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ARTICLE INFO ABSTRACT

MSC: We develop a general yet simple technique for solving Poissonian timing problems of linear

60G40 diffusions by relying on the close connection of the extremal processes and the first passage

60J60 times of the underlying diffusion. We provide a closed-form representation of the expected

49K45 value gained by employing an ordinary first passage time-based stopping strategy. This approach

KEJ_’WOY dS o simplifies the determination of the optimal policy, transforming it into an analysis of ordinary

Poissonian timing first-order optimality conditions. We relate our findings to various existing approaches for

Optimal stopping

solving stopping problems of linear diffusions and express the optimality conditions in a single

Li iffusi . . s . . .
inear diffusions boundary setting in a form familiar from optimal stopping of Lévy-processes.

Extremal processes

1. Introduction

As is intuitively clear, higher investment timing flexibility increases value by enlarging the set of possible exercise policies.
Consequently, the highest value is attained in the continuous limit where timing opportunities are abundant and investment options
can be exercised at any date. Unfortunately, in practice there are typically various factors resulting into constraints ranging from
lack of sufficient liquidity to imperfect observability impeding the continuous timing of investment opportunities. Motivated by this
observation, we consider in this study a general class of solvable optimal stopping problems in the presence of imperfect timing
ability. Instead of being able to stop the underlying diffusion at any stopping date, we assume that the decision maker can stop only
at random dates modeled as a sequence of IID exponential times. In this way our approach can be interpreted as optimal stopping
based on random sampling of the underlying diffusion.

Poissonian timing problems were originally introduced in Rogers and Zane [33], where the authors considered the classical
Merton problem of optimal investment and the Poisson times model liquidity constraints for balancing the portfolio (see also Pham
and Tankov [32], Gassiat et al. [12] and references therein). Related optimal stopping problems subject to Poissonian timing
constraints have been studied during the recent years. This line of research was initiated by Dupuis and Wang [10], where the
underlying is a geometric Brownian motion and the exercise payoff is of American call option-type. The results of Dupuis and
Wang [10] were extended in Lempa [21] to cover a broader class of payoff functions and underlying linear diffusion dynamics. The
approach developed in Lempa [21] was reconsidered in an real options setting in Alvarez E. et al. [3] focusing also on endogenous
information acquisition. The convexity and monotonicity properties of the value function for a class of stopping problems with state
dependent Poisson constraint and diffusion dynamics is analyzed in Hobson [15]. The studies Menaldi and Robin [27] and Lange
and K. [20] provide further generalizations. In Menaldi and Robin [27] the state variable can be a time-inhomogeneous Markov
process with a locally compact state space and the interarrival times are non-exponential, while in Lange and K. [20] the problem
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is considered when the underlying is multidimensional. Further, the studies Albrecher et al. [2] and Albrecher and Ivanovs [1]
are of interest since they initiated a more comprehensive study of Poisson constraint in the class of Lévy processes by studying
the fluctuation theory of Lévy processes observed at Poisson arrival times. Their results have been subsequently applied to Poisson
constrained stopping problems for spectrally negative Lévy processes in Pérez et al. [30],Pérez and Yamazaki [31], and Palmowski
et al. [29]. Lastly, optimal stopping games have also been considered in this framework. These studies include Liang and Sun
[24,25], Hobson et al. [16], Palmowski et al. [29], and Lempa and Saarinen [22], where the problem is considered in various
degrees of generality.

Other related works are Guo and Liu [13], Liang and Wei [26], Hobson and Zeng [17], Arai and Takenaka [5], and Hobson
and Zeng [18]. Guo and Liu [13] study a problem in which the goal is to maximize a payoff upon the maximum of a geometric
Brownian motion. Liang and Wei [26] consider an optimal switching problem where the switching opportunities appear only at the
event times of a Poisson process. In Arai and Takenaka [5] Poisson constrained optimal stopping with regime switching geometric
Brownian motion is studied. Hobson and Zeng [18] considers a setting where it is possible to increase the liquidity by increasing
the rate of the Poisson process to generate more frequent stopping opportunities when needed, and in Hobson and Zeng [17], the
stopping opportunities given by the Poisson process are taken with a state dependent probability. We remark that there is also an
increasing amount of related literature focusing on other type of bounded variation stochastic control problems in the presence of
Poissonian timing, see Saarinen [34] for a comprehensive list of references.

Instead of solving the considered class of stopping problems directly, we first concentrate on deriving explicit representations for
the expected present values accrued from following elementary boundary policies, namely, first exit times from open intervals. By
relying on techniques from the classical theory of linear diffusions, we are able to express these values in terms of known functionals
of the extremal processes for the underlying diffusion. In this way, we develop a simple and relatively straightforward technique
for computing explicitly expected present values accrued at first exit times despite the presence of potentially significant overshoot.
Interestingly, the derived representations can be interpreted in terms of path decomposition results, even though the derivation of the
values does not rely on path decompositions. A second advantage of the developed approach is that, since the derived representations
depend only on the current state and the boundaries of the intervals, candidate optimal stopping policies can be derived by relying on
ordinary first order conditions. We find that the class of excessive mappings for the underlying stochastic processes differ significantly
from the ones arising in the continuous limit. First of all, a mapping which is excessive for the underlying diffusion in the continuous
limit is excessive in the discrete Poissonian setting as well. However, the opposite is not true and, therefore, the solution of an optimal
stopping problem under imperfect timing ability may result into an optimal policy which differs significantly form the one in the
continuous limit despite the known convergence of the optimal policy and its value. The principal reason for this is that excessivity
in the Poissonian timing setting is global and cannot be localized. Second, the objective functional under imperfect timing ability is
smoother than in the continuous limit. This implies that problems resulting into corner solutions in the continuous limit may possess
a smooth interior solution in the discrete Poissonian setting for all finite intensities. This observation shows that even though the
optimal policies and their values converge to their continuous limits as the sampling intensity tends to infinity, convergence may
be pronouncedly slow.

