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Abstract
We study higher uniformity properties of the von Mangoldt function Λ, the Möbius
function μ, and the divisor functions dk on short intervals (x, x +H ] for almost all
x ∈ [X,2X]. Let Λ♯ and d

♯
k be suitable approximants of Λ and dk , G/Γ a filtered

nilmanifold, and F : G/Γ→ ℂ a Lipschitz function. Then our results imply for in-
stance that when X1/3+ε ≤H ≤X we have, for almost all x ∈ [X,2X],

sup
g∈Poly(ℤ→G)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(Λ(n)−Λ♯(n))F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

≪H log−A X

for any fixed A > 0, and that when Xε ≤H ≤X we have, for almost all x ∈ [X,2X],

sup
g∈Poly(ℤ→G)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(dk(n)− d
♯
k(n))F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

= o(H logk−1 X).

As a consequence, we show that the short interval Gowers norms
∥Λ−Λ♯∥Us(X,X+H ] and ∥dk − d

♯
k∥Us(X,X+H ] are also asymptotically small for any

fixed s in the same ranges of H . This in turn allows us to establish the Hardy–
Littlewood conjecture and the divisor correlation conjecture with a short average
over one variable. Our main new ingredients are type II estimates obtained by de-
veloping a “contagion lemma” for nilsequences and then using this to “scale up” an
approximate functional equation for the nilsequence to a larger scale. This extends
an approach developed by Walsh for Fourier uniformity.
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1 Introduction

This paper is a sequel to our previous paper [30], which was focused on discorrela-
tion of arithmetic functions f : ℕ→ ℂ with arbitrary nilsequences n ↦→ F(g(n)Γ)

in all short intervals (X,X +H ] with H =Xθ . In this paper we consider the corre-
sponding question for almost all short intervals (x, x+H ] with x ∈ [X,2X], thus we
permit a small number of exceptional short intervals on which there might be strong
correlation. It turns out that in this setting we can reduce the exponent θ significantly.

As in the previous paper we will restrict our attention to the following model
examples of functions f and their approximants f ♯:
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μ: The Möbius function μ(n), defined as (−1)j when n is the product of j distinct
primes, and 0 otherwise, with the approximant μ♯ set equal to zero.

Λ: The von Mangoldt function Λ(n), defined to equal logp when n is a power pj

of a prime p for some j ≥ 1, and 0 otherwise, with approximant

Λ♯(n) := P(R)

φ(P (R))
1(n,P (R))=1,

where P(w) :=
∏︂

p<w

p, R := exp((logX)1/10). (1.1)

dk : The kth divisor function dk(n), defined to equal to the number of representations
of n as the product n = n1 · · ·nk of k natural numbers, where k ≥ 2 is a fixed
natural number. (In particular, all implied constants in our asymptotic notation
are allowed to depend on k.) The approximant d

♯
k will be taken to be

d
♯
k(n) :=

∑︂

m≤R2k−2
k

m|n

Pm(logn), (1.2)

where Rk is the parameter

Rk :=X
ε

10k ,

where 0 < ε ≤ 1 is small but fixed1 and the polynomials Pm(t) (which have
degree at most k− 1) are given by the formula

Pm(t) :=
k−1
∑︂

j=0

(︃
k

j

)︃
∑︂

m=n1···nk−1
n1,...,nj≤Rk

Rk<nj+1,...,nk−1≤R2
k

(︂

t − log(n1 · · ·njR
k−j
k )

)︂k−j−1

(k − j − 1)! logk−j−1 Rk

. (1.3)

We refer the reader to the discussion in [30, Sect. 3.1] for a justification for choosing
these approximants μ♯, Λ♯, d

♯
k .

By a “nilsequence”, we mean a function of the form n ↦→ F(g(n)Γ), where
G/Γ is a filtered nilmanifold and F : G/Γ→ ℂ is a Lipschitz function. The pre-
cise definitions of these terms will be given in Sect. 2.3, but for now we remark
(as mentioned for example in [30, Sect. 1]) that polynomial phases F(g(n)Γ) =
e(P (n)), with P : ℤ→ ℝ a polynomial of degree d , are a special case of nilse-
quences.

1In [30] we stated our results for ε = 1, but as noted in [30, Sect. 1], the arguments work equally well with
smaller choices of ε, so long as the constants in the asymptotic notation are allowed to depend on ε.
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As in [30], for technical reasons, it can be beneficial to consider “maximal discor-
relation” estimates. Loosely following Robert and Sargos [34], we adopt the notation
that, for an interval I ,

⃓
⃓
⃓
⃓
⃓

∑︂

n∈I∩ℤ
f (n)

⃓
⃓
⃓
⃓
⃓

∗
:= sup

P⊂I∩ℤ

⃓
⃓
⃓
⃓
⃓

∑︂

n∈P
f (n)

⃓
⃓
⃓
⃓
⃓
, (1.4)

where P ranges over all arithmetic progressions in I ∩ℤ.
Now we are ready to state our main theorem.2

Theorem 1.1 (Discorrelation estimate) Let X ≥ 3 and Xθ+ε ≤ H ≤ X1−ε for some
0 ≤ θ < 1 and ε > 0. Let δ ∈ (0,1/2). Let G/Γ be a filtered nilmanifold of some
degree d and dimension D, and complexity at most 1/δ, and let F : G/Γ→ ℂ be a
Lipschitz function of norm at most 1/δ.

(i) If θ = 1/3 and A > 0, then

sup
g∈Poly(ℤ→G)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

μ(n)F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≤ H

logA X

for all x ∈ [X,2X] outside of a set of measure OA(δ−Od,D,ε(1)X log−A X).
(ii) If θ = 1/3 and A > 0, then

sup
g∈Poly(ℤ→G)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(Λ(n)−Λ♯(n))F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≤ H

logA X

for all x ∈ [X,2X] outside of a set of measure OA(δ−Od,D,ε(1)X log−A X).
(iii) If θ = 1/3 and k ≥ 2, then for some constant ck,d,D,ε > 0 we have

sup
g∈Poly(ℤ→G)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(dk(n)− d
♯
k(n))F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≤ H

Xck,d,D,ε

for all x ∈ [X,2X] outside of a set of measure O(δ−Od,D,ε(1)X1−ck,d,D,ε ).
(iv) If θ = 0, A > 0, and η > 0, and additionally F is 1-bounded, then

sup
g∈Poly(ℤ→G)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

μ(n)F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≤ ηH

for all x ∈ [X,2X] outside of a set of measure OA(δ−Od,D,ε,η(1)X log−A X).

2For definitions of terms such as “filtered nilmanifold” and Poly(ℤ→ G), see Definitions 2.7 and 2.6
below. For our conventions for asymptotic notation, see Sect. 1.6.
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(v) If θ = 0, A > 0, k ≥ 2 and η > 0, and additionally F is 1-bounded, then

sup
g∈Poly(ℤ→G)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(dk(n)− d
♯
k(n))F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≤ ηH logk−1 X

for all x ∈ [X,2X] outside of a set of measure OA(δ−Od,D,ε,η(1)X log−A X).

By the preceding remarks, Theorem 1.1 works in particular with polynomial phase
twists. Hence we have the following corollary (proven in Sect. 8.1), which is new
already for linear phases.

Corollary 1.2 (Discorrelation of μ and Λ with polynomial phases) Let X ≥ 3 and
X1/3+ε ≤ H ≤ X1−ε for some ε > 0. Let d ≥ 1, and for each x ∈ [X,2X] let
Px : ℤ→ℝ be a polynomial of degree d . Also let A > 0.

(i) We have
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

μ(n)e(Px(n))

⃓
⃓
⃓
⃓
⃓
⃓

≤ H

logA X

for all x ∈ [X,2X] outside of a set of measure OA,d,ε(X log−A X).
(ii) Either we have

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

Λ(n)e(Px(n))

⃓
⃓
⃓
⃓
⃓
⃓

≤ H

logA X

for all x ∈ [X,2X] outside of a set of measure OA,ε,d (X log−A X) or there exists
an integer 1≤ q≪ (logX)OA,d,ε(1) such that

max
1≤j≤d

Hj∥qαj,x∥ℝ/ℤ ≤ (logX)OA,d,ε(1)

for measure≫A,d,ε X log−A X of x ∈ [X,2X], where αj,x is the degree j coef-
ficient of the polynomial n ↦→ Px(x + n) and ∥y∥ℝ/ℤ denotes the distance from
y to the nearest integer(s).

In case of correlations of d2 with a fixed linear phase, we can obtain power-saving
estimates for almost all sums of length Xε; see Theorem 1.8 below.

1.1 Previous results

We start by discussing the results concerning the von Mangoldt function Λ. Huxley’s
classical zero density estimate can be used to show (see for example [11, Sect. 9.1])
that for any A > 0 and X1/6+ε ≤H ≤X we have

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(Λ(n)− 1)

⃓
⃓
⃓
⃓
⃓
⃓

≤H log−A X (1.5)
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for all A > 0 and for all x ∈ [X,2X] outside of an exceptional set of measure
OA,ε(X log−A X); the exponent 1/6 was recently improved to 2/15 by Guth and
Maynard [9]. Moreover, under3 the Riemann hypothesis, the regime of H can be
extended to Xε ≤ H ≤ X (in fact, one has a power-saving bound for the left-hand
side of (1.5) then). Using the fundamental lemma of the sieve, one can replace the
approximant 1 here by the more refined approximant Λ♯, and a modification of the
arguments used to prove (1.5) also gives for H in the same regime the maximal ana-
logue

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(Λ(n)−Λ♯(n))

⃓
⃓
⃓
⃓
⃓
⃓

∗
≤H log−A X (1.6)

for all x ∈ [X,2X] outside of an exceptional set of measure OA,ε(X log−A X).
Next we consider discorrelation of the von Mangoldt function against Fourier

phases and nilsequences. In the prequel [30] to this paper we proved that

sup
g∈Poly(ℤ→G)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

X<n≤X+H

(Λ(n)−Λ♯(n))F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≪A,ε,F,G/Γ H log−A X (1.7)

for X5/8+ε ≤ H ≤ X1−ε for any filtered nilmanifold G/Γ and Lipschitz function
F : G/Γ→ ℂ. This generalized the work of Zhan [46] concerning the linear phase
case F(g(n)Γ)= e(αn) for some α ∈ℝ.

These are currently the best known discorrelation estimates for Λ that hold for all
short intervals. To the best of our knowledge, no further improvement to the range of
validity of (1.7) exists in the literature, even in the case of linear phase functions and
almost all short intervals.

Let us next discuss the Möbius function, for which stronger results are known.
The result (1.6) works with Λ−Λ♯ replaced by μ with a very similar proof, but two
of us [21] (see also [20]) established unconditionally that in the much wider regime
Xε ≤H ≤X we have

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

μ(n)

⃓
⃓
⃓
⃓
⃓
⃓

≤H log−c X

for all x ∈ [X,2X] outside of a set of measure Oε(X log−c X) for some absolute
constant c > 0. In fact, in [21] similar results (but with weaker discorrelation and
exceptional set bounds) were obtained for any H = H(X) ≤ X that goes to infinity
as X→∞. In the sequel [22], improved bounds were obtained for the measure of
the exceptional set of x ∈ [X,2X].

Concerning correlations with nilsequences, (1.7) works with Λ replaced by μ,
and in [30] we reached intervals of length H ≥ X3/5+ε with weaker error terms,
strengthening the earlier works [23, 24] concerning polynomial phases.

3One can also obtain similar results assuming just the Lindelöf hypothesis or the density hypothesis,
though perhaps without the power saving.
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The work [29] of four of us together with Ziegler (combined with a routine Fourier
expansion to handle the maximal truncation) gives for Xε ≤H ≤X1−ε the bound

sup
g∈Poly(ℤ→G)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

μ(n)F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
= oX→∞;ε(H) (1.8)

for all x ∈ [X,2X] outside of a set of measure oε,d,F,G/Γ(X), whenever G/Γ is a
filtered nilmanifold and F : G/Γ→ ℂ is Lipschitz. This implies a qualitative ver-
sion of Theorem 1.1(iv) where the bound for the measure of the exceptional set is
oX→∞;ε,d,D(X).

The bound (1.8) was a generalization of work of three of us [28] concerning lin-
ear phases. A simplified proof of this linear phase case was recently established by
Walsh [42], based on exploiting the phenomenon of “contagiousness” of local fre-
quencies. The proof of (1.8) given in [29] is quite complicated; in this paper we give
a new proof of (1.8), using the ideas of Walsh [42] to simplify the arguments, which
also gives a slightly stronger outcome in that we obtain better control on the excep-
tional set.

For applications toward Chowla’s conjecture demonstrated in [39], it is important
that there is a supremum in (1.8). However, the H -range would need to be signif-
icantly improved in order to deduce the (logarithmic) Chowla conjecture. See [29]
and [43, 44] for some progress on this in the case of polynomial and linear phases,
respectively.

The variant of (1.8) without the supremum is easier. Regarding this version, X.
He and Z. Wang [12] have established that, for any fixed filtered nilmanifold G/Γ,
g ∈ Poly(ℤ→G), and F : G/Γ→ℂ Lipschitz and any H =H(X)≤X tending to
infinity, we have

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

μ(n)F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
= oX→∞(H)

for all x ∈ [X,2X] outside of a set of measure o(X). This generalized the work of
three of us [25] concerning linear phases which in turn generalized [21].

Finally, we review the known results for the divisor functions dk for fixed k ≥ 2.
As is well known, the mean value of dk on [1,X] is ≍ logk−1 X. Similarly, for Xε ≤
H ≤X we have

∑︂

X<n≤X+H

dk(n)≍ε H logk−1 X;

the upper bound part of this follows from Shiu’s bound [35] for sums of multiplica-
tive functions on short intervals, and the lower bound part follows by considering a
minorant of dk(n) given by restricting k − 1 of the k variables in the definition of
dk(n) to be ≤Xε/(2k).
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For k = 2, one can use the second moment estimates of Jutila [17] for the divisor
problem in short intervals to show that in the regime Xε ≤H ≤X1−ε one has

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(d2(n)− d
♯
2(n))

⃓
⃓
⃓
⃓
⃓
⃓

≤HX−cε

for some absolute constant c > 0 and for all x ∈ [X,2X] outside a set of measure
≪ X1−cε . Improving on work of three of the authors [27], Mangerel [19] and Y.-
C. Sun [36] have recently extended the result of [21] on bounded multiplicative
functions in short intervals to divisor-bounded multiplicative functions, and in par-
ticular Sun’s work can be used to show that, for any fixed k ≥ 2, ε > 0 and any
(logX)k log k−k+1+ε ≤H ≤X, we have

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(dk(n)− d
♯
k(n))

⃓
⃓
⃓
⃓
⃓
⃓

= oX→∞(H logk−1 X)

for all x ∈ [X,2X] outside of a set of measure oX→∞(X).
For correlations of dk with polynomial phases, using the approach introduced

in [43], M. Wang [45] showed that in the regime exp(C(logX)1/2(log logX)1/2) ≤
H ≤X with C large enough, we have for almost all x ∈ [X,2X] the estimate

sup
P∈ℝ[y]

deg(P )≤s

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(dk(n)− d
♯
k(n))e(P (n))

⃓
⃓
⃓
⃓
⃓
⃓

= os(H logk−1 X).

In [45], a different approximant than d
♯
k was used (which is simpler but does not

allow as good error terms), but for the sake of comparison we have stated the re-
sult with the qualitatively equivalent approximant d

♯
k . The result of [45] thus ap-

plies to shorter intervals than Theorem 1.1(v), but is only available for polynomial
phases.

Other than the result of [45], the only results we are aware of in previous liter-
ature apply to all short intervals, rather than almost all short intervals. In particu-
lar, in the prequel [30] to this paper, we showed that for Xθk+ε ≤ H ≤ X1−ε we
have

sup
g∈Poly(ℤ→G)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

X<n≤X+H

(dk(n)− d
♯
k(n))F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≪ε,F,G/Γ HX−ck,G/Γε

for any filtered nilmanifold G/Γ and Lipschitz function F : G/Γ→ ℂ, some con-
stant ck,G/Γ > 0, with θ2 = 1/3, θ3 = 5/9, and θk = 5/8 for k ≥ 4. In particular,
the k = 2 case of Theorem 1.1(iii) follows from our earlier work, even without the
x-average.
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1.2 Gowers uniformity

As in [30], our discorrelation estimates with nilsequences for arithmetic functions in
short intervals imply that their Gowers norms over short intervals are small.

For any non-negative integer s ≥ 1, and any function f : ℤ→ ℂ with finite sup-
port, define the (unnormalized) Gowers uniformity norm

∥f ∥Us(ℤ) :=
⎛

⎝
∑︂

x,h1,...,hs∈ℤ

∏︂

ω⃗∈{0,1}s
𝒞|ω⃗|f (x +ω1h1 + · · · +ωshs)

⎞

⎠

1/2s

where ω⃗ = (ω1, . . . ,ωs), |ω⃗| := ω1 + · · · + ωs , and 𝒞 : z ↦→ z is the complex conju-
gation map. Then for any interval (x, x +H ] with H ≥ 1 and any f : ℤ→ ℂ (not
necessarily of finite support), define the Gowers uniformity norm over (x, x +H ] by

∥f ∥Us(x,x+H ] := ∥f 1(x,x+H ]∥Us(ℤ)

∥1(x,x+H ]∥Us(ℤ)

where 1(x,x+H ] : ℤ→ℂ is the indicator function of (x, x +H ].
Using the inverse theorem for the Gowers norms (see Proposition 7.3) and a con-

struction of pseudorandom majorants in Sect. 7, we can deduce a Gowers uniformity
estimate from Theorem 1.1. There and later we use the approximant

Λw(n) := W

φ(W)
1(n,W)=1, (1.9)

with W :=∏︁p≤w p and X large in terms of w.

Theorem 1.3 (Gowers uniformity estimate) Let X ≥ H ≥ 3 satisfy Xθ+ε ≤ H ≤
X1−ε for some 0 ≤ θ < 1 and some fixed ε > 0. Let s ≥ 1 and k ≥ 2 be fixed in-
tegers, and let A > 0. Let w ≥ 1 and let Λw be as in (1.9), and assume that X is large
enough in terms of w.

(i) If θ = 1/3, then

∥Λ−Λw∥Us(x,x+H ] = ow→∞(1),

max
1≤a≤W
(a,W)=1

⃦
⃦
⃦
⃦

φ(W)

W
Λ(W · +a)− 1

⃦
⃦
⃦
⃦

Us(x,x+H ]
= ow→∞(1)

for all x ∈ [X,2X] outside of an exceptional set of measure OA,ε(X log−A X).
(ii) If θ = 0, then

∥μ∥Us(x,x+H ] = oX→∞(1)

for all x ∈ [X,2X] outside of an exceptional set of measure OA,ε(X log−A X).
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(iii) If θ = 0, k ≥ 2 and W ′ satisfies W |W ′ |W ⌊w⌋, then

∥dk − d
♯
k∥Us(x,x+H ] = oX→∞(logk−1 X),

max
1≤a≤W ′
(a,W ′)=1

⃦
⃦
⃦
⃦
⃦

(︃
W

φ(W)

)︃k−1

dk(W
′ · +a)− logk−1 X

(k − 1)!

⃦
⃦
⃦
⃦
⃦

Us(x,x+H ]

= ow→∞(logk−1 X)

(1.10)

for all x ∈ [X,2X] outside of an exceptional set of measure OA,ε(X log−A X).

Theorem 1.3(ii) was earlier established in [29] but with a qualitative exceptional
set bound of oX→∞;ε(X). The argument used to prove Theorem 1.3(ii) (which devel-
ops an idea of Walsh [42]) in fact gives a different, simpler proof of the main result
in [29].

In the case s = 2, the inverse theorem for the Gowers norm has polynomial de-
pendencies by a standard Fourier-analytic argument, so one could strengthen Theo-
rem 1.3(i) to

∥Λ−Λw∥U2(x,x+H ] ≤w−c

with the same conditions, but now in the larger regime w≪A,ε logA X. Similarly,
Theorem 1.1(iii) gives that for X1/3+ε ≤H ≤X1−ε we have

∥dk − d
♯
k∥U2(x,x+H ] ≤X−ck,ε

for some constant ck > 0 and for all x ∈ [X,2X] outside of a set of measure
Oε(X

1−ck,ε ).

Remark 1.4 It is natural to wonder if the quasipolynomial inverse theorem of Leng–
Sah–Sawhney [18] would allow quantifying the Gowers norm bounds in Theo-
rem 1.3. While we believe a quantification would in principle be possible, the error
terms obtained would likely be rather weak (perhaps triple-logarithmic or so), the
largest difficulty being tracking the dimension dependence of the “nilsequence con-
tagion argument” in Sect. 5. Another bottleneck for the Möbius and divisor functions
is that, in order to obtain savings of order O(ε) using the Turán–Kubilius identity, we
need to handle type II sums of length Xε′ where ε′ = exp(−ε−2). The arguments in
Sect. 6 involving iterated “scaling up” of a phase relation are not quantitatively very
effective and would limit the speed at which ε can go to 0. For these reasons, and in
order not to further complicate the paper, we have chosen to keep the Gowers norm
results qualitative.

1.3 Applications

Theorem 1.3 allows us to study ℓ-point correlations with only one averaging vari-
able — Theorem 1.3(i) combined with the generalized von Neumann theorem and
(somewhat involved) sieve-theoretic computations implies the following.
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Theorem 1.5 (ℓ-point Hardy–Littlewood with one averaging variable) Let ℓ ∈ ℕ

and ε > 0 be fixed, and let X1/3+ε ≤H ≤X1−ε . Then we have

∑︂

n≤X

Λ(n)Λ(n+ h) · · ·Λ(n+ (ℓ− 1)h)= (1+ oX→∞(1))𝔖(0, h, . . . , (ℓ− 1)h)X

for proportion 1− oX→∞(1) of integers 1≤ h≤H , where

𝔖(h1, . . . , hℓ) :=
∏︂

p

(︃

1− |{h1, . . . , hℓ} (mod p)|
p

)︃(︃

1− 1

p

)︃−ℓ

(1.11)

is the usual singular series.

Allowing H to be fixed in Theorem 1.5 would roughly correspond to the Hardy–
Littlewood prime tuples conjecture [10]. The coefficients 0,1, . . . , ℓ− 1 here can be
replaced by any other fixed, distinct integers if desired. Previously, the case H = X

and ℓ arbitrary was known by work of Green, the fourth author and Ziegler [5, 6, 8],
and the case H =X8/33+ε and ℓ= 2 was known by work of three of the authors [26].
For ℓ≥ 3 and H ≤X1−ε , we are not aware of any previous results of this shape in the
literature, although using results of part I of this series [30], together with arguments
from Sect. 8 of the current paper, it would be possible to deduce the case H =X5/8+ε

and ℓ arbitrary. Thus we obtain a significant improvement over what the methods of
part I would give.

We get a similar result for the divisor function using Theorem 1.3(iii), the gener-
alized von Neumann theorem and some divisor correlation computations.

Theorem 1.6 (Divisor correlation conjecture with one averaging variable) Let k, ℓ ∈
ℕ and ε > 0 be fixed, and let Xε ≤H ≤X1−ε . Then we have

∑︂

n≤X

dk(n)dk(n+ h) · · ·dk(n+ (ℓ− 1)h)=
(︃

C(h, k, ℓ)

((k − 1)!)ℓ + oX→∞(1)

)︃

(logX)kℓ−ℓ

for proportion 1− oX→∞(1) of integers 1≤ h≤H , where

C(h, k, ℓ) :=
∏︂

p

lim
Y→∞

𝔼n≤Y dk,p(n)dk,p(n+ h) · · ·dk,p(n+ (ℓ− 1)h)

(𝔼n≤Y dk,p(n))ℓ
(1.12)

and dk,p is the multiplicative function given on prime powers by dk,p(qa)= (︁k−1+a
k−1

)︁

if q = p and dk,p(qa)= 1 otherwise.

Remark 1.7 It is possible to evaluate the constants C(h, k, ℓ) explicitly with sufficient
effort. See [40] for the evaluation of C(h, k,2).

Allowing H to be fixed in Theorem 1.6, and taking ℓ = 2, would correspond to
(leading order) verification of the well known divisor correlation conjecture [26, Con-
jecture 1.1], [2, Conjecture 3], [15, 41]. Previously, the case H = X and ℓ arbitrary
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was established in the work of Matthiesen [31], and the case H = (logX)10000k log k

and ℓ= 2 was proven by three of the authors [27]. Moreover, it would be possible to
deduce the case H =X3/5+ε and ℓ arbitrary from part I of this series [30] combined
with Sect. 8 of the current paper. Thus, we again obtain a significant improvement
over what methods of part I would give.

1.4 The case of 𝒅2 revisited

In the case of d2 and a fixed linear phase, we prove in Sect. 9 the following result that
has better savings than what Theorem 1.1(v) implies:

Theorem 1.8 (Improved discorrelation for d2 against fixed linear phase) Let X ≥ 3
and Xε ≤H ≤X1−ε for some ε ∈ (0, 1

300 ). Also let α ∈ℝ. Then we have

⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(d2(n)− d
♯
2(n))e(nα)

⃓
⃓
⃓
⃓
⃓

∗
dx ≤HX−ε/1000

for all x ∈ [X,2X] outside of a set of measure Oε(X
1−ε/1000).

The proof method of Theorem 1.8 is rather different from that of Theorem 1.1,
relying on more classical inputs such as the fourth moment of Dirichlet L-functions.

Remark 1.9 The most notable aspect of Theorem 1.8 is the power-saving bound for
the discorrelation. It is plausible that, with some work, the methods in [27] could
prove a variant of this theorem in which d2 can be replaced by dk for an arbitrary
k ≥ 2, and H is permitted to be as small as logCk X for some Ck depending on k, but
with the savings X−η significantly weakened to log−ck X for some ck > 0. However,
we do not attempt to establish this claim here.

1.5 Methods of proof

We now describe (in somewhat informal terms) the general strategy of proof of The-
orem 1.1, although for various technical reasons the actual rigorous proof will not
quite follow the intuitive plan that is outlined here. See also Fig. 1 for a high-level
depiction of the proof and Figs. 2 to 4 for the structure of proofs of several key inter-
mediate theorems. (These figures could also be combined into one giant diagram if
desired.)

The first step in the case of Theorem 1.1(i)–(iii), which is standard, is to apply
Heath–Brown’s identity (Lemma 2.17) and decompose μ, Λ, dk and their approxi-
mants (up to small error terms) into three standard types of sums for divisor-bounded
coefficients α, β:

(I ) Type I sums, which are essentially of the form α ∗1 for some arithmetic function
α : ℕ→ℂ supported on the interval [1,HX−ε/2].

(I2) Type I2 sums, which are essentially of the form α ∗ 1 ∗ 1 for some arithmetic
function α : ℕ→ℂ supported on the interval [1,H 3/2X−1/2−ε/2].
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Fig. 1 Logical relationships used to both prove and apply the main estimate, Theorem 1.1. Theorem 3.1
and Theorem 4.2(ii), (iii) will themselves require lengthy proofs; see Figs. 2 and 4 respectively. Theo-
rem 1.8 is proven by different (and more classical) methods

(II) Type II sums, which are of the form α ∗ β for some arithmetic functions
α,β : ℕ→ℂ with α supported on the interval [Xε/2,HX−ε/2].

On the other hand, the first step in proving Theorem 1.1(iv)–(v) is to apply an iden-
tity of Turán–Kubilius type, which leads only to type I sums in the range [1,Xε/2]
and to type II sums with one variable in the range [Xκ,Xε/2], with κ > 0 an arbitrar-
ily small constant. We formalize these decompositions as Lemmas 4.4 and 4.5.

We then split our considerations to the major arc case in which the nilsequence
F(g(n)Γ) is more-or-less replaced by niT for some T = XO(1), and the minor arc
case in which F has mean zero and g(n)Γ is highly equidistributed in the nilmanifold
G/Γ.

The major arc case of Theorem 1.1 is formalized as Theorem 3.1, and is proven in
Sect. 3. Here we use Parseval’s identity to relate the variance of the short interval sum
to Dirichlet polynomial estimates. We split this case into two subcases: the case of
small |T | (i.e., |T | ≤X1+ε/2/H ) and the case of large |T | (i.e., |T |> X1+ε/2/H ). If
|T | is small, then niT does not vary much on intervals of the form [x, x +HX−ε/2],
which allows us to effectively reduce to the case T = 0. This case could be deduced
from known estimates on arithmetic functions in almost all short intervals, although
with the large |T | case in mind we found it convenient to reprove these estimates. If
instead |T | is large, we split into type I and II sums in the usual fashion. The type II
sums are handled using Dirichlet polynomial estimates of Baker–Harman–Pintz [1].
After this, we are left with handling only a very narrow type I range where we have
a smooth variable of length > X1−ε . This case in turn can be handled by Taylor
expanding niT = e( T

2π
logn) on a short interval around x as a polynomial expo-

nential phase and using van der Corput’s exponential sum bound to show that the
sequence

(︁
T

2πx
mod 1

)︁

x∈[X,2X] (corresponding to the linear term in the Taylor ex-
pansion) equidistributes.
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To prove Theorem 1.1(i)–(iii) in the remaining, minor arc, cases, in case of type
I and type I2 sums, we simply use our estimates from [30]. Unfortunately, for these
contributions we have not found a way to use the additional averaging over x to
extend the range where α can be supported.

The remaining task is then to handle the contribution of type II minor arc sums.
Let us consider sums of the type

∑︂

x<ab≤x+H
AII <a≤2AII

α(a)β(b)F (gx(ab)Γ), (1.13)

with Hε/2 ≤ AII ≤ HX−ε/2, where gx : ℤ→ G is a polynomial sequence, for all
x ∈ [X,2X] outside a small exceptional set. To treat these sums, we can use a Fourier
decomposition and the equidistribution theory of nilmanifolds to reduce (roughly
speaking) to treating the following two special cases of these sums:

• Abelian type II minor arc sums in which F(gx(n)Γ) = e(Px(n)) is a polynomial
phase that does not “look like” a character niT (or more generally χ(n)niT for
some Dirichlet character χ of small conductor) in the sense that the Taylor coef-
ficients of e(Px(n)) around X do not align with the corresponding Taylor coeffi-
cients of such characters.
• Nonabelian type II minor arc sums, in which gx(n)Γ is highly equidistributed in

the nilmanifold G/Γ, which is arising from a nonabelian nilpotent group G, and
F exhibits non-trivial oscillation in the direction of the center Z(G) of G (which
one can reduce to be one-dimensional).

To handle both these cases, we extend the methodology of Walsh [42] to develop
two tools: a theory of “nilsequence contagion” and a combinatorial “scaling” argu-
ment.

To state the nilsequence contagion result (Theorem 5.11) that we establish, we
need to introduce a relation ∼I,η between polynomial sequences on G, where I is
an interval and η ∈ (0,1). We say that g1 ∼I,η g2 for two polynomial sequences
g1, g2 : ℤ→G if g1 = εg2γ for some (η−1, I )-smooth polynomial sequence ε and
some η−1-rational polynomial sequence γ . We are then interested in what can be said
of a family of polynomial maps (gn)n∈[P,2P ]∩ℕ, gn : ℤ→G if we have the relation

gn(n
′·)∼ 1

nn′ I,η
gn′(n·) (1.14)

for proportion ≥ η of pairs (n,n′) ∈ ([P,2P ] ∩ ℕ)2. We claim that, under suitable
conditions on the parameters P , |I |, η, there must exist a polynomial sequence g∗
such that

gn ∼ 1
n
I,η

g∗(n·)

for ≫ ηO(1)P choices of n ∈ [P,2P ] ∩ ℕ (and these indeed are clearly solutions
to (1.14) if we adjust the value of η by a polynomial amount).

Walsh showed in [42] (see also [43, 44]) that an analogous claim holds in the case
where gn(y)= αny is a linear polynomial on ℝ/ℤ, and this was one key ingredient
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that enabled him to give a simpler proof of the main result of [28]. Our result extends
this to the case of arbitrary polynomial sequences on Lie groups and in addition,
importantly for the proof of Theorem 1.1, our result allows extra flexibility already
in the case of linear polynomials (we can improve the dependencies between the
different parameters P , |I |, η, resulting in improved exponents for Theorem 1.1).

The proof of the nilsequence contagion result involves first showing a version
for classical polynomials (Theorem 5.2) by some combinatorial arguments that give
iteratively stronger conclusions until we reach the desired conclusion. We then
prove the general case by considering a certain two-variable family of subspaces of
Poly(ℤ→G) and performing a double induction with respect to this family, where
the starting case is trivial, the final case is the full nilsequence contagion result, and
the passage from one case to the next is enabled by the polynomial case.

The scaling argument executed in Sect. 6 is a combinatorial argument that together
with the nilsequence contagion lemma shows that if the type II sum (1.13) is large,
then the phase function x ↦→ gx , initially defined on [X,2X], can be extended to a
larger scale [XAK

II ,CKXAK
II ] for any fixed K , such that the phases gx at scale X

and the phases gz at scale XAK
II are related by an “approximate functional equation”

roughly of the form

gz(m·)∼ 1
m

(z,z+HAK
II ],(logX)−OK(1) gx

for “many” m≍AK
II . Since AII ≥Hε/2 ≥Xκ for some constant κ > 0, in all cases of

Theorem 1.1 we can find K≪ε 1 such that AK
II ≥X; thus, we can reach a very large

scale where the phase functions “communicate” with those at scale [X,2X]. We then
employ a technical proposition (Proposition 2.16), related to the non-abelian type
II estimate established in the prequel paper [30], to show that the functional equa-
tion (1.14) has no solutions in the non-abelian minor arc case where G is non-abelian
with one-dimensional center and gxΓ is highly equidistributed. In the complementary
abelian case, we can reduce to G/Γ = ℝ/ℤ. We then show that the only solutions
are essentially those where gx is the truncated Taylor series around x of the func-
tion n ↦→ T logn for some T ≪ XO(1); for this a key ingredient is Proposition 2.5
that relates approximately dilation-invariant polynomials to Taylor polynomials of
the logarithm function. This then brings us back to the major arc case that was dis-
cussed above.

Remark 1.10 There is an obstacle in improving the exponent θ in Theorem 1.1(i)
below θ = 1/3. Namely, for H = X1/3−ε , we do not know how to handle d3-type
sums

∑︂

X<abc≤X+H

X1/3−ε/2<a,b,c≤X1/3+ε/2

F(gx(abc)Γ).

arising from Heath-Brown’s identity. Our type II estimates are not applicable any-
more since none of the variables is supported on numbers ≤ HX−η for any η > 0.
On the other hand, our type I2 estimates from our previous paper [30] rely on a cer-
tain decomposition of hyperbolic neighborhoods into arithmetic progressions which
is only non-trivial in the regime θ ≥ 1/3.
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1.6 Notation

We use Y ≪ Z, Y =O(Z), or (when Y ≥ 0) Z≫ Y to denote the estimate |Y | ≤ CZ

for some constant C. If we permit this constant to depend on one or more parameters
we shall indicate this by appropriate subscripts, thus for instance Oε,A(Z) denotes a
quantity bounded in modulus by Cε,AZ for some quantity Cε,A depending only on
ε, A. We write Y ≍ Z for Y ≪ Z≪ Y , and we write y ∼ Y for Y < y ≤ 2Y . When
working with dk , all implied constants are permitted to depend on k. We also write
X = ow→∞(Y ) (respectively X = oδ→0(Y )) to denote an estimate of the form |X| ≤
c(w)Y where c(w)→ 0 as w→∞ (respectively, |X| ≤ c(δ)Y where c(δ)→ 0 as
δ→ 0); again, if the implied decay rate c needs to depend on additional parameters,
we indicate this with appropriate subscripts.

If x is a real number (respectively an element of ℝ/ℤ), we write e(x) := e2πix

and let ∥x∥ℝ/ℤ denote the distance of x to the nearest integer (respectively to zero).
We let {x} be the signed fractional part of x, that is to say the unique real number in
(−1/2,1/2] that is equal to x modulo 1. In particular ∥x∥ℝ/ℤ = |{x}|. We use log to
denote the natural logarithm function x ↦→ logx.

We use 1E to denote the indicator of an event E, thus 1E equals 1 when E is true
and 0 otherwise. If S is a set, we write 1S for the indicator function 1S(n) := 1n∈S .

We write |E| for the cardinality of a finite set E. If I is an interval, we use |I |
to denote its length. We write meas(ℬ) for the Lebesgue measure of a set ℬ ⊂ ℝ. If
ω⃗= (ω1, . . . ,ωs) ∈ {0,1}s is a vector, we write |ω⃗| := ω1 + · · · +ωs .

Unless otherwise specified, all sums range over natural number values, except for
sums over p which are understood to range over primes. We use d | n to denote
the assertion that d divides n; (n,m) to denote the greatest common divisor of n

and m, n = a (q) to denote the assertion that n and a have the same residue mod
q; and (f ∗ g)(n) :=∑︁d|n f (d)g(n/d) to denote the Dirichlet convolution of two
arithmetic functions f,g : ℕ→ ℂ. We use d |W∞ to denote the claim that d |Wm

for sufficiently large m, or equivalently that all prime factors of d divide W . We also
sometimes write P(w)=∏︁p<w p.

The height of a rational number a/b with a, b coprime is defined as max(|a|, |b|).

2 Basic tools

In this section we state various basic tools and definitions that we will need in this
paper. Most of these are quoted from our previous paper [30], but some (in particular,
Proposition 2.5) were not present in that work.

2.1 Total variation

The notion of maximal summation, which we defined in (1.4), interacts well with the
notion of total variation.
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Definition 2.1 (Total variation) Given any function f : P →ℂ on an arithmetic pro-
gression P , the total variation norm ∥f ∥TV(P ) is defined by

∥f ∥TV(P ) := sup
n∈P
|f (n)| + sup

n1<···<nk

k−1
∑︂

j=1

|f (nj+1)− f (nj )|

where the second supremum ranges over all increasing finite sequences n1 < · · ·< nk

in P and all k ≥ 1. Note that in this finitary setting one can simply take n1, . . . , nk to
be the elements of P in increasing order, if desired. We define ∥f ∥TV(P ) = 0 when
P is empty. For any natural number q ≥ 1, we also set

∥f ∥TV(P ;q) :=
∑︂

a∈ℤ/qℤ

∥f ∥TV(P∩(a+qℤ)).

Informally, if f is bounded in TV(P ;q) norm, then f does not vary much on each
residue class modulo q in P . Applying the fundamental theorem of calculus we see
that if f : I→ℂ is a continuously differentiable function on an interval I and P ⊂ I

is an arithmetic progression, then

∥f ∥TV(P )≪ sup
t∈I
|f (t)| +

∫︂

I

|f ′(t)| dt.

