
Stochastic Processes and their Applications 172 (2024) 104351

A
0
(

Contents lists available at ScienceDirect

Stochastic Processes and their Applications

journal homepage: www.elsevier.com/locate/spa

Solutions for Poissonian stopping problems of linear diffusions via
extremal processes
Luis H.R. Alvarez E. a,∗, Jukka Lempa b, Harto Saarinen b, Wiljami Sillanpää b

a Department of Accounting and Finance, Turku School of Economics, FIN-20014 University of Turku, Finland
b Department of Mathematics and Statistics, University of Turku, FIN-20014 University of Turku, Finland

A R T I C L E I N F O

MSC:
60G40
60J60
49K45

Keywords:
Poissonian timing
Optimal stopping
Linear diffusions
Extremal processes

A B S T R A C T

We develop a general yet simple technique for solving Poissonian timing problems of linear
diffusions by relying on the close connection of the extremal processes and the first passage
times of the underlying diffusion. We provide a closed-form representation of the expected
value gained by employing an ordinary first passage time-based stopping strategy. This approach
simplifies the determination of the optimal policy, transforming it into an analysis of ordinary
first-order optimality conditions. We relate our findings to various existing approaches for
solving stopping problems of linear diffusions and express the optimality conditions in a single
boundary setting in a form familiar from optimal stopping of Lévy-processes.

1. Introduction

As is intuitively clear, higher investment timing flexibility increases value by enlarging the set of possible exercise policies.
Consequently, the highest value is attained in the continuous limit where timing opportunities are abundant and investment options
can be exercised at any date. Unfortunately, in practice there are typically various factors resulting into constraints ranging from
lack of sufficient liquidity to imperfect observability impeding the continuous timing of investment opportunities. Motivated by this
observation, we consider in this study a general class of solvable optimal stopping problems in the presence of imperfect timing
ability. Instead of being able to stop the underlying diffusion at any stopping date, we assume that the decision maker can stop only
at random dates modeled as a sequence of IID exponential times. In this way our approach can be interpreted as optimal stopping
based on random sampling of the underlying diffusion.

Poissonian timing problems were originally introduced in Rogers and Zane [33], where the authors considered the classical
Merton problem of optimal investment and the Poisson times model liquidity constraints for balancing the portfolio (see also Pham
and Tankov [32], Gassiat et al. [12] and references therein). Related optimal stopping problems subject to Poissonian timing
constraints have been studied during the recent years. This line of research was initiated by Dupuis and Wang [10], where the
underlying is a geometric Brownian motion and the exercise payoff is of American call option-type. The results of Dupuis and
Wang [10] were extended in Lempa [21] to cover a broader class of payoff functions and underlying linear diffusion dynamics. The
approach developed in Lempa [21] was reconsidered in an real options setting in Alvarez E. et al. [3] focusing also on endogenous
information acquisition. The convexity and monotonicity properties of the value function for a class of stopping problems with state
dependent Poisson constraint and diffusion dynamics is analyzed in Hobson [15]. The studies Menaldi and Robin [27] and Lange
and K. [20] provide further generalizations. In Menaldi and Robin [27] the state variable can be a time-inhomogeneous Markov
process with a locally compact state space and the interarrival times are non-exponential, while in Lange and K. [20] the problem
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is considered when the underlying is multidimensional. Further, the studies Albrecher et al. [2] and Albrecher and Ivanovs [1]
are of interest since they initiated a more comprehensive study of Poisson constraint in the class of Lévy processes by studying
the fluctuation theory of Lévy processes observed at Poisson arrival times. Their results have been subsequently applied to Poisson
constrained stopping problems for spectrally negative Lévy processes in Pérez et al. [30],Pérez and Yamazaki [31], and Palmowski
et al. [29]. Lastly, optimal stopping games have also been considered in this framework. These studies include Liang and Sun
[24,25], Hobson et al. [16], Palmowski et al. [29], and Lempa and Saarinen [22], where the problem is considered in various
degrees of generality.

Other related works are Guo and Liu [13], Liang and Wei [26], Hobson and Zeng [17], Arai and Takenaka [5], and Hobson
nd Zeng [18]. Guo and Liu [13] study a problem in which the goal is to maximize a payoff upon the maximum of a geometric
rownian motion. Liang and Wei [26] consider an optimal switching problem where the switching opportunities appear only at the
vent times of a Poisson process. In Arai and Takenaka [5] Poisson constrained optimal stopping with regime switching geometric
rownian motion is studied. Hobson and Zeng [18] considers a setting where it is possible to increase the liquidity by increasing
he rate of the Poisson process to generate more frequent stopping opportunities when needed, and in Hobson and Zeng [17], the
topping opportunities given by the Poisson process are taken with a state dependent probability. We remark that there is also an
ncreasing amount of related literature focusing on other type of bounded variation stochastic control problems in the presence of
oissonian timing, see Saarinen [34] for a comprehensive list of references.

Instead of solving the considered class of stopping problems directly, we first concentrate on deriving explicit representations for
he expected present values accrued from following elementary boundary policies, namely, first exit times from open intervals. By
elying on techniques from the classical theory of linear diffusions, we are able to express these values in terms of known functionals
f the extremal processes for the underlying diffusion. In this way, we develop a simple and relatively straightforward technique
or computing explicitly expected present values accrued at first exit times despite the presence of potentially significant overshoot.
nterestingly, the derived representations can be interpreted in terms of path decomposition results, even though the derivation of the
alues does not rely on path decompositions. A second advantage of the developed approach is that, since the derived representations
epend only on the current state and the boundaries of the intervals, candidate optimal stopping policies can be derived by relying on
rdinary first order conditions. We find that the class of excessive mappings for the underlying stochastic processes differ significantly
rom the ones arising in the continuous limit. First of all, a mapping which is excessive for the underlying diffusion in the continuous
imit is excessive in the discrete Poissonian setting as well. However, the opposite is not true and, therefore, the solution of an optimal
topping problem under imperfect timing ability may result into an optimal policy which differs significantly form the one in the
ontinuous limit despite the known convergence of the optimal policy and its value. The principal reason for this is that excessivity
n the Poissonian timing setting is global and cannot be localized. Second, the objective functional under imperfect timing ability is
moother than in the continuous limit. This implies that problems resulting into corner solutions in the continuous limit may possess
smooth interior solution in the discrete Poissonian setting for all finite intensities. This observation shows that even though the

ptimal policies and their values converge to their continuous limits as the sampling intensity tends to infinity, convergence may
e pronouncedly slow.

Our paper is related to the original study Lempa [21]. However, we extend the analysis of that study in several significant
ays. First, as stated above, we develop a relatively simple approach for computing the expected present values of rewards with

espect to first passage times from arbitrary open intervals (independently of whether they are optimal or not). These expressions
re then utilized for expressing necessary conditions for the optimality of a considered boundary policy. Second, instead of focusing
n single boundary stopping problems, we consider multiple boundary problems as well and present explicit solutions in some
articular cases arising in the literature on optimal stopping. Third, we verify the optimality of the proposed stopping policies by
haracterizing general circumstances under which they indeed satisfy the associated Bellman equation guaranteeing the optimality

of the proposed strategies. In Lempa [21] this condition was taken as given and was not verified as part of the proofs.
The contents of this paper are as follows. In Section 2 we characterize the underlying random dynamics, present the considered

class of optimal stopping problems, and state auxiliary results needed later in the analysis of the considered stopping policies. Our
main findings on the optimal stopping rules and their values are then stated in Section 3. We illustrate our key findings explicitly
in various different settings in Section 4 and Section 5 finally concludes our study.

2. Optimal stopping problem

2.1. Underlying dynamics and problem setting

Our main objective is to study and present closed form solutions for a relatively large class of optimal stopping problems in
the presence of timing constraints. To this end, we assume that the underlying state variable follows a linear, time homogeneous,
and regular diffusion process defined on a complete filtered probability space (𝛺,P, {𝑡}𝑡≥0, ) satisfying the usual conditions. The
stochastic dynamics of the underlying state process are assumed to evolve on the state space  = (𝑎, 𝑏) ⊆ R and governed by the
stochastic differential equation

𝑑𝑋𝑡 = 𝜇(𝑋𝑡)𝑑𝑡 + 𝜎(𝑋𝑡)𝑑𝑊𝑡, 𝑋0 = 𝑥, (1)

where the infinitesimal coefficients 𝜇 ∶  ↦ R and 𝜎 ∶  ↦ R are assumed to be continuous and to satisfy the conditions
2
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(A) 𝜎2(𝑥) > 0 for all 𝑥 ∈ ,
(B) (|𝜇(𝑥)| ∨ 1)∕𝜎2(𝑥) is locally integrable on .

These assumptions guarantee that the stochastic differential Eq. (1) has a weak solution defined up to an explosion time. Moreover,
the solution is unique in law (cf. Borodin and Salminen [6], p. 49). In order to avoid interior singularities, we also assume that
the diffusion does not die inside , thus implying that the boundaries 𝑎 and 𝑏 are either natural, entrance, exit or regular. If the
boundary is regular, we assume that the process is killed at that boundary (for a comprehensive characterization of the boundary
behavior of diffusions, see pp. 14–21 in Borodin and Salminen [6]). As usual, we denote by 𝐿1

𝑟 the class of measurable mappings
𝑓 ∶  ↦ R satisfying the uniform integrability condition

E𝑥 ∫

𝜏

0
𝑒−𝑟𝑠|𝑓 (𝑋𝑠)|𝑑𝑠 <∞,

where 𝜏 = inf{𝑡 ≥ 0 ∶ 𝑋𝑡 ∉ } denotes the potentially finite life time of the underlying diffusion.
In order to model the imperfect timing ability of the decision maker, we assume that (𝛺,P, {𝑡}𝑡≥0, ) supports a Poisson process

𝑁 = (𝑁𝑡,𝑡) with known intensity 𝜆. We refer to 𝑁 as an underlying signal process and assume that it is independent of 𝑋. Given
the underlying signal process 𝑁 , we denote its jump times by 𝑇𝑖, 𝑖 ≥ 0 and assume that 𝑇0 = 0 and 𝑇∞ = ∞. We now define the class
f admissible stopping times as

0 = {𝜏 ∶ for all 𝜔 ∈ 𝛺, 𝜏(𝜔) = 𝑇𝑛(𝜔) for some 𝑛 ∈ N0}.

t is worth noticing that this assumption has a profound impact on the value of standard barrier policies, since the decision maker
s able to stop the underlying diffusion immediately.

Our objective is now to consider the optimal stopping problem

𝑉𝜆(𝑥) = sup
𝜏∈0

E𝑥
[

𝑒−𝑟𝜏𝑔(𝑋𝜏 )
]

, (2)

where 𝑟 > 0 is a known exogenously determined discount rate and the exercise payoff 𝑔 ∶  ↦ R is assumed to be a lower
semicontinuous mapping satisfying for all 𝑥 ∈  the uniform integrability condition 𝑔 ∈ 𝐿1

𝑟 .

2.2. Auxiliary results

In what follows, we let 𝜃 = 𝑟 + 𝜆 and denote the fundamental solutions of the ODE

(𝜃𝑢)(𝑥) =
1
2
𝜎2(𝑥)𝑢′′(𝑥) + 𝜇(𝑥)𝑢′(𝑥) − 𝜃𝑢(𝑥) = 0

by 𝜓𝜃(𝑥) and 𝜑𝜃(𝑥). We also denote the constant Wronskian (w.r.t. scale 𝑆) of the fundamental solutions by 𝐵𝜃 (for a thorough
characterization of the fundamental solutions and their boundary behavior, see pp. 18–20 in Borodin and Salminen [6]). Before
proceeding in our analysis we introduce the operator

(ℎ𝜃ℎ𝑟)(𝑥) =
ℎ′𝑟(𝑥)
𝑆′(𝑥)

ℎ𝜃(𝑥) −
ℎ′𝜃(𝑥)
𝑆′(𝑥)

ℎ𝑟(𝑥).

It is now worth noticing that if ℎ𝜃(𝑥) satisfies (𝜃ℎ𝜃)(𝑥) = 0 and ℎ𝑟(𝑥) satisfies (𝑟ℎ𝑟)(𝑥) = 0, then (ℎ𝜃ℎ𝑟)(𝑥) satisfies the condition
(ℎ𝜃ℎ𝑟)(𝑥) = −(ℎ𝑟ℎ𝜃)(𝑥). Moreover, standard differentiation yields

(ℎ𝜃ℎ𝑟)
′(𝑥) = −𝜆ℎ𝜃(𝑥)ℎ𝑟(𝑥)𝑚′(𝑥)

implying that

(ℎ𝜃ℎ𝑟)(𝑧) − (ℎ𝜃ℎ𝑟)(𝑦) = −𝜆∫

𝑧

𝑦
ℎ𝜃(𝑡)ℎ𝑟(𝑡)𝑚′(𝑡)𝑑𝑡 (3)

for 𝑦 < 𝑧. This identity plays a crucial role in the simplifications of the optimality conditions expressed later.
We denote the expected cumulative present value of the flow 𝑓 ∈ 𝐿1

𝜃 as

(𝑅𝜃𝑓 )(𝑥) = E𝑥 ∫

∞

0
𝑒−𝜃𝑠𝑓 (𝑋𝑠)𝑑𝑠

and recall that it can be re-expressed in terms of the fundamental solutions as

(𝑅𝜃𝑓 )(𝑥) = 𝐵−1
𝜃 𝜑𝜃(𝑥)(𝛹𝜃𝑓 )(𝑥) + 𝐵−1

𝜃 𝜓𝜃(𝑥)(𝛷𝜃𝑓 )(𝑥), (4)

where the functionals 𝛹𝜃 and 𝛷𝜃 are defined as

(𝛹𝜃𝑓 )(𝑥) = ∫

𝑥

𝑎
𝜓𝜃(𝑡)𝑓 (𝑡)𝑚′(𝑡)𝑑𝑡

and

(𝛷𝜃𝑓 )(𝑥) = ∫

𝑏

𝑥
𝜑𝜃(𝑡)𝑓 (𝑡)𝑚′(𝑡)𝑑𝑡.

Moreover, (𝜓𝜃𝑅𝜃𝑓 )(𝑥) = −(𝛹𝜃𝑓 )(𝑥) and (𝜑𝜃𝑅𝜃𝑓 )(𝑥) = (𝛷𝜃𝑓 )(𝑥) on the states 𝑥 where 𝑓 is continuous. A useful result needed later
for the verification of optimality is now summarized in the following.
3
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Lemma 1. Assume that 𝑓 ∈ 𝐿1
𝜃 , that 𝑣𝑟(𝑥) is a positive 𝑟-harmonic function for 𝑋, and that the function 𝐹𝑟(𝑥) ∶= 𝑓 (𝑥)∕𝑣𝑟(𝑥) is

right-continuous and of bounded variation. Assume also that lim𝑥→𝑎+(𝑣𝑟𝜓𝜃)(𝑥) = 0 and lim𝑥→𝑏−(𝜑𝜃𝑣𝑟)(𝑥) = 0. Then,

𝜆(𝑅𝜃𝑓 )(𝑥) = 𝑓 (𝑥) + 𝐵−1
𝜃 𝜑𝜃(𝑥)∫

𝑥

𝑎
(𝜓𝜃𝑣𝑟)(𝑡)𝑑𝐹𝑟(𝑡) + 𝐵

−1
𝜃 𝜓𝜃(𝑥)∫

𝑏

𝑥
(𝜑𝜃𝑣𝑟)(𝑡)𝑑𝐹𝑟(𝑡). (5)

Proof. Since 𝑓 (𝑥) = 𝑣𝑟(𝑥)𝐹𝑟(𝑥) we notice by utilizing the representation (4) that

𝜆(𝑅𝜃𝑓 )(𝑥) = 𝜆𝐵−1
𝜃 𝜑𝜃(𝑥)∫

𝑥

𝑎
𝜓𝜃(𝑡)𝑣𝑟(𝑡)𝐹𝑟(𝑡)𝑚′(𝑡)𝑑𝑡 + 𝜆𝐵−1

𝜃 𝜓𝜃(𝑥)∫

𝑏

𝑥
𝜑𝜃(𝑡)𝑣𝑟(𝑡)𝐹𝑟(𝑡)𝑚′(𝑡)𝑑𝑡.

Under our assumptions

𝜆∫

𝑥

𝑎
𝜓𝜃(𝑡)𝑣𝑟(𝑡)(𝐹𝑟(𝑡) − 𝐹𝑟(𝑥) + 𝐹𝑟(𝑥))𝑚′(𝑡)𝑑𝑡 = (𝑣𝑟𝜓𝜃)(𝑥)𝐹𝑟(𝑥) − ∫

𝑥

𝑎
(𝑣𝑟𝜓𝜃)(𝑡)𝑑𝐹𝑟(𝑡)

and

𝜆∫

𝑏

𝑥
𝜑𝜃(𝑡)𝑣𝑟(𝑡)(𝐹𝑟(𝑡) − 𝐹𝑟(𝑥) + 𝐹𝑟(𝑥))𝑚′(𝑡)𝑑𝑡 = (𝜑𝜃𝑣𝑟)(𝑥)𝐹𝑟(𝑥) + ∫

𝑏

𝑥
(𝜑𝜃𝑣𝑟)(𝑡)𝑑𝐹𝑟(𝑡).

Noticing now that 𝐵−1
𝜃

(

𝜑𝜃(𝑥)(𝑣𝑟𝜓𝜃)(𝑥) + 𝜓𝜃(𝑥)(𝜑𝜃𝑣𝑟)(𝑥)
)

𝐹𝑟(𝑥) = 𝑓 (𝑥) then proves the alleged result. □

As we will later establish in Section 3 a candidate value 𝑓 (𝑥) has to satisfy the condition 𝜆(𝑅𝜃𝑓 )(𝑥) ≤ 𝑓 (𝑥). Lemma 1 reduces the
analysis of the validity of this condition into the analysis of the behavior of the ratio 𝑓 (𝑥)∕𝑣𝑟(𝑥) for an appropriately chosen positive
-harmonic function 𝑣𝑟(𝑥).