Our paper is related to the original study Lempa [21]. However, we extend the analysis of that study in several significant
ways. First, as stated above, we develop a relatively simple approach for computing the expected present values of rewards with
respect to first passage times from arbitrary open intervals (independently of whether they are optimal or not). These expressions
are then utilized for expressing necessary conditions for the optimality of a considered boundary policy. Second, instead of focusing
on single boundary stopping problems, we consider multiple boundary problems as well and present explicit solutions in some
particular cases arising in the literature on optimal stopping. Third, we verify the optimality of the proposed stopping policies by
characterizing general circumstances under which they indeed satisfy the associated Bellman equation guaranteeing the optimality
of the proposed strategies. In Lempa [21] this condition was taken as given and was not verified as part of the proofs.

The contents of this paper are as follows. In Section 2 we characterize the underlying random dynamics, present the considered
class of optimal stopping problems, and state auxiliary results needed later in the analysis of the considered stopping policies. Our
main findings on the optimal stopping rules and their values are then stated in Section 3. We illustrate our key findings explicitly
in various different settings in Section 4 and Section 5 finally concludes our study.

2. Optimal stopping problem
2.1. Underlying dynamics and problem setting

Our main objective is to study and present closed form solutions for a relatively large class of optimal stopping problems in
the presence of timing constraints. To this end, we assume that the underlying state variable follows a linear, time homogeneous,
and regular diffusion process defined on a complete filtered probability space (22, P, {F,},5. F) satisfying the usual conditions. The
stochastic dynamics of the underlying state process are assumed to evolve on the state space I = (a,b) C R and governed by the
stochastic differential equation

dX, = u(X,)dt + 6o(X,)dW,, X, =x, e}

where the infinitesimal coefficients 4 : 7~ R and ¢ : T — R, are assumed to be continuous and to satisfy the conditions
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(A) e’(x)>0forall xe I,
(B) (lu(x)| v 1)/6?(x) is locally integrable on .

These assumptions guarantee that the stochastic differential Eq. (1) has a weak solution defined up to an explosion time. Moreover,
the solution is unique in law (cf. Borodin and Salminen [6], p. 49). In order to avoid interior singularities, we also assume that
the diffusion does not die inside 7, thus implying that the boundaries a« and b are either natural, entrance, exit or regular. If the
boundary is regular, we assume that the process is killed at that boundary (for a comprehensive characterization of the boundary
behavior of diffusions, see pp. 14-21 in Borodin and Salminen [6]). As usual, we denote by L! the class of measurable mappings
f : T — R satisfying the uniform integrability condition

s
[Ex/ e f( X lds < o0,
0

where 7; =inf{r > 0 : X, ¢ I} denotes the potentially finite life time of the underlying diffusion.

In order to model the imperfect timing ability of the decision maker, we assume that (2, P, {F,}»(. F) supports a Poisson process
N = (N,,F,) with known intensity 1. We refer to N as an underlying signal process and assume that it is independent of X. Given
the underlying signal process N, we denote its jump times by T;,i > 0 and assume that 7;, = 0 and 7, = c0. We now define the class
of admissible stopping times as

Ty ={r : for all w € 2, 7(w) = T, (w) for some n € Ny}.

It is worth noticing that this assumption has a profound impact on the value of standard barrier policies, since the decision maker
is able to stop the underlying diffusion immediately.
Our objective is now to consider the optimal stopping problem

V,(x) = sup E, [e""g(X,)], 2
€7y

where r > 0 is a known exogenously determined discount rate and the exercise payoff g : 7 — R is assumed to be a lower
semicontinuous mapping satisfying for all x € I the uniform integrability condition g € L.

2.2. Auxiliary results

In what follows, we let # = r + 4 and denote the fundamental solutions of the ODE
(Gou)(x) = %Gz(x)u"(x) + (o (x) — Bu(x) = 0

by wy(x) and ¢,(x). We also denote the constant Wronskian (w.r.t. scale .S) of the fundamental solutions by B, (for a thorough
characterization of the fundamental solutions and their boundary behavior, see pp. 18-20 in Borodin and Salminen [6]). Before
proceeding in our analysis we introduce the operator

n(x) Rl(x)

—nh - —h .

510010 T i

It is now worth noticing that if h,(x) satisfies (Gyhy)(x) = 0 and h,(x) satisfies (G,h,)(x) = 0, then (£, o 1)) satisfies the condition
(L, h)(x) = (L}, hg)(x). Moreover, standard differentiation yields

(L3, h)(x) =

(Lpyhy) () = =g (), (x)m’ (x)
implying that
(Lp,h)(2) — (L h)(y) = —/1/ ho(Dh, (' (1)d1 (3)
y

for y < z. This identity plays a crucial role in the simplifications of the optimality conditions expressed later.
We denote the expected cumulative present value of the flow f € L; as

(R /() = E, /0 0 (X )ds
and recall that it can be re-expressed in terms of the fundamental solutions as

(Ry)(x) = By 0g()(Wy £)(x) + By wy()( @y f)(x), €))
where the functionals ¥, and @, are defined as

Fo)x) = / wo(n) f(Om' (t)dt

a
and
b
(DyH)(x) = / @) f(ym' (H)d1.

