version of our reconstruction problem in [5,6]. In their variant, the edges are
labeled (instead of vertices) and we obtain a composition multiset containing the information about the edge labels.
However, their results on the edge-variant do not seem to give us much information about the vertex-labeled case,
although they do note some minor results for vertex-labeled case in their discussions. In particular, they state (without a
proof or a construction) that the smallest confusable vertex-labeled tree has seven vertices. We obtained the mentioned
graph through personal communications with Burcsi and Liptak (see Fig. 6) and show its unicity (see Theorem 22).

From the application side, the research related to advanced polymer-based memory storages is interesting. While
especially DNA-based memory storage systems are widely studied, our research is related more strongly to polymer-based
data storage systems using mass spectrometry. This has also been the motivation of Acharya et al. (and the related work it
has generated) in [ 1] who initiated the study of string reconstruction using substring compositions, which we generalize
to graphs: while they construct strings, it is possible to interpret their work as research on graph reconstruction focusing
on labeled paths. Real-world mass spectrometry experiments on polymer-based data storage have been considered, for
example in [2,17].

In particular, Acharya et al. have shown that the path P, is reconstructible (from M(7,)) if and only if n + 1 < 8 or
n+1 € {p, 2p} where p is a prime. The case of paths is natural from the point of view of memories, as information is often
considered as strings of symbols. Banerjee et al. [4] have suggested generalizing the problem of string reconstruction to
more complicated structures. In particular, they suggested cycles. The research of Acharya et al. has sprung up multiple
studies and variations, see for example [1,10,11,20,21,28,29].

Another related widely studied polymer-based advanced information storage system is DNA-based data storage
system where the information is directly stored into DNA-strands. These systems have also been studied from a
similar combinatorial reconstruction perspective, where a strand is reconstructed from multiple erroneous copies, see
for example [13,14,18,19,22,27]. It has been pointed out in [2] that the advantage of polymer-based systems over the
DNA-based is their lower cost.

Some variants of the reconstruction problem include reconstructing strings/paths from composition multisets contain-
ing one of the two leaves of the path, that is, reconstructions of strings from prefixes and suffixes [11,28,29] (however,
this variant seems most natural in the special case of paths). Another variant suggested by Bartha et al. in [5,6] for the
edge-labeled reconstruction is to consider instead of any induced subgraph, only subgraphs with specific structure. For
example, only subgraphs which are paths. Finally, one more variant, considered by Bartha et al. in [5,6] for the edge-
labeled case, is to omit the structure of the underlying graph (or to restrict it to some graph class such as trees) and to
also reconstruct it.
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1.5. Structure of the paper

We begin in Section 2 by showing that the brute-force reconstruction can be extremely inefficient, since the graphs we
are studying have a large number of non-isomorphic labelings. This also relates to the application to information storage.
Then, in Section 3, we show how to reconstruct some classes of trees. An interesting case arises when creating a twin
from a leaf of a path: this simple operation has a significant impact on reconstructibility. The choice of creating a twin or
a false twin also has an impact, as is shown in Section 4, where we also enumerate the smallest confusable graphs and
trees. Finally, in Section 5, we construct large families of equicomposable graphs that are more complex than paths, with
the help of constructions from [1].

2. Number of labelings

Reconstructing a non-confusable graph G can be done by simply enumerating all its compositions and comparing those
to the possible labelings of G over an alphabet of size k. However, doing so requires the enumeration of those labelings. In
this section, we will see that the number of such labelings is extremely high (even with the condition that they should be
non-isomorphic), and as such this method is generally inefficient, justifying the specific analysis we do in later sections.
Furthermore, if we consider a labeling of a given graph as an encoding of information, then we are interested in graphs
which have as many labelings as possible.

Definition 5. For a given graph G, we denote by X(G) the number of non-isomorphic labelings of G over an alphabet of
size k.

We have included in this section proofs for the value X;(G) over the graph classes studied in this article. Although
some of these values may be known in the literature (such as X(P,)), we have decided to include the proofs as they are
short and of independent interest, as well as for the sake of completeness. We begin by giving the value of X(G) for paths
and then continue with complete graphs.

Theorem 6. Given a path P, on n vertices, we have
k" 4 kTm/21
Xk(Pn) = f
Proof. Given a path P,, the total number of labelings is k". However, each labeling is isomorphic with its reverse.
Note that, while they are isomorphic, a reverse is different from the original labeling unless the original labeling is a

palindrome. Furthermore, the fn[/21 fll‘St labels of a path fix the latter |n/2] labels of a palindrome. Hence, we have
Xu(Py) = K=K 2] K w2 n/2]
2

Theorem 7. Given a complete graph K, on n vertices, we have X (K,) = ("*1’;71),
Proof. As no vertex is distinguishable from others, the problem can be translated as: in how many ways can we place

n balls into Ilc Izins? Hence, by [25], the value X(K,) can be solved using the “stars and bars-technique”, which gives
XiKn) = ("), O

We now determine the value of X(G) for the graph classes that we will study in Section 3.

Theorem 8. Given a subdivided star S with maximum degree A > 3, maximum branch length m, and n; branches of length i
forie{1,...,m}, we have X(S) = ki, (“*1"™").

nj

Proof. As we can identify the ends of a branch from each other (only one of them is a leaf), there are k' non-isomorphic
labelings inside a single branch of length i. However, the n; branches of length i are in symmetric positions and hence we
can consider labeling them as labeling vertices of the complete graph K, using an alphabet containing ki symbols. Since
we also have k options for the center, by Theorem 7, we have

m m i
K4 —1
5)=k]_[xki(1<n,.)=k]_[< +: )
i=1 i=1 !

Corollary 9. Given a star S, on n + 1 vertices, we have X (S,) = k("*k’l).

n

Proof. Let S, be a star on n + 1 vertices. Using the terminology of Theorem 8, we have m = 1 and n; = n. Hence, we
1 P —
have Xk(sn) — kl_[}:1 (k +n; 1) — k(n+k 1)‘ 0

nj n
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km+3+km+2

Corollary 10. Given a subdivided star S11.m on m + 3 vertices, we have X(S1,1,m) = >

k+]) (km) _ km+3+km+2 O

Proof. By Theorem 8, we have X(S11.m) = k(“}") () = B

Theorem 11. Given a bistar B, ,, we have

k2 (n+l;*'l) (m+nlf17]), lf n 7& m;
Xk(Bn,m) =12 (n+lé—1)2+k(n+l;—l)

3 , ifn=m.

Proof. Let us first consider the case with n # m. Note that in this case the two stars around the centers are not in

symmetrical positions. Hence, we may choose both centers in k ways, each leaf around one of the centers in (Hl:l) ways
and the leaves around the other center in ("**"") ways. Hence, we have X(By ) = k?(""71)(™HE),
Let us next consider the case with n = m. In this case, the two stars around the centers are in symmetrical positions.

By Corollary 9, there are k("ﬂ’j”) ways to label one half of the bistar. As there are two symmetric halves in the
bistar, we may consider labeling a path P, using an alphabet of size k("**""). Hence, it follows from Theorem 6 that

(2 (k-1 2 (k=1
XI((Bn,m) = X’((n+’;71)(P2) = %'

n

O

Note that for n-vertex graphs, Corollary 10 gives X(S1,1.n—3) = % while Theorem 6 yields X(P,) = M This
implies that we may store more information in Sy 1 ,—3 than in P,. When k = 2 and n is large, the ratio X (S1.1.n—3) : Xx(Py)
approaches 1.5.

3. Reconstructibility of some trees

In this section, we will show how to reconstruct several subclasses of trees. We begin with useful lemmas, then each
subsection will be dedicated to a specific subclass.

Lemma 12. One can find the composition of leaves and internal vertices of a tree T using two sum-queries.

Proof. Let 7 = (T, A) be such that T is a tree of order n with ¢ leaves. The query S,(7") gives us the list of all labels. The
query S,_1(7) gives us the sum of labels for all the subtrees of order n — 1, each of which corresponds to T minus exactly
one leaf. Hence, ¢ subtrees are being summed in S,_1(7); each leaf is counted ¢ — 1 times and each internal vertex is
counted ¢ times. Thus, the composition I of internal vertices is given by S,,_1(7) — (£ — 1)S,(7), and the composition L of
leaves is given by S,(7)—1. O

Example 13. Consider the labeled tree 7 on nine vertices presented in Fig. 1. The queries So(7) and Sg(7") output
(3,1,2,3) and (16, 6, 10, 16) for alphabet ) = (A, B, C, D), respectively. As there are six leaves, the composition of
the internal vertices is given by I = (16, 6, 10, 16) — (6 — 1) x (3, 1, 2, 3) = (1, 1, 0, 1): the internal vertices have labels
A, B and D. From this, we can extract the composition of leaves: Sqo(7)—1=(3,1,2,3)—(1,1,0,1) = (2,0, 2, 2), so two
leaves have label A, two leaves have label C, and two leaves have label D.

Corollary 14. Stars are sum-reconstructible using two sum-queries.

Proof. Let S, be a star with a center and n leaves. We compute the composition of leaves and of the internal vertex using
Lemma 12, so the label of the internal vertex is known. Since the leaves are symmetrically positioned, all labeled stars
with the same composition of leaves and identically labeled center vertex are isomorphic, and thus we can reconstruct
the star. O

Lemma 15. The label of the center of a subdivided star with maximum degree A > 3 can be found using three sum-queries.