A set of useful identities characterizing the special cases associated with the fundamental solutions is now stated in the following.

emma 2. It holds that 𝜓𝑟, 𝜑𝑟 ∈ 𝐿1
𝜃 . Moreover,

(𝜓𝑟𝜓𝜃)(𝑥) = 𝜆(𝛹𝜃𝜓𝑟)(𝑥), (6)

(𝜑𝜃𝜑𝑟)(𝑥) = 𝜆(𝛷𝜃𝜑𝑟)(𝑥), (7)

(𝜑𝑟𝜓𝜃)(𝑥) = (𝜑𝑟𝜓𝜃)(𝑎+) + 𝜆(𝛹𝜃𝜑𝑟)(𝑥), (8)

(𝜑𝜃𝜓𝑟)(𝑥) = (𝜑𝜃𝜓𝑟)(𝑏−) + 𝜆(𝛷𝜃𝜓𝑟)(𝑥) (9)

or all 𝑥 ∈ . Especially, (𝜑𝜃𝜓𝑟)(𝑏−) = 0 when 𝑏 is natural for 𝑋 and (𝜑𝑟𝜓𝜃)(𝑎+) = 0 when 𝑎 is natural for 𝑋.

roof. We first notice that the process {𝑒−𝑟𝑡𝜓𝑟(𝑋𝑡); 𝑡 < 𝜏} is a positive local martingale and, therefore, a supermartingale.
onsequently,

E𝑥 ∫

𝑇∧𝜏

0
𝜆𝑒−(𝑟+𝜆)𝑠𝜓𝑟(𝑋𝑠)𝑑𝑠 = ∫

𝑇

0
𝜆𝑒−𝜆𝑠E𝑥[𝑒−𝑟𝑠𝜓𝑟(𝑋𝑠); 𝑠 < 𝜏 ]𝑑𝑠 ≤ 𝜓𝑟(𝑥)

(

1 − 𝑒−𝜆𝑇
)

for all 𝑥 ∈  and 𝑇 > 0. Letting 𝑇 ↑ ∞ now proves that 𝜓𝑟 ∈ 𝐿1
𝜃 . The case of 𝜑𝑟 can be treated analogously. Consider

now the function (𝜓𝑟𝜓𝜃)(𝑥). It is clear that under our assumptions on the boundary behavior of the underlying diffusion 𝑋
that lim𝑥→𝑎+(𝜓𝑟𝜓𝜃)(𝑥) = 0. Since (𝜓𝑟𝜓𝜃)

′(𝑥) = 𝜆𝜓𝜃(𝑥)𝜓𝑟(𝑥)𝑚′(𝑥) the alleged claim (6) follows from the fundamental theorem of
calculus. Establishing (7) is completely analogous. Consider now the function (𝜑𝑟𝜓𝜃)(𝑥). Since (𝜑𝑟𝜓𝜃)(𝑥) > 0 for all 𝑥 ∈  and
(𝜑𝑟𝜓𝜃)

′(𝑥) = 𝜆𝜓𝜃(𝑥)𝜑𝑟(𝑥)𝑚′(𝑥) > 0 we notice that the limit lim𝑥→𝑎+(𝜑𝑟𝜓𝜃)(𝑥) exists. Identity (8) now follows from the fundamental
theorem of calculus. Establishing identity (9) is completely analogous. Finally, (6) implies that 𝜓 ′

𝜃(𝑥)∕𝜓𝜃(𝑥) ≥ 𝜓 ′
𝑟 (𝑥)∕𝜓𝑟(𝑥) for all

∈  and, therefore, that

(𝜑𝜃𝜓𝑟)(𝑥) = 𝜓𝑟(𝑥)

[

𝜓 ′
𝑟 (𝑥)
𝑆′(𝑥)

𝜑𝜃(𝑥)
𝜓𝑟(𝑥)

−
𝜑′
𝜃(𝑥)
𝑆′(𝑥)

]

< 𝐵𝜃
𝜓𝑟(𝑥)
𝜓𝜃(𝑥)

.

Consequently, if 𝑏 is a natural boundary for 𝑋, then (cf. Lemma 2.1 in Lempa [21])

0 ≤ lim
𝑥→𝑏−

(𝜑𝜃𝜓𝑟)(𝑥) < 𝐵𝜃 lim
𝑥→𝑏−

𝜓𝑟(𝑥)
𝜓𝜃(𝑥)

= 0

proving the alleged claim. Establishing that (𝜑𝑟𝜓𝜃)(𝑎+) = 0 when 𝑎 is natural for 𝑋 is completely analogous. □

In what follows, the extremal processes of the underlying diffusion play an important role. We denote by 𝑀𝑡 = sup{𝑋𝑠; 𝑠 ≤ 𝑡}
the running supremum and by 𝐼𝑡 = inf{𝑋𝑠; 𝑠 ≤ 𝑡} the running infimum of the underlying diffusion 𝑋. As is well-known from the
literature on stochastic processes, these processes are closely associated with the first passage times of the underlying diffusion
process. If 𝑇̄ ∼ exp(𝜃) is independent of the underlying diffusion, then (see Section II.19 in Borodin and Salminen [6])

P𝑥
[

𝑋𝑇̄ ∈ 𝑑𝑦|𝑀𝑇̄ = 𝑧
]

=
𝜓𝜃(𝑦)𝑚′(𝑦)𝑑𝑦
𝑧 ′
4

∫𝑎 𝜓𝜃(𝑡)𝑚 (𝑡)𝑑𝑡
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and

P𝑥
[

𝑋𝑇̄ ∈ 𝑑𝑦|𝐼𝑇̄ = 𝑧
]

=
𝜑𝜃(𝑦)𝑚′(𝑦)𝑑𝑦

∫ 𝑏𝑧 𝜑𝜃(𝑡)𝑚′(𝑡)𝑑𝑡
.

It is worth pointing out that both probabilities are independent of the current state 𝑥. Moreover, if 𝑔 ∶  ↦ R satisfies the uniform
ntegrability condition 𝑔 ∈ 𝐿1

𝜃 , then

E𝑥
[

𝑔(𝑋𝑇̄ )|𝑀𝑇̄ = 𝑧
]

=
∫ 𝑧𝑎 𝑔(𝑦)𝜓𝜃(𝑦)𝑚

′(𝑦)𝑑𝑦

∫ 𝑧𝑎 𝜓𝜃(𝑡)𝑚′(𝑡)𝑑𝑡
=

(𝛹𝜃𝑔)(𝑧)
(𝛹𝜃1)(𝑧)

(10)

and

E𝑥
[

𝑔(𝑋𝑇̄ )|𝐼𝑇̄ = 𝑧
]

=
∫ 𝑏𝑧 𝑔(𝑦)𝜑𝜃(𝑦)𝑚

′(𝑦)𝑑𝑦

∫ 𝑏𝑧 𝜑𝜃(𝑡)𝑚′(𝑡)𝑑𝑡
=

(𝛷𝜃𝑔)(𝑧)
(𝛷𝜃1)(𝑧)

. (11)

Especially, if 𝑋 is a twice continuously differentiable monotone function of Brownian motion (or a Lévy-process which is not a
subordinator or a compound Poisson process), then

P𝑥
[

𝑋𝑇̄ ∈ 𝑑𝑦|𝑀𝑇̄ = 𝑧
]

= P𝑧
[

𝐼𝑇̄ ∈ 𝑑𝑦
]

and

P𝑥
[

𝑋𝑇̄ ∈ 𝑑𝑦|𝐼𝑇̄ = 𝑧
]

= P𝑧
[

𝑀𝑇̄ ∈ 𝑑𝑦
]

.

In that case, we observe that

E𝑥
[

𝑔(𝑋𝑇̄ )|𝑀𝑇̄ = 𝑧
]

= E𝑧
[

𝑔(𝐼𝑇̄ )
]

(12)

and

E𝑥
[

𝑔(𝑋𝑇̄ )|𝐼𝑇̄ = 𝑧
]

= E𝑧
[

𝑔(𝑀𝑇̄ )
]

. (13)

We denote as 𝑇 𝑦 = inf{𝑇𝑛, 𝑛 ∈ Z+ ∶ 𝑋𝑇𝑛 ≥ 𝑦} the first Poisson passage time at which the underlying process exceeds the threshold
𝑦 and is observed and as 𝑇𝑦 = inf{𝑇𝑛, 𝑛 ∈ Z+ ∶ 𝑋𝑇𝑛 ≤ 𝑦} the first Poisson passage time at which the underlying process falls below
the threshold 𝑦 and is observed. As usual, we denote as 𝜏𝑦 = inf{𝑡 ≥ 0 ∶ 𝑋𝑡 = 𝑦} the first hitting time of the underlying diffusion to
the state 𝑦 under continuous sampling. As is clear, if 𝑥 ≥ 𝑦 then 𝑇𝑦 ≥ 𝜏𝑦 and if 𝑥 ≤ 𝑦 then 𝑇 𝑦 ≥ 𝜏𝑦 almost surely.

Let (𝑦, 𝑧) ⊂  and consider the function 𝑢 ∶  ↦ R defined as

𝑢(𝑥) = 𝑔(𝑥)1∖(𝑦,𝑧)(𝑥) + 𝑣𝑟(𝑥)1(𝑦,𝑧)(𝑥) (14)

where 𝑣𝑟(𝑥) = 𝑐1𝜓𝑟(𝑥) + 𝑐2𝜑𝑟(𝑥) and 𝑐1, 𝑐2 ∈ R are unknown constants. As was established in Lemma 2.1 of Lempa [21], a function
𝑓 ∶  ↦ R satisfying the identity 𝑓 (𝑥) = 𝜆(𝑅𝜃𝑓 )(𝑥) on an open interval (𝑦, 𝑧) is necessarily 𝑟-harmonic on (𝑦, 𝑧). In light of this
observation, let us now consider the following question:

Can the constants 𝑐1 and 𝑐2 be chosen so that 𝑢(𝑥) = 𝜆(𝑅𝜃𝑢)(𝑥) for all 𝑥 ∈ (𝑦, 𝑧)?

The answer to this question is positive as proven in our next Lemma.

Lemma 3. Let 𝑣𝑟(𝑥) = 𝐻(𝑥, 𝑦, 𝑧), where

𝐻(𝑥, 𝑦, 𝑧) ∶=
(𝜑𝜃𝜓𝑟)(𝑧)𝜑𝑟(𝑥) − (𝜑𝜃𝜑𝑟)(𝑧)𝜓𝑟(𝑥)

(𝜑𝜃𝜑𝑟)(𝑧)(𝜓𝜃𝜓𝑟)(𝑦) − (𝜓𝜃𝜑𝑟)(𝑦)(𝜑𝜃𝜓𝑟)(𝑧)
𝜆(𝛹𝜃𝑔)(𝑦)

+
(𝜓𝜃𝜓𝑟)(𝑦)𝜑𝑟(𝑥) − (𝜓𝜃𝜑𝑟)(𝑦)𝜓𝑟(𝑥)

(𝜓𝜃𝜓𝑟)(𝑦)(𝜑𝜃𝜑𝑟)(𝑧) − (𝜓𝜃𝜑𝑟)(𝑦)(𝜑𝜃𝜓𝑟)(𝑧)
𝜆(𝛷𝜃𝑔)(𝑧).

(15)

hen the function 𝑢(𝑥) defined by (14) satisfies the identity 𝑢(𝑥) = 𝜆(𝑅𝜃𝑢)(𝑥) for all 𝑥 ∈ (𝑦, 𝑧).

Proof. To prove that the answer to this question is positive, we first notice that identity 𝑣𝑟(𝑥) = 𝜆(𝑅𝜃𝑢)(𝑥) can be re-expressed as

𝑣𝑟(𝑥) = 𝜆𝐵−1
𝜃 𝜑𝜃(𝑥)(𝛹𝜃𝑔)(𝑦) + 𝜆𝐵−1

𝜃 𝜓𝜃(𝑥)(𝛷𝜃𝑔)(𝑧)

+ 𝜆𝐵−1
𝜃 𝜑𝜃(𝑥)∫

𝑥

𝑦
𝜓𝜃(𝑡)𝑣𝑟(𝑡)𝑚′(𝑡)𝑑𝑡 + 𝜆𝐵−1

𝜃 𝜓𝜃(𝑥)∫

𝑧

𝑥
𝜑𝜃(𝑡)𝑣𝑟(𝑡)𝑚′(𝑡)𝑑𝑡.

Utilizing now (8) and (9) of Lemma 2 results into equation

𝑣𝑟(𝑥) = 𝜆𝐵−1
𝜃 𝜑𝜃(𝑥)(𝛹𝜃𝑔)(𝑦) + 𝜆𝐵−1

𝜃 𝜓𝜃(𝑥)(𝛷𝜃𝑔)(𝑧)

+ 𝐵−1
𝜃 𝜑𝜃(𝑥)((𝜓𝜃𝑣𝑟)(𝑦) − (𝜓𝜃𝑣𝑟)(𝑥)) + 𝐵

−1
𝜃 𝜓𝜃(𝑥)((𝜑𝜃𝑣𝑟)(𝑥) − (𝜑𝜃𝑣𝑟)(𝑧))

= 𝑣𝑟(𝑥) + 𝐵−1
𝜃 𝜑𝜃(𝑥)

[

𝜆(𝛹𝜃𝑔)(𝑦) + (𝜓𝜃𝑣𝑟)(𝑦)
]

+ 𝐵−1
𝜃 𝜓𝜃(𝑥)

[

𝜆(𝛷𝜃𝑔)(𝑧) − (𝜑𝜃𝑣𝑟)(𝑧)
]

5
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implying that we necessarily have

𝑐1(𝜓𝜃𝜓𝑟)(𝑦) + 𝑐2(𝜓𝜃𝜑𝑟)(𝑦) = −𝜆(𝛹𝜃𝑔)(𝑦), (16)

𝑐1(𝜑𝜃𝜓𝑟)(𝑧) + 𝑐2(𝜑𝜃𝜑𝑟)(𝑧) = 𝜆(𝛷𝜃𝑔)(𝑧). (17)

Utilizing the identities in Lemma 2 demonstrate that

(𝜑𝑟𝜓𝜃)(𝑦)(𝜑𝜃𝜓𝑟)(𝑧) − (𝜓𝑟𝜓𝜃)(𝑦)(𝜑𝜃𝜑𝑟)(𝑧) > 𝜆
2(𝛷𝜃1)(𝑧)(𝛹𝜃1)(𝑦)(𝜓𝑟(𝑧)𝜑𝑟(𝑦) − 𝜑𝑟(𝑧)𝜓𝑟(𝑦)) > 0,

hich, in turn, proves that Eqs. (16) and (17) have a unique root which reads as

𝑐1 = 𝜆
−(𝜑𝜃𝜑𝑟)(𝑧)(𝛹𝜃𝑔)(𝑦) − (𝜓𝜃𝜑𝑟)(𝑦)(𝛷𝜃𝑔)(𝑧)

(𝜓𝜃𝜓𝑟)(𝑦)(𝜑𝜃𝜑𝑟)(𝑧) − (𝜓𝜃𝜑𝑟)(𝑦)(𝜑𝜃𝜓𝑟)(𝑧)
,

𝑐2 = 𝜆
(𝜓𝜃𝜓𝑟)(𝑦)(𝛷𝜃𝑔)(𝑧) + (𝜑𝜃𝜓𝑟)(𝑧)(𝛹𝜃𝑔)(𝑦)

(𝜓𝜃𝜓𝑟)(𝑦)(𝜑𝜃𝜑𝑟)(𝑧) − (𝜓𝜃𝜑𝑟)(𝑦)(𝜑𝜃𝜓𝑟)(𝑧)
.

ubstituting these constants to the function 𝑣𝑟(𝑥) = 𝑐1𝜓𝑟(𝑥) + 𝑐2𝜑𝑟(𝑥) proves identity (15). □

Lemma 3 shows how the locally 𝑟-harmonic function 𝑣𝑟(𝑥) should be chosen in order to guarantee that (14) is harmonic on the
nterval (𝑦, 𝑧) with respect to the exponential clock and the underlying diffusion in a two-boundary setting. The two special cases
ocusing on a single boundary are proved in the following corollary.

orollary 1 (A). Assume that 𝑥 ∈ (𝑎, 𝑧), where 𝑧 ∈ , and let

𝑢(𝑥) = 𝑔(𝑥)1[𝑧,𝑏)(𝑥) +
𝜆(𝛷𝜃𝑔)(𝑧)
(𝜑𝜃𝜓𝑟)(𝑧)

𝜓𝑟(𝑥)1(𝑎,𝑧)(𝑥). (18)

Then the function 𝑢(𝑥) satisfies the identity 𝑢(𝑥) = 𝜆(𝑅𝜃𝑢)(𝑥) for all 𝑥 ∈ (𝑎, 𝑧).
(B) Assume that 𝑥 ∈ (𝑦, 𝑏), where 𝑦 ∈ , and let

𝑢(𝑥) = 𝑔(𝑥)1(𝑎,𝑦](𝑥) +
𝜆(𝛹𝜃𝑔)(𝑦)
(𝜑𝑟𝜓𝜃)(𝑦)

𝜑𝑟(𝑥)1(𝑦,𝑏)(𝑥). (19)

Then the function 𝑢(𝑥) satisfies the identity 𝑢(𝑥) = 𝜆(𝑅𝜃𝑢)(𝑥) for all 𝑥 ∈ (𝑦, 𝑏).

Proof. The alleged claim follows from Eqs. (16) and (17) by letting 𝑦 ↓ 𝑎 and 𝑧 ↑ 𝑏, respectively. □

Having shown how the function (14) has to be chosen in order to guarantee the validity of the global 𝑟-harmonicity condition
𝜆(𝑅𝜃𝑢)(𝑥) = 𝑢(𝑥) we are now in position to state our first result on the expected present value of the exercise payoff accrued at the
first exit dates from arbitrary open intervals on .

Theorem 1. Assume that 𝑥 ∈ (𝑦, 𝑧), where 𝑎 < 𝑦 < 𝑧 < 𝑏. Then,

E𝑥
[

𝑒−𝑟𝑇𝑦∧𝑇
𝑧
𝑔
(

𝑋𝑇𝑦∧𝑇 𝑧
)]

= 𝑣𝑟(𝑥), (20)

where the function 𝑣𝑟(𝑥) is defined as in Lemma 3. If the boundaries 𝑎 and 𝑏 are natural for 𝑋 and 𝑥 ∈ (𝑦, 𝑧), then 𝑣𝑟(𝑥) can be re-expressed
as

𝑣𝑟(𝑥) =

⎛

⎜

⎜

⎜

⎝

𝜓𝑟(𝑥)
𝜑𝑟(𝑥)

− E𝑥[𝜓𝑟(𝑋𝑇̄ )|𝐼𝑇̄ =𝑧]
E𝑥[𝜑𝑟(𝑋𝑇̄ )|𝐼𝑇̄ =𝑧]

E𝑥[𝜓𝑟(𝑋𝑇̄ )|𝑀𝑇̄ =𝑦]
E𝑥[𝜑𝑟(𝑋𝑇̄ )|𝑀𝑇̄ =𝑦]

− E𝑥[𝜓𝑟(𝑋𝑇̄ )|𝐼𝑇̄ =𝑧]
E𝑥[𝜑𝑟(𝑋𝑇̄ )|𝐼𝑇̄ =𝑧]

⎞

⎟

⎟

⎟

⎠

E𝑥
[

𝑔(𝑋𝑇̄ )|𝑀𝑇̄ = 𝑦
]

E𝑥
[

𝜑𝑟(𝑋𝑇̄ )|𝑀𝑇̄ = 𝑦
]𝜑𝑟(𝑥)

+

⎛

⎜

⎜

⎜

⎝

𝜑𝑟(𝑥)
𝜓𝑟(𝑥)

− E𝑥[𝜑𝑟(𝑋𝑇̄ )|𝑀𝑇̄ =𝑦]
E𝑥[𝜓𝑟(𝑋𝑇̄ )|𝑀𝑇̄ =𝑦]

E𝑥[𝜑𝑟(𝑋𝑇̄ )|𝐼𝑇̄ =𝑧]
E𝑥[𝜓𝑟(𝑋𝑇̄ )|𝐼𝑇̄ =𝑧]

− E𝑥[𝜑𝑟(𝑋𝑇̄ )|𝑀𝑇̄ =𝑦]
E𝑥[𝜓𝑟(𝑋𝑇̄ )|𝑀𝑇̄ =𝑦]

⎞

⎟

⎟

⎟

⎠

E𝑥
[

𝑔(𝑋𝑇̄ )|𝐼𝑇̄ = 𝑧
]

E𝑥
[

𝜓𝑟(𝑋𝑇̄ )|𝐼𝑇̄ = 𝑧
]𝜓𝑟(𝑥).