Moreover, (Ly, Ry )x) = =(Fp [)(x) and (L, Ry )(x) = (@yf)(x) on the states x where f is continuous. A useful result needed later
for the verification of optimality is now summarized in the following.
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Lemma 1. Assume that f € L., that v,(x) is a positive r-harmonic function for X, and that the function F,(x) := f(x)/v,(x) is
right-continuous and of bounded variation. Assume also that lim, _,, (L yp)(x) =0 and lim,_,, (L, v,)(x) = 0. Then,

x b
ARy [)X) = [(x) + By 9p(x) / (Ly, L) F, () + By () / (L. 0O, 1) ©)

Proof. Since f(x) = v,(x)F,.(x) we notice by utilizing the representation (4) that

x b
MRy f)(x) = 2B} y(x) / wo()u,(OF,(Om' (t)d1 + 1B} yy(x) / @y F.(m' (t)dt.
Under our assumptions
A / Wo (0, (V(E (1) = Fo(x) + F,(x)m’ (0)dt = (L, yp)(x)F,(x) - / (L, WD E,()

and
b b
! / PoV,(O(E,(1) = Fo(x) + F,(x)m' (0)dt = (L, v,)(x) F,(x) + / (L, 0O F (1),

Noticing now that B9‘1 ((pg(x)(ﬁvrylg)(x) +wy(x)(Ly, v,)(x)) F,(x) = f(x) then proves the alleged result. []

As we will later establish in Section 3 a candidate value f(x) has to satisfy the condition A(R,f)(x) < f(x). Lemma 1 reduces the
analysis of the validity of this condition into the analysis of the behavior of the ratio f(x)/v,(x) for an appropriately chosen positive
r-harmonic function v,(x).

A set of useful identities characterizing the special cases associated with the fundamental solutions is now stated in the following.

Lemma 2. It holds that y,, ¢, € Lé,. Moreover,

(L, wo)(x) = APpy,)(x), ©)
(L4, @)(X) = A @y, )(%), )
(L We)(X) = (L, Wo)a+) + Ay, )(x), ®)
(L, )(X) = (L w,)(0—) + APy, )(x) ©

for all x € 1. Especially, (Ly,w)(b-) =0 when b is natural for X and (Ly,wp)at)=0 when a is natural for X.

Proof. We first notice that the process {e™"w,(X,);t < 77} is a positive local martingale and, therefore, a supermartingale.
Consequently,

TAtg T
E, /0 Ae~ D5y, (X )ds = /0 2B [y, (X)) s < 77lds < w(x) (1 —e™T)

for all x € T and T > 0. Letting T t o now proves that y, € Lé. The case of ¢, can be treated analogously. Consider
now the function (L, w,)(x). It is clear that under our assumptions on the boundary behavior of the underlying diffusion X
that lim, _,, +(Ly, wp)(x) = 0. Since (Ewry/g)’ (x) = Ayp(x)w,(x)m’(x) the alleged claim (6) follows from the fundamental theorem of
calculus. Establishing (7) is completely analogous. Consider now the function (L, y,)(x). Since (L, wy)(x) > 0 for all x € T and
(L, wy) (x) = Apy(x)e,(x)m’ (x) > 0 we notice that the limit lim,_,, +(L, wp)(x) exists. Identity (8) now follows from the fundamental
theorem of calculus. Establishing identity (9) is completely analogous. Finally, (6) implies that y(x)/wp(x) > v/ (x)/w,(x) for all
x € T and, therefore, that

() Py(0)
(L0 )) = 1,0 [w, X) pg(x) Py ] v, (x)

S'(x) w(x)  S'(x) Cypx)

Consequently, if b is a natural boundary for X, then (cf. Lemma 2.1 in Lempa [21])

. AN
0< xliril_(ﬁwyfr)(x) < By xliril— Vol =0

proving the alleged claim. Establishing that (£, yj)(a+) = 0 when a is natural for X is completely analogous. []

In what follows, the extremal processes of the underlying diffusion play an important role. We denote by M, = sup{X;s < t}
the running supremum and by 7, = inf{X;s < ¢} the running infimum of the underlying diffusion X. As is well-known from the
literature on stochastic processes, these processes are closely associated with the first passage times of the underlying diffusion
process. If T ~ exp(9) is independent of the underlying diffusion, then (see Section I1.19 in Borodin and Salminen [6])

_ 1 wem' (ndy
P, [X7 € dy|M7 = z] = T wpom Ot
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and
@e(y)m' (y)dy
/zb @o(O)m’ (t)dt

It is worth pointing out that both probabilities are independent of the current state x. Moreover, if g : T — R satisfies the uniform
integrability condition g € L}, then

P, [X € dyll; = 2] =

[ g m' (dy  (,8)(2)

o ) 10
. [8XP) I M7 = 2] [F weom (ndt (Py)(2) "

and

b "
E, [sOXp Iy = 2] = A giy)cog(y)m Wy _ @ye)2)
[ wom'de (@D

(1)

Especially, if X is a twice continuously differentiable monotone function of Brownian motion (or a Lévy-process which is not a
subordinator or a compound Poisson process), then

P, [X; € dy|My = z] =P, [I} € d)]
and

P, [X7 € dylI; = z] =P, [M; € dy)].
In that case, we observe that

E, [s(Xp)IM7 = z] = E, [g(I7)] (12)
and

E, [s(Xp)lI7 = 2] = E. [s(M7)]. (13)

We denote as 77 = inf{T,,n € Z, : Xy, > y} the first Poisson passage time at which the underlying process exceeds the threshold
y and is observed and as T, = inf{T,,n € Z, : Xy, <y} the first Poisson passage time at which the underlying process falls below
the threshold y and is observed. As usual, we denote as 7, = inf{t > 0 : X, = y} the first hitting time of the underlying diffusion to
the state y under continuous sampling. As is clear, if x > y then 7, > 7, and if x <y then 77 > 7, almost surely.