Furthermore, from the identity ab− a′b′ = (a − a′)b+ (b− b′)a′ we see that

∥fg∥TV(P ;q)≪∥f ∥TV(P ;q)∥g∥TV(P ;q)

for any functions f,g : P →ℂ defined on an arithmetic progression, and any q ≥ 1.
We recall some basic properties of maximal summation:

Lemma 2.2 (Basic properties of maximal sums) [30, Lemma 2.2]

(i) (Triangle inequalities) For any subprogression P ′ of an arithmetic progression
P , and any f : P →ℂ we have

⃓
⃓
⃓
⃓
⃓

∑︂

n∈P
f (n)1P ′(n)

⃓
⃓
⃓
⃓
⃓

∗
=
⃓
⃓
⃓
⃓
⃓

∑︂

n∈P ′
f (n)

⃓
⃓
⃓
⃓
⃓

∗
≤
⃓
⃓
⃓
⃓
⃓

∑︂

n∈P
f (n)

⃓
⃓
⃓
⃓
⃓

∗

and
⃓
⃓
⃓
⃓
⃓

∑︂

n∈P
f (n)

⃓
⃓
⃓
⃓
⃓
≤
⃓
⃓
⃓
⃓
⃓

∑︂

n∈P
f (n)

⃓
⃓
⃓
⃓
⃓

∗
≤
∑︂

n∈P
|f (n)|.

If P can be partitioned into two subprogressions as P = P1 ⊎ P2, then

⃓
⃓
⃓
⃓
⃓

∑︂

n∈P
f (n)

⃓
⃓
⃓
⃓
⃓

∗
≤
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

n∈P1

f (n)

⃓
⃓
⃓
⃓
⃓
⃓

∗
+
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

n∈P2

f (n)

⃓
⃓
⃓
⃓
⃓
⃓

∗
.

Finally, the map f ↦→ |∑︁n∈P f (n)|∗ is a norm.
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(ii) (Summation by parts) Let P be an arithmetic progression, and let f,g : P → ℂ

be functions. Then we have
⃓
⃓
⃓
⃓
⃓

∑︂

n∈P
f (n)g(n)

⃓
⃓
⃓
⃓
⃓

∗
≤ ∥g∥TV(P )

⃓
⃓
⃓
⃓
⃓

∑︂

n∈P
f (n)

⃓
⃓
⃓
⃓
⃓

∗

and more generally
⃓
⃓
⃓
⃓
⃓

∑︂

n∈P
f (n)g(n)

⃓
⃓
⃓
⃓
⃓

∗
≤ ∥g∥TV(P ;q)

⃓
⃓
⃓
⃓
⃓

∑︂

n∈P
f (n)

⃓
⃓
⃓
⃓
⃓

∗

for any q ≥ 1.

2.2 Vinogradov lemma

If f : ℤ→ ℝ/ℤ is a function, and I is an interval of some length |I | ≥ 1, we define
the smoothness norm

∥f ∥Cd(I) := sup
0≤j≤d

sup
n∈I
|I |j∥∂j

1 f (n)∥ℝ/ℤ (2.1)

where ∂1 is the difference operator4 ∂1f (n) := f (n+ 1)− f (n). We make a similar
definition if f takes values in ℝ instead of ℝ/ℤ (where now we replace ∥∥ℝ/ℤ by the

absolute value). In the case where f is a polynomial of degree d , we have ∂
j

1 f = 0
for all j > d , and in this case we write ∥f ∥Cd(I) as ∥f ∥C∞(I ). We remark that this
definition of ∥f ∥C∞(I ) deviates slightly from that in [7, Definition 2.7]; in particular,
we allow the index j to equal zero and we allow n to range over I instead of setting
n to equal 0. If I = [x, x +H ] with x,H ≥ 1 and f (n)=∑︁d

k=0 αk

(︁
n−n0

k

)︁

for some
integer n0 ∈ I , then

∥f ∥C∞(I ) ≍d max
0≤j≤d

Hj∥αj∥ℝ/ℤ. (2.2)

The lower bound is clear (specialize n to n0 in (2.1)). The upper bound comes from
using the Taylor expansion identity

∂
j

1 f (n)=
d
∑︂

k=j

(︃
n− n0

k − j

)︃

∂k
1 f (n0)

and the triangle inequality.
If f is a polynomial of degree d , for any intervals I ⊂ I ′ we have

∥f ∥C∞(I ) ≤ ∥f ∥C∞(I ′)≪d

(︃ |I ′|
|I |
)︃d

∥f ∥C∞(I ); (2.3)

4In our previous paper [30] we used the convention ∂1f (n)= f (n)−f (n−1) instead, but this makes little
difference to the final statements, and we have switched to this convention to align with other literature in
the subject.
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indeed, the first inequality is trivial, and for the second one we can use (2.2). We also
claim the dilation property

∥f (a·)∥
C∞( 1

a
I )
≪d ∥f ∥C∞(I ) (2.4)

for any 1 ≤ a ≤ |I |, where here and later 1
a
I := { t

a
: t ∈ I }. In view of (2.2), it suf-

fices to show that for every 0 ≤ k ≤ d , the dilated binomial coefficient
(︁
an
k

)︁

has an

expansion of the form
∑︁k

j=0 cj,k

(︁
n
j

)︁

with cj,k =Od(ak). But this is clear since
(︁
an
k

)︁

is a degree k polynomial in n with coefficients Od(ak).
We have the following convenient form of the Vinogradov lemma:

Lemma 2.3 (Vinogradov lemma) [30, Lemma 2.3] Let ε, δ ∈ (0,1/2), d ≥ 0, and let
P : ℤ→ℝ/ℤ be a polynomial of degree at most d . Let I be an interval with |I | ≥ 1,
and suppose that

∥P(n)∥ℝ/ℤ ≤ ε

for at least δ|I | integers n ∈ I . Then either we have δ≪d ε, or else

∥qP ∥C∞(I )≪d δ−Od(1)ε

for some integer 1≤ q≪d δ−Od(1).

As a useful corollary of Lemma 2.3 we have, roughly speaking, that if many di-
lates of a polynomial are smooth, then the polynomial itself is smooth, providing a
converse of sorts to (2.4).

Corollary 2.4 (Concatenating dilated smoothness) [30, Corollary 2.4] Let δ ∈
(0,1/2), d ≥ 0, and let P : ℤ→ℝ/ℤ be a polynomial of degree at most d . Let A≥ 1,
let I be an interval with |I | ≥ 2A, and suppose that

∥P(a·)∥
C∞( 1

a
I )
≤ 1

δ

for at least δA integers a in [A,2A]. Then either we have |I | ≪d δ−Od(1)A, or else

∥qP ∥C∞(I )≪d δ−Od(1)

for some integer 1≤ q≪d δ−Od(1).

For the proof of our type II estimates, we also need the following proposition
(which can be seen as an abstraction of [23, Proposition 2.2]) that relates polynomials
P satisfying a certain dilation invariance to multiples T log of the logarithm function.

Proposition 2.5 (Approximately dilation-invariant polynomials behave like the log-
arithm) Let d ≥ 0. Let X ≥ H , A ≥ 2 and 0 < δ ≤ 1

logX
with H ≥ δ−Cd max(A,

X/A) for a large enough constant Cd . Let P : ℤ→ ℝ/ℤ be a polynomial of degree
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d . Cover (A,2A] by O(X/H) intervals IA′ = (A′,A′
(︁

1+ H
X

)︁] with A ≤ A′ ≤ 2A,
with each point belonging to at most O(1) of these intervals. Suppose that for at least
δX/H of the intervals IA′ there exist at least δ|IA′ |2 integer pairs (a1, a2) ∈ I 2

A′ for
which we have

∥P(a1·)− P(a2·)∥C∞(X/A′,X/A′+H/A′] ≤ 1

δ
. (2.5)

Then there exist a real number T satisfying |T | ≪d δ−Od(1)(X/H)d+1 and an integer
1≤ q≪d δ−Od(1) such that

∥qP (·)− T log(·)∥Cd(X,X+H ] ≪d δ−Od(1).

Note that the function T log(·) is dilation-invariant up to constants:

T log(a1·)− T log(a2·)= T log
a1

a2
.

As a consequence, any polynomial P which is close to T log in Cd(X,X+H ] norm
would also obey an estimate similar to (2.5) for all a1, a2 ∈ IA′ , thanks to (2.4). The
above proposition can be viewed as a sort of converse to this assertion.

Proof We may assume that δ > 0 is smaller than any fixed absolute constant. We
allow implied constants to depend on d . By rounding, we may assume that X is an
integer.

By the pigeonhole principle, we can find a2 ∈ IA′ and a subinterval I ′
A′ =

(A′′,A′′
(︁

1+ δ3 H
X

)︁] such that (2.5) holds for≫ δ4|IA′ | choices of a1 ∈ I ′
A′ . For each

such a1, we write

P(a1n)− P(a2n)− (P (a1X/A′′)− P(a2X/A′′))=
d
∑︂

j=1

βj (a1, a2)(n−X/A′′)j

for some real numbers βj (a1, a2). From (2.5) and (2.2) we see that (H/A′)j∥d!βj (a1,

a2)∥ℝ/ℤ≪ 1/δ for all 1 ≤ j ≤ d . By the triangle inequality, this implies that for all
n=X/A′′ +O(δ2H/A′) we have

∥d!(P (a1n)− P(a2n)− (P (a1X/A′′)− P(a2X/A′′)))∥ℝ/ℤ≪ 1

δ

d
∑︂

j=1

δ2j ≪ δ.

We conclude that for any a1 as above we have

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

X<a1n≤X+δ2H

e(d!P(a1n)− d!P(a2n))

⃓
⃓
⃓
⃓
⃓
⃓

≫ δ2H/A. (2.6)
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Summing over the possible choices of a1, this implies that
⃓
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

a1∈I ′A′

∑︂

X<a1n≤X+δ2H

αa1βne(d!P(a1n))

⃓
⃓
⃓
⃓
⃓
⃓
⃓

≫ δ6H

for some bounded coefficients αa1 , βn.
We can then invoke [23, Proposition 2.2] and conclude that if we write

P(y)=
d
∑︂

j=0

αj (y −X)j mod 1

with αj ∈ℝ/ℤ, then for some integer 1≤ q≪ δ−O(1) we have

∥q(jαj +X(j + 1)αj+1)∥ℝ/ℤ≪ δ−O(1)X/Hj+1, (2.7)

for all 1 ≤ j ≤ d , with the convention that αd+1 = 0. By backward induction on j ,
we may thus lift from ℝ/ℤ to ℝ and write (−1)j qjαj = βj mod 1 for some real
numbers βj obeying

βj −Xβj+1 =O(δ−O(1)X/Hj+1)

for all j = 1, . . . , d , with the convention that βd+1 = 0. If we write β1 = T/X for a
real number T , then a forward induction in j gives

βj = T

Xj
+O(δ−O(1)/Hj )

for all 1 ≤ j ≤ d + 1; in particular substituting j = d + 1 we have T ≪ δ−O(1)×
(X/H)d+1. By construction of βj , we now have

qd!αj = d!T (−1)j

jXj
+O(δ−O(1)/Hj ) mod 1

for j = 1, . . . , d .
Let ∂1f (h)= f (h)−f (h−1) be the differencing operator in the h variable. Then,

by the Taylor series of the logarithm function, for all h = O(H) and 1 ≤ i ≤ d we
have

∂i
1[d!qP (X+ h)] =

d
∑︂

j=1

d!qαj∂
i
1h

j

=
d
∑︂

j=1

d!(−1)j

j

T

Xj
∂i

1h
j +O(δ−O(1)/H i) mod 1

=
∞
∑︂

j=1

d!(−1)j

j

T

Xj
∂i

1h
j +O(δ−O(1)/H i) mod 1
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= ∂i
1[d!T log(1+ h/X)] +O(δ−O(1)/H i) mod 1

= ∂i
1[d!T log(X+ h)] +O(δ−O(1)/H i) mod 1.

Making the substitution n :=X+ h, we conclude that

∥d!qP (·)− d!T log(·)∥Cd(X,X+H ] ≪ δ−O(1)

and the claim follows after some relabeling. □

2.3 Equidistribution on nilmanifolds

We now recall some of the basic notation and results from [7] on equidistribution of
polynomial maps on nilmanifolds.

Definition 2.6 (Filtered group) Let d ≥ 1. A filtered group is a group G (which we
express in multiplicative notation G = (G, ·) unless explicitly indicated otherwise)
together with a filtration G• = (Gi)

∞
i=0 of nested groups G ≥ G0 ≥ G1 ≥ . . . such

that [Gi,Gj ] ≤Gi+j for all i, j ≥ 0. We say that this group has degree at most d if
Gi is trivial for all i > d . Given a filtered group of degree at most d , a polynomial map

g : ℤ→G from ℤ to G is a map of the form g(n) = g0g
(n

1)
1 . . . g

(n
d)

d where gi ∈Gi

for all 0≤ i ≤ d ; the collection of such maps will be denoted by Poly(ℤ→G).

The well known Lazard–Leibman theorem (see e.g. [7, Proposition 6.2]) states
that Poly(ℤ→G) is a group under pointwise multiplication; also, from [7, Corollary
6.8] it follows that if g : ℤ→G is a polynomial map then so is n ↦→ g(an+ b) for
any integers a, b.

If G is a simply connected nilpotent Lie group, we write logG for the Lie algebra.
From the Baker–Campbell–Hausdorff formula5 it follows that the exponential map
exp : logG→G is a homeomorphism and hence has an inverse log : G→ logG.

Definition 2.7 (Filtered nilmanifolds) Let d,D ≥ 1 and 0 < δ < 1. A filtered nilman-
ifold G/Γ of degree at most d , dimension D, and complexity at most 1/δ consists of
the following data:

• A filtered simply connected nilpotent Lie group G of dimension D equipped with a
filtration G• = (Gi)

∞
i=0 of degree at most d , with G0 =G1 =G and all Gi closed

connected subgroups of G.
• A lattice (i.e., a discrete cocompact subgroup Γ) of G, with the property that Γi :=

Γ ∩Gi is a lattice of Gi for all i ≥ 0.
• A linear basis X1, . . . ,XD (which we call a Mal’cev basis) of logG.

Furthermore we assume the following axioms:

5More precisely, the Baker–Campbell–Hausdorff formula, which has only finitely many non-zero terms in
the connected case, provides an associative polynomial multiplication law on logG that agrees locally with
the multiplication law on G after conjugating by the exponential map, thus providing a local isomorphism
of Lie groups; see e.g., [38, §1.2, 2.4]. As logG and G are both simply connected, one can extend this
local isomorphism to a global one by monodromy.
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(i) For all 1 ≤ i, j ≤ D we have [Xi,Xj ] =∑︁i,j<k≤D cijkXk for some rational
numbers cijk of height at most 1/δ.

(ii) For all 0≤ i ≤D, the vector space Gi is spanned by the Xj with D− dimGi <

j ≤D.
(iii) We have Γ = {exp(n1X1) · · · exp(nDXD) : n1, . . . , nD ∈ ℤ}.
One easily sees that G/Γ has the structure of a smooth compact D-dimensional
manifold, to which we can associate a probability Haar measure dμG/Γ . We
define the metric dG on G to be the largest right-invariant metric such that
dG(exp(t1X1) . . . exp(tDXD),1) ≤ sup1≤i≤D |ti | for all t1, . . . , tD ∈ ℝ. We then de-
fine a metric dG/Γ on G/Γ by the formula dG/Γ(x, y) := infgΓ=x,hΓ=y dG(g,h).
The Lipschitz norm of a function F : G/Γ→ℂ is defined as

sup
x∈G/Γ

|F(x)| + sup
x,y∈G/Γ : x≠y

|F(x)− F(y)|
dG/Γ(x, y)

.

A horizontal character η associated to a filtered nilmanifold is a continuous ho-
momorphism6 η : G→ℝ that maps Γ to the integers.

An element γ of G is said to be M-rational for some M ≥ 1 if one has γ r ∈ Γ

for some natural number 1≤ r ≤M . A subnilmanifold G′/Γ′ of G/Γ (thus G′ is a
closed connected subgroup of G with Γ′i :=G′i ∩Γ cocompact in G′i for all i) is said
to be M-rational if each element X′1, . . . ,X′dimG′ of the Mal’cev basis associated to
G′ is a linear combination of the Xi with all coefficients being rational numbers of
height at most M .

One easily sees that every horizontal character takes the form η(g)= λ(logg) for
some linear functional λ : logG→ ℝ that annihilates log[G,G] and maps logΓ to
the integers. From this one can verify that the number of horizontal characters of
Lipschitz norm at most 1/δ is at most Od,D(δ−Od,D(1)).

Remark 2.8 In particular, if G = ℝ and Γ = ℤ, all horizontal characters are of the
form y ↦→ ry with r ∈ ℤ.

From several applications of Baker–Campbell–Hausdorff formula (see e.g. [29,
Appendix B]) we see that if G has degree at most d and γ1, γ2 are M-rational, then
γ1γ2 is Od(MOd(1))-rational.

The following theorem gives a basic dichotomy between equidistribution and
smoothness:

Theorem 2.9 (Quantitative Leibman theorem) [30, Theorem 2.7] Let 0 < δ < 1/2,
let d,D ≥ 1, let I be an interval with |I | ≥ 1, and let G/Γ be a filtered nilmanifold of
degree at most d , dimension at most D, and complexity at most 1/δ. Let F : G/Γ→
ℂ be Lipschitz of norm at most 1/δ and of mean zero (i.e.,

∫︁

G/Γ
F dμG/Γ = 0).

6This is a lift of the convention in [7], in which a horizontal character is a continuous homomorphism from
G to ℝ/ℤ that annihilates Γ.
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Suppose that g : ℤ→G is a polynomial map with

⃓
⃓
⃓
⃓
⃓

∑︂

n∈I
F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓

∗
≥ δ|I |.

Then there exists a non-trivial horizontal character η : G→ ℝ of Lipschitz norm
Od,D(δ−Od,D(1)) such that

∥η ◦ g∥C∞(I )≪d,D δ−Od,D(1).

Let G/Γ be a filtered nilmanifold of dimension D and complexity at most 1/δ.
A rational subgroup G′ of complexity at most 1/δ is a closed connected subgroup
of G with the property that logG′ admits a linear basis consisting of dimG′ vectors
of the form

∑︁D
i=1 aiXi , where each ai is a rational of height at most 1/δ. In [7,

Proposition A.10] it is shown that G′/Γ′ can be equipped with the structure of a
filtered nilmanifold of complexity Od,D(δ−Od,D(1)), where Γ′ := Γ∩G′, G′i :=Gi ∩
G′, and the metrics dG, dG′ are comparable on G′ up to factors of Od,D(δ−Od,D(1));
one can view G′/Γ′ as a subnilmanifold of G/Γ.

One can easily verify from basic linear algebra and the Baker–Campbell–
Hausdorff formula that the following groups are rational subgroups of G of com-
plexity Od,D(δ−Od,D(1)):

• The groups Gi in the filtration for 0≤ i ≤ d .
• The kernel kerη of any horizontal character η of Lipschitz norm Od,D(δ−Od,D(1)).
• The center Z(G)= {exp(X) : X ∈ logG; [X,Y ] = 0 ∀Y ∈ logG} of G.
• The intersection G′ ∩G′′ or commutator [G′,G′′] of two rational subgroups G′,

G′′ of G of complexity Od,D(δ−Od,D(1)).
• The product G′N of two rational subgroups G′, N of G of complexity

Od,D(δ−Od,D(1)), with N normal.

If we quotient out a filtered nilmanifold by a normal subgroup, we obtain another
filtered nilmanifold, with polynomial bounds on complexity:

Lemma 2.10 (Quotienting by a normal subgroup) [30, Lemma 2.8] Let G/Γ be a fil-
tered nilmanifold of degree at most d , dimension D and complexity at most 1/δ. Let N

be a normal rational subgroup of G of complexity at most 1/δ, and let π : G ↦→G/N

be the quotient map. Then π(G)/π(Γ) can be given the structure of a filtered nilman-
ifold of degree at most d , dimension D − dimN , and complexity Od,D(δ−Od,D(1)),
such that

dπ(G)(π(g),π(h))≍d,D δ−Od,D(1) inf
n∈N dG(g,nh)

for any g,h ∈G.

A central frequency is a continuous homomorphism ξ : Z(G)→ ℝ which maps
Z(G)∩Γ to the integers ℤ (that is to say, a horizontal character on Z(G), or a Fourier
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character of the central torus Z(G)/(Z(G) ∩ Γ)). A function F : G/Γ→ ℂ is said
to oscillate with central frequency ξ if one has the identity

F(zx)= e(ξ(z))F (x)

for all x ∈ G/Γ and z ∈ Z(G). Similarly to horizontal characters, the number of
central frequencies ξ of Lipschitz norm at most 1/δ is Od,D(δ−Od,D(1)). If ξ is such
a central frequency, one can easily verify that the kernel ker ξ ≤ Z(G) is a rational
normal subgroup of G of complexity Od,D(δ−Od,D(1)).

We have the following convenient decomposition:

Proposition 2.11 (Central Fourier approximation) [30, Proposition 2.9] Let d,D ≥ 1
and 0 < δ < 1. Let G/Γ be a filtered nilmanifold of degree at most d , dimension D,
and complexity at most 1/δ. Let F : G/Γ→ ℂ be a Lipschitz function of norm at
most 1/δ. Then we can decompose

F =
∑︂

ξ

Fξ +O(δ)

where ξ ranges over central frequencies of Lipschitz norm at most Od,D(δ−Od,D(1)),
and each Fξ has Lipschitz norm Od,D(δ−Od,D(1)) and oscillates with central fre-
quency ξ . Furthermore, if F has mean zero, then the same holds for all of the Fξ .

We now recall some properties of polynomial sequences.

Definition 2.12 (Smoothness, total equidistribution, rationality) Let G/Γ be a fil-
tered nilmanifold, g ∈ Poly(ℤ→G) be a polynomial sequence, I ⊂ℝ be an interval
of length |I | ≥ 1, and M > 0.

(i) We say that g is (M, I)-smooth if one has

dG(g(n),1G)≤M; dG(g(n), g(n− 1))≤M/|I |
for all n ∈ I .

(ii) We say that g is totally 1/M-equidistributed in G/Γ if one has
⃓
⃓
⃓
⃓
⃓

1

|P |
∑︂

n∈P
F (g(n)Γ)−

∫︂

G/Γ

F

⃓
⃓
⃓
⃓
⃓
≤ 1

M
∥F∥Lip

whenever F : G/Γ→ℂ is Lipschitz and P is an arithmetic progression in I of
cardinality at least |I |/M .

(iii) We say that g is M-rational if for some 1≤ r ≤M one has g(n)r ∈ Γ for each
n ∈ ℤ.

From Taylor expansion and the Baker–Campbell–Hausdorff formula it is not
difficult to see that if G/Γ has degree at most d and g is M-rational, then the
map n ↦→ g(n)Γ is q-periodic for some period 1 ≤ q ≪d MOd(1); see, e.g., [7,
Lemma A.12].

We also have the following basic facts about smooth and rational polynomials for
any interval I :
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Lemma 2.13 Suppose that G/Γ is a filtered nilmanifold of degree and dimension
O(1) and complexity at most M for some M ≥ 1.

(i) (Smooth polynomials form an approximate group) The constant polynomial 1 is
M-smooth on I , and if g, h are M-smooth on I , then g−1 and gh are MO(1)-
smooth.

(ii) (Rational polynomials form an approximate group) The constant polynomial 1 is
M-rational, and if g, h are M-rational, then g−1 and gh are MO(1)-rational.

Proof Claim (i) follows from the triangle inequality, the right-invariance of the metric
dG, and the approximate left-invariance of dG (see [7, Lemma A.5]). Claim (ii) is [7,
Lemma A.11(v)]. □

Lemma 2.14 [30, Lemma 2.11] Let d,D ≥ 1 and 0 < δ < 1. Let G/Γ be a filtered
nilmanifold of degree at most d , dimension D, and complexity at most 1/δ. Let g ∈
Poly(ℤ→G), and let I be an interval with |I | ≥ 1. Suppose that

∥η ◦ g mod 1∥C∞(I ) ≤ 1/δ

for some non-trivial horizontal character η : G→ ℝ of Lipschitz norm at most 1/δ.
Then there is a decomposition g = εg′γ into polynomial maps ε, g′, γ ∈ Poly(ℤ→
G) such that

(i) ε is (δ−Od,D(1), I )-smooth;
(ii) g′ takes values in G′ = kerη;

(iii) γ is δ−Od,D(1)-rational.

We also rely on the following large sieve inequality for nilsequences, which is a
more quantitative variant of the one in [29, Proposition 4.11] and will be deduced
from [30, Proposition 2.15].

Proposition 2.15 (Large sieve) Let d,D ≥ 1 and 0 < δ < 1. Let G/Γ be a fil-
tered nilmanifold of degree at most d , dimension D, and complexity at most 1/δ,
whose center Z(G) is one-dimensional. Let I be an interval with |I | ≥ 1, and let
F : G/Γ→ ℂ be Lipschitz of norm at most 1/δ and having a non-zero central fre-
quency ξ . Let f : ℤ→ ℂ be a function with

∑︁

n∈I |f (n)|2 ≤ 1
δ
|I |. Then there exist

K ≪d,D δ−Od,D(1) and elements g1, . . . , gK ∈ Poly(ℤ→G) such that the following
holds. Whenever g ∈ Poly(ℤ→G) satisfies

⃓
⃓
⃓
⃓
⃓

∑︂

n∈I
f (n)F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓

∗
≥ δ|I |, (2.8)

at least one of the following holds.

(i) There exists a non-trivial horizontal character η : G→ℝ having Lipschitz norm
Od,D(δ−Od,D(1)) such that ∥η ◦ g∥C∞(I )≪d,D δ−Od,D(1).
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(ii) There exists i ∈ {1, . . . ,K} such that we can write

g = εgiγ

where ε is (Od,D(δ−Od,D(1)), I )-smooth and γ is Od,D(δ−Od,D(1))-rational.

Informally speaking, this proposition asserts that a given function f can only
correlate with a bounded number of essentially distinct non-trivial nilsequences
F(g(·)Γ); it is a higher-order analogue of the classical large sieve inequality, which
asserts (roughly speaking) that f will only have a bounded number of essentially
distinct frequencies where the Fourier transform is large.

Proof This follows quickly from [30, Proposition 2.15]. We may assume that δ <

1/2. Let C be large enough in terms of d , D, and let C′ be large enough in terms of
C. Let 𝒢 = {g1, . . . , gJ } be a maximally large collection of elements of Poly(ℤ→G)

such that
⃓
⃓
⃓
⃓
⃓

∑︂

n∈I
f (n)F (gi(n)Γ)

⃓
⃓
⃓
⃓
⃓

∗
≥ δI

for all 1 ≤ j ≤ J and such that for any h,h′ ∈ 𝒢 with h ≠ h′ we have the following
properties:

(PC ) For any non-trivial horizontal character η : G→ ℝ of Lipschitz norm ≤ δ−C

we have ∥η ◦ h mod 1∥C∞(I ) > δ−C ;
(QC ) If h= εh′γ with ε, γ ∈ Poly(ℤ→G), then either ε is not (δ−C, I )-smooth or

γ is not δ−C -rational.

We may assume that the collection {g1, . . . , gJ } is non-empty. If C is large enough,
by [30, Proposition 2.15] we have J ≤ δ−C . Now, let g ∈ Poly(ℤ→G) be any poly-
nomial sequence satisfying (2.8). If g fails property PC , we are done. If the pair
(g, gj ′) fails property QC′ for some 1 ≤ j ′ ≤ J , we are again done. Finally, we are
left with the case where g satisfies PC and (g, gj ′) satisfies QC′ for any 1 ≤ j ′ ≤ J

(and therefore by Lemma 2.13 also (gj , g) satisfies QC for any 1≤ j ≤ J , thanks to
the assumption that C′ is large in terms of C). But since property QC′ implies prop-
erty QC , this contradicts the maximality of the collection {g1, . . . , gJ }. The claim
follows. □

The following proposition from [30] will be an important ingredient in the proof
of our type II estimate, although it will be applied in a different context to the one
in [30], namely in order to analyze the outcome of Walsh’s contagion argument. It
will play a role in the nonabelian type II theory similar to the role Proposition 2.5
will play in the abelian type II theory.

Proposition 2.16 (Abstract non-abelian type II inverse theorem) [30, Proposition
6.1] Let C ≥ 1, d,D ≥ 1, X ≥ H ≥ 2, X ≥ A ≥ 1, 0 < δ < 1

logX
, and let G/Γ be

a filtered nilmanifold of degree at most d , dimension at most D, and complexity at
most 1/δ, with G non-abelian. Let g : ℤ→G be a polynomial map. Cover (A,2A]
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by at most CX/H intervals IA′ = (A′, (1+ H
X

)A′] with A≤A′ ≤ 2A, with each point
belonging to at most C of these intervals. Suppose that for at least 1

C
δCX/H of the

intervals IA′ , there exist at least 1
C

δC |IA′ |2 integer pairs (a, a′) ∈ I 2
A′ for which there

exists a factorization

g(a′·)= εaa′g(a·)γaa′

where εaa′ is (Cδ−C,JA′)-smooth and γaa′ is Cδ−C -rational, with JA′ denoting the
interval

JA′ :=
(︃(︃

1− 10H

X

)︃
X

A′
,

(︃

1+ 10H

X

)︃
X

A′

]︃

.

Then either

H ≪d,D,C δ−Od,D,C(1) max(A,X/A)

or there exists a non-trivial horizontal character η : G → ℝ of Lipschitz norm
Od,D,C(δ−Od,D,C(1)) such that

∥η ◦ g∥C∞(X,X+H ] ≪d,D,C δ−Od,D,C(1).

2.4 Combinatorial lemmas

The following lemma is Heath-Brown’s identity in the form of [30, Lemma 2.16], but
with one additional case.

Lemma 2.17 Let X ≥ 2, and let L ∈ ℕ be fixed. We may find a collection ℱ of
O((logX)O(1)) functions f : ℕ→ℝ, such that

Λ(n)=
∑︂

f∈ℱ
f (n)

for each X/2≤ n≤ 4X, and each f ∈ℱ takes the form

f = a(1) ∗ · · · ∗ a(ℓ)

for some ℓ ≤ 2L, where a(i) is supported on (Ni,2Ni] for some Ni ≥ 1/2, and
each a(i)(n) is either 1(Ni ,2Ni ](n), (logn)1(Ni ,2Ni ](n), or μ(n)1(Ni ,2Ni ]. Further,
N1N2 · · ·Nℓ ≍ X, and Ni ≪ X1/L for each i with a(i)(n) = μ(n)1(Ni ,2Ni ](n). The
same statement holds with μ in place of Λ (but (logn)1(Ni ,2Ni ](n) does not appear)
and with dk in place of Λ (but (logn)1(Ni ,2Ni ](n) and μ(n)1(Ni ,2Ni ](n) do not ap-
pear).

Proof The cases of μ and Λ are [30, Lemma 2.16]. For the case of dk , note that dk ,
which is the k-fold convolution of 1, can be decomposed into a sum of O(logk X)

terms, each of which takes the form

f = 1(N1,2N1] ∗ · · · ∗ 1(Nk,2Nk]

for some Ni ≥ 1/2 with N1N2 · · ·Nk ≍X. □
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We shall also frequently use Shiu’s bound (see [35, Theorem 1]).

Lemma 2.18 [30, Lemma 2.17] Let A ≥ 1 and ε > 0 be fixed. Let X ≥H ≥Xε and
let 1≤ q ≤H 1−ε be an integer. Let f be a non-negative multiplicative function such
that f (pℓ) ≤ Aℓ for every prime p and every ℓ ∈ ℕ, and suppose that f (n)≪c nc

for every c > 0. Then for any integer a coprime to q we have

∑︂

X<n≤X+H
n≡a (mod q)

f (n)≪ H

φ(q) logX
exp

(︄
∑︂

p≤2X
p∤q

f (p)

p

)︄

.

We will also need the fact that the approximants Λ♯ and d
♯
k are essentially type I

sums.

Lemma 2.19 Let k ≥ 2 be a fixed integer, let ε > 0 be fixed, and let X ≥ 3.

(i) There exists a sequence a(n) supported on [1,Xε/5] with a(n)≪ logX such that,
for every 1≤ n≤ 3X, we have Λ♯(n)= (a ∗ 1)(n)+E(n), where E is negligible
in the sense that for any Xε ≤H ≤ x ≤ 2X we have

∑︂

x<n≤x+H

|E(n)| ≪H exp(− log1/20 X).

(ii) There exists J ≪ 1 and sequences a1(n), . . . , aJ (n) supported on [1,Xε/5]
with |aj (m)| ≤ dk−1(m) such that, for each 1 ≤ n ≤ 3X, we have d

♯
k(n) =

∑︁

1≤j≤J (aj ∗ ψj )(n), where ψj (n) = (logℓj n)/(logℓj X) for some integer 0 ≤
ℓj ≤ k − 1.

Proof (i) Recall the definitions R = exp((logX)1/10) and P(w) = ∏︁p<w p from
(1.1). Defining

E(n)=Λ♯(n)− P(R)

φ(P (R))

∑︂

d|n
d≤Xε/5

d|P(R)

μ(d),

the function Λ♯(n) − E(n) is of the desired form a ∗ 1, and by Möbius inversion
and [30, Lemma 2.18] for Xε ≤H ≤ x ≤ 2X we have

∑︂

x<n≤x+H

|E(n)| ≤ P(R)

φ(P (R))

∑︂

x<dn≤x+H

d>Xε/5

d|P(R)

1≪ε H exp(− log1/20 X). (2.9)

(ii) By (1.2) and (1.3), we have

d
♯
k(n)=

k−1
∑︂

j=0

(︁
k
j

)︁

(k − j − 1)!
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×
∑︂

n=n1···nk−1d
n1,...,nj−1≤Rk

Rk<nj+1,...,nk−1≤R2
k

(︃
log(R

k−j
k nj+1 · · ·nk−1)+ logd

logRk

)︃k−j−1

.

Applying the binomial formula to the inner sum and merging the variables n1, . . . ,

nk−1, the claim follows. □

3 Major arc estimates

The purpose of this section is to handle the case of Theorem 1.1 where F(g(n)Γ)

is major arc in the sense that it behaves like niT in arithmetic progressions to small
modulus (the case T = 0 would correspond to the classical major arcs in the circle
method), for some T of polynomial size. To this end, we prove the following theorem.

Theorem 3.1 (Major arc estimate) Let X ≥ 3 and Xθ+ε ≤H ≤X for some θ ∈ (0,1)

and some small ε ∈ (0,1). Let T be a real number with |T | ≤XC for some C > 0.

(i) (Major arc discorrelation) Let θ = 1/3. Then, for any A > 0, one has

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

μ(n)n−iT

⃓
⃓
⃓
⃓
⃓
⃓

∗
≤H log−A X

and
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(Λ(n)−Λ♯(n))n−iT

⃓
⃓
⃓
⃓
⃓
⃓

∗
≤H log−A X

for all x ∈ [X,2X] outside of a set of measure OA,ε,C(X log−A X). Furthermore,
for any integer k ≥ 2 and some constant ck,C > 0 depending only on k, C, one
has

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(dk(n)− d
♯
k(n))n−iT

⃓
⃓
⃓
⃓
⃓
⃓

∗
≤HX−ck,Cε

for all x ∈ [X,2X] outside of a set of measure Oε,C(X1−ck,Cε).
(ii) (Major arc discorrelation with weight on prime factors) Let θ = 0 and κ ∈

(0, ε/20). Then, for any A > 0 and any integer k ≥ 2, one has

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

μ(n)n−iT
∑︂

Xκ<p≤Xε/10

1p|n

⃓
⃓
⃓
⃓
⃓
⃓

∗
≤H log−A X
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Fig. 2 Proof of Theorem 3.1. The Vinogradov–Korobov bound (Lemma 3.2) and Heath–Brown identity
(Lemma 2.17) are also used at several points in the proof, but are not depicted on this diagram to reduce
clutter

and
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(dk(n)− d
♯
k(n))n−iT

∑︂

Xκ<p≤Xε/10

1p|n

⃓
⃓
⃓
⃓
⃓
⃓

∗
≤H log−A X

for all x ∈ [X,2X] outside of a set of measure OA,ε,κ,C(X log−A X).

The proof strategy of Theorem 3.1 is to apply combinatorial decompositions to
μ, Λ−Λ♯, dk − d

♯
k (possibly with an additional weight as in part (ii)) and to prove

estimates for the resulting type I and II major arc sums. These sums will be han-
dled in Sects. 3.3 and 3.2, respectively, and then we are left with some reductions
(involving the removal of maximal summation) and combinatorial considerations in
Sects. 3.4–3.5. For the logic of the proof, see Fig. 2.

3.1 Lemmas on Dirichlet polynomials

We begin with the following standard pointwise bounds for Dirichlet polynomials of
μ, Λ, dk .

Lemma 3.2 (Vinogradov–Korobov bound) Let k ∈ ℕ be fixed. Let f ∈ {μ,Λ,dk}.
Let X ≥ 3, A > 0, and define Wf by the formulae

Wμ := 0; WΛ := logA X; Wdk
:=Xck ,

where ck > 0 is a small enough constant. Then we have

sup
Wf≤|T |≤XA

⃓
⃓
⃓
⃓

∑︂

X<n≤2X

f (n)

n1+iT

⃓
⃓
⃓
⃓

∗
≪A

logO(1) X

(Wf + logA X)1/2
.
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Proof For some interval I ⊂ [X,2X] and some integers q ≥ r ≥ 1, we have

⃓
⃓
⃓
⃓

∑︂

X<n≤2X

f (n)

n1+iT

⃓
⃓
⃓
⃓

∗
=
⃓
⃓
⃓
⃓
⃓

∑︂

n∈I
n≡r (mod q)

f (n)

n1+iT

⃓
⃓
⃓
⃓
⃓
. (3.1)

We may assume that q≪ (Wf + logA X)1/2, as otherwise the claimed estimate fol-
lows directly from the triangle inequality (and Lemma 2.18 in the case f = dk). Let
d = (r, q) and r ′ = r/d , q ′ = q/d . Then using the orthogonality of characters, the
right-hand side of (3.1) becomes

≤ 1

φ(q ′)
∑︂

χ (mod q ′)

⃓
⃓
⃓
⃓

∑︂

m∈d−1I

f (dm)χ(m)

m1+iT

⃓
⃓
⃓
⃓
. (3.2)

Now the claim follows in the case of f ∈ {μ,Λ} from [30, Lemma 3.9](ii)–(iii)
(which is an application of the Vinogradov–Korobov zero free region) and partial
summation. The case f = dk follows from [30, Lemma 3.9](i) and partial summation
after first writing dk(n) =∑︁n=n1···nk

1 in (3.2) and pulling out all but the largest of
the variables ni outside the absolute values. □

We will also need the following standard estimate, which relates the variance of a
sequence in short intervals to the mean square of its Dirichlet polynomial.