(21)

Especially, if 𝑋 is a twice continuously differentiable monotone function of Brownian motion, then 𝑣𝑟(𝑥) can be further simplified to the form

𝑣𝑟(𝑥) =

⎛

⎜

⎜

⎜

⎝

𝜓𝑟(𝑥)
𝜑𝑟(𝑥)

− E𝑧[𝜓𝑟(𝑀𝑇̄ )]
E𝑧[𝜑𝑟(𝑀𝑇̄ )]

E𝑦[𝜓𝑟(𝐼𝑇̄ )]
E𝑦[𝜑𝑟(𝐼𝑇̄ )]

− E𝑧[𝜓𝑟(𝑀𝑇̄ )]
E𝑧[𝜑𝑟(𝑀𝑇̄ )]

⎞

⎟

⎟

⎟

⎠

E𝑦
[

𝑔(𝐼𝑇̄ )
]

E𝑦
[

𝜑𝑟(𝐼𝑇̄ )
]𝜑𝑟(𝑥) +

⎛

⎜

⎜

⎜

⎝

𝜑𝑟(𝑥)
𝜓𝑟(𝑥)

− E𝑦[𝜑𝑟(𝐼𝑇̄ )]
E𝑦[𝜓𝑟(𝐼𝑇̄ )]

E𝑧[𝜑𝑟(𝑀𝑇̄ )]
E𝑧[𝜓𝑟(𝑀𝑇̄ )]

− E𝑦[𝜑𝑟(𝐼𝑇̄ )]
E𝑦[𝜓𝑟(𝐼𝑇̄ )]

⎞

⎟

⎟

⎟

⎠

E𝑧
[

𝑔(𝑀𝑇̄ )
]

E𝑧
[

𝜓𝑟(𝑀𝑇̄ )
]𝜓𝑟(𝑥).

Proof. Assume that 𝑥 ∈ (𝑦, 𝑧), where 𝑎 < 𝑦 < 𝑧 < 𝑏, and let 𝑇̂ = 𝑇 𝑧 ∧ 𝑇𝑦. Consider the function

𝑈 (𝑥) = E𝑥
[

𝑒−𝑟𝑇̂ 𝑔(𝑋𝑇̂ )
]

.

Invoking the tower property of conditional expectations yields

𝑈 (𝑥) = E
[

𝑒−𝑟𝑇1E
[

𝑒−𝑟(𝑇̂−𝑇1)𝑔(𝑋 )
]]

.

6

𝑥 (𝑇1 ,𝑋𝑇1 ) 𝑇̂
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The memoryless property of the exponential distribution and the strong Markov property of 𝑋 now shows that

𝑈 (𝑥) = E𝑥
[

𝑒−𝑟𝑇1𝑈 (𝑋𝑇1 )
]

= 𝜆(𝑅𝜃𝑈 )(𝑥)

for all 𝑥 ∈ (𝑦, 𝑧). Since 𝑈 (𝑥) = 𝑔(𝑥) for all 𝑥 ∉ (𝑦, 𝑧), the alleged identity follows from Lemma 3. The rest of the claim follows from
the representations (10) and (11). □

Theorem 1 states an explicit representation of the expected present value of the exercise payoff accrued from an exercise strategy
characterized as a first exit time from an open interval on . As is clear from Theorem 1, the expected present value admits a
relatively simple representation in terms of well-known functionals of the extremal processes whenever the boundaries of the state
space of the underlying diffusion are natural. According to our lemma, this representation can be simplified further whenever
the underlying is a twice continuously differentiable monotone function of Brownian motion. In this way our findings present an
interesting connection between the first passage times and functionals of extremal processes in the presence of imperfect timing
ability.

In sharp contrast with the continuous diffusion limit, we observe that this expected value is not necessarily continuous across the
boundaries. The reason for this observation is the overshoot associated with the underlying dynamics in the presence of imperfect
timing ability. More precisely, since 𝑇𝑦 ≥ 𝜏𝑦 and 𝑇 𝑧 ≥ 𝜏𝑧 almost surely, the decision maker knows that 𝑋𝑇𝑦+ ∈ (𝑎, 𝑦) and 𝑋𝑇 𝑧+ ∈ (𝑧, 𝑏)
a.s. It is precisely the random quantities 𝑦 − 𝑋𝑇𝑦+ and 𝑋𝑇 𝑧+ − 𝑧 which generate the discontinuity in the expected present value. It
is also worth mentioning that the expected value (21) is also closely connected to the representations arising in approaches relying
on functional concavity originally introduced in Dynkin and Yushkevich [11] within a Brownian motion setting and later extended
into a regular diffusion setting in Dayanik and Karatzas [9]. An interesting special case of Theorem 1 is stated in our next corollary.

Corollary 2. Assume that 𝑥 ∈ (𝑦, 𝑧), where 𝑎 < 𝑦 < 𝑧 < 𝑏. Then,

E𝑥
[

𝑒−𝑟𝑇𝑦∧𝑇
𝑧
]

=
(𝜑𝜃𝜓𝑟)(𝑧)𝜑𝑟(𝑥) − (𝜑𝜃𝜑𝑟)(𝑧)𝜓𝑟(𝑥)

(𝜑𝜃𝜑𝑟)(𝑧)(𝜓𝜃𝜓𝑟)(𝑦) − (𝜓𝜃𝜑𝑟)(𝑦)(𝜑𝜃𝜓𝑟)(𝑧)
𝜆(𝛹𝜃1)(𝑦)

+
(𝜓𝜃𝜓𝑟)(𝑦)𝜑𝑟(𝑥) − (𝜓𝜃𝜑𝑟)(𝑦)𝜓𝑟(𝑥)

(𝜓𝜃𝜓𝑟)(𝑦)(𝜑𝜃𝜑𝑟)(𝑧) − (𝜓𝜃𝜑𝑟)(𝑦)(𝜑𝜃𝜓𝑟)(𝑧)
𝜆(𝛷𝜃1)(𝑧).

(22)

specially, if 𝑋 is a twice continuously differentiable monotone function of Brownian motion, then (22) can be re-expressed as

E𝑥
[

𝑒−𝑟𝑇𝑦∧𝑇
𝑧
]

=

⎛

⎜

⎜

⎜

⎝

𝜓𝑟(𝑥)
𝜑𝑟(𝑥)

− E𝑧[𝜓𝑟(𝑀𝑇̄ )]
E𝑧[𝜑𝑟(𝑀𝑇̄ )]

E𝑦[𝜓𝑟(𝐼𝑇̄ )]
E𝑦[𝜑𝑟(𝐼𝑇̄ )]

− E𝑧[𝜓𝑟(𝑀𝑇̄ )]
E𝑧[𝜑𝑟(𝑀𝑇̄ )]

⎞

⎟

⎟

⎟

⎠

𝜑𝑟(𝑥)
E𝑦

[

𝜑𝑟(𝐼𝑇̄ )
] +

⎛

⎜

⎜

⎜

⎝

𝜑𝑟(𝑥)
𝜓𝑟(𝑥)

− E𝑦[𝜑𝑟(𝐼𝑇̄ )]
E𝑦[𝜓𝑟(𝐼𝑇̄ )]

E𝑧[𝜑𝑟(𝑀𝑇̄ )]
E𝑧[𝜓𝑟(𝑀𝑇̄ )]

− E𝑦[𝜑𝑟(𝐼𝑇̄ )]
E𝑦[𝜓𝑟(𝐼𝑇̄ )]

⎞

⎟

⎟

⎟

⎠

𝜓𝑟(𝑥)
E𝑧

[

𝜓𝑟(𝑀𝑇̄ )
] .

Proof. The alleged claim follows by choosing 𝑔(𝑥) ≡ 1 in Theorem 1. □

Theorem 1 and Corollary 2 focus on two-sided exit policies. An interesting subclass of these policies arise when the stopping
trategy is one-sided. These cases are treated in our next theorem and its corollary.

heorem 2 (A). Assume that 𝑥 ∈ (𝑎, 𝑧), where 𝑧 ∈ . Then,

E𝑥
[

𝑒−𝑟𝑇
𝑧
𝑔(𝑋𝑇 𝑧 )

]

=
𝜆(𝛷𝜃𝑔)(𝑧)
(𝜑𝜃𝜓𝑟)(𝑧)

𝜓𝑟(𝑥).

If 𝑏 is a natural boundary for 𝑋, then

E𝑥
[

𝑒−𝑟𝑇
𝑧
𝑔(𝑋𝑇 𝑧 )

]

=
(𝛷𝜃𝑔)(𝑧)
(𝛷𝜃𝜓𝑟)(𝑧)

𝜓𝑟(𝑥) =
E𝑥[𝑔(𝑋𝑇̄ )|𝐼𝑇̄ = 𝑧]
E𝑥[𝜓𝑟(𝑋𝑇̄ )|𝐼𝑇̄ = 𝑧]

𝜓𝑟(𝑥). (23)

Especially, if 𝑋 is a twice continuously differentiable monotone function of Brownian motion, then

E𝑥
[

𝑒−𝑟𝑇
𝑧
𝑔(𝑋𝑇 𝑧 )

]

=
E𝑧[𝑔(𝑀𝑇̄ )]
E𝑧[𝜓𝑟(𝑀𝑇̄ )]

𝜓𝑟(𝑥) (24)

for all 𝑥 ∈ (𝑎, 𝑧).
(B) Assume that 𝑥 ∈ (𝑦, 𝑏), where 𝑦 ∈ . Then,

E𝑥
[

𝑒−𝑟𝑇
𝑧
𝑔(𝑋𝑇 𝑧 )

]

=
𝜆(𝛹𝜃𝑔)(𝑦)
(𝜑𝑟𝜓𝜃)(𝑦)

𝜑𝑟(𝑥).

If 𝑎 is a natural boundary for 𝑋, then

E𝑥
[

𝑒−𝑟𝑇𝑦𝑔(𝑋𝑇𝑦 )
]

=
(𝛹𝜃𝑔)(𝑦)
(𝛹𝜃𝜑𝑟)(𝑦)

𝜑𝑟(𝑥) =
E𝑥[𝑔(𝑋𝑇̄ )|𝑀𝑇̄ = 𝑦]
E𝑥[𝜑𝑟(𝑋𝑇̄ )|𝑀𝑇̄ = 𝑦]

𝜑𝑟(𝑥). (25)

Especially, if 𝑋 is a twice continuously differentiable monotone function of Brownian motion, then

E𝑥
[

𝑒−𝑟𝑇𝑦𝑔(𝑋𝑇𝑦 )
]

=
E𝑦[𝑔(𝐼𝑇̄ )]
E𝑦[𝜑𝑟(𝐼𝑇̄ )]

𝜑𝑟(𝑥) (26)
7

for all 𝑥 ∈ (𝑦, 𝑏).
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Proof. The claims follow from Corollary 1 and Theorem 1. □

orollary 3 (A). Assume that 𝑥 ∈ (𝑎, 𝑧), where 𝑧 ∈ . Then,

E𝑥
[

𝑒−𝑟𝑇
𝑧
]

=
𝜆(𝛷𝜃1)(𝑧)
(𝜑𝜃𝜓𝑟)(𝑧)

𝜓𝑟(𝑥).

If 𝑏 is a natural boundary for 𝑋, then

E𝑥
[

𝑒−𝑟𝑇
𝑧
]

=
(𝛷𝜃1)(𝑧)
(𝛷𝜃𝜓𝑟)(𝑧)

𝜓𝑟(𝑥) =
𝜓𝑟(𝑥)

E𝑥[𝜓𝑟(𝑋𝑇̄ )|𝐼𝑇̄ = 𝑧]
. (27)

Especially, if 𝑋 is a twice continuously differentiable monotone function of Brownian motion, then

E𝑥
[

𝑒−𝑟𝑇
𝑧
]

=
𝜓𝑟(𝑥)

E𝑧[𝜓𝑟(𝑀𝑇̄ )]
. (28)

(B) Assume that 𝑥 ∈ (𝑦, 𝑏), where 𝑏 ∈ . Then,

E𝑥
[

𝑒−𝑟𝑇𝑦
]

=
𝜆(𝛹𝜃1)(𝑦)
(𝜑𝑟𝜓𝜃)(𝑦)

𝜑𝑟(𝑥).

If 𝑎 is a natural boundary for 𝑋, then

E𝑥
[

𝑒−𝑟𝑇𝑦
]

=
(𝛹𝜃1)(𝑦)
(𝛹𝜃𝜑𝑟)(𝑦)

𝜑𝑟(𝑥) =
𝜑𝑟(𝑥)

E𝑥[𝜑𝑟(𝑋𝑇̄ )|𝑀𝑇̄ = 𝑦]
. (29)

Especially, if 𝑋 is a twice continuously differentiable monotone function of Brownian motion, then

E𝑥
[

𝑒−𝑟𝑇𝑦
]

=
𝜑𝑟(𝑥)

E𝑦[𝜑𝑟(𝐼𝑇̄ )]
. (30)

roof. The alleged claims follow Corollary 1 and Theorem 2. □

emark 2.1. The expected present values (27) and (29) can be utilized in the analysis of the almost sure finiteness of the first
assage times 𝑇 𝑧 and 𝑇𝑦. In the case where the boundaries are natural we have

P𝑥[𝑇 𝑧 < ∞] = lim
𝑟→0+

(𝛷𝜃1)(𝑧)
(𝛷𝜃𝜓𝑟)(𝑧)

𝜓𝑟(𝑥)

and

P𝑥[𝑇𝑦 <∞] = lim
𝑟→0+

(𝛹𝜃1)(𝑦)
(𝛹𝜃𝜑𝑟)(𝑦)

𝜑𝑟(𝑥).

If the boundaries 𝑎 and 𝑏 are killing boundaries, then

P𝑥[𝑇 𝑧 < 𝜏𝑎] = lim
𝑟→0+

𝜆(𝛷𝜃1)(𝑧)
(𝜑𝜃𝜓𝑟)(𝑧)

𝜓𝑟(𝑥)

and

P𝑥[𝑇𝑦 < 𝜏𝑏] = lim
𝑟→0+

𝜆(𝛹𝜃1)(𝑦)
(𝜑𝑟𝜓𝜃)(𝑦)

𝜑𝑟(𝑥).

The two latter identities are useful in the analysis of the probability of ruin in risk theoretic models arising in the literature on
insurance.

It is worth emphasizing that our results demonstrate that expected present values accrued from following a standard boundary
policy admit an interesting decomposition in terms of the expected present value of an unit of account accrued at the exercise
date and the expected value of the exercise payoff associated with the extremal processes of the underlying diffusion (a path
decomposition result). In the single boundary setting we notice that

E𝑥
[

𝑒−𝑟𝑇
𝑧
𝑔(𝑋𝑇 𝑧 )

]

= E𝑥
[

𝑒−𝑟𝜏𝑧
]

E𝑧
[

𝑒−𝑟𝑇
𝑧
]

E𝑥[𝑔(𝑋𝑇̄ )|𝐼𝑇̄ = 𝑧] (31)

for 𝑥 ∈ (𝑎, 𝑧) and

E𝑥
[

𝑒−𝑟𝑇𝑦𝑔(𝑋𝑇𝑦 )
]

= E𝑥
[

𝑒−𝑟𝜏𝑦
]

E𝑦
[

𝑒−𝑟𝑇𝑦
]

E𝑥[𝑔(𝑋𝑇̄ )|𝑀𝑇̄ = 𝑦] (32)

for 𝑥 ∈ (𝑦, 𝑏). Again, if 𝑋 is a twice continuously differentiable monotone function of Brownian motion, these representation can be
simplified further into the forms

E𝑥
[

𝑒−𝑟𝑇
𝑧
𝑔(𝑋𝑇 𝑧 )

]

= E𝑥
[

𝑒−𝑟𝜏𝑧
]

E𝑧
[

𝑒−𝑟𝑇
𝑧
]

E𝑧[𝑔(𝑀𝑇̄ )] (33)

for 𝑥 ∈ (𝑎, 𝑧) and

E
[

𝑒−𝑟𝑇𝑦𝑔(𝑋 )
]

= E
[

𝑒−𝑟𝜏𝑦
]

E
[

𝑒−𝑟𝑇𝑦
]

E [𝑔(𝐼 )] (34)
8
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for 𝑥 ∈ (𝑦, 𝑏). Consequently, we notice that the evaluation of the expected values can be expressed in terms of the product of three
functions. The first term captures the expected present value of a unit of account accrued from waiting continuously up to the first
hitting time to the boundary. The second term, in turn, captures the expected present value of a unit of account accrued at the
actual discrete first entrance date when the process is started from the boundary. The third term then captures the expected value
of the exercise payoff once the boundary has been crossed.