Let (3, z) C T and consider the function u : 7 — R defined as

u(x) = g(x) L1\ 2y () + 0,(X) L, (%) 14

where v,(x) = ¢;y,(x) + ¢;¢,(x) and ¢|,c, € R are unknown constants. As was established in Lemma 2.1 of Lempa [21], a function
f T — R satisfying the identity f(x) = A(R,f)(x) on an open interval (y,z) is necessarily r-harmonic on (y, z). In light of this
observation, let us now consider the following question:

Can the constants ¢; and ¢, be chosen so that u(x) = A(Ryu)(x) for all x € (y,z)?

The answer to this question is positive as proven in our next Lemma.

Lemma 3. Let v,(x) = H(x,y,z), where
Henp.2) = (Lo ¥ (2@ (x) = (L, 9 )2y, (x) H00)
(L gy @)Ly W )W) = (L, 0, )L 5w, )(2)
. Ly v M@ (X) — (L, )WY, (x)
(LWL 5y 0,)(2) = (L, @ )INL W, )(2)

Then the function u(x) defined by (14) satisfies the identity u(x) = A(Ryu)(x) for all x € (y, z).

(15)

ADPyg)(2).

Proof. To prove that the answer to this question is positive, we first notice that identity v,(x) = A(Ryu)(x) can be re-expressed as
0,(x) = AB;" 0y(x)(W8)(3) + AB; wy(x)(@yg)(2)
+ /1367‘%,(95)/;C Wy, (Hm' ()dt + /113(;11,,9(;0/)(Z @O, (Hm' (t)dt.
Utilizing now (8) and (9) of Lemma 2 results into equation

0,(x) = 4B} 9p(X)(Fg)(y) + AB; o) @pg)(2)
+ By @p(0((Ly, 0)(3) = (L4, 0 + By wg (L, 0,)(X) = (£, 0,)(2))

= 0,0+ By 950 [10p0)0) + (£, 00| + By w0 [4@4)(2) = (£,,0,)(2)]
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implying that we necessarily have

Ly, W)Y + oLy, 0,)) = —AFpg)(y), 16)
(L, W )(2) + 2(Ly,, #,)(2) = A Pyg)(2). 17
Utilizing the identities in Lemma 2 demonstrate that
(Lo, W) DLy, w)(2) = (L, wo) WLy, 0.)(2) > P @y D) D)W, (2P, (3) — (2w, () > O,
which, in turn, proves that Egs. (16) and (17) have a unique root which reads as
B —(Ly, @ )2 (Fp2)y) — (Ly, )y Ppg)(2)
a= (L, W IIN(Ly, 0)(2) = (LY, 0 )INL, w,)(2)
L Ey )0 @ee)(2) + (L, w,)(2)(Fpg)(y)
2= (LW )INL 5, 0)(2) = (L, @)Ly, W, ) (D)

Substituting these constants to the function v,(x) = ¢;y,(x) + ¢,,(x) proves identity (15). [

Lemma 3 shows how the locally r-harmonic function v,(x) should be chosen in order to guarantee that (14) is harmonic on the
interval (y, z) with respect to the exponential clock and the underlying diffusion in a two-boundary setting. The two special cases
focusing on a single boundary are proved in the following corollary.

Corollary 1 (A). Assume that x € (a, z), where z € 1, and let
A Dyg)(2)
(Lo, ¥ )(2)
Then the function u(x) satisfies the identity u(x) = A(Ryu)(x) for all x € (a, z).
(B) Assume that x € (y, b), where y € 1, and let
AWPp2)(y)
(Lo, wo)¥)
Then the function u(x) satisfies the identity u(x) = A(Ryu)(x) for all x € (y, b).

u(x) = g(x) Lz (x) + ¥, ()L (g0 (). 18)

u(x) = g(x) L g (x) + @)Ly (). (19)

Proof. The alleged claim follows from Egs. (16) and (17) by letting y | @ and z 1 b, respectively. []

Having shown how the function (14) has to be chosen in order to guarantee the validity of the global r-harmonicity condition
A(Ryu)(x) = u(x) we are now in position to state our first result on the expected present value of the exercise payoff accrued at the
first exit dates from arbitrary open intervals on 7.