Lemma 3.3 (Parseval-type bound for variance) Let X ≥ 3 and 1 ≤W ≤ X1/10. Let
C > 0 and |a(n)| ≤ d2(n)C . Let7 A denote the Dirichlet polynomial

A(s) :=
∑︂

X/8<n≤8X

a(n)n−s .

(i) For 1≤H1 ≤H2 ≤X/W 3, one has

1

X

∫︂ 2X

X

⃓
⃓
⃓
⃓
⃓
⃓

1

H1

∑︂

x<n≤x+H1

a(n)− 1

H2

∑︂

x<n≤x+H2

a(n)

⃓
⃓
⃓
⃓
⃓
⃓

2

dx

≪C

(︄

log2C−1 X

W

)︄2

+ max
T≥ X

H1

X/H1

T

∫︂

W≤|t |≤T

|A(1+ it)|2 dt.

(ii) For 1≤H1 ≤X, one has

1

X

∫︂ 2X

X

⃓
⃓
⃓
⃓

1

H1

∑︂

x<n≤x+H1

a(n)

⃓
⃓
⃓
⃓

2

dx≪ max
T≥ X

H1

X/H1

T

∫︂

|t |≤T

|A(1+ it)|2 dt.

7For some applications where a is a convolution of two dyadically supported sequences, it is convenient
that A(s) involves a sum over an interval somewhat longer than [X,2X]; therefore we use the interval
[X/8,8X] here.
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Proof This is very similar to [21, Lemma 14]. Let us give some details for part (i);
part (ii) is similar but easier.

For any x ≥ 1 such that x, x+H1, x+H2 are not integers, Perron’s formula gives

1

H1

∑︂

x<n≤x+H1

a(n)− 1

H2

∑︂

x<n≤x+H2

a(n)

= 1

2π

∫︂

ℝ

A(1+ it)

(︃
(x +H1)

1+it − x1+it

H1(1+ it)
− (x +H2)

1+it − x1+it

H2(1+ it)

)︃

dt

:=I1(x)+ I2(x),

where I1(x) is the integral over |t | ≤W and I2(x) is the integral over |t | > W . By
Taylor approximation, for any real number |y| ≤ 1 and complex number s, we have
(1+ y)s = 1+ sy+O((|s|2+ 1)y2). Substituting this into the integrand in I1(x) and
recalling that H2 ≤X/W 3, we obtain

|I1(x)|2≪
(︃∫︂

|t |≤W

|A(1+ it)|(|t | + 1)
H2

x
dt

)︃2

≪
(︃

W 2 H2

X
max|t |≤W
|A(1+ it)|

)︃2

≪
⎛

⎝W−1
∑︂

X/8<n≤8X

|a(n)|
n

⎞

⎠

2

≪
(︄

log2C−1 X

W

)︄2

,

using in the last step the standard divisor sum bound
∑︁

X/8<n≤8X d2(n)C/n ≪
log2C−1 X.

To handle the contribution of I2(x), it suffices to show for j ∈ {1,2} that

∫︂ 2X

X

⃓
⃓
⃓
⃓
⃓

∫︂

|t |>W

A(1+ it)
(x +Hj)

1+it − x1+it

Hj (1+ it)
dt

⃓
⃓
⃓
⃓
⃓

2

dx

≪ max
T≥ X

H1

X2/H1

T

∫︂

W≤|t |≤T

|A(1+ it)|2 dt.

This estimate is contained in the proof of [21, Lemma 14] (and is proven by inserting
a smooth majorant for 1[X,2X](x) into the integral over x and opening the square). □

For proving type II major arc estimates, we need a lemma of Baker, Harman and
Pintz [1] on mean values of products of Dirichlet polynomials.

Lemma 3.4 (Baker–Harman–Pintz parallelogram lemma) Let θ ∈ (1/2,1), ε > 0
and K ≥ 2 be fixed. Let X ≥ 3. Let |a(n)|, |b(n)|, |c(n)| ≤ d2(n)K , and define

A(s)=
∑︂

M<m≤KM

a(m)m−s , B(s)=
∑︂

N<n≤KN

b(n)n−s ,

C(s)=
∑︂

R<r≤KR

c(r)r−s ,
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where M,N,R ≥ 1 satisfy MNR ≍ X. Suppose that M = Xα1 , N = Xα2 , where
α1, α2 ∈ [0,1] satisfy

|α1 − α2|< 2θ − 1− ε

10
, α1 + α2 > 1−min

{︃

4θ − 2,
4θ − 1

3
,

24θ − 13

3

}︃

+ ε

10
.

Suppose also that for some 0≤ T0 ≤X1−θ and 1≤W ≤Xε/1000 we have

max
T0≤|t |≤X1−θ

|C(1+ it)| ≤ 1

W 1/3
. (3.3)

Then we have

∫︂ X1−θ

T0

|A(1+ it)||B(1+ it)||C(1+ it)|dt ≪ logO(1) X

W 1/3
. (3.4)

Proof This is essentially [11, Lemma 7.3] with g = 1 (alternatively, see [1, Lemma
9]), the proof of which is based on mean and large value estimates for Dirichlet
polynomials. One minor difference is that in that lemma one had T0 = exp(log1/3 X)

and W = log−A X (and ε = o(1)), but the same proof works with the more gen-
eral choices above. Another minor difference is that in [11, Lemma 7.3] the integral
in (3.4) was over the 1/2-line rather than the 1-line (and similarly (3.3) was replaced
with an analogous estimate on the 1/2-line), but this also makes no difference in the
proof. □

3.2 Type II major arc estimates

In this subsection, we consider the kind of type II major arc sums that arise in the
proof of Theorem 3.1. The following lemma is used in the proof of Theorem 3.1 to
control type II sums.

Lemma 3.5 (Type II major arc estimate) Let ε > 0 be small and let C > 0. Also let
|a(m)|, |b(m)| ≤ d2(m)C , X ≥ 3 and 1≤W ≤Xε/1000.

(i) If Xε ≤M ≤X1/2, X/W 4 ≥H2 ≥H1 ≥X1/3+ε , and

sup
W≤|t |≤XW/H1

⃓
⃓
⃓
⃓

∑︂

m∼M

a(m)

m1+it

⃓
⃓
⃓
⃓
≤ 1

W 1/3
,

sup
W≤|t |≤XW/H1

⃓
⃓
⃓
⃓

∑︂

X/(3M)<n≤3X/M

b(n)

n1+it

⃓
⃓
⃓
⃓
≤ 1

W 1/3 ,

(3.5)

we have
⃓
⃓
⃓
⃓

∑︂

x<mn≤x+H1
m∼M

a(m)b(n)− H1

H2

∑︂

x<mn≤x+H2
m∼M

a(m)b(n)

⃓
⃓
⃓
⃓
≤ H1

W 1/10

for all x ∈ [X,2X] outside of a set of measure Oε,C(X(logOC(1) X)/W 1/10).
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(ii) The same conclusion also holds assuming X/W 4 ≥H2 ≥H1 ≥X2ε , and Xε ≤
M ≤H1X

−ε , and the first estimate in (3.5) (without assuming H1 ≥X1/3+ε or
the second estimate in (3.5)).

(iii) If Xε ≤M ≤X1/2, X ≥H1 ≥X1/3+ε , and

sup
|t |≤XW/H1

⃓
⃓
⃓
⃓

∑︂

m∼M

a(m)

m1+it

⃓
⃓
⃓
⃓
≤ 1

W 1/3
,

sup
|t |≤XW/H1

⃓
⃓
⃓
⃓

∑︂

X/(3M)<n≤3X/M

b(n)

n1+it

⃓
⃓
⃓
⃓
≤ 1

W 1/3 ,

(3.6)

then we have
⃓
⃓
⃓
⃓

∑︂

x<mn≤x+H1
m∼M

a(m)b(n)

⃓
⃓
⃓
⃓
≤ H1

W 1/10

for all x ∈ [X,2X] outside of a set of measure Oε,C(X(logOC(1) X)/W 1/10).
(iv) The same conclusion also holds assuming X ≥ H1 ≥ X2ε , and Xε ≤ M ≤

H1X
−ε , and the first estimate in (3.6) (without assuming H1 ≥ X1/3+ε or the

second estimate in (3.6)).

Proof of Lemma 3.5 Let KC > 0 be a large enough constant which may depend on
C. We may assume that W ≥ logKC X, since otherwise, by adjusting the OC(1) con-
stants in the lemma, we may take the exceptional set there to contain all of [X,2X].
Applying Chebyshev’s inequality, it suffices to show in the case of Lemma 3.5(i)–(ii)
that

1

X

∫︂ 2X

X

⃓
⃓
⃓
⃓

∑︂

x<mn≤x+H1
m∼M

a(m)b(n)− H1

H2

∑︂

x<mn≤x+H2
m∼M

a(m)b(n)

⃓
⃓
⃓
⃓

2

dx

≪H 2
1

logOC(1) X

W 3/10
,

(3.7)

and in the case of Lemma 3.5(iii)–(iv) that

1

X

∫︂ 2X

X

⃓
⃓
⃓
⃓

∑︂

x<mn≤x+H1
m∼M

a(m)b(n)

⃓
⃓
⃓
⃓

2

dx≪H 2
1

logOC(1) X

W 3/10
. (3.8)

Let N :=X/M and

F(s)=
∑︂

X/8<mn≤8X
m∼M

N/3<n≤3N

a(m)b(n)(mn)−s .
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Then F(s)=A(s)B(s), where

A(s) :=
∑︂

m∼M

a(m)m−s , B(s) :=
∑︂

N/3<n≤3N

b(n)n−s .

By Lemma 3.3(i), the claim (3.7) reduces to showing that

∫︂

W≤|t |≤T

|A(1+ it)B(1+ it)|2 dt ≪ T H1

X
· logOC(1) X

W 3/10
(3.9)

uniformly for all T ≥X/H1. Similarly, by Lemma 3.3(ii), the claim (3.8) reduces to
showing that

∫︂ T

−T

|A(1+ it)B(1+ it)|2 dt ≪ T H1

X
· logOC(1) X

W 3/10
(3.10)

uniformly for all T ≥X/H1.
Note that by the mean value theorem for Dirichlet polynomials (see e.g. [16, The-

orem 9.1]) and a standard bound for moments of the divisor function we have

∫︂ T

−T

|A(1+ it)B(1+ it)|2 dt ≪ (T +X)
∑︂

X/8<ℓ≤8X

|∑︁ℓ=mn a(m)b(n)|2
ℓ2

≪ (T +X)
∑︂

X/8<ℓ≤8X

d2(ℓ)
4C+2

ℓ2

≪
(︃

1+ T

X

)︃

logOC(1) X.

Since W ≤H
1/20
1 , it follows that (3.9) and (3.10) hold in the case T ≥XW 3/10/H1.

We may therefore assume from now on that

T < XW 3/10/H1. (3.11)

If M ≤H1/W 3/10, we can use the pointwise bound from (3.5) on |A(1+ it)| and
the mean value theorem for Dirichlet polynomials to bound

∫︂

W≤|t |≤T

|A(1+ it)B(1+ it)|2 dt ≪ 1

W 2/3

∫︂ T

−T

|B(1+ it)|2 dt

≪ T + X
M

W 2/3

∑︂

X/(8M)<n≤8X/M

|b(n)|2
n2

≪ logOC(1) X

W 2/3
,

so (3.9) holds. We obtain (3.10) similarly. Hence parts (ii) and (iv) of the lemma
follow (since there we assume that Xε ≤M ≤H1X

−ε).
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We are left with proving parts (i) and (iii) (where we assume X ≥ H1 ≥ X1/3+ε

and Xε ≤M ≤X1/2). By (3.11) we have T < X2/3. It now suffices to prove that

∫︂

W≤|t |≤X2/3
|A(1+ it)B(1+ it)|2 dt ≪ logOC(1) X

W 3/10
(3.12)

in the case of Lemma 3.5(i) and
∫︂

|t |≤X2/3
|A(1+ it)B(1+ it)|2 dt ≪ logOC(1) X

W 3/10
(3.13)

in the case of Lemma 3.5(iii).
In what follows, denote M = Xα1 , N = Xα2 , so that the coefficients of A(s)

are supported on [Xα1,2Xα1] and the coefficients of B(s) are supported on
[Xα2/3,3Xα2]. The estimates (3.12) and (3.13) follow from8 Lemma 3.4. Indeed,
we can apply that lemma with X2 in place of X, and with θ = 2/3 and T0 ∈ {W,0}.
Applying it to the Dirichlet polynomials A(s), A(s), B(s)2, and recalling (3.5), (3.6),
we obtain the claim if

2α1 > 1− 4 · 2
3 − 1

3
+ ε

10
= 4

9
+ ε

10
.

We are left with the case α1 ≤ 2/9+ ε/20. But in this case applying Lemma 3.4 to
the Dirichlet polynomials B(s), B(s), A(s)2 instead, we obtain the claim if

2α2 > 1− 4 · 2
3 − 1

3
+ ε

10
= 4

9
+ ε

10
,

which must now hold since α1 + α2 = 1. This completes the proof. □

3.3 Type 𝑰 major arc estimates

Next we shall prove some type I major arc estimates that are useful in the case when
|T | is large.

3.3.1 Type 𝑰 major arc estimates without weights

The following lemma asserts, roughly speaking, that type I major arc sums on short
intervals are small as soon as niT exhibits non-trivial oscillation on the interval.

Lemma 3.6 (Type I major arc estimate) Let C > 0 and ε > 0. Let 2 ≤ Xε ≤ H ≤
X1−ε , 0 < δ < 1/ logX and 1 ≤M ≤ HX−ε/2. Let |a(m)| ≤ d2(m)C , and suppose
that a is supported on [M,2M]. Suppose that for some real number T ∈ [−XC,XC]
we have

⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(a ∗ 1)(n)n−iT

⃓
⃓
⃓
⃓

∗
≥ δH

8Alternatively, one could use [11, (9.2.3) in Lemma 9.4]. We have chosen to reduce matters to Lemma 3.4
as that lemma is better known.
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for all x ∈ [X,2X] in a set of measure ≥ δX. Then we have

|T | ≪ε,C δ−Oε,C(1) X

H
. (3.14)

In fact, only the case M ≤ Xε of this lemma will be needed, since the type II
region in Lemma 3.5 is very wide.

Proof We allow all implied constants in this proof to depend on ε, C. On increasing
the Oε,C(1) constant in (3.14) if necessary, we may assume that X is large enough in
terms of ε, C and that

δ−1 ≤XcC,ε (3.15)

for a suitably small constant cC,ε > 0.
By Taylor approximation, for y ∈ [x, x +H ] and for any x ∈ [X,2X] and integer

J ≥ 1, we can write

yiT = e

(︃
T

2π
logy

)︃

= e(Px(y))+OJ

(︃

T

(︃
H

X

)︃J+1)︃

(3.16)

where

Px(y) := T

2π
logx + T

2π

J
∑︂

j=1

(−1)j−1

jxj
(y − x)j

is the Taylor polynomial of degree J of the function T
2π

log(·) at x. We choose J =
O(1) to be large enough so that the error term in (3.16) becomes O(X−1). Then, for
all x ∈ [X,2X] in a set E of measure ≥ δX, we have

⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(a ∗ 1)(n)e(−Px(n))

⃓
⃓
⃓
⃓

∗
≫ δH.

Since H ∈ ℕ, without loss of generality we may assume that E is a union of ≫ δX

intervals of the form [m,m + 1) with m ∈ ℕ. By assumptions, the sum above is a
(δO(1),2M) type I sum in the notation of [30, Definition 4.1(i)]. Since M ≤HX−ε/2,
it follows from the type I estimate of [30, Theorem 4.2(i)] (together with Remark 2.8)
that for all x ∈E there is some integer 1≤ kx ≪ δ−O(1) such that

⃦
⃦
⃦
⃦
kx

T

2πjxj

⃦
⃦
⃦
⃦
ℝ/ℤ

≪ δ−O(1)

H j
(3.17)

for all 1 ≤ j ≤ J . Actually we will only need the j = 1 case of this bound. By the
pigeonhole principle, we can find an integer 1≤ k≪ δ−O(1) such that

⃦
⃦
⃦
⃦

kT

2πx

⃦
⃦
⃦
⃦
ℝ/ℤ

≪ δ−O(1)

H
(3.18)

for≫ δO(1)X integers x in [X,2X].
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If we have

k|T |
2πX

<
1

2
,

then (3.18) simplifies to

k|T |
2πx

≪ δ−O(1)

H
,

and (3.14) follows. Thus we may assume that

k|T |
2πX

≥ 1

2
.

If we then define h := ⌊√H⌋, then X1+ε/4≪ hk|T | ≪XOC(1) and

⃦
⃦
⃦
⃦

hkT

2πx

⃦
⃦
⃦
⃦
ℝ/ℤ

≪ δ−O(1)

H 1/2 (3.19)

for≫ δO(1)X integers x in [X,2X].
From van der Corput’s exponential sum bound [16, Theorem 8.20] we have

∑︂

X<n≤2X

e

(︃
mhkT

2πn

)︃

≪X
1−c′C,ε (3.20)

for all 1≤m≤X
c′C,ε and some c′C,ε > 0. Applying the Erdős–Turán inequality [33,

Corollary 1.1 in Sect. 1] and (3.20), we conclude that the bound (3.19) can only hold
for at most

≪ δ−O(1)

H 1/2
X+X

1−c′C,ε logX

integers x ∈ [X,2X]. But this is a contradiction if the constant cC,ε in (3.15) is small
enough. □

3.4 Theorem 3.1 in the case of small |𝑻 |

The proof of Theorem 3.1 splits into the “small |T | case”

|T | ≤ X

H
Xε/2 (3.21)

and the “large |T | case”

|T |> X

H
Xε/2. (3.22)

In this section we treat the case of small |T |; the large |T | case will be handled in
Sect. 3.5.
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Let ε, κ > 0 be small, let A,C > 0 be large, and let ck,C > 0 be small enough. To
have a unified notation to treat all cases, we set l := 1 when proving Theorem 3.1(i)
and l := 2 when proving Theorem 3.1(ii), fix f ∈ {μ,Λ,dk} for l = 1 and f ∈ {μ,dk}
for l = 2, and introduce the parameters and weights

δ :=
{︄

log−A X if f ∈ {μ,Λ} or l = 2,

X−ck,Cε if f = dk and l = 1,
(3.23)

g(n) :=
{︄

1 if l = 1,
∑︁

Xκ<p≤Xε/10 1p|n if l = 2,

H ′ :=H/Xε/2 ≥
{︄

X1/3+ε/2 if l = 1,

Xε/2 if l = 2,

H ∗ :=X0.99.

The condition (3.21) can now be written as

|T | ≤ X

H ′
. (3.24)

By Chebyshev’s inequality, it suffices to show that

1

X

∫︂ 2X

X

(︃⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(f (n)− f ♯(n))g(n)n−iT

⃓
⃓
⃓
⃓

∗)︃2

dx≪A,ε,κ δ3H 2. (3.25)

From (3.24) we see that the function n ↦→ n−iT has total variation O(1) on any inter-
val I ⊂ [X,4X] of length H ′. Thus, by covering (x, x +H ] by O(H/H ′) intervals
of length H ′ and using Lemma 2.2(i)–(ii), we have

⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(f (n)− f ♯(n))g(n)n−iT

⃓
⃓
⃓
⃓

∗

≪
∑︂

0≤ℓ≤ H
H ′

⃓
⃓
⃓
⃓

∑︂

x+ℓH ′<n≤x+(ℓ+1)H ′
(f (n)− f ♯(n))g(n)

⃓
⃓
⃓
⃓

∗

and hence by Cauchy–Schwarz

(︃⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(f (n)− f ♯(n))g(n)n−iT

⃓
⃓
⃓
⃓

∗)︃2

≪ H

H ′
∑︂

0≤ℓ≤ H
H ′

(︃⃓
⃓
⃓
⃓

∑︂

x+ℓH ′<n≤x+(ℓ+1)H ′
(f (n)− f ♯(n))g(n)

⃓
⃓
⃓
⃓

∗)︃2

.
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Integrating and applying a translation, it thus suffices to show that

1

X

∫︂ 3X

X

(︃⃓
⃓
⃓
⃓

∑︂

x<n≤x+H ′
(f (n)− f ♯(n))g(n)

⃓
⃓
⃓
⃓

∗)︃2

dx≪A,ε,κ δ3(H ′)2. (3.26)

Thus we have eliminated the n−iT factor, at the slight cost of worsening H to H ′.
Now we deal with the maximal truncation | · |∗. Observe the bounds g(n)≪κ 1

for n ≤ 4X and d
♯
k(n)≪ dk(n)≪ no(1) (see [30, (3.14)]). Hence, by Shiu’s bound

(Lemma 2.18), we have

∑︂

x<n≤x+H ′
n≡r (mod q)

|f (n)− f ♯(n)|g(n)≪
(︃

H ′

φ(q)
+ (H ′)1/100

)︃

logO(1) X (3.27)

(say) for any 1≤ r ≤ q . Thus by (1.4) we have
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H ′
(f (n)− f ♯(n))g(n)

⃓
⃓
⃓
⃓

∗

≪
∑︂

1≤r≤q≤δ−4

sup
0≤H ′′≤H ′

⃓
⃓
⃓
⃓

∑︂

x<n≤x+H ′′
n≡r (mod q)

(f (n)− f ♯(n))g(n)

⃓
⃓
⃓
⃓
+ δ2H ′ logO(1) X.

By a further application of Shiu’s bound, one can round H ′′ to the nearest multiple
of δ10H ′ without significantly worsening the error term. Thus we have

⃓
⃓
⃓
⃓

∑︂

x<n≤x+H ′
(f (n)− f ♯(n))g(n)

⃓
⃓
⃓
⃓

∗

≪
∑︂

1≤r≤q≤δ−4

∑︂

0≤H ′′≤H ′
H ′′∈(δ10H ′)·ℤ

⃓
⃓
⃓
⃓

∑︂

x<n≤x+H ′′
n≡r (mod q)

(f (n)− f ♯(n))g(n)

⃓
⃓
⃓
⃓

+ δ2H ′ logO(1) X.

(3.28)

The contribution of the δ2H ′ logO(1) X error to (3.26) is acceptable if A is large
enough. As there are O(δ−18) summands in (3.28), it will suffice by the Cauchy–
Schwarz inequality to show that

1

X

∫︂ 3X

X

⃓
⃓
⃓
⃓

∑︂

x<n≤x+H ′′
n≡r (mod q)

(f (n)− f ♯(n))g(n)

⃓
⃓
⃓
⃓

2

dx≪A,ε,κ δ39(H ′)2 (3.29)

for all 1 ≤ r ≤ q ≤ δ−4 and all H ′′ ∈ [0,H ′]. By (3.27) we may assume that H ′′ ≥
δ100H ′ ≫H/X2ε/3.

Fix r , q , H ′′. From [30, Theorem 3.1 with ε = 1/200] (and the fact that g(n) is a
sum of O(Xε/10) indicators of arithmetic progressions, and we assume that our ε is
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small), we have the long interval estimate
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H ∗
(f (n)− f ♯(n))g(n)

⃓
⃓
⃓
⃓

∗
≪A,ε δ100H ∗.

for all x ∈ [X,3X]. Hence, by the triangle inequality, (3.29) follows if we show that

1

X

∫︂ 3X

X

⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H ′′
n≡r (mod q)

(f (n)− f ♯(n))g(n)

− H ′′

H ∗
∑︂

x<n≤x+H ∗
n≡r (mod q)

(f (n)− f ♯(n))g(n)

⃓
⃓
⃓
⃓
⃓

2

dx

≪A,ε,κ δ39(H ′′)2.

(3.30)

We now claim the estimate
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H ′′
n≡r (mod q)

f ♯(n)g(n)− H ′′

H ∗
∑︂

x<n≤x+H ∗
n≡r (mod q)

f ♯(n)g(n)

⃓
⃓
⃓
⃓
≪A,ε δ100H ′′ (3.31)

for all x ∈ [X,3X]. In the case f = μ, this bound is trivial since μ♯ vanishes. In the
case f ∈ {Λ,dk}, l = 1 (so that g = 1), this follows from [30, Lemma 3.3], noting
that H ′′ ≥X1/4 when l = 1. The only remaining case to verify is when f = dk , l = 2
(note that we do not permit f =Λ when l = 2). In that case, by Lemma 2.19(ii), d

♯
k

is a sum of O(1) type I sums aj ∗ψ where ψ = logℓj for some integers 0≤ ℓj ≪ 1,
some divisor-bounded sequences aj supported on [1,Xε/5]. Moreover, g is a sum of
O(Xε/10) indicators of arithmetic progressions. Hence, (3.31) follows in this case by
using

⃓
⃓
⃓
⃓

∑︂

n∈I
n≡r (mod q)

1m|n − |I ||J |
∑︂

n∈J
n≡r (mod q)

1m|n
⃓
⃓
⃓
⃓
≪ 1

for any nonempty intervals I , J with |I | ≤ |J |, and for various integers 1 ≤ m ≤
Xε/5+ε/10, and applying partial summation.

In view of (3.31) and the triangle inequality, we have reduced (3.30) to showing
that

1

X

∫︂ 3X

X

⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H ′′
n≡r (mod q)

f (n)g(n)− H ′′

H ∗
∑︂

x<n≤x+H ∗
n≡r (mod q)

f (n)g(n)

⃓
⃓
⃓
⃓
⃓

2

dx≪A,ε,κ δ39(H ′′)2

(3.32)

We now treat the l = 1,2 cases separately.
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3.4.1 Proof of (3.32) for 𝒍 = 1

By Lemma 2.17 with L = 3, for X/2 ≤ n ≤ 4X we can decompose f into the sum
of O(logO(1) X) functions h, each of which is bounded by d

O(1)
2 and is of one of the

following forms:

Type I : h= a ∗ψ , with a supported on a dyadic subinterval of [1,Xε], and ψ ≡ 1
or ψ ≡ logj with 0≤ j ≪ 1.

Type II: h= a ∗ b, with each of a, b a convolution of at most five functions, each of
which is a restriction of one of the functions 1, log, μ to an interval, with a

and b each being supported on some dyadic subinterval of [c0X
ε, c−1

0 X1−ε]
for some constant c0 > 0.

By the triangle inequality, to prove (3.32), it will suffice to show that

1

X

∫︂ 3X

X

⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H ′′
n≡r (mod q)

h(n)− H ′′

H ∗
∑︂

x<n≤x+H ∗
n≡r (mod q)

h(n)

⃓
⃓
⃓
⃓
⃓

2

dx≪A,ε,κ δ40(H ′′)2. (3.33)

Recall that by the choice of δ in (3.23), the bound in (3.33) amounts to a power-
saving if f = dk and l = 1, and to an arbitrary power of logarithm saving otherwise.
By Lemma 3.2, if h = a ∗ b and we are in the type II case, the sequences a and b

satisfy (3.5) with W = log1000A X in the case f ∈ {Λ,μ} and with W =Xck for some
sufficiently small ck in the case f = dk . Hence, if h is of type II, then the claim (3.33)
follows from Lemma 3.5(i).

Consider then the case where h= a ∗ψ is of type I with a supported on [M,2M]
with 1≤M ≤Xε and ψ ≡ logj for some j ≪ 1. Note that if j ≥ 1, we have

ψ(ℓ)= j

∫︂ X

1

(logu)j−1

u
1u≤m du.

Using this decomposition and the estimate
∑︁

ℓ∈I∩P 1 = |I ∩ P | +O(1) for any in-
terval I and arithmetic progression P , for any M ∈ [1,Xε] we have

∑︂

x<n≤x+H ′′
n≡r (mod q)

h(n)=
∑︂

m∼M

a(m)
∑︂

x/m<ℓ≤(x+H ′′)/m
ℓm≡r (mod q)

ψ(ℓ)

=
∑︂

m∼M

a(m)
H ′′

H ∗
∑︂

x/m<ℓ≤(x+H ∗)/m
ℓm≡r (mod q)

ψ(ℓ)+O

(︃(︃
H ′′

H ∗
+ 1

)︃

MXo(1)

)︃

=H ′′

H ∗
∑︂

x<n≤x+H ∗
n≡r (mod q)

h(n)+O

(︃(︃
H ′′

H ∗
+ 1

)︃

MXo(1)

)︃

.

This implies (3.33) and hence concludes the proof of (3.32) in the l = 1 case.
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3.4.2 Proof of (3.32) for 𝒍 = 2

Now let f ∈ {μ,dk}. Since f is multiplicative, we have the decomposition

f (n)g(n)=
∑︂

n=pm

Xκ<p≤Xε/10

f (p)f (m)+O(dk(n)(logX)1p2|n for some p>Xκ )

:= (a ∗ b)(n)+O(dk(n)(logX)1p2|n for some p>Xκ ),

(3.34)

where a(n)= f (n)1n∈ℙ∩(Xκ ,Xε/10]. We substitute this into (3.32), noting that the O(·)
error term contributes≪ (H ′′X−κ/3)2 logO(1) X by the triangle inequality and Shiu’s
bound (Lemma 2.18). Hence, it suffices to prove (3.32) with f · g replaced by the
type II sum a ∗ b. Now (3.32) follows from Lemma 3.5(ii) (after decomposing a

into O(logX) dyadically supported sequences), using Lemma 3.2 to verify the first
estimate in (3.5).

3.5 Theorem 3.1 in the case of large |𝑻 |

Now we handle the large T case |T | ≥ X
H

Xε/2.
We recall the notions of type I and type II sums from Sect. 3.4.1. We begin by not-

ing that d
♯
k and Λ♯ can be approximated by suitable type I sums. By Lemma 2.19(i),

for n ∈ [1,3X] we can approximate

Λ♯(n)= (a ∗ 1)(n)+E(n),

where |a(n)| ≪ logX, a is supported on [1,Xε/5], and for Xε ≤ H ≤ x ≤ 2X we
have

∑︁

x<n≤x+H |E(n)| ≪ε H exp(− log1/20 X). By Lemma 2.19(ii), for n ∈ [1,3X]
we can write as a sum of J =O(1) type I sums in the form

d
♯
k(n)=

J
∑︂

j=1

(aj ∗ψj)(n), (3.35)

where aj are divisor-bounded sequences supported on [1,Xε/5], and ψj(n)= logj n.
We begin with Theorem 3.1(i). We apply Lemma 2.17 and the triangle inequality

to reduce to proving Theorem 3.1(i) with f − f ♯ for f ∈ {μ,Λ,dk} replaced by a
type I sum a ∗ψ or by a type II sum a ∗ b (adjusting A or ck,C if necessary).

Now, in the case of type I sums, the claim follows from Lemma 3.6 (we can get
rid of the possible log factor in the type I convolution by writing

a ∗ logm =m

∫︂ 3X

1
(a ∗ 1[1,·] logm−1)(t)

dt

t

and applying the triangle inequality.). In the case of type II sums, if f = dk , we
can apply Lemma 3.5(iii) with W = Xε/4 (recalling that H ≥ X1/3+ε), since the
assumption (3.5) with W = Xε/4 holds for the sequences a(n)niT and b(n)niT by
Lemma 3.2. If instead f ∈ {μ,Λ}, we can similarly apply Lemma 3.5(iii) but with
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W = log100A X, again using Lemma 3.2 to verify the assumption (3.5). This com-
pletes the proof of Theorem 3.1(i).

We then turn to Theorem 3.1(ii). Recall that g(n) =∑︁Xκ<p≤Xε/10 1p|n Apply-
ing (3.34) and Shiu’s bound (Lemma 2.18), it suffices to prove Theorem 3.1(ii)
with f · g for f ∈ {μ,dk} replaced by a type II sum a ∗ b, where a(n) =
f (n)1n∈ℙ∩(Xκ ,Xε/10] and |b(n)| ≪ d2(n)O(1). We also want to show that the term

d
♯
k · g arising in the case f = dk is a linear combination of type I sums. To this end,

note that by (3.35) we can write

d
♯
k(n)

∑︂

Xκ<p≤Xε/10

1p|n

=
∑︂

Xκ<p≤Xε/10

J
∑︂

j=1

∑︂

n=mℓ

aj (m)ψj (ℓ)(1p|m + 1p|ℓ)

+O(Xo(1)1p2|n for some Xκ<p≤Xε/10)

=
J
∑︂

j=1

∑︂

Xκ<p≤Xε/10

⎛

⎝
∑︂

n=pm′ℓ
aj (pm′)ψj (ℓ)+

∑︂

n=pmℓ′
aj (m)ψj (pℓ′)

⎞

⎠

+O(Xo(1)1p2|n for some Xκ<p≤Xε/10),

(3.36)

where aj is a divisor-bounded sequence supported on [1,Xε/5] and ψj (n)= logj n.
The contribution of the O(·) error term here is negligible by Lemma 2.18. Also note
that by the binomial formula ψj(pℓ′) is a linear combination of functions of the form

ψr(p)ψj−r (ℓ
′) with 0≤ r ≤ j . We conclude that d

♯
k ·g is a sum of O(1) type I sums.

We then use Lemma 3.5(ii) to handle the type II sums arising from f · g (not-
ing that the first estimate in (3.5) holds with W = log100A X for a(n)n−iT by the
assumption |T | ≥ X

H
Xε/2, Lemma 3.2 and partial summation). Furthermore, we use

Lemma 3.6 for the type I sums arising from d
♯
k · g. This concludes the proof of The-

orem 3.1(ii).

4 Reduction to type II estimates

To complement the major arc estimates in Theorem 3.1, we will establish some “in-
verse theorems” that yield discorrelation between an arithmetic function f and a
nilsequence F(g(n)Γ) assuming that f is of “type I”, “type II”, or “type I2”, and
the nilsequence is “minor arc” in a suitable sense. To make this precise, we recall
some definitions from [30]:

Definition 4.1 (Type I , II, I2 sums) Let 0 < δ < 1 and AI ,A
−
II ,A

+
II ,AI2 ≥ 1.
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(i) (Type I sum) A (δ,AI ) type I sum is an arithmetic function of the form f =
α ∗ β , where α is supported on [1,AI ], and one has

∑︂

n≤A

|α(n)|2 ≤ 1

δ
A (4.1)

and

∥β∥TV(ℕ;q) ≤ 1

δ
(4.2)

for all A≥ 1 and some 1≤ q ≤ 1
δ
.

(ii) (Type II sum) A (δ,A−II ,A
+
II ) type II sum is an arithmetic function of the form

f = α ∗β , where α is supported on [A−II ,A
+
II ], and one has the bound (4.1) and

∑︂

n≤B

|β(n)|2 ≤ 1

δ
B and

∑︂

n≤B

|β(n)|4 ≤ 1

δ2
B

for all A,B ≥ 1. (The type II sums become vacuous if A−II > A+II .)
(iii) (Type I2 sum) A (δ,AI2) type I2 sum is an arithmetic function of the form f =

α ∗ β1 ∗ β2, where α is supported on [1,AI2] and satisfies (4.1) for all A ≥ 1,
and β1, β2 satisfy the bound (4.2) for some 1≤ q ≤ 1

δ
.

We are now ready to state the inverse theorem.

Theorem 4.2 (Inverse theorem) Let d,D ≥ 1, 3 ≤ H ≤ X, 0 < δ < 1
logX

, and let
G/Γ be a filtered nilmanifold of degree at most d , dimension at most D, and com-
plexity at most 1/δ. Let F : G/Γ→ ℂ be Lipschitz of norm at most 1/δ and mean
zero. Let f : ℕ→ℂ be an arithmetic function such that

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

f (n)F (gx(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≥ δH

for all x in a subset E of [X,2X] of measure at least δX where, for each x ∈ E,
gx : ℤ→G is a polynomial map.

(i) (Type I inverse theorem) If f is a (δ,AI ) type I sum for some AI ≥ 1, then
either

H ≪d,D δ−Od,D(1)AI (4.3)

or else there exists a non-trivial horizontal character η : G→ ℝ of Lipschitz
norm Od,D(δ−Od,D(1)) such that

∥η ◦ gx∥C∞(x,x+H ] ≪d,D δ−Od,D(1)

for all x in a subset of E of measure≫d,D δOd,D(1)X.
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(ii) (Type II inverse theorem, non-abelian case) If ε > 0, f is a (δ,A−II ,A
+
II ) type II

sum for some A+II ≥ A−II ≥Xε , G is non-abelian with one-dimensional center,
and F oscillates with a central frequency ξ of Lipschitz norm at most 1/δ, then
either

H ≪d,D,ε δ−Od,D,ε(1)A+II (4.4)

or else there exists a non-trivial horizontal character η : G→ ℝ of Lipschitz
norm Od,D,ε(δ

−Od,D,ε(1)) such that

∥η ◦ gx∥C∞(x,x+H ] ≪d,D,ε δ−Od,D,ε(1)

for all x in a subset of E of measure≫d,D,ε δOd,D,ε(1)X.
(iii) (Type II inverse theorem, abelian case) If ε > 0, f is a (δ,A−II ,A

+
II ) type II sum

for some A+II ≥A−II ≥Xε , and for every x ∈E one has F(gx(n)Γ)= e(Px(n))

for some polynomial Px : ℤ→ℝ of degree at most d , then either (4.4) holds, or
else there exists a real number |T | ≪d,ε δ−Od,ε(1)(X/H)d+1 such that

∥e(Px(n))n−iT ∥TV((x,x+H ]∩ℤ;q)≪d,ε δ−Od,ε(1)

for some integer 1≤ q≪d,ε δ−Od,ε(1) and for all x in a subset of E of measure
≫d,ε δOd,ε(1)X.

(iv) (Type I2 inverse theorem) If f is a (δ,AI2) type I2 sum for some AI2 ≥ 1, then
either

H ≪d,D δ−Od,D(1)X1/3A
2/3
I2

or else there exists a non-trivial horizontal character η : G→ ℝ of Lipschitz
norm Od,D(δ−Od,D(1)) such that

∥η ◦ gx∥C∞(x,x+H ] ≪d,D δ−Od,D(1)

for all x in a subset of E of measure≫d,D δOd,D(1)X.

Remark 4.3 In the proof of Theorem 4.2, we may clearly assume that H ∈ℕ and then
that the map x ↦→ gx is constant on all intervals of the form [m,m+ 1) with m ∈ ℕ.
This makes it easy to check the measurability of various subsets of E defined in terms
of gx .