Proof. Let S = (S, A) be such that S is a subdivided star with maximum degree A > 3. Use Lemma 12 to obtain L and [
the composition of leaves and internal vertices, respectively. By Lemma 4, the query S,(S) counts each leaf once, each
degree 2 vertex twice, and the center A times. Hence, the label of the center (which is the only internal vertex with
degree A > 3) is given by the only non-zero coordinate of S,(S)—L—2I. O

3.1. Stars subdivided at most once

Theorem 16. The class of stars subdivided at most once labeled using an alphabet on two symbols is reconstructible with four
multiset-queries.
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Fig. 2. A labeled star subdivided at most once used for illustrating the proof of Theorem 16 on alphabet of size 2.
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Fig. 3. Two non-sum-reconstructible labeled stars subdivided at most once with alphabet size 3.
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Proof. Let ¥ = (A, B), and S = (S, 1) be a labeled graph such that S is a star subdivided at most once. Note that, if S
is a path, then it contains at most five vertices and we are done by [1], hence assume that there is a vertex of degree at
least 3. First, use Lemma 12 to obtain the composition of leaves and internal vertices and the label of the center vertex
with Lemma 15, for a total of three queries. Recall that we know, from S,(S), the multiset of all labels for vertices of S.
The query M,_,(S) gives the composition of all substars of order n — 2. Now, R = |_|X€Mn72(s) (Sn(8) — X) gives the
compositions of the following: all branches of length 2, and all pairs of leaves. Since we know the composition of leaves,
we can remove all pairs of leaves from R and obtain the branches of length 2. Since we know the composition of branches
of length 2 and the label of the center, we can deduce the labels of leaves adjacent to the center.

Now, all that remains is to decide, for each branch of length 2, which vertex is a leaf and which is internal. However,
since we know the composition of internal vertices (from which we can remove the center), we can apply the following:
for each branch with composition A% (resp. B?), a leaf adjacent to an internal vertex with label A (resp. B) has label A
(resp. B) too; the remaining branches have composition AB and thus leaves adjacent to an internal vertex with label A
(resp. B) have label B (resp. A). This concludes the reconstruction of S. O

Remark 17. We note that by [5, Theorem 2.2.4], we can identify the structures of subdivided stars from each others
based on the numbers of their connected subgraphs and the number of vertices in these subgraphs. This implies that the
proof of Theorem 16 (without restriction to 4 multiset-queries) can also be done without knowing the exact structure of
the subdivided star (although we need to know that the underlying graph we are considering is a subdivided star).

Example. Consider the labeled star subdivided at most once S depicted in Fig. 2.

The queries S7(S) and Sg(S) output (4, 3) and (14, 10), respectively. Since (14, 10)—(4—1) x (4, 3) = (2, 1), two (resp.
one) internal vertices have label A (resp. B), and hence two leaves have label A and two leaves have label B. The query
S>(S) outputs (8, 4). Since S,(S)—L—2I = (8,4)—(2,2)—2 x (2, 1) = (2, 0), the center vertex has label A, implying that
the two degree 2 vertices have labels A and B, respectively. Finally, the query Ms(S) outputs {{A?B*, 6A%B?, A*B'}}, hence
R = xersis) S7(8) = X) = {{A%, 6AB, B?}}. Since the combination of pairs of leaves is {{A?, 4AB, B?}}, the branches of
length 2 both have a vertex labeled by A and a vertex labeled by B. Removing A>B? (for the center and those branches) from
A*B3 gives the labels of the leaves adjacent to the center: A and B. As for the branches of length 2, they have composition
AB, so the leaf adjacent to the internal vertex labeled A (resp. B) has label B (resp. A), and we are done.

Remark 18. Note that the reconstruction method described in the proof of Theorem 16 does not work for larger alphabets.
This is due to the fact that the branches of length 2 offer more choices, as depicted in Fig. 3: we may know the composition
of branches of length 2 and of leaves, but this does not allow for an immediate reconstruction. However, note that those
two subdivided stars are not confusable, hence they are reconstructible but not sum-reconstructible.
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3.2, Bistars
Theorem 19. The class of bistars labeled with an alphabet using two symbols is reconstructible with three multiset-queries.

Proof. Let ¥ = (A, B), and B = (G, 1) be a labeled graph such that G is a bistar with center vertices u and v, vertex u
(resp. v) having ¢, (resp. £,) adjacent leaves. First, use Lemma 12 to obtain the composition of leaves and of u and v.
Now, there are two cases to consider.

Case 1: u and v have the same label. Assume without loss of generality that they both have label A. Let a, and b, (resp.
a,, b,) be the (yet unknown) number of leaves attached to u (resp. v) labeled with A and B, respectively. Denote by «
and B the total number of vertices labeled with A and B, respectively (which are known from S,(3)). Note that we have
o« =a,+a,+2and 8 =b, +b,, as well as a, + b, = ¢, and a, + b, = ¥,.

The query M3(B) outputs the composition of connected subgraphs of order 3, from which we can obtain x and y the
number of subgraphs with compositions A% and A?B, respectively.

We have x = a, + a, + (“2”) + (“2”) since subgraphs with composition A3 are exactly the subgraphs which either
contain both centers together with a leaf labeled with A (leading to terms a, and a,) or the subgraphs containing one of
the centers together with two of its adjacent leaves labeled with A (leading to terms ("2”) and (”2”)). Similarly, we have
y = b, + b, + a,b, + a,b, since the subgraphs with composition A?B are exactly the subgraphs which either contain both
centers together with a leaf labeled with B (leading to terms b, and b, ) or the subgraphs containing one of the centers
together with two of its adjacent leaves each labeled differently (leading to terms a,b, and a,b,).

Note that if x = O then we are done (all leaves have label B), and likewise if y = 0 (all leaves have label A). Hence,
assume that x, y > 0, we have:

w—ata (™) (® _a-2+a+a
— Yu v 2 2 - 2 ’

which implies that:

a4 =2x—a+2. (1)
Additionally, we have:

y = by + by, + ayby + a,b,

=B+ a,(ly, —ay)+ a,(€y, —ay) (by a, + b, = ¢, and a, + b, = £,)
= B+ luay + £ya, — (a2 +d?)

= B+ Luly + Lo(a — ay, — 2) — (@ + a?) (by & = ay + a, +2)
=B+ lyay+ (e —a, —2)— (2x—a +2) (by Eq. (1))

=B+ au(ly — &) +ally, +1) =206, +x+ 1),
which implies that:

_y_ﬂ_a(ev+1)+2(zv+x+1)
N Oy — 0, '

From this, we can now find a,, b, and b,.

Case 2: u and v have different labels. Let a (resp. y) and x (resp. b) be the (yet unknown) number of leaves attached to
the internal vertex with label A (resp. B) and themselves labeled with A and B, respectively. Denote by @ and  the total
number of vertices labeled with A and B, respectively (which are known from S,(B)). Note that we have « = a+y + 1
and B=b+x+ 1.

The query M;(B) outputs the composition of pairs of connected vertices, from which we can obtain «’ and g’ the
number of such pairs with composition A?> and B?, respectively. Note that we necessarily have a = «’ and b = . This
allows us to also obtainx = 8 — ' — 1 and y = « — o’ — 1. We can now use those values to deduce whether ¢, = x+a
and £, = b+ y,or £, = x4+ aand ¢, = y + b; note that the two possibilities can be true simultaneously if and only if
¢, = £, (in which case, we are trivially done). Hence, we can find the labels of u and v as well as the labels of the attached
leaves. This concludes the case analysis; note that we use two queries, followed by one more query in both cases, so three
queries in total. O

ay

Theorem 20. The class of bistars labeled with an alphabet using at least three symbols is reconstructible. Furthermore, if the
two centers have different labels, then, this can be done in three multiset-queries.

Proof. Let B = (B, A) be a labeled graph such that B is a bistar with center vertices u and v, vertex u (resp. v) having ¢,
(resp. £,) adjacent leaves. First, use Lemma 12 to obtain the composition of leaves and of u and v. There are two cases to
consider.
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Case 1: u and v have different labels. We will apply a similar technique as in the proof of the same case in Theorem 19.
Assume without loss of generality that u and v have labels X and Y, denote the (yet unknown) number of leaves attached
to the vertex with label X (resp. Y) by £ (resp. £,); we want to decide whether ¢, = ¢, or £, = £,. Note that we also
know x (resp. y) the number of vertices labeled with X (resp. Y).

The query M,(B) outputs the composition of pairs of connected vertices. There are three types of combinations: XY,
XZ for Z # Y and YZ for Z # X. The combinations XZ for Z # Y give us all leaves adjacent to the vertex with label X,
denote by z, their number. The combinations YZ for Z # X give us all leaves adjacent to the vertex with label Y, denote
by z, their number. From those, we also know x, and y,, the numbers of combinations XX and YY, respectively. Finally,
let o (resp. 8) be the (yet unknown) number of vertices labeled with Y (resp. X) attached to the internal vertex with
label X (resp. Y). We have x = 8+x, +1and y = a +y, + 1, from which we can deduce « and B. Furthermore, we have
£y = zx+ o and £, = z, + B, so we can decide whether ¢, = ¢, or £, = ¢, (if both are true simultaneously, then, £, = ¢,
and we are trivially done).

Case 2: u and v have the same label.

Let us denote by A the label of vertices u and v. Since u and v have the same label, we may consider the largest
composition which contains only one A (this is found by exploring queries M;(B) for decreasing values of i, starting from
i = ¢, + ¢, + 2). The single A in this composition is either u or v (unless every vertex is labeled with A, in which case
the reconstruction is trivially done). Hence, this composition gives every non-A label on one side of the bistar. Denote the
total number of these non-A symbols by B;. As we can obtain the total number of each symbol with 1-vertex subgraphs,
we can also obtain the number of non-A symbols on the other side of the bistar, denote this by 8,. Hence, we only need
to solve whether we have 8; non-A symbols adjacent to u or adjacent to v. Note that when 8, = 3, or ¢, = £,, we are
already done.

Assume without loss of generality that ¢, > ¢, and let £, = ¢, + £. We denote by A, (resp. A,) and B, (resp. B,) the
number of symbols A and non-A symbols adjacent to u (resp. v), respectively. Consider next the number of compositions
A3 (obtained using M3(B)) and denote it by as. Since each A® contains either two leaves adjacent to the same center, or
both centers together with a single leaf, we have

2 2
as = (AZ”) + (AZ") +A,+A, = A+ At A JZFA” A

Furthermore, as we know the total number of vertices labeled with A, denote it by «, we also know that A, +A, = o — 2.
Hence, we have 2a; — « + 2 = A2 + A%, Furthermore, we can get

A2+ A% = (0, — By)* + (£, — B,)* = €2 — 2¢,B, + B, + ¢> — 2¢,B, + B2.

_ _ 2 2 2 2
2ot ARG — g, +£,B, = (By+B, )ty ¢B,. Therefore,

Note that we have g7 + 2 = B2+ B2. Hence, we have
we can get

5 — —2a3 40 — 2+ B2+ B3 + L2+ €2 —2(B1 + B2y

= .

2¢

As we can compute everything on the right hand side, we can compute B,. Furthermore, we have {B,, B,} = {81, B2}. As
we mentioned above, this is enough to reconstruct the labeling of B. O

3.3. Stars S1.1.m

In this section, we study paths with one leaf false-twinned (that is, we create a false twin of one leaf). As shown
with the proof of Theorem 21, this very simple operation changes the status of the graph: recall that some paths are
confusable [1]; we show that false-twinning one of the leaves makes the graph sum-reconstructible with a linear number
of queries, and the proof is quite technical. However, we will see later (Theorem 23 in Section 4) that true-twinning a leaf
(that is, creating a twin of it) creates a graph class exhibiting another behavior (alternating between sum-reconstructible
and confusable with the parity of m).

Recall that we have shown in Section 2 that subdivided stars of type Sy 1., allow more labelings than paths using m+3
labels. Furthermore, since it is relatively simple to construct Sy 1, these graphs seem suitable candidates for applications
related to advanced information storages.

Theorem 21. For any nonnegative integer m, the subdivided star S = (S1,1.m, A) is sum-reconstructible.

Proof. Note that P5 is sum-reconstructible by Corollary 14, so let m be a positive integer. Let S = (S, A) where S = Sy 1.m,
denote the two leaves attached to the center of S by u; and u,, and the vertices from the center to the end of the branch
of length m by vy, vy, ..., vpy1 (SO the center is vy and vy is a leaf).

For readability, we will use the notation of a given query S;(S) as a sum of labels, such that X corresponds to the label
of vertex x. For example, Lemma 4 implies that for every positive m:

SH(S)=U1 + Uy + Vi1 + 3V +2(Vo + - - - + V). (2)
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Note that, from Lemma 15, we can compute the label of v, and from Lemma 12 the composition of the three leaves
(Uq 4+ Uz + Viny1) and of all internal vertices (Z?;z Vi). We first manage small edge cases:

e Corollary 14 implies that the case m < 1 already holds.

e Let m = 2. Since we already know the label of vy, the other internal label is v,. Furthermore, we have S3(S) =
2U; + 2U; + 4V, + 3V, + V3, allowing us to reconstruct u; and u,, and thus v, completing the reconstruction of S.

e Let m = 3 (so we are reconstructing S = (51,13, 1)), we compute S4(S) — S3(S) = (2(U; + Uz) + 4V, + 4V, + 3V3 +
Vi) — (2(Uq 4+ Uy) + 4Vy + 4V, 4+ 2V3 + V) = V3. We can then deduce the label of v, which is the last of the three
internal vertices (recall that we have already obtained the label of the center vertex v;). Next, we use Eq. (2) to
compute S3(S) — S2(S) = Uy + Uy + V; + 2V5, obtaining the labels of u; and u,, after which we can find the label of
v4. This ends the reconstruction for m = 3.

Hence, for the rest of the proof, let us assume that m > 4.

There are three types of subgraphs of order i in S (for 3 < i < m + 1): one subgraph containing both u; and u;, as
well as vy, ..., vi_y, two subgraphs each containing one of either u; or u, as well as vy, ..., vi_1, and m + 2 — i paths
containing vertices vj, ..., vjyi—1 forje {1,..., m+2 —i}.

In the following, we consider two cases, depending on the parity of m.

Case 1: m is odd, so m = 2p — 1 for p > 3. We will consider 2p — 2 queries, which will give the following results. First,
forie{3,...,p},

i-2 2p—it+1 i—1
SIS) = 2(Ur + Un) + Y ((+3)WVj) + (i + 1)Vir + Z (Vi) + Y (Vapsr1) - (3)
j=1 j=1
Indeed, the connected subgraphs of order i are exactly the followmg: one subgraph containing the two leaves u; and u;
together with the first i — 2 vertices of the branch of length m (vq, ..., vi_y), two subgraphs containing the first i — 1
vertices of the branch of length m (v, ..., vi_1) and each one of the two leaves (either u; or u,), and each of the m—i+2
subpaths of length i of the branch of length m (the first one containing vertices v1, ..., v; and the last one containing
vertices vm_it2, . - - » Ums1)-
Then, for i € {1, ..., p} (the counting is similar as above, and we omit the details),
p—i p+i—2 p—i+1
Spl(S) =2Ur + )+ D ((+3V) + Y (0—i+4V) + @ —i+3Vorin+ Y (Vapis1) - (4)
j=1 j=p—it+1 j=1
Claim 21.1. Forie {1,...,p— 1},
p+i—2
Sp4i(8) = Sprir1(S) = Y (V) = Vpui.
Jj=p—i+1

Proof of Claim 21.1. By applying Eq. (4) twice (once for Sp4;(S) and once for Sp1i+1(S)), we obtain:

p—i p+i—2
Spii(S) = Sprina(S) = | 20U+ U)+ Y ((+3V) + D ((p—i+4)V)
j=1 Jj=p—i+1

p—i+1
HP =i+ 3Wpric1 + Y (Vapjs1)
j=1

—i— p+i—1
— 2w+ U+ Z G+3)V)+ > ((p—i+3)V)
j=1 Jj=p—i
p—i
HP =i+ 2WVori+ Y (Vapjs1)
j=1
p+i—2
=(p—i+3-p—i+3)Wpit > (V)
J=p—i+1
+P—i+3-(Pp—i+3)Wpsic1+(P—i+1—(p—i+2))Vpui
p+i—2
= D (W)= Vo O
Jj=p—i+1
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Claim 21.2. Forie {3,...,p},
2p—i
Si41(S) = SS) = Vica +2Vi+ Y (V)).
j=i+1
Proof of Claim 21.2. By applying Eq. (3) twice fori € {3,...,p — 1}, we obtain:
i-1

Si1(S) = Si(S) = | 20U + U)+ Y _ (G +3)WV)) + (i + 2V

j=1
2p—i
+ > (G+ 1, +Z(Jvz,,_1+1
j=i+1
i—2
— 2+ U+ D ((G+3WV) + (i + Vi
j=1

2p—i+1 i—

1
+ Z lV +Z JVZp 1+1)
j=1

2p—i
=(+2=(+ Wi+ +2=Vit+ Y (V) + (= Vapiss
j=it1
2p—i
= Vi 2Vi+ ) (1).
j=it1

We note that S,1(S) — S,(S) can be obtained with similar calculations by applying (Eq. (4)) for Sy1(S). O

We next compute the labels of vertices in the following way: alternating between Spi41(S)—Sp4i(S) fori e {1, ..., p-1}
and Sy41(S) — Sy(S) for i’ € {p, ..., 3} (where i is iterated from p to 3), we will be able to find the labels of v,;; and
both vy_; and vy, respectively. We prove that we can do those computations by induction oni € {1,...,p — 2} and
i €{p,...,3} (withiincreasing and i’ decreasing at each step; so i+i’ = p+1). First, consider the case where (i, ') = (1, p)
and p > 2. Using Claim 21.1 we compute:

p+1-2
Sp42(8) = Sp41(S) = Vpr1 — Y (V) =V
Jj=p—1+1

which gives the label of vp; . Then, using Claim 21.2, we compute:
2p—p
Sp1(S) = Sp(8) = Voot +2Vp + Y (V) = Vpo1 + 2V,
j=p+1
from which we can derive the labels of v,_; and v, (if V, = V},_4, the same label appears thrice; otherwise, v, has the
label that appears twice and v,_; the label that appears once).

Assume now that the statement holds for a pair (i — 1, + 1), so we know the labels of vp_i;1, ..., Upti—1. By Claim
21.1, we compute:

p+i—2

Spti1(S) = Spii(S) = Vpsi = Y (V)
Jj=p—i+1
p+i—2

= Vi = D (V)
j=
= Vp+i - Q,

where Q is a known quantity by induction hypothesis, hence we obtain the label of v,;. Therefore, we obtain labels
Vp, ..., Vpyi Using now Claim 21.2, we compute:
2p—i’
Si1(S) = Si(8) = Vi  + 2V + Y (V)
j=i'+1
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p+i—1
=Vio+2Vi+ Y (V)
j=i'+1
=Vi1+Q,
where Q' is a known quantity by induction hypothesis, hence we obtain the label of vy_;. Hence, when i traverses from 1
top — 2 and i’ from p to 3, we are able to compute the labels of vy, ..., vyp_» (and the label of v; was already known).
Now, using one last time Claim 21.1, we compute
2p—3
Sap(S) = Sap1(S) = Vap-1 — Y (V) =Vap1 +Q/,
j=2

where Q" is a known quantity, allowing us to find the label of vy,_;. We now only have to find the label of v,,. We
observe that Sy,41(S) = 2(U; + Uy) + Z2p ! (3Vj) + 2V5p, which leads to:

2p—1 2p—2

Sap+1(8) = Spp(S) = 2(Us + Un) + Y (3V;) + 2Vap — 2(Us + Uz) — Y (4V}) — 3Vap_1 — V3p
j=1 j=1

2p—2
=Vyp—=D VY
j=1
— VZp + Q///7

n

where Q" is a known quantity. The labels of u; and u;, are now the two labels of leaves remaining. Recall that we already
found the composition U; + U, + V1. Hence, we can also deduce the labels of u; and u,.

This concludes the case where m is odd.
Case 2: m is even, so m = 2p for p > 2. Let us first consider the case with p = 2 (so we are reconstructing S = (51,14, A)),
which will serve as a concrete example of the case disjunction that we are going to need for this case. This is necessary
since one main equation needed for the proof (Claim 21.3) does not hold for this small graph. Denote by L the composition
of leaves and by I the composition of the internal vertices. We have Ss5(S) — S4(S) = V4 — V5. We divide our considerations
according to whether we have V, # V4 or V, = Vg If V, # V4, then we can know V, and V,. Hence, we may deduce
V3 =1—-V;—V,—V4 and Uy, U; from S3(S)—S,(S) = Uy +U, +V; +2V, + Vs, Finally, we may finish with Vs = L—U; —U,. If
V, = V4, then we compute S4(S)—S3(S) = Vo + V3, so if V, = V3 we are done (this gives their value, and we then conclude
as above). Assume then that V, # V3, we use Eq. (2) to compute Sg(S)—S2(S) = U1+ Uy + Vo + V3 +Vy+Vs = L+2V,+ V3
where L is the sum of the labels of leaves (which is known). This gives us the values of V, and V3, and we then conclude
as above. For the rest of Case 2, we assume that p > 3.

We will consider 2p — 1 queries, which will give the following results (the counting is similar as in Case 1, so we omit
the details). First, fori e {3,...,p + 1},

i—2 2p—i+2
SI(S)=2Ur + Up)+ Y _ ((+3)V) + i+ 1)Viq + Z (iv}) +Z(zv2p j+2) (5)
j=1
Then, fori e {1, ..., p},
p—i+1 p+i—1 p—i+1
Spr14(S) = 2AUr + Uz) + D ((+3V) + D ((0+4=0DV) + P +3 =W+ ) (Vapisa) - (6)
j=1 Jj=p—i+2 j=1

Claim 21.3. Forie {3,...,p}:
2p—i+1
Si1(8) = Si(S) = Vi + 2Vi+ Y (V).
j=it+1

Proof of Claim 21.3. By applying Equation (5) twice, we obtain fori € {3, ..., p},

i—1 2p—i+1 i
Si1(S) = SiS) = | 2Us + U2)+ Y ((+3V) + G +2Vi+ Y ((+ 1)+ Y (iVapjs2)
j=1 j=it+1 j=1
i—2 2p—i+2
— 2+ U+ ) ((+3WV) + i+ 1) ,1+Z iV; +21Vzp_,+z
j=1
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2p—i+1
= (=143 =@+ Vi +(+2-DVi+ I () +(—Vapoisa
j=it+1
2p—i+1
=Vii+2vi+ Y (V)
j=it+1
Claim 214. Forie {1,...,p— 1}:
p+i—1
Sp+1+i(S) = Sp12+i(S) = Vp—i1 — Vppi1 + Z (Vi)
j=p—i+2

Proof of Claim 21.4. By applying Equation (6) twice, we obtain fori € {1,...,p — 1},

p—it+1 p+i—1
Spe14(8) = Spr24i(S) = | 2AU1 + U+ Y ((43W) + Y. (p+4-1V)
j=1 j=p—i+2
p—i+1
+DO+3—i)Vpi+ Z (iVap—js2)
j=1
p—i p+i
— (20 + )+ ) (G(+3v) + D] (p+3-iVv))
j=1 Jj=p—i+1
p—i
+p+2 —i)Vpipr + Z (Vap-js2)
j=1
p+i—1
=((p—i+1+3)=(P+3-DDVpis1+ Y
Jj=p—i+2
+((p+3-)—(P+3-)N Vi +((p—i4+1)=(p+2—1) Vpyi1
p+i—1
p—it1 — Vpyit1 + Z
j=p—i+2

We now start computing the labels of vertices. First, note that by Claim 21.3 with i = p we have:
Sp+1( ) Sp(s) p 1+2V + Vp+l (7)

We can derive two subcases from Eq. (7).
Subcase 2.1: V,_1 # Vpiq, 0r Vo1 = V, = V,iq. In this case, Sp11(S) — Sp(S) clearly allows us to deduce V, (it is
the value that is repeated at least twice). From Egs. (5) and (6) fori = p + 1 and i = 1, respectively, we obtain
Sp+2(8) = Sp11(S) =V, + V,, 4. Since we already know V), we obtain the label of v, ¢, and thus the label of v,_; from Eq.
(7). Now, like in Case 1, we use induction and alternate between S, 14i(S) — Sp42+i(S) and Sy41(S) — Sy(S), for increasing
ie{l,...,p—3}and decreasing i’ € {p—1, ..., 3}, respectively. Doing so allows us to know the labels of vy_1, ..., Uptit1
for the pair (i, i") where i + i’ = p. Hence, our induction hypothesis is that after computing the pair (i, i), we know the
labels of vy_1, ..., vptiy1. Once this is done, we finish with i € {p — 2, p — 1}. By Claim 21.4 and induction hypothesis,
we have
p+i—1
Spi14i(S) = Spr24i(S) = Vi1 = Vpriri + Y, (V) 8)
j=p—it2

which allows us to compute the label of v,4;11. By Claim 21.3, we also have

2p—i'+1
Sr(8) = Si(8) = Ve +2Ve + ) (V).
j=i'+1
Hence, the induction hypothesis together with the label of v, allows us to compute the label of vy_;. Note that as we
have mentioned above, there are more potential values for i than for i’ in order to compute all the internal labels. Hence,

we first alternate between i and i’ until the case (p — 2, 3). At this point, we know the labels of vy, ..., vop_,. After this,
we use Eq. (8) fori =p — 2 and i = p — 1 which gives the labels of v,,_; and v,,. We can again conclude by computing
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the label of vyp41 (from Spp41(S) — Spp12(S) = Zf:p;](vi) — Vopy1), allowing us to deduce the labels of u; and uy, and thus
completing the reconstruction.

Subcase 2.2: V,_; = V, 41 and V,_; # V). In this case, Eq. (7) gives S,11(S) — Sp(S) = Vp—1 + 2V, + V.41 and does not
allow us to decide on the values of V,_; and V,,. Now, like in Case 1 and Subcase 2.1, we will use induction and alternate
operations. However, this time, we will prove by induction either that, for values of i that will be given later, V,; = V5;,»
and V,;_1 = V51 (depending on the parity of the induction step) and that V5;_; # V5;, or that we are able to determine
the values of V,,_;, ..., V4 (after which we start a second induction, exactly like in Case 1 and Subcase 2.1, which will
allow us to compute the remaining labels V).

To start the induction, note that V,_; = V,1 # V,, and let us denote for readability and without loss of generality
that V,_; = V,41 = A and V,, = B (though we do not know these values yet). Our induction hypothesis is the following:
For a giveni e {0, ..., L?J}, we have Vp_5; = Vpyyj = Band Vy_pj—1 = Vpip11 = Aforeachj € {0, ..., i}. Note that it
holds for the base case i = 0.

Every full step of the induction is comprised of an even and an odd substep, each seeing two computations using
Claims 21.3 and 21.4. At any point during those two substeps, we may actually “collapse” all values (that is, be able to
know the values of V,_; and V), and thus all the other values that are equal to those) and end this induction. During
the even substep, we try to compute the values of V., and then of V,_,;. If we are able to determine their actual value,
then the induction ends. Otherwise, we get V,_» = V5 = V,. Then, during the odd substep, we try to compute the
values of V,1»i11 and then of V,_,;_;. Again, either we are able to determine them and the induction ends, or we get
Vp—2i—1 = Vpyoiy1 = Vp_1. In the latter case, we continue the induction with the next full step.

We first detail the even substep of the full induction step, where we try to compute the values of V},;»; and then of Vj,_;.
By induction hypothesis, we have V, i1 = Vp sipa = =Vppip =Band Vi1 = Vyoips = -+ - = Vppoim1 = A. We
compute, by Claim 21.4 and induction hypothesis (we have 1 <i < %):

p+2i—2
Sp12i(S) = Sp142i(S) = Vp_zig2 — Vprai + Z v)
j=p—2i+3
p+2i—2 p+2i-3
= Vp-aiv2 — Vpiai + Z (V) + Z (v)
j=p—2i+4 Jj=p-2i+3
Jj—p even j—p odd

= B— Vpuoi + (20 — 2)B + (2i — 2)A.

Now, if V,1»; = B, then, we are still in the induction loop, since we cannot decide the value of B with the equation. Indeed,
we can in this case only know that V., = V,. Otherwise, the equation allows us to “collapse” the unknown values of
Vp—2it1s - - - » Vpt2i—1, as well as the value of V},»;, in which case we end the induction. Indeed, if V},;»; # B, then there is an
imbalance in the multiplicities of A’s and B’s in the above formula and we may assign to vertices vp_sit1, ..., Up42i—1 the
label A or B with the lesser multiplicity in the formula and to vertices vp_jit2, Up—2i44, - - ., Vp12i—2 the label with larger
multiplicity in the formula. Finally, either V,1»; is equal to V,_5i11 or vy has a third label distinct from A and B. Recall
that by induction hypothesis, we have Vp 512 = Vy giya = =Vpppip =Band Vp o1 = Vp gz = - = Vo1 = A
Similarly, using Claim 21.3, the induction hypothesis, and the fact that V;,,»; = B (we have 1 <i < %):

p+2i
Sp+2-2i(S) = Spr1-2i(S) = Vpai + 2V 2iy1 + Z (V)
J=p—2i+2
= Vo +2A+ (20 — DA+ (20)B.

Again, if V,_5; = B, then, we cannot decide the values with the equation and thus, we remain in the induction loop;
otherwise, we can deduce the value of B as well as the unknown values of V,,_ 511, ..., Vpi2i_1. In the latter case, we
end this induction.

Let us next detail the odd substep of the full induction step, where we try to compute the values of Vi1, and then
of Vp_»i—1. Note that it is very similar to the even substep. Using both the induction hypothesis and the even substep, we
have Vp—Zi = Vp,2i+2 = ... = Vp+2i = B and Vp,25+1 = Vp721+3 == Vp+2i—1 = A. We compute, by Claim 21.4 and
induction hypothesis (we have 1 <i < %):

p+2i-1
Sp+142i(S) — Sp42+42i(S) = Vp_zit1 — Vpyoiyr + E (V)
Jj=p—2i+2
p2i-2 p+2i-1
= Vpoait1 — Vpgaip1 + E (V]) + E (V,)
Jj=p—2i+2 Jj=p—2i+3
Jj—p even j—p odd

= A - Vp+21‘+] + (21 - 1)8 + (21 — 1)A.
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Again, if Vpi5i41 = A, then, we are still in the induction loop, since we cannot decide the value of A with the equation.
Indeed, we can in this case only know that Vp i1 = Vp,—1 = Vp4q. Otherwise, the equation allows us to “collapse”
the unknown values of V,_5it1, ..., Vp2i—1, as well as the value of Vi1, in which case we end the induction.
Indeed, if Vpi2ip1 # A, then there is an imbalance in the multiplicities of A’s and B’s in the above formula and we
may assign to vertices vp_jit1, ..., Up42i—1 the label A or B with the lesser multiplicity in the formula and to vertices
Vp—2i+2, Up—2it4s - - - » Ups2i—2 the label with the larger multiplicity in the formula. Finally, either Vp, ;41 is equal to Vp_5i14
or Vp42i11 has a third label distinct from A and B. Recall that by induction hypothesis and after the even substep, we have
Vp—ai = Vpoaiga = -+ = Vpjoi = Band V5141 = Vp_oiy3 = - -+ = Vppoi—1 = A. Similarly, using Claim 21.3, the induction
hypothesis, and the facts that V4241 = A and Vi = V3 = B (we have 1 <i < ?):

p+2i+1
Sp—2i+1(8) = Sp-2i(8) = Vp2i1 + 2V, 2 + Z (V)
Jj=p—2i+1
= Vpoaio1 + 2B+ (2i + DA + (20)B.

Again, if V,_5_1 = A, then, we cannot decide their values with the equation and thus are still in the induction loop;
if at least one of those conditions does not hold, then we can deduce their values as well as the unknown values of
Vop—2i+1s - - - » Vpy2i—1, in which case the induction ends.

Hence, either we are able to determine the unknown values (ending the induction at any point during the even or odd
substep), after which we complete the reconstruction using the same method as in Case 1 and Subcase 2.1 (we do not
give the details here, since this leads to the exactly same computations, so we refer the reader to Case 1), or the induction
continues until we reach the last possible value for i.

If the induction does not stop early and we continue in this way until i = L%J, then, by (the already proved) induction
hypothesis, for an odd p we have V, = V4 = --- = Vo, = Aand V3 = V5 = ... = V,,_3 = B. We then compute
S2p—1(8) — S2p(S) to obtain Vyp_1 and Sy,(S) — Sp4+1(S) to obtain V,,. As above, we check if these computations cause the
collapse (as explained above) and allow us to finish the proof as in Case 1. If not, we have V, =V, = --- = V,, = A and
V3 = V5 = ... = V,,_1 = B. Recall that we know the labels of the leaves, and let L be the sum of those three labels.
Hence, we have S$1(S) — L — V; = pA+ (p — 1)B and therefore, we can deduce the values of both A and B.

Consider then an even p. We have, by (the already proved) induction hypothesis, V3 = V5 = ... = V;,_3 = A and
V4 = Vg =--- = Vy_4 = B. We then compute first S4(S) — S3(S) to obtain V. After this, we obtain values of V,,_5, Vpp_1
and V,, by computing Syp—2(S) — Sop—1(S), S2p—1(S) — S2p(S) and S5,(S) — Szp4+1(S), respectively. As above, we check if
these computations cause the collapse (as explained above) and allow us to finish the proof as in Case 1. If not, we have

Vo=Vs=---=Vy=Band V3 =V5 =-.- =V,,_; = A. Hence, we have 5;(S) — L — V; = pB + (p — 1)A and therefore,
we can again deduce the values of both A and B.

Hence, we know all the labels of v, . .., vyp. Note that knowing the value of V; was primordial for this last part, which
will be important later in Theorem 23. Finally, by computing Syp+1(S) — Sop42(S) = f:pl_l (Vi) — Vpq1, we can compute

the label of vy, 4, and thus the labels of u; and u; which are the two other leaves, completing the reconstruction. O
3.4. Summary

We considered several families of trees, which we were able to reconstruct. There are a few interesting remarks to
draw from this. First, note that not all paths are reconstructible [ 1], but creating a false twin of one of the leaves of a path,
that is appending a leaf to its second vertex, makes the graph always reconstructible (Theorem 21 for S; 1,). A natural
question would be to further this by appending a leaf to other vertices of a path, studying the reconstructibility of the
subdivided star Sy, . As we will see later (Fig. 6), this family is not reconstructible in general, but it might be possible
under some conditions (such as m < i).

However, the most interesting point is the diversity of algorithms for reconstruction that we found. As explained in
Section 2, one can reconstruct a reconstructible graph by enumerating all subgraph composition multisets of all possible
labelings and comparing it to the subgraph composition multiset of the graph, but doing so can be extremely costly. We
are able to be way more fine-grained, using only two sum-queries to reconstruct a star (Corollary 14), and four queries
(one multiset and three sums) for stars subdivided at most once when the alphabet contains two symbols (Theorem 16).
For bistars, the alphabet size plays a role: with two symbols, three queries (two sums and one multiset) are enough
(Theorem 19), which is also the case for a larger alphabet if the two non-leaves have different labels (Case 1 of Theorem
20). However, if those vertices have different labels, then, we may have to apply a brute-force method to find a specific
composition (Case 2 of Theorem 20). Finally, for the star Sy 1 ;, we use m+1 sum-queries, and may have different methods
depending on the parity of m (Theorem 21).

These very different methods of reconstruction are particularly interesting, and we conjecture that the methods used
above are all optimal, meaning that no reconstruction algorithm for those classes can use fewer queries. This also begs the
question of the existence of graphs for which, without using a brute-force reconstruction, the highest possible number
of stronger queries (that is, a linear number of multiset-queries) would still be needed. Similarly, the classes we studied
either can be reconstructed using a constant and small number of queries, or seem to require a linear number of queries;
are there classes that require a logarithmic, or a sublinear but non-constant number of queries?
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Another question that arises from the study of bistars and stars subdivided at most once is the part played by alphabet
size. Which other classes require different algorithms for reconstruction, and in particular a difference between a constant
and a linear number of queries when the alphabet size k > 2 passes certain thresholds?

4. Smallest confusable graphs

In this section, we enumerate all the smallest confusable graphs and trees, and construct a general family of graphs
with a dichotomy between confusable and sum-reconstructible members depending on parity of their order. We also give
the smallest non-sum-reconstructible graphs.

Theorem 22. The smallest confusable graphs have order 5. The smallest confusable tree has order 7.

Proof. We prove a stronger result by showcasing all the smallest confusable graphs (there are two of them) and the
smallest confusable tree (it is unique). This is an expansion on results from [1,5,6]. As in the proof of Theorem 21, for
sum-queries, X denotes the label of vertex x.

Smallest confusable graphs. No graphs of order at most 3 can be confusable, since those graphs are exactly the paths
and complete graphs.

There are six connected graphs of order 4, three of them (path Py, star S3 and clique K4) are clearly reconstructible.
The cycle C4 can easily be reconstructed: let A be a label of a vertex, we can immediately finish if either of A’ € M;(G)
holds for i € {2, 3, 4}; otherwise, if M4(G) = {A2XY} with X, Y # A we have two non-adjacent vertices with label A and
we are done, and if M4(G) = {AXYZ} with X, Y, Z # A we use M;(G) to find the labels of the two vertices adjacent to the
vertex with label A and conclude with the last label. Note however that C4 is not sum-reconstructible since every vertex
appears with the same multiplicity in every S;(G).

The diamond graph with vertices V = {u, v, w, x} and edges E = {uv, vw, wx, xu, uw}, that is, complete graph K,
without the edge vx, can easily be reconstructed. Indeed, since the query S»(G) — 251(G) gives the labels of u and w, after
which we can know the labels of v and x. Vertices u and w, and v and x, respectively, are at symmetrical positions and
hence, this is enough.

Finally, the paw (a triangle with a vertex adjacent to one vertex of the triangle) can be reconstructed since the degree 3
vertex is the only one in all three subgraphs of order 3 (the other ones appear in two) so its label can be computed with
S3(G)—251(G). After this, the label of the degree 1 vertex can be computed with 25,(G)—S,(G) together with the knowledge
of the label of the degree 3 vertex. Finally, we can find the labels of the two degree 2 vertices which are at symmetrical
positions. Hence, no graph of order 4 is confusable.

The line graph of the graph in Example 2 in [6] (depicted in Fig. 1 in their paper) is confusable, as proved in Theorem
23 and seen in Fig. 4. Furthermore, the gem (a path plus one universal vertex) is confusable; consider the two labelings
depicted in Fig. 5, we have, for both of them, M1(G) = {{3A, 2B}} Mx(G) = {{24%, B?, 4AB}}, M3(G) = {{A, 4A?B, 3AB*}}
and My(G) = {{2A%B, 3A%B?}).

Let us next consider the remaining 19 connected graphs of order 5. Some can be managed easily: Ks, P5, S4 and 51,12
are all reconstructible by [1], Corollary 14 and Theorem 21. In the following, we consider the remaining graphs of order 5,
see [9] for a list of 5-vertex graphs.

5. Ks minus an edge. For this graph, the query S;(G) counts three times the two degree 3 vertices and four times the
three degree 4 vertices, which can be separated. Since they are symmetrical, this is enough for reconstruction.

6. K4 plus one degree 2 vertex. Let u; and u; be the degree 3 vertices, vy and v, be the degree 4 vertices, and w be
the degree 2 vertex. We have 4S3(G) — 65,(G) = 2(U; + U;) + 8W, from which we can clearly deduce the label of w,
and thus the labels of u; and u,, after which we can easily know the labels of v; and v,.

7. An edge to which three false twins are connected. The endpoints of the edge can be found using S,(G) — 251(G),
after which we can deduce the labels of the three twins.

8. K4 plus a leaf. For this graph, the query S,(G) counts three times the three degree 3 vertices, four times the degree 4
vertex, and the leaf once. Hence, we have S;(G) — 3S5(G) allows us to find the label of the leaf (which is “negative”)
and of the degree 4 vertex. The last three vertices are twins, so this is enough.

9. The cycle C4 plus a vertex of degree 3. Let u be the degree 2 vertex, v and v, be its neighbors (those are false twins),
and w; and w, be the other two vertices (those are true twins). We have S3(G) = 5U 4+ 6(V; + V) + 5(W; + W>), so
we can deduce the labels of v, and v,. Furthermore, S,(G) counts three times each vertex, except u which is counted
twice, hence we can know its label too. This leaves the last two labels for w; and w,, completing the reconstruction.

10. The wheel W, (a cycle plus one universal vertex) can be reconstructed from S,(G): the four vertices of the cycle are
symmetrical and counted three times each while the universal vertex is counted four times.

11. The cycle Cs can be reconstructed. Assume that the symbol A is used in the labeling. Clearly, if A>, A* or A> appear in
Ms(G), M4(G) or M;5(G), respectively, then we are done. If none holds, but A> appears in M»(G), then two adjacent
vertices are labeled with A and their two neighbors are labeled with other symbols. If the number of A’s (found
with Ms(G)) is 3, then, the fifth vertex is labeled with A and we are done. Otherwise, the query M>(G) contains
exactly two compositions AX and AY, which give us the labels of the two neighbors, and the last vertex has the
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Fig. 4. Two equicomposable 5-vertex labeled graphs.
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Fig. 5. Two equicomposable labeled gems.

last label. Now, if there are no two consecutive A’s, then, there are two possibilities. Assume first that two vertices
are labeled with A, they are at distance 2 from each other, we can find the label X of their common neighbor with
the composition A%X in query Ms;(G), and the last two vertices are symmetric, so we are done. Assume next that
each vertex has a unique label. Let one of the vertices have label A. We can know the labels of its neighbors with
compositions AX and AY in query M>(G), after which the same query will contain compositions XW;, YW, and
W;1W,, from which we can clearly deduce the last two labels.

. The butterfly (two triangles attached together through a vertex c) can be reconstructed: the label of ¢ can be found

with S,(G) — 251(G) since it is the only vertex appearing four times in S;(G) (all the other ones appear twice),
and then the multiset-query M;(G) can be used to eliminate all the compositions with c in it, leaving only two
compositions corresponding to the pairs on each triangle.

The kite (a cycle vwxw, with an edge w,w;, and a leaf u attached to v) can be reconstructed. We have S3(G) —
(S2(G) + Ss5(G)) = V, after which 25,(G) — S3(G) = V + 2(W; + W,) + X so we can find the labels of w; and w;
(those are repeated twice, and are symmetric) and of x (it appears an odd number of times). Finding the label of u
is then trivial.

The dart (a cycle vwixw, with an edge vx and a leaf u attached to v) can be reconstructed. We have S(G)+2S5(G)—
S3(G) = X, after which S3(G) — 25,(G) = U — 2V — 2X so we can find the labels of u and v. Finding the labels of w,
and w, is trivial (both are false twins and we do not need to separate them).

The house (a cycle viwiw,v, with a vertex u adjacent to both vy and v,). We have S,(G) — 255(G) = V; + V5 and
25,(G) —S3(G) = U + V71 + V5 so we know those three labels. All that is left is to decide which of the two remaining
labels are W; and W,, which we can deduce using M;(G) (the only possible confusion would be if W; = V, and
W, = V3, which is not a problem since the two possible labelings would be isomorphic).

The banner (a cycle vwixw, with a leaf u attached to v) can be reconstructed. We have S4(G) — 355(G) = V,
after which S,(G) — 255(G) = V — U so we know the label of u (whether U = V or not). Furthermore, we have
25,(G) — S3(G) = V + X from which we know the label of x, and we can find the labels of false twins w; and ws.
The cricket (a triangle vw,w, with two leaves u; and u, attached to v) can be reconstructed. We have S,(G) +
2S5(G) — S3(G) = W; + W, (both wq and w; are twins, so we know their labels), after which 35,(G) — S3(G) =
6V + 3(W; 4+ W;) so we can find the label of v. Finally, finding the labels of u; and u; is trivial (both are false
twins).

The bull (a triangle vi;v,w with two leaves u; and u, attached to vy and v, respectively) can be reconstructed. We
have 25,(G) — S3(G) = 2(V; + V») + W, so we know the label of w and the composition of labels of v; and v,, then
the query M5(G) will allow us to find the labels of u; and u; (the only possible confusion is if Uy = V, and U, = Vy,
which is not a problem since the two possible labelings would be isomorphic).

The complete bipartite graph K, 3 can trivially be reconstructed from S,(g) (since all vertices in each part are
equivalent to each other; the two parts can be separated and thus we are done).

Hence, the only confusable graphs of order 5 are the gem depicted on Fig. 5 and the graph depicted on Fig. 4, which
we will call T,.
Smallest confusable trees. Trees of order at most 5 are not confusable per above. Trees of order 6 are Pg, S5, S1.1,3, the
bistar B, (none of which are confusable, see [1], Corollary 14 and Theorems 20 and 21, respectively), and S;,, and
S1.1,1,2- For Sq 2.2, the proof of Theorem 16 works with any alphabet: the only possible confusion at the end of the proof
(and identified in Remark 18) is if the two branches of length 2 are palindromes of each other, in which case the confusion
does not matter due to isomorphisms. As for S; 11,2, the proof of Theorem 16 clearly works too: once the label of the center
vertex has been found, this gives the label of the only degree 2 vertex, after which we can remove pairs of leaves, hence
having the composition of the branch of length 2, from which we can know the label of its leaf, giving the labels of the
other three symmetrical leaves.
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Trees of order 7 require more work. Some of them we can easily manage: P; [1], the star Sg (Corollary 14), S1.1.4
(Theorem 21) and the bistar B; 5 (Theorem 20). The subdivided star S; , 3 is confusable, as can be seen in Fig. 6 (this is a
result from [6], where they do not explicitly give the example, but Petér Burcsi and Zsuzsanna Liptadk communicated the
graph to us); this can be checked by enumerating the multiset compositions of both labelings. Since there are 11 trees
with 7 vertices (see [23]), there are six remaining trees of order 7 to analyze. Note that in the following considerations,
we obtain the composition of inner vertices I with Lemma 12 and in the cases of subdivided stars (that is, in Cases 1, 2,
3 and 4) Lemma 15 gives the label of the center vertex:

1. S.2.2. For this graph, the proof of Theorem 16 works, except in the case outlined in Remark 18: the branches of
length 2 form a “cycle” (such as having compositions AB, BC and CA) and we can obtain the label X of the center
vertex. However, in this case, the query My(S) will allow us to distinguish between the two possible labelings (if
composition A%BX is appearing, then the branch with composition AB has leaf A and degree 2 vertex B, allowing us
to find the rest; otherwise, it is the reverse).

2. S1,1,2,2. For this graph, the proof of Theorem 16 works: the only possible confusion at the end of the proof is if the
two branches of length 2 are palindromes of each other, in which case the confusion does not matter since it leads
to isomorphic labelings.

3. S1.1.1.3- Denote the center by c, and the vertices of the branch of length 3 by vy, v, and v; where v; is adjacent to ¢
and vjs is a leaf. We have S5(S) — (S3(S) + S2(S)) = —4C + 2V, + V5. Since we know C, this allows us to deduce V,
and V3, from which we can learn V; (the last internal vertex) and the three leaves adjacent to c.

4. S1.1,1,1,2- For this graph, there are two inner vertices. As one of them is the center vertex, we can obtain labels of
both of them. Hence, we only need to identify the label of the leaf at distance two from the center. We can do that
by removing the pairs of leaves from compositions obtained with | |, M S)(S7(S) — X), leaving only the pair with
this leaf and the degree 2 vertex, whose label is known.

5. The labeled tree B obtained by subdividing the middle edge of the bistar B, ;. We can find the compositions L of
leaves and I of internal vertices by Lemma 12, from which we can compute the label of the middle vertex with
L + 31 — S5(B). Assume that the middle vertex has label A; we will check the largest i such that the query M;(B)
contains the composition A/, which will allow us to reconstruct the labeling. If i = 7, then, each label is A and we
are done. If i = 6, then, every vertex but one leaf is labeled with A, so we are done.

If i = 5, then, two leaves are not labeled with A, so we can check whether there is an AXY (for X, Y # A) in M3(B);
if true, then the two non-A leaves are adjacent to the same degree 3 vertex, otherwise they are adjacent to different
degree 3 vertices, and in both cases we are done.

If i = 4, then, either a degree 3 vertex is labeled with X # A, or exactly three leaves are labeled with X,Y,Z # A.
In the first case the two leaves adjacent to the degree 3 vertex labeled with A are also labeled with A, and we know
all other labels, so we are done. In the second case only one of AXY, AXZ and AYZ will be in M3(B), allowing us to
know which leaf is at distance 2 of the leaf labeled with A. In both cases we can reconstruct the labeling.

If i = 3, then, either exactly one degree 3 vertex has label X # A and a leaf adjacent to the degree 3 vertex with
label A has itself label A and the other leaf has label W # A, or we have I = 3A. In the first case we know X, and we
can use query M3(B) to find all compositions A2Y with Y # A: there can be from one to five A2X depending on if
zero, one or two leaves adjacent to the X-labeled degree 3 vertex are labeled with A and whether or not W = X; if
there are one or two A2X, then W # X and we can find W from the only composition AY other than AX in My(B)
after which we get the last two leaves; if there are three A%X, then we have either W = X and none of the last two
leaves with label A or W # X and the last two leaves have label A, we can distinguish between them by counting
the number of AX compositions in M;(1), which is two in the former case and three in the latter case, in both cases
we can then easily conclude; if there are four A%X, then we have W = X and one of the last leaves has label A, we
conclude immediately with the last leaf; if there are five A%2X, then W = X and the last two leaves have label A.
In the second case with I = 3A, all leaves have labels different from A, say W, X, Y and Z. In this case the query
Ms(B) will allow us to check possible combinations among AWX, AWY, AWZ, AXY, AXZ and AYZ; note that only
two of those can exist unless there is some isomorphism, in both cases we can reconstruct the graph.

If i = 2, then, one of the degree 3 vertices has label A and its two adjacent leaves have labels X, Y # A and the other
degree 3 vertex has label Z (which we know). If a leaf is labeled with A, then it is adjacent to the Z-labeled degree 3
vertex. We can use query M;(B) to get all AX and AY combinations, allowing us to complete the reconstruction.
Finally, if i = 1, then the two degree 3 vertices are labeled with U, V # A. Let W, X, Y and Z be the labels of the
leaves. If U = V, then, we use query Ms(B). First, we count the number of AU compositions which there are at most
six; if there are six A?U, then all leaves have label A; there cannot be exactly five A?U; if there are four A>U, then
three leaves have label A and we are done; if there are three A%U, then two leaves attached to the same degree 3
vertex have label A; if there are two A?U, then two leaves attached to different degree 3 vertices have label A; if
there is one A%U, then only one leaf has label A and we may query Ms() to find WZU where W, Z # A to find how
labels are distributed between the leaves. In all of cases, completing the reconstruction afterwards is easy. If no
A%U composition can be found, we remove all compositions containing A and are left with the following possible
compositions: UWX, UWY, UWZ, UXY, UXZ and UYZ; only two of these exist unless there is some isomorphism, in
both cases we can reconstruct the graph. If U # V, then, leaves labeled with A can easily be found with compositions
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Fig. 6. Two equicomposable labelings of S;, 3.

AU and AV in My(B) (there is at least one of each using the middle vertex, any supplementary one gives us a leaf
labeled with A), after which we use query Mj5(B) to check for AUW, AVW, ..., AUZ, AVZ, and again we can find
which leaves are attached to each degree 3 vertex.

6. The tree obtained by subdividing an edge incident with a leaf in the bistar B, ;. Denote the vertices as following:
x is the degree 2 vertex, y its adjacent leaf and w its adjacent degree 3 vertex, z is the leaf adjacent to w, v is
the other degree 3 vertex, and u; and u, are the two leaves adjacent to v. Recall that we know L, the composition
of leaves (uy, Uy, y and z), and I, the composition of internal vertices (v, w and x), thanks to Lemma 12. We have
S4(B) — S3(B) — L — 2I = Z. Furthermore, we have S5(B) — S3(B) — 2L — I = V + 2X, so we can deduce those two
labels, which also gives the last internal label W. Finally, S3(B) — 2L = 5V 4+ 6W + 3X — Y allows us to know the
value of Y, from which we finally deduce the labels of the last two leaves u; and u,, completing the reconstruction.

Hence, S; 5 3 is the only confusable tree of order at most 7. O

Interestingly, one of the smallest confusable graph (illustrated in Fig. 4) can be generalized into an infinite family of
confusable graphs. We denote by T, the graph constructed by attaching a path of length m to one vertex of a triangle (so
the smallest confusable graph described above is T,). We have the following:

Theorem 23. Let m be a positive integer and T = (T, A). If m is odd, then T is sum-reconstructible. If m is even, then Ty, is
confusable.

Proof. Let m be a positive integer and 7 = (Tj,, 1). Denote the two degree 2 vertices in the triangle by u; and u, (note
that they are twins, so if we find all the other labels then we can easily finish the reconstruction), the degree 3 vertex
by vy, and the vertices of the path by vy, ..., vsoq starting from the vertex attached to the triangle. Since T, has m + 3
vertices, we have already shown above that the 4-vertex graph with m = 1 is not confusable.

Case 1: m is odd, so m = 2p — 1 for p > 2. We note that, for j # 2, we have Sj(7") = S;(S) where S;(S) is as in Egs. (3)
and (4) when S and 7 have an equal number of vertices. We further note that S(7") # S»(S). Since the proof of Lemma 15
used S,(7), we cannot obtain V; as in Theorem 21. First, if p = 2, then we can reconstruct 7 in the following way: We find
V1 and V, with S3(7)—S,(7) = V14 2V5; we find V3 with S4(7)—S3(7) = V3; label V4 with S5(7)—S4(7) = V4 —(V1+V3);
finally, we conclude with U; and U, as explained above.

Now, consider p > 3. We apply the same reasoning as in Case 1 of the proof of Theorem 21. Since S;(7) is the same for
every i # 2, Egs. (3) and (4) still hold. The two differences are that we do not know V; and S,(7") # S»(S). Hence, we can
reuse Claims 21.1 and 21.2 to alternately compute V) (using Sp4i+1(7)—Sp+i(7) for increasing values of i € {1, ..., p—1}),
and labels V;_; and V; (using S;1(7) — Si(7) for decreasing values of i for i € {p, ..., 3}). We refer the reader to the
aforementioned proof for details; note that the two claims do not use V; so we can still apply the same reasoning. Hence,
after this, we know the labels of vy, ..., vyp_1. Now, by Lemma 4, Sy(7) = 3V; + Vop + 2(U; + U, + Zf:pz_l (V})), so we
have S3(7)—Sa(T) = Vi + 2V, + 2,2:”;2 (Vi) = V1 4+ Q where Q is a known quantity, so we find the label of v;. Finally, as
in the aforementioned proof, Sy, 1(7) — Sop(T) = Vop — Zfzp;z (Vi), hence we obtain the label of vp. Finally, we conclude
with the last two labels for u; and u;.

Case 2: m is even, so m = 2p for p > 1. We prove that T, is confusable by exhibiting two labelings A; and X, such that

M((Tin, A1)) = M((Tm, A2)). The two binary labelings, illustrated in Fig. 7, are defined as follows:

o Aq(vipq) =Aforie {0,...,p}and Ai(uq) = Aq(uy) = A(vy) =Bfori e {1,...,p} (Fig. 7(a));
o A(ug) = Ax(vy) =Aforie{1,...,p}and Ay(uy) = Az(vainq) = Bfori e {0, ..., p} (Fig. 7(b)).

We next prove that M((Tp, A1)) = M((Tm, A2)). First, note that both graphs have the same numbers of symbols A
and B. Furthermore, it is easy to see that, for both labeled graphs, all subgraphs of order 2 have set {A, B} except one
which has set {B?} (using Lemma 4).

Consider now the subgraphs of order 2i fori € {2, ..., p+1}. For (T;;, A1), one subgraph has composition A”~'B*! (the
one containing the triangle), and all other subgraphs have composition A‘B' since they are all paths of vertices labeled
alternatively with symbols A and B. The same holds for (T, A,), where the subgraph with composition A”='Bi*! is the one

containing vertices s, vy, ..., vsi_1, and all other subgraphs have composition A'B.
Finally, consider the subgraphs of order 2i + 1 for i € {1,...,p}. For (T, A1), there are p — i + 3 subgraphs with
composition A'B+! (the p — i subpaths starting from vy; and ending at vy4p; for j € {1,...,p — i}, as well as the three

subgraphs containing u; and/or u,) and p — i + 1 subgraphs with composition A*!B (the subpaths starting from Vo1
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(a) The labeled graph (Ts, A1). (b) The labeled graph (T, Az).

Fig. 7. Example of two equicomposable labelings for T, with even m.

and ending at vyj4142i forj € {0, ..., p—i}). The same holds for (Tr, A,): there are p — i+ 3 subgraphs with composition
AB*! (the p —i+ 1 subpaths starting from voj+1 and ending at vy 14 for j € {0, ..., p—i}, as well as the two subgraphs
containing u,) and p — i + 1 subgraphs with composition A™*'B! (the p — i subpaths starting from vyj and ending at vyjo;
forj e {1,...,p — i}, as well as the subgraph containing u; and not u,).

Hence, we have M((Tp, A1)) = M((Tin, A2)), and as such T, is confusable. O

Compare Theorem 23 with Theorem 21: adding one edge (alternately, creating a twin instead of a false twin) made
half of the graph class confusable. This is due to the fact that, in a subdivided star, finding the label of the center vertex
is easy. For T, (as with S; 1), we are starting the reconstruction from the middle of the path. In the odd case, this is
possible since there are three middle labels V,,_4, V}, and V),;; which we can reconstruct. However, in the even case, there
might be some confusion with the labels of the middle vertices (even- and odd-indexed vertices alternating labels as in
Fig. 7); but in the case of the subdivided star, this is solved by reaching an imbalance between even- and odd-indexed
vertices by knowing the label of the center of the star, while T, does not allow us to decide between the two possible
labelings.

Finally, we show that while the smallest confusable trees have seven vertices, the path P, on four vertices is not
sum-reconstructible.

Theorem 24. The smallest non-sum-reconstructible graphs and trees have four vertices.

Proof. There are two three vertex graphs, path P; and cycle Cs. For P;, we may obtain the center vertex with sum-
compositions of size 2 which is enough to reconstruct Ps. Cycle Cj is trivially reconstructible using sum-compositions of
size 1.

Let us next consider path P, where vertices are labeled as Vi, V5, V3, V4, from left to right. Let us denote by S; the
sum-composition of size i. We have S; = S, = V1 + Vo + V3 + V4, S, = S3 = V; + 2V, + 2V3 + V4. Hence, we cannot
distinguish for example between V; = A,V, =A,V3 =B,Vy=BandV; =A,V, =B,V3;=A,V,=B. O

5. Enumerating confusable graphs

In [1], Acharya et al. have presented a way to construct equicomposable pairs of paths of length n > 8 where
n = m-m — 1 for integers m, m’ > 3. We use their construction to give more complex examples of equicomposable
graphs. Consider two labeled paths P; and P, where vertices of P, are denoted from left to right by p1, p2, ..., pm and
they are labeled as A,(p;) = A; for each i. We call the interleaving of a path P; by bits of P,, denoted by P; o P,, a path
where we start with a copy of path P4, then continue with the first label of 7, which is then followed by another copy
of P and the second label of P,, and so on. In this way, we construct the labeled path with the following structure:
P1A1P1A P, ... P1ARP1.

We further denote by P; the reversal of path P,, that is, the path labeled from left to right by A, Ajn—1, ..., A1. So, if
Aa(pi) = A;, then we denote A5(p;) = Am—iy1. Recall that we denote G ~ # if G and # are equicomposable.

Lemma 25 ([1]). For any labeled paths P, and P,, we have Py o P, ~ P o P;.

In particular, Acharya et al. [1] proved that there exists a bijection g pairing the subgraphs of P, o P, and P; o P
which have identical composition multisets. Furthermore, when P, contains an odd number of vertices m = 2t — 1, we
can construct the bijection g so that any subgraph of 7; 0P, containing the center vertex p; of P, is paired with a subgraph
P1 o P also containing the center vertex p;. We call this bijection g the path bijection between P; o P, and Py o P5.

Theorem 26. Let G be a labeled graph, P, be a labeled path on at least two vertices, and P, be a labeled path on 2t — 1

vertices p1, p2, - . ., P2r—1. Let Gy be constructed by joining G with a single edge to vertex p; in Py o P, and G, be constructed
by joining G with a single edge to vertex p; in Py o P;. We have
G1~ Go.

217



A. Dailly and T. Lehtild Discrete Applied Mathematics 390 (2026) 198-219

Proof. We construct a bijection f from the set of labeled induced subgraphs of G; to the set of labeled induced subgraphs
of G, so that for any induced subgraph G’ of G; we have c(G’) = c(f(g’)). Let us denote by x the vertex of G adjacent to
the center vertex p; of P,.

When subgraph G’ contains only vertices from G, we let f(G') = G’. When G’ contains vertices only from P; o P,, we
have f(G’) = g(G") where g is the path bijection between P; o P, and P; o P;.

Consider finally the case where G’ contains vertices from both G and P; o P,. We partition the subgraph G’ into two
parts G, and G, where G, is a subgraph of ¢ and g; is a subgraph of P; o P,. We construct f(G’) by separately having
f(gé) = gé and f(glg) = g(gl’,) and after this, by adding an edge between f(gé) and f(g{,) from p, to x (note that this is
always possible since, by construction, x ef(gé) and p; ef(gé)).

It is clear that this construction guarantees c(f(G’)) = c(g’). Since this holds for any connected induced subgraph g’
of Gy, and furthermore f(G’) is a connected induced subgraph of G,, we have M(G;) = M(G,). O

In the following theorem we show that while some subdivided stars are reconstructible, it is also possible find
subdivided stars which contain a large number of equicomposable labelings.

Theorem 27. For k > 2 and m > 3, there exist subdivided stars on n = (2m + 1)(k™ — kI™/21) + 1 vertices which have
200/ logn) oqyicomposable labeled graphs.

Proof. Let P™ be the set of non-isomorphic and non—palzindromic labeled paths of length m > 2 over an alphabet of size k.
We note that by Theorem 6, there are X y(Py;) = M non-isomorphic labelings. Furthermore, as we have seen in the

proof of Theorem 6, there are k™/?1 palindromes of length m. Hence, we have |P™| = w Let P be a labeled path on
three vertices labeled as A, A and B from left to right. For each P, € P™, we construct interleaved path Pi = P, o P. After
this, we identify the center vertex of each interleaved path Pi leading to a subdivided star S. Note that Pi has 4m + 3
vertices and hence S has (4m + 2)|P™| 4+ 1 = n vertices.

Observe that, by Theorem 26, S is equicomposable with any subdivided star in which some Pi = P, o P is replaced
by P, o P*. Note that since paths in P™ are chosen to be non-isomorphic and non-palindromic, the obtained subdivided
star is non-isomorphic with S. Furthermore, we may replace any number of |P™| paths in this way. In other words,
we have |P™| binary choices and thus, there is a class of equicomposable graphs containing 2/*"! labeled graphs. Since
n = (4m+ 2)|P™| + 1, we have 2/P"| ¢ 20(/logn)_

6. Conclusion

In this article, we have expanded the problem of reconstructing vertex-labeled graphs from their composition multisets
from paths in [1] to general graphs (which has been briefly considered in [6]).

In particular, we have given multiple reconstructible graph classes and shown reconstruction algorithms using as few
queries as possible. On the negative side, we also found some non-reconstructible graph classes, and studied smallest
confusable graphs. While our focus has been on trees (and particularly on subdivided stars), we also studied other classes
such as paths where one leaf has been twinned.

In general, the problem of deciding whether a graph class is reconstructible seems hard, even when we want the graph
classes to be rather simple for possible applications in polymer-based information storage systems. From this perspective,
the graph class of subdivided stars Sy 1 x seems quite enticing, it is at the same time simple to construct, easy to reconstruct
due to sum-reconstructibility (by Theorem 21) and allows for a larger number of labelings than simple paths (by Theorems
6 and 8). As an interesting open question, we ask: is any other subdivided star S; x, with k > 1 (sum-)reconstructible
when ¢ can be large? We know that the answer is negative in some cases when k = ¢ (by Theorem 26), so it might
be worth to restrict the value of k compared to ¢. Another possible direction for future research would be finding some
conditions for graphs to be confusable. We also refer the reader back to Section 3.4 for discussion specifically centered
on reconstructible graph classes.
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