Theorem 1. Assume that x € (y, z), where a < y < z < b. Then,
E, [e—rTy/\TZg (XTy/\TZ )] = 0,(x), (20)

where the function v,(x) is defined as in Lemma 3. If the boundaries a and b are natural for X and x € (y, z), then v,(x) can be re-expressed
as

v By, (Xp)llp=z]
0.(x) = 0, EJ[e,Xpllr=z] E, [e(X7)I M7 = y] 0.0
" Elv,XpIMr=y] _ Edw,Xpliz=2] | E, [p(X7)IM7 =]
ElorXpIMp=y]  Ex[opXpllz=z] @1
2 _ EdJo,XpIMp=y]
v E [, XpIMp=y] E, [e(Xp)i; =z
+ . (X).
EdeXpliz=z] _ EdeXpIMr=y] | E [y, (X7)|I7 = 2]
Elw,(Xp)lIp=z]  Ey[y,(Xp)|M7=y]

Especially, if X is a twice continuously differentiable monotone function of Brownian motion, then v,(x) can be further simplified to the form

v _ By (Mp)] o) _ Eylerp)]

o) = | o " Elw0il | Ey [s(7)] P R () i [s(M7)] -
r ElvUpl _ ElvMp] | E, [o,(I7)] o E-lo,Mp)] _ Ele D] |, [w,.(M7)] e
Ey[o,(Ip)]  E:[e(M7)] E [y,(Mp)]  Eylw,(U5)]

Proof. Assume that x € (y,z), where a <y <z <b, and let T = T? A T,. Consider the function
U(x) =E, [e—’fg(xf)] .
Invoking the tower property of conditional expectations yields

Ux) =E, [e_rTl Eqr,x,) [e—”—mg(xf)“ .



L.H.R. Alvarez E. et al. Stochastic Processes and their Applications 172 (2024) 104351

The memoryless property of the exponential distribution and the strong Markov property of X now shows that
U(x)=E, [e”Tl U(Xr, )] = MRyU)(x)

for all x € (y, z). Since U(x) = g(x) for all x & (y, z), the alleged identity follows from Lemma 3. The rest of the claim follows from
the representations (10) and (11). [

Theorem 1 states an explicit representation of the expected present value of the exercise payoff accrued from an exercise strategy
characterized as a first exit time from an open interval on 7. As is clear from Theorem 1, the expected present value admits a
relatively simple representation in terms of well-known functionals of the extremal processes whenever the boundaries of the state
space of the underlying diffusion are natural. According to our lemma, this representation can be simplified further whenever
the underlying is a twice continuously differentiable monotone function of Brownian motion. In this way our findings present an
interesting connection between the first passage times and functionals of extremal processes in the presence of imperfect timing
ability.

In sharp contrast with the continuous diffusion limit, we observe that this expected value is not necessarily continuous across the
boundaries. The reason for this observation is the overshoot associated with the underlying dynamics in the presence of imperfect
timing ability. More precisely, since 7, > 7, and T* > 7, almost surely, the decision maker knows that X T,+ € (@) and X7z, € (z,b)
a.s. It is precisely the random quantities y — X T+ and X:, — z which generate the discontinuity in the expected present value. It
is also worth mentioning that the expected value (21) is also closely connected to the representations arising in approaches relying
on functional concavity originally introduced in Dynkin and Yushkevich [11] within a Brownian motion setting and later extended
into a regular diffusion setting in Dayanik and Karatzas [9]. An interesting special case of Theorem 1 is stated in our next corollary.

Corollary 2. Assume that x € (y, z), where a < y < z < b. Then,
E [e,,TyATZ] _ (L4, W )29, (x) = (L, @) (2D, (x)
* (Lo @)Ly, w)Y) = (Ly, 0 )INL y w,)(2)
(L, W)@ (x) = (L, 0 )P, (x)
(Ev,su/,)(y)(ﬁ(pe(p,)(Z) (L, 2 )DL, W )(2)

Especially, if X is a twice continuously differentiable monotone function of Brownian motion, then (22) can be re-expressed as

AFp D)
(22)

MDy1)(2).

v Efy,(Mp)] o, _ Eyledp)]
E [e—’TN‘] _|_e®  Elemp] ?:(x) v By )] w,(x)
* Elv(p] _ ElwMp] |E, [,U7)] | EdeMp] _ y[wr(m] E, [w,(Mp)]
Blo, U] Ealo,(M7)] Ely,Mp] By, (7]

Proof. The alleged claim follows by choosing g(x) = 1 in Theorem 1. []

Theorem 1 and Corollary 2 focus on two-sided exit policies. An interesting subclass of these policies arise when the stopping
strategy is one-sided. These cases are treated in our next theorem and its corollary.

Theorem 2 (A). Assume that x € (a, z), where z € 1. Then,

_rT? A Pyg)(z)
E rT* X AT OS A
e e = T "
If b is a natural boundary for X, then
7 (Dyg)(2) E. [s(Xp)If = 2]
E T e(Xpz)| = —22—= = . 23
s = Gas G = B, G = ™ 23)
Especially, if X is a twice continuously differentiable monotone function of Brownian motion, then
_rT? E,[g(M7)]
rT*
B, [ a0 = 55w (24)

for dll x € (a, 2).
(B) Assume that x € (y, b), where y € 1. Then,

72 A¥pg)(y)
E, e e(Xp:)| = —82—= .
e e x| T
If a is a natural boundary for X, then
-, (#2)0) _ E[g(X7)|M7 = y]
By [e a0t = S 00 = S i = 517 23

Especially, if X is a twice continuously differentiable monotone function of Brownian motion, then
E,lg(I7)]

- 26
E, o, (7] @ (x) (26)

E, [e”TYg(XTy)] =

for dll x € (y,b).
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Proof. The claims follow from Corollary 1 and Theorem 1. []

Corollary 3 (A). Assume that x € (a, z), where z € 1. Then,

el @y D)(2)
B o] - oo

If b is a natural boundary for X, then

T (Dy1)(2) v, (x)
E T — (x) = . (27)
] @@ " T Bl Xty = 2]
Especially, if X is a twice continuously differentiable monotone function of Brownian motion, then
_/T? (x)
E T — Y . 28
e E.[y,(M7)] 8
(B) Assume that x € (y, b), where b € 1. Then,
- AW D)
E [eo D] = 4~ (X).
«[] oo™
If a is a natural boundary for X, then
_ Py D) @, (x)
]Ex ] = r = - : 29
= T ) = Bt v =1
Especially, if X is a twice continuously differentiable monotone function of Brownian motion, then
E, [o™] = @.(x) (30)