We observe that parts (i), (iv) of Theorem 4.2 follow easily from parts (i), (iv)
of [30, Theorem 4.2]. For instance, if the hypotheses of Theorem 4.2(i) hold and (4.3)
does not hold, then from [30, Theorem 4.2(i)], we see that for each x ∈E there exists
a non-trivial horizontal character ηx : G→ ℝ of Lipschitz norm Od,D(δ−Od,D(1))

such that

∥ηx ◦ gx∥C∞(x,x+H ] ≪d,D δ−Od,D(1).

There are only Od,D(δ−Od,D(1)) possible choices of ηx , so Theorem 4.2(i) follows
from the pigeonhole principle and Remark 4.3, which guarantees the measurability
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of those subsets of the set of x ∈E for which ηx takes a given value. Theorem 4.2(iv)
follows similarly from [30, Theorem 4.2(iv)].

Thus it only remains to establish parts (ii) and (iii) of Theorem 4.2, which do not
follow from their counterparts in [30, Theorem 4.2], since the conclusion

H ≪d,D δ−Od,D(1) max(A+II ,X/A−II )

in [30, Theorem 4.2](ii)–(iii) is always satisfied when H ≤ X1/2. We shall prove
Theorem 4.2(ii)–(iii) in Sect. 6, based on work in Sect. 5.

In this section we show how Theorem 4.2, when combined with the major arc
estimates from the previous section, implies Theorem 1.1.

4.1 Combinatorial decompositions

We start by describing the combinatorial decompositions (Lemmas 4.4 and 4.5 be-
low) that allow us to reduce sums involving μ, Λ, dk to type I , type II, and type I2
sums. Lemma 4.4 will be used to prove Theorem 1.1(i)–(iii) and Lemma 4.5 will be
used to prove Theorem 1.1(iv)–(v).

As in [30], we notice that while the model function Λ♯ is not a type I sum, we can
approximate it well by the type I sum

Λ
♯
I (n) := P(R)

φ(P (R))

∑︂

d≤Xε/5

d|(n,P (R))

μ(d), (4.5)

where we recall that R = exp((logX)1/10). Indeed, by the proof of Lemma 2.19(i)
we see that for x ∈ [X,2X] we have

∑︂

x<n≤x+H

|Λ♯
I (n)−Λ♯(n)| ≪H exp(−(logX)1/20). (4.6)

In practice, this bound allows us to substitute Λ♯ with the type I sum Λ
♯
I with negli-

gible cost.
We state two combinatorial decompositions, one that applies to all of our functions

of interest and another one that is more flexible (in the sense of allowing a more
restricted type II range) but applies only to the functions μ and dk (with an additional
weight).

Lemma 4.4 (Combinatorial decompositions of μ, Λ, Λ♯
I , dk and d

♯
k ) Let ε > 0 and

k ≥ 2 be fixed. Let g ∈ {μ,Λ,Λ
♯
I , dk, d

♯
k}. There is a set ℱ of size O((logX)O(1))

consisting of functions f : ℕ→ℝ such that, for each n ∈ [X/2,3X], we have

g(n)=
∑︂

f∈ℱ
f (n),

and each component f ∈ℱ satisfies one of the following:

(i) f is a (log−O(1) X,O(X1/3+ε/2)) type I sum;
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(ii) f is a (log−O(1) X,O(Xε/2) type I2 sum.
(iii) f is a (log−O(1) X,Xε/10,O(X1/3)) type II sum.

Lemma 4.5 (Flexible combinatorial decompositions of μ and dk ) Let k ≥ 1 be fixed.
Let A > 0, ε > 0, and η ∈ (0, ε/(10k)]. Let X ≥H ≥Xε and g ∈ {μ,dk}, and write
cg = 0 if g = μ and cg = k − 1 if g = dk . Also let

Yg =
∑︂

Xexp(−η−2)<p≤Xε/10

cg + 1

p
.

There exist K ≪ 1 and functions fj : ℕ→ ℝ for 1≤ j ≤K such that each fj is

either a (log−O(1) X,Xε/2) type I sum or a (log−O(1) X,Xexp(−η−2),Xε/10) type II
sum, and such that the following holds. For any sequence {ωn} with |ωn| ≤ 1 and any
x ∈ [X,2X], we have

∑︂

x<n≤x+H

(g(n)− g♯(n))ωn

= 1

Yg

∑︂

x<n≤x+H

(g(n)− g♯(n))
∑︂

Xexp(−η−2)<p≤Xε/10

1p|nωn +O(ηH logcg X)

for all x ∈ [X,2X] outside of a set of measure OA,ε,η(X log−A X), and additionally

∑︂

x<n≤x+H

(g(n)− g♯(n))
∑︂

Xexp(−η−2)<p≤Xε/10

1p|nωn

=
K
∑︂

j=1

∑︂

x<n≤x+H

fj (n)ωn +O(HX− exp(−η−2)/2)

for all x ∈ [X,2X].

Lemma 4.4 is proved below, and the proof of Lemma 4.5 is given in the next
subsection.

Unlike in [30, Sect. 4.1], we do not need to impose in our combinatorial decom-
positions conditions on discorrelation of type II sums with niT . This is thanks to our
major arc estimate (Theorem 3.1) which shows that functions such as Λ(n)−Λ♯(n)

are discorrelated with niT . For further discussion on this matter, see [30, Remark 4.6].
We will prove Lemma 4.4 by first decomposing the relevant functions into certain

Dirichlet convolutions (using Lemma 2.17 in the proof of Lemma 4.4 for μ and Λ. It
is then easy to see that we get appropriate sums.

Proof of Lemma 4.4 The function Λ
♯
I is clearly a (log−O(1) X,Xε/5) type I sum

by its definition (4.5). Similarly, the function d
♯
k is a sum of O(1) such sums by

Lemma 2.19(ii).
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For Λ, μ, and dk , we apply Lemma 2.17 with L = ⌈10/ε⌉. Each of the
O((logX)O(1)) components f ∈ℱ takes the form

f = a(1) ∗ · · · ∗ a(ℓ)

for some ℓ≤ 2L, where each a(i) is supported on (Ni,2Ni] for some Ni ≥ 1/2, and
each a(i)(n) is either 1(Ni ,2Ni ](n), (logn)1(Ni ,2Ni ](n), or μ(n)1(Ni ,2Ni ](n). Moreover,

N1N2 · · ·Nℓ ≍X, (4.7)

and Ni ≤ Xε/10 for each i with a(i)(n)= μ(n)1(Ni ,2Ni ](n). Consequently whenever
Ni > Xε/10, we have ∥a(i)∥TV(ℕ)≪ logX.

Without loss of generality we can assume that

N1 ≥N2 ≥ · · · ≥Nℓ. (4.8)

Consider first the case N1 > X2/3−ε/2. Since 2/3 − ε/2 > ε/10 and thus
∥a(1)∥TV(ℕ)≪ logX, from (4.7) we see that f is a (log−O(1) X,O(X1/3+ε/2)) type
I sum of the form α ∗ β with β = a(1) and α = a(2) ∗ · · · ∗ a(ℓ).

Henceforth we may assume that Nj ≤X2/3−ε/2 for each j . Next consider the case
that N1N2 > X1−ε/2. Since N1,N2 ≤ X2/3−ε/2, this implies that N1,N2 > X1/3 >

Xε/10 and thus ∥a(1)∥TV(ℕ), ∥a(2)∥TV(ℕ)≪ logX. Hence, by (4.7), the function f is
a (log−O(1) X,O(Xε/2)) type I2 sum of the form f = α ∗ β1 ∗ β2, with β1 = a(1),
β2 = a(2).

In the remaining case, we have N1N2 ≤ X1−ε/2 and hence necessarily ℓ ≥ 3 and
X/(N1N2)≫ Xε/2. By (4.8) we have N3≪ X1/3 and so there exists j ∈ {3, . . . , ℓ}
such that Xε/10 ≤ N3 · · ·Nj ≪ X1/3 and thus we have a (log−O(1) X,Xε/10,

O(X1/3)) type II sum of the form f = α ∗ β , where α = a(3) ∗ · · · ∗ a(j). □

4.2 Divisor sums in short intervals

In this subsection, we prove Lemma 4.5. We first need an auxiliary result about sums
of dk in almost all short intervals, which will also be needed later in Sect. 7.

Lemma 4.6 (Divisor functions in almost all short intervals) Let X ≥ 3, ε, η > 0, k ∈
ℕ, and A > 0. Let H ∈ [Xε,X1−ε]. Then

max
a,q∈ℕ

a,q≤logX
(a,q)=1

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(︃
q

φ(q)

)︃k−1

dk(qn+ a)− 1

(k − 1)!H logk−1 X

⃓
⃓
⃓
⃓
⃓
⃓

≤ ηH logk−1 X

(4.9)

for all x ∈ [X,2X] outside of a set of measure OA,ε,η,k(X log−A X).

We remark that the strong bound on the exceptional set in this lemma is important
in what follows, and hence we cannot apply the results of [19, 36] on short sums of
dk that work in much shorter intervals. We also note that in this section we only need
the q = 1 case of the lemma, whereas in Sect. 7 we need the general case.
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Proof of Lemma 4.6 We can clearly assume that η is fixed and small in terms of ε. By
the union bound, it suffices to show that (4.9) holds without the maximum for any
given coprime a, q in this range.

Fix large A≥ 1 and small ε > 0. Let H1 =X/ log1000A X. We first claim that for
x ∈ [qX,3qX] we have

⃓
⃓
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+qH1
n≡a (mod q)

(︄(︃
q

φ(q)

)︃k−1

dk(n)− logk−1 X

(k − 1)!

)︄

⃓
⃓
⃓
⃓
⃓
⃓
⃓
⃓

≤ η

100
H1 logk−2+ε X. (4.10)

This estimate follows from standard estimates for the dk divisor function in arithmetic
progressions; for example [4] gives for coprime 1≤ a ≤ q ≤ xδk the estimate

∑︂

n≤x
n≡a (mod q)

dk(n)= x

φ(q)

∑︂

n≤x
(n,q)=1

dk(n)+O(x1−δk )= x

φ(q)
Pk,q(logx)+O(x1−δk )

(4.11)

for some δk > 0 and Pk,q given by,

Pk,q(t)= Ress=1

(︂∏︂

p|q

(︂

1− 1

ps

)︂k

ζ(s)ke(s−1)t
)︂

.

Since ζ(s)= (s−1)−1+O(1) in the neighborhood of s = 1, using Cauchy’s formula
on the circle |z−1| = 1/t we conclude that Pk,q is a polynomial of degree k−1, and
uniformly in 1≤ q ≤ x and t ≥ 1,

Pk,q(t)=
(︂φ(q)

q

)︂k tk−1

(k − 1)! +
k−2
∑︂

j=0

cj,q tj , |cj,q | ≪
(︂ q

φ(q)

)︂10k

.

The claim (4.10) follows by subtracting (4.11) at two points, and using the above
formula for Pk,q(t) together with the fact that q/φ(q)≪ log logx for any 1≤ q ≤ x.

Now, by (4.10), it suffices to show that

⃓
⃓
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H
n≡a (mod q)

dk(n)− H

H1

∑︂

x<n≤x+H1
n≡a (mod q)

dk(n)

⃓
⃓
⃓
⃓
⃓
⃓
⃓
⃓

≤ η

2
H logk−1 X

for all x ∈ [X,2X] outside of a set of measure OA,ε,η,k(X log−A X). Let 𝒮 be the set

of integers having at least one prime factor in (Hη2
,H 1/2]. Applying Shiu’s bound

(Lemma 2.18) to the multiplicative function dk · (1− 1𝒮) (recalling that we can as-
sume that η is small in terms of ε and thus small compared to the implied constant in
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Shiu’s bound), we reduce to showing that
⃓
⃓
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H
n≡a (mod q)

dk(n)1𝒮(n)− H

H1

∑︂

x<n≤x+H1
n≡a (mod q)

dk(n)1𝒮(n)

⃓
⃓
⃓
⃓
⃓
⃓
⃓
⃓

≤ η

3
H logk−1 X

with the same exceptional set bound. Using the orthogonality of characters, it is
enough to show the estimate
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

dk(n)χ(n)1𝒮(n)− H

H1

∑︂

x<n≤x+H1

dk(n)χ(n)1𝒮 (n)

⃓
⃓
⃓
⃓
⃓
⃓

≤ η

3
H logk−1 X

(4.12)

for all Dirichlet characters χ (mod q).
Denoting by ω(P1,P2](n) the number of prime factors of n from (P1,P2], we can

write

dk(n)χ(n)1𝒮(n)

=
∑︂

n=pm

Hη2
<p≤H 1/2

kχ(p)dk(m)χ(m)

1+ω
(Hη2

,H 1/2](m)
+O(dk(n)1

p2|n for some p∈(Hη2
,H 1/2])

:= (α ∗ β)(n)+O(dk(n)1
p2|n for some p∈(Hη2

,H 1/2]),

(4.13)

where α(n)= kχ(n)1
ℙ∩(Hη2

,H 1/2] and |β(n)| ≪ dk(n). The error term in (4.13) has
a negligible contribution to the left-hand side of (4.12) by the divisor bound, so it
suffices to show that

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(α ∗ β)(n)− H

H1

∑︂

x<n≤x+H1

(α ∗ β)(n)

⃓
⃓
⃓
⃓
⃓
⃓

≤ η

4
H logk−1 X

for all x ∈ [X,2X] outside of a set of measure OA,ε,η,k(X log−A X). But this follows
immediately from our type II major arc estimate (Lemma 3.5(i)), using Lemma 3.2
and partial summation to verify the assumption there. □

Utilizing Lemma 4.6, we can prove the following dk-weighted (dual) Turán–
Kubilius inequality in short intervals, which quickly leads to Lemma 4.5.

Lemma 4.7 (Turán–Kubilius in short intervals with divisor function weight) Let X ≥
3, k ∈ℕ, A > 0 and ε, ε1, ε2 ∈ (0,1/10). Also let Xε ≤H ≤X1−ε and suppose that
ε1 ≤ ε2e

−2k . Then we have

∑︂

x<n≤x+H

dk(n)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

Xε1<p≤Xε2

1p|n −
∑︂

Xε1<p≤Xε2

k

p

⃓
⃓
⃓
⃓
⃓
⃓
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≤ 20
√

kH(logk−1 X)

(︃

log
ε2

ε1

)︃1/2

(4.14)

for all x ∈ [X,2X] outside of a set of measure OA,ε,ε1,ε2,k(X log−A X).

Proof We may assume that X is large enough in terms of A, ε, ε1, ε2, k and that A is
large enough in terms of k.

For any Y ≥H ′ ≥ 2, let ℰ(Y,H ′) be the set of x ∈ (Y,2Y ] for which
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H ′
dk(n)− 1

(k − 1)!H
′ logk−1 x

⃓
⃓
⃓
⃓
⃓
⃓

≥ 1

100k2

(︃

log
ε2

ε1

)︃−1

H ′ logk−1 Y.

Then, by Lemma 4.6 with q = 1, for any Y ≥ 2 and H ′ ∈ [Y ε/10, Y ] we have

meas(ℰ(Y,H ′))≪A,ε,ε1,ε2,k Y log−100A Y. (4.15)

Define

ℰ = {x ∈ [X,2X] : max
1
2≤M≤H 0.9

1

M
|{r ∈ (M,2M] ∩ℕ : x

r
∈ ℰ(X/r,H/r)}|

> log−10A X}.
By the union bound, Markov’s inequality and (4.15), we have

meas(ℰ)≪ (logX) max
M∈[ 12 ,H 0.9]

log10A X

M

×
∑︂

M<r≤2M

meas({x ∈ [X,2X] : x/r ∈ ℰ(X/r,H/r)})

≪ (log10A+1 X) max
r∈[1,H 0.9]

r ·meas

(︃

ℰ
(︃

X

r
,
H

r

)︃)︃

≪A,ε,ε1,ε2,k X log−A X.

Now we work with x ∈ [X,2X] \ ℰ . Let us first dispose of the large primes on the
left hand side of (4.14). We let

ε′2 =
kε2

log ε2
ε1

.

Note that since ε1 ≤ ε2e
−2k , we have ε′2 ≤ ε2. We have chosen ε′2 in such a way that

(using the inequality log t ≤ t1/2 for t > 0 on the second line)

ε′2 =
kε2

log ε2
ε1

≤ k

10 log ε2
ε1

, (4.16)
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log
ε2

ε′2
= log

log ε2
ε1

k
≤ 1

k1/2

(︃

log
ε2

ε1

)︃1/2

. (4.17)

Now, using that x ∈ [X,2X]\ℰ , Mertens’ theorem and (4.17) as well as Shiu’s bound
for p such that x/p ∈ ℰ(X/p,H/p), we see that the contribution of primes p ∈
(Xε′2,Xε2] to the left hand side of (4.14) is at most

3k
∑︂

X
ε′2<p≤Xε2

H

p
logk−1 X+Oε

⎛

⎜
⎜
⎜
⎜
⎝

k
∑︂

X
ε′2<p≤Xε2

x/p∈ℰ(X/p,H/p)

H

p
logk−1 X

⎞

⎟
⎟
⎟
⎟
⎠

≤ 4kH logk−1 X log
ε2

ε′2
≤ 4
√

kH logk−1 X

(︃

log
ε2

ε1

)︃1/2

.

Notice that we have to be careful when we apply Shiu’s bound since the implied
constant depends on ε, but this is not a problem when we save powers of logX as we
can assume that X is large in terms of ε.

Now we turn to the contribution of primes p ∈ (Xε1,Xε′2] to (4.14). We apply the
Cauchy–Schwarz inequality (using again that x ∈ [X,2X] \ ℰ) to reduce matters to
proving

∑︂

x<n≤x+H

dk(n)

⃓
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

Xε1<p≤X
ε′2

1p|n −
∑︂

Xε1<p≤X
ε′2

k

p

⃓
⃓
⃓
⃓
⃓
⃓
⃓

2

≤ 100kH(logk−1 X) log
ε′2
ε1

.

Opening the square, the claimed estimate becomes

∑︂

Xε1<p1,p2≤X
ε′2

∑︂

x<n≤x+H

dk(n)

(︃

1p1|n −
k

p1

)︃(︃

1p2|n −
k

p2

)︃

≤ 100kH(logk−1 X) log
ε′2
ε1

.

For any prime p dividing n, we have dk(n)= kdk(n/p)+O(dk(n)1p2|n). Using this
together with the inequality (a− b)2 ≤ 2(a2+ b2) and the assumption x ∈ [X,2X] \
ℰ , the contribution of p1 = p2 to the sum above is crudely

≤ 2
∑︂

Xε1<p≤X
ε′2

∑︂

x<n≤x+H

dk(n)

(︃

1p|n + k2

p2

)︃

= 2k
∑︂

Xε1<p≤X
ε′2

∑︂

x/p<m≤(x+H)/p

dk(m)+Ok

(︂

HX−ε1+o(1)
)︂
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≤ 3kH(logk−1 X)
∑︂

Xε1<p≤X
ε′2

1

p
+Oε

⎛

⎜
⎜
⎜
⎜
⎝

k
∑︂

Xε1<p≤X
ε′2

x/p∈ℰ(X/p,H/p)

H

p
logk−1 X

⎞

⎟
⎟
⎟
⎟
⎠

+Ok

(︂

HX−ε1+o(1)
)︂

≤ 4kH(logk−1 X) log
ε′2
ε1

.

In view of this and Mertens’ theorem, it suffices to show that, for any P1,P2 ∈
[Xε1,Xε′2], we have for all but ≪ P1P2 log−A X pairs of distinct primes p1 ∼ P1,
p2 ∼ P2 the estimate

∑︂

x<n≤x+H

dk(n)

(︃

1p1|n −
k

p1

)︃(︃

1p2|n −
k

p2

)︃

≤ 95

(︃

log
ε′2
ε1

)︃−1
H

p1p2
logk−1 X, (4.18)

say. Using again dk(n) = kdk(n/p)+O(dk(n)1p2|n) for a prime p | n, we see that
the left-hand side of (4.18) is

k2
∑︂

x/(p1p2)<m≤(x+H)/(p1p2)

dk(m)− k2

p1

∑︂

x/p2<m≤(x+H)/p2

dk(m)

− k2

p2

∑︂

x/p1<m≤(x+H)/p1

dk(m)

+ k2

p1p2

∑︂

x<m≤x+H

dk(m)+O(HXo(1)−ε1).

Since x ∈ [X,2X] \ ℰ , for all but≪ P1P2 log−A X pairs of distinct primes p1 ∼ P1,
p2 ∼ P2 the main term is

≤ k2 H

(k − 1)!p1p2

(︃

logk−1 X

p1p2
− logk−1 X

p2
− logk−1 X

p1
+ logk−1 X

)︃

+
(︃

log
ε′2
ε1

)︃−1
H

p1p2
logk−1 X.

By the mean value theorem and (4.16), here

logk−1 X

p1p2
− logk−1 X

p2
− logk−1 X

p1
+ logk−1 X

≤ 2(k − 1) logXε′2 logk−2 X
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≤ 2k2
(︃

log
ε′2
ε1

)︃−1

logk−1 X,

and the desired bound follows since 2k2+2

(k−1)! ≤ 86 for all k ∈ℕ. □

We are now ready to prove Lemma 4.5.

Proof of Lemma 4.5 Let κ = exp(−η−2), and let cg and Yg be as in Lemma 4.5. Note
that Yg ≍ η−2. Then, by Lemma 4.7, for any complex numbers ωn with |ωn| ≤ 1 we
have

∑︂

x<n≤x+H

(g(n)− g♯(n))ωn

= 1

Yg

∑︂

x<n≤x+H

(g(n)− g♯(n))
∑︂

Xκ<p≤Xε/10

1p|nωn +O(ηH logcg X)

for all x ∈ [X,2X] outside of an exceptional set of measure OA,ε,η,k(X log−A X),
proving the first claim of the lemma.

From (3.34) and the divisor bound, we have

∑︂

x<n≤x+H

g(n)
∑︂

Xκ<p≤Xε/10

1p|n =
∑︂

x<n≤x+H

(a ∗ b)(n)+O(HX−κ+o(1)),

where a, b are divisor-bounded sequences and a is supported on [Xκ,Xε/10]. On the
other hand, from (3.36) we have

∑︂

x<n≤x+H

d
♯
k(n)

∑︂

Xκ<p≤Xε/10

1p|n =
K
∑︂

j=1

∑︂

x<n≤x+H

(aj ∗ bj )(n)+O(HX−κ+o(1)),

where K ≪ 1 and each aj , bj is divisor-bounded, aj is supported on [1,Xε/5+ε/10]
for all 1≤ j ≤K , and bj = logj n. This gives the second claim of the lemma. □

4.3 Deduction of Theorem 1.1

In this subsection we deduce Theorem 1.1 from Theorem 4.2. We present this deduc-
tion in a somewhat more general framework, in order to treat all the cases at once and
ease potential applications to other sequences of arithmetic interest.

Theorem 4.8 (Reduction to discorrelation with Archimedean characters) Let X ≥ 3
and Xθ+ε ≤ H ≤ X1−ε for some 0 ≤ θ < 1 and let ε > 0. Let κ > 0, A ≥ 1, and
δ ∈ (0, 1

(logX)A
). Let G/Γ be a filtered nilmanifold of some degree d and dimension

D, and complexity at most 1/δ, and let F : G/Γ→ℂ be a Lipschitz function of norm
at most 1/δ. Let f : ℕ→ ℝ be a function with |f (n)| ≪ (logn)O(1)d2(n)O(1), and
suppose that one of the following holds.
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(i) θ ≥ 1/3 and f is a sum of O((logX)A) functions, each of which is a
(δ−1,Xθ+ε/2) type I sum, a (δ−1,X(3θ−1)/2+ε/2) type I2 sum, or a (δ−1,Xκ,

Xθ+ε/2) type II sum.
(ii) θ = 0 and f is a sum of O((logX)A) functions, each of which is a (δ−1,Xθ+ε/2)

type I sum or a (δ−1,Xκ,Xθ+ε/2) type II sum.

Then we have

sup
g∈Poly(ℤ→G)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

f (n)F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗

≪A,d,D,ε,κ δ−Od,D,κ (1) sup
|t |≤δ

−Od,D,κ (1)
(X/H)d+1

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

f (n)nit

⃓
⃓
⃓
⃓
⃓
⃓

∗
+ δH

(4.19)

for all x ∈ [X,2X] outside of a set of measure OA,d,D,ε,κ (δX).

Proof of Theorem 1.1 We may assume that A > 0 is large in terms of ε, d , D in Theo-
rem 1.1. Now, parts (i)–(iii) of the theorem follow by applying Theorem 4.8(i) (with
δ = log−A X or δ =X−ck,d,D,ε ), Lemma 4.4, (4.6), and Theorem 3.1(i). Parts (iv)–(v),
in turn, follow by applying Theorem 4.8(ii) (with δ = log−A X), Lemma 4.5, and
Theorem 3.1(ii). □

Proof of Theorem 4.8 Let Xθ+ε ≤ H ≤ X1−ε and ε > 0, and let A > 0 be large in
terms of d , D, ε, κ . For brevity, we allow all implied constants in O(1) notation to
depend on d , D, κ , and in≫ notation to depend on A, d , D, ε, κ . We may assume
that H is an integer.

We use induction on the dimension D of G/Γ. In view of the triangle inequality,
we may assume that F has mean zero (by decomposing F = (F − ∫︁ F)+ ∫︁ F ). In
particular, this shows that the case D = 0 of the theorem holds, so we now assume
that D > 0 and that the theorem has already been established for smaller values of D.
In view of Proposition 2.11 and Lemma 2.18, we may assume that F oscillates with
a central frequency ξ : Z(G)→ ℝ of Lipschitz norm at most δ−O(1). If the center
Z(G) has dimension larger than 1, or ξ vanishes, then the conclusion follows from
induction hypothesis applied to G/ker ξ (via Lemma 2.10). Henceforth we assume
that G has one-dimensional center and that ξ is non-zero. (A zero-dimensional center
is not possible since G is nilpotent and non-trivial.)

After these reductions (and adjusting the value of A), we may assume for the
sake of contradiction that the following holds: There exists a nilmanifold G/Γ of
complexity at most 1/δ and F of Lipschitz norm at most 1/δ such that

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

f (n)F (gx(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≫ δH (4.20)

for all x in a subset E of [X,2X] of measure ≫ δX where, for each x ∈ E,
gx : ℤ→G is a polynomial map. Thanks to Remark 4.3, we may assume that x ↦→ gx

is constant on intervals of the form [m,m+ 1) with m ∈ℕ.
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Using the pigeonhole principle, for some type I , type I2 or type II sum h as in the
theorem, one has the bound

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

h(n)F (gx(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≫ δ2H (4.21)

for all x in a subset E′ of E of measure≫ δ2X.
Consider first the case when h is a (δ−1,Xκ,O(Xθ+ε/2)) type II sum and G is

abelian, hence one-dimensional since G = Z(G). Then we may identify G/Γ with
the standard circle ℝ/ℤ (increasing the Lipschitz constants for F , ξ by O(δ−O(1)) if
necessary) and ξ with an element of ℤ of magnitude O(δ−O(1)), and we can write

F(y)= Ce(ξy)

for some C =O(δ−O(1)) and all y ∈ ℝ/ℤ. We can write ξ · gx(n)Γ = Px(n) mod 1
for some polynomial Px : ℤ→ℝ of degree at most d , thus by (4.20), (4.21) we have

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

f (n)e(−Px(n))

⃓
⃓
⃓
⃓
⃓
⃓

∗
≫ δO(1)H (4.22)

and
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

h(n)e(−Px(n))

⃓
⃓
⃓
⃓
⃓
⃓

∗
≫ δO(1)H (4.23)

for all x in E′. Theorem 4.2(iii) and (4.23) imply that there exists a real number
T ≪ δ−O(1)(X/H)d+1 and an integer 1≤ q≪ δ−O(1) such that

∥e(Px(n))n−iT ∥TV((x,x+H ]∩ℤ;q)≪ δ−O(1)

for all x in a subset of E′ of measure ≫ δO(1)X. By Lemma 2.2(ii) and (4.22), we
thus obtain

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

f (n)n−iT

⃓
⃓
⃓
⃓
⃓
⃓

∗
≫ δO(1)H

for all such x. But now (after adjusting the value of A), from (4.20) we obtain the
desired bound (4.19).

Now, in all the remaining cases, h is either a type I sum, a type I2 sum, or a
type II sum (with the relevant parameters), and in the last case G is non-abelian
with one-dimensional center. Hence, Theorem 4.2 and (4.21) imply that there exists
a non-trivial horizontal character η : G→ℝ of Lipschitz norm δ−O(1) such that

∥η ◦ gx mod 1∥C∞(x,x+H ] ≪ δ−O(1) (4.24)

for all x in a subset of E of measure at least δO(1)X.
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Now that we have (4.24), we can reduce the dimension and apply the induction
hypothesis to contradict (4.20) and hence conclude the proof as follows. By (4.24) and
Lemma 2.14, we have a decomposition gx = εxg

′
xγx for some εx, g

′
x, γx ∈ Poly(ℤ→

G) such that

(i) εx is (δ−O(1), (x, x +H ])-smooth;
(ii) There is a δ−O(1)-rational proper subnilmanifold G′x/Γ′x of G/Γ such that g′x

takes values in G′x ; and
(iii) γx is δ−O(1)-rational.

At present, the objects εx , G′x , Γ′x , γx in the above decomposition depend on x,
which is undesirable. However, we can improve this situation by repeated application
of the pigeonhole principle as follows (refining the set of x as necessary).

• Observe from Lemma 2.14 that G′x is the kernel of η and is thus automatically
independent of x, thus we may write G′x =G′.
• Since G′x/Γ′x is a δ−O(1)-rational subnilmanifold of G/Γ, the generators of Γ′x

are δ−O(1)-rational in G, thus there are only O(δ−O(1)) many possible choices for
Γ′x . Applying the pigeonhole principle, and refining x to a smaller subset of E of
measure δO(1)X, we may assume that Γ′x = Γ′ is independent of x.
• Since γx is δ−O(1)-rational, γxΓ has a period 1≤ qx ≤ δ−O(1). By the pigeonhole

principle as before, we may refine the set of x and assume that qx = q is indepen-
dent of x.

In particular we now have

gxΓ = εxg
′
xγxΓ. (4.25)

We can form a partition (x, x + H ] = Px,1 ∪ · · · ∪ Px,r for some 1 ≤ r ≤
δ−O(1), where each Px,i is an arithmetic progression of modulus q and, for each x,
dG(εx(n), εx(n

′))≤ δ4 whenever n,n′ ∈ Px,i (which can be ensured by the smooth-
ness of εx as long as |Px,i | ≤ δCH for some sufficiently large constant C = Cd,D,κ ).
By the triangle inequality for maximal sums (Lemma 2.2(i)), we have

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

f (n)F (gx(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≤

r
∑︂

i=1

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

n∈Px,i

f (n)F (gx(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
.

Thus, by the pigeonhole principle, there exists i such that
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

f (n)F (gx(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≪ δ−O(1)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

n∈Px,i

f (n)F (gx(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
.

for all x in a subset E′ ⊂E of measure at least δO(1)X.
Fix such i. The function n ↦→ γx(n)Γ is constant on Px,i and δ−O(1)-rational,

hence we may write γx(n)Γ = γx,iΓ for all n ∈ Px,i and some γx,i ∈ G which is
δ−O(1)-rational. There are only O(δ−O(1)) possibilities for γx,i , so by pigeonholing
in x once again we may assume that γx,i = γi for some δ−O(1)-rational γi ∈G inde-
pendent of x.
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On Px,i , the function εx ranges in a δ4-ball in G at distance δ−O(1) to the origin.
Since the ball of radius δ−O(1) around the origin can be covered by O(δ−O(1)) balls of
radius δ4, we may pigeonhole to conclude (after once again refining the set of x) that
there exists εi,0 at distance O(δ−O(1)) from the origin such that dG(εx(n), εi,0)≪ δ4

for all n ∈ Px,i and all x in a subset of E of measure at least δO(1)X.
Let gx,i ∈ Poly(ℤ→G) be the polynomial sequence defined by

gx,i(n)= γ−1
i g′x(n)γi,

which takes values in γ−1
i G′γi . For each n ∈ Px,i and x ∈ E we have from (4.25)

and the right-invariance of dG that

|F(gx(n)Γ)− F(εi,0γigx,i(n)Γ)| ≤ ∥F∥Lip · dG(εx(n)g′x(n)γi, εi,0g
′
x(n)γi)

= ∥F∥Lip · dG(εx(n), εi,0)≪ δ3.

It follows from this and Lemma 2.18 that
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

f (n)F (gx(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≤ δ−O(1)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

n∈Px,i

f (n)F (εi,0γigx,i(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
+O(δ2H).

(4.26)

Note that since F is δ−1-Lipschitz, the function F(εi,0γi ·) is δ−O(1)-Lipschitz. Let
B be large in terms of d , D, κ . Then, by Lemma 2.2(i) and the induction hypothesis,
we have, for each i = 1, . . . , r ,
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

n∈Px,i

f (n)F (εi,0γigx,i(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≤ sup

g∈Poly(ℤ→G′)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

f (n)F (εi,0γig(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗

≪ δBH

for x ∈ E′ with E′ ⊂ E having measure≫ δO(1)X. Combining this with (4.26), we
obtain

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

f (n)F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≪ δ2H

for x ∈ E′, contradicting our assumption (4.20). This completes the proof of Theo-
rem 4.8. □

5 Contagion lemmas

In this section we develop the theory of “contagiousness”, introduced recently by
Walsh [42]. This will culminate in a “nilsequence contagion lemma”, Theorem 5.11,
which will be a key ingredient in the proof of the type II inverse theorems (Theo-
rem 4.2(ii)–(iii)).
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Fig. 3 The proof of Theorem 5.11. This result will then be used to prove the type II inverse theorems
(Theorem 4.2(ii)–(iii)); see Fig. 4

5.1 Walsh’s contagion lemma

Let P ≥ 1, let S be a set of integers in [P,2P ], and suppose that α : S→ ℝ is a
function obeying the bounds

∥α(n)− α∗n∥ℝ/ℤ ≤ ε/P

for every n ∈ S, some real number α∗, and some ε > 0. Then from the triangle in-
equality we have

∥n1α(n2)− n2α(n1)∥ℝ/ℤ≪ ε (5.1)

for all n1, n2 ∈ S.
In the recent paper [42], Walsh established the following partial converse to this

observation, encapsulating a phenomenon referred to in that paper as “contagious-
ness”:9

Lemma 5.1 (Walsh’s contagion lemma) [42, Lemma 2.4] Let η ∈ (0,1/2), P ≥ 1,
and ε ∈ (0, c/P 2) for a sufficiently small absolute constant c. Let S be a set of primes
in [P,2P ], and let α : S→ℝ be a function satisfying

∥p1α(p2)− p2α(p1)∥ℝ/ℤ ≤ ε

9The name for the terminology relates to the fact, demonstrated by Lemma 5.1, that if we have the rela-
tion (5.1) for “many” pairs (n1, n2) ∈ S2, then it holds for all (n1, n2) ∈ S′2 for a “large” subset S′ ⊆ S,
so the relations (5.1) are in a sense contagious.
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for ≥ η|S|2 pairs (p1,p2) ∈ S2. Then there is a real number α∗ such that

∥α(p)− α∗p∥ℝ/ℤ≪ ε/P

for≫η |S| primes p ∈ S.

This lemma was then used in [42] to obtain a simplified proof of the local Fourier
uniformity estimate

∫︂ 2X

X

sup
α∈ℝ

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

μ(n)e(−αn)

⃓
⃓
⃓
⃓
⃓
⃓

dx = o(HX),

where H =Xθ for fixed θ > 0.
In order to adapt Lemma 5.1 to our current applications, we will extend and modify

it in several ways, which are essential for our application to Theorem 4.2(ii)–(iii):

(i) We will remove the restriction that S consists solely of primes.
(ii) We will make the dependence on the parameter η polynomial in nature.

(iii) We will relax the bound ε < c/P 2 to ε < c/P κ for arbitrarily small exponents
κ > 0.

(iv) We will replace the linear polynomials p1, p2, p in Lemma 5.1 with monomials
ps

1, ps
2, ps of arbitrary degree s.

(v) We will then replace the frequency functions α by nilsequences.

In addition, for technical reasons and to facilitate an induction argument, we will
replace the frequency function α with a pair α1, α2 of frequency functions.

5.2 Monomial contagion

We begin by establishing a “monomial contagion lemma” that achieves the first four
(i)–(iv) of the five objectives stated above.

Theorem 5.2 (Monomial contagion lemma) Let s ∈ℕ and κ > 0. There exists Cs,κ ≥
1 such that the following holds. Let 0 < η < 1/2, P ≥ η−Cs,κ and 0 < ε < ηCs,κ /P κ .
Let S1, S2 be subsets of [P,2P ] ∩ ℤ and let α1 : S1→ ℝ, α2 : S2→ ℝ be two func-
tions satisfying

∥ns
1α2(n2)− ns

2α1(n1)∥ℝ/ℤ ≤ ε (5.2)

for all (n1, n2) in a subset 𝒩0 of S1 × S2 of cardinality at least ηP 2. Then there is
α∗ ∈ℝ and an integer 1≤ q≪ η−Os,κ (1) such that, for≫ ηOs,κ (1)P 2 pairs (n1, n2) ∈
𝒩0, one has

∥q(αi(ni)− α∗ns
i )∥ℝ/ℤ≪ η−Os,κ (1)ε/P s (5.3)

for i = 1,2.
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In fact, in our proof the factor of q in (5.3) is only needed for i = 2, but we will not
exploit this refinement of the theorem here. Because n1, n2 are no longer restricted
to be prime, the factor of q cannot be eliminated entirely; a simple counterexample is
when S1 = S2 = [P,2P ] ∩ℤ, s = 1, α1(n1)= 0, α2(n2)= 1/2, η≍ 1, P is large and
ε is infinitesimal, and 𝒩0 is the set of pairs (n1, n2) ∈ S1×S2 with n1, n2 = 2 mod 4.
In this example, there is no way to subtract off a common linear factor α∗ni from
αi(ni) for i = 1,2 to make them both close to zero for many (n1, n2) ∈𝒩0.

Remark 5.3 Strictly speaking, Theorem 5.2 is not a strengthening of Lemma 5.1, both
because of the introduction of the new quantity q discussed above, and also because
the density parameter η is relative to the integers in [P,2P ] rather than the primes in
[P,2P ], thus in principle incurring additional losses of logP . However, these losses
turn out to not be significant for our current application.

In the rest of this subsection we prove Theorem 5.2. Let s, κ be fixed, and assume
Cs,κ is sufficiently large. We allow implied constants to depend on s, κ , but not on
Cs,κ . Let η, ε, P , S1, S2, α1, α2, 𝒩0 be as in the statement of the theorem. In all the
lemmas in this subsection, the assumptions are as in Theorem 5.2.

We will make a number of modifications to the pair (α1, α2) in order to improve
the estimates on the individual functions α1, α2. To keep track of these modifications,
it is convenient to introduce the set 𝒜 of all pairs (α′1, α′2) of functions α′1, α′2 : S→ℝ

which are “equivalent” to the original pair (α1, α2) in the sense that there exists a real
number α∗ such that

α′i (ni)= αi(ni)− α∗ns
i mod 1

for all ni ∈ Si and i = 1,2. Clearly (α1, α2) lies in 𝒜. Also, if (α′1, α′2) lies in 𝒜, and
β is a real number, then the pair (α′′1 , α′′2 ) defined by

α′′i (ni) := {α′i (ni)− βns
i }

also lies in 𝒜 (recall that {x} ∈ (−1/2,1/2] is the signed fractional part of x). Finally,
observe that if (α′1, α′2) lies in 𝒜, we have

ns
1α
′
2(n2)− ns

2α
′
1(n1)= ns

1α2(n2)− ns
2α1(n1) mod 1

for any n1 ∈ S1, n2 ∈ S2, and hence from (5.2) we have

∥ns
1α
′
2(n2)− ns

2α
′
1(n1)∥ℝ/ℤ ≤ ε (5.4)

for all (n1, n2) ∈𝒩0.
Our strategy will be to locate pairs (α′1, α′2) ∈𝒜 for which one has good bounds

on the magnitude of α′1; our first attempt to do so will only locate such a pair obeying
a relatively weak bound

|α′1(n1)| ≤ 2sε
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for many n1, but by an iterative process we will eventually be able to locate a pair
obeying the stronger bound

|α′1(n1)| ≪ η−O(1)

P s
ε

for many n1. Once we have obtained this control on α′1(n1), we will be able to obtain
similar control on α′2(n2) for many n2 (after multiplying by a small integer q), at
which point we can establish the theorem.

We turn to the details. To gain control on α1 we will “differentiate” the inequal-
ity (5.2) (or (5.4)) s times in the n2 variable in order to mostly eliminate the ns

2 term.
More precisely, we can take s-fold differences via the following lemma (where, as
per the convention above, the assumptions are as in Theorem 5.2).

Lemma 5.4 (Taking s-fold differences) Let (α′1, α′2) ∈ 𝒜, and let 𝒩 be a subset of
𝒩0. Let n2,0 be an integer, and let h⃗ = (h1, . . . , hs) be a tuple of integers, with the
property that

(n1, n2,0 + ω⃗ · h⃗) ∈𝒩0 (5.5)

whenever (n1, n2,0) ∈ 𝒩 and ω⃗ ∈ {0,1}s , with · denoting the usual inner product.
Then one has

∥hα′1(n1)− βns
1∥ℝ/ℤ ≤ 2sε

whenever (n1, n2,0) ∈𝒩 , where h is the integer

h := s!h1 · · ·hs

and β is the real number

β :=
∑︂

ω⃗∈{0,1}s
(−1)|ω⃗|α′2(n2,0 + ω⃗ · h⃗). (5.6)

Proof By (5.5) and (5.4), we have

∥ns
1α
′
2(n2,0 + ω⃗ · h⃗)− (n2,0 + ω⃗ · h⃗)sα′1(n1)∥ℝ/ℤ ≤ ε

whenever (n1, n2,0) ∈𝒩 and ω⃗ ∈ {0,1}s . Hence by the triangle inequality and (5.6)
⃦
⃦
⃦
⃦
⃦
⃦

βns
1 −

∑︂

ω⃗∈{0,1}s
(−1)|ω⃗|(n2,0 + ω⃗ · h⃗)sα′1(n1)

⃦
⃦
⃦
⃦
⃦
⃦
ℝ/ℤ

≤ 2sε.

From binomial expansion of (n2,0 + ω⃗ · h⃗)s (paying particular attention to the
ω1 · · ·ωs terms) we observe the identity

∑︂

ω⃗∈{0,1}s
(−1)|ω⃗|(n2,0 + ω⃗ · h⃗)s = s!h1 · · ·hs = h

and the claim follows. □
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In order to use the above lemma, we need to be able to ensure a plentiful supply
of pairs (n1, n2,0) obeying (5.5), with a value of h that we can “tune” to be of a
specified size. To achieve this we establish the following version of the Hilbert cube
lemma [14], [37, Exercise 1.3.2].

Lemma 5.5 (Finding combinatorial cubes in dense sets) Let s ≥ 1 be fixed and let
η > 0. Let 𝒩 be a subset of 𝒩0 of cardinality≫ ηO(1)P 2, and let 1≤H ≤ P . Then
either H ≤ η−O(1), or else (if the constant Cs,κ is large enough depending on the
implied constants in the preceding hypothesis) there exists a tuple h⃗ = (h1, . . . , hs)

of positive integers ηO(1)H ≪ h1, . . . , hs ≤H such that one has the containment

(n1, n2 + ω⃗ · h⃗)ω⃗∈{0,1}s ⊂𝒩 {0,1}s (5.7)

for≫ ηO(1)P 2 choices of pairs (n1, n2) ∈𝒩0, where · denotes the usual dot product.

Proof Let C be a large constant (depending on s, κ , and the implied constants in
the hypotheses) to be chosen later. We may assume that H ≥ η−C , since otherwise
the conclusion follows trivially. Given a tuple (fω⃗)ω⃗∈{0,1}s of functions fω⃗ : ℤ2→ℝ

supported on a finite set, we define the Gowers box inner product

⟨(fω⃗)ω⃗∈{0,1}s ⟩□s :=
∑︂

n1,n2∈ℤ

∑︂

h⃗0,h⃗1∈[1,H ]s

∏︂

ω⃗∈{0,1}s
fω⃗(n1, n2 + h

ω1
1 + · · · + hωs

s )

where ω⃗ = (ω1, . . . ,ωs) and h⃗0 = (h0
1, . . . , h

0
s ), h⃗1 = (h1

1, . . . , h
1
s ) are understood to

have integer components. We then define the associated Gowers box norm

∥f ∥□s := ⟨(f )ω⃗∈{0,1}s ⟩1/2s

□s .

From the Gowers–Cauchy–Schwarz inequality (see e.g., [5, Lemma B.2]) we have

|⟨(fω⃗)ω⃗∈{0,1}s ⟩□s | ≤
∏︂

ω⃗′∈{0,1}s
∥fω⃗′∥□s . (5.8)

Let 𝒬⊂ℕ be the set of pairs (n1, n2) ∈ ℤ2 with n1 ∈ [P,2P ] and |n2| ≤ (s+2)P .
Then a routine computation gives

∥1𝒬∥□s ≪ (H 2sP 2)1/2s

.

We apply (5.8) with f0,...,0 := 1𝒩 and fω⃗ := 1𝒬 for all other ω⃗ ∈ {0,1}s , to obtain

⟨(fω⃗)ω⃗∈{0,1}s ⟩□s ≪∥1𝒩 ∥□s (H 2sP 2)1−1/2s

.

On the other hand, if (n1, n2 + h0
1 + · · · + h0

s ) ∈𝒩 for some n1, n2 ∈ ℤ and h⃗0, h⃗1 ∈
[1,H ]s , then (n1, n2 + h

ω1
1 + · · · + h

ωs
s ) ∈𝒬 for all ω⃗ ∈ {0,1}s . Thus we can expand

⟨(fω⃗)ω⃗∈{0,1}s ⟩□s =
∑︂

n1,n2∈ℤ

∑︂

h⃗0,h⃗1∈[1,H ]s
1𝒩 (n1, n2 + h0

1 + · · · + h0
s )

=
∑︂

n1,n2∈ℤ

∑︂

h⃗0,h⃗1∈[1,H ]s
1𝒩 (n1, n2)
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≫H 2s |𝒩 |
≫ ηO(1)H 2sP 2.

Combining these inequalities, we conclude that

∥1𝒩 ∥2s

□s ≫ ηO(1)H 2sP 2

and thus
∑︂

n1,n2∈ℤ

∑︂

h⃗0,h⃗1∈[1,H ]s

∏︂

ω⃗∈{0,1}s
1𝒩 (n1, n2 + h

ω1
1 + · · · + hωs

s )≫ ηO(1)H 2sP 2.

By swapping coefficients of h⃗0 and h⃗1 as necessary and using symmetry, we may
reduce to the contribution in which h1

i ≥ h0
i for all i = 1, . . . , s. Replacing n2 by

n2 + h0
1 + · · · + h0

s and writing h⃗1 − h⃗0 = h⃗, we conclude

∑︂

n1,n2∈ℤ

∑︂

h⃗∈[0,H ]s

∏︂

ω⃗∈{0,1}s
1𝒩 (n1, n2 + ω⃗ · h⃗)≫ ηO(1)H sP 2.

The contribution of those h⃗ with at least one coefficient less than ηCH can be easily
bounded by O(ηCHsP 2). Thus for C large enough we have

∑︂

n1,n2∈ℤ

∑︂

h⃗∈[ηCH,H ]s

∏︂

ω⃗∈{0,1}s
1𝒩 (n1, n2 + ω⃗ · h⃗)≫ ηO(1)H sP 2.

By the pigeonhole principle, there thus exists h⃗ ∈ [ηCH,H ]s such that
∑︂

n1,n2∈ℤ

∏︂

ω⃗∈{0,1}s
1𝒩 (n1, n2 + ω⃗ · h⃗)≫ ηO(1)P 2

and the claim follows. □

As a first application of the above two lemmas, we locate a pair (α′1, α′2) ∈𝒜 with
α′1 somewhat small.

Lemma 5.6 (Making α′1(n) somewhat small) There exists (α′1, α′2) ∈𝒜 such that

|α′1(n1)| ≤ 2sε

for≫ ηO(1)P 2 pairs (n1, n2) ∈𝒩0.

Proof Applying Lemma 5.5 with H = η−C for some sufficiently large constant C,
we can find a tuple h⃗= (h1, . . . , hs) of positive integers h1, . . . , hs ≪ η−O(1) and a
subset 𝒩 of 𝒩0 of cardinality≫ ηO(1)P 2 such that

(n1, n2 + ω⃗ · h⃗) ∈𝒩0

for all (n1, n2) ∈𝒩 and ω⃗ ∈ {0,1}s .
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By pruning all sparse columns from 𝒩 , we may assume that whenever (n1, n2) ∈
𝒩 , then one also has (n1, n

′
2) ∈𝒩 for≫ ηO(1)P choices of n′2 ∈ S2.

By the pigeonhole principle, we may find n0
2 ∈ S2 such that (n1, n

0
2) ∈𝒩 for ≫

ηO(1)P choices of n1 ∈ S1. Applying Lemma 5.4, we conclude that

∥hα1(n1)− βns
1∥ℝ/ℤ ≤ 2sε (5.9)

whenever (n1, n
0
2) ∈𝒩 , for some real number β (not depending on n1) and with

h := s!h1 · · ·hs.

In particular 1 ≤ h≪ η−O(1). From (5.9) we then see that whenever (n1, n
0
2) ∈𝒩 ,

we have
⃦
⃦
⃦
⃦
α1(n1)− β

h
ns

1 −
a

h

⃦
⃦
⃦
⃦
ℝ/ℤ

≤ 2sε

h
(5.10)

for some integer 1 ≤ a ≤ h. By the pigeonhole principle, we can then find a single
1≤ a ≤ h and a subset S′1 of S1 of size≫ ηO(1)P such that for all n1 ∈ S′1, one has
(n1, n

0
2) ∈𝒩 , and (5.10) holds for this fixed choice of a.

For technical reasons we need to analyze how n1 shares primes in common with
h. Let ℋ be the multiplicative semigroup generated by the primes dividing h. We
observe that

∑︂

q∈ℋ∩ℕ

1

q1/2 =
∏︂

p|h

(︃

1− 1

p1/2

)︃−1

≪ exp

⎛

⎝
∑︂

p|h

2

p1/2

⎞

⎠

≪ exp

⎛

⎝
∑︂

p|h
logp

⎞

⎠≪ exp(logh)≪ η−O(1).

In particular, for any Q≥ 1, we have

∑︂

q∈ℋ∩ℕ
q≥Q

1

q
≪ η−O(1)Q−1/2.

From this and the union bound, we see that if 1 ≤ Q ≤ P , then the number
of those n1 ∈ S′1 that are divisible by some q ∈ ℋ ∩ ℕ with q ≥ Q is at most
O(η−O(1)Q−1/2P). Thus, for a suitable choice of Q = η−O(1), such n1 only oc-
cupy at most half (say) of the set S′1. By the pigeonhole principle, we may thus find
q ∈ℋ ∩ℕ with 1 ≤ q < Q and a subset S′′1 of S′1 of cardinality≫ ηO(1)P with the
property that for all n1 ∈ S′1, q is the largest element of ℋ ∩ ℕ that divides n1, thus
n1 = qn′1 where n′1 is coprime to h. By further application of the pigeonhole prin-
ciple, we may also restrict n′1 to a single primitive residue class n′1 = b mod h of h.
Letting k be a positive integer that solves kbs ≡ a (mod h), we then have

k

qsh
ns

1 =
k(n′1)s

h
= a

h
mod 1



K. Matomäki et al.

for all n1 ∈ S′′1 . If we then define

β ′ := β

h
+ k

qsh

we conclude from (5.10) that

∥α1(n1)− β ′ns
1∥ℝ/ℤ ≤ 2sε

h

for all n1 ∈ S′′1 . Because we have previously pruned all sparse columns from 𝒩 , we
conclude that

∥α1(n1)− β ′ns
1∥ℝ/ℤ ≤ 2sε

h

for≫ ηO(1)P 2 of the pairs (n1, n2) ∈𝒩0. Setting α′i (ni) := {αi(n1)− β ′ns
i } for i =

1,2, we obtain the claim. □

Next, we show that if we have already found a pair (α′1, α′2) ∈ 𝒜 in which α′1 is
often of some small size O(μ), we can find a new pair (α′′1 , α′′2 ) in which α′′1 is often

as small as O
(︂

η−O(1)ε
(︂

μ+ 1
P s

)︂)︂

.

Lemma 5.7 (Making α′1(n) even smaller) Let μ > 0, and suppose that there is
(α′1, α′2) ∈𝒜 such that

|α′1(n1)| ≤ μ (5.11)

for≫ ηO(1)P 2 of the pairs (n1, n2) ∈𝒩0. Then (if Cs,κ is sufficiently large depending
on the implied constants in the hypothesis) there exists (α′′1 , α′′2 ) ∈𝒜 such that

|α′′1 (n1)| ≪ η−O(1)ε

(︃

μ+ 1

P s

)︃

for≫ ηO(1)P 2 pairs (n1, n2) ∈𝒩0.

Proof Let C∗ be a large constant depending only on s, κ to be chosen later; until this
constant is selected, we do not allow implied constants to depend on C∗. The constant
Cs,κ will be large in terms of C∗. We may assume that μ≤ ηC∗ , since otherwise the
claim follows from Lemma 5.6.

Applying Lemma 5.5 with H = ηC∗/(2s) min(μ−1/s,P ), we can find a tuple h⃗ =
(h1, . . . , hs) of positive integers ηO(1)H ≪ h1, . . . , hs ≤H and a subset 𝒩 of 𝒩0 of
cardinality≫ ηO(1)P 2 such that

(n1, n2 + ω⃗ · h⃗) ∈𝒩0

for all (n1, n2) ∈ 𝒩 and ω⃗ ∈ {0,1}s . By pruning as in the proof of Lemma 5.6,
we may assume that whenever (n1, n2) ∈ 𝒩 , then one also has (n1, n

′
2) ∈ 𝒩 for

≫ ηO(1)P choices of n′2 ∈ S2.
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By the pigeonhole principle, we may find n0
2 ∈ S2 such that (n1, n

0
2) ∈𝒩 for ≫

ηO(1)P choices of n1 ∈ S1. Applying Lemma 5.4 as before, we have

∥hα′1(n1)− βns
1∥ℝ/ℤ ≤ 2sε (5.12)

whenever (n1, n
0
2) ∈𝒩 , where β is a real number and h is a positive integer of size

ηO(1)Y ≪ h≪ Y, where Y := (ηC∗/(2s) min(μ−1/s,P ))s = ηC∗/2 min(μ−1,P s).

From (5.11) we have

|hα′1(n1)| ≪ ηC∗/2 (5.13)

and hence

∥βns
1∥ℝ/ℤ≪ ηC∗/2

for ≫ ηO(1)P choices of n1 ∈ S1. Applying Lemma 2.3, we may find a positive
integer 1≤ q≪ η−O(1) such that

∥qβ∥ℝ/ℤ≪ ηC∗/2−O(1)/P s. (5.14)

From (5.12) we have

∥qhα′1(n1)− {qβ}ns
1∥ℝ/ℤ≪ η−O(1)ε (5.15)

whenever (n1, n
0
2) ∈𝒩 . On the other hand from (5.13) and (5.14) we have

|qhα′1(n1)− {qβ}ns
1| ≪ ηC∗/2−O(1).

For C∗ large enough, this implies that qhα′1(n1)− {qβ}ns
1 has magnitude less than

1/2, and so from (5.15) we now have

|qhα′1(n1)− {qβ}ns
1| ≪ η−O(1)ε

whenever (n1, n
0
2) ∈𝒩 . Thus

⃓
⃓
⃓
⃓
α′1(n1)− {qβ}

qh
ns

1

⃓
⃓
⃓
⃓
≪ η−O(1) ε

qh
≪ η−C∗/2−O(1)ε

(︃

μ+ 1

P s

)︃

.

Setting

α′′i (ni) := α′i (ni)− {qβ}
qh

ns
i

for i = 1,2, we obtain the claim. □

If we apply Lemma 5.6 followed by j applications of Lemma 5.7, we see that for
any fixed j (depending on s, κ) we can find (α′1, α′2) ∈𝒜 such that

|α′1(n1)| ≪ η−O(1)ε

(︃

εj + 1

P s

)︃
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for ≫ ηO(1)P 2 pairs (n1, n2) ∈𝒩0. Since by hypothesis 0 < ε < ηCs,κ /P κ , we can
choose j large enough depending on κ so that the εj ≤ 1

P s , and thus we now have

|α′1(n1)| ≪ η−O(1)

P s
ε (5.16)

for all pairs (n1, n2) in a subset 𝒩 of 𝒩0 of size≫ ηO(1)P 2.
Having obtained good control on α′1, we turn to α′2. From (5.4) and (5.16) we have

∥ns
1α
′
2(n2)∥ℝ/ℤ≪ η−O(1)ε (5.17)

for all (n1, n2) ∈𝒩 . Thus we can find a subset S′2 of S2 of cardinality≫ ηO(1)P such
that for every n2 ∈ S′2, (5.17) holds for ≫ ηO(1)P choices of n1 with (n1, n2) ∈𝒩 .
Applying Lemma 2.3, we thus see that for each n2 ∈ S′2 there is an integer 1 ≤ q ≪
η−O(1) such that

∥qα′2(n2)∥ℝ/ℤ≪ η−O(1)ε/P s.

By pigeonholing and refining S′2 as necessary, we may assume without loss of gen-
erality that q is independent of n2. We conclude that for≫ ηO(1)P 2 pairs (n1, n2) ∈
𝒩0, we have

∥qα′i (ni)∥ℝ/ℤ≪ η−O(1)ε/P s

for i = 1,2, and Theorem 5.2 follows.

5.3 Nilsequence contagion

In this subsection we bootstrap the monomial contagion lemma (Theorem 5.2) to
prove a nilsequence contagion lemma.

Given a filtered nilmanifold G/Γ, we introduce the following relation between
polynomial sequences that are equivalent up to smooth and rational components.

Definition 5.8 Let G/Γ be a filtered nilmanifold, I ⊂ ℝ be an interval with |I | ≥ 1,
and let η ∈ (0,1). Let g,g′ ∈ Poly(ℤ→G). We write g ∼I,η g′ if

g = εg′γ,

for some ε, γ ∈ Poly(ℤ→ G), with ε being (η−1, I )-smooth and γ being η−1-
rational.

Remark 5.9 Note that the relation ∼I,η depends also on the choice of the filtered
nilmanifold G/Γ. However, as the choice of the filtered nilmanifold will always be
clear from context, we omit this data from the notation.

Note that while the relation∼I,η is not quite an equivalence relation, it is an equiv-
alence relation up to polynomial losses in η. It is also scalable with respect to the
interval I . These facts are summarized in the following lemma.
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Lemma 5.10 (Basic properties of the∼I,η relation) Let B,d,D ≥ 0. Let η ∈ (0,1/2),
and let G/Γ be a filtered nilmanifold of dimension D, degree d and complexity ≤
η−B . Let I ⊂ℝ be an interval of length ≥ 1, and let g1, g2, g3 ∈ Poly(ℤ→G).

(i) We have

g1 ∼I,η g1,

g1 ∼I,η g2 =⇒ g2 ∼I,η
OB,d,D(1) g1,

g1 ∼I,η g2 and g2 ∼I,η g3 =⇒ g1 ∼I,η
OB,d,D(1) g3.

(ii) Let I1, I2, I3 ⊂ ℝ be intervals of length at least d + 1 with I1 ⊂ I2 ⊂ I3 and
|I3| ≤ η−B |I2|. Then

g1 ∼I2,η g2 =⇒ g1 ∼I1,η g2,

g1 ∼I2,η g2 =⇒ g1 ∼I3,η
OB,d,D(1) g2.

Proof We allow implied constants to depend on B , d , D.
The first claim in part (i) is trivial. The second part follows from the fact that if ε is

(η−1, I )-smooth and γ is η−1-rational, then by Lemma 2.13 also ε−1 is (η−O(1), I )-
smooth and γ−1 is η−O(1)-rational. The third part follows by noting that if g1 =
ε1g2γ1 and g2 = ε2g3γ2 with εi being (η−1, I )-smooth and γi being η−1-rational for
i = 1,2, then g1 = ε1ε2g3γ2γ1 and by Lemma 2.13 we know that ε1ε2 is (η−O(1), I )-
smooth and γ2γ1 is η−O(1)-rational.

The first claim in part (ii) is trivial. We proceed to prove the second part. It suffices
to show that if ε ∈ Poly(ℤ→G) is (η−1, I2)-smooth, then it is (η−O(1), I3)-smooth.
This amounts to showing that for all n ∈ I3 we have dG(ε(n),1G)≤ η−O(1) and

dG(ε(n), ε(n− 1))≤ η−O(1)

|I3| . (5.18)

Note that if we have (5.18), and if n0 ∈ I2 is chosen arbitrarily, then by repeated
application of the triangle inequality, for any n ∈ I3, we have

dG(ε(n),1G)≤ dG(ε(n0),1G)+ |n− n0|η
−O(1)

|I3| ≪ η−O(1)

by the fact that ε is (η−1, I2)-smooth. Therefore, it suffices to prove (5.18).
Let V = logG. Then V is a vector space of dimension D = dimG, so it is

isomorphic to ℝ
D . Equip V with a Euclidean norm ∥ · ∥. Consider the function

P(n)= log(ε(n)ε(n−1)−1). The sequence n ↦→ ε(n)ε(n−1)−1 is a polynomial map
from ℤ to G, hence by the Baker–Campbell–Hausdorff formula, P is a polynomial of
degree at most d from ℤ to logG ∼= ℝ

D . By hypothesis, ∥P(n)∥ =O(η−O(1)/|I2|)
for all n ∈ I2, hence by Lagrange interpolation (and the assumption |I2| ≥ d + 1) we
have ∥P(n)∥ =O(η−O(1)/|I3|) for all n ∈ I3, and (5.18) follows. □

With the above notation, we are ready to state the nilsequence contagion lemma.
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Theorem 5.11 (Nilsequence contagion lemma) Let κ ∈ (0,1) and η ∈ (0,1/2). Let
G/Γ be a filtered nilmanifold of dimension D, degree d and complexity at most 1/η.
Let C be a constant that is sufficiently large depending on κ , D, d . Let P ≥ η−C

and let I be an interval with |I | ≥ η−CP 2+κ . Let S1, S2 be subsets of [P,2P ], and
suppose that we have polynomial maps gn, g

′
n′ : ℤ→G for n ∈ S1, n′ ∈ S2 such that

gn(n
′·)∼ 1

nn′ I,η
g′n′(n·)

for ≥ ηP 2 pairs (n,n′) ∈ S1 × S2. Then there is a polynomial map g∗ : ℤ→G such
that

gn ∼ 1
n
I,η

Oκ,D,d (1) g∗(n·)

for≫ ηOκ,D,d (1)P values of n ∈ S1 and

g′n′ ∼ 1
n′ I,η

Oκ,D,d (1) g∗(n′·)

for≫ ηOκ,D,d (1)P values of n′ ∈ S2.

It is instructive to see why Theorem 5.11 contains Theorem 5.2 as a special
case, so we pause to outline this implication. Let the assumptions be as in The-
orem 5.2, and allow implied constants to depend on s, κ . Apply Theorem 5.11
with I = [ 12ε−1/sP 2, ε−1/sP 2] and with G/Γ = ℝ/ℤ, equipped with a filtration
of degree s. Take gn(n

′) = α1(n)(n′)s , g′
n′(n) = α2(n

′)ns . Then for (n,n′) ∈ 𝒩0

we have gn(n
′·) ∼ 1

nn′ I,η
g′

n′(n·), since by (5.2) for y ∈ 1
nn′ I the function ϵ(y) :=

gn(n
′y)− g′

n′(ny) satisfies

∥ϵ(y)− ϵ(y − 1)∥ℝ/ℤ≪∥(α1(n)(n′)s − α2(n
′)ns)∥ℝ/ℤys−1≪ 1

| 1
nn′ I |

≪ ε1/s,

where we used the triangle inequality estimate ∥βys−β(y−1)s∥ℝ/ℤ≪∥β∥ℝ/ℤys−1

for β ∈ ℝ. Theorem 5.11 now tells us that there exists a polynomial g∗ of degree
at most s such that gn ∼ 1

n
I,ηO(1) g∗(n·) for n ∈ S∗1 , where S∗1 ⊂ S1 has cardinality

≫ ηO(1)P . Hence, there exists an integer 1 ≤ q ≪ η−O(1) such that the polynomial
y ↦→ gn(qy)− g∗(nqy) is η−O(1)-smooth on 1

qn
I . Now, denoting by α∗ the degree

s coefficient of g∗, the highest degree coefficient of this polynomial is qsα1(n) −
α∗qsns , so we in particular have

∥qs(α1(n)− α∗ns)∥ℝ/ℤ≪ η−O(1)

(︃ |I |
qn

)︃−s

≪ η−O(1)ε/P s

for n ∈ S∗1 , as desired. The same argument gives the analogous conclusion for α2.
We now prove Theorem 5.11. Let κ , η, G/Γ, d , D, C, P , I be as in this theorem;

we allow implied constants to depend on κ , D, d . The strategy is to inductively apply
Theorem 5.2 to certain “coefficients” of the gn, g′

n′ , until all of the coefficients of gn,
g′

n′ are related to a single polynomial map g∗. These coefficients will be indexed by
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a pair (j, k) of natural numbers, and are related to a certain way to express the group
Poly(ℤ→ G) as a tower of abelian extensions (i.e., to describe Poly(ℤ→ G) as a
solvable10 group).

In order to define these coefficients properly, we will need to introduce addi-
tional filtration structures on G. Namely, we define additional filtrations G[j,k],• =
(G[j,k],i )i≥0 for j, k ≥ 0 by

G[j,k],i :=Gj+i+1i<k
.

One can check that these are indeed filtrations. Furthermore we have that G[j,k],i is
monotone decreasing with respect to lexicographical ordering on [j, k], thus

G[j ′,k′],i ≤G[j,k],i

whenever [j ′, k′] ≥ [j, k], in the sense that either j ′ > j or j ′ = j and k′ > k. Also
we have

[G[j1,k1],i1,G[j2,k2],i2] ≤G[j1+j2,k1+k2],i1+i2

for any i1, i2, j1, j2, k1, k2 ≥ 0. Finally we have the identities

G• =G[0,0],• =G[0,1],•

and

G[j,k],• =G[j+1,0],•

when j + k > d .
If we then define Poly(ℤ→ G)[j,k] to be the group of polynomial maps g from

ℤ to the filtered group (G,G[j,k],•), then Poly(ℤ→G)[j,k] is monotone decreasing
with respect to [j, k] in the sense that

Poly(ℤ→G)[j ′,k′] ≤ Poly(ℤ→G)[j,k]

whenever [j ′, k′] ≥ [j, k], and also we have the filtration property

[Poly(ℤ→G)[j1,k1],Poly(ℤ→G)[j2,k2]] ≤ Poly(ℤ→G)[j1+j2,k1+k2]

for any [j1, k1], [j2, k2]; in particular, the quotient groups Poly(ℤ → G)[j,k]/
Poly(ℤ→G)[j,k+1] are all abelian. Finally we have the identities

Poly(ℤ→G)= Poly(ℤ→G)[0,0] = Poly(ℤ→G)[0,1] (5.19)

and

Poly(ℤ→G)[j,k] = Poly(ℤ→G)[j+1,0] (5.20)

10In fact Poly(ℤ→G) is actually a nilpotent group, but for this argument the solvable structure is more
relevant.
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when j + k > d . We refer to elements of Poly(ℤ→ G)[j,k] as [j, k]-polynomial
maps; informally, these are polynomial maps in which a certain number of lower
order coefficients vanish, leaving only higher order terms.

An element g of Poly(ℤ→ G)[j,k] can be extended by [29, Lemma 4.2] to a
polynomial map from ℝ to G[j,k],•, thus

g(n)= exp(

d
∑︂

ℓ=0

Xℓn
ℓ)

for all n ∈ ℤ and some coefficients Xℓ ∈ logG[j,k],ℓ. By the Baker–Campbell–
Hausdorff formula and induction, for every m ∈ {−1,0, . . . , d} we can obtain rep-
resentations

g(n)= g′0(g′1)n . . . (g′m)n
m

exp(

d
∑︂

ℓ=m+1

Xℓ,mnℓ)

for all n ∈ ℤ and some coeffficients g′ℓ ∈ G[j,k],ℓ and Xℓ,m ∈ logG[j,k],ℓ. Setting
m= d and relabeling, we conclude that we have the representation

g(n)= g̃j+1g̃
n
j+2 · · · g̃nk−1

j+k gnk

j+k · · ·gnd

j+d

for all n ∈ ℤ, where g̃i ∈Gi for j + 1≤ i ≤ j + k and gi ∈Gi for j + k ≤ i ≤ j + d ,
in particular g is equal to the monomial n ↦→ gnk

j+k modulo Poly(ℤ→G)[j,k+1]. We
define the [j, k]-frequency map

log[j,k] : Poly(ℤ→G)[j,k] → logGj+k/ logGj+k+1

by the formula

log[j,k] g := loggj+k mod logGj+k+1.

One can verify that this is a surjective group homomorphism. One can think
of log[j,k] g as the “lowest order” or “most important” coefficient of the [j, k]-
polynomial map g.

Example 5.12 The following table for d = 2 shows the form of n ↦→ g(n) for g ∈
Poly(ℤ→ G)[j,k], as well as the value of log[j,k] g, for various choices of [j, k],
where for each i, gi , g̃i denote arbitrary elements of Gi (see Table 1).

Observe that we have a subnormal series

Poly(ℤ→G)[0,0] = Poly(ℤ→G)[0,1] ≥ Poly(ℤ→G)[0,2] ≥ Poly(ℤ→G)[0,3]
=Poly(ℤ→G)[1,0] ≥ Poly(ℤ→G)[1,1] ≥ Poly(ℤ→G)[1,2]
=Poly(ℤ→G)[2,0] ≥ Poly(ℤ→G)[2,1]
=Poly(ℤ→G)[3,0]
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Table 1 Elements g of Poly(ℤ→G)[j,k]

[j, k] g(n) log[j,k] g

[0,0] g0gn
1 gn2

2 0

[0,1] g̃1gn
1 gn2

2 logg1 mod logG2

[0,2] g̃1g̃n
2 gn2

2 logg2

[0,3] g̃1g̃n
2 0

[1,0] g1gn
2 logg1 mod logG2

[1,1] g̃2gn
2 logg2

[1,2] g̃2 0

[2,0] g2 logg2

[2,1] 1 0

[3,0] 1 0

that starts at Poly(ℤ→ G) = Poly(ℤ→ G)[0,0] and ends at the trivial group {1} =
Poly(ℤ→ G)[3,0]; the maps log[j,k] are essentially the quotient maps between ad-
jacent groups in this subnormal series. In particular, if g ∈ Poly(ℤ→ G)[j,k] and
[j ′, k′] is the successor to [j, k] in the lexicographical ordering, then g lies in the
next group Poly(ℤ→G)[j ′,k′] in the subnormal series if and only if the coefficient
log[j,k] g vanishes.

Example 5.13 In the case that G is the Heisenberg group generated by two genera-
tors e1, e2 with central commutator [e1, e2], then we have g(n)Γ = e

{P1(n)}
1 e

{P2(n)}
2 ×

[e1, e2]{P12(n)}Γ for some bracket polynomials P1(n), P2(n), P12(n); for instance,
if

g(n)= eαn+κ
1 e

βn+σ

2 [e1, e2]γ n2+δn+ϵ

for various real numbers α, β , γ , δ, ε, σ , κ then we can take P1(n) := αn + κ ,
P2(n) := βn+ σ , and

P12(n) := ⌊αn+ κ⌋(βn+ σ)+ γ n2 + δn+ ϵ.

The above table then specializes as follows (see Table 2).
On each row of this table, log[j,k] g informally captures the “leading coefficients”

of the triple (P1(n),P2(n),P12(n)) of bracket polynomials, and the kernel of this
map produces the slightly smaller class of bracket polynomials in the row below. If
one specializes to the case α = β = κ = σ = 0 one recovers the classical situation of
a quadratic polynomial γ n2 + δn+ ϵ and its coefficients γ , δ, ϵ, with the degree k

coefficient being extracted by the map log[d−k,k].

For any interval I of length ≥ 1, any η ∈ (0,1/2) and any [j, k], we define a
relation

g ∼I,[j,k],η g′
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Table 2 Specialization of Table 1 to g(n)Γ = e
{P1(n)}
1 e

{P2(n)}
2 [e1, e2]{P12(n)}Γ

[j, k] P1(n) P2(n) P12(n) log[j,k] g

[0,0] αn+ κ βn+ σ ⌊αn+ κ⌋(βn+ σ)+ γ n2 + δn+ ϵ 0

[0,1] αn+ κ βn+ σ ⌊αn+ κ⌋(βn+ σ)+ γ n2 + δn+ ϵ (α,β)

[0,2] κ σ ⌊κ⌋σ + γ n2 + δn+ ε γ

[0,3] κ σ ⌊κ⌋σ + δn+ ε 0

[1,0] κ σ ⌊κ⌋σ + δn+ ε (κ,σ )

[1,1] 0 0 δn+ ε δ

[1,2] 0 0 ε 0

[2,0] 0 0 ε ε

[2,1] 0 0 0 0

[3,0] 0 0 0 0

on polynomials g,g′ : ℤ→G if one has a factorisation

g = εg′γg[j,k]

where ε is η−1-smooth on I , γ is η−1-rational, and g[j,k] ∈ Poly(ℤ→G)[j,k], that is
to say g is equal to εg′γ modulo [j, k]-polynomial maps. From Lemma 2.13, we see
that ∼I,[j,k],η is an equivalence relation (up to polynomial losses in η). Note that the
relation ∼I,[d+1,0],η corresponds to the relation ∼I,η defined in Definition 5.8.

For i ≥ 0, define the i-torus Ti to be Ti := logGi/ log(Gi+1Γi); T1 is the horizon-
tal torus when G2 = [G1,G1] and Td is the vertical torus, while Ti is trivial for i = 0
or i > d . Given an element ξi of logGi/ logGi+1, we define ∥ξi∥Ti

to be the distance
to the origin of the projection of ξi to Ti .

The relation ∼I,[j,k+1],η implies a relation on the [j, k]-frequencies of two [j, k]-
polynomial maps g, g′, even if the relation is conjugated by an arbitrary additional
polynomial map g∗.

Lemma 5.14 Suppose that g∗ : ℤ→ G is a polynomial map and g,g′ : ℤ→ G are
[j, k]-polynomial maps, and suppose that

g∗g ∼I,[j,k+1],η g∗g′

for some interval I and some η ∈ (0,1/2). Then we have

∥q(log[j,k](g)− log[j,k](g′))∥Tj+k
≪ η−O(1)|I |−j−k

for some integer 1≤ q≪ η−O(1).

Proof We can assume that |I | ≥ Cη−C for some large constant C since the claim is
trivial otherwise. We can also assume k + j > 0 since the conclusion is trivial for
k = j = 0.

By hypothesis, we have

g∗g = εg∗g′γ mod Poly(ℤ→G)[j,k+1]
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for some (η−1, I )-smooth ε ∈ Poly(ℤ→ G) and η−1-rational γ ∈ Poly(ℤ→ G).
Thus

g = [g−1∗ , ε]εg′γ mod Poly(ℤ→G)[j,k+1], (5.21)

where [a, b] := aba−1b−1. We now claim inductively that for all [0,1] ≤ [j ′, k′] ≤
[j, k], one has

ε, γ ∈ Poly(ℤ→G)[j ′,k′].

This is already established for [j ′, k′] = [0,1] by (5.19). Suppose it is true for some
[0,1] ≤ [j ′, k′]< [j, k] (so in particular j + k ≥ 1). Then we have

g = εg′γ mod Poly(ℤ→G)[j ′,k′+1]

and then on applying log[j ′,k′] (which annihilates g, g′) we have

0= log[j ′,k′](ε)+ log[j ′,k′](γ ).

Since ε is η−O(1)-smooth on I , logη takes values in a ball of radius O(η−O(1)) on I ,
so by the Lagrange interpolation theorem, the degree d coefficient of log ε has size
O(η−O(1)|I |−d) for all d . In particular, log[j ′,k′](ε) is of size O(η−O(1)|I |−j ′−k′).
Since γ is η−O(1)-rational, log[j ′,k′](γ ) is η−O(1)-rational also. Recalling that |I | ≥
Cη−C , the only way these two statements are consistent are if log[j ′,k′](ε) =
log[j ′,k′](γ ) = 0. This implies that ε, γ ∈ Poly(ℤ → G)[j ′,k′+1]. Inducting (us-
ing (5.20)) we obtain the claim. In particular, ε, γ ∈ Poly(ℤ→ G)[j,k]. Applying
log[j,k] to (5.21) we now get

log[j,k] g = log[j,k] ε+ log[j,k] g′ + log[j,k] γ.

Since log[j,k](ε) = O(η−O(1)|I |−j−k) and log[j,k](γ ) is η−O(1)-rational, we obtain
the claim. □

Now we can prove Theorem 5.11.

Proof of Theorem 5.11 Initialize 𝒩 = S1, 𝒩 ′ = S2. Then we have

gn(n
′·)∼ 1

nn′ I,η
O(1) g′n′(n·) (5.22)

for ≫ ηO(1)P 2 pairs (n,n′) ∈ 𝒩 ×𝒩 ′ (in fact, the ηO(1) term above could be re-
placed with η).

We claim inductively that for [0,1] ≤ [j, k] ≤ [d+1,0], we can refine 𝒩 , 𝒩 ′ by a
factor of ηO(1) such that the relation (5.22) still holds for≫ ηO(1)P 2 pairs, and there
is a polynomial map g∗ : ℤ→G such that

gn ∼ 1
n
I,[j,k],ηO(1) g∗(n·),

g′n′ ∼ 1
n′ I,[j,k],ηO(1) g∗(n′·)

for all n ∈𝒩 , n′ ∈𝒩 ′; setting [j, k] = [d + 1,0] will give the claim.
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For [j, k] = [0,1] this follows by setting g∗ to be the identity and using (5.19).
By (5.20) and induction,11 it thus suffices to show that if the claim holds for some
[0,1] ≤ [j, k]< [d + 1,0] then it also holds for [j, k + 1]. By hypothesis we have

gn ∼ 1
n
I,[j,k+1],ηO(1) g∗(n·)g̃n

g′n′ ∼ 1
n′ I,[j,k+1],ηO(1) g∗(n′·)g̃′n′

for some [j, k]-polynomials g̃n, g̃′
n′ . By (5.22) we then have

g∗(nn′·)g̃n(n
′·)∼ 1

nn′ I,[j,k+1],ηO(1) g∗(nn′·)g̃′n′(n·)

for≫ ηO(1)P 2 pairs n ∈𝒩 , n′ ∈𝒩 ′. Applying Lemma 5.14, we conclude that

∥q(log[j,k](g̃n(n
′·))− log[j,k](g̃′n′(n·))∥Tj+k

≪ η−O(1)(|I |/P 2)−j−k

for some integer 1≤ q≪ η−O(1), which we can pigeonhole to be independent of n,
n′. From Taylor expansion we have

log[j,k] g(n·)= nj+k log[j,k] g

and hence

∥q((n′)j+k log[j,k](g̃n)− nj+k log[j,k](g̃′n′)∥Tj+k
≪ η−O(1)(|I |/P 2)−j−k.

For k+j > 0, we may apply Theorem 5.2 once for each coordinate of the torus Tj+k ,
and modify q as necessary, to refine 𝒩 , 𝒩 ′ so that

∥q(log[j,k](g̃n)− βnj+k)∥Tj+k
≪ η−O(1)(|I |/P )−j−k

and

∥q(log[j,k](g̃′n′)− β(n′)j+k)∥Tj+k
≪ η−O(1)(|I |/P )−j−k

for all n ∈𝒩 , n′ ∈𝒩 ′ and some β ∈ logGj+k/ logGj+k+1, while still keeping (5.22)
for ≫ ηO(1)P 2 pairs. In the k = 0 case we can trivially achieve this just by setting
β = 0. From this we may factor

gn ∼ 1
n
I,[j,k+1],ηO(1) g∗(n·)g(n·)j+k

[j,k]

and

g′n′ ∼ 1
n′ I,[j,k+1],ηO(1) g∗(n′·)g(n′·)j+k

[j,k] ,

where g[j,k] is any element of Gj+k with log[j,k] g[j,k] = β . This allows us to close

the induction, replacing g∗ with g∗g(·)j+k

[j,k] . This completes the proof of Theorem 5.11.
□

11Note that the induction proceeds in a “staircase” fashion: from case [0,1] we can eventually get to case
[0, d + 1], which by (5.20) is the same as case [1,0], and then repeating the same procedure we eventually
get to case [1, d + 1], which by (5.20) is the same as case [2,0], and so on.
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Fig. 4 Proof of the type II inverse theorem, Theorem 4.2(ii), (iii). For the proof of Theorem 5.11, see Fig. 3

6 Proof of type II case

In this section we establish the type II cases (ii), (iii) of Theorem 4.2, using a version
of Walsh’s contagion argument [42].

Recall the definition of the relation ∼I,η from Definition 5.8. The following two
definitions will also be important for expressing the main argument in this section.

Definition 6.1 (Configurations of points and polynomial sequences) Let I be an
interval and σ > 0. We say that a collection 𝒥 ⊂ I × Poly(ℤ→ G) is a (σ,H)-
configuration in I , if 𝒥 is of the form {(x, gx) : x ∈ 𝒳 }, where |𝒳 | ≥ σ |I |/H , gx ∈
Poly(ℤ→ G), and the points of 𝒳 ⊂ I are H -separated (that is, x1, x2 ∈ 𝒳 and
x1 ≠ x2 imply |x1 − x2| ≥H ).

Informally, a (σ,H)-configuration abstracts (and discretizes) the notion of having
correlations with nilsequences F(gx(n)Γ) on a large family of intervals (x, x +H ]
in I ; compare with the definition of an (X,H)-family of intervals in [28, Sect. 2] for
linear phases.

Definition 6.2 (Upwards scaling) Let C ≥ 1, η,σ ∈ (0,1/2), and A,H,Y ≥ 1. Let
𝒥0 be a (σ,H)-configuration in [Y,CY ], and let 𝒥1 be a (σ,AH)-configuration in
[AY,CAY ].

We write

𝒥0 −→η,C 𝒥1

if for each (y, gy) ∈ 𝒥1 we have

∑︂

A<a≤CA

∑︂

(x,gx)∈𝒥0

Ia,C,AH,σ (y, x)≥ ηA

where Ia,C,AH,σ (y, x) is the indicator function

Ia,C,AH,σ (y, x) := 1|y−ax|≤CAH 1gy(a·)∼ 1
a (y,y+AH ],σ gx . (6.1)
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Note that the relation 𝒥0 −→η,C 𝒥1 gets weaker if η is decreased or C is increased.
Informally, the relation 𝒥0 −→η,C 𝒥1 indicates that the nilsequences associated to
the intervals (y, y +AH ] in 𝒥1 are essentially rescaled versions of the nilsequences
associated to the intervals (x, x+H ] in 𝒥0. There are multiple ways to connect these
intervals by rescaling; the idea of the contagion argument is to use many existing
rescaling relationships at one pair of scales to create additional scaling relationships
at a larger pair of scales.

The next lemma shows that the notion of upwards scaling is “transitive”.

Lemma 6.3 (Transitivity of upwards scaling) Let X ≥ H ≥ A2 ≥ A1 ≥ 3. Let σ ∈
(︂

0, 1
2 log(A1A2)

)︂

and C ∈ [1, σ−1]. Let G/Γ be a filtered nilmanifold of degree and

dimension O(1) and complexity≤ σ−1. Let 𝒥0 be a (σ,H)-configuration in [Y,CY ],
let 𝒥1 be a (σ,A1H)-configuration in [A1Y,CA1Y ], and let 𝒥2 be a (σ,A1A2H)-
configuration in [A1A2Y,CA1A2Y ]. Suppose that

𝒥0 −→σ,C 𝒥1 and 𝒥1 −→σ,C 𝒥2.

Then we have

𝒥0 −→σO(1),2C2 𝒥2. (6.2)

Proof From Definition 6.2, we see that for every (z, gz) ∈ 𝒥2 we have

∑︂

A2<a2≤CA2

∑︂

(y,gy)∈𝒥1

Ia2,C,A1A2H,σ (z, y)≥ σA2

and for every (y, gy) ∈ 𝒥1 we have

∑︂

A1<a1≤CA1

∑︂

(x,gx)∈𝒥0

Ia1,C,A1H,σ (y, x)≥ σA1.

Combining the previous two estimates, for every (z, gz) ∈ 𝒥2 we obtain

∑︂

A1<a1≤CA1
A2<a2≤CA2

∑︂

(y,gy)∈𝒥1

Ia2,C,A1A2H,σ (z, y)
∑︂

(x,gx)∈𝒥0

Ia1,C,A1H,σ (y, x)≥ σ 2A1A2.

(6.3)
Note that for every non-zero term in (6.3) we have |z − a2y| ≤ CA1A2H

and |y − a1x| ≤ CA1H , so we must have |z − a1a2x| ≤ 2C2A1A2H . Applying
Lemma 5.10(ii), this implies that for every non-zero term in (6.3) we have

gz(a1a2·)∼ 1
a1a2

(z,z+A1A2H ],σ gy(a1·) and gy(a1·)∼ 1
a1a2

(z,z+A1A2H ],σO(1) gx,

and by the transitivity of the relation ∼I,η (Lemma 5.10(i)), these give

gz(a1a2·)∼ 1
a1a2

(z,z+A1A2H ],σO(1) gx.
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In other words,

Ia1a2,2C2,A1A2H,σO(1) (z, x)= 1.

Hence, we obtain
∑︂

A1<a1≤CA1
A2<a2≤CA2

∑︂

(x,gx)∈𝒥0

Ia1a2,2C2,A1A2H,σO(1) (z, x)
∑︂

(y,gy)∈𝒥1
|y−a1x|≤CA1H

1≥ σ 2A1A2.

Since the sum over y is bounded by ≪ C, we may make the substitution a = a1a2
and conclude that for every (z, gz) ∈ 𝒥2 we have

∑︂

A1A2<a≤C2A1A2

∑︂

(x,gx)∈𝒥0

d2(a)Ia,2C2,A1A2H,σO(1) (z, x)≫ σ 2

C
A1A2. (6.4)

Applying to (6.4) the Cauchy–Schwarz inequality and the standard divisor sum
bound

∑︂

a≤X

d2(a)2≪X log3 X,

for all (z, gz) ∈ 𝒥2 we obtain

∑︂

A1A2<a≤C2A1A2

⎛

⎝
∑︂

(x,gx)∈𝒥0

Ia,2C2,A1A2H,σO(1) (z, x)

⎞

⎠

2

≫ σ 4

C4

A1A2

log3(C2A1A2)

≫ σ 8

C4
A1A2.

Since the sum inside the square has at most O(C2) non-zero terms, we conclude that

∑︂

A1A2<a≤C2A1A2

∑︂

(x,gx)∈𝒥0

Ia1a2,2C2,A1A2H,σO(1) (z, x)≫ σ 8

C6
A1A2.

The claim (6.2) now follows. □

The following proposition importantly tells us that either Theorem 4.2 holds, or
the map x ↦→ gx can be extended to a smaller scale.

Proposition 6.4 (Scaling down) Let d,D ≥ 1, ε > 0, and let X ≥ H ≥ Xε ≥ 3 and
δ ∈ (0, 1

logX
). Let G/Γ be a filtered nilmanifold of degree at most d , dimension at

most D, and complexity at most 1/δ. Let F : G/Γ→ ℂ be Lipschitz of norm at
most 1/δ and mean zero. Let f : ℕ→ ℂ be an arithmetic function such that f is a
(δ,A−II ,A

+
II ) type II sum for some A+II ≥A−II ≥Xε . Suppose that

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

f (n)F (gx(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≥ δH (6.5)
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for all x in a subset E of [X,2X] of measure at least δX where, for each x ∈ E,
gx : ℤ→G is a polynomial map. Then at least one of the following holds.

(i) We have

H ≪d,D,ε δ−Od,D,ε(1)A+II .

(ii) There exists a non-trivial horizontal character η : G→ℝ having Lipschitz norm
Od,D,ε(δ

−Od,D,ε(1)) such that

∥η ◦ gx∥C∞(x,x+H ] ≪d,D,ε δ−Od,D,ε(1)

for all x in a subset of E of measure≫d,D,ε δOd,D,ε(1)X.
(iii) There exists A ∈ [A−II ,A

+
II ], a (δOd,D,ε(1),H)-configuration 𝒥0 in [X,2X] and

a (δOd,D,ε(1),H/A)-configuration 𝒥−1 in [X/(2A),2X/A], such that 𝒥0 =
{(x, gx) : x ∈E′} for some set E′ ⊂E and

𝒥−1 −→δ
Od,D,ε(1)

,Od,D,ε(1)
𝒥0. (6.6)

Remark 6.5 Note that in the case of Theorem 4.2(iii) (where F(gx(n)) = e(Px(n))

for some polynomial Px : ℤ→ ℝ), if conclusion (ii) of Proposition 6.4 holds, then
η(u)= qu for some integer 1≤ |q| ≪ δ−Od,ε(1), so

∥qPx mod 1∥C∞(x,x+H ] ≪d,ε δ−Od,ε(1).

If αx,j denotes the degree j coefficient of Px(x + ·), this implies that

∥qαx,j∥ℝ/ℤ≪ δ−Od,ε(1)/Hj

for all 1≤ j ≤ d . This in turn implies that

∥e(Px(·))∥TV((x,x+H ]∩ℤ;q)≪d,ε δ−Od,ε(1).

Hence, in the proof of Theorem 4.2(ii)–(iii) we may assume that conclusion (iii)
above holds.

Proof We let all implied constants to depend on d , D, ε. As in Remark 4.3, we may
assume that x ↦→ gx is constant on intervals of the form [m,m+ 1) with m ∈ℕ.

We induct on the dimension D of G/Γ. In view of Proposition 2.11 and
Lemma 2.18, we may assume that F oscillates with a central frequency ξ : Z(G)→
ℝ of Lipschitz norm at most δ−O(1). If the center Z(G) has dimension larger than
1, or ξ vanishes, then the conclusion follows from induction hypothesis applied to
G/ker ξ (via Lemma 2.10). Henceforth we assume that G has one-dimensional cen-
ter and that ξ is non-zero.

Let x ∈ E. By (6.5), Lemma 2.2(i) and the assumption that f = α ∗ β is a
(δ,A−II ,A

+
II ) type II sum, we have

∑︂

A−II≤a≤A+II

|α(a)|
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x/a<b≤(x+H)/a

β(b)F (gx(ab)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≥ δH.
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By the pigeonhole principle and the assumption δ ≤ 1/ logX, we conclude that there
is some A ∈ [A−II ,A

+
II ] such that

∑︂

A<a≤2A

|α(a)|
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x/a<b≤x/a+H/A

β(b)F (gx(ab)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≫ δ2H. (6.7)

Now, let ℬ be the set of x ∈ [X,2X] for which we have

∑︂

A<a≤2A

|α(a)|1|α(a)|≥δ−10

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x/a<b≤x/a+H/A

β(b)F (gx(ab)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≥ δ3H.

Since F is Lipschitz of norm ≤ δ−1, |F | is pointwise bounded by δ−1. Then, by
Markov’s inequality, the Cauchy–Schwarz inequality, and the assumed L2 bounds on
α and β , we have

δ3Hmeas(ℬ)≤ δ−1
∫︂ 2X

X

∑︂

A<a≤2A

|α(a)|1|α(a)|≥δ−10

∑︂

x/a<b≤x/a+H/A

|β(b)|dx

≪ δ−1H
∑︂

A<a≤2A

|α(a)|1|α(a)|≥δ−10

∑︂

b≤(2X+H)/A

|β(b)|

≪ δ9H
∑︂

A<a≤2A

|α(a)|2
∑︂

b≤(2X+H)/A

|β(b)|

≪ δ9−3/2HX,

so meas(ℬ)≪ δ9−3/2−3X≪ δ4X.
From now on, let x ∈E∗ :=E \ ℬ; the set E∗ has measure≫ δX. From (6.7) we

conclude that for x ∈E∗ we have

∑︂

A<a≤2A

|α(a)|1|α(a)|≤δ−10

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x/a<b≤x/a+H/A

β(b)F (gx(ab)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≫ δ2H,

so

∑︂

A<a≤2A

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x/a<b≤x/a+H/A

β(b)F (gx(ab)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≫ δ12H. (6.8)

Let

S(x, a) :=
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x/a<b≤x/a+H/A

β(b)F (gx(ab)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
,
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and let ℬ∗ be the set of x ∈E∗ for which
∑︂

A<a≤2A

S(x, a)1
S(x,a)≥δ−20 H

A
≥ δ13H.

Then, by the Cauchy–Schwarz inequality and the pointwise bound on |F |, we have

δ13Hmeas(ℬ∗)≤ δ20 A

H

∫︂ 2X

X

∑︂

A<a≤2A

S(x, a)2 dx

≪ δ18
∫︂ 2X

X

∑︂

A<a≤2A

∑︂

x/a<b≤x/a+H/A

|β(b)|2 dx.

Exchanging the order of integration and summation and using the assumed L2 bound
on β , we see that this is≪ δ17HX. Hence meas(ℬ∗)≪ δ4X.

From now on, let x ∈E∗∗ :=E∗ \ℬ∗; the set E∗∗ has measure≫ δX. From (6.8)
we conclude that for x ∈E∗∗ we have

∑︂

A<a≤2A

S(x, a)1
S(x,a)≤δ−20 H

A
≫ δ12H.

By Markov’s inequality, we deduce that there is a set 𝒮 ⊂ ((X,2X] × (A,2A])∩ℕ2

with |𝒮| ≫ δ33AX such that for all (x, a) ∈ 𝒮 we have

S(x, a)=
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x/a<b≤x/a+H/A

β(b)F (gx(ab)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≫ δ32 H

A
. (6.9)

Let us say that (x, a) ∈ 𝒮 is good if x ∈E∗∗ and

∑︂

x/a<b≤x/a+δ100H/A

|β(b)| ≤ δ50 H

A
and

∑︂

x/a<b≤x/a+2H/A

|β(b)|2 ≤ δ−50 H

A
.

(6.10)

The number of (x, a) ∈ 𝒮 that are not good is by Markov’s inequality

≪ δ−50 A

H

∑︂

A<a≤2A

∑︂

X<x≤2X

∑︂

x/a<b≤x/a+δ100H/A

|β(b)|

+ δ50 A

H

∑︂

A<a≤2A

∑︂

X<x≤2X

∑︂

x/a<b≤x/a+2H/A

|β(b)|2

≪ δ100−50A2
∑︂

b≤(2X+H)/A

|β(b)| + δ50A2
∑︂

b≤(2X+2H)/A

|β(b)|2≪ δ49AX.

Thus, there are≫ δ33AX good pairs (x, a) ∈ 𝒮 .
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We need to perform some discretization in the possible summation lengths. To this
end, for z > 0, let

Q(z) :=min

(︃

[z,∞)∩
(︃

δ100 H

A
ℤ

)︃)︃

.

Now, by (6.9) and (6.10), for any good (x, a) ∈ 𝒮 we have
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

Q(x/a)<b≤Q(x/a)+H/A

β(b)F (gx(ab)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≫ δ32 H

A
. (6.11)

Let C1 be a large constant, and let C2 be large in terms of C1. We may assume that
H/A ≥ δ−C2 , since otherwise conclusion (i) of the proposition holds. Since for any
good (x, a) ∈ 𝒮 we have (6.11), we may apply the nilsequence large sieve (Propo-
sition 2.15) to (6.11) to deduce that there exists a collection (˜︁gQ(x/a),j )1≤j≤J of
elements of Poly(ℤ→ G) such that J ≪ δ−O(1) and such that at least one of the
following holds for any good (x, a) ∈ 𝒮 :

(a) There is a non-trivial horizontal character ηx,a : G→ ℝ of Lipschitz norm ≤
δ−C1 such that

∥ηx,a ◦ gx(a·) mod 1∥C∞(Q(x/a),Q(x/a)+H/A] ≤ δ−C1 .

(b) For some 1≤ j ≤ J (depending on (x, a)) we have

gx(a·)∼(Q(x/a),Q(x/a)+H/A],δC1 ˜︁gQ(x/a),j .

We now split into two cases.
Case 1: (a) holds for at least half of the good pairs in 𝒮 .
By (2.3), whenever (x, a) has property (a) we have

∥ηx,a ◦ gx(a·) mod 1∥C∞(x/a,(x+H)/a] ≪ δ−C1 . (6.12)

Now, by the pigeonhole principle there is some non-trivial horizontal character
η′ : G → ℝ of Lipschitz norm ≤ δ−C1 and some set of integers in (X,2X] of
size ≫ δC1+O(1)X such that for each such x there exist ≫ δC1+O(1)A choices of
a ∈ (A,2A] ∩ ℕ for which (6.12) holds with ηx,a = η′. By Corollary 2.4 (and the
assumption H/A ≥ δ−C2 ), we deduce that for some integer 1 ≤ |q| ≪ δ−OC1 (1) the
horizontal character η′′ = qη′ satisfies

∥η′′ ◦ gx mod 1∥C∞(x,x+H ] ≪ δ−OC1 (1)

for ≫ δC1+O(1)X integers x ∈ (X,2X]. Conclusion (ii) follows, since x ↦→ gx is
constant on intervals of the form [m,m+ 1) with m ∈ℕ.

Case 2: (b) holds for at least half of the good pairs in 𝒮 .
By Lemma 5.10(ii), for any pair (x, a) satisfying (b), for some 1≤ j ≤ J we have

gx(a·)∼ 1
a
(x,x+H ],δO(C1) ˜︁gQ(x/a),j .
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By the pigeonhole principle, there exists some 1 ≤ j0 ≤ J such that for ≫
δC1+O(1)AX pairs (x, a) ∈ 𝒮 we have

gx(a·)∼ 1
a
(x,x+H ],δO(C1) ˜︁gQ(x/a),j0 . (6.13)

For t ∈ [0,1), let

𝒴t :=
(︃

H

A
ℤ+ t

H

A

)︃

∩
[︃

X

2A
,

2X

A

]︃

.

Then 𝒴t is H/A-separated and has size ≫ X
H

. By the pigeonhole principle, there is
some t0 ∈ [0,1) such that the set

{(x, a) ∈ 𝒮 : (x, a) satisfies (6.13) and Q(x/a)=Q(y) for some y ∈ 𝒴t0}

has size ≫ δC1+O(1)AX. By the pigeonhole principle again, this implies that there
exists an H -separated set E′ ⊂ (X,2X] ∩ ℕ of size ≫ δC1+O(1)X/H such that for
every x ∈ E′ there exist ≫ δC1+O(1)A choices of a ∈ (A,2A] ∩ ℕ for which (x, a)

satisfies (6.13) and Q(x/a)=Q(y) for some unique y ∈ 𝒴t0 .
For y ∈ 𝒴t0 , define˜︁gy :=˜︁gQ(y),j0 . Then for every x ∈E′ there exist≫ δC1+O(1)A

choices of a ∈ (A,2A] ∩ℕ such that for some y ∈ 𝒴t0 we have Q(x/a)=Q(y) (so
that in particular |y − x/a| ≤ δ100H/A) and

gx(a·)∼ 1
a
(x,x+H ],δO(C1) ˜︁gy.

Taking 𝒥−1 = {(y,˜︁gy) : y ∈ 𝒴t0} and 𝒥0 = {(x, gx) : x ∈ E′}, we now have the de-
sired relation (6.6). □

Using the improved contagiousness result (Theorem 5.11), we have the following
result that extends [42, Proposition 3.7] from the linear phase case to nilsequences
and also, crucially, works with smaller H .12 This step crucially allows us to “scale
up” the map x ↦→ gx of Proposition 6.4 to a larger scale where it is easier to analyze.

Proposition 6.6 (Scaling up) Let Y ≥H ≥A≥ 2, 0 < σ < 1
2 logY

, and 2≤ C ≤ σ−1.

Let G/Γ be a filtered nilmanifold of degree d , dimension D and complexity ≤ σ−1.
Let 𝒥0 be a (σ,H)-configuration in [Y,CY ], and let 𝒥1 be a (σ,AH)-configuration
in [AY,CAY ] such that

𝒥0 −→σ,C 𝒥1.

Then, if

H ≥ σ−KA, and A≥ σ−K (6.14)

12Writing [42, Proposition 3.7] in the notation of Proposition 6.6, the condition (6.14) would be replaced
with a more restrictive condition of the type H ≥ σ−KA2.
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for a large enough constant K (depending on d , D), there exists a (σO(1),A2H)-
configuration 𝒥2 in [A2Y,2CA2Y ] such that

𝒥1 −→σ
Od,D(1)

,Od,D(C2)
𝒥2.

Proof We allow implied constants to depend on d , D. By Definition 6.2, we have

∑︂

(y,gy)∈𝒥1

∑︂

A<a≤CA

∑︂

(x,gx)∈𝒥0

Ia,C,AH,σ (y, x)≫ σ
Y

H
· σA.

On using the Cauchy–Schwarz inequality, this implies that

∑︂

(x,gx)∈𝒥0

⎛

⎝
∑︂

(y,gy)∈𝒥1

∑︂

A<a≤CA

Ia,C,AH,σ (y, x)

⎞

⎠

2

≫ (σ 2AY/H)2

|𝒥0|

≫ σ 4C−1A2 Y

H
.

Opening the square, we obtain

∑︂

(x,gx)∈𝒥0

∑︂

(y1,gy1 )∈𝒥1
(y2,gy2 )∈𝒥1

∑︂

A<a1≤CA
A<a2≤CA

Ia1,C,AH,σ (y2, x)Ia2,C,AH,σ (y1, x)≫ σ 4C−1A2 Y

H
.

Note that for every non-zero term in this sum we have |y2 − a1x| ≤ CAH and
|y1 − a2x| ≤ CAH , hence |a1y1 − a2y2| ≤ 2C2A2H . In particular, there exists z ∈
C2A2Hℤ with z ∈ [A2Y,2C2A2Y ] such that |z−a1y1| ≤ 2C2A2H and |z−a2y2| ≤
2C2A2H . We conclude that

∑︂

(x,gx)∈𝒥0

∑︂

(y1,gy1 )∈𝒥1
(y2,gy2 )∈𝒥1

∑︂

A<a1≤CA
A<a2≤CA

∑︂

z∈[A2Y,2C2A2Y ]
z∈C2A2Hℤ

1|z−a1y1|,|z−a2y2|≤2C2A2H

× Ia1,C,AH,σ (y2, x)Ia2,C,AH,σ (y1, x)

≫ σ 4C−1A2 Y

H
.

Moving the z sum outside and applying the pigeonhole principle, we see that there ex-
ists a C2A2H -separated set 𝒥 ∗2 in [A2Y,2C2A2Y ] of size≫ σO(1)Y/H such that for
each z ∈ 𝒥 ∗2 there is a set 𝒬z of≫ σO(1)A2 quadruples (a1, a2, (y1, gy1), (y2, gy2)) ∈
([A,CA] ∩ℕ)2 ×𝒥 2

1 such that

|z− a1y1|, |z− a2y2| ≤ 2C2A2H

and

Ia1,C,AH,σ (y2, x)= Ia2,C,AH,σ (y1, x)= 1
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for some (x, gx) ∈ 𝒥0. For fixed z, Each a1 is associated to O(σ−O(1)) many choices
of y1, so by pruning we may assume that y1 is determined by a1; similarly we may
assume y2 is determined by a2. By further pruning, we may assume that whenever
(a1, a2, (y1, gy1), (y2, gy2)) ∈ 𝒬z holds for some (a1, a2), it holds for ≫ σO(1)A2

such tuples. By Lemma 5.10(ii), we now obtain

gy1(a2·)∼ 1
a1a2

(z,z+A2H ],σO(1) gx,

and similarly

gy2(a1·)∼ 1
a1a2

(z,z+A2H ],σO(1) gx,

and hence by Lemma 5.10(i) for (a1, a2, (y1, gy1), (y2, gy2)) ∈𝒬z we have

gy1(a2·)∼ 1
a1a2

(z,z+A2H ],σO(1) gy2(a1·).

Let z ∈ 𝒥 ∗2 , and let (y, gy) ∈ 𝒥1 be the last coordinate of some element of
𝒬z. Since H/A ≥ σ−K and K is a large enough constant, from the nilsequence
contagion result (Theorem 5.11) and Lemma 5.10(i) we conclude that there exists
gz ∈ Poly(ℤ→G) and≫ σO(1)A values of a ∈ [A,CA] ∩ℕ such that

gz(a·)∼ 1
a
(z,z+A2H ],σO(1) gy.

We select such a gz for each z ∈ 𝒥 ∗2 , and set 𝒥2 = {(z, gz) : z ∈ 𝒥 ∗2 }. The desired
claim follows. □

We are going to apply Proposition 6.6 iteratively. The next proposition tells us how
we can obtain information on x ↦→ gx in the original scale after passing to a suitably
large scale.

Proposition 6.7 (Conclusion of repeated scaling) Let X ≥ H ≥ 2 and M ≥ X. Let
0 < σ < 1

2 logM
and 2 ≤ C ≤ σ−1. Let G/Γ be a filtered nilmanifold of degree d ,

dimension D and complexity≤ σ−1. Suppose that there exists a (σ,H)-configuration
𝒥0 = {(x, gx) : x ∈E′} in [X,2X] and a (σ,MH)-configuration 𝒥1 in [MX,CMX]
such that

𝒥0 −→σ,C 𝒥1.

Then, if H ≥ σ−K for a large enough constant K (in terms of d , D), the following
hold.

(i) If G/Γ = ℝ/ℤ and gx = Px for some polynomials Px : ℤ→ ℝ/ℤ of degree
at most d , then there exists a real number |T | ≪ σ−Od,D,C(1)(X/H)d+1 and a
positive integer 1≤ q ′ ≪ σ−Od,D,C(1) such that

∥e(Px(n))n−iT ∥TV((x,x+H ]∩ℤ;q ′)≪ σ−Od,D,C(1).

for all x in a subset of E′ of cardinality≫ σOd,D,C(1)X/H .
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(ii) If G is non-abelian with one-dimensional center, then there exists a non-trivial
horizontal character η : G→ℝ of Lipschitz norm O(σ−Od,D,C(1)) such that

∥η ◦ gx∥C∞(x,x+H ] ≪ σ−Od,D,C(1)

for all x in a subset of E′ of cardinality≫ σOd,D,C(1)X/H .

Proof We allow implied constants to depend on d , D, C. We arbitrarily fix an element
(z, gz) of 𝒥1. By assumption, we have

∑︂

(x,gx)∈𝒥0

∑︂

M<m≤CM

Im,C,MH,σ (z, x)≥ σM.

Applying the pigeonhole principle and the fact that |𝒥0| ≤ X
H

, we see that there is a
(σ/(2C),H)-configuration 𝒥 ′0 ⊂ 𝒥0 such that for every (x, gx) ∈ 𝒥 ′0 we have

∑︂

M<m≤CM

Im,C,MH,σ (z, x)≫ σ
MH

X
.

Let ℳx be the set of integers M < m ≤ CM for which the summand is positive.
Then |ℳx | ≫ σMH/X. Note that

ℳx ⊂
[︃

z

x
− CMH

X
,
z

x
+ CMH

X

]︃

(6.15)

and that for all m ∈ℳx we have

gz(m·)∼ 1
m

(z,z+MH ],σ gx. (6.16)

Using Lemma 5.10(i)–(ii) and the fact that | z
mi
− z

(m1+m2)/2 | ≪ CH for i = 1,2
and mi ∈ℳx , for any x that is the first coordinate of some element of 𝒥 ′0 and any
(m1,m2) ∈ℳ2

x we have

gz(m1·)∼ 2
m1+m2

(z,z+MH ],σO(1) gz(m2·).

For any M ′ ≥ 1, set JM ′ := ((1− 10MH
z

) z
M ′ , (1+ 10MH

z
) z
M ′ ]. In view of the pi-

geonhole principle, Lemma 5.10(ii) and (6.15) and (6.16), we can find a 10CMH/X-
separated set ℳ⊂ [M,CM] (which is the union of ℳx for some x ∈ 𝒥 ′0) of cardi-
nality≫ σO(1)X/H such that, denoting IM ′ = (M ′, (1+ H

X
)M ′), for each M ′ ∈ℳ

there exist≫ σO(1)|IM ′ |2 pairs (m1,m2) ∈ I 2
M ′ for which

gz(m1·)∼JM ′ ,σO(1) gz(m2·), (6.17)

and additionally

gz(m1·)∼ 1
m1

(z,z+MH ],σ gx (6.18)
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for some x that is the first coordinate of an element of 𝒥 ′0 with |z/x − m1| ≤
2CMH/X. Unwrapping the definition of the relation ∼I,η , from (6.17) we conclude
that for each M ′ ∈ℳ there exist≫ σO(1)|IM ′ |2 pairs (m1,m2) ∈ I 2

M ′ for which there
exists a factorization

gz(m1·)= εm1,m2gz(m2·)γm1,m2, (6.19)

where εm1,m2 is (σ−O(1), JM ′)-smooth and γm1,m2 is σ−O(1)-rational. The argument
now splits into two cases.

Proof of part (ii). Applying Proposition 2.16 (with (z,M,MH) in place of
(X,A,H)) and using the fact that G is non-abelian, we conclude that either

MH ≪ σ−O(1) max (M,X) (6.20)

or there exists a non-trivial horizontal character η : G→ℝ of Lipschitz norm at most
O(σ−O(1)) such that

∥η ◦ gz∥C∞(z,z+MH ] ≪ σ−O(1). (6.21)

The estimate (6.20) cannot hold if K is chosen large enough in the statement of the
proposition. Hence we have (6.21). Recalling that (6.18) holds for any m1 ∈ℳ, by
Lemma 5.10(ii) we see that for any m ∈ℳ there is some x that is the first coordinate
of an element of 𝒥 ′0 with |z/x −m| ≤ 2CMH/X such that

∥η ◦ gx∥C∞(x,x+H ] ≪ σ−O(1). (6.22)

Since ℳ has cardinality ≫ σO(1)X/H and is 10CMH/X-separated, each m ∈ℳ
corresponds to a different x, so there must exist ≫ σO(1)X/H elements x ∈ E′ for
which (6.22) holds. Now part (ii) follows.

Proof of part (i). Now we have G/Γ = ℝ/ℤ. Then by (6.19) for any M ′ ∈ℳ
there exist≫ σO(1)|IM ′ |2 pairs (m1,m2) ∈ I 2

M ′ such that

∥qm1,m2,z(gz(m2·)− gz(m1·)) mod 1∥C∞(JM ′ )≪ σ−O(1).

for some integer 1 ≤ qm1,m2,z ≤ σ−O(1). Pigeonholing in the possible choices of
qm1,m2,z, we can assume that this quantity is independent of m1, m2, z. Now Propo-
sition 2.5 (with (z,M,MH) in place of (X,A,H)) implies that there exists some
integer 1≤ q ≤ σ−O(1) and some real number T ≪ (X/H)d+1σ−O(1) such that

∥q · gz − T log(·)∥Cd(z,z+MH ] ≪ σ−O(1). (6.23)

Let m ∈ℳ. Dilating (6.23) by m (using (2.4) and the fact that T log(·) is close to a
polynomial of degree d by Taylor expansion), we obtain

∥q · gz(m·)− T log(·)∥
Cd( z

m
, z
m
+MH

m
] ≪ σ−O(1).

On the other hand, from (6.18) there is some x that is the first coordinate of some
element of 𝒥 ′0 with |z/x −m| ≤ 2CMH/X for which we have

∥q ′z,m,x · gz(m·)− q ′z,m,x · gx∥Cd( z
m

, z
m
+MH

m
] ≪ σ−O(1)
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for some integers 1 ≤ q ′z,m,x ≪ σ−O(1). Hence by the triangle inequality and (2.3)
(and the fact that T log() is close to a polynomial of degree d) we have

∥qq ′z,m,x · gx − q ′z,m,xT log(·)∥Cd(x,x+H ] ≪ σ−O(1).

By the pigeonhole principle, we may thus find a natural number 1 ≤ q ′′ ≪ σ−O(1)

such that

∥qq ′′ · gx − q ′′T log(·)∥Cd(x,x+H ] ≪ σ−O(1). (6.24)

Since ℳ is 10CMH/X-separated, each m ∈ℳ with |z/x −m| ≤ 2CMH/X cor-
responds to a different choice of x, so the above holds for all x in a subset of E′ of
cardinality≫ σO(1)X/H .

By Taylor expansion, we can find a polynomial Qx of degree d ′ =O(1) such that

∥Qx − T

q
log(·)∥Cd(x,x+H ] ≪ 1 (6.25)

and thus by (6.24), (6.25) and the triangle inequality

∥qq ′′(gx −Qx)∥Cd(x,x+H ] ≪ σ−O(1).

This implies that

qq ′′(gx(n)−Qx(n))=
max(d,d ′)
∑︂

j=0

αj

(︃
n− ⌊x⌋

j

)︃

mod 1

for some coefficients αj of size O(σ−O(1)/Hj ). One can then calculate

∥e(gx −Qx)∥TV((x,x+H ];max(d,d ′)!qq ′′)≪ σ−O(1)

and thus by (6.25) and the triangle inequality

∥e(gx − T

q
log(·))∥TV((x,x+H ];max(d,d ′)!qq ′′)≪ σ−O(1).

This completes the proof of part (i) after some relabeling. □

We are now ready to conclude the proof of our type II estimates by combining the
results of this section.

Proof of Theorem 4.2(ii)–(iii) Let the notation and assumptions be as in
Theorem 4.2(ii)–(iii). Let B be a large enough constant (in terms of d , D, ε), and
let us say that x is bad if there is no non-trivial horizontal character η of Lipschitz
norm ≤ δ−B such that ∥η ◦ gx mod 1∥C∞(x,x+H ] ≤ δ−B . We may assume that all
x ∈ E are bad (since if the set E′ of non-bad x has measure ≥ δX/2, say, we are
done, and otherwise we may consider the set E \E′, which has measure ≥ δX/2).
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We apply Proposition 6.4. If conclusion (i) or (ii) of that proposition holds, we
are done. Suppose then that conclusion (iii) holds. Then there exists A ∈ [A−II ,A

+
II ],

a (δOd,D,ε(1),H)-configuration 𝒥0 in [X,2X] and a (δOd,D,ε(1),H/A)-configuration
𝒥−1 in [X/(2A),2X/A], such that 𝒥0 = {(x, gx) : x ∈E′} for some set E′ ⊂E and

𝒥−1 −→δ
Od,D,ε(1)

,Od,D,ε(1)
𝒥0.

Let K ∈ℕ be the least integer such that AK ≥X. Note that as A−II ≥Xε we have
K ≪ε 1. Applying Proposition 6.6 K times, and noting that for any given constant
C′ we may assume that H ≥ δ−C′A, we see that for all 2 ≤ k ≤ K there is some
Ck =Od,D,ε(1) and some (δOd,D,ε(1),HAk)-configuration 𝒥k in [AkX/2,CkA

kX/2]
such that we have

𝒥k−1 −→δ
Od,D,k(1)

,Ck
𝒥k.

By applying Lemma 6.3 repeatedly, this implies that

𝒥0 −→δ
Od,D,ε(1)

,C′K
𝒥K

for some C′K =Od,D,ε(1). But now by Proposition 6.7 (and the assumption that x is
bad for all x ∈E), we obtain one of the conclusions of Theorem 4.2(ii)–(iii). □

7 Controlling the Gowers uniformity norms

In order to deduce our Gowers uniformity result in almost all short intervals (The-
orem 1.3) from Theorem 1.1, we wish to apply the inverse theorem for the Gowers
norms to Λ−Λ♯, dk − d

♯
k , μ. However, before we can apply the inverse theorem, we

need to show that the functions Λ−Λ♯, dk − d
♯
k possess pseudorandom majorants

even when restricted to short intervals.13 In the case of long intervals, the existence of
pseudorandom majorants for these functions follows from earlier works [5, 31]. In the
case of short intervals (X,X +H ], the existence of these pseudorandom majorants
is established in the prequel [30] for Λ when H ≥Xε , and for dk when H ≥X1/5+ε .
The main purposes of this section are to show that the majorant for dk constructed
in [30, Sect. 9] is pseudorandom in (x, x+H ] for almost all x ∈ [X,2X] in the larger
regime H ≥Xε and to deduce Theorem 1.3 from this. For this deduction in the case
of dk , we will need a logarithm-free type I estimate given as Proposition 7.6.

We begin by recalling from [30] the relevant definition of pseudorandomness.

Definition 7.1 (Pseudorandomness over short intervals) Let x,H ≥ 1. Let D ∈ ℕ
and 0 < η < 1. We say that a function ν : ℤ→ ℝ≥0 is (D,η)-pseudorandom at lo-
cation x and scale H if the function νx(n) := ν(x + n) satisfies the following. Let

13In some applications of Gowers norm theory, the recent quasipolynomial inverse theorem of Leng–
Sah–Sawhney [18] has been able to dispose of the need for pseudorandom majorants, when combined with
strong dimension-uniform bounds on the nilsequence side. As discussed in Remark 1.4, we do not know
how to obtain good dimension dependencies in our main theorems, and therefore we need to construct
pseudorandom majorants.
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d, t ≤ D and ψ1, . . . ,ψt be affine-linear forms, where each ψi : ℤd → ℤ has the
form ψi(x) = ψ̇i · x+ ψi(0), with ψ̇i ∈ ℤd and ψi(0) ∈ ℤ satisfying |ψ̇i | ≤ D and
|ψi(0)| ≤DH , and with ψ̇i and ψ̇j linearly independent whenever i ≠ j . Then, for
any convex body K ⊂ [−H,H ]d ,

⃓
⃓
⃓
⃓
⃓

∑︂

n∈K
νx(ψ1(n)) · · ·νx(ψt (n))− vol(K)

⃓
⃓
⃓
⃓
⃓
≤ ηHd.

Remark 7.2 Note that if a function ν : ℤ→ ℝ≥0 is (D,η)-pseudorandom at location
x and scale H , then in particular

∥νx − 1∥Us(x,x+H ] ≪D η1/2s

.

for every s ≤D.

We then state the inverse theorem for unbounded functions that we are going to
use.

Proposition 7.3 (An inverse theorem for pseudorandomly bounded functions) [30,
Proposition 9.4] Let s ∈ ℕ and η ∈ (0,1). Let I be an interval of length ≥ 2. Let
f : I→ℂ be a function, and suppose that the following hold.

• There exists a function ν : I→ℝ≥0 such that ∥ν−1∥U2s (I ) ≤ η and |f (n)| ≤ ν(n).
• For any filtered (s − 1)-step nilmanifold G/Γ and any Lipschitz function

F : G/Γ→ℂ, we have

sup
g∈Poly(ℤ→G)

⃓
⃓
⃓
⃓
⃓

1

|I |
∑︂

n∈I
f (n)F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓
≪∥F∥Lip,G/Γ η.

Then we have the Gowers uniformity estimate

∥f ∥Us(I) = os;η→0(1).

The following lemma from [30] will be important for us.

Lemma 7.4 (Pseudorandomness over long intervals implies pseudorandomness
over short intervals) [30, Lemma 9.5] Let ε ∈ (0,1), D,k ∈ ℕ be fixed. Let C ≥ 1
be large enough in terms of k and D. Let H ∈ [Xε,X/2] and η ∈ ((logX)−C,1/2),
with X ≥ 3 large enough in terms of C. Let ν be (D,η)-pseudorandom at location 0
and scale H . Also let 1≤A, B ≤ logX be integers.

Suppose that there is an exceptional set 𝒮 ⊂ ℤ and a sequence λn such that

ν(n)=
∑︂

d|An+B

d≤Xε/(2D)

λd for n /∈ 𝒮,

|λn| ≤ (logX)kd(n)k for all n,

|ν(n)| ≤ (logX)kd(An+B)k for n ∈ 𝒮.

(7.1)
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Also suppose that 𝒮 is small in the sense that

|𝒮 ∩ [y − 2DH,y + 2DH ]| ≪H/(logX)4C for y ∈ {0,X}.
Then ν is (D,2η)-pseudorandom at location X and scale H .

We are now ready to state and prove the existence of pseudorandom majorants
over short intervals for W -tricked versions of our functions of interest. Let us recall
that, for any w ≥ 2,

Λw(n) := W

φ(W)
1(n,W)=1,

where W =∏︁p≤w p.

Lemma 7.5 (Pseudorandom majorants over short intervals for Λ − Λw , dk − d
♯
k )

Let ε > 0 and D,k ∈ ℕ be fixed. Let X ≥ H ≥ Xε ≥ 2. Let 2 ≤ w ≤ w(X), where
w(X) is a slowly enough growing function of X, and denote W =∏︁p≤w p. Also let

w ≤ ˜︁w ≤ exp((logX)1/10) and ˜︁W =∏︁p≤˜︁w p.

(i) There exists a constant C0 ≥ 1 such that each of the functions

φ(W)

W
Λ(Wn+ b)/C0,

φ(W)

W
Λ˜︁w(Wn+ b)

for 1 ≤ b ≤ W with (b,W) = 1, is majorized on (X,X + H ] by a (D,η)-
pseudorandom function at location X and scale H for some η = ow→∞(1). In
fact, the latter of the two functions is (D,η)-pseudorandom at location X and
scale H .

(ii) Let W ′ be such that W |W ′ |W ⌊w⌋. There exists a constant Ck ≥ 1 such that, for
all but at most XH−1/2(logX)O(1) values of x ∈ [X,2X], the functions

(logX)
φ(W)

W

∏︂

w≤p≤X

(︃

1+ k

p

)︃−1

dk(W
′n+ b)/Ck,

(logX)
φ(W)

W

∏︂

w≤p≤X

(︃

1+ k

p

)︃−1

d
♯
k(W

′n+ b)/Ck

for 1 ≤ b ≤ W ′ with (b,W ′) = 1, are majorized on (x, x + H ] by a (D,η)-
pseudorandom function at location x and scale H for some η= ow→∞(1).

Proof Part (i) is precisely [30, Lemma 9.6(1)]. For part (ii), we follow the construc-
tion in the proof of [30, Lemma 9.6(2)]. From the definition of d

♯
k , it follows that

d
♯
k(n)≪k dk(n) for all 1 ≤ n ≤ 2X (see [30, (3.14)]), so by Lemma 7.4 it suffices

to show that, for some C′k ≥ 1 and all x ∈ [X,2X] outside an admissible exceptional
set, the function

h(n) := (logX)
φ(W)

W

∏︂

w≤p≤X

(︃

1+ k

p

)︃−1

dk(W
′n+ b)/C′k
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is majorized by a function that is (D,ow→∞(1))-pseudorandom at location 0 and
scale H , and which is of the form (7.1) outside an exceptional set 𝒮 satisfying the
size bounds

|𝒮 ∩ [x − 2DH,x + 2DH ]| ≪H/(logX)4C,

|𝒮 ∩ [−2DH,2DH ]| ≪H/(logX)4C
(7.2)

for some large enough C ≥ 1.
We claim that this follows from [30, Lemma 9.6]. Indeed, by that lemma, the

function h is majorized by a (D,oX→∞(1))-pseudorandom function at location 0 and
scale H . The fact that the majorant is of the form (7.1) follows from the arguments
in [30, proof of Lemma 9.6], with the exceptional set 𝒮 being defined as

𝒮 :=
{︃

n≤ 2DX : ∃p : vp(n)≥max

{︃

2,8C
log logX

logp

}︃

or

∏︂

p≤X1/(log logX)3

pvp(n) ≥Xγ/ log logX

⎫

⎪⎬

⎪⎭

for some constant γ > 0. Also from [30, proof of Lemma 9.6], we have the second
estimate in (7.2). The remaining task now is to prove the first estimate in (7.2).

We now use Rankin’s trick to bound |𝒮 ∩ [x − 2DH,x + 2DH ]| for x ∈ [X,2X].
Denoting v = X1/(log logX)3

, the number of n ∈ [x − 2DH,x + 2DH ] that satisfy
∏︁

p≤X1/(log logX)3 pvp(n) ≥Xγ/ log logX is (as in [30])

≪
∑︂

ab∈[x−2DH,x+2DH ]
p|a =⇒ p>v
p|b=⇒ p≤v

b≥Xγ/ log logX

1≤
∑︂

ab∈[x−2DH,x+2DH ]
p|a =⇒ p>v
p|b=⇒ p≤v

(︃
b

Xγ/ log logX

)︃ 10C(log logX)2

γ logX

≪ 1

(logX)10C

∑︂

n∈[x−2DH,x+2DH ]
g(n), (7.3)

where g is the completely multiplicative function satisfying

g(p)=
⎧

⎨

⎩

1, if p > v,

p
10C(log logX)2

γ logX if p ≤ v.
.

By Shiu’s bound (Lemma 2.18), we conclude that (7.3) is≪H(logX)−4C .
We are left with bounding the number of n ∈ [x − 2DH,x + 2DH ] satisfying

vp(n)≥max{2,8C
log logX

logp
} for some p. This number is

≪
∑︂

p<(logX)4C

Hp−8C(log logX)/(logp) +
∑︂

(logX)4C≤p≤H 1/2

H

p2
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+
∑︂

H 1/2<p≤(2X)1/2

|{n ∈ [x − 2DH,x + 2DH ] : p2 | n}|

≪H(logX)−4C +
∑︂

H 1/2<p≤(2X)1/2

|{n ∈ [x − 2DH,x + 2DH ] : p2 | n}|. (7.4)

Define ℰ to be the set of x ∈ [X,2X] such that the sum over p in (7.4) is ≥
H(logX)−4C . Observe that

|ℰ |H(logX)−4C ≤
∑︂

X≤x≤2X
x∈ℕ

∑︂

H 1/2<p≤(2X)1/2

|{n ∈ [x − 2DH,x + 2DH ] : p2 | n}|

≪H
∑︂

H 1/2<p≤(2X)1/2

∑︂

X−2DH≤n≤2X+2DH

p2|n

1

≪XH
∑︂

H 1/2<p≤(2X)1/2

1

p2 ≪XH 1/2,

so we have |ℰ | ≪ XH−1/2(logX)4C . We conclude that the desired property (7.2)
holds for all x ∈ [X,2X] outside the sufficiently small exceptional set ℰ . □

7.1 Gowers uniformity of the von Mangoldt and Möbius functions

We are now ready to prove Theorem 1.3(i)–(ii).

Proof of Theorem 1.3(i)–(ii) (i) Let 1≤ a ≤W with (a,W)= 1 (where, as in the theo-
rem, W =∏︁p≤w p with w tending to infinity slowly with X). Set f = φ(W)

W
(Λ−Λ♯).

By Theorem 1.1(ii), there is an exceptional set ℰ of measure ≪A X(logX)−A such
that for all x ∈ [X(logX)−A/2,2X] \ ℰ , X1/3+ε/2 ≤H ≤X1−ε and for any F , G/Γ

as in that theorem, we have

sup
g∈Poly(ℤ→G)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

f (Wn+ a)F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

= sup
g∈Poly(ℤ→G)

⃓
⃓
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

Wx+a<n≤W(x+H)+a
n≡a (mod W)

f (n)F

(︃

g

(︃
n− a

W

)︃

Γ

)︃

⃓
⃓
⃓
⃓
⃓
⃓
⃓
⃓

≪AH/ logA X,

since there exists a polynomial sequence˜︁g : ℤ→G such that˜︁g(n)= g((n− a)/W)

for all n ≡ a (mod W). Using Lemma 7.5(i), we can find functions νj for j ∈
{1,2} that are (2s, ow→∞(1))-pseudorandom at location x and scale H for all
x ∈ [X(logX)−A/2,2X] \ ℰ , and such that ν1(n) and ν2(n) majorize

φ(W)

W
Λ(Wn+ a)/C0, and ν2(n)= φ(W)

W
Λ♯(Wn+ a),
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respectively, where C0 is a suitably chosen constant. In particular, by the triangle
inequality for the Gowers norms, we have

⃦
⃦
⃦
⃦

ν1 + ν2

2
− 1

⃦
⃦
⃦
⃦

U2s (x,x+H ]
≤ 1

2
(∥ν1 − 1∥U2s (x,x+H ] + ∥ν2 − 1∥U2s (x,x+H ])

= ow→∞(1).

Since |f (Wn + a)| ≪ ν1(n) + ν2(n), the inverse theorem for the Gowers norms
(Proposition 7.3) tells us that

⃦
⃦
⃦
⃦

φ(W)

W
(Λ(W · +a)−Λ♯(W · +a))

⃦
⃦
⃦
⃦

Us(x,x+H ]
= ∥f (W · +a)∥Us(x,x+H ]

= ow→∞(1). (7.5)

On the other hand, by Lemma 7.5(i), Remark 7.2, and the definition of Λ♯ we also
have for x ∈ [X(logX)−A/2,2X] \ ℰ that

⃦
⃦
⃦
⃦

φ(W)

W
Λ♯(W · +a)− 1

⃦
⃦
⃦
⃦

Us(x,x+H ]
= ow→∞(1). (7.6)

By (7.5), (7.6) and the triangle inequality for the Gowers norms, we obtain
⃦
⃦
⃦
⃦

φ(W)

W
Λ(W · +a)− 1

⃦
⃦
⃦
⃦

Us(x,x+H ]
= ow→∞(1).

By [30, Lemma 9.8], this implies that also

∥Λ−Λw∥Us(x,x+H ] = ow→∞(1)

holds for all x ∈ [X(logX)−A/2,2X] \ ℰ .
(ii) This part follows from the same argument as part (i), taking f = μ and W = 1

and applying Theorem 1.1(iv) (and now Lemma 7.5 is not needed). □

7.2 Gowers uniformity of the divisor functions

For the proof of Theorem 1.3(iii), we shall need a version of the type I inverse theo-
rem that does not lose any logarithms. Note that Theorem 4.2(i) does lose logarithms
since we assume there that δ < 1/ logX, so that losing powers of δ corresponds to
losing powers of logarithm).

Proposition 7.6 (A log-free type I estimate) Let d,D,k ≥ 1, X ≥ H ≥ 2, and δ ∈
(0,1/2). Let 1 ≤M ≤ δKH for some large enough K = K(d,D), and let G/Γ be
a filtered nilmanifold of degree at most d , dimension at most D, and complexity at
most 1/δ. Let F : G/Γ→ ℂ be Lipschitz of norm at most 1/δ and mean zero. Let
f : ℕ→ℂ be an arithmetic function such that

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

X<n≤X+H

f (n)F (g(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≥ δH(logX)k−1,
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where g : ℤ→ G is a polynomial map. Suppose that f = α ∗ β , where |α(m)| ≤
dk−1(m), α is supported on (M,2M], and ∥β∥TV(ℕ) ≤ 1

δ
. Then we have

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

X<n≤X+H

f (n)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≫d,D,k δOd,D,k(1)H(logX)k−1. (7.7)

Proof In what follows, we let d,D,k ≥ 1 be fixed; we allow all implied constants to
depend on these parameters. Let A ≥ 1 be large in terms of these fixed parameters.
By the factorization theorem for nilsequences [7, Theorem 1.19], there exist a rational
subgroup G′ ⊂G and δ−1 ≤Q≤ δ−OA(1) such that we can factorize g = εg′γ , where
the polynomial sequences ε, g′γ : ℤ→G have the following properties:

• ε is (Q, [X,X+H ])-smooth;
• g′ is totally Q−A-equidistributed in G′/(G′ ∩ Γ);
• γ is Q-rational, with (γ (n)Γ)n∈ℤ having period at most Q.

Moreover, G′/(G′ ∩ Γ) has a Mal’cev basis in which each element is a Q-rational
combination of elements of the Mal’cev basis of G.

By splitting the interval [X,X + H ] into arithmetic progressions of length ≍
H/Q2 and modulus equal to the period of γ , we conclude that for some QO(1)-
rational elements ε0, γ0 ∈G′ we have

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

X<n≤X+H

f (n)F (ε0g
′(n)γ0Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≫ δO(1)H(logX)k−1,

Let G′′ = γ−1
0 G′γ0, Γ′′ = Γ ∩G′′, g′′(n)= γ−1

0 g′(n)γ0, and let ˜︁F : G′′/Γ′′ →ℂ be
given by ˜︁F(x)= F(ε0γ0x). Then we have

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

X<n≤X+H

f (n)˜︁F(g′′(n)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≫ δO(1)H(logX)k−1. (7.8)

By subtracting off the mean of ˜︁F , we conclude that either (7.7) holds, or else (7.8)
holds with ˜︁F having mean 0. We may assume that the latter holds. Performing some
nil-algebra as in [6, Proof of Claim in Sect. 2], we see that there is a Mal’cev basis
𝒴 for G′′/Γ′′, which is a QO(1)-rational combination of the elements of the Mal’cev
basis of G, such that g′′ is totally Q−cA+O(1)-equidistributed on G′′/Γ′′ with respect
to the metric induced by 𝒴 for some c > 0 depending only on the fixed parameters,
and additionally ˜︁F has Lipschitz norm≪ δ−O(1).

From the assumption on f and the triangle inequality, we have

∑︂

M<m≤2M

dk−1(m)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

X/m<r≤(X+H)/m

β(r)˜︁F(g′′(rm)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≫ δO(1)H(logX)k−1.
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Since ∥β∥TV(ℕ) ≤ 1
δ
, invoking Lemma 2.2(ii) we obtain

∑︂

M<m≤2M

dk−1(m)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

X/m<r≤(X+H)/m

˜︁F(g′′(rm)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≫ δO(1)H(logX)k−1.

By the pigeonhole principle, this implies that for some M1, . . . ,Mk−1 ≥ 1 with
M1 · · ·Mk−1 ≍M we have

∑︂

M1<m1≤2M1

· · ·
∑︂

Mk−1<mk−1≤2Mk−1

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

X/(m1···mk−1)<r≤(X+H)/(m1···mk−1)

˜︁F(g′′(rm1 · · ·mk−1)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗

≫ δO(1)H.

Since |F | ≤ 1/δ by the assumption that F has Lipschitz norm at most 1/δ, from the
pigeonhole principle we conclude that there exists a set ℳ of ≫ δO(1)M integer
tuples (m1, . . . ,mk−1) ∈ (M1,2M1] × · · · × (Mk−1,2Mk−1] such that
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

X/(m1···mk−1)<r≤(X+H)/(m1···mk−1)

˜︁F(g′′(rm1 · · ·mk−1)Γ)

⃓
⃓
⃓
⃓
⃓
⃓

∗
≫ δO(1) H

M1 · · ·Mk−1
.

From the quantitative Leibman theorem (Lemma 2.9), we deduce that for
(m1, . . . ,mk−1) ∈ℳ there exists some non-trivial horizontal character η : G′′ → ℝ

(depending on the tuple) of Lipschitz norm≪ δ−O(1) such that

∥(η ◦ g′′)(m1 · · ·mk−1·) mod 1∥
C∞( X

m1 ···mk−1
, X+H
m1 ···mk−1

] ≪ δ−O(1). (7.9)

By pigeonholing, we can find some such horizontal character η such that (7.9) holds
for ≫ δO(1)M integer tuples (m1, . . . ,mk−1) ∈ (M1,2M1] × · · · × (Mk−1,2Mk−1].
Let ℳ′ be the set formed by these tuples. Since η ◦ g′′ is a polynomial of degree at
most d , we can Taylor expand it as

(η ◦ g′′)(n)= αd(n−X)d + · · · + α1(n−X)+ α0 mod 1

for some αj ∈ℝ/ℤ. Therefore, for any m≥ 1 we have

(η ◦ g′′)(mn)=
d
∑︂

j=0

αjm
j

(︃

n− X

m

)︃j

mod 1.

Now (7.9) and (2.2) give for any (m1, . . . ,mk−1) ∈ℳ′ the bound

max
1≤j≤d

(︃
H

M1 · · ·Mk−1

)︃j

∥αj (m1 · · ·mk−1)
j∥ℝ/ℤ≪ δ−O(1). (7.10)

In particular, there exist ≫ δO(1)M1 integers m1 ∈ (M1,2M1] for which (7.10)
holds for ≫ δO(1)M2 · · ·Mk−1 integer tuples (m2, . . . ,mk−1) ∈ (M2,2M2] × · · · ×
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(Mk−1,2Mk−1]. By Vinogradov’s lemma (Lemma 2.3), this implies that for some
integer 1≤ q1≪ δ−O(1) we have

max
1≤j≤d

(︃
H

M2 · · ·Mk−1

)︃j

∥q1αj (m2 · · ·mk−1)
j∥ℝ/ℤ≪ δ−O(1)

for≫ δO(1)M2 · · ·Mk−1 integer tuples (m2, . . . ,mk−1) ∈ (M2,2M2] × · · · × (Mk−1,

2Mk−1] (by pigeonholing we can take q1 to be independent of the tuple). Continuing
inductively, we see that for some positive integer q≪ δ−O(1) we have

max
1≤j≤d

Hj∥qαj∥ℝ/ℤ≪ δ−O(1).

But by the definition of the smoothness norms, this implies that

∥(qη) ◦ g′′ mod 1∥C∞(X,X+H ] ≪ δ−O(1).

The horizontal character qη has Lipschitz norm≪ δ−O(1). As noted above, g′′ is to-
tally Q−cA+O(1)-equidistributed on G′′/Γ′′. But now we obtain a contradiction from
the converse to the quantitative Leibman theorem [3, Lemma 5.3] and the assumption
that A was large enough. □

We are now ready to prove Theorem 1.3(iii).

Proof of Theorem 1.3(iii) We apply Theorem 1.1(v). Following the same argument as
in the proof of Theorem 1.3(i), but with

f (n)=
(︃

W

φ(W)

)︃k−1

(log1−k X)(dk(n)− d
♯
k(n))

and using Lemma 7.5(ii) in place of Lemma 7.5(i), we see that there is some excep-
tional set ℰ of measure≪A X/ logA X such that for all x ∈ [X(logX)−A/2,2X] \ ℰ
we have
⃦
⃦
⃦
⃦
⃦

(︃
W

φ(W)

)︃k−1

(log1−k X)(dk(W
′ · +a)− d

♯
k(W

′ · +a))

⃦
⃦
⃦
⃦
⃦

Us(x,x+H ]
= ow→∞(1).

(7.11)
Arguing as in [30, Proof of Theorem 1.5] this implies that

∥dk − d
♯
k∥Us(x,x+H ] = oX→∞(logk−1 X)

for all x ∈ [X,2X] \ ℰ ′, where ℰ ′ ⊃ ℰ is another exceptional set of measure ≪A

X/ logA X. We still need to show that the second estimate in (1.10) holds outside a
small exceptional set.

In view of (7.11) and the triangle inequality for the Gowers norms, we are left with
showing that
⃦
⃦
⃦
⃦
⃦

(︃
W

φ(W)

)︃k−1

(log1−k X)d
♯
k(W

′ · +a)− 1

(k − 1)!

⃦
⃦
⃦
⃦
⃦

Us(x,x+H ]
= ow→∞(1) (7.12)
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for all x ∈ [X,2X] \ ℰ ′′, where ℰ ′′ ⊃ ℰ ′ is another exceptional set of measure ≪A

X/ logA X.
By Lemma 7.5(ii) and Proposition 7.3, it suffices to show that, for any filtered

(s − 1)-step nilmanifold G/Γ and any Lipschitz function F : G/Γ→ℂ, we have

sup
g∈Poly(ℤ→G)

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(︄(︃
W

φ(W)

)︃k−1

(log1−k X)d
♯
k(W

′n+ a)− 1

(k − 1)!

)︄

× F(g(n)Γ)
⃓
⃓

= ow→∞;∥F∥Lip;G/Γ(H)

for all x ∈ [X,2X] outside of an exceptional set of measure≪A X/ logA X.
By Lemma 2.19(ii), the function inside the sum is a sum of O(1) terms of the

form αj ∗ βj , where ∥βj∥TV(ℕ)≪ 1 and |αj (n)| ≤ dk−1(n)1[1,Xε/5](n), Hence, from
Proposition 7.6 we conclude that (7.12) holds provided that
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(︄(︃
W

φ(W)

)︃k−1

(log1−k X)d
♯
k(W

′n+ a)− 1

(k − 1)!

)︄
⃓
⃓
⃓
⃓
⃓
⃓

∗
= ow→∞(H).

From (7.11) with s = 1, it follows that
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(︄(︃
W

φ(W)

)︃k−1

(log1−k X)(dk(W
′n+ a)− d

♯
k(W

′n+ a))

)︄
⃓
⃓
⃓
⃓
⃓
⃓

∗

=oX→∞(H).

for all x ∈ [X,2X] \ ℰ . Hence, it suffices to show that
⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(︄(︃
W

φ(W)

)︃k−1

(log1−k X)dk(W
′n+ a)− 1

(k − 1)!

)︄
⃓
⃓
⃓
⃓
⃓
⃓

∗
= oX→∞(H)

for all x ∈ [X,2X] outside of an exceptional set of measure≪X/ logA X. But since
W ′ ≪ log logX (say) this follows from Lemma 4.6. □

8 Applications

8.1 The polynomial phase case

Proof of Corollary 1.2 Part (i) of the corollary is immediate from Theorem 1.1(i).
From Theorem 1.1(ii), we either have the conclusion of part (ii) or else

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

Λ♯(n)e(Px(n))

⃓
⃓
⃓
⃓
⃓
⃓

≥ H

logA X
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for x ∈ E, with E a subset of [X,2X] of measure ≫A,d,ε X(logX)−A. By
Lemma 2.19(i), this implies that for some sequence a : ℕ→ℂ supported on [1,Xε/5]
and satisfying |a(n)| ≪ logX we have

⃓
⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H

(a ∗ 1)(n)e(Px(n))

⃓
⃓
⃓
⃓
⃓
⃓

≥ H

2 logA X

for all x ∈E. Applying Theorem 4.2(i) (and Remark 2.8), we conclude that, for some
integer 1≤ q≪ (logX)OA,ε,d (1), we have

∥qPx mod 1∥C∞(x,x+H ] ≪d (logX)OA,ε,d (1)

for all x in a subset of E of measure ≫A,d,ε X log−A X. The desired conclusion
follows from (2.2). □

8.2 Calculating the main terms

In order to prove Theorems 1.5 and 1.6, we must in particular evaluate the correlations
of Λw and dk,W :=∏︁p≤w dk,p (where dk,p is defined in Theorem 1.6), since these
yield the main terms in the correlations asymptotics for Λ and dk , respectively. We
do this in a more general setting as follows.

Proposition 8.1 (Factorizing correlations of multiplicative functions) Let k, ℓ ∈ℕ be
fixed. Let 3 ≤ w ≤ exp((logX)1/2) and W =∏︁p≤w p. Let 1 ≤ h ≤X be an integer.
Let g : ℕ→ℂ be a multiplicative function, and denote by gp the multiplicative func-
tion defined on prime powers by gp(pa) = g(pa) and gp(qa) = 1 if q ≠ p. Define
gW :=∏︁p≤w gp . Suppose that |gp(pa)| ≤ dk(p

a) for all p ≤w and a ∈ℕ. Then we
have

𝔼n≤X

ℓ−1
∏︂

j=0

gW (n+ jh)

=
∏︂

p≤w

⎛

⎝ lim
Y→∞𝔼n≤Y

ℓ−1
∏︂

j=0

gp(n+ jh)

⎞

⎠+O(exp(−(logX)1/2/(30ℓ))).

Proof Let ℬ be the set of n ≤ X for which (n,W∞) > X
1

10ℓ . Since every n ∈ ℬ can

be written uniquely as e1e2, where e1 |W∞ with e1 > X
1

10ℓ and (e2,W)= 1, we have

|ℬ| =
∑︂

e1|W∞
e1>X

1
10ℓ

∑︂

(e2,W)=1
e2≤X/e1

1≪X
∑︂

e1|W∞
e1>X

1
10ℓ

1

e1

≪X
1− 1

10ℓ logw

∑︂

e1|W∞
e1>X

1
10ℓ

1

e
1− 1

logw

1
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≪X
1− 1

10ℓ logw

∏︂

p≤w

(︄

1+ 1

p
1− 1

logw

+O

(︄

1

p
2(1− 1

logw
)

)︄)︄

(8.1)

≪X
1− 1

10ℓ logw

∏︂

p≤w

(︃

1+O

(︃
1

p

)︃)︃

≪X
1− 1

10ℓ logw (logw)O(1).

By Möbius inversion we can write

gW (n)= g((n,W∞))=
∑︂

e|(n,W∞)

ψ(e),

where ψ := μ ∗ g is multiplicative. For any prime power pa we have ψ(pa) =
gW (pa)− gW (pa−1). In particular, this implies that

|ψ(pa)| ≤ 2dk(p
a) · 1p≤w. (8.2)

Let us also define the truncated version

˜︁gW (n) :=
∑︂

e|(n,W∞)

e≤X
1

10ℓ

ψ(e).

For n /∈ ℬ we have gW (n) =˜︁gW (n). Hence, by the triangle inequality, for some
i0 ∈ {0,1, . . . , ℓ− 1}, we have

∑︂

n≤X

ℓ−1
∏︂

j=0

gW (n+ jh)

=
∑︂

n≤X
n+ih/∈ℬ ∀0≤i≤ℓ−1

ℓ−1
∏︂

j=0

˜︁gW (n+ jh)+O

⎛

⎜
⎜
⎝

max
0≤i≤ℓ−1

∑︂

n≤X
n+ih∈ℬ

ℓ−1
∏︂

j=0

|gW (n+ jh)|

⎞

⎟
⎟
⎠

(8.3)

=
∑︂

n≤X

ℓ−1
∏︂

j=0

˜︁gW (n+ jh)+O

⎛

⎜
⎜
⎝

∑︂

n≤X
n+i0h∈ℬ

ℓ−1
∏︂

j=0

(|gW | + |˜︁gW |)(n+ jh)

⎞

⎟
⎟
⎠

.

Since |gW (n)|, |˜︁gW (n)| ≤ dk+2(n), the error term here is by Hölder’s inequality (with
exponents 1/2,1/(2ℓ), . . . ,1/(2ℓ)), (8.1) and Shiu’s bound (Lemma 2.18)

≤

⎛

⎜
⎜
⎝

∑︂

n≤X
n+i0h∈ℬ

1

⎞

⎟
⎟
⎠

1/2
⎛

⎝
∑︂

n≤X+(ℓ−1)h

d2ℓ
k+2

⎞

⎠

1/2
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≪X(logX)O(1) exp

(︃

− logX

20ℓ logw

)︃

≪X exp

(︃

− (logX)1/2

30ℓ

)︃

.

We are now left with estimating the main term in (8.3). By the definition of ˜︁gW ,
this can be expanded out as

∑︂

e0,...,eℓ−1|W∞
e0,...,eℓ−1≤X

1
10ℓ

ψ(e0) · · ·ψ(eℓ−1)
∑︂

n≤X
ei |n+ih∀0≤i≤ℓ−1

1. (8.4)

Let

αh(e0, . . . , eℓ−1) := lim
Y→∞𝔼n≤Y

ℓ−1
∏︂

j=0

1ej |n+jh. (8.5)

Then we have

∑︂

n≤X
ei |n+ih∀0≤i≤ℓ−1

1= αh(e0, . . . , eℓ−1)X+O(1).

Now, recalling (8.2), which implies that |ψ(n)| ≪ no(1), the expression (8.4) is

X
∑︂

e0,...,eℓ−1|W∞
e0,...,eℓ−1≤X

1
10ℓ

ψ(e0) · · ·ψ(eℓ−1)αh(e0, . . . , eℓ−1)+O(X1/10+o(1)). (8.6)

By inclusion–exclusion, the main term in (8.6) is, for some I ⊂ {0,1, . . . , ℓ− 1},

X
∑︂

e0,...,eℓ−1|W∞
ψ(e0) · · ·ψ(eℓ−1)αh(e0, . . . , eℓ−1)

+O

⎛

⎜
⎜
⎜
⎜
⎝

X
∑︂

e0,...,eℓ−1|W∞
ei>X

1
10ℓ ∀ i∈I

ψ(e0) · · ·ψ(eℓ−1)αh(e0, . . . , eℓ−1)

⎞

⎟
⎟
⎟
⎟
⎠

.

(8.7)

We first bound the error term here. Note that, for any ej ∈ℕ,

αh(e0, . . . , eℓ−1)≤ 1

[e0, . . . , eℓ−1] .
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Hence, for some i0 ∈ {0, . . . , ℓ− 1}, the error term in (8.7) is

≪X
∑︂

e0,...,eℓ−1|W∞
ei0 >X

1
10ℓ

|ψ(e0)| · · · |ψ(eℓ−1)|
[e0, . . . , eℓ−1]

≪X
1− 1

10ℓ logw

∑︂

e0,...,eℓ−1|W∞
|ψ(e0)| · · · |ψ(eℓ−1)|
[e0, . . . , eℓ−1] e

1
logw

i0
=X

1− 1
10ℓ logw

∏︂

p≤w

βp,

where

βp =
∑︂

e0,...,eℓ−1|p∞
|ψ(e0)| · · · |ψ(eℓ−1)|
[e0, . . . , eℓ−1] e

1
logw

i0

=
∑︂

E|p∞
1

E

∑︂

e0,...,eℓ−1[e0,...,eℓ−1]=E

|ψ(e0)| · · · |ψ(eℓ−1)|e
1

logw

i0
.

For E = pa with a ≥ 1, by (8.2) the inner sum above is

≪ (2dk(E))ℓE
1

logw

∑︂

e0,...,eℓ−1[e0,...,eℓ−1]=E

1≪ (2(a + 1)k)ℓ(a + 1)ℓp
a

logw .

It follows that

βp = 1+O

⎛

⎝
∑︂

a≥1

(2(a + 1))(k+1)ℓ

(pa)
1− 1

logw

⎞

⎠= 1+O

(︃
1

p

)︃

for p ≤w. Hence the error term in (8.7) is

≪X
1− 1

10ℓ logw

∏︂

p≤w

(︃

1+O

(︃
1

p

)︃)︃

≪X
1− 1

10ℓ logw (logw)O(1)≪X exp(−(logX)1/2/(30ℓ)).

The remaining task is to evaluate the main term in (8.7). Since the ℓ-variable
function αh(e0, . . . , eℓ−1) is multiplicative, we have

∑︂

e0,...,eℓ−1|W∞
ψ(e0) · · ·ψ(eℓ−1)αh(e0, . . . , eℓ−1)

=
∏︂

p≤w

∑︂

e0,...,eℓ−1|p∞
ψ(e0) · · ·ψ(eℓ−1)αh(e0, . . . , eℓ−1).

For each prime p ≤w, by (8.5) we can write
∑︂

e0,...,eℓ−1|p∞
ψ(e0) · · ·ψ(eℓ−1)αh(e0, . . . , eℓ−1)
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=
∑︂

e0,...,eℓ−1|p∞
ψ(e0) · · ·ψ(eℓ−1) lim

Y→∞𝔼n≤Y

ℓ−1
∏︂

j=0

1ej |n+jh.

By the dominated convergence theorem together with the convergence of

∑︂

e0,...,eℓ−1|p∞
|ψ(e0)| · · · |ψ(eℓ−1)|
[e0, . . . , eℓ−1]

we can exchange the order of limits and summation. Thus

∑︂

e0,...,eℓ−1|p∞
ψ(e0) · · ·ψ(eℓ−1)αh(e0, . . . , eℓ−1)

= lim
Y→∞𝔼n≤Y

∑︂

e0,...,eℓ−1|p∞

ℓ−1
∏︂

j=0

ψ(ej )1ej |n+jh

= lim
Y→∞𝔼n≤Y

ℓ−1
∏︂

j=0

gp(n+ jh),

and the claim follows. □

Applying Proposition 8.1 to the primes or the higher order divisor function, we
obtain the following corollary. Here and later we write

dk,W (n) :=
∏︂

p≤w

dk,p(n)

with dk,p as in Theorem 1.6.

Corollary 8.2 Let k, ℓ ∈ ℕ be fixed. Let ℓ < w ≤ exp((logX)1/2), W =∏︁p≤w p and
H ≥ 2.

(i) For (1−O(w−1/2))H values of 1≤ h≤H we have

𝔼n≤XΛw(n)Λw(n+ h) · · ·Λw(n+ (ℓ− 1)h)

= (1+ ow→∞(1))𝔖(0, h, . . . , (ℓ− 1)h),

where 𝔖(h1, . . . , hℓ) is the singular series defined in (1.11).
(ii) Let H ≥ 1. For (1−O(w−1/2))H values of 1≤ h≤H we have

𝔼n≤Xdk,W (n)dk,W (n+ h) · · ·dk,W (n+ (ℓ− 1)h)

=
(︃

W

φ(W)

)︃kℓ−ℓ

(C(h, k, ℓ)+ ow→∞(1))) ,

where C(h, k, ℓ) is as in (1.12).
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Proof For part (i), we apply Proposition 8.1 with g = 1(·,P (X1/2))=1. This gives

𝔼n≤X

ℓ−1
∏︂

j=0

Λw(n+ jh)

=
(︃

W

φ(W)

)︃ℓ ∏︂

p≤w

lim
Y→∞𝔼n≤Y

ℓ−1
∏︂

j=0

1(n+jh,p)=1 +O(exp(−(logX)1/2/(30ℓ))).

The limit inside the product over p equals to 1− νp/p, where νp is the size of the
set {0, h, . . . , (ℓ− 1)h}(mod p). Now the claim follows by noting that

∏︂

p>w

(︃

1− 1

p

)︃−ℓ(︃

1− νp

p

)︃

= exp

(︄

O

(︄
∑︂

p>w

1

p2 +
1p|h
p

)︄)︄

= 1+O(w−1/2)

unless

∑︂

p|h
p>w

1

p
> w−1/2.

But by Markov’s inequality the number of such integers 1≤ h≤H is

≤w1/2
∑︂

h≤H

∑︂

p|h
p>w

1

p
≪w1/2

∑︂

p>w

H

p2
≪Hw−1/2,

so they can be included in the exceptional set.
Let us now turn to part (ii). We have dk,p = 1p ∗ dk−1,p , where 1p is the multi-

plicative function such that 1p(pα) = 1 for every α ≥ 0 and 1p(qα) = 0 for every
prime q ≠ p and every α ≥ 1. Thus we have

lim
Y→∞𝔼n≤Y dk,p(n)= lim

Y→∞
∑︂

a≥0

dk−1,p(pa)
1

Y

∑︂

n≤Y
pa |n

1=
∑︂

a≥0

1

pa

(︃
k − 2+ a

a

)︃

=
∑︂

a≥0

(︃
1− k

a

)︃(︃−1

p

)︃a

=
(︃

1− 1

p

)︃1−k

,

so that

∏︂

p≤w

lim
Y→∞𝔼n≤Y dk,p(n)=

(︃
W

φ(W)

)︃k−1

.

Now we apply Proposition 8.1 with g = dk , obtaining

𝔼n≤X

ℓ−1
∏︂

j=0

dk,W (n+ jh)
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=
(︃

W

φ(W)

)︃(k−1)ℓ ∏︂

p≤w

Cp(h, k, ℓ)+O(exp(−(logX)1/2/(30ℓ))), (8.8)

where

Cp(h, k, ℓ) := lim
Y→∞

𝔼n≤Y

∏︁ℓ−1
j=0 dk,p(n+ jh)

(𝔼n≤Y dk,p(n))ℓ
.

Thus it suffices to show that
∏︁

p>w Cp(h, k, ℓ) = 1+ ow→∞(1) for all but at most

O(w−1/2H) values of 1≤ h≤H .
Since dk,p = 1p ∗ dk−1,p , we can write

𝔼n≤Y

ℓ−1
∏︂

j=0

dk,p(n+ jh)

=
∑︂

a0,...,aℓ−1≥0

dk−1,p(pa0) · · ·dk−1,p(paℓ−1) · 1

Y

∑︂

n≤Y

p
aj |n+jh ∀j∈[0,ℓ−1]

1.

Thus we have the estimate

lim
Y→∞𝔼n≤Y

ℓ−1
∏︂

j=0

dk,p(n+ jh)

= 1+O

⎛

⎜
⎜
⎝

∑︂

a≥1

∑︂

a0,...,aℓ−1≥0
max{a0,...,aℓ−1}=a

dk−1,p(pa0) · · ·dk−1,p(paℓ−1)p−a

⎞

⎟
⎟
⎠

= 1+O

⎛

⎝
∑︂

a≥1

aO(1)p−a

⎞

⎠= 1+O

(︃
1

p

)︃

, (8.9)

and for any prime p > ℓ such that p ∤ h we can compute more precisely

lim
Y→∞𝔼n≤Y

ℓ−1
∏︂

j=0

dk,p(n+ jh)

=
∑︂

a≥0

∑︂

a0,...,aℓ−1≥0
{a0,...,aℓ−1}={a,0,...,0}

dk−1,p(pa0) · · ·dk−1,p(paℓ−1)p−a

= 1+ (k − 1)ℓ

p
+O

(︃
1

p2

)︃

. (8.10)
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A special case implies that

(︃

lim
Y→∞𝔼n≤Y dk,p(n)

)︃ℓ

= 1+ (k − 1)ℓ

p
+O

(︃
1

p2

)︃

. (8.11)

It follows from (8.9) and (8.11) that Cp(h, k, ℓ) = 1 + O(1/p), and from (8.10)
and (8.11) that Cp(h, k, ℓ)= 1+O(1/p2) for p ∤ h. Hence

∏︂

p>w

Cp(h, k, ℓ)=
∏︂

p>w
p|h

Cp(h, k, ℓ) ·
∏︂

p>w
p∤h

(︃

1+O

(︃
1

p2

)︃)︃

= exp

(︄

O

(︄

w−1 +
∑︂

p>w
p|h

1

p

)︄)︄

.

As in part (i), this is 1 + O(w−1/2) for all but ≪ Hw−1/2 integers 1 ≤ h ≤ H ,
and such integers can be included in the exceptional set. Now the claim follows
from (8.8). □

We shall also need an upper bound of the correct order of magnitude for correla-
tions of multiplicative functions.

Lemma 8.3 (An upper bound for correlations of multiplicative functions) Let ℓ ∈
ℕ be fixed. For 1 ≤ j ≤ ℓ, let 1 ≤ aj , hj ≤ ℓX be integers with (aj , hj ) = 1 and
aihj ≠ ajhi for all i ≠ j . Let f1, . . . , fℓ : ℕ→ℝ≥0 be multiplicative functions with
fj (ab)≤ fj (a)fj (b) for all 1≤ j ≤ ℓ and a, b ∈ℕ. Suppose that fj (n)≪ no(1) and
that fj (p

r)≤ eO(r) for all 1≤ j ≤ ℓ, all primes p and all r ∈ℕ. Then we have

∑︂

X1/2≤n≤X

ℓ
∏︂

j=1

fj (ajn+ hj )

≪ΔDX
∏︂

ℓ<p≤X1/2

(︄

1− |{t (mod p) : ∏︁ℓ
j=1(aj t + hj )≡ 0 (mod p)}|

p

)︄

×
ℓ
∏︂

j=1

∑︂

n≤X1/2

(n,D)=1

fj (n)

n
,

where D =∏︁1≤i<j≤ℓ(aihj − ajhi)
2 and

ΔD =
∏︂

p|D

⎛

⎜
⎜
⎝

1+
∑︂

0≤ν1,...,νℓ≤1
(ν1,...,νℓ)≠(0,...,0)

|{n (mod p2) : p || ajn+ hj ∀1≤ j ≤ ℓ}|
p2
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×
ℓ
∏︂

j=1

fj (p
νj )

⎞

⎠ .

In particular, we have

ΔD≪
∏︂

p|D

(︃

1+O

(︃
1

p

)︃)︃

. (8.12)

Proof We will apply Henriot’s upper bound for correlations of multiplicative func-
tions [13, Corollary 1] with x = X1/2, y = X, δ = 1/2, Qj(m) = ajm + hj ,
Q(m) =∏︁ℓ

j=1 Qj(m) and F(n1, . . . , nℓ) =∏︁ℓ
j=1 fj (n). Note that the discriminant

of Q is
∏︁

1≤i<j≤ℓ(aihj − ajhi)
2 =D, and that the sum of absolute values of coef-

ficients ∥Q∥ of Q is ≪ Xℓ. Note also that by Gauss’ lemma Q is primitive in the
sense that the greatest common divisor of its coefficients is 1. Now the claim follows
from [13, Corollary 1] (noting, as in the end of [13, Sect. 3], that F̃ = G̃= F in that
corollary) and the trivial inequality

∑︂

n1···nℓ≤x

an1,1 · · ·anℓ,ℓ ≤
ℓ
∏︂

j=1

∑︂

n≤x

an,j

for an,j ≥ 0.14 □

8.3 Proofs of the correlation asymptotics

The proofs of Theorems 1.5 and 1.6 require the Gowers uniformity estimates from
Theorem 1.3 together with the generalized von Neumann theorem which we state in
the following form.

Lemma 8.4 (Generalized von Neumann theorem) Let s, d, t,L ≥ 1 be given, and
let D be sufficiently large depending on s, d , t , L. Let ν be (D,oN→∞(1))-
pseudorandom at location 0 and scale N , and let f1, . . . , ft : ℤ→ℝ satisfy |fi(x)| ≤
ν(x) for all i ∈ [t] and x ∈ [N ]. Let Ψ = (ψ1, . . . ,ψt ) be a system of affine-linear
forms of complexity s with integer coefficients such that all the linear coefficients of
ψi are bounded by L in modulus, and such that |ψi(0)| ≤DN . Let K ⊂ [−N,N ]d
be a convex body with Ψ(K)⊂ (0,N]d . Suppose that for some δ > 0 we have

min
1≤i≤t

∥fi∥Us+1[N ] ≤ δ.

Then we have

∑︂

n∈K

t
∏︂

i=1

fi(ψi(n))= oδ→0(N
d).

14Note that [13, Theorem 3] contains the assumption that Q has no fixed prime divisor, which is not
necessarily satisfied in our case, but [13, Corollary 1] does not assume this.
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Proof If Ψ is in s-normal form for some s, this follows from [30, Lemma 10.1]. In
general,15 we can first apply [5, Lemma 4.5] to lift to the s-normal form case and
then argue exactly as in the end of [5, §4]. □

Proof of Theorems 1.5 and 1.6 Let k, ℓ ∈ ℕ and ε > 0 be fixed. Let f ∈ {Λ,dk} and
Xcf+ε ≤H ≤X1−ε , where cf = 1/3 if f =Λ and cf = 0 if f = dk . Let X ≥ 3 and
let w ∈ ℕ satisfy 2 ≤ w ≤ w(X), where w(X) is some function tending to infinity
slowly enough. Also let W =∏︁p<w p. Denote

fw =
⎧

⎨

⎩

Λw if f =Λ
(︂

φ(W)
W

)︂k−1 logk−1 X
(k−1)! · dk,W if f = dk.

Step 1: Splitting into main term and error term. Writing f = fw + (f − fw),
we can split

∑︂

n≤X

ℓ−1
∏︂

j=0

f (n+ jh)=
∑︂

n≤X

ℓ−1
∏︂

j=0

fw(n+ jh)+O
(︁

max
ℐ⊂{0,...,ℓ−1}

ℐ ̸=∅
|ℰℐ(h)|)︁, where

ℰℐ(h)=
∑︂

n≤X

∏︂

j∈ℐ
(f (n+ jh)− fw(n+ jh))

∏︂

j∈{0,...,ℓ−1}\ℐ
fw(n+ jh).

(8.13)

By Corollary 8.2, for (1 − ow→∞(1))H integers 1 ≤ h ≤ H , the main term on the
right-hand side of (8.13) produces the desired main term for Theorems 1.5 and 1.6.
Therefore, we are left with bounding the error term in (8.13).

By Markov’s inequality, for either f ∈ {Λ,dk} and any η > 0, we have
⃓
⃓
⃓
⃓
⃓
⃓

⎧

⎨

⎩
h≤H : |ℰℐ(h)| ≥ η

∑︂

n≤X

ℓ−1
∏︂

j=0

fw(n+ jh)

⎫

⎬

⎭

⃓
⃓
⃓
⃓
⃓
⃓

≤ 1

η
∑︁

n≤X

∏︁ℓ−1
j=0 fw(n+ jh)

∑︂

h≤H

|ℰℐ(h)|.

Hence, to complete the proof it suffices to show that

∑︂

h≤H

|ℰℐ(h)| = ow→∞

⎛

⎝H
∑︂

n≤X

ℓ−1
∏︂

j=0

fw(n+ jh)

⎞

⎠ . (8.14)

Step 2: Bounding the error term. By Corollary 8.2, proving (8.14) reduces to
showing that, uniformly for all unimodular sequences c : ℕ→ℂ, we have

∑︂

h≤H

c(h)ℰℐ(h)=
{︄

ow→∞ (HX) . if f =Λ,

ow→∞
(︁

HX(logX)(k−1)ℓ
)︁

if f = dk.

15We thank Jinseong Kim for stressing the need to cover the non-s-normal form case.
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Using for m≪X the crude bounds f (m), fw(m)≪Xo(1), we can shift the n sum in
the definition of ℰℐ(h) slightly to obtain

∑︂

h≤H

c(h)ℰℐ(h)

= 1

H

∑︂

h≤H

c(h)
∑︂

m≤X

∑︂

r≤H

∏︂

j∈ℐ
(f − fw)(m+ jh+ r)

×
∏︂

j∈{0,...,ℓ−1}\ℐ
fw(m+ jh+ r)+O(H 2Xo(1)).

(8.15)

Let

W ′ :=
{︄

W if f =Λ

Ww if f = dk.

By splitting the variables into residue classes (modW ′), the main term on the right-
hand side of (8.15) becomes

∑︂

0≤b1,b2,b3<W ′
S(b1, b2, b3)+O(W ′3X1+o(1)),

where

S(b1, b2, b3)

:= 1

H

∑︂

h≤H/W ′
c(W ′h+ b2)

×
∑︂

m≤X/W ′

∑︂

r≤H/W ′

∏︂

j∈ℐ
(f − fw)(W ′(m+ jh+ r)+ b1 + jb2 + b3)

·
∏︂

j∈{0,...,ℓ−1}\ℐ
fw(W ′(m+ jh+ r)+ b1 + jb2 + b3).

Thus, our goal is to show that

∑︂

0≤b1,b2,b3<W ′
S(b1, b2, b3)=

{︄

ow→∞ (HX) . if f =Λ,

ow→∞
(︁

HX(logX)(k−1)ℓ
)︁

if f = dk.
(8.16)

Now we bound this separately in the cases f =Λ and f = dk .
Case f = Λ. Note that S(b1, b2, b3)≪ (H/W 2)X1/2 logX unless (b1 + jb2 +

b3,W)= 1 for all 0≤ j < ℓ since if Λ(Wn+ r) > 0 and (W, r) > 1, then Wn+ r is
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a perfect power. If in turn (b1 + jb2 + b3,W)= 1 for all 0≤ j < ℓ, we can simplify

S(b1, b2, b3)

= 1

H

∑︂

h≤H/W

c(W ′h+ b2)

×
∑︂

m≤X/W

∑︂

r≤H/W

∏︂

j∈ℐ

(︃
φ(W)

W
Λ− 1

)︃

(W(m+ jh+ r)+ b1 + jb2 + b3)

·
ℓ−1
∏︂

j=0

Λw(b1 + jb2 + b3).

(8.17)

Let D ∈ ℕ be a large constant. Then by Lemma 7.5(i) and Theorem 1.3(i)
there exists a constant C0 ≥ 1 and an exceptional set E ⊂ [1,X/W ] ∩ ℕ of size
≪A X/ logA X such that for any m ∈ [1,X/W ] \E the following hold for any inte-
ger 1≤ b ≤W with (b,W)= 1:

(i) The function (
φ(W)

W
Λ(Wn + b) + 1)/C0 is majorized by a (D,ow→∞(1))-

pseudorandom function at location m and scale H .
(ii) We have

⃦
⃦
⃦
⃦

φ(W)

W
Λ(Wn+ b)− 1

⃦
⃦
⃦
⃦

UD(m,m+ℓH ]
= ow→∞(1).

Separating on the right-hand side of (8.17) the terms with m /∈ E and applying
Lemma 8.4, it then follows that

S(b1, b2, b3)= ow→∞

⎛

⎝
HX

W 3

ℓ−1
∏︂

j=0

Λw(b1 + jb2 + b3)

⎞

⎠

+O

(︄

(logX)ℓ

H

(︃
H

W

)︃2

· |E|
)︄

. (8.18)

Since |E| ≪A X/ logA X, the O(·) error term here is≪A HX/(W 3 log100 X), which
is negligible.

Observe that for any functions gp : ℤ3→ℂ that are p-periodic in each coordinate,
we have the identity

∑︂

0≤b1,b2,b3<W

∏︂

p<w

gp(b1, b2, b3)=
∏︂

p<w

∑︂

0≤b1,b2,b3<p

gp(b1, b2, b3).
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Applying this with gp(b1, b2, b3) = ∏︁ℓ−1
j=0 Λp(b1 + jb2 + b3), where Λp :=

p
p−1 1(·,p)=1, we obtain

1

W 3

∑︂

0≤b1,b2,b3<W

ℓ−1
∏︂

j=0

Λw(b1 + jb2 + b3)

=
∏︂

p<w

1

p3

∑︂

0≤b1,b2,b3<p

ℓ−1
∏︂

j=0

Λp(b1 + jb2 + b3)

=
∏︂

p<w

(︃
p

p− 1

)︃ℓ(︃
p− 1

p

(︃

1− min{ℓ,p}
p

)︃

+ 1

p

(︃

1− 1

p

)︃)︃

≪
∏︂

p<w

(︃

1+O

(︃
1

p2

)︃)︃

≪ 1.

Now from (8.18) we conclude that

1

W 3

∑︂

0≤b1,b2,b3<W

S(b1, b2, b3)= ow→∞(HX),

as desired.
Case f = dk . Note that dk,W (W ′n+ b)= dk,W (b) whenever pw

∤ b for all p ≤w.
Let us say that an integer tuple (b1, b2, b3) ∈ [0,W ′)3 is good if

pw
∤ b1 + jb2 + b3 for all p ≤w and j = 0, . . . , ℓ− 1.

Recall that we need to prove (8.16). We estimate the sum there separately for good
tuples and tuples that are not good.

Contribution of good tuples. For any good (b1, b2, b3), denote for brevity

Gj =Gj(b1, b2, b3)= (W ′, b1 + jb2 + b3).

Note that with this notation, for any good (b1, b2, b3), we have

dk(W
′(m+ jh+ r)+ b1 + jb2 + b3)

= dk(Gj )dk

(︃
W ′(m+ jh+ r)+ b1 + jb2 + b3

Gj

)︃

= dk,W (b1 + jb2 + b3)dk

(︃
W ′(m+ jh+ r)+ b1 + jb2 + b3

Gj

)︃

.

Hence

S(b1, b2, b3)

=
(︄

logk−1 X

(k − 1)!
(︃

φ(W)

W

)︃k−1
)︄ℓ

1

H

∑︂

h≤H/W ′
c(W ′h+ b2)

ℓ−1
∏︂

j=0

dk,W (b1 + jb2 + b3)
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∑︂

m≤X/W ′

∑︂

r≤H/W ′

∏︂

j∈ℐ

(︄

dk

(︄

W ′

Gj

(m+ jh+ r)+ b1 + jb2 + b3

Gj

)︄

×
(︃

W

φ(W)

)︃k−1
(k − 1)!
logk−1 X

− 1

)︄

.

Let D ∈ ℕ be a large constant. Then by Lemma 7.5(ii) and Theorem 1.3(iii)
there exists a constant C0 ≥ 1 and an exceptional set E ⊂ [1,X/W ′] ∩ ℕ of size
≪A X/ logA X such that for any m ∈ [1,X/W ′] \E the following hold for any inte-
ger 1≤ b ≤W ′ with (b,W ′)= 1:

(i) The function

log1−k X
(︂

W
φ(W)

)︂k−1
dk(W

′n+ b)+ 1

C0

is majorized by a (D,ow→∞(1))-pseudorandom function at location m and scale
H .

(ii) We have

⃦
⃦
⃦
⃦
⃦

(︃
W

φ(W)

)︃k−1
(k − 1)!

(logX)k−1 dk(W
′n+ b)− 1

⃦
⃦
⃦
⃦
⃦

UD(m,m+ℓH/W ′]
= ow→∞(1).

Write Bj = b1 + jb2 + b3 for brevity. From Lemma 8.4, it then follows that

S(b1, b2, b3)

= ow→∞

⎛

⎝
HX

W ′3
(logX)(k−1)ℓ

(︃
φ(W)

W

)︃(k−1)ℓ ℓ−1
∏︂

j=0

dk,W (b1 + jb2 + b3)

⎞

⎠

+O

⎛

⎜
⎜
⎝

(logX)(k−1)ℓ

H

∑︂

h≤H/W ′

∑︂

m≤X/W ′
m∈E

∑︂

r≤H/W ′

ℓ−1
∏︂

j=0

dk(W
′(m+ jh+ r)+Bj )

⎞

⎟
⎟
⎠

.

(8.19)

Using the inequality x0 · · ·xℓ−1 ≤ xℓ
0 + · · · + xℓ

ℓ−1 for xj ≥ 0 and the estimate

max
1≤x≤2X

max
1≤b≤(ℓ+1)W ′

∑︂

x≤n≤x+H

dk(W
′n+ b)ℓ≪H(logX)O(1)

coming from Shiu’s bound (Lemma 2.18), and recalling that |E| ≪A X/ logA X, the
O(·) term in (8.19) gives a contribution of ≪ HX/(W ′3(logX)100), say, which is
negligible.
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Since the function dk,W is constant on those progressions b(mod W ′) for which
pw

∤ b for all p ≤w, we obtain

(︃
φ(W)

W

)︃(k−1)ℓ 1

W ′3
∑︂

0≤b1,b2,b3<W ′
b1+jb2+b3 good

ℓ−1
∏︂

j=0

dk,W (b1 + jb2 + b3)

=
(︃

φ(W)

W

)︃(k−1)ℓ 1

W ′3⌊X/W ′⌋2
∑︂

b1,b2≤W ′⌊X/W ′⌋
0≤b3<W ′

b1+jb2+b3 good

ℓ−1
∏︂

j=0

dk,W (b1 + jb2 + b3)

≪
(︃

φ(W)

W

)︃(k−1)ℓ 1

X2

∑︂

b1,b2≤X+W ′

ℓ−1
∏︂

j=0

dk,W (b1 + jb2).

By Lemma 8.3, this is

≪
(︃

φ(W)

W

)︃(k−1)ℓ 1

X

∑︂

b2≤2X

∏︂

p|b2

(︃

1+O

(︃
1

p

)︃)︃

×
∏︂

ℓ<p≤(2X)1/2

(︃

1− ℓ

p

)︃
⎛

⎝
∑︂

n≤(2X)1/2

dk,W (n)

n

⎞

⎠

ℓ

≪ 1

X

∑︂

b2≤2X

∏︂

p|b2

(︃

1+O

(︃
1

p

)︃)︃

≪ 1.

Returning to (8.19), we obtain

∑︂

0≤b1,b2,b3<W ′
(b1,b2,b3) good

S(b1, b2, b3)= ow→∞(HX(logX)kℓ−ℓ).

Contribution of non-good tuples. It remains to bound the contribution of the
non-good tuples (b1, b2, b3) ∈ [0,W ′)3 to (8.16). We can split such tuples according
to the greatest common divisors

Gj = (W ′, b1 + jb2 + b3).

Let

Σ(G0, . . . ,Gℓ−1) := 1

W ′3
∑︂

0≤b1,b2,b3<W ′
(W ′,b1+jb2+b3)=Gj ∀j

S(b1, b2, b3). (8.20)

Note that since (b1, b2, b3) is not good, pw |Gj for some 0≤ j ≤ ℓ− 1 and 2≤ p ≤
w.
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Then it suffices to show that

∑︂

G0,...,Gℓ−1|W∞∃j :pw |Gj for some p≤w

|Σ(G0, . . . ,Gℓ−1)| = ow→∞(HX(logX)(k−1)ℓ).

Let (b1, b2, b3) be a tuple that is not good. Write Bj = b1 + jb2 + b3 for brevity.
Using the inequalities dk(ab) ≤ dk(a)dk(b), dk,W (ab) ≤ dk,W (a)dk,W (b) for a, b ∈
ℕ, we see that the contribution of S(b1, b2, b3) is

≪ 1

H

∑︂

h≤H/W ′

∑︂

m≤X/W ′

∑︂

r≤H/W ′

ℓ−1
∏︂

j=0

(︄

dk + (logk−1 X)

(︃
φ(W)

W

)︃k−1

dk,W

)︄

× (W ′(m+ jh+ r)+Bj )

≪ 1

W ′
∑︂

h≤H/W ′

∑︂

m≤2X/W ′

ℓ−1
∏︂

j=0

(︄

dk + (logk−1 X)

(︃
φ(W)

W

)︃k−1

dk,W

)︄

× (W ′(m+ jh)+Bj )

≪
∏︁ℓ−1

j=0 dk(Gj )

W ′
∑︂

h≤H/W ′

∑︂

m≤2X/W ′

ℓ−1
∏︂

j=0

(︄

dk + (logk−1 X)

(︃
φ(W)

W

)︃k−1

dk,W

)︄

×
(︃

W ′

Gj

(m+ jh)+ Bj

Gj

)︃

.

We have the crude bound
∏︁ℓ−1

j=0 dk(Gj ) ≪ (G0 · · ·Gℓ−1)
1/(100ℓ), say. Hence, for

some 𝒥 ⊂ {0, . . . , ℓ− 1}, the above is

≪ (G0 · · ·Gℓ−1)
1/(100ℓ)

W ′
∑︂

h≤H/W ′

∑︂

m≤2X/W ′

∏︂

j∈𝒥
(logk−1 X)dk,W

×
(︃

W ′

Gj

(m+ jh)+ Bj

Gj

)︃

·
∏︂

j∈{0,...,ℓ−1}\𝒥
dk

(︃
W ′

Gj

(m+ jh)+ Bj

Gj

)︃

.

(8.21)

We now apply Lemma 8.3 to upper bound this. We take aj = W ′/Gj , hj =
(W ′/Gj )jh + Bj/Gj there and note that (aj , hj ) = 1. Denote D =∏︁i<j (aihj −
ajhi)

2. Then

p |D =⇒ p |W ′
∏︂

|i|≤ℓ
i≠0

(︁

W ′ih+ ib2
)︁

.
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Then Lemma 8.3, (8.12) and Shiu’s bound (Lemma 2.18) imply that (8.21) is

≪ (G0 · · ·Gℓ−1)
1/(100ℓ)

W ′
∑︂

h≤H/W ′

∏︂

p|W ′

(︃

1+O

(︃
1

p

)︃)︃
∏︂

|i|≤ℓ
i≠0

∏︂

p|W ′ih+ib2

(︃

1+O

(︃
1

p

)︃)︃

· X

W ′
∏︂

ℓ<p≤(2X/W ′)1/2

(︃

1− ℓ · 1p>w

p

)︃

×
ℓ−1
∏︂

j=0

∑︂

n≤(2X/W ′)1/2

max{dk(n), (logk−1 X)dk,W (n)}
n

≪ (G0 · · ·Gℓ−1)
1/(100ℓ)

W ′
∑︂

h≤H/W ′
(logw)O(1) X

W ′
(logX)(k−1)ℓ

×
∏︂

|i|≤ℓ
i≠0

∏︂

p|W ′ih+ib2

(︃

1+O

(︃
1

p

)︃)︃

.

Using the inequality x1 · · ·xℓ ≤ ℓmaxi x
ℓ
i for xj ≥ 0, we see from Shiu’s bound that

∑︂

h≤H/W ′

∏︂

|i|≤ℓ
i≠0

∏︂

p|W ′ih+ib2

(︃

1+O

(︃
1

p

)︃)︃

≪max|i|≤ℓ
i≠0

∑︂

h≤H/W ′

∏︂

p|W ′ih+ib2

(︃

1+O

(︃
1

p

)︃)︃ℓ

≪max|i|≤ℓ
i≠0

∑︂

h′≤Hℓ
h′≡ib2 (mod W ′)

∏︂

p|h′

(︃

1+O

(︃
1

p

)︃)︃ℓ

≪ (logw)O(1) H

W ′
.

Since (logw)B ≪B (maxGj)
1/100 for any B > 0 and the number of tuples

(b1, b2, b3) ∈ [1,W ′]3 with (W ′, b1+jb2+b3)=Gj for all j is≪ (W ′)3/maxj Gj ,
recalling (8.20)we conclude that

|Σ(G0, . . . ,Gℓ−1)| ≪ 1

W ′3
(log(k−1)ℓ X)HX(max

j
Gj )

2/100−1≪ (log(k−1)ℓ X)HX

(maxj Gj )1/2 .

Hence

(logX)−(k−1)ℓ(HX)−1
∑︂

G0,...,Gℓ−1|W∞∃j : pw |Gj for some p≤w

Σ(G0, . . . ,Gℓ−1)

≪
∑︂

G0,...,Gℓ−1|W∞∃j : pw |Gj for some p≤w

(G0 · · ·Gℓ−1)
−1/(2ℓ)
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≪ 2−w/(6ℓ)
∑︂

G0,...,Gℓ−1|W∞
(G0 · · ·Gℓ−1)

−1/(3ℓ)

= 2−w/(6ℓ)
∏︂

p≤w

(︃

1+O

(︃
1

p1/(3ℓ)

)︃)︃ℓ

≪ 2−w/(6ℓ) exp(O(w1−1/(3ℓ)))≪ 2−w/(10ℓ),

say. This completes the proof. □

9 Fixed Fourier estimate for 𝒅2

In this section we establish Theorem 1.8.

Proof of Theorem 1.8 Let Q = Xε/2 ≤ H 1/2. By Dirichlet’s approximation theorem,
there exist some integers a, q with (a, q)= 1 and 1≤ q ≤Q such that |α − a/q| ≤
1/(qQ). We take H ′ = qQ1/2. Then, for all n ∈ [x, x +H ′] we have

e(αn)= e(an/q) · e((α − a/q)x)+O(H ′/(qQ)))

= e(an/q) · e((α − a/q)x)+O(X−ε/4).

Hence, by splitting into intervals of length H ′ ≤ H 3/4, it suffices to show that we
have

⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H ′
(d(n)− d♯(n))e(an/q)

⃓
⃓
⃓
⃓
⃓

∗
≤H ′X−ε/1000/2.

for all x ∈ [X,2X] outside of a set of measure Oε(X
1−ε/400).

Let H1 = X1−1/100. By splitting into progressions modulo q and applying [30,
Proposition 3.2(ii)], we see that for any x ∈ [X,2X] we have

⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H1

(d(n)− d♯(n))e(an/q)

⃓
⃓
⃓
⃓
⃓

∗
≤ q

⃓
⃓
⃓
⃓
⃓

∑︂

x<n≤x+H1

(d(n)− d♯(n))

⃓
⃓
⃓
⃓
⃓

∗

≪Q
H 2

1

X
≪H1X

−ε.

Hence, it suffices to show that

max
P arithmetic progression

⃓
⃓
⃓
⃓
⃓
⃓
⃓
⃓

1

H ′
∑︂

x<n≤x+H ′
n∈P

d(n)e

(︃
an

q

)︃

− 1

H1

∑︂

x<n≤x+H1
n∈P

d(n)e

(︃
an

q

)︃

⃓
⃓
⃓
⃓
⃓
⃓
⃓
⃓

≪X−ε/1000
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and

max
P arithmetic progression

⃓
⃓
⃓
⃓
⃓
⃓
⃓
⃓

1

H ′
∑︂

x<n≤x+H ′
n∈P

d♯(n)e

(︃
an

q

)︃

− 1

H1

∑︂

x<n≤x+H1
n∈P

d♯(n)e

(︃
an

q

)︃

⃓
⃓
⃓
⃓
⃓
⃓
⃓
⃓

≪X−ε/1000

for all x ∈ [X,2X] outside of a set of measure Oε(X
1−ε/400). In the maxima above,

we may restrict to arithmetic progressions of modulus≤Xε/999 thanks to the triangle
inequality and the divisor bound. Hence, by the union bound, it suffices to show that
for any 1≤ b ≤ r ≤Xε/999 we have

⃓
⃓
⃓
⃓
⃓
⃓
⃓
⃓

1

H ′
∑︂

x<n≤x+H ′
n≡b (mod r)

d(n)e

(︃
an

q

)︃

− 1

H1

∑︂

x<n≤x+H1
n≡b (mod r)

d(n)e

(︃
an

q

)︃

⃓
⃓
⃓
⃓
⃓
⃓
⃓
⃓

≤ 1

10
X−ε/1000

and
⃓
⃓
⃓
⃓
⃓
⃓
⃓
⃓

1

H ′
∑︂

x<n≤x+H ′
n≡b (mod r)

d♯(n)e

(︃
an

q

)︃

− 1

H1

∑︂

x<n≤x+H1
n≡b (mod r)

d♯(n)e

(︃
an

q

)︃

⃓
⃓
⃓
⃓
⃓
⃓
⃓
⃓

≤ 1

10
X−ε/1000

for all x ∈ [X,2X] outside of a set of measure Oε(X
1−ε/300). By Fourier expanding

the summation condition n≡ b(mod r), we reduce to showing that for any 1≤ q ′ ≤
qXε/999 and (a′, q ′)= 1 we have

⃓
⃓
⃓
⃓
⃓
⃓

1

H ′
∑︂

x<n≤x+H ′
d(n)e

(︃
a′n
q ′

)︃

− 1

H1

∑︂

x<n≤x+H1

d(n)e

(︃
a′n
q ′

)︃
⃓
⃓
⃓
⃓
⃓
⃓

≤ 1

10
X−ε/1000 (9.1)

and
⃓
⃓
⃓
⃓
⃓
⃓

1

H ′
∑︂

x<n≤x+H ′
d♯(n)e

(︃
a′n
q ′

)︃

− 1

H1

∑︂

x<n≤x+H1

d♯(n)e

(︃
a′n
q ′

)︃
⃓
⃓
⃓
⃓
⃓
⃓

≤ 1

10
X−ε/1000 (9.2)

for all x ∈ [X,2X] outside of a set of measure Oε(X
1−ε/300).

By Lemma 2.19(ii), the function d
♯
k is a sum of O(1) terms of the form a ∗ ψ ,

where |a(m)| ≪ dk−1(m) and a is supported on [1,Xε/5] and each function ψ is of
the form ψ(n)= (logℓ n)/(logℓ X) with 0≤ ℓ≤ k − 1 an integer. The estimate (9.2)
follows from this combined with the triangle inequality and partial summation (split-
ting into residue classes (mod q ′)).
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We are left with showing (9.1). By Markov’s inequality, it suffices to show that

∫︂ 2X

X

⃓
⃓
⃓
⃓
⃓
⃓

1

H ′
∑︂

x<n≤x+H ′
d(n)e

(︃
a′n
q ′

)︃

− 1

H1

∑︂

x<n≤x+H1

d(n)e

(︃
a′n
q ′

)︃
⃓
⃓
⃓
⃓
⃓
⃓

dx≪X1−ε/100.

Factorizing n= ℓm with ℓ | (q ′)∞ and (m,q ′)= 1, and applying the triangle inequal-
ity, we reduce to showing that

∑︂

ℓ|(q ′)∞
d(ℓ)

∫︂ 2X

X

⃓
⃓
⃓
⃓
⃓
⃓

1

H ′
∑︂

x/ℓ<m≤x/ℓ+H ′/ℓ
d(m)e

(︃
a′ℓm
q ′

)︃

1(m,q ′)=1

− 1

H1

∑︂

x/ℓ<m≤x/ℓ+H1/ℓ

d(m)e

(︃
a′ℓm
q ′

)︃

1(m,q ′)=1

⃓
⃓
⃓
⃓
⃓
⃓

dx≪X1−ε/100.

For any L≥ 1, we have the bound

∑︂

ℓ|(q ′)∞
ℓ≥L

1

ℓ
≤ 1√

L

∑︂

ℓ|(q ′)∞
ℓ≥L

1

ℓ1/2

≤ 1√
L

∏︂

p|q ′

(︃

1+ 1

p1/2
+O

(︃
1

p

)︃)︃

≪ 1√
L

exp(O((logq ′)1/2)).

Combining this with the triangle inequality, we see that it suffices to show that

∫︂ 2X

X

⃓
⃓
⃓
⃓
⃓
⃓

1

H ′
∑︂

x/ℓ<m≤x/ℓ+H ′/ℓ
d(m)e

(︃
a′ℓm
q ′

)︃

1(m,q ′)=1

− 1

H1

∑︂

x/ℓ<m≤x/ℓ+H1/ℓ

d(m)e

(︃
a′ℓm
q ′

)︃

1(m,q ′)=1

⃓
⃓
⃓
⃓
⃓
⃓

dx≪X1−ε/30

for any 1≤ ℓ≤Xε/40.
For any integer b, we have the Fourier expansion

e

(︃
bm

q ′

)︃

1(m,q ′)=1 = 1

φ(q ′)
∑︂

χ (mod q ′)
τ (χ)χ(bm),

where τ(χ) is the Gauss sum. Using the bound |τ(χ)| ≤ q1/2 for non-principal χ

(mod q) together with the triangle inequality and Cauchy–Schwarz, we reduce to
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showing that

∑︂

χ (mod q ′)

∫︂ 2X

X

⃓
⃓
⃓
⃓
⃓
⃓

1

H ′
∑︂

x/ℓ<m≤(x+H ′)/ℓ
d(m)χ(m)

− 1

H1

∑︂

x/ℓ<m≤(x+H1)/ℓ

d(m)χ(m)

⃓
⃓
⃓
⃓
⃓
⃓

2

dx≪X1−ε/14.

By Lemma 3.3(i), we reduce to showing that

∑︂

χ (mod q ′)
max
T≥ X

H ′

X/H ′

T

∫︂

X1/400≤|t |≤T

|D(1+ it, χ)|2 dt ≪X−ε/14, (9.3)

where

D(s,χ) :=
∑︂

X/8<n≤8X

d(n)χ(n)n−s .

By the mean value theorem for Dirichlet polynomials and crude estimation, we may
restrict the maximum over T to T ≤X1−ε/1000.

Using Perron’s formula, we have, for |t | ≤X1−ε/1000

D(1+ it, χ)= 1

2πi

∫︂ 1+i|t |/2

1−i|t |/2
L(1+ it +w,χ)2 (8X)w − (X/8)w

w
dw

+O

(︃
logX

|t |
)︃

.

Moving the line of integration to Re(w)=−1/2 and applying the triangle inequality,
we obtain

|D(1+ it, χ)| ≪X−1/2
∫︂ |t |/2

−|t |/2
|L(1/2+ i(t + u),χ)|2 du

1+ |u| +O

(︃
logX

|t |
)︃

.

Substituting this to (9.3) and applying the Cauchy–Schwarz inequality, we see that it
suffices to show that

∑︂

χ (mod q ′)
max

X
H ′ ≤T≤X

X/H ′

T

∫︂

X1/500≤|t |≤T

|L(1/2+ it, χ)|4 dt ≪X1−ε/10.

By splitting characters according to their conductors, and using the Euler product
formula, we reduce to showing that for all r | q ′ we have

∑︂∗

χ ′ (mod r)

max
X
H ′ ≤T≤X

X/H ′

T

∫︂

X1/500≤|t |≤T

|L(1/2+ it, χ ′)|4
∏︂

p| q′
r

(︂

1+ p−1/2
)︂4

dt

≪X1−ε/9.
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where
∑︂∗

denotes a sum over primitive characters. Without loss of generality, we
may restrict the maximum over T to powers of two, so, upper bounding the product
over p by xε/100, it suffices to show that

max
X
H ′ ≤T≤X

X/H ′

T

∑︂∗

χ ′ (mod r)

∫︂

X1/200≤|t |≤T

|L(1/2+ it, χ ′)|4 dt ≪X1−ε/8. (9.4)

But by the fourth moment bound for Dirichlet L-functions [32, Theorem 10.1], the
left-hand side of (9.4) is

≪ φ(r)
X

H ′
log4 X.

The bound (9.4) immediately follows from this since r ≤ q ′ ≤ qXε/999 and H ′ =
qQ1/2 = qXε/4. □
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