It is at this point worth emphasizing that the derived decompositions (31) and (32) can be alternatively obtained by relying on
the law of total probability. To see that this is indeed the case, we first observe that identity (11) can be re-expressed as

E𝑥
[

𝑔(𝑋𝑇̄ )|𝐼𝑇̄ = 𝑧
]

=
E𝑥

[

𝑒−𝑟𝑇1𝑔(𝑋𝑇1 );𝑋𝑇1 ≥ 𝑧
]

E𝑥
[

𝑒−𝑟𝑇1 ;𝑋𝑇1 ≥ 𝑧
]

Hence,

E𝑥
[

𝑒−𝑟𝑇
𝑧
𝑔(𝑋𝑇 𝑧 )

]

=
∞
∑

𝑘=1
E𝑥

[

𝑒−𝑟𝑇𝑘𝑔(𝑋𝑇𝑘 )|𝑇
𝑧 = 𝑇𝑘

]

P𝑥(𝑇 𝑧 = 𝑇𝑘)

=
∞
∑

𝑘=1
E𝑥

[

𝑒−𝑟𝑇𝑘−1E𝑋𝑇𝑘−1

[

𝑒−𝑟𝑇1𝑔(𝑋𝑇1 )|𝑋𝑇1 ≥ 𝑧
]

|𝑇 𝑧 > 𝑇𝑘−1
]

P𝑥(𝑇 𝑧 = 𝑇𝑘)

=
∞
∑

𝑘=1
E𝑥

[

𝑒−𝑟𝑇𝑘−1E𝑋𝑇𝑘−1

[

𝑒−𝑟𝑇1 |𝑋𝑇1 ≥ 𝑧
]

|𝑇 𝑧 > 𝑇𝑘−1
]

P𝑥(𝑇 𝑧 = 𝑇𝑘)E
[

𝑔(𝑋𝑇̄ )|𝐼𝑇̄ = 𝑧
]

=
∞
∑

𝑘=1
E𝑥

[

𝑒−𝑟𝑇𝑘 |𝑇 𝑧 = 𝑇𝑘
]

P𝑥(𝑇 𝑧 = 𝑇𝑘)E
[

𝑔(𝑋𝑇̄ )|𝐼𝑇̄ = 𝑧
]

= E𝑥
[

𝑒−𝑟𝑇
𝑧
]

E
[

𝑔(𝑋𝑇̄ )|𝐼𝑇̄ = 𝑧
]

.

Establishing (32) is completely analogous.
In the two boundary setting a similar decomposition can be obtained when the boundaries 𝑎 and 𝑏 are natural for the underlying

diffusion. In that case we find that

E𝑥
[

𝑒−𝑟𝑇𝑦∧𝑇
𝑧
𝑔
(

𝑋𝑇𝑦∧𝑇 𝑧
)]

=

⎛

⎜

⎜

⎜

⎝

𝜓𝑟(𝑥)
𝜑𝑟(𝑥)

− E𝑥[𝜓𝑟(𝑋𝑇̄ )|𝐼𝑇̄ =𝑧]
E𝑥[𝜑𝑟(𝑋𝑇̄ )|𝐼𝑇̄ =𝑧]

E𝑥[𝜓𝑟(𝑋𝑇̄ )|𝑀𝑇̄ =𝑦]
E𝑥[𝜑𝑟(𝑋𝑇̄ )|𝑀𝑇̄ =𝑦]

− E𝑥[𝜓𝑟(𝑋𝑇̄ )|𝐼𝑇̄ =𝑧]
E𝑥[𝜑𝑟(𝑋𝑇̄ )|𝐼𝑇̄ =𝑧]

⎞

⎟

⎟

⎟

⎠

E𝑥
[

𝑒−𝑟𝑇𝑦𝑔(𝑋𝑇𝑦 )
]

+

⎛

⎜

⎜

⎜

⎝

𝜑𝑟(𝑥)
𝜓𝑟(𝑥)

− E𝑥[𝜑𝑟(𝑋𝑇̄ )|𝑀𝑇̄ =𝑦]
E𝑥[𝜓𝑟(𝑋𝑇̄ )|𝑀𝑇̄ =𝑦]

E𝑥[𝜑𝑟(𝑋𝑇̄ )|𝐼𝑇̄ =𝑧]
E𝑥[𝜓𝑟(𝑋𝑇̄ )|𝐼𝑇̄ =𝑧]

− E𝑥[𝜑𝑟(𝑋𝑇̄ )|𝑀𝑇̄ =𝑦]
E𝑥[𝜓𝑟(𝑋𝑇̄ )|𝑀𝑇̄ =𝑦]

⎞

⎟

⎟

⎟

⎠

E𝑥
[

𝑒−𝑟𝑇
𝑧
𝑔(𝑋𝑇 𝑧 )

]

or all 𝑥 ∈ (𝑦, 𝑧). Again, if 𝑋 is a twice continuously differentiable monotone function of Brownian motion, this representation can
e simplified further into the form

E𝑥
[

𝑒−𝑟𝑇𝑦∧𝑇
𝑧
𝑔
(

𝑋𝑇𝑦∧𝑇 𝑧
)]

=

⎛

⎜

⎜

⎜

⎝

𝜓𝑟(𝑥)
𝜑𝑟(𝑥)

− E𝑧[𝜓𝑟(𝑀𝑇̄ )]
E𝑧[𝜑𝑟(𝑀𝑇̄ )]

E𝑦[𝜓𝑟(𝐼𝑇̄ )]
E𝑦[𝜑𝑟(𝐼𝑇̄ )]

− E𝑧[𝜓𝑟(𝑀𝑇̄ )]
E𝑧[𝜑𝑟(𝑀𝑇̄ )]

⎞

⎟

⎟

⎟

⎠

E𝑦[𝑔(𝐼𝑇̄ )]E𝑥
[

𝑒−𝑟𝜏𝑦
]

E𝑦
[

𝑒−𝑟𝑇𝑦
]

+

⎛

⎜

⎜

⎜

⎝

𝜑𝑟(𝑥)
𝜓𝑟(𝑥)

− E𝑦[𝜑𝑟(𝐼𝑇̄ )]
E𝑦[𝜓𝑟(𝐼𝑇̄ )]

E𝑧[𝜑𝑟(𝑀𝑇̄ )]
E𝑧[𝜓𝑟(𝑀𝑇̄ )]

− E𝑦[𝜑𝑟(𝐼𝑇̄ )]
E𝑦[𝜓𝑟(𝐼𝑇̄ )]

⎞

⎟

⎟

⎟

⎠

E𝑧[𝑔(𝑀𝑇̄ )]E𝑥
[

𝑒−𝑟𝜏𝑧
]

E𝑧
[

𝑒−𝑟𝑇
𝑧
]

.

3. Optimal stopping rules and their values

Before stating our main findings on the considered class of optimal stopping problems, consider the dynamic programming
equation (i.e. Bellman equation)

𝑉𝜆(𝑥) = max
{

𝑔(𝑥),E𝑥
[

𝑒−𝑟𝑇1𝑉𝜆(𝑋𝑇1 )
]}

= max{𝑔(𝑥), 𝜆(𝑅𝜃𝑉𝜆)(𝑥)} (35)

associated with the optimal stopping problem (2). Denote by 𝑉∞ the value of the optimal stopping policy in the continuous limit
and by 𝐶∞ and 𝛤∞ the associated continuation and stopping regions, respectively. We can now establish the following useful result.

Lemma 4. 𝑉∞(𝑥) ≥ 𝑉𝜆(𝑥) for all 𝑥 ∈  and 𝜆 <∞. Moreover, 𝛤∞ ⊂ 𝛤𝜆.

Proof. 𝑉∞(𝑥) constitutes the smallest 𝑟-excessive majorant of the payoff 𝑔(𝑥) and, therefore, satisfies the inequality 𝑉∞(𝑥) ≥
max{𝑔(𝑥), 𝜆(𝑅𝜃𝑉∞)(𝑥)} for all 𝑥 ∈ . Lemma 2.3 in Lempa [21] now implies that 𝑉∞(𝑥) ≥ 𝑉𝜆(𝑥) for all 𝑥 ∈ . The second claim
9

follows after noticing that if 𝑥 ∈ 𝛤∞, then 𝑉∞(𝑥) = 𝑔(𝑥) ≤ 𝑉𝜆(𝑥) ≤ 𝑉∞(𝑥) implying that 𝑥 ∈ 𝛤𝜆 as well. □
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In order to understand the general structure of the solutions of (35), we first divide the state space in the continuation (inaction)
egion 𝐶𝜆 = {𝑥 ∈  ∶ 𝑉𝜆(𝑥) > 𝑔(𝑥)} ⊂  = (𝑎, 𝑏) ⊆ R where stopping is suboptimal and in the stopping (action) region
𝜆 = {𝑥 ∈  ∶ 𝑉𝜆(𝑥) = 𝑔(𝑥)} ⊂  where it pays to exercise. In the generic case the value can be expressed as

𝑉𝜆(𝑥) = 𝑔(𝑥)1𝛤𝜆 (𝑥) + 𝜆(𝑅𝜃𝑉𝜆)(𝑥)1𝐶𝜆 (𝑥).

As was established in Lemma 2.1 of Lempa [21], identity 𝑉𝜆(𝑥) = 𝜆(𝑅𝜃𝑉𝜆)(𝑥) implies that the value is 𝑟-harmonic on the continuation
set and, therefore, can be alternatively expressed in the form

𝑉𝜆(𝑥) = 𝑔(𝑥)1𝛤𝜆 (𝑥) + 𝑣𝑟(𝑥)1𝐶𝜆 (𝑥),

where 𝑣𝑟(𝑥) is an 𝑟-harmonic function for the underlying diffusion 𝑋. It is now clear that if 𝑥 ∈ 𝐶𝜆, then

𝑣𝑟(𝑥) = E𝑥
[

𝑒−𝑟𝑇 𝑔(𝑋𝑇 )1𝛤𝜆 (𝑋𝑇 )
]

+ E𝑥
[

𝑒−𝑟𝑇 𝑣𝑟(𝑋𝑇 )1𝐶𝜆 (𝑋𝑇 )
]

= E𝑥
[

𝑒−𝑟𝑇 (𝑔(𝑋𝑇 ) − 𝑣𝑟(𝑋𝑇 ))1𝛤𝜆 (𝑋𝑇 )
]

+ 𝑣𝑟(𝑥).

Hence, we observe that

E𝑥
[

𝑒−𝑟𝑇 (𝑔(𝑋𝑇 ) − 𝑣𝑟(𝑋𝑇 ))1𝛤𝜆 (𝑋𝑇 )
]

= 0 (36)

for all 𝑥 ∈ 𝐶𝜆. It is at this point worth pointing out two major differences of condition (36) with the standard optimality conditions
in the continuous limit. First of all, (36) does not involve the derivative of the exercise payoff. Instead, it is based on its expected
value which, as an integral, is smoother than the payoff. In this way we notice that Poissonian timing results into a smoother
objective functional than in the continuous limit. Second, condition (36) is global since it is expressed as an integral over the entire
state–space . Consequently, the verification of optimality of a proposed policy cannot be carried out by relying on local arguments.
Fortunately, Lemma 1 is helpful in many cases since it reduces the problem into the analysis of known ratios associated with the
limiting continuous timing setting. More precisely, if the conditions of Lemma 1 are met, then

𝛥(𝑥) = 𝐵−1
𝜃 𝜑𝜃(𝑥)∫

𝑥

𝑎
(𝜓𝜃𝑣𝑟)(𝑡)1𝛤 (𝑡)𝑑

(

𝑔(𝑡)
𝑣𝑟(𝑡)

)

+ 𝐵−1
𝜃 𝜓𝜃(𝑥)∫

𝑏

𝑥
(𝜑𝜃𝑣𝑟)(𝑡)1𝛤 (𝑡)𝑑

(

𝑔(𝑡)
𝑣𝑟(𝑡)

)

, (37)

here 𝛥(𝑥) ∶= 𝜆(𝑅𝜃𝑉𝜆)(𝑥) − 𝑉𝜆(𝑥). An interesting auxiliary result characterizing states which are included in the stopping set is
ummarized in the following.

emma 5. Assume that 𝑣𝑟 ∶  ↦ R+ is a 𝑟-harmonic function on . Assume also that

𝑦 ∈ argmax
𝑥∈

{

𝑔(𝑥)
𝑣𝑟(𝑥)

}

.

hen 𝑦 ∈ 𝛤𝜆 = {𝑥 ∈  ∶ 𝑉𝜆(𝑥) = 𝑔(𝑥)}.

roof. The proof of the alleged result is essentially analogous with the proof in the continuous limit originally treated in Christensen
nd Irle [8] (see also Christensen [7]). The 𝑟-harmonicity of 𝑣𝑟 implies that 𝑒−𝑟𝑡𝑣𝑟(𝑋𝑡) constitutes a local martingale. The
onnegativity of 𝑣𝑟 then guarantees that it is a supermartingale. Noticing now that

𝑔(𝑥) ≤ 𝑉𝜆(𝑥) = sup
𝜏∈0

E𝑥
[

𝑒−𝑟𝜏
𝑔(𝑋𝜏 )
𝑣𝑟(𝑋𝜏 )

𝑣𝑟(𝑋𝜏 )
]

≤ 𝑔(𝑦)
𝑣𝑟(𝑦)

sup
𝜏∈0

E𝑥
[

𝑒−𝑟𝜏𝑣𝑟(𝑋𝜏 )
]

≤ 𝑔(𝑦)
𝑣𝑟(𝑦)

𝑣𝑟(𝑥)

and letting 𝑥 → 𝑦 proves the alleged result. □

Along the lines of the original findings in Christensen and Irle [8] and Christensen [7], Lemma 5 shows how interior points in the
stopping region can be found by investigating familiar ratios arising in the literature on the optimal stopping of linear diffusions. It
is, however, worth emphasizing that as proven in Lemma 4, the stopping region of the limiting continuous timing setting is included
in the stopping region of the Poissonian problem. Hence, the stopping region 𝛤𝜆 cannot be determined by simply focusing on the
ratios 𝑔(𝑥)∕𝑣𝑟(𝑥).

3.1. Single boundary case

We can now establish the following general result characterizing the optimal exercise strategies in a single boundary setting.

Theorem 3 (A). Assume that there exists a unique threshold

{𝑧∗𝜆} = argmax
𝑧∈

{

𝜆(𝛷𝜃𝑔)(𝑧)
(𝜑𝜃𝜓𝑟)(𝑧)

}

∈ (𝑎, 𝑏).

Assume also that the function

𝑉𝜆(𝑥) = 𝑔(𝑥)1[𝑧∗ ,𝑏)(𝑥) +
𝜆(𝛷𝜃𝑔)(𝑧∗𝜆)

∗ 𝜓𝑟(𝑥)1(𝑎,𝑧∗)(𝑥) (38)
10

𝜆 (𝜑𝜃𝜓𝑟)(𝑧𝜆) 𝜆
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satisfies the conditions 𝑉𝜆(𝑥) ≥ 𝑔(𝑥) for all 𝑥 ∈ (𝑎, 𝑧∗𝜆) and 𝑔(𝑥) ≥ 𝜆(𝑅𝜃𝑉𝜆)(𝑥) for 𝑥 ≥ 𝑧∗𝜆. Then, 𝑉𝜆(𝑥) constitutes the value of the optimal
topping time 𝑇 𝑧

∗
𝜆 . In the special case, where the optimal stopping boundary 𝑧∗𝜆 is attained at a point where 𝑔(𝑥) is continuous, the value is

continuous and can be re-expressed as

𝑉𝜆(𝑥) = 𝑔(𝑥)1[𝑧∗𝜆 ,𝑏)
(𝑥) +

𝑔(𝑧∗𝜆)
𝜓𝑟(𝑧∗𝜆)

𝜓𝑟(𝑥)1(𝑎,𝑧∗𝜆)
(𝑥). (39)

(B) Assume that there exists a unique threshold

{𝑦∗𝜆} = argmax
𝑦∈

{

𝜆(𝛹𝜃𝑔)(𝑦)
(𝜑𝑟𝜓𝜃)(𝑦)

}

∈ (𝑎, 𝑏).

Assume also that the function

𝑉𝜆(𝑥) = 𝑔(𝑥)1(𝑎,𝑦∗𝜆)
(𝑥) +

𝜆(𝛹𝜃𝑔)(𝑦∗𝜆)
(𝜑𝑟𝜓𝜃)(𝑦

∗
𝜆)
𝜑𝑟(𝑥)1(𝑦∗𝜆 ,𝑏)

(𝑥). (40)

satisfies the conditions 𝑉𝜆(𝑥) ≥ 𝑔(𝑥) for all 𝑥 ∈ (𝑦∗𝜆, 𝑏) and 𝑔(𝑥) ≥ 𝜆(𝑅𝜃𝑉𝜆)(𝑥) for 𝑥 ≤ 𝑦∗𝜆. Then, 𝑉𝜆(𝑥) constitutes the value of the optimal
stopping time 𝑇𝑦∗𝜆 . In the special case, where the optimal stopping boundary 𝑦

∗
𝜆 is attained at a point where 𝑔(𝑥) is continuous, the value is

continuous and can be re-expressed as

𝑉𝜆(𝑥) = 𝑔(𝑥)1(𝑎,𝑦∗𝜆)
(𝑥) +

𝑔(𝑦∗𝜆)
𝜓𝑟(𝑦∗𝜆)

𝜑𝑟(𝑥)1(𝑦∗𝜆 ,𝑏)
(𝑥). (41)

Proof. Denote the proposed value function (38) as 𝑉 (𝑥). Part (A) of Corollary 1 implies that

𝑉 (𝑥) = E𝑥
[

𝑒−𝑟𝑇
𝑧∗𝜆 𝑔

(

𝑋
𝑇 𝑧

∗
𝜆

)

]

Since 𝑇 𝑧
∗
𝜆 is an admissible stopping strategy, we notice that 𝑉𝜆(𝑥) ≥ 𝑉 (𝑥) for all 𝑥 ∈ . In order to reverse this inequality

we first observe that our assumptions on the proposed value function imply that it satisfies the dynamic programming equation
𝑉 (𝑥) = max{𝑔(𝑥), 𝜆(𝑅𝜃𝑉 )(𝑥)}. The alleged inequality now follows from Lemma 2.4 in Lempa [21]. Finally, since

𝑑
𝑑𝑧

𝜆(𝛷𝜃𝑔)(𝑧)
(𝜑𝜃𝜓𝑟 )(𝑧)

=
𝜆𝜑𝜃(𝑧)𝜓𝑟(𝑧)𝑚′(𝑧)

(𝜑𝜃𝜓𝑟)(𝑧)

[

𝜆(𝛷𝜃𝑔)(𝑧)
(𝜑𝜃𝜓𝑟)(𝑧)

−
𝑔(𝑧)
𝜓𝑟(𝑧)

]

at the points where 𝑔(𝑥) is continuous, we notice that in that case
𝜆(𝛷𝜃𝑔)(𝑧∗𝜆)
(𝜑𝜃𝜓𝑟)(𝑧

∗
𝜆)

=
𝑔(𝑧∗𝜆)
𝜓𝑟(𝑧∗𝜆)

(42)

t an optimal boundary proving (39). Establishing part (B) is completely analogous. □

Theorem 3 states a set of general conditions under which the optimal stopping strategy is a single boundary policy with an
xplicitly known value. By imposing appropriate boundary conditions, the representations in Theorem 3 can be further refined as
s done in our next corollary.

orollary 4 (A). Assume that the conditions of part (A) of Theorem 3 are met. Assume also that 𝑏 is a natural boundary for 𝑋. In that
ase, the value of the optimal stopping strategy 𝑇 𝑧

∗
𝜆 can be expressed for 𝑥 ∈ (𝑎, 𝑧∗𝜆) as

𝑉𝜆(𝑥) =
E𝑥[𝑔(𝑋𝑇̄ )|𝐼𝑇̄ = 𝑧∗𝜆]
E𝑥[𝜓𝑟(𝑋𝑇̄ )|𝐼𝑇̄ = 𝑧∗𝜆]

𝜓𝑟(𝑥), (43)

where the optimal boundary 𝑧∗𝜆 satisfies the optimality condition

E𝑥[𝑔(𝑋𝑇̄ )|𝐼𝑇̄ = 𝑧∗𝜆]
E𝑥[𝜓𝑟(𝑋𝑇̄ )|𝐼𝑇̄ = 𝑧∗𝜆]

=
𝑔(𝑧∗𝜆)
𝜓𝑟(𝑧∗𝜆)

.

If 𝑋 is a twice continuously differentiable monotone function of Brownian motion, then

𝑉𝜆(𝑥) =
E𝑧∗𝜆 [𝑔(𝑀𝑇̄ )]

E𝑧∗𝜆 [𝜓𝑟(𝑀𝑇̄ )]
𝜓𝑟(𝑥) (44)

for all 𝑥 ∈ (𝑎, 𝑧∗𝜆). In this case, the optimal boundary 𝑧
∗
𝜆 satisfies the optimality condition

E𝑧∗𝜆 [𝑔(𝑀𝑇̄ )]

E𝑧∗𝜆 [𝜓𝑟(𝑀𝑇̄ )]
=

𝑔(𝑧∗𝜆)
𝜓𝑟(𝑧∗𝜆)

. (45)

(B) Assume that the conditions of part (B) of Theorem 3 are met. Assume also that 𝑎 is a natural boundary for 𝑋. In that case, the value
of the optimal stopping strategy 𝑇 𝑦

∗
𝜆 can be expressed for 𝑥 ∈ (𝑦∗𝜆, 𝑏) as

𝑉𝜆(𝑥) =
E𝑥[𝑔(𝑋𝑇̄ )|𝑀𝑇̄ = 𝑦∗𝜆]

∗ 𝜑𝑟(𝑥), (46)
11

E𝑥[𝜑𝑟(𝑋𝑇̄ )|𝑀𝑇̄ = 𝑦𝜆]
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where the optimal boundary 𝑦∗𝜆 satisfies the optimality condition

E𝑥[𝑔(𝑋𝑇̄ )|𝑀𝑇̄ = 𝑦∗𝜆]
E𝑥[𝜑𝑟(𝑋𝑇̄ )|𝑀𝑇̄ = 𝑦∗𝜆]

=
𝑔(𝑦∗𝜆)
𝜑𝑟(𝑦∗𝜆)

.

If 𝑋 is a twice continuously differentiable monotone function of Brownian motion, then

𝑉𝜆(𝑥) =
E𝑦∗𝜆 [𝑔(𝐼𝑇̄ )]

E𝑦∗𝜆 [𝜑𝑟(𝐼𝑇̄ )]
𝜑𝑟(𝑥) (47)

or all 𝑥 ∈ (𝑦∗𝜆, 𝑏). In this case, the optimal boundary 𝑦
∗
𝜆 satisfies the optimality condition

E𝑦∗𝜆 [𝑔(𝐼𝑇̄ )]

E𝑦∗𝜆 [𝜑𝑟(𝐼𝑇̄ )]
=

𝑔(𝑦∗𝜆)
𝜑𝑟(𝑦∗𝜆)

. (48)

roof. The alleged results follow from Theorem 3 and Theorem 2. □

Corollary 4 shows that in the case where the boundaries of the state space of 𝑋 are natural, the value of the optimal policy
dmits a compact representation in terms of known functionals of the extremal processes of the underlying diffusion. It is worth
mphasizing that the expressions in Corollary 4 are related to the representation of the values of perpetual options for Lévy processes
cf. Mordecki [28]).

A set of relatively weak sufficient conditions under which our general findings stated in Theorem 3 are satisfied are now
ummarized in the following.

heorem 4 (A). Assume that 𝑏 is a natural boundary for 𝑋, that 𝑔 ∈ 𝐶() and that there is a unique 𝑥0 ∈  s.t. 𝑔(𝑥) ⪌ 0 when 𝑥 ⪌ 𝑥0.
ssume also that there is a unique {𝑥̂𝑟} = argmax𝑥∈

{

𝑔(𝑥)∕𝜓𝑟(𝑥)
}

so that 𝑔(𝑥)∕𝜓𝑟(𝑥) is nondecreasing on (𝑎, 𝑥̂𝑟) and nonincreasing on
𝑥̂𝑟, 𝑏). Then, there exists a unique exercise threshold 𝑧∗𝜆 ∈ (𝑥0, 𝑥̂𝑟) satisfying the ordinary first order condition (42). If also

∫

𝑥

𝑧∗𝜆

(

𝜑𝜃(𝑥)(𝜓𝑟𝜓𝜃)(𝑡) + 𝜓𝜃(𝑥)(𝜑𝜃𝜓𝑟)(𝑡)
)

𝑑
𝑔(𝑡)
𝜓𝑟(𝑡)

> 0 (49)

for all 𝑥 > 𝑥̂𝑟, then the conditions of part (A) of Theorem 3 are met and the value of the optimal stopping strategy 𝑇 𝑧
∗
𝜆 reads as in (39). In

the special case where 𝑉∞(𝑥) = 𝑔(𝑥) for all 𝑥 ≥ 𝑥̂𝑟 inequality (49) is always satisfied.
(B) Assume that 𝑎 is a natural boundary for 𝑋, that 𝑔 ∈ 𝐶() and that there is a unique 𝑥0 ∈  s.t. 𝑔(𝑥) ⪌ 0 when 𝑥 ⪋ 𝑥0. Assume also

hat there is a unique {𝑥̃𝑟} = argmax𝑥∈
{

𝑔(𝑥)∕𝜑𝑟(𝑥)
}

so that 𝑔(𝑥)∕𝜑𝑟(𝑥) is nondecreasing on [𝑥̃𝑟, 𝑏) and nonincreasing on (𝑎, 𝑥̃𝑟). Then,
there exists a unique exercise threshold 𝑦∗𝜆 ∈ (𝑥̃𝑟, 𝑥0) satisfying the ordinary first order condition

𝜆(𝛹𝜃𝑔)(𝑦∗𝜆)
(𝜑𝑟𝜓𝜃)(𝑦

∗
𝜆)

=
𝑔(𝑦∗𝜆)
𝜑𝑟(𝑦∗𝜆)

.

f also

∫

𝑦∗𝜆

𝑥

(

𝜑𝜃(𝑥)(𝜑𝑟𝜓𝜃)(𝑡) + 𝜓𝜃(𝑥)(𝜑𝜃𝜑𝑟)(𝑡)
)

𝑑
𝑔(𝑡)
𝜑𝑟(𝑡)

< 0 (50)

for all 𝑥 < 𝑥̃𝑟, then the conditions of part (B) of Theorem 3 are met and the value of the optimal stopping strategy 𝑇𝑦∗𝜆 reads as in (40). In
the special case where 𝑉∞(𝑥) = 𝑔(𝑥) for all 𝑥 ≤ 𝑥̃𝑟 inequality (50) is always satisfied.

roof. Denote the proposed value function by 𝑉 (𝑥). Since 𝑇 𝑧
∗
𝜆 is an admissible stopping strategy we find that

𝑉𝜆(𝑥) ≥ E𝑥
[

𝑒−𝑟𝑇
𝑧∗𝜆 𝑔(𝑋

𝑇 𝑧
∗
𝜆
)
]

= 𝑉 (𝑥)

for all 𝑥 ∈ . In order to prove the opposite inequality, we first observe that the assumed continuity of 𝑔 implies that

𝑑
𝑑𝑧

𝜆(𝛷𝜃𝑔)(𝑧)
(𝜑𝜃𝜓𝑟)(𝑧)

=
𝜆𝜑𝜃(𝑧)𝜓𝑟(𝑧)𝑚′(𝑧)

(𝜑𝜃𝜓𝑟)
2(𝑧)

𝐼(𝑧),

where

𝐼(𝑧) = 𝜆∫

𝑏

𝑧
𝜑𝜃(𝑡)𝑔(𝑡)𝑚′(𝑡)𝑑𝑡 −

𝑔(𝑧)
𝜓𝑟(𝑧)

(𝜑𝜃𝜓𝑟)(𝑧).

Since

𝐼(𝑥0) = 𝜆∫

𝑏

𝑥0
𝜑𝜃(𝑡)𝑔(𝑡)𝑚′(𝑡)𝑑𝑡 > 0

and

𝐼(𝑧) < −
𝑔(𝑧)

(𝜑 𝜓𝑟)(𝑏−) < 0
12

𝜓𝑟(𝑧) 𝜃
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for all 𝑧 ≥ 𝑥̂𝑟, we notice that equation 𝐼(𝑧) = 0 has a root on (𝑥0, 𝑥̂𝑟). Noticing now that

𝑑𝐼(𝑧) = −(𝜑𝜃𝜓𝑟)(𝑧)𝑑
(

𝑔(𝑧)
𝜓𝑟(𝑧)

)

< 0

for all 𝑧 ∈ (𝑥0, 𝑥̂𝑟) then proves the uniqueness of 𝑧∗𝜆. Moreover, since 𝑧∗𝜆 is attained on the set where the ratio 𝑔(𝑥)∕𝜓𝑟(𝑥) is increasing,
we find that 𝑉 (𝑥) ≥ 𝑔(𝑥) for all 𝑥 ∈ . In order to prove that 𝜆(𝑅𝜃𝑉 )(𝑥) ≤ 𝑉 (𝑥) for all 𝑥 ∈ , we first observe that under our
assumptions lim𝑥→𝑏−(𝜑𝜃𝜓𝑟)(𝑥) = 0. Moreover, noticing that

𝑔(𝑥)
𝜓𝑟(𝑥)

=
𝑔(𝑥)
𝜓𝑟(𝑥)

1(𝑎,𝑥̂𝑟)(𝑥) −
(

−
𝑔(𝑥)
𝜓𝑟(𝑥)

1[𝑥̂𝑟 ,𝑏)(𝑥)
)

proves that 𝑔(𝑥)∕𝜓𝑟(𝑥) is of bounded variation and Lemma 1 applies. Consequently, we notice that

𝜆(𝑅𝜃𝑉 )(𝑥) − 𝑉 (𝑥) = 𝐵−1
𝜃 𝜑𝜃(𝑥)∫

𝑥

𝑧∗𝜆

(𝜓𝜃𝜓𝑟)(𝑡)𝑑
𝑔(𝑡)
𝜓𝑟(𝑡)

+ 𝐵−1
𝜃 𝜓𝜃(𝑥)∫

𝑏

𝑥
(𝜑𝜃𝜓𝑟)(𝑡)𝑑

𝑔(𝑡)
𝜓𝑟(𝑡)

= −𝐵−1
𝜃 ∫

𝑥

𝑧∗𝜆

(

𝜑𝜃(𝑥)(𝜓𝑟𝜓𝜃)(𝑡) + 𝜓𝜃(𝑥)(𝜑𝜃𝜓𝑟)(𝑡)
)

𝑑
𝑔(𝑡)
𝜓𝑟(𝑡)

≤ 0

for all 𝑥 ∈ (𝑧∗𝜆, 𝑥̂𝑟) since 𝑔(𝑥)∕𝜓𝑟(𝑥) is nondecreasing on (𝑧∗𝜆, 𝑥̂𝑟) and

∫

𝑏

𝑧∗𝜆

(𝜑𝜃𝜓𝑟)(𝑡)𝑑
𝑔(𝑡)
𝜓𝑟(𝑡)

= 0.

mposing inequality (49) then guarantees that 𝜆(𝑅𝜃𝑉 )(𝑥) ≤ 𝑉 (𝑥) for all 𝑥 > 𝑥̂𝑟 as well. Consequently, the proposed value function
satisfies the dynamic programming equation 𝑉 (𝑥) = max{𝑔(𝑥),E𝑥[𝑒−𝑟𝑇 𝑉 (𝑋𝑇 )]} and, therefore, dominates the value of the optimal
policy by Lemma 2.4 in Lempa [21]. This proves that 𝑉𝜆(𝑥) = 𝑉 (𝑥) and that 𝑇 𝑧

∗
𝜆 is an optimal stopping strategy. In the special

case where 𝑉∞(𝑥) = 𝑔(𝑥) for all 𝑥 ≥ 𝑥̂𝑟 we notice by utilizing Lemma 4 that 𝑉∞(𝑥) = 𝑉𝜆(𝑥) = 𝑔(𝑥) for all 𝑥 ≥ 𝑥̂𝑟. Since 𝑉∞(𝑥) is
-excessive for 𝑋 and expectation preserves ordering, we notice directly that 𝜆(𝑅𝜃𝑉𝜆)(𝑥) ≤ 𝜆(𝑅𝜃𝑉∞)(𝑥) ≤ 𝑉∞(𝑥) = 𝑉𝜆(𝑥) for all 𝑥 ≥ 𝑥̂𝑟.

Establishing part (B) is completely analogous. □

3.2. Two-boundary setting

Having considered the single boundary setting, we now proceed in our analysis and investigate the two-boundary case. As in the
single boundary setting, we first observe that if a pair (𝑦∗𝜆, 𝑧

∗
𝜆) maximizing the representation (15) exists and the exercise payoff is

continuous at the boundaries 𝑦∗𝜆, 𝑧
∗
𝜆, then ordinary differentiation shows that the boundaries satisfy the ordinary first order conditions

𝑢2(𝑦∗𝜆)𝜆(𝛷𝜃𝑔)(𝑧
∗
𝜆) − 𝑢1(𝑦

∗
𝜆)𝜆(𝛹𝜃𝑔)(𝑦

∗
𝜆) = 𝑔(𝑦∗𝜆),

𝑢2(𝑧∗𝜆)𝜆(𝛷𝜃𝑔)(𝑧
∗
𝜆) − 𝑢1(𝑧

∗
𝜆)𝜆(𝛹𝜃𝑔)(𝑦

∗
𝜆) = 𝑔(𝑧∗𝜆),

(51)

where

𝑢1(𝑥) =
𝜓𝑟(𝑥)(𝜑𝜃𝜑𝑟)(𝑧

∗
𝜆) − 𝜑𝑟(𝑥)(𝜑𝜃𝜓𝑟)(𝑧

∗
𝜆)

(𝜓𝜃𝜓𝑟)(𝑦
∗
𝜆)(𝜑𝜃𝜑𝑟)(𝑧

∗
𝜆) − (𝜓𝜃𝜑𝑟)(𝑦

∗
𝜆)(𝜑𝜃𝜓𝑟)(𝑧

∗
𝜆)
,

𝑢2(𝑥) =
𝜑𝑟(𝑥)(𝜓𝜃𝜓𝑟)(𝑦

∗
𝜆) − 𝜓𝑟(𝑥)(𝜓𝜃𝜑𝑟)(𝑦

∗
𝜆)

(𝜑𝜃𝜑𝑟)(𝑧
∗
𝜆)(𝜓𝜃𝜓𝑟)(𝑦

∗
𝜆) − (𝜑𝜃𝜓𝑟)(𝑧

∗
𝜆)(𝜓𝜃𝜑𝑟)(𝑦

∗
𝜆)
.

e again notice that if a pair satisfying the optimality conditions (51) exists, then the value of the policy is continuous across the
topping boundaries, that is, then lim𝑥→𝑧∗𝜆−

𝑣𝑟(𝑥) = 𝑔(𝑧∗𝜆) and lim𝑥→𝑦∗𝜆+
𝑣𝑟(𝑥) = 𝑔(𝑦∗𝜆). The optimality conditions (51) can be simplified

urther to the form

𝜆(𝛹𝜃𝑔)(𝑦∗𝜆) =
𝑔(𝑧∗𝜆)𝑢2(𝑦

∗
𝜆) − 𝑔(𝑦

∗
𝜆)𝑢2(𝑧

∗
𝜆)

𝑢1(𝑦∗𝜆)𝑢2(𝑧
∗
𝜆) − 𝑢1(𝑧

∗
𝜆)𝑢2(𝑦

∗
𝜆)
,

𝜆(𝛷𝜃𝑔)(𝑧∗𝜆) =
𝑔(𝑧∗𝜆)𝑢1(𝑦

∗
𝜆) − 𝑔(𝑦

∗
𝜆)𝑢1(𝑧

∗
𝜆)

𝑢2(𝑧∗𝜆)𝑢1(𝑦
∗
𝜆) − 𝑢2(𝑦

∗
𝜆)𝑢1(𝑧

∗
𝜆)
.

We can now establish the following result.

Theorem 5. Assume that there exists a pair of boundaries 𝑦∗𝜆, 𝑧
∗
𝜆 maximizing the value (15). Assume also that the function

𝑉𝜆(𝑥) = 𝑔(𝑥)1∖(𝑦∗𝜆 ,𝑧
∗
𝜆)
(𝑥) +𝐻(𝑥, 𝑦∗𝜆, 𝑧

∗
𝜆)1(𝑦∗𝜆 ,𝑧

∗
𝜆)
(𝑥)

satisfies the inequality 𝑉𝜆(𝑥) ≥ 𝑔(𝑥) for all 𝑥 ∈ (𝑦∗𝜆, 𝑧
∗
𝜆) and the inequality 𝑔(𝑥) ≥ 𝜆(𝑅𝜃𝑉𝜆)(𝑥) for all 𝑥 ∉ (𝑦∗𝜆, 𝑧

∗
𝜆). Then, 𝑉𝜆(𝑥) is the value

of the optimal stopping strategy 𝑇 𝑧
∗
𝜆 ∧ 𝑇𝑦∗𝜆 . If the exercise payoff is continuous at the optimal boundaries 𝑦

∗
𝜆, 𝑧

∗
𝜆, then 𝐻(𝑥, 𝑦∗𝜆, 𝑧

∗
𝜆) can be

re-expressed in the familiar form

𝐻(𝑥, 𝑦∗𝜆, 𝑧
∗
𝜆) = E𝑥

[

𝑒
−𝑟𝜏𝑦∗𝜆

∧𝜏𝑧∗𝜆 𝑔(𝑋𝜏 ∗∧𝜏 ∗ )
]

= 𝑔(𝑦∗𝜆)
𝜑̂𝑟(𝑥)

∗ + 𝑔(𝑧∗𝜆)
𝜓̂𝑟(𝑥)

∗ (52)
13
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where 𝜓̂𝑟(𝑥) = 𝜑𝑟(𝑦∗𝜆)𝜓𝑟(𝑥) − 𝜓𝑟(𝑦∗𝜆)𝜑𝑟(𝑥) and 𝜑̂𝑟(𝑥) = 𝜓𝑟(𝑧∗𝜆)𝜑𝑟(𝑥) − 𝜑𝑟(𝑧∗𝜆)𝜓𝑟(𝑥) denote the fundamental solutions associated with the
diffusion killed at 𝜏𝑦∗𝜆 ∧ 𝜏𝑧∗𝜆 .

Proof. Denote the proposed value function as 𝑉 (𝑥). Since it can be expressed as

𝑉 (𝑥) = E𝑥

[

𝑒
−𝑟𝑇 𝑧

∗
𝜆∧𝑇𝑦∗𝜆 𝑔(𝑋

𝑇 𝑧
∗
𝜆∧𝑇𝑦∗𝜆

)

]

and 𝑇 𝑧
∗
𝜆 ∧ 𝑇𝑦∗𝜆 is an admissible stopping strategy, we find that 𝑉𝜆(𝑥) ≥ 𝑉 (𝑥) for all 𝑥 ∈ . On the other hand, the assumptions of

our Theorem guarantee that the proposed value satisfies the dynamic programming equation 𝑉 (𝑥) = max{𝑔(𝑥), 𝜆(𝑅𝜃𝑉 )(𝑥)} on .
Inequality 𝑉𝜆(𝑥) ≤ 𝑉 (𝑥) now follows from Lemma 2.4 in Lempa [21]. □

Theorem 5 states a set of sufficient conditions under which a candidate pair of boundaries maximizing the representation (15)
onstitutes the optimal stopping boundaries and, consequently, under which 𝑇 𝑧

∗
𝜆 ∧ 𝑇𝑦∗𝜆 constitute the optimal stopping time. It is of

nterest to notice that (52) demonstrates that under the optimal policy the identity

E𝑥

[

𝑒
−𝑟𝑇 𝑧

∗
𝜆∧𝑇𝑦∗𝜆 𝑔(𝑋

𝑇 𝑧
∗
𝜆∧𝑇𝑦∗𝜆

)

]

= E𝑥
[

𝑒
−𝑟𝜏𝑦∗𝜆

∧𝜏𝑧∗𝜆 𝑔(𝑋𝜏𝑦∗𝜆
∧𝜏𝑧∗𝜆

)
]

olds for all 𝑥 ∈ (𝑦∗𝜆, 𝑧
∗
𝜆). Consequently, the optimal Poissonian timing policy generates an expected value which coincides with the

ne attained by following a continuous (suboptimal) timing policy.

. Explicit illustrations

In this section we illustrate our main results explicitly both in a general as well as in parameterized settings. These illustrations
imultaneously also characterize the principal differences between the problems in the presence of imperfect timing ability and the
nes in the continuous limit.

.1. General linear diffusion

.1.1. Discontinuous payoff
Consider the case where the upper boundary 𝑏 is unattainable for 𝑋 and the exercise payoff is discontinuous and reads as

(𝑥) = 1[𝑧,𝑏)(𝑥), where 𝑧 ∈  is an exogenously given constant state. Consider now the function

𝐽 (𝑥) ∶=
𝜆(𝛷𝜃𝑔)(𝑥)
(𝜑𝜃𝜓𝑟)(𝑥)

. (53)

in the present setting. It is clear that

𝐽 ′(𝑥) =
𝜆𝜑𝜃(𝑥)𝑚′(𝑥)
(𝜑𝜃𝜓𝑟)

2(𝑥)

[

𝑟
𝜃
𝜑′
𝜃(𝑥)
𝑆′(𝑥)

𝜓𝑟(𝑥) −
𝜓 ′
𝑟 (𝑥)
𝑆′(𝑥)

𝜑𝜃(𝑥)

]

< 0

for 𝑥 ∈ (𝑧, 𝑏) and

𝐽 ′(𝑥) =
𝜆2𝜑𝜃(𝑥)𝜓𝑟(𝑥)𝑚′(𝑥)

(𝜑𝜃𝜓𝑟)
2(𝑥)

(𝛷𝜃1)(𝑧) > 0

or 𝑥 ∈ (𝑎, 𝑧). Consequently, we notice that {𝑧} = argmax𝑥∈{𝐽 (𝑥)}. Let

𝑉 (𝑥) = 1[𝑧,𝑏)(𝑥) + 𝐽 (𝑧)𝜓𝑟(𝑥)1(𝑎,𝑧)(𝑥)

denote the proposed value function. Since 𝐽 (𝑧) > 0, we notice that 𝑉 (𝑥) ≥ 1[𝑧,𝑏)(𝑥) for all 𝑥 ∈ . On the other hand, since

𝜆(𝑅𝜃𝑉 )(𝑥) = 𝜆
𝜃

(

1 −
𝜓 ′
𝑟 (𝑧)

𝜓 ′
𝑟 (𝑧)𝜑𝜃(𝑧) − 𝜑

′
𝜃(𝑧)𝜓𝑟(𝑧)

𝜑𝜃(𝑥)

)

,

and

𝜆(𝑅𝜃𝑉 )′(𝑥) = −𝜆
𝜃

𝜓 ′
𝑟 (𝑧)

𝜓 ′
𝑟 (𝑧)𝜑𝜃(𝑧) − 𝜑

′
𝜃(𝑧)𝜓𝑟(𝑧)

𝜑′
𝜃(𝑥) > 0

for all 𝑥 ∈ (𝑧, 𝑏) and

lim
𝑥→𝑧+

𝑉 (𝑥) − 𝜆(𝑅𝜃𝑉 )(𝑥) = 𝑟
𝜃
− 𝜆
𝜃

𝜓 ′
𝑟 (𝑧)𝜑𝜃(𝑧)

𝜑′
𝜃(𝑧)𝜓𝑟(𝑧) − 𝜓

′
𝑟 (𝑧)𝜑𝜃(𝑧)

> 0

we notice that 𝑉 (𝑥) ≤ 𝜆(𝑅𝜃𝑉 )(𝑥) for all 𝑥 ∈  as well. Consequently, we notice that the conditions of part (A) of Theorem 3 are met
and, therefore, that 𝑉 (𝑥) is the value of the (trivial) stopping policy 𝑇 𝑧. Note that we cannot utilize part (A) of Theorem 4, since
the exercise payoff is discontinuous.
14
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It is worth noticing that while the optimal stopping boundary coincides in this case with the one in the continuous limit the
alues are significantly different. In the Poissonian setting the value is discontinuous across the boundary 𝑧 since

𝑉 (𝑧−) = 𝜆
𝜃

𝜑′
𝜃(𝑧)𝜓𝑟(𝑧)

𝜑′
𝜃(𝑧)𝜓𝑟(𝑧) − 𝜓

′
𝑟 (𝑧)𝜑𝜃(𝑧)

< 1.

4.1.2. Optimal timing of a call spread
Consider now the optimal exercise timing of a call spread when the underlying diffusion evolves on R+ and the upper boundary

∞ is unattainable for 𝑋. In this case the exercise payoff reads as

𝑔(𝑥) = (𝑥 −𝐾)+ − (𝑥 −𝑀)+,

where 𝐾,𝑀 are known strike prices satisfying the assumption 0 < 𝐾 < 𝑀 . For the sake of simplicity, we assume that the function
𝜇(𝑥) − 𝑟(𝑥 −𝐾) is either nonnegative on [𝐾,𝑀] or satisfies the inequality 𝜇(𝑥) − 𝑟(𝑥 −𝐾) ⪌ 0 for 𝑥 ⪋ 𝑥0, where 𝑥0 ∈ [𝐾,𝑀].

Consider first the limiting continuous time setting. In that case the ratio

𝑔(𝑥)
𝜓𝑟(𝑥)

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑀−𝐾
𝜓𝑟(𝑥)

, 𝑥 > 𝑀,

𝑥−𝐾
𝜓𝑟(𝑥)

, 𝐾 < 𝑥 < 𝑀,

0, 𝑥 ∈ (0, 𝐾).

s decreasing on (𝑀,∞) and satisfies the identity

𝑑
𝑑𝑥

𝑔(𝑥)
𝜓𝑟(𝑥)

=
𝑆′(𝑥)
𝜓2
𝑟 (𝑥)

[

𝜓𝑟(𝐾)
𝑆′(𝐾)

+ ∫

𝑥

𝐾
(𝜇(𝑡) − 𝑟(𝑡 −𝐾))𝜓𝑟(𝑡)𝑚′(𝑡)𝑑𝑡

]

for all 𝑥 ∈ (𝐾,𝑀). In light of our assumptions on the function 𝜇(𝑥) − 𝑟(𝑥 −𝐾) we notice that two cases may arise. If

𝜓𝑟(𝐾)
𝑆′(𝐾)

+ ∫

𝑀

𝐾
(𝜇(𝑡) − 𝑟(𝑡 −𝐾))𝜓𝑟(𝑡)𝑚′(𝑡)𝑑𝑡 ≥ 0,

then

{𝑀} = argmax
∈R+

{

𝑔(𝑥)
𝜓𝑟(𝑥)

}

and the optimal policy is to exercise the option at the strike price 𝑀 (a corner solution). If there is, however, a threshold 𝑥̂𝑟 ∈ (𝑥0,𝑀)
atisfying the identity

𝜓𝑟(𝐾)
𝑆′(𝐾)

+ ∫

𝑥̂𝑟

𝐾
(𝜇(𝑡) − 𝑟(𝑡 −𝐾))𝜓𝑟(𝑡)𝑚′(𝑡)𝑑𝑡 = 0,

then

{𝑥̂𝑟} = argmax
𝑥∈R+

{

𝑔(𝑥)
𝜓𝑟(𝑥)

}

and the optimal policy is to exercise the option at the threshold 𝑥̂𝑟.
Consider now the Poissonian case instead. The continuity of the exercise payoff implies that the functional 𝐽 (𝑥) introduced in

(53) is continuously differentiable. Standard differentiation yields

𝐽 ′(𝑥) =
𝜆𝜑𝜃(𝑥)𝑚′(𝑥)𝑃 (𝑥)

(𝜑𝜃𝜓𝑟)
2(𝑥)

,

where

𝑃 (𝑥) ∶= 𝜆𝜓𝑟(𝑥)∫

∞

𝑥
𝜑𝜃(𝑡)𝑔(𝑡)𝑚′(𝑡)𝑑𝑡 − 𝑔(𝑥)(𝜑𝜃𝜓𝑟)(𝑥).

It is now clear that

𝑃 (𝑥) = (𝑀 −𝐾)

[

𝑟
𝜃
𝜓𝑟(𝑥)

𝜑′
𝜃(𝑥)
𝑆′(𝑥)

− 𝜑𝜃(𝑥)
𝜓 ′
𝜃(𝑥)
𝑆′(𝑥)

]

< 0

for all 𝑥 ≥𝑀 . On the other hand, since

𝑃 (𝑥) = 𝜆𝜓𝑟(𝑥)∫

𝑀

𝐾
𝜑𝜃(𝑡)(𝑡 −𝐾)𝑚′(𝑡)𝑑𝑡 − 𝜆

𝜃
𝜓𝑟(𝑥)(𝑀 −𝐾)

𝜑′
𝜃(𝑀)
𝑆′(𝑀)

> 0

or all 𝑥 ∈ (0, 𝐾], we notice that equation 𝑃 (𝑥) = 0 has at least one root 𝑧∗𝜆 ∈ (𝐾,𝑀). In order to establish the uniqueness of the
oot, we first observe that

𝑑
[

𝑃 (𝑥)
]

= − 𝑑
[

𝑔(𝑥)
]

(𝜑 𝜓𝑟)(𝑥)
15
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for all 𝑥 ∈ (𝐾,𝑀). If 𝑔(𝑥)∕𝜓𝑟(𝑥) is increasing on (𝐾,𝑀), then uniqueness follows from the monotonicity and continuity of 𝑃 (𝑥)∕𝜓𝑟(𝑥)
on (𝐾,𝑀). Assume instead that 𝑥̂𝑟 ∈ (𝐾,𝑀). In that case 𝑥̂𝑟 = argmin{𝑃 (𝑥)∕𝜓𝑟(𝑥)} and uniqueness follows from the monotonicity
and continuity of 𝑃 (𝑥)∕𝜓𝑟(𝑥) and inequality 𝑃 (𝑥) < 0 for 𝑥 ≥𝑀 . Hence, we find that there is a unique maximizing threshold

{𝑧∗𝜆} = argmax
𝑥∈R+

{𝑃 (𝑥)}.

t is at this point worth noticing that in this case, the stopping boundary is always attained at a state below the strike price 𝑀 and no
corner solution arises. Moreover, it is clear that 𝑧∗𝜆 < 𝑥̂𝑟. Invoking part (A) of Theorem 4 shows that in this case the value reads as

𝑉𝜆(𝑥) = 𝑔(𝑥)1[𝑧∗𝜆 ,∞)(𝑥) +
(𝑧∗𝜆 −𝐾)
𝜓𝑟(𝑧∗𝜆)

𝜓𝑟(𝑥)1(0,𝑧∗𝜆)
(𝑥).

4.2. Brownian motion

When 𝑋 is an ordinary Brownian motion, we have 𝜓𝜃(𝑥) = 𝑥𝑘𝜃 , 𝜑𝜃(𝑥) = 𝑥−𝑘𝜃 , 𝑆′(𝑥) = 1, and 𝑚′(𝑥) = 2∕𝜎2, where 𝑘𝜃 =
√

2𝜃∕𝜎2.
n this case

E𝑥
[

𝑒−𝑟𝑇𝑦𝑔(𝑋𝑇𝑦 )
]

= (𝑘𝜃 − 𝑘𝑟)𝑒−𝑘𝑟(𝑥−𝑦) ∫

𝑦

−∞
𝑒𝑘𝜃 (𝑡−𝑦)𝑔(𝑡)𝑑𝑡

for 𝑥 > 𝑦 and

E𝑥
[

𝑒−𝑟𝑇
𝑦
𝑔(𝑋𝑇 𝑦 )

]

= (𝑘𝜃 − 𝑘𝑟)𝑒𝑘𝑟(𝑥−𝑦) ∫

∞

𝑦
𝑒−𝑘𝜃 (𝑡−𝑦)𝑔(𝑡)𝑑𝑡

for 𝑥 < 𝑦. Choosing 𝑔 = 1 yields

E𝑥
[

𝑒−𝑟𝑇𝑦
]

=
(

1 −
𝑘𝑟
𝑘𝜃

)

𝑒−𝑘𝑟(𝑥−𝑦)

for 𝑥 > 𝑦 and

E𝑥
[

𝑒−𝑟𝑇
𝑦
]

=
(

1 −
𝑘𝑟
𝑘𝜃

)

𝑒𝑘𝑟(𝑥−𝑦)

or 𝑥 < 𝑦.

emark 4.1. Consider now the special case where the underlying is a BM killed at the origin. In that case the fundamental solution
eads as 𝑒𝑘𝑟𝑥 − 𝑒−𝑘𝑟𝑥 and, consequently,

E𝑥
[

𝑒−𝑟𝑇
𝑦
; 𝑇 𝑦 < 𝜏0

]

= 𝜆
𝑟 + 𝜆

𝑘𝜃
sinh(𝑘𝑟𝑥)

𝑘𝑟

cosh(𝑘𝑟𝑦) + 𝑘𝜃
sinh(𝑘𝑟𝑦)

𝑘𝑟

for all 𝑥 ∈ (0, 𝑦). Since sinh(𝑘𝑟𝑥)∕𝑘𝑟 → 𝑥 as 𝑟→ 0 we find in line with the statements of Remark 2.1 that

P𝑥
[

𝜏0 < 𝑇
𝑦] = 1 − 𝑥

1
𝑘𝜆

+ 𝑦

coinciding with the expression derived in Li et al. [23] by utilizing a different approach.

In the two-boundary setting, we have

𝑣𝑟(𝑥) =
2𝜆
𝜎2 ∫

𝑦

−∞
𝑒𝑘𝜃 (𝑡−𝑦)𝑔(𝑡)𝑑𝑡

(𝑘𝜃 − 𝑘𝑟)𝑒𝑘𝑟(𝑥−𝑧) − (𝑘𝜃 + 𝑘𝑟)𝑒𝑘𝑟(𝑧−𝑥)

(𝑘𝜃 − 𝑘𝑟)2𝑒𝑘𝑟(𝑦−𝑧) − (𝑘𝜃 + 𝑘𝑟)2𝑒𝑘𝑟(𝑧−𝑦)

+ 2𝜆
𝜎2 ∫

∞

𝑧
𝑒−𝑘𝜃 (𝑡−𝑧)𝑔(𝑡)𝑑𝑡

(𝑘𝜃 − 𝑘𝑟)𝑒𝑘𝑟(𝑦−𝑥) − (𝑘𝜃 + 𝑘𝑟)𝑒𝑘𝑟(𝑥−𝑦)

(𝑘𝜃 − 𝑘𝑟)2𝑒𝑘𝑟(𝑦−𝑧) − (𝑘𝜃 + 𝑘𝑟)2𝑒𝑘𝑟(𝑧−𝑦)
,

(54)

where

𝑣𝑟(𝑥) = E𝑥
[

𝑒−𝑟𝑇𝑦∧𝑇
𝑧
𝑔
(

𝑋𝑇𝑦∧𝑇 𝑧
)]

nd 𝑥 ∈ (𝑦, 𝑧). Along the lines of our results on the general representation of the expected present values attained at first passage
imes, we notice that the single boundary representations follow from (54) by letting 𝑦→ −∞ and 𝑧→ ∞. In order to illustrate the

expected value (54) explicitly, assume that the exercise payoff is an even function 𝑔 ∶ R ↦ R and that 𝑦 = −𝑧, where 𝑧 > 0. In that
case the value is of the separable form

𝑣𝑟(𝑥) =
(𝑘𝜃 − 𝑘𝑟)(𝑘𝜃 + 𝑘𝑟)
𝑘𝜃 + 𝑘𝑟 tanh(𝑘𝑟𝑧)

cosh(𝑘𝑟𝑥)
cosh(𝑘𝑟𝑧) ∫

∞

𝑧
𝑒−𝑘𝜃 (𝑡−𝑧)𝑔(𝑡)𝑑𝑡
16

for 𝑥 ∈ (−𝑧, 𝑧).
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The first order conditions (51) now read as

𝑢2(𝑦∗𝜆)∫

∞

𝑧∗𝜆

𝑒−𝑘𝜃 𝑡𝑔(𝑡)𝑑𝑡 − 𝑢1(𝑦∗𝜆)∫

𝑦∗𝜆

−∞
𝑒𝑘𝜃 𝑡𝑔(𝑡)𝑑𝑡 =

𝑔(𝑦∗𝜆)

(𝑘2𝜃 − 𝑘
2
𝑟 )
,

𝑢2(𝑧∗𝜆)∫

∞

𝑧∗𝜆

𝑒−𝑘𝜃 𝑡𝑔(𝑡)𝑑𝑡 − 𝑢1(𝑧∗𝜆)∫

𝑦∗𝜆

−∞
𝑒𝑘𝜃 𝑡𝑔(𝑡)𝑑𝑡 =

𝑔(𝑧∗𝜆)

(𝑘2𝜃 − 𝑘
2
𝑟 )
,

here

𝑢1(𝑥) =
(𝑘𝜃 − 𝑘𝑟)𝑒

−(𝑘𝜃+𝑘𝑟)𝑧∗𝜆+𝑘𝑟𝑥 − (𝑘𝜃 + 𝑘𝑟)𝑒
(𝑘𝑟−𝑘𝜃 )𝑧∗𝜆−𝑘𝑟𝑥

(𝑘𝜃 − 𝑘𝑟)2𝑒
−(𝑘𝜃+𝑘𝑟)(𝑧∗𝜆−𝑦

∗
𝜆) + (𝑘𝜃 + 𝑘𝑟)2𝑒

−(𝑘𝜃−𝑘𝑟)(𝑧∗𝜆−𝑦
∗
𝜆)
,

𝑢2(𝑥) =
(𝑘𝜃 + 𝑘𝑟)𝑒

(𝑘𝜃−𝑘𝑟)𝑦∗𝜆+𝑘𝑟𝑥 − (𝑘𝜃 − 𝑘𝑟)𝑒
(𝑘𝜃+𝑘𝑟)𝑦∗𝜆−𝑘𝑟𝑥

(𝑘𝜃 − 𝑘𝑟)2𝑒
−(𝑘𝜃+𝑘𝑟)(𝑧∗𝜆−𝑦

∗
𝜆) + (𝑘𝜃 + 𝑘𝑟)2𝑒

−(𝑘𝜃−𝑘𝑟)(𝑧∗𝜆−𝑦
∗
𝜆)

4.2.1. A class of symmetric stopping problem
In order to illustrate our findings in a two-boundary setting, consider now the case where 𝑔(𝑥) = |𝑥| and

𝑑𝑋𝑡 = 𝜎𝑑𝑊𝑡, 𝑋0 = 𝑥, (55)

here 𝜎 > 0. It is well-known that in this case 𝜓𝜃(𝑥) = 𝑒𝑘𝜃𝑥, 𝜑𝜃(𝑥) = 𝑒−𝑘𝜃𝑥, 𝑆′(𝑥) = 1, 𝑚′(𝑥) = 2∕𝜎2, and 𝐵𝜃 = 2𝑘𝜃 .
Given the symmetry of the process as well as the exercise payoff, we guess that the solution of the problem is symmetric as well

nd, therefore, that 𝑦∗𝜆 = −𝑧∗𝜆 < 0. The optimality condition

2𝜆
𝜎2 ∫

∞

𝑧∗𝜆

𝑒−𝑘𝜃 𝑡𝑡𝑑𝑡 = (𝜑𝜃𝑣𝑟)(𝑧
∗
𝜆)

an now be expressed as
(

𝑘𝑟 tanh(𝑘𝑟𝑧∗𝜆) +
2𝑟
𝜎2𝑘𝜃

)

𝑧∗𝜆 =
𝜆
𝜃
. (56)

ince the continuously differentiable function

𝑓 (𝑥) =
(

𝑘𝑟 tanh(𝑘𝑟𝑥) +
2𝑟
𝜎2𝑘𝜃

)

𝑥

is monotonically increasing and satisfies the limiting conditions lim𝑥↓0 𝑓 (𝑥) = 0 and lim𝑥↑∞ 𝑓 (𝑥) = ∞ we find that Eq. (56) has a
nique root on R+. Moreover, since

𝑘𝑟𝑧
∗
𝜆 tanh(𝑘𝑟𝑧

∗
𝜆) =

𝜆
𝜃
− 2𝑟
𝜎2𝑘𝜃

𝑧∗𝜆 < 1,

we notice that 𝑧∗𝜆 < 𝑧
∗
∞, where 𝑧∗∞ > 0 denotes the unique positive root of equation

𝑘𝑟𝑧
∗
∞ tanh(𝑘𝑟𝑧∗∞) = 1

haracterizing the upper optimal stopping boundary in the case continuous stopping is possible. To see that this is indeed the case,
e notice that

lim
𝜆→∞

((

𝑘𝑟 tanh(𝑘𝑟𝑧∗𝜆) +
2𝑟
𝜎2𝑘𝜃

)

𝑧∗𝜆 −
𝜆
𝜃

)

= 𝑘𝑟𝑧
∗
𝜆 tanh(𝑘𝑟𝑧

∗
𝜆) − 1.

Consequently, lim𝜆→∞ 𝑧∗𝜆 = 𝑧∗∞. The candidate value reads now

𝑉𝜆(𝑥) =

⎧

⎪

⎨

⎪

⎩

|𝑥|, 𝑥 ∈ (−∞,−𝑧∗𝜆] ∪ [𝑧∗𝜆,∞)
𝑧∗𝜆

cosh(𝑘𝑟𝑥)
cosh(𝑘𝑟𝑧∗𝜆)

, 𝑥 ∈ (−𝑧∗𝜆, 𝑧
∗
𝜆).

To see that this indeed constitutes the value of the considered stopping problem we first notice that since

{−𝑧∗∞, 𝑧
∗
∞} = argmax

𝑥∈R

{

|𝑥|
cosh(𝑘𝑟𝑥)

}

and 𝑧∗𝜆 ∈ (0, 𝑧∗∞) where 𝑥∕ cosh(𝑘𝑟𝑥) is monotonically increasing, we find that 𝑉𝜆(𝑥) ≥ |𝑥| for all 𝑥 ∈ R. Invoking now Lemma 1 with
𝑣𝑟(𝑥) = cosh(𝑘𝑟𝑥) yields

𝜆(𝑅𝜃𝑉𝜆)(𝑥) − 𝑉𝜆(𝑥) =
1
2𝑘𝜃 ∫

𝑥

𝑧∗𝜆

𝑈𝑥(𝑡)𝑑
(

𝑡
𝑣𝑟(𝑡)

)

where

𝑈 (𝑡) = 𝑒−𝑘𝜃𝑥( 𝑣 )(𝑡) − 𝑒𝑘𝜃𝑥( 𝑣 )(𝑡)
17
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Fig. 1. The optimal stopping boundary 𝑧∗𝜆.

Fig. 2. The values 𝑉𝜆(𝑥) of the optimal stopping strategies.

for all 𝑥 ≥ 𝑧∗𝜆. Noticing that 𝑈𝑥(𝑥) = − cosh(𝑘𝑟𝑥)∕(2𝑘𝜃) < and 𝑈 ′
𝑥(𝑡) = 2𝜆𝑣𝑟(𝑡)(𝑒𝑘𝜃 (𝑥−𝑡) − 𝑒𝑘𝜃 (𝑡−𝑥))∕𝜎2 > 0 for all 𝑡 ≤ 𝑥 demonstrates

hat 𝑈𝑥(𝑡) ≤ 0 for all 𝑡 ≤ 𝑥. Since 𝑥∕ cosh(𝑘𝑟𝑥) is increasing on [𝑧∗𝜆, 𝑧
∗
∞] we notice that 𝜆(𝑅𝜃𝑉𝜆)(𝑥) ≤ 𝑉𝜆(𝑥) for all 𝑥 ∈ [𝑧∗𝜆, 𝑧

∗
∞].

ompletely analogous arguments show that 𝜆(𝑅𝜃𝑉𝜆)(𝑥) ≤ 𝑉𝜆(𝑥) for all 𝑥 ∈ [−𝑧∗∞,−𝑧
∗
𝜆] as well. Finally, since 𝑉𝜆(𝑥) = 𝑉∞(𝑥) = |𝑥|

or all 𝑥 ∉ [−𝑧∗∞, 𝑧
∗
∞] and expectation preserves ordering, we notice that 𝜆(𝑅𝜃𝑉𝜆)(𝑥) ≤ 𝜆(𝑅𝜃𝑉∞)(𝑥) ≤ 𝑉∞(𝑥) = |𝑥| = 𝑉𝜆(𝑥) for all

∉ [−𝑧∗∞, 𝑧
∗
∞] as well, thus demonstrating that 𝑉𝜆(𝑥) satisfies the conditions of Theorem 5 and, therefore, constitutes the value of

he optimal policy.
The optimal stopping boundary is illustrated in Fig. 1 as a function of the arrival intensity under the parameter assumptions

= 0.02 and 𝜎 = 0.5.
The values of the optimal stopping strategies are, in turn, illustrated in Fig. 2 for various arrival intensities (𝜆 = 0, 0.01, 0.05, 0.5,∞)

nder the parameter assumptions 𝑟 = 0.02 and 𝜎 = 0.5.
It is worth pointing out that the findings based on the payoff 𝑔(𝑥) = |𝑥| can be extended to a large class of symmetric payoffs

atisfying a set of relatively easily verifiable sufficient conditions. More precisely, if there is a unique threshold 𝑧∗∞ > 0 so that the
unction 𝑔(𝑥)∕ cosh(𝑘𝑟𝑥) is increasing on (0, 𝑧∗∞) and decreasing on (𝑧∗∞,∞), and 𝑔(𝑧∗∞) < ∞, then the value of the optimal policy
eads as

𝑉𝜆(𝑥) =

⎧

⎪

⎨

⎪

⎩

𝑔(𝑥), 𝑥 ∈ (−∞,−𝑧∗𝜆] ∪ [𝑧∗𝜆,∞)
𝑔(𝑧∗𝜆)

cosh(𝑘𝑟𝑥)
cosh(𝑘𝑟𝑧∗𝜆)

, 𝑥 ∈ (−𝑧∗𝜆, 𝑧
∗
𝜆),

where the optimal exercise threshold 𝑧∗𝜆 ∈ (0, 𝑧∗∞) constitutes the unique positive root of equation

𝑔(𝑧∗𝜆)
(

𝑘𝜃 + 𝑘𝑟 tanh(𝑘𝑟𝑧∗𝜆)
)

= (𝑘2𝜃 − 𝑘
2
𝑟 )∫

∞

𝑧∗𝜆

𝑒−𝑘𝜃 (𝑡−𝑧
∗
𝜆)𝑔(𝑡)𝑑𝑡

It is again worth emphasizing that in contrast to the continuous limit the optimal boundary 𝑧∗𝜆 does not constitute the state at which
the ratio 𝑔(𝑥)∕ cosh(𝑘𝑟𝑥) is maximized, that is, {𝑧∗𝜆} ≠ argmax𝑥∈R{𝑔(𝑥)∕ cosh(𝑘𝑟𝑥)} when 𝜆 <∞.

4.2.2. A periodic example
Consider the optimal stopping problem in the case where the exercise payoff reads as 𝑔(𝑥) = − cos(𝑥) and the underlying follows a

BM characterized by (55). It is clear that 𝑔(𝑥) is a periodic and even function. By utilizing the approach developed in (cf. Christensen
18
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and Irle [8] and Christensen [7]) we observe that in the continuous limit (𝜆 → ∞) the value of the optimal policy is even and reads
as

𝑉𝜆(𝑥) =

{

− cos(𝑥∗)
cosh(𝑘𝑟𝑥∗)

cosh(𝑘𝑟(𝑥 − 2𝑖𝜋)), 𝑥 ∈ (2𝑖𝜋 − 𝑥∗, 𝑥∗ + 2𝑖𝜋), 𝑖 ∈ Z

−cos(𝑥), 𝑥 ∉ ∪∞
𝑖=−∞(2𝑖𝜋 − 𝑥∗, 𝑥∗ + 2𝑖𝜋),

where the optimal boundary

{𝑥∗} = argmax
𝑥∈(0,𝜋)

{

−cos(𝑥)
cosh(𝑘𝑟𝑥)

}

onstitutes the unique root on (0, 𝜋) of the first order optimality condition

sin(𝑥∗) + 𝑘𝑟 tanh(𝑘𝑟𝑥∗) cos(𝑥∗) = 0. (57)

These observations indicate that in the discrete setting where 𝜆 <∞ the continuation region should have the form

𝐶𝜆 = ∪∞
𝑖=−∞(2𝑖𝜋 − 𝑧∗𝜆, 𝑧

∗
𝜆 + 2𝑖𝜋),

where the optimal boundary 𝑧∗𝜆 constitutes the unique root on (0, 𝑥∗) of the condition

𝑘𝜃
1 + 𝑘2𝜃

(1 + 𝑘2𝑟 ) cos(𝑧
∗
𝜆) +

𝑘2𝜃 − 𝑘
2
𝑟

1 + 𝑘2𝜃
sin(𝑧∗𝜆) + 𝑘𝑟 tanh(𝑘𝑟𝑧

∗
𝜆) cos(𝑧

∗
𝜆) = 0. (58)

Moreover, the value of the proposed candidate optimal policy reads

𝑉𝜆(𝑥) =

⎧

⎪

⎨

⎪

⎩

−
cos(𝑧∗𝜆)

cosh(𝑘𝑟𝑧∗𝜆)
cosh(𝑘𝑟(𝑥 − 2𝑖𝜋)), 𝑥 ∈ (2𝑖𝜋 − 𝑧∗𝜆, 𝑧

∗
𝜆 + 2𝑖𝜋), 𝑖 ∈ Z

−cos(𝑥), 𝑥 ∉ ∪∞
𝑖=−∞(2𝑖𝜋 − 𝑧∗𝜆, 𝑧

∗
𝜆 + 2𝑖𝜋).

o see that the candidate value actually constitutes the value of the optimal stopping policy we first observe based on the
ehavior of the function −cos(𝑥)∕ cosh(𝑘𝑟𝑥) that 𝑉𝜆(𝑥) ≥ −cos(𝑥) for all 𝑥 ∈ R. To see that the proposed value function 𝑉𝜆(𝑥)
atisfies the inequality 𝜆(𝑅𝜃𝑉𝜆)(𝑥) ≤ 𝑉𝜆(𝑥) for all 𝑥 ∈ 𝛤𝜆 as well, consider the difference 𝛥(𝑥) = 𝜆(𝑅𝜃𝑉𝜆)(𝑥) − 𝑉𝜆(𝑥) on 𝛤𝜆. Since
𝜃𝑅𝜃𝑉𝜆)(𝑥) = −𝑉𝜆(𝑥) for all 𝑥 ∈ R and 𝑉𝜆(𝑥) = − cos(𝑥) for all 𝑥 ∈ 𝛤𝜆, we notice that

(𝜃𝛥)(𝑥) = 𝜆(𝜃𝑅𝜃𝑉𝜆)(𝑥) − (𝜃𝑉𝜆)(𝑥) = −(𝑟𝑉𝜆)(𝑥) = −
( 1
2
𝜎2 + 𝑟

)

cos(𝑥) > 0

for all 𝑥 ∈ 𝛤𝜆. Let

𝜏𝑖 = 𝜏2𝑖𝜋−𝑧∗𝜆 ∧ 𝜏𝑧∗𝜆+2𝑖𝜋 = inf{𝑡 ≥ 0 ∶ 𝑋𝑡 ∉ (2𝑖𝜋 − 𝑧∗𝜆, 𝑧
∗
𝜆 + 2𝑖𝜋)}

denote the first exit time from the set (2𝑖𝜋 − 𝑧∗𝜆, 𝑧
∗
𝜆 + 2𝑖𝜋). Invoking Dynkin’s theorem yields

E𝑥
[

𝑒−𝜃𝜏𝑖𝛥(𝑋𝜏𝑖 )
]

> 𝛥(𝑥)

for all 𝑥 ∈ (2𝑖𝜋 − 𝑧∗𝜆, 𝑧
∗
𝜆 + 2𝑖𝜋). Since 𝛥(2𝑖𝜋 − 𝑧∗𝜆) = 𝛥(𝑧∗𝜆 + 2𝑖𝜋) = 0 we notice that

𝛥(𝑥) < E𝑥
[

𝑒
−𝜃𝜏2𝑖𝜋−𝑧∗𝜆 𝛥(2𝑖𝜋 − 𝑧∗𝜆); 𝜏2𝑖𝜋−𝑧∗𝜆 < 𝜏𝑧∗𝜆+2𝑖𝜋

]

+ E𝑥
[

𝑒
−𝜃𝜏𝑧∗𝜆+2𝑖𝜋𝛥(𝑧∗𝜆 + 2𝑖𝜋); 𝜏2𝑖𝜋−𝑧∗𝜆 > 𝜏𝑧∗𝜆+2𝑖𝜋

]

= 0

for all 𝑥 ∈ (2𝑖𝜋 − 𝑧∗𝜆, 𝑧
∗
𝜆 + 2𝑖𝜋). Since 𝛤𝜆 = ∪∞

𝑖=−∞[2𝑖𝜋 − 𝑧∗𝜆, 𝑧
∗
𝜆 + 2𝑖𝜋] we notice that 𝛥(𝑥) < 0 for all 𝑥 ∈ 𝛤𝜆 demonstrating that the

proposed value function is indeed the value of the optimal policy.
Letting the arrival intensity tend to infinity in (58) yields the optimality condition (57) demonstrating again how the discrete

stopping problem approaches its continuous limit as the arrival intensity increases. The value and exercise payoff of the optimal
timing strategy are illustrated in Fig. 3 for various arrival intensities (𝜆 = 0.0075, 0.05, 0.1,∞) under the parameter assumptions
𝑟 = 0.04 and 𝜎 = 0.5.

4.3. Geometric Brownian motion

We know that if 𝑋 is a geometric Brownian motion, then 𝜓𝜃(𝑥) = 𝑥𝛼𝜃 , 𝜑𝜃(𝑥) = 𝑥𝛽𝜃 , 𝑆′(𝑥) = 𝑥𝛼𝜃+𝛽𝜃−1, and 𝑚′(𝑥) = 2𝑥−𝛼𝜃−𝛽𝜃−1∕𝜎2,
where

𝛼𝜃 =
1
2
−
𝜇
𝜎2

+

√

(

1
2
−
𝜇
𝜎2

)2
+ 2𝜃
𝜎2

and

𝛽𝜃 =
1 −

𝜇
−

√

(

1 −
𝜇
)2

+ 2𝜃
19
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Fig. 3. The values 𝑉𝜆(𝑥) of the optimal stopping strategies.

denote the positive and negative roots of the characteristic equation 𝜎2𝑝(𝑝 − 1) + 2𝜇𝑝 − 2𝜃 = 0, respectively. In this case

E𝑥
[

𝑒−𝑟𝑇𝑦𝑔(𝑋𝑇𝑦 )
]

= (𝛽𝑟 − 𝛽𝜃)𝑦𝛽𝜃−𝛽𝑟𝑥𝛽𝑟 ∫

𝑦

0
𝑡−𝛽𝜃−1𝑔(𝑡)𝑑𝑡

for 𝑥 > 𝑦 and

E𝑥
[

𝑒−𝑟𝑇
𝑦
𝑔(𝑋𝑇 𝑦 )

]

= (𝛼𝜃 − 𝛼𝑟)𝑥𝛼𝑟𝑦𝛼𝜃−𝛼𝑟 ∫

∞

𝑦
𝑡−𝛼𝜃−1𝑔(𝑡)𝑑𝑡

for 𝑥 < 𝑦. Choosing 𝑔 = 1 yields

E𝑥
[

𝑒−𝑟𝑇𝑦
]

=
(

1 −
𝛽𝑟
𝛽𝜃

)(

𝑥
𝑦

)𝛽𝑟

for 𝑥 > 𝑦 and

E𝑥
[

𝑒−𝑟𝑇
𝑦
]

=
(

1 −
𝛼𝑟
𝛼𝜃

)(

𝑥
𝑦

)𝛼𝑟

for 𝑥 < 𝑦.
In the two-boundary setting, we have

𝑣𝑟(𝑥) =
(𝛼𝜃 − 𝛼𝑟)(𝑥∕𝑧)𝛼𝑟 − (𝛼𝑟 − 𝛽𝜃)(𝑥∕𝑧)𝛽𝑟

(𝛼𝜃 − 𝛼𝑟)2(𝑦∕𝑧)𝛼𝑟 − (𝛼𝑟 − 𝛽𝜃)2(𝑦∕𝑧)𝛽𝑟
2𝜆
𝜎2 ∫

𝑦

0
𝑔(𝑡)𝑦𝛽𝜃 𝑡−𝛽𝜃−1𝑑𝑡

+
(𝛼𝜃 − 𝛼𝑟)(𝑥∕𝑦)𝛽𝑟 − (𝛼𝑟 − 𝛽𝜃)(𝑥∕𝑦)𝛼𝑟

(𝛼𝜃 − 𝛼𝑟)2(𝑧∕𝑦)𝛽𝑟 − (𝛼𝑟 − 𝛽𝜃)2(𝑧∕𝑦)𝛼𝑟
2𝜆
𝜎2 ∫

∞

𝑧
𝑔(𝑡)𝑧𝛼𝜃 𝑡−𝛼𝜃−1𝑑𝑡,

where

𝑣𝑟(𝑥) = E𝑥
[

𝑒−𝑟𝑇𝑦∧𝑇
𝑧
𝑔
(

𝑋𝑇𝑦∧𝑇 𝑧
)]

and 𝑥 ∈ (𝑦, 𝑧). The first order conditions (51) now read as

𝑢2(𝑦∗𝜆)∫

∞

𝑧∗𝜆

𝑡𝛼𝜃−1𝑔(𝑡)𝑑𝑡 − 𝑢1(𝑦∗𝜆)∫

𝑦∗𝜆

0
𝑡−𝛽𝜃−1𝑔(𝑡)𝑑𝑡 =

𝑔(𝑦∗𝜆)
(𝛼𝑟𝛽𝑟 − 𝛼𝜃𝛽𝜃)

,

𝑢2(𝑧∗𝜆)∫

∞

𝑧∗𝜆

𝑡𝛼𝜃−1𝑔(𝑡)𝑑𝑡 − 𝑢1(𝑧∗𝜆)∫

𝑦∗𝜆

0
𝑡−𝛽𝜃−1𝑔(𝑡)𝑑𝑡 =

𝑔(𝑧∗𝜆)
(𝛼𝑟𝛽𝑟 − 𝛼𝜃𝛽𝜃)

,

where

𝑢1(𝑥) =
(𝛽𝑟 − 𝛽𝜃)𝑧∗𝜆

𝛽𝜃−𝛼𝑟𝑥𝛼𝑟 − (𝛼𝑟 − 𝛽𝜃)𝑧∗𝜆
𝛽𝜃−𝛽𝑟𝑥𝛽𝑟

(𝛼𝜃 − 𝛼𝑟)(𝛼𝜃 − 𝛽𝑟)(𝑦∗𝜆
𝛼𝜃−𝛽𝑟𝑧∗𝜆

𝛽𝜃−𝛼𝑟 − 𝑦∗𝜆
𝛼𝜃−𝛼𝑟𝑧∗𝜆

𝛽𝜃−𝛽𝑟 )
,

𝑢2(𝑥) =
(𝛼𝜃 − 𝛽𝑟)𝑦∗𝜆

𝛼𝜃−𝛼𝑟𝑥𝛼𝑟 − (𝛼𝜃 − 𝛼𝑟)𝑦∗𝜆
𝛼𝜃−𝛽𝑟𝑥𝛽𝑟

(𝛼𝜃 − 𝛼𝑟)(𝛼𝜃 − 𝛽𝑟)(𝑦∗𝜆
𝛼𝜃−𝛽𝑟𝑧∗𝜆

𝛽𝜃−𝛼𝑟 − 𝑦∗𝜆
𝛼𝜃−𝛼𝑟𝑧∗𝜆

𝛽𝜃−𝛽𝑟 )
.

4.3.1. Optimal timing of a call spread
To illustrate the valuation and timing of a call spread considered in Section 4.1.2 explicitly, assume that 𝑋 is a geometric

Brownian motion with parameters (𝜇, 𝜎) and assume that 𝜇 < 𝑟. In that case we have

𝑥̂𝑟 =
𝛼𝑟 𝐾 ∧𝑀.
20

𝛼𝑟 − 1



Stochastic Processes and their Applications 172 (2024) 104351L.H.R. Alvarez E. et al.

O

a

w

D

s

Fig. 4. The optimal exercise boundaries 𝑥̂𝑟 and 𝑧∗𝜆.

n the other hand, the optimal exercise threshold 𝑧∗𝜆 ∈ (𝐾,𝑀) constitutes the unique root of equation

𝑧∗𝜆 −
(

1 − 1
𝛼𝜃

)

𝛼𝑟𝐾
𝛼𝑟 − 1

+
(𝛼𝜃 − 𝛼𝑟)𝑀
𝛼𝜃(𝛼𝑟 − 1)

( 𝑧∗𝜆
𝑀

)𝛼𝜃
= 0.

It is again worth emphasizing that while lim𝜆→∞ 𝑧∗𝜆 = 𝑥̂𝑟, 𝑧∗𝜆 < 𝑥̂𝑟 for all 𝜆 < ∞. The optimal exercise boundaries are illustrated in
Fig. 4 under the assumptions that 𝜎 = 0.1, 𝑟 = 0.04, 𝜇 = 0.03, 𝐾 = 1, and 𝑀 = 2.

4.3.2. Investment timing of a risk averse investor
In order to illustrate our findings in a asymmetric setting, we consider the investment timing problem of a risk averse investor

first considered in Guo and Shepp [14] and later analyzed in Alvarez E. et al. [4] in a 2-dimensional setting. To this end, we assume
that the exercise payoff reads as 𝑔(𝑥) = max(𝑥,𝐾), where 𝐾 > 0 is a known reservation level, and that the underlying follows an
ordinary geometric Brownian motion characterized by the SDE

𝑑𝑋𝑡 = 𝜇𝑋𝑡𝑑𝑡 + 𝜎𝑋𝑡𝑑𝑊𝑡, 𝑋0 = 𝑥.

In order to guarantee the finiteness of the considered expectations, we also assume that 𝑟 > 𝜇.
The discontinuity of the timing opportunities has now a profound impact on the optimal policy. In contrast with the continuous

setting immediate stopping may be always optimal depending on the precise parametrization of the problem. To see that this is
indeed the case, let us first consider the expected value E𝑥[𝑒−𝑟𝑇 𝑔(𝑋𝑇 )] = 𝜆(𝑅𝜃𝑔)(𝑥). Standard integration yields

𝜆(𝑅𝜃𝑔)(𝑥) =
2𝜆

𝜎2(𝛼𝜃 − 𝛽𝜃)

⎧

⎪

⎨

⎪

⎩

(𝛼𝜃−𝛽𝜃 )𝑥
(𝛼𝜃−1)(1−𝛽𝜃 )

− 1
𝛽𝜃 (1−𝛽𝜃 )

𝑥𝛽𝜃𝐾1−𝛽𝜃 , 𝑥 ≥ 𝐾

𝛽𝜃−𝛼𝜃
𝛼𝜃𝛽𝜃

𝐾 + 1
𝛼𝜃 (𝛼𝜃−1)

𝑥𝛼𝜃𝐾1−𝛼𝜃 , 𝑥 < 𝐾.

The monotonicity and convexity of the exercise payoff 𝑔(𝑥) = max(𝑥,𝐾) implies that 𝜆(𝑅𝜃𝑔)(𝑥) is monotonically increasing and
convex as well. Since

lim
𝑥→0+

𝜆(𝑅𝜃𝑔)(𝑥) =
𝜆

𝑟 + 𝜆
𝐾 < 𝐾

nd

lim
𝑥→∞

𝜆(𝑅𝜃𝑔)′(𝑥) =
𝜆

𝜆 + 𝑟 − 𝜇
< 1

e notice that

{𝐾} = argmax
𝑥∈R+

{

𝜆(𝑅𝜃𝑔)(𝑥) − max(𝑥,𝐾)
}

.

irect computations yield

𝜆(𝑅𝜃𝑔)(𝐾) −𝐾 =
𝑢(𝜆)

(𝛼𝜃 − 𝛽𝜃)𝛽𝜃(1 − 𝛼𝜃)
𝐾,

where

𝑢(𝜆) = 𝛽2𝜃 − 2𝛼𝑟𝛽𝑟𝛽𝜃 − 𝛼𝑟𝛽𝑟 + 𝛼𝑟𝛽𝑟(𝛼𝑟 + 𝛽𝑟)

atisfies the conditions 𝑢(0) = (𝛼𝑟 − 𝛽𝑟)(𝛼𝑟 − 1)𝛽𝑟 < 0 and lim𝜆→∞ 𝑢(𝜆) = +∞. Consequently, equation 𝑢(𝜆) = 0 has at least one root on
R+. To show that this root is indeed unique, we notice that 𝑢(𝜆̂) = 0 provided that

𝛽 ̂ = − 2 (𝑟 +
√

𝑟(𝑟 − 𝜇)).
21
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S

w

s
t
C

Solving this equation results into the critical intensity

𝜆̂ = 2
𝜎2

(𝑟 +
√

𝑟(𝑟 − 𝜇))2 + (𝛼𝑟 + 𝛽𝑟)(𝑟 +
√

𝑟(𝑟 − 𝜇)) − 𝑟.

We have thus found that immediate stopping is optimal and the value reads as 𝑉𝜆(𝑥) = max(𝑥,𝐾) when 𝜆 ≤ 𝜆̂.
Assume now that 𝜆 > 𝜆̂. In this case the candidate optimal boundaries and constants 𝑐1, 𝑐2 satisfy the conditions

𝑐1𝑦
∗
𝜆
𝛼𝑟 + 𝑐2𝑦∗𝜆

𝛽𝑟 = 𝐾,

𝑐1𝑧
∗
𝜆
𝛼𝑟 + 𝑐2𝑧∗𝜆

𝛽𝑟 = 𝑧∗𝜆,

𝑐1(𝛼𝜃 − 𝛼𝑟)𝑦∗𝜆
𝛼𝑟 + 𝑐2(𝛼𝜃 − 𝛽𝑟)𝑦∗𝜆

𝛽𝑟 = − 2𝜆𝐾
𝜎2𝛽𝜃

,

𝑐1(𝛼𝑟 − 𝛽𝜃)𝑧∗𝜆
𝛼𝑟 + 𝑐2(𝛽𝑟 − 𝛽𝜃)𝑧∗𝜆

𝛽𝑟 =
2𝜆𝑧∗𝜆

𝜎2(𝛼𝜃 − 1)
.

olving these equations result into the boundaries

𝑦∗𝜆 =
(𝛼𝜃 − 1)(𝛼𝜃 − 𝛽𝑟)
(𝛼𝜃 − 𝛼𝑟)(1 − 𝛽𝑟)

𝛽𝑟
𝛽𝜃
𝑃 𝛼𝑟−1𝜆 𝐾,

𝑧∗𝜆 =
(𝛼𝜃 − 1)(𝛼𝜃 − 𝛽𝑟)
(𝛼𝜃 − 𝛼𝑟)(1 − 𝛽𝑟)

𝛽𝑟
𝛽𝜃
𝑃 𝛼𝑟𝜆 𝐾,

here

𝑃𝜆 =
(

𝛼𝜃 − 𝛼𝑟
𝛼𝜃 − 𝛽𝑟

)
2

𝛼𝑟−𝛽𝑟
((

1 − 1
𝛽𝑟

)

𝛼𝑟
𝛼𝑟 − 1

)
1

𝛼𝑟−𝛽𝑟

is an increasing function satisfying the limiting conditions lim𝜆→0+ 𝑃𝜆 = 0 and

lim
𝜆→∞

𝑃𝜆 =
((

1 − 1
𝛽𝑟

)

𝛼𝑟
𝛼𝑟 − 1

)
1

𝛼𝑟−𝛽𝑟
> 1.

The monotonicity of 𝑃𝜆 implies that 𝑃𝜆 > 1 for all 𝜆 > 𝜆̂. Consequently, 𝑧∗𝜆 > 𝑦∗𝜆 when 𝜆 > 𝜆̂. Especially, we notice that in the
continuous limit

lim
𝜆→∞

𝑦∗𝜆 =
𝛽𝑟

𝛽𝑟 − 1

((

1 − 1
𝛽𝑟

)

𝛼𝑟
𝛼𝑟 − 1

)

𝛼𝑟−1
𝛼𝑟−𝛽𝑟

𝐾,

lim
𝜆→∞

𝑧∗𝜆 =
𝛽𝑟

𝛽𝑟 − 1

((

1 − 1
𝛽𝑟

)

𝛼𝑟
𝛼𝑟 − 1

)

𝛼𝑟
𝛼𝑟−𝛽𝑟

𝐾.

Note that these expressions coincide with the ones originally derived in Guo and Shepp [14].
It remains to establish that the proposed value function

𝑉𝜆(𝑥) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑥, 𝑥 ∈ [𝑧∗𝜆,∞),
𝑥𝛼𝑟 𝑧

∗
𝜆
1−𝛼𝑟

(𝛼𝑟−𝛽𝑟)
(1−𝛽𝑟)(𝛼𝜃−𝛼𝑟)

(𝛼𝜃−1)
+

𝑥𝛽𝑟 𝑧∗𝜆
1−𝛽𝑟

(𝛼𝑟−𝛽𝑟)
(𝛼𝑟−1)(𝛼𝜃−𝛽𝑟)

(𝛼𝜃−1)
, 𝑥 ∈ (𝑦∗𝜆, 𝑧

∗
𝜆),

𝐾, 𝑥 ∈ (0, 𝑦∗𝜆],

atisfies inequalities 𝜆(𝑅𝜃𝑉𝜆)(𝑥) ≤ 𝑉𝜆(𝑥) and 𝑉𝜆(𝑥) ≥ max(𝑥,𝐾) for all 𝑥 ∈ R+. To see that this is indeed the case, we first observe
hat the proposed value function is increasing, convex, and satisfies the identities 𝜆(𝑅𝜃𝑉𝜆)(𝑦∗𝜆) = 𝑉𝜆(𝑦∗𝜆) and 𝜆(𝑅𝜃𝑉𝜆)(𝑧∗𝜆) = 𝑉𝜆(𝑦∗𝜆).
onsequently, since 𝜆(𝑅𝜃𝑉𝜆)′(𝑥) − 𝑉 ′

𝜆 (𝑥) = 𝜆(𝑅𝜃𝑉𝜆)′(𝑥) > 0 for all 𝑥 ∈ (0, 𝑦∗𝜆) we observe that 𝜆(𝑅𝜃𝑉𝜆)(𝑥) ≤ 𝑉𝜆(𝑥) for all 𝑥 ∈ (0, 𝑦∗𝜆]. On
the other hand, since

lim
𝑥→∞

𝜆(𝑅𝜃𝑉𝜆)′(𝑥) =
𝜆

𝜃 − 𝜇
< 1

we notice that

𝜆(𝑅𝜃𝑉𝜆)′(𝑥) − 𝑉 ′
𝜆 (𝑥) = 𝜆(𝑅𝜃𝑉𝜆)′(𝑥) − 1 < 0

for all 𝑥 > 𝑧∗𝜆 demonstrating that 𝜆(𝑅𝜃𝑉𝜆)(𝑥) ≤ 𝑉𝜆(𝑥) for all 𝑥 ∈ [𝑧∗𝜆,∞) as well. Since 𝜆(𝑅𝜃𝑉𝜆)(𝑥) = 𝑉𝜆(𝑥) for all 𝑥 ∈ (𝑦∗𝜆, 𝑧
∗
𝜆) we

notice that 𝜆(𝑅𝜃𝑉𝜆)(𝑥) ≤ 𝑉𝜆(𝑥) for all 𝑥 ∈ R+. Finally, inequality 𝑉𝜆(𝑥) ≥ max(𝑥,𝐾) for all 𝑥 ∈ R+ follows from the convexity of the
proposed value function after noticing that 𝑉 ′

𝜆 (𝑦
∗
𝜆+) > 0 and

𝑉 ′(𝑧∗−) = 1 −
(𝛼𝑟 − 1)(1 − 𝛽𝑟) < 1.
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5. Conclusions

We developed an approach based on functionals of the running supremum and infimum of the underlying linear diffusion
or solving optimal stopping problems within a constrained Poissonian timing setting. We presented a relatively simple and
traightforward method for computing expected present values accrued from following standard first exit policies from open intervals
ithin a Poissonian timing setting by exploiting the close connection of the extremal processes with first passage times. In that way
e transformed the original problem into a static optimization problem where the optimized variables are the boundaries. This was

hown simplify the analysis of the considered stopping problems considerably, since it directly provides a closed form expression
or the candidate value in terms of admissible stopping policies. Since the value of the optimal policy dominates all the values of
dmissible stopping policies, the verification of optimality is reduced into proving that the candidate value satisfies the dynamic
rogramming equation (i.e. the Bellman equation).

There are various ways towards which our analysis could be extended. A natural direction would be to consider bounded variation
ontrol problems in the presence of Poisson timing constraints. Since that class of control problems is closely connected to the
onsidered class of stopping problems, it would be natural to expect that our results should be possible to extend into that setting
s well. A second direction towards which our analysis could be extended is to consider optimal stopping of Lévy processes in the
resence of Poisson timing constraints. Even though a general treatment appears to be unfeasible, single boundary problems subject
o spectrally one-sided jumps may be doable due to the close-form expressions of the Laplace transforms of first passage times in
erms of the scale functions of the underlying Lévy process (see, for example, Chapter 8 in Kyprianou [19]). Both of these extensions
re still unanswered problems outside the scope of the present study and left for future research.
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