- E,lo,(I5)]
Proof. The alleged claims follow Corollary 1 and Theorem 2. []

Remark 2.1. The expected present values (27) and (29) can be utilized in the analysis of the almost sure finiteness of the first
passage times 7% and T,. In the case where the boundaries are natural we have
(@y1)(2)

PT* < o0] = rl—i>r(§]+ m%(x)

and
. (D)
P.[T, < = lim ——¢,(x).
x[ y o] —_ (llle(ﬂr)(y)(p (x)
If the boundaries a and b are killing boundaries, then

M@y 1)(2)

BT <ml= I e ™
and
P,[T, < 7,] = lim A% DO @.(x).

=0+ (Lg, W) "

The two latter identities are useful in the analysis of the probability of ruin in risk theoretic models arising in the literature on
insurance.

It is worth emphasizing that our results demonstrate that expected present values accrued from following a standard boundary
policy admit an interesting decomposition in terms of the expected present value of an unit of account accrued at the exercise
date and the expected value of the exercise payoff associated with the extremal processes of the underlying diffusion (a path
decomposition result). In the single boundary setting we notice that

E, [e—rfzg(xrz )] =E, [e"] E, [e-rTz] E [g(X7)|I7 = z] (31)
for x € (a, z) and
E, [e_’Tyg(XTy)] =B, [ E, [T B lg(Xp)| My = y] (32)

for x € (y, b). Again, if X is a twice continuously differentiable monotone function of Brownian motion, these representation can be
simplified further into the forms

E, [e7 g0Xp0)| =B, [e] E. [T | Elg(Mp)) (33)
for x € (a,z) and

E, [e-’Tyg(xTy)] =E, [ E, [ E,lg(7)] (34)
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for x € (y, b). Consequently, we notice that the evaluation of the expected values can be expressed in terms of the product of three
functions. The first term captures the expected present value of a unit of account accrued from waiting continuously up to the first
hitting time to the boundary. The second term, in turn, captures the expected present value of a unit of account accrued at the
actual discrete first entrance date when the process is started from the boundary. The third term then captures the expected value
of the exercise payoff once the boundary has been crossed.

It is at this point worth emphasizing that the derived decompositions (31) and (32) can be alternatively obtained by relying on
the law of total probability. To see that this is indeed the case, we first observe that identity (11) can be re-expressed as

E, [e"Tl 8§(Xp); X, 2 z]

E, [eXp)lIp = 2] =
Ex [e—rTl ; XT1 > Z]

Hence,

]E)C

—

e g (Xpo)] = Y E, [ g ITF = T BT =Ty
k=1

T

E, [e-'Tk—lEXTk_l [e_’Tl gXp)IXq, > z] IT? > Tk_l] P.(T? =T},)

~
Il

o

E, [e_’THIEX [e_’Tl X7, > z] IT? > T, 1] P.(T* = TE [g(Xp)|I7 = z]

Ti—1

=~
I

E, [e7 T |T* = T,] P.(T* = TE [g(Xp)|IT = 2]

x~
I

=E, [e-rTz] E [g(Xp)lip = 2.

Establishing (32) is completely analogous.
In the two boundary setting a similar decomposition can be obtained when the boundaries a and b are natural for the underlying
diffusion. In that case we find that

v _ By (Xpllp=z]
_ z e () Efo (Xp)lIp=z] T

E [e rTynT” (X _)] = E [e Tyg(X ]

: ST Bl o] _ o] | 1 8T

E[o,XpIMp=y] — Ei[o,(Xp)lIp=2]

o) _ Ex[o,(Xp)Mp=y]

v () Eiw(Xp)Mzp=y] —rT?
+ E, [T g(xp)|
E o, Xpllp=2] _ Efo,XpIMz=y] |F §X72)
Eylw,(Xp)lIp=z]  Ex[y,(Xp)|Mp=y]

for all x € (y, z). Again, if X is a twice continuously differentiable monotone function of Brownian motion, this representation can

be simplified further into the form

v _ Ely,(Mp)]
T AT? _ @r(x) E. [0, (M7)] _ —r, —rT,
E, [e ’ g<XTyAT"‘)] T B0l Edw(Mp] E, [gUPIE, [e ™| E, [eT]
E[o,U7)]  EleMp)]

2.0 _ Eylerip)]

v, () EylwU5)] - T
+ E,[g(M;)]E E[]
Elo,Mp)] _ EyloUp)] g (MPIE, [ ] E e
E [w,(Mp)]  E,[y,U7)]

3. Optimal stopping rules and their values

Before stating our main findings on the considered class of optimal stopping problems, consider the dynamic programming
equation (i.e. Bellman equation)

V30) = max { g0, B, [TV, | = max (80, AR V() (35)
associated with the optimal stopping problem (2). Denote by V_, the value of the optimal stopping policy in the continuous limit
and by C, and I',, the associated continuation and stopping regions, respectively. We can now establish the following useful result.

Lemma 4. V_(x) > V,(x) for all x € T and A < co. Moreover, I',, C I';.

Proof. V_(x) constitutes the smallest r-excessive majorant of the payoff g(x) and, therefore, satisfies the inequality V_ (x) >
max{g(x), A(RyV,)(x)} for all x € I. Lemma 2.3 in Lempa [21] now implies that V_(x) > V;(x) for all x € I. The second claim
follows after noticing that if x € I', then V_ (x) = g(x) < V;(x) < V(x) implying that x € I'; as well. []
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In order to understand the general structure of the solutions of (35), we first divide the state space in the continuation (inaction)
region C; = {x € I : V;(x) > g(x)} ¢ T = (a,b) € R where stopping is suboptimal and in the stopping (action) region

I'y={xel:V,(x)=g(x)} c I where it pays to exercise. In the generic case the value can be expressed as
Vi(x) = g()1p, (x) + ARy V() L, ().

As was established in Lemma 2.1 of Lempa [21], identity V,(x) = A(RyV;)(x) implies that the value is r-harmonic on the continuation
set and, therefore, can be alternatively expressed in the form

Vi) = g(X)1p, (x) + v,(x)1¢, (%),
where v,(x) is an r-harmonic function for the underlying diffusion X. It is now clear that if x € C,, then
0.0 = E, [T gLy, (Xp)| +E, [T 0,(Xp)Le, (Xy)
=B, [ (e(Xr) - 0,(Xp )11, (Xp)| + 0,).
Hence, we observe that
E, [e_rT(g(XT) — 0, (X)L “(XT)] =0 (36)

for all x € C,. It is at this point worth pointing out two major differences of condition (36) with the standard optimality conditions
in the continuous limit. First of all, (36) does not involve the derivative of the exercise payoff. Instead, it is based on its expected
value which, as an integral, is smoother than the payoff. In this way we notice that Poissonian timing results into a smoother
objective functional than in the continuous limit. Second, condition (36) is global since it is expressed as an integral over the entire
state-space 1. Consequently, the verification of optimality of a proposed policy cannot be carried out by relying on local arguments.
Fortunately, Lemma 1 is helpful in many cases since it reduces the problem into the analysis of known ratios associated with the
limiting continuous timing setting. More precisely, if the conditions of Lemma 1 are met, then

_ p-l x g -1 b g0
A(x) = B, (pg(x)/a Ly, 0 )DL (0 <u,(t)> + B, l//g(x)/x (L0 )DL (Dd 00 ) (37)
where A(x) := A(RyV);)(x) — V,;(x). An interesting auxiliary result characterizing states which are included in the stopping set is

summarized in the following.

Lemma 5. Assume that v, : I — R is a r-harmonic function on I. Assume also that
gx)
y € argmax { } .
x€T Ur(x)

Thenyel,={xel:V,(x)=g))}

Proof. The proof of the alleged result is essentially analogous with the proof in the continuous limit originally treated in Christensen
and Irle [8] (see also Christensen [7]). The r-harmonicity of v, implies that e "v,(X,) constitutes a local martingale. The
nonnegativity of v, then guarantees that it is a supermartingale. Noticing now that

—rc g(X‘r) Ur(Xr) < _g(Y) sup ]Ex [e_rTU,-(Xf)] < &Ur(x)

g(x) < V;(x)=sup E, |e v,(»)

€Ty v(X,) v €Ty

and letting x — y proves the alleged result. []

Along the lines of the original findings in Christensen and Irle [8] and Christensen [7], Lemma 5 shows how interior points in the
stopping region can be found by investigating familiar ratios arising in the literature on the optimal stopping of linear diffusions. It
is, however, worth emphasizing that as proven in Lemma 4, the stopping region of the limiting continuous timing setting is included
in the stopping region of the Poissonian problem. Hence, the stopping region I'; cannot be determined by simply focusing on the
ratios g(x)/v,(x).

3.1. Single boundary case
We can now establish the following general result characterizing the optimal exercise strategies in a single boundary setting.

Theorem 3 (A). Assume that there exists a unique threshold
A(Dyg)(z)
z'} = argmax{ ———— & € (a,b).
{23} = argm { TRPATES }
Assume also that the function
M Dyg)(z3)

Vi = 8T 0 s

ll/r(x)]l(a,zj)(x) (38)

10
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satisfies the conditions V,(x) > g(x) for all x € (a, z3) and g(x) > A(RyV,;)(x) for x > z5. Then, V,(x) constitutes the value of the optimal
stopping time T%. In the special case, where the optimal stopping boundary z7, is attained at a point where g(x) is continuous, the value is
continuous and can be re-expressed as

s

Vo) = o0l 8(z3) L (39)
(%) = g(x) [zj,b)(x) + mlﬂr(x) (g,zj)(x)-

(B) Assume that there exists a unique threshold
AWPp2)(y)
*1 = argmax { ————— » € (a, b).
(3} = argm { Ly v } @b
Assume also that the function
APy8)(vy)
(Lo, wp)V3)

satisfies the conditions V,(x) > g(x) for all x € (¥}, b) and g(x) > A(RyV,)(x) for x < y’. Then, V,(x) constitutes the value of the optimal
stopping time T In the special case, where the optimal stopping boundary y’, is attained at a point where g(x) is continuous, the value is
continuous and can be re-expressed as

Vi) = g(x)]l(a,yj)(x) + (pr(x)]l(yj’b)(x)' (40)

V() = g0 Ly (%) + g—yj)fp ()T (e 5y (). (41)
(@y?) W,(YZ) r ():b)

Proof. Denote the proposed value function (38) as V(x). Part (A) of Corollary 1 implies that
% _ —rsz
V(x) =E, [e p <XTZ§ )]

Since T is an admissible stopping strategy, we notice that V,(x) > V(x) for all x € I. In order to reverse this inequality
we first observe that our assumptions on the proposed value function imply that it satisfies the dynamic programming equation
V(x) = max{g(x), A(RyV)(x)}. The alleged inequality now follows from Lemma 2.4 in Lempa [21]. Finally, since
d HPyg)z) _ Ay (2w, (2)m' (2) | MDyg)(z) _ &2
dz (L, )(2) (L4, W, )(2) (Lo, w )2 w(2)
at the points where g(x) is continuous, we notice that in that case
A@yg)(z3) _ 8(z})
L)z w.(2))

(42)

at an optimal boundary proving (39). Establishing part (B) is completely analogous. []

Theorem 3 states a set of general conditions under which the optimal stopping strategy is a single boundary policy with an
explicitly known value. By imposing appropriate boundary conditions, the representations in Theorem 3 can be further refined as
is done in our next corollary.

Corollary 4 (A). Assume that the conditions of part (A) of Theorem 3 are met. Assume also that b is a natural boundary for X. In that
case, the value of the optimal stopping strategy T+ can be expressed for x € (a, z3) as

E. [¢(Xp)7 = 23]
where the optimal boundary z’; satisfies the optimality condition

E[eXpllr =21 8(z)

E v, Xpllr =251 ()
If X is a twice continuously differentiable monotone function of Brownian motion, then
Ezj [g(M7)]
Ezj [w,.(M7)]

for all x € (a,z%). In this case, the optimal boundary z; satisfies the optimality condition

Vi) = v, (x). 43)

Vi) = w,(x) (44)

Bz lg(Mp)]  g(z})
Ely,(Mp] v,z
(B) Assume that the conditions of part (B) of Theorem 3 are met. Assume also that a is a natural boundary for X. In that case, the value
of the optimal stopping strategy T+ can be expressed for x € (v}, b) as
E. [s(XP) M7 = y;]
E o, (X7) M7 = ¥]

(45)

Vix) =

@,.(x), (46)

11
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where the optimal boundary y; satisfies the optimality condition

B lgXp)IM7p =yi1  8(7)

E o, (Xp)IMz =y51 0,05

If X is a twice continuously differentiable monotone function of Brownian motion, then

EylgU7)] “7)
V()= =2 47
=g e
for all x € (v}, b). In this case, the optimal boundary y; satisfies the optimality condition
E,[g(7)] ")
Y, T _ g yA (48)

Eylo. (0] @,

Proof. The alleged results follow from Theorem 3 and Theorem 2. []

Corollary 4 shows that in the case where the boundaries of the state space of X are natural, the value of the optimal policy
admits a compact representation in terms of known functionals of the extremal processes of the underlying diffusion. It is worth
emphasizing that the expressions in Corollary 4 are related to the representation of the values of perpetual options for Lévy processes
(cf. Mordecki [28]).

A set of relatively weak sufficient conditions under which our general findings stated in Theorem 3 are satisfied are now
summarized in the following.

Theorem 4 (A). Assume that b is a natural boundary for X, that g € C(I) and that there is a unique x, € T s.t. g(x) % 0 when x % Xo-
Assume also that there is a unique {%X,} = argmax,; { g(x)/ y/,(x)} so that g(x)/w,(x) is nondecreasing on (a, %,) and nonincreasing on
[%,,b). Then, there exists a unique exercise threshold z; € (x, %,) satisfying the ordinary first order condition (42). If also

0]

/z ; (o004, y0)0) + ¥0 Ly 0) d s >0 (49)

for all x > %,, then the conditions of part (A) of Theorem 3 are met and the value of the optimal stopping strategy T reads as in (39). In
the special case where V_ (x) = g(x) for all x > %, inequality (49) is always satisfied.

(B) Assume that a is a natural boundary for X, that g € C(I) and that there is a unique x, € T s.t. g(x) % 0 when x § Xo. Assume also
that there is a unique {%,} = argmax,; { g(x)/ <p,(x)} so that g(x)/,(x) is nondecreasing on [%,,b) and nonincreasing on (a, X,). Then,
there exists a unique exercise threshold y’ € (%,,x,) satisfying the ordinary first order condition

Ay &)

Ly vy @,
If also

<0 (50)

Vi f
[ (0000 + v, 000) 4 £

for all x < %,, then the conditions of part (B) of Theorem 3 are met and the value of the optimal stopping strategy Tyj reads as in (40). In
the special case where V_,(x) = g(x) for all x < X, inequality (50) is always satisfied.

Proof. Denote the proposed value function by V(x). Since T7 is an admissible stopping strategy we find that
Vi) 2 E, [e*’TZ‘ gX )] =V

for all x € 7. In order to prove the opposite inequality, we first observe that the assumed continuity of g implies that

d MPpg)(2) _ App(2)w,(2)m'(2)
dz (L,,v,.)(2) (Lo, w)*(2)

where

1(2),

b
_ ’ _ 8(z)
I(z) =4 /Z Po(Dg()m (1)dt v (Lo, )(2)-

Since

b
I(xg) = /1/ Pe(gMm' (Ddt > 0

0

and
§(z)
I(z) < —m(ﬁw v, )(b—) <0

12
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for all z > %,, we notice that equation I(z) = 0 has a root on (x, £,). Noticing now that

8(z)
d1(z) = (L, w,)(2)d <wr (Z)> <0

for all z € (xy, %,) then proves the uniqueness of zