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develop a novel stochastic limited memory bundle algorithm (SLMBA) for large-scale nonsmooth finite-sum
optimization problems and then formulate the clustering problem accordingly. The Big-Crust algorithm — a
stochastic adaptation of the incremental clustering methodology — aims to find the global or a high-quality
local solution for the clustering problem. It detects good starting points, i.e., initial cluster centers, for the
SLMBA, applied as an underlying solver. We evaluate Big-CLust on several real-world datasets with numerous
data points and features, comparing its performance with other clustering algorithms designed for large and

big data. Numerical results demonstrate the efficiency of the proposed algorithm and the high quality of the
found solutions on par with the best existing methods.

1. Introduction

Clustering is one of the most important tasks in data mining and
machine learning. It deals with the problem of organizing and grouping
similar data points together based on inherent patterns or features.
Clustering is used, for instance, in medicine and bioinformatics [2-4],
cyber security [5,6], text mining [7], and image processing [8], as well
as in the fields of economy, finance, and marketing [9].

In this paper, we focus on the hard clustering problem, wherein each
data point belongs exclusively to one cluster: data points within the
same cluster are somewhat similar to each other and dissimilar to the
data points in other clusters. The similarity measure is a key notion in
cluster analysis and can be defined using different norms. The squared
Euclidean norm is the most common choice as a similarity measure,
and clustering problems utilizing this norm are known as the minimum
sum-of-squares clustering (MSSC) problem.

The MSSC problem can be formulated as a global optimization
problem, and various optimization techniques have been employed in
designing clustering algorithms. These techniques include

» nonsmooth optimization-based clustering algorithms [10-13];
» methods based on the difference of convex (DC) representation of
the clustering function [11,14-17];

* Corresponding author.
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+ hyperbolic smoothing techniques [18,19]; and

» metaheuristics such as simulated annealing [20,21], tabu search
[22,23], particle swarm optimization [2,24], and genetic algo-
rithms [25,26].

In addition, heuristics such as the k-means algorithm and its varia-
tions are widely used to solve the MSSC problem (see, e.g., [1,27-32]).
It is worth noting that the MSSC problem is NP-hard [33], and solving
it is a challenging task. An exact algorithm for solving MSSC problem
is given in [34].

Nowadays, computer hardware allows us to store datasets contain-
ing millions of data points with large numbers of features in the RAM.
This creates a possibility to consider a huge amount of data at once and
to achieve accurate clustering results in such datasets. However, most
existing clustering algorithms are not applicable in such datasets since
either they can only generate suboptimal solutions or they require a
prohibitively large computational effort. It is, therefore, imperative to
develop algorithms that can generate accurate solutions to clustering
problems in very large and big! datasets in a reasonable time.

Nonsmooth optimization (NSO) refers to the general problem of
minimizing or maximizing functions with discontinuous gradients [35].
When using the nonsmooth formulation of the clustering problem [11],

1 We use here a definition of big data given in [1]: big data is a dataset of such a massive volume that its processing causes significant technical difficulties

or is impossible when using traditional methods and average computing resources.
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the number of variables in the underlying optimization problem does
not depend on the number of data points (m) but only on the number
of features (n) and clusters (k). Especially in large datasets, this is a
clear advantage of the nonsmooth formulation compared to the more
commonly used mixed integer programming formulation, which, in
turn, has mk binary and nk continuous variables.

An attempt to address large clustering problems through the appli-
cation of nonsmooth formulations is made in [13] (also refer to [16]
for a slightly different approach). In [13], an incremental algorithm
developed by Ordin and Bagirov [36] is combined with the limited
memory bundle method (LMBM) proposed by Karmitsa (née Haarala)
et al. [37,38] to yield an efficient deterministic clustering algorithm,
denoted as LMB-CLusT.

In this paper, we improve the LMB-CLust algorithm by introducing
its stochastic counterpart, Bic-CLusT, tailored for addressing very large
and big MSSC problems.? The proposed method consists of two novel
algorithms: the main algorithm represents a stochastic modification of
the incremental algorithm that is used to generate appropriate initial
cluster centers, while the stochastic limited memory bundle algorithm
(SLMBA), a stochastic mini-batch version of the LMBM, is introduced
and used to solve the underlying optimization problems. As a result,
Big-Crust can be characterized as “doubly stochastic”, as it incorporates
stochasticity in both the incremental algorithm and the optimization
process. This novel doubly stochastic approach enables Big-Crust to
handle larger problems more effectively than the deterministic LMB-
Crust algorithm, thereby significantly enhancing its applicability and
performance.

This paper makes several significant contributions:

1. We introduce a novel SLMBA for effectively solving large-scale
nonsmooth finite-sum optimization problems.

2. We present a highly efficient doubly stochastic Big-CLust algo-
rithm tailored for solving clustering problems in datasets con-
taining millions of data points and hundreds of features.

3. We conduct a numerical evaluation of the proposed Bic-Crust
algorithm and compare its performance in very large-scale and
big datasets with the LMB-Crust [13], HG-MEans [25], Bic-MEANs
[1], DRS-Means [30], DC-CLust [14], MS-MGKM [36], and
MiniBatcHKMEaNs from Scikit-learn version 1.5.2 (stable) [39].

4. We offer an open-source implementation of Big-Crust at https:
//github.com/napsu/bigClust.

The paper is divided into two main parts. The first part focuses on
general NSO and introduces the SLMBA (Sections 2 and 3), while
the second part is dedicated to clustering and presents the Big-CLust
algorithm (Sections 4-6).

2. Preliminaries

We start by introducing the most important aspects of NSO and a
finite-sum optimization problem. The notations used are summarized
in Table 1.

Nonsmooth optimization. In what follows, we denote by RM the N-
dimensional Euclidean space and by xTy = Zf\:] | X;y; the inner product
of vectors x,y € RY. The associated Euclidean norm is denoted by
x| = (xTx)1/2.

A function f : RY — R is nonsmooth if there are one or more
points x € RN such that f fails to be continuously differentiable at
these points [35]. A function f : RN — R is locally Lipschitz continuous
(LLC) on RV if for any bounded subset X c RN there exists L > 0 such
that

Ifx)— fWI<Llx-yll, forall x,ye€X.

2 We assume that the dataset fits into RAM. However, with minor mod-
ification, Bic-CLust works also with datasets that do not fit into RAM
completely.
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Table 1
Notations for optimization.
N Number of variables
xeRN Vector of variables
f Objective function for optimization
Vf(x) Gradient of f at x
af(x) Subdifferential of f at x
& Subgradient, & € 9f(x)
M Number of partial functions
fi ith partial function, i € {1...,M}
mg Size of the batch, my < M
B Set of batch indices, BC {1,... ., M}, |B|=mg
fn Batch function, fgz(x)= ﬁ Yien fi(x)
0 f5(x) Stochastic subdifferential,ni.e. subdifferential of f, at x
&y Stochastic subgradient, &; € df3(x)
m, Number of limited memory corrections
S.U Limited memory correction matrices S,U € RV

For example, smooth (continuously differentiable) and convex func-
tions always satisfy this property. Whenever a function f : RN — R
is LLC, the Clarke subdifferential at a point x € RN can be calculated
with the formula [35,40]

o0f(x) = conv{ lim Vf(x") | x' - x and Vf(x') exists },

where “conv” is the convex hull of a set and each vector & € df(x) is
called a subgradient. By using this subdifferential, it is easy to derive a
necessary optimality condition for x* € R¥ to be a local optimizer,
namely, 0 € Jf(x*). Any point satisfying this condition is called
stationary. Note that stationarity can also be a sufficient condition for
global optimality, for instance, when the considered function is convex.

Finite-sum optimization problem. We consider the problem of minimiz-
ing an objective function that has the form of a sum:

M
1
f@)=~- ; £ )}

where x € RN and f; (i = 1,..., M) are LLC partial functions not
necessarily smooth. We can define a stochastic approximation of the
objective f as

1
fpx)=— p fi(x),
B = GZB
where B C {1,..., M} is a set of randomly selected batch indices and
mp < M is the size of the batch. That is, |B| = mz. We call the function
[ a batch function and its subdifferential df; a stochastic subdifferential.
Each component &5z € df(x) is called a stochastic subgradient.

3. Stochastic limited memory bundle algorithm

In this section, we propose a novel SLMBA for minimizing the large-
scale nonsmooth finite-sum function (1). The backbone of the new
method is the LMBM [37,38] developed for general large-scale NSO.
The LMBM is a deterministic bundle-type method (see, e.g., [41]) that
computes the search direction by the limited memory variable metric
approach [42]. Thus, the LMBM avoids solving the time-consuming
quadratic direction finding problem appearing in standard bundle
methods (see, e.g., [41,43]) as well as storing and manipulating large
matrices as is the case in the standard variable metric (quasi-Newton)
methods. These aspects make the LMBM suitable for solving large-
scale NSO problems. Namely, the number of operations needed to
calculate the search direction is only linearly dependent on the number
of variables.

The proposed SLMBA accelerates the solution process further by
considering batch functions fyz with my < M instead of the whole
objective f. The basic idea of the SLMBA is straightforward: within a
randomly selected batch 5 of size my < M, we apply similar procedures
as in LMBM, but with the objective function f and the subgradient
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Algorithm 1: SLMBA

Input: A starting point x' € RV, the batch size my < M, the termination limit i, > 1, the iteration limit i

vectors m, > 3, and a finite-sum function f to be minimized.

Output: A heuristic minimizer x,,, € R of f.

> 0, the number of stored correction

max

Step 0. Initialization: Set f,,, < oo and h « 1. Initialize the correction matrices S' and U' as empty matrices.

Step 1. Updating the best solution: Compute f(x"). If f(x") < fioq> S€t fros < F(x"), X4 < x" and iy,,, < 0. Else, set iy, < iy, + 1.

Step 2. Stopping criterion: If iy, > i,,,, STOP the algorithm with x,,,, as a best solution.
Step 3. Selection of the batch: Randomly select an index set B, C {1,..., M}, with |B,| = mg.

Step 4. Solving the batch problem: Starting from the point x"

f,- Stop the LMBM after i,
vectors to S"*! and U”*'. Set h < h+ 1 and go to Step 1.

apply the LMBM with saved correction matrices S” and U” to minimize the batch function
iterations or with the stationary point of fj; . Denote the solution by x"*! and save at most m, most recent correction

£ € df(x) at a point x € R replaced by the batch function f5 and the
stochastic subgradient £ € dfz(x). A key distinction is that in SLMBA,
the batch is reselected every i, iterations, whereas LMBM operates on
the entire dataset at each step. The parameter i_,, > 0 is user-specified,
and we use i, = 10 in our experiments.

A notable novelty of SLMBA is storing and utilizing information
from previous batches. Instead of discarding past computations, SLMBA
retains objective function information from previous batches using
limited memory variable metric matrices — specifically, by saving
and updating correction matrices S and U. These matrices consist
of vectors representing the differences between consecutive iteration
points and their corresponding stochastic subgradients. We call these
vectors ’correction vectors’, and we keep in the memory (saved in S
and U) the m, most recent ones. Here, m, > 0 is a user-specified small
number, typically 3 < m, < 15. The correction vectors are used inside
the LMBM to implicitly compute the limited memory variable metric
updates and, thus, the search direction. Therefore, the time needed
to calculate the search direction and the storage requirement of the
SLMBA is O(N).

We refer to [37,38] for more information on the LMBM — and,
therefore, procedures used in SLMBA as well — and here we give an
iterative scheme of the proposed SLMBA as Algorithm 1. In addition,
we present a step-by-step form of the algorithm (including the LMBM)
in Appendix.

max

Remark 1. Algorithm 1 is heuristic and does not necessarily converge
to a stationary point of the objective function f in general. This can
be seen with a simple Example 1. The algorithm terminates if the
value of the objective f does not improve in i, last batches (in our
experiments i,,,., = 10).

Example 1. Let f = % 37 lIx - a,l|* with x,a; € R? and a, = (0,0)",
a, = (0,1)7, and a; = (1,0)7. Define partial functions f; = x% + x%,

fo=x3+(x, = 1)?, and f5 = (x; — 1) + x3, and apply Algorithm 1 with
myp = 1. The algorithm loops between the stationary points x = a,,
X = a,, and x = a; of partial functions f,, f,, and f3, respectively,
finally returning the minimum point x,,, = a; = (0,0) of f;, which

gives the smallest value of the original objective: f;,,, = f(0,0) = % (see

Steps 1 and 2 of Algorithm 1). It does not find the minimum f (%, %) =2

9
of the original objective.

Remark 2. If Algorithm 1 is used with mz = M, it reverts to the
original LMBM with few extra iterations before termination. Therefore,
with mz = M Algorithm 1 is globally convergent for LLC functions [38].

Remark 2 can be used to develop a globally convergent version of
the SLMBA. We give this modification as Algorithm 2. The basic idea of
this algorithm is to first find an approximation of the stationary point
by Algorithm 1 with mz < M and then to fine-tune this solution with
the LMBM.

Remark 3. Applying Algorithm 2 may be impractical in many real-
world applications when M is large. Nevertheless, using Algorithm
1 alone with reasonable large batch size my gives a good enough
approximation of the stationary point of the original function f in most
cases, as will be shown in our numerical experiments. In addition, the
precision with which Algorithm 1 finds the stationary point can be
improved by increasing the batch size.

4. Clustering problem

In this section, we present the NSO formulation of the clustering
problem. Further, we introduce the auxiliary clustering problem used to
generate appropriate starting points for the actual clustering problem.
But first, we give the notations used in clustering in Table 2, and we
recall the definitions of the clustering and similarity measures. For
more in-depth information, we refer to [11].

Cluster analysis. Let A be a set consisting of a finite number of points
in an n-dimensional space R", defined as:

A={ay,...,a,}, a;€R", i=1,..,m

Each data point a;, i = 1, ..., m has n features. In the unconstrained hard
clustering problem, our objective is to distribute the points from set A
into a given number k of separate clusters A/, j = 1,...,k according to
the predefined criteria such that

1. AV #£0,j=1,...,k

2. AANA'=¢,forall j,l=1,..,k, j#1; and

3. 4= Al
Each cluster A/ can be uniquely characterized by its center x; € R,
j =1,....k, and each data point a;, i = 1, ..., m, belongs to the cluster
A’/ whose center x; is the closest one. The problem of finding these
centers is called the k-clustering (or k-partition) problem.

The notion of the similarity measure is essential to formulate the
clustering problem. There are various similarity functions available
(see, e.g., [11]). A common practice is to define a similarity measure
as the inverse of a distance metric: the smaller the distance between
two points, the more similar they are. Here, we define the similarity
measure using the squared Euclidean norm (the L,-norm)

n
d(x,a) = Z(x,- - a,-)z, x,a € R".

i=1
Clustering problems defined using this similarity measure are called the
minimum sum-of-squares clustering (MSSC) problems.

Clustering problem. The NSO formulation of the MSSC is given by [11,
13]

minimize f¥(x,,...,x;)
subject to  (x,...,x;) € R,

where

(2)

1w .
fk(xl,...,xk)= - Z:‘jznlnnkd(xj,ai). 3
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Algorithm 2: SLMBA with global convergence

Input: A starting point x! € RV, an initial batch size m"" < M, and a finite-sum function f to be minimized.

B
Output: A stationary point x* € RV of function f.

Step 1. Heuristic solution: Starting from point x' € R", apply Algorithm 1 with the batch size m; = mi%" to obtain a heuristic minimizer ¥ € RV of

function f.

Step 2. Stationary solution: Starting from point X, apply Algorithm 1 with the batch size mz; = M to obtain a stationary point x* € RV of function f.

Table 2
Notations for clustering.
m Number of data points
n Number of features
k Number of clusters
a, eR" Data point, i =1,....,m
A={a,...,a,} Dataset
Ag Uniform random sample of set A
mg Size of the random sample Ag, mg <m
Al Cluster, j=1,...,k
x; R Cluster center, j =1,...,k
(%1, ...,%,) € R™ Vector of variables for optimization
FACTIES| kth cluster function, (x,...,x,) € R™
FAe)) kth auxiliary cluster function, y € R"
d(x;,a;) Squared Euclidean distance, x;,a; € R"
o Squared distance between a; and its cluster center
in the solution of (k — 1)-clustering problem
Z*(y) Difference f*(x,...., %1, 3) = < (%1, ..., %), X,y €R”
Ay, Ay, B(a) Subsets of A
C,G,), 8.8, CR" Sets of candidate cluster centers
Sy C R™* Set of solutions to clustering problem
Y1572, 73 Threshold parameters 7,7, € [0, 1], y; € [1, )

The objective function f* is called the kth cluster function. It is locally
Lipschitz continuous for any k, and nonconvex and nonsmooth for
k > 1. Problem (2) contains only nk continuous variables x; € R", j =
1,..., k, and this number does not depend on the number of data points
m. In case of large datasets, this is a huge advantage of nonsmooth
formulation when compared, for instance, to the more commonly used
mixed integer formulation, which contains mk integer (binary) and nk
continuous variables (see, e.g., [11]). In addition, when we use the
stochastic mini-batch approach we can split the computation of the sum
in (3) to smaller pieces to accelerate the solution process.

Auxiliary clustering problem. Clustering is a global optimization prob-
lem, but conventional global optimization methods are prohibitively
time-consuming for solving it in large datasets. Therefore, we need to
apply a local search algorithm like SLMBA instead. Nevertheless, the
success of local search methods in finding the global minimum or a
high-quality local solution (i.e., a solution with the objective value
close to the global minimum) to the clustering problem heavily depends
on the choice of starting cluster centers. These centers serve as the
initial points from which the optimization process begins. Different
approaches are used to generate such points, for instance in [11,36,44].
In this paper, we utilize the auxiliary clustering problem [36] for
finding a set of “good/promising” starting points for the clustering
problem.

Assume that the solution (x|, ..., x,_;), k > 2 to the (k—1)-clustering
problem is known. Denote by r;'c_] the squared distance between the
data point a;, i = 1,...,m and its cluster center

r =

-1 Y__i_f}c_ld(xj,a,-). (€3]

j=1
The kth auxiliary cluster function is defined as
rk 1 < : i n

=— ,d(y,a;)f, eR”, 5
Fffo=- ;mm{rk_, ».a)}. ¥ 5)

and the auxiliary k-clustering problem is formulated as

minimize f%(
. S ) ®)
subject to y € R".

Similarly to the clustering problem (2), this problem is both nonsmooth
and nonconvex. Nevertheless, it has a simpler structure, less local
minima, and only n variables. Moreover,

F*» = ff@yx,y) forally e R %)

and we can compute the difference
1 m

2y = — Y max(0.r_, —d(y. @),
i=1

which gives us the decrease of the value of the kth cluster function
f* at point (x;,...,x;_;,y) from that of the (k — 1)th cluster function
felat(xy,...,x;_;). We recall a slightly modified algorithm for finding
a set of starting points for the auxiliary /-clustering problem (6) (I =
2,...,k) [11,36] as Algorithm 3.

Remark 4. Set A, (see Step 1 in Algorithm 3) consists of all data
points that are not cluster centers while set A, contains points that
give the decrease of the /th cluster function no less than the threshold
2 z'l‘“‘x. Set B(a*) (see Step 2 in Algorithm 3) consists of all data points
a; € A that are closer to a* € A, than to their current cluster center x;,
j €{l,....,1—1}. Set C; contains the centers c(a*) for all a* € A;, and
set C, is obtained from set C, by removing centers that do not provide
the sufficient decrease of the /th cluster function (sufficient decrease is
defined by the threshold y,zJ'™). Since we use all data points from set
A to compute set C,, it contains starting points from different parts of
the dataset A.

Remark 5. Threshold parameters y;, and y, define the proportion of
points (A,) selected for Step 2 of Algorithm 3 and the final set of
starting points (C,), respectively. When y; = 0 (i = 1,2), all points
are selected while y; = 1 gives only the best points (the ones that
decrease the /-cluster function value the most). For large datasets, one
can choose e.g., y; = 0.95 and y, = 0.99.

Remark 6. In the case of big data (say m > 100000), Algorithm 3 can
be applied to a uniform random sample Ag of size mg < m of the set A.

We consider all points in set C, as initial points for the auxiliary
clustering problem (6). A local search algorithm, such as SLMBA,
generates solutions corresponding to each starting point. Consequently,
by considering Eq. (7), solving problem (6) provides us with “good/
promising” starting points for the clustering problem (2).

5. Big-cLust

Now, we present an incremental clustering algorithm Bic-Crust for
solving the clustering problem (2). The algorithm starts with one cluster
and adds a new cluster center at each iteration until the user-specified
number of clusters k is achieved. In addition to the k-clustering prob-
lem, Bic-Crust solves also all intermediate /-clustering problems where
I=1,....,k—1.

As we pointed out in Remark 6, Algorithm 3 can be applied to a
uniform random sample Ag of size mg < m instead of the full dataset A
in case of very large-scale and big data. The same idea is extended to
the entire Big-Crust algorithm (Algorithm 4). At each iteration of the
incremental algorithm (i.e., for solving each /-clustering problem with
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Algorithm 3: FINDING SET OF STARTING POINTS

Input: Dataset A, the current number of clusters / > 2, the solution (x, ..

.,x,_;) to the (/ — 1)-clustering problem, and the threshold values y,,y, € [0, 1].

Output: Set C, C R" of starting points for the auxiliary /-clustering problem and the best center ¢ € R” such that z'(c) = z5™.

Step 1. Selecting data points as initial centers: Compute z}** = max, ¢, z'(a'), where Ay = {@' € A|d' #x;,i=1,....[—1}. Set A; < {a* € A, | Z/(a*) 2

7 lenax ).

Step 2. Computing new centers: For each a* € A; compute the set B(a*) = {a, € A | rL] > d(a*,a;)} and its center c(a*) = m Y ateB@n a’.

5 " " K3 . max
Step 3. Selecting "the best" centers as starting cluster centers: Compute zJ

C, —{c €C | ()2 pzi™}.

maxec, z!(c), where C;, = {¢ € R" | 3a* € A, sit. ¢ = c(a*)}. Set

Algorithm 4: BiG-CLust

Input: Dataset A, the maximum number of clusters k > 1, the sample size mg < m, the batch size m; < mg, and the threshold value y; € [1, ).

Output: The solution x s J=1..,kto the k-clustering problem and all the intermediate solutions with / =1,...,k — 1.

Step 0. Initialization: Randomly select m¢ data points from A. Denote this sample set by Ag. Compute the center x; € R" of set Ag. Set / « 1.

Step 1. Stopping criterion: Set | < I + 1. If I > k, STOP: the k-clustering problem has been solved.

Step 2. Computation of the set of starting points for auxiliary problem: Apply Algorithm 3 with A = A to find the set C, C R” of starting points for the
auxiliary /-clustering problem and the point ¢ € R” that gives the biggest decrease of the /-th cluster function value in set Ag.

Step 3. Solving the auxiliary clustering problem: Apply the SLMBA (Algorithm 1) with k =/ and one randomly selected batch of size my to solve problem
(6) in Ag starting from each point y € C,. Denote by .5, C R" a set of such solutions.

Step 4. Selecting new starting cluster centers: Compute

7l . 7l
.= min .
S in L f»

Set S, — {ye S ule}| 'O <l

min

Step 5. Solving the clustering problem: Starting from the point (x,,...,x,_;,y) for each y € S, apply the SLMBA to solve problem (2) in Ag and find a

solution (§,, ..., §,). Denote by S; C R" a set of all such solutions.

Step 6. Solution to the I-clustering problem: Compute

fhw=min ('@ ) G 9 €85
and the collection of cluster centers (y,,...,¥,) such that
LG 30 = fe
Set x; < §;, j=1,...,1 as a solution to the /-clustering problem, randomly select m¢ data points from A to get a new sample set Ag, and go to
Step 1.
I = 1,...,k), a new uniformly random sample Ag of size mg < m is 6. Numerical experiments

selected and clustered with the SLMBA with the batch size myz < mg.
However, it is worth noting that clustering in small subsets of data
is more prone to all kinds of disruptions in data than clustering in
entire data with the stochastic optimization method (see the numerical
experiments). Thus, we recommend using A¢ = A when possible,
considering the number of data points m.

Remark 7. In Step 3 of Algorithm 4, we solve the auxiliary clustering
problem in only a part of the data (or part of the data sample Ag):
in one batch, but the batch differs for each y. Using random batches
instead of the entire dataset brings more randomness to the starting
point procedure and, therefore, introduces more variability in inter-
mediate solutions. This, in turn, avails in the search for the globally
optimal solution. In addition, it provides more efficient computations.
However, the solution found for a batch may not decrease the cluster
function value in the entire data. Thus, in Step 4, we include the best
starting point ¢, provided by Algorithm 3, to the candidate solutions
set.

Remark 8. The set S, in Step 4 of Algorithm 4 contains points where

the value of the function f'(y) in no more than the threshold y; /. .
Note that the set .S, is not an empty set: if y; = 1 it contains the best
minimizer of the function f/(y) obtained using starting points from the
set .S; U {c}, while with sufficiency large y3, .S, = .S; U {c}. For large

dataset, one can choose e.g., y; = 1.05.

We compare the performance of the proposed Bic-Crust algorithm
with seven other algorithms for large-scale and big data clustering:
namely, the original LMB-Crust [13], Bic-Means [1], HG-Means [25],
DRS-Means [30], DC-CLust [14], MS-MGKM [36], and MmiBaTtcHK-
MEans from Scikit-learn version 1.5.2 (stable) [39]. In addition, the
methodology of our experiments and most of the datasets used are
identical to those used in [1,13], allowing additional comparison of
our results with those provided in these papers. That includes results
obtained with various NSO-based clustering algorithms and with sev-
eral variants of k-means (see, e.g., [28,45,46]). It is worth noting that,
in [13], the LMB-Crust ranked clearly the best method for large-scale
clustering while, in [1], Bic-Means outperformed the other state-of-the-
art algorithms (including the LMB-Crust, k-means++, Forgy k-means,
and Ward’s algorithm) in big datasets.

Datasets. We evaluate the performances of Bic-Crust and competitive
algorithms on 22 publicly available real-world datasets. Some details
of these sets are provided in Table 3, while more comprehensive
descriptions can be found on the corresponding websites listed in Table
4. All datasets contain only numeric features and have no missing
values. The number of features (n) ranges from as few as 2 to as many
as 5000, while the number of data points (m) varies from thousands
(with the smallest dataset containing 7797 points) to over 10 million
(with the largest dataset containing 10,500,000 points).

Methods and setup. The implementations of LMB-Crust [13] and the DC
optimization-based clustering algorithm, DC-CLust [14], are publicly
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Table 3
Brief description of the used datasets.
Dataset m n mxn
ISOLET 7797 617 4810749
Gisette 13500 5000 67500000
Gas sensor array drift 13910 128 1780480
EEG eye state 14980 14 209720
D15112 15112 2 30224
Online news popularity 39644 58 2299352
KEGG metabolic 53413 20 1068260
Shuttle control 58000 9 522000
Sensorless drive diagnosis 58509 48 2808432
MFCCs for speech emotion recognition 85134 58 4937772
P1a85900 85900 2 171800
Music analysis 106574 518 55205332
MiniBooNE particle identification 130064 50 6503200
Protein homology 145751 74 10785574
Range queries aggregates 200000 7 1400000
Skin segmentation 245057 3 735171
3D road network 434874 3 1304622
Covertype 581012 10 5810120
CORD-19 embeddings® 1056 660 768 811514880
US census data 1990 2458285 68 167163 380
BitcoinHeist 2916 697 8 23333576
HEPMASS 10500000 28 294000000

2 CORD-19 Embeddings is continuously updated being not the same used in [1].

available at https://napsu.karmitsa.fi/clustering/, while the implemen-
tation of the multi-start modified global k-means algorithm, MS-MGKM
[36], is obtained directly from the authors. We use the default param-
eter values provided in these codes for all experiments. The hybrid
genetic clustering algorithm, HG-Means [25], is obtained from the code
repository https://github.com/danielgribel /hg-means/tree/master. We
use the fast configuration of the algorithm with the parameter selection
specified in [25].

In addition, the implementation of Bic-Mrans [1], a k-means al-
gorithm for big data clustering, is obtained from the code repository
https://github.com/R-Mussabayev/bigmeans. Similarly to [1], we use
the Bic-Means version with the inner parallelism. That is, Bic-MEANs
processes data samples sequentially, but each data sample is clus-
tered using parallelized versions of k-means and k-means++ with eight
threads. Based on the setup in [1], we select the maximum compu-
tational time (in seconds) for Bic-Means according to the following
rule

2, if m x n < 1000000
if 1000000 < m x n < 10000000
25, otherwise.

tmux =13,

In addition, for Bic-Means the sample size mg is chosen from two
options,

min(m — 1,10000), if m < 50000

mls = 440000, if 50000 < m < 100000
60000, otherwise,
and
o {min(m ~1,10000), if m < 100000
ST A\ m /10, otherwise,

based on the smaller average clustering function value. We apply
two different options for selecting the sample size and choose the
better one, as Bic-MEeans is quite sensitive to sample size variations.
The options given here are based on the averages of mg values used
in [1]. It is worth noting that in [1], the sample size mg is tuned
individually depending on the dataset used: in particular, in Sensorless
drive diagnostic, MiniBooNE Particle Identification, and EEG Eye State,
the ’entire number of data points minus one’ is used. We emphasize that
individual sample size selection, although it gives better results, is time-
consuming and/or needs preliminary knowledge of the data. Otherwise,
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the parameters similar to [1] are used with Big-Means. For MiniBatcuK-
Means we used the default parameters provided in Scikit-learn version
1.5.2 (stable) [39], with the code utilizing parallel computation on four
cores.

The distributed random swap clustering algorithm, DRS-MEans, was
implemented based on its description in [30]. Our implementation
is available at https://github.com/napsu/DRSmeans. The only tunable
parameter in this method is the number of iterations. While the original
paper recommends using 10,000 iterations, there is a trade-off be-
tween computational efficiency and clustering accuracy. To manage the
computational burden in large-scale datasets, we use 1000 iterations,
balancing runtime feasibility with effective clustering performance.

Finally, an open-source implementation of the proposed BiG-CLust
algorithm is given at https://github.com/napsu/bigClust. In our exper-
iments, we use the batch size mz = max{m/50,1000}, the iteration
limit i, = 10, the termination parameter i, = 10, and the max-
imum number of correction vectors m, = 7 with all datasets. In
addition, with datasets that have more than 100,000 data points, we
use the sample size mg = max{m/50,10000} and the batch size mz =
max{mg/50,1000}. We refer to the latter as Bic-CLust+ whenever it is
necessary to distinguish between the two versions of the algorithm. In
our implementation, parameters y;, y,, and y; (see Algorithms 3 and 4)
are computed implicitly based on more intuitive parameters

* m;,;; — maximum number of data points selected as initial solu-
tions,

» p; — percentage of initial points used to form initial centers for
the auxiliary clustering problem, and

+ p, — percentage of auxiliary clustering problem solutions used to
form initial centers for the clustering problem,

specified by the user. We use the values p; = 100, p, = 20, and

500, if m x n < 10000000
200, otherwise.

Each dataset is clustered ten times with the stochastic algorithm Bic-
Crust. For HG-MEeans and DRS-Means, clustering is performed 10 times
for each selected k when m < 100,000 and 5 times when m > 100,000.
The reduced number of runs for larger datasets is chosen because
these methods were significantly more time-consuming than the other
stochastic algorithms. In addition, for both MmniBarciKMEans and Bic-
MEans, clustering is performed multiple times for each selected k: 10
times for MiniBatcHKMEans and 20 times for Big-Means. For Big-MEans,
more runs are needed due to sample size selection; the sample size
that yields the smallest clustering function value averaged over the ten
runs is selected. The results with the stochastic algorithms are averaged
over the respective runs. The non-stochastic algorithms LMB-Crust, DC-
Crust, and MS-MGKM are applied once. The DC-Crust and MS-MGKM
algorithms are not designed for clustering very large datasets, let alone
big data. Consequently, we have included their results only for datasets
with fewer than 100,000 samples.

The Bic-Crust, LMB-Crust, and DC-Crust algorithms are imple-
mented in Fortran 95, MS-MGKM is implemented in Fortran 77, Bic-
Means, DRS-Means, and MmiBatcHKMEans in Python, and HG-MEans
in C++. To ensure the best comparability of the algorithms, regard-
less of different programming languages, the Python’s time.time ()
function is used to measure computational time as it corresponds to
Fortran’s cpu_time () subroutine according to https://github.com/
wusunlab/fortran-vs-python. In addition, for Bi-Means the time is mea-
sured from the beginning of the program similarly to other algorithms,
not only inside the sequential loop as in [1]. This fact explains some-
times very different computational times given here compared to those
in [1]. In practice, the time used by Bic-Means is the time used to read
the data plus the maximum allowed CPU time plus some overheads. The
computational time of HG-Means is measured with function clock ()
divided by CLOCKS_PER_SEC. In all cases, the total time was limited
to 10 h per run.

Sm

init —


https://napsu.karmitsa.fi/clustering/
https://github.com/danielgribel/hg-means/tree/master
https://github.com/R-Mussabayev/bigmeans
https://github.com/napsu/DRSmeans
https://github.com/napsu/bigClust
https://github.com/wusunlab/fortran-vs-python
https://github.com/wusunlab/fortran-vs-python
https://github.com/wusunlab/fortran-vs-python
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Table 4

Information about the used datasets (date accessed 18.03.2024).
Dataset URLs
ISOLET https://archive.ics.uci.edu/dataset/54/isolet
Gisette https://archive.ics.uci.edu/dataset/170/gisette

Gas sensor array drift

EEG eye state

D15112

Online news popularity

KEGG metabolic

Shuttle control

Sensorless drive diagnosis
MFCCs for speech Emotion recognition
P1a85900

Music analysis

MiniBooNE particle identification
Protein homology

Range queries aggregates

Skin segmentation

3D road network

Covertype

CORD-19 embeddings

US census data 1990
BitcoinHeist

HEPMASS

https://archive.ics.uci.edu/dataset/224/gas+sensor+array+drift+dataset
https://archive.ics.uci.edu/dataset/264/eeg+eye+state
https://github.com/mastqe/tsplib/blob/master/d15112.tsp
https://archive.ics.uci.edu/dataset/332/online+news+popularity
https://archive.ics.uci.edu/dataset/220/kegg+metabolic+relation+network+directed
https://archive.ics.uci.edu/dataset/148/statlog+shuttle
https://archive.ics.uci.edu/dataset/325/dataset+for+sensorless+drive+diagnosis
https://www.kaggle.com/datasets/cracc97/features
https://softlib.rice.edu/pub/tsplib/tsp/pla859.tsp.gz
https://archive.ics.uci.edu/dataset/386/fma-+a+dataset+for+music+analysis
https://archive.ics.uci.edu/dataset/199/miniboone+particle+identification
https://www.kdd.org/kdd-cup/view/kdd-cup-2004/Data
https://archive.ics.uci.edu/dataset/493/query+analytics+workloads+dataset
https://archive.ics.uci.edu/dataset/229/skin+segmentation
https://archive.ics.uci.edu/dataset/246/3d+road+network+north+jutland+denmark
https://archive.ics.uci.edu/dataset/31/covertype
https://www.kaggle.com/datasets/allen-institute-for-ai/CORD-19-research-challenge
https://archive.ics.uci.edu/dataset/116/us+census+data+1990
https://archive.ics.uci.edu/dataset/526/bitcoinheistransomwareaddressdataset
https://archive.ics.uci.edu/dataset/347/hepmass

All computational experiments are carried out on iMac, 4.0 GHz
Quad-Core Intel(R) Core(TM) i7 machine with 16 GB of RAM. We use
gfortran to compile the Fortran codes, Python 3.10 for Python codes
with NumPy 1.24.2 and Numba 0.59.0 for Bic-MEans, and clang++ for
HG-MEans.

Evaluation metrics and results. Numerical experiment results are sum-
marized in Figs. 1-6, with more detailed results provided in Tables
S1-S22 and Figures S1-S22 in the supplementary material. Similarly
to [1,13], we use the following metrics to compare different algorithms:

1. Cluster function values, also known as the sum of squares error
(SSE). The SSE is a prototype-based cohesion measure, showing
the average variation over all clusters. In Tables S1-S22, we
present the best-known value fi . of the cluster function (3),
which is to be multiplied by the number shown after the name of
the dataset and divided by the number of data points m. We use
the fi.q value given in [1,11,13] or, if not available,® the result
obtained with LMB-Crust. In CORD-19 Embeddings, in which
LMB-Crust fail due to memory issues, we selected the smallest
cluster function value obtained in ten separate runs of Bic-MEeANs

as f best*
The relative error E 4 by an algorithm A is calculated as
E, = L= Toest 1004,

best

where f is the value of the cluster function obtained by the

algorithm A. For each dataset (and each choice of k in case

of Bic-Means, HG-MEeans, DRS-MEeans, and MiNnIBATcHKMEANS), we
execute ten (or five) runs, and the minimum (E,;,), average

(E,yer), and maximum (E,,,) errors are reported in the tables. In

addition, we give the average of average errors (Aver. E,,.) for
each method. The average E,,., for each dataset are summarized
in Figs. 1(a) and 2(a).

2. Computational time (in seconds). In Tables S1-S22, we give sep-
arately the time used to read the data (7;,;), the time used for
computation of k clusters (7,), and the total time () used to
compute all the clusters in the table. In case of the incremental
clustering algorithms Big-CLust, LMB-Crust, DC-CLust, and MS-
MGKM, tya = tiis + trs, while with Big-Means, HG-MEaNs,

aver

3 The f,., values were not preliminary known for the Range Queries
Aggregates, CORD-19 Embeddings, and BitcoinHeist datasets.

DRS-Means, and MINIBATCHKMEANS to. =t + X 1, Where
I =2,3,4,5,10, 15,20, 25. We summarize the computation times
used for k = 10 (i.e., #,y) in Figs. 1(b) and 2(b) and for k = 25
in Figs. 1(c) and 2(c). In addition, we present the variation in
computation times relative to the number of clusters in Figs. 3
and 4.

3. Davies—Bouldin (DBI) and Dunn (DI) cluster validity indices. The
DBI is given by [47]

k

1
DBI = — max
k ;;:1,“.,/@:’;&1‘

S (A + .S,.(A))
d(x,-,xj)

where S, (4') is the average distance of all data points from the
cluster A’ to their cluster center x;, and d(x;, x,) is the Euclidean
distance between cluster centers x; and x;. The DI is defined
as [48]

. . d(x,-, xj)
DI = min min _— s
=Lk =Lk | max 2y or(x))

where r(x;) = max,c 4 ||x; — a| is the radius of the /th cluster.
The DBI has a small value if the clusters are compact and far
away from each other. Consequently, the DBI has the smallest
value for optimal clustering. The DI maximizes the inter-cluster
distances and minimizes the intra-cluster distances. Therefore,
the number of clusters maximizing the DI can be taken as the
optimal number of clusters.

The DBI and DI are computed internally at each iteration of the
incremental algorithms and we do not give them to the non-
incremental algorithms. Further, for Big-CrLust+, these indices are
computed only in the current sample set A instead of the whole
dataset. We illustrate the results in the Gas Sensor Array Drift
and US Census Data 1990 datasets in Figs. 5 and 6 , respectively.
The results for all datasets are given in Figures S1-S22.

While DC-Crust and MS-MGKM are robust and efficient clustering
algorithms for moderate-sized datasets, they are not well-suited for
clustering very large datasets or big data due to their high computa-
tional burden (see Fig. 1(c)). When comparing average computational
times for 25 clusters, DC-Crust and MS-MGKM were 67 and 47 times
slower than Bic-CLust, even on these datasets with fewer than 100,000
data points. Furthermore, their computational times increase exponen-
tially with the number of clusters, as shown in Fig. 3. Consequently, we
exclude these two methods from further comparisons.

In addition, DRS-MEans usually performed well on moderate-sized
datasets, although 1000 iterations were not always sufficient for an


https://archive.ics.uci.edu/dataset/54/isolet
https://archive.ics.uci.edu/dataset/170/gisette
https://archive.ics.uci.edu/dataset/224/gas+sensor+array+drift+dataset
https://archive.ics.uci.edu/dataset/264/eeg+eye+state
https://github.com/mastqe/tsplib/blob/master/d15112.tsp
https://archive.ics.uci.edu/dataset/332/online+news+popularity
https://archive.ics.uci.edu/dataset/220/kegg+metabolic+relation+network+directed
https://archive.ics.uci.edu/dataset/148/statlog+shuttle
https://archive.ics.uci.edu/dataset/325/dataset+for+sensorless+drive+diagnosis
https://www.kaggle.com/datasets/cracc97/features
https://softlib.rice.edu/pub/tsplib/tsp/pla859.tsp.gz
https://archive.ics.uci.edu/dataset/386/fma+a+dataset+for+music+analysis
https://archive.ics.uci.edu/dataset/199/miniboone+particle+identification
https://www.kdd.org/kdd-cup/view/kdd-cup-2004/Data
https://archive.ics.uci.edu/dataset/493/query+analytics+workloads+dataset
https://archive.ics.uci.edu/dataset/229/skin+segmentation
https://archive.ics.uci.edu/dataset/246/3d+road+network+north+jutland+denmark
https://archive.ics.uci.edu/dataset/31/covertype
https://www.kaggle.com/datasets/allen-institute-for-ai/CORD-19-research-challenge
https://archive.ics.uci.edu/dataset/116/us+census+data+1990
https://archive.ics.uci.edu/dataset/526/bitcoinheistransomwareaddressdataset
https://archive.ics.uci.edu/dataset/347/hepmass
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Fig. 1. Summary of results in datasets with less that 100,000 samples. Note: DC-Crust (MS-MGKM) exceeded the maximum time limit when attempting to form more than 15 (5)
clusters in the Gisette dataset. The computational times for MiniBarcHKMEeans were extremely short and, therefore, not visible on this scale.

accurate solution (see Fig. 1(a)). However, 1000 iterations already
impose a significant computational burden, thus prohibiting the use of
a larger number of iterations. For datasets with fewer than 100,000
data points, DRS-Means was about four times slower than Big-CLust
(average computational times for 25 clusters, see Fig. 1(c)), but for
datasets with 100,000-500,000 data points, it was already 30 times
slower than Big-Crust and 150 times slower than Bic-CLust+ (see Fig.
2(c)), and it failed due to memory issues caused by the Scikit-learn
function NearestNeighbors on datasets with more than 500,000
data points. Moreover, unlike all incremental algorithms, DRS-MEeans
remained computationally expensive, requiring nearly the same long
runtime even with fewer clusters (see Figs. 3 and 4). Consequently, we
also exclude DRS-MEans from further comparisons.

HG-MEans produces solutions of exceptional quality, with an aver-
age Aver. E, .. = —0.66%, indicating that its solutions are, on average,
better than the best-known solutions in all datasets. However, HG-
Means was also the most time-consuming method tested: on datasets
with fewer than 100,000 data points, it was four times slower than Bic-
Crust (average computational times for 25 clusters, see Fig. 1(c)), and
on datasets with more than 100,000 data points, it was over ten times
slower than Big-Crust and 139 times slower than Bic-CLust+ (see Fig.
2(c)). We exclude the HEPPMASS and CORD-19 Embeddings datasets
from this comparison, as HG-Means reached the maximum time limit
of 10 h when attempting to form 20 and 10 clusters, respectively.
The computational time of HG-Means increased with the number of

clusters, despite it is not an incremental algorithm producing solutions
for smaller k (see, Figs. 3 and 4). Hence, we conclude that while HG-
Means performs very well for smaller datasets, it is not well-suited for
big data clustering.

For the remaining algorithms, LMB-Crust is the most accurate
method tested (see Figs. 1(a) and 2(a)). It produced cluster structures
with the lowest errors in 14 datasets out of 22 with an average of
Aver. E,,.. = 1.20%. However, especially in big datasets, it was also
the most time-consuming method (excluding HG-MEeans), and it failed
to solve the clustering problem in two datasets, Cord-19 Embeddings
and HEPMASS, due to memory issues. The proposed Big-Crust algorithm
was approximately twice as efficient as LMB-Crust in datasets with
fewer than 100,000 data points, and nearly four times faster in datasets
with more than 100,000 data points. Moreover, Big-CLust+ was about
44 times faster than LMB-Crusr in these larger datasets. The difference
in computational times between Big-Crust and LMB-Crust depends on
the ratio of the batch size my to the total number of data points m.
When m > 50,000, my is always 2% of m, while for datasets with
fewer data points, the percentage is higher — for instance, 13% in
the ISOLET dataset. Due to the sampling process, Bic-CLusT requires
some additional work compared to its successor, LMB-Crust, and this
extra effort becomes more significant as the ratio of batch size to
the total number of data points increases. Hence, the improvement in
computational time of Big-Crust compared to LMB-Crust is smaller in
datasets with fewer data points than in larger datasets. In addition, as
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Fig. 2. Summary of results for datasets with more than 100,000 samples. Note: DRS-Mkans failed on all datasets exceeding 500,000 points, and LMB-Crust failed on the HEPMASS
and CORD-19 Embeddings datasets due to memory issues. Additionally, HG-Means exceeded the maximum time limit when attempting to form more than 15 clusters in the
HEPMASS dataset and more than 5 clusters in the CORD-19 Embeddings dataset. The computational times for MiniBarcHKMEeans were extremely short and, therefore, not visible

on this scale.

Big-Clust
= Big-Means
HG-Means

DRS-means

MiniBatchK
Means

LMB-Clust
= DC-Clust
MS-MGKM

Time (sec)

Number of clusters

(a) P1a85900

Fig. 3. Computational time versus number of clusters in datasets with different numbers

shown in Fig. 4, the computational time for Big-Crust, and especially for
BiG-CLust+, increases more slowly than for LMB-CLust as the size of the
optimization problem (2) grows (recall that the number of variables
in problem (2) is n x k, where n is the number of features and k is
the number of clusters). This is because the advantage gained from
processing m data points in batches becomes more significant as the

Big-Clust
= Big-Means
HG-Means

DRS-means

MiniBatchK
Means

LMB-Clust
= DC-Clust
MS-MGKM

Time (sec)

Number of clusters

(b) MFCC

of features: in P1la85900 m = 85900 and »n = 2, while in MFCC m = 85134 and n = 58.

problem size increases. The average errors of Big-CLust are usually
slightly larger (with an average of Aver. E, ., = 2.26%) than those of the
LMB-Crust except for P1a85900 and Skin Segmentation datasets, where
Big-Crust produced cluster structures with lower errors on average.
The MmiBarcuKMEans algorithm was clearly the most efficient
method, taking at most a few seconds on all datasets (excluding ;).
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m = 106574 and n = 518. DRS-Means , which scales beyond these figures, required 2280 (5845) seconds for k = 2 and 2823 (6833) seconds for k = 25 on the Protein Homology

(Music Analysis) dataset.

However, it completely failed (Aver. E,,.. > 10%) to find solutions close
to the best-known solution in nine datasets. In almost all of these cases,
E;, was also high, indicating that none of the ten executions of this
algorithm were successful. If we omit these failures the average Aver.
E,e is still 3.46% for MiniBatciKMEeans, which remains the highest
error level observed in our experiments.

Additionally, Bis-Crust+ failed completely (Aver. E,. > 10%)
in two datasets, while Bic-Means failed in six datasets. Nevertheless,
with Bic-CLust+, the E ;, values are often low, meaning that at least
one execution of the algorithm succeeded in these cases. The average
Aver. E,,.. without failures was 2.50% for Big-CLust+ and 1.10% for
BiG-MEANSs.

There were no complete failures with Bic-CLust, as Aver. E, ., re-
mained below 6.5% across all datasets. Notably, Big-Crust produced
clustering with a smaller average objective function value than Mini-
BatcuKMEans in all datasets but Gisette (see Figs. 1(a) and 2(a)). Addi-
tionally, Big-Crust+ outperformed MiniBatcuKMEans in terms of objec-
tive function value across all datasets except for HEPMASS. It is worth
noting that the solutions for both Gisette and HEPMASS were close to
the best-known solutions (Aver. E, .. < 2%) for all methods.

Given these observations, we conclude that despite its efficiency,
MmniBarcHKMEANs is not our top choice for big data clustering due to
its low accuracy and frequent complete failures. While the quality
of the solutions obtained with MmnBarcHKMEaNns could potentially be
improved by performing repeated runs and retaining the best result,
it is worth noting that [25] reports that even 5000 independent runs
of K-means or K-means++ do not consistently produce solutions of a
quality comparable to those of HG-MEANs.

When comparing Big-Crust to Bic-MEaNns, we note that with £ = 10
and m < 500000, Bic-CLust was generally more efficient, except in
the ISOLET, Gisette, and Music Analysis datasets (see Figs. 1(b) and
2(b)). These datasets contain a large number of features, which means
that the number of variables in the optimization problem (2) is high.
In addition, the ISOLET and Gisette datasets contain a relatively few
data points, making the mini-batch approach used in Bi-Crust less
advantageous. For k = 25, Bic-Means was faster also in the Gas Sensor
Array Drift and MFCC datasets, as well as in all datasets with more
than 100,000 data points (see Figs. 1(c) and 2(c)). This is because
the computational time for Bic-Means is predetermined and does not
depend on the selected number of clusters (see Fig. 4). However, it is
worth noting that Bic-CrusT also solves at the same time all intermediate
problems for / = 2, ...,24, while Bic-Mtans only solves the problem for
the given k = 25.

The errors produced by Big-Crust+ tend to be somewhat higher than
those from Bic-CLustT and Big-MEaNs, but it is the most efficient method
in big data clustering (except MiniBaTcHKMEANS, see Fig. 2). With k = 10,
Bic-Crust+ uses the least computational time in all but one dataset
(Cord-19 Embeddings), and with k = 25, it loses to Bic-Means only
in the Cord-19 Embeddings, Music Analysis, and HEPMASS datasets.
That is if we ignore the time 7,,;, spent to read the data (see Tables S19
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and S22). If we include it, Bic-CLusT+ is the most efficient method also
in the Cord-19 Embeddings and HEPMASS. In fact, with ¢,,;, included,
Bi-CLust+ overrules also MiniBarcHKMEaNs in these two datasets. We
like to emphasize, though, that ¢,,;, is influenced by the programming
language rather than the algorithm itself. In addition, while the runtime
for Bic-MEaNns remains constant across different numbers of clusters
(), = tmax + overheads), incremental algorithms like Big-CLusT+ require
more time as the number of clusters increases (see Fig. 4). Therefore, if
a specific number of clusters, such as 75, is desired, Big-MEeans might
be the better choice. However, Bic-CLust+ provides all intermediate
solutions, allowing users to select the best cluster structure and optimal
number of clusters based on validity indices.

We note that some datasets are very sensitive to sampling, causing
the failures mentioned above with Big-CLust+ and Big-Means. In particu-
lar, the results in EEG Eye State, KEGG Metabolic, Shuttle Control, and
Sensorless Drive Diagnostic (see Fig. 1(a)) are extremely far away from
the best-known solution with Bic-Means that is not using whole data in
computations. The same happens in MiniBooNE Particle Identification
and BitcoinHeist with Bic-CLust+ and Big-Means (see Fig. 2(a)), while
with Bic-Crust, the results are close to the best-known solution in all
these datasets. This means that clustering in small subsets of data is
more prone to all kinds of disruptions in data than clustering in entire
data with the stochastic optimization method SLMBA.

As stated in Remarks 1 and 3, the SLMBA (Algorithm 1) is a
heuristic not converging to a stationary point of the clustering problem
in general. Without results reported in tables, we mention that the
average improvement in cluster function value is less than 1% in all the
datasets, but KEGG Metabolic (1.24%) and Sensorless drive diagnostic
(1.94%), if the globally convergent version of the SLMBA (Algorithm
2) is applied. When comparing the results with the LMB-CLust, the
computational times usually improved slightly, but naturally, they are
longer than with the heuristic SLMBA.

Fig. 5 demonstrates that the DBI and DI are similar with Big-Crusr,
LMB-Crust, DC-Crust, and MS-MGKM (see also Figures S1 — S11 in
the supplementary material). In particular, based on these indices,
all the algorithms identify the same optimal number of clusters for
almost all datasets. Moreover, [13] reports that the LMB-CLust generally
achieves similar or better index values — lower DBI and higher DI
— compared to other incremental clustering algorithms tested. This
indicates that the LMB-Crust (and thus also Bic-CLust) is more effective
at identifying well-separated clusters than the other algorithms. In
addition, Bic-Crust+ usually gives similar or comparable DBI and DI
but with more disturbance (see, Fig. 6 and also Figures S11 — S22 in
the supplementary material). This disturbance is a natural consequence
as with Big-Crust+, the DBI and DI are computed only from part of the
data. Thus, they do not necessarily provide accurate measures in whole
datasets. Nevertheless, also in this case, the trends are the same, and
optimal numbers of clusters based on the DBI and DI are similar to
the other methods. It is worth noting that the results with the DBI are
not necessarily consistent with those for the DI. In [13], it states that,
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in large datasets, the DBI is more accurate than the DI to identify the
optimal number of clusters since the DI is very sensitive to noise. In
practice, we could stop computing more clusters with an incremental
algorithm, like Big-Crust, whenever the DBI starts to increase, thus
accelerating the computation time further.

7. Conclusions

In this paper, we have proposed a doubly stochastic clustering
algorithm Bic-Crust for solving MSSC problems in large-scale and big
datasets. Big-Crust is an incremental algorithm. Thus, in addition to
the k-clustering problem with given k, it solves all the intermediate
I-clustering problems with / = 1, ..., k — 1. Further, we have introduced
a stochastic limited memory bundle algorithm SLMBA for large-scale
nonsmooth finite-sum optimization and used it as an underlying solver
in the Big-Crust algorithm. It is worth noting that the SLMBA can also
be applied to solve other finite-sum optimization problems common,
for instance, in machine learning.

The new Big-Crust algorithm was tested on 22 large-scale real-
world datasets (containing up to 10,500,000 data points) and compared
with the state-of-the-art clustering methods Big-Means, HG-MEeans, DRS-
Means, DC-Crust, MS-MGKM, MiniBarciKMeans, and LMB-Crust. The
results show that the proposed Bic-Crust algorithm is very efficient even
in the biggest datasets, but it loses slightly in accuracy for the HG-
Means and LMB-CLust. On the other hand, Bic-CrusT is not as sensitive
to perturbation in data as Bic-Means and MiniBaTcHKMEans, and it
outperforms DRS-Means, DC-Crust, and MS-MGKM on big data.

We conclude that while DRS-MEeans, DC-Crust, and MS-MGKM are
robust and efficient clustering algorithms in moderate-sized datasets,
they are not well-suited for clustering in very large or big data due
to their computational burden and memory requirements. If the goal
is to achieve highly accurate clustering, HG-Means is the best option,
despite being the most time-consuming algorithm tested (excluding
DRS-MEans, DC-Crust, and MS-MGKM). Conversely, MiniBarcHKMEANS
was found to be too inaccurate, with arbitrarily high error values,
to be considered a reliable clustering method, even though it was
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exceptionally fast. Therefore, due to its accuracy and efficiency, LMB-
Crust is a recommended choice for clustering in datasets with less
than 100,000 data points and 100 features. On the other hand, if
the optimal number of clusters k is large (e.g., greater than 50) and
known in advance, Bic-Means is the preferred choice, as it avoids solving
intermediate problems for / < k, making it more efficient in such cases.
In all other scenarios, Big-Crust (or its variant Big-Crust+) is likely the
best option, as its stochastic nature and incremental structure not only
enable efficient clustering but also assist in determining the optimal
number of clusters.
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Algorithm 5: SLMBA

Input: A starting point x! € RV, the final accuracy tolerance € > 0, the batch size m; < M, the termination limit i,,,, > 1, the iteration limit i,,, > 0,

descent parameters ¢; € (0,1/2) and ¢, € (¢,,1/2), the upper bound ¢

max

> 1 for serious steps, the distance measure parameter y > 0, the number

of stored correction vectors m, > 3, and a finite-sum function f to be minimized.

Output: A heuristic minimizer x,,,, € RV of function f.

Step 0. Initialization: Set y' < x!, p' < 0, f,,,, < o0, and h « 1.

Step 1. Updating the best solution: Compute f(x"). If f(x") < fy,q, set
Sbest < f(xh)v

Else, set iy, < ipey + 1.

h .
Xpost < X, and ipest < 0.

Selection of the batch: Randomly select an index set B, C {1,..., M}, with |B,| = m;. Compute I, (x") and f'B’h €0fp, (x").

Step 2. Stopping criterion: If iy, > i, STOP the algorithm with x,,,, as a best solution.
Step 3.
Step 4. Serious step initialization: Set " « §’;n and f" < 0. Set h < h.
Step 5. Direction finding: If h = 1, set d' « —5;[ and go to Step 6. Else, compute
da < —Dhéh,

where D" is computed by the L-BFGS update if 7 = h (use at most m, correction vectors in S* and U") and by the L-SR1 update, otherwise.

Step 6. Stopping criterion for the batch: Compute

wh — —@EHTd" + 25"

If w" < ¢, then x" is the solution for the current batch: set x"*! « x", h < h+ 1, and go to Step 1.

Step 7. Line search and auxiliary step: Determine the step size t’}2 € (0,1,

max

h+1 h h gh h+1 h
Y e x" +iha and B: €9/, (y +,

]. Evaluate

Set s" « y'*! —x" = t"d" and u" — E',;’;‘ - g’;;, (recall that h is the index of the last serious step). Append these values to S* and U", respectively.

Step 8. Serious step: If

I, 0" = f5, (") < e 00,

set x"*+! — yhtl) f,sh(x"“) P th(yh*‘), !« 0, h < h+1, and go to Step 10.

Step 9.
A e max{| f5, (") = £, "D + SMTEL L ylIs" 1P

and determine multipliers A? > 0 for all i € {1,2,3}, Z?:l

i Zh
@4y, 4y, A3) = (/115};3,7 + /1252:1 +43¢)

+ 200" + A5,

" ;
+ 480D (&, + gy

where D" is calculated by the same updating formula as in Step 5. Set

o dhgh g  AME and M Ahp 4L

Set x"*! « x", h < h+1 and go to Step 5.

Null step and aggregation: Calculate the (stochastic) locality measure

A" =1 that minimize the function

Step 10. Batch updating criterion: If mod (h, i,,,) = 0, go to Step 1. Else, set /3, < B3,_, and go to Step 4.

Appendix A

The more detailed SLMBA is given here as Algorithm 5. In numerical
experiments, the default parameters similar to the LMBM [38] and
LMB-Crust [13] are used.

Remark 9. The search direction d” (Step 5 in Algorithm 5) is not nec-
essarily a descending one — a common characteristic in NSO. Null steps
(Step 9 in Algorithm 5) give further information on the nonsmooth
objective whenever the search direction is not ’good enough’. On the
other hand, the simple aggregation of stochastic subgradients would
guarantee the global convergence of the method in the current batch if
enough iterations in one batch were used.

Remark 10.
original LMBM with few extra iterations (loops from Step 1 to Step 6)
M Algorithm 5 is globally

If Algorithm 5 is used with my = M, it reverts to the

before termination. Therefore, with myz =
convergent for LLC functions [38].
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Appendix B. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.patcog.2025.111654.

Data availability

An open-source implementation of Big-Clust is available at https:
//github.com/napsu/bigClust The data used in experiments is public
and the links are provided in the paper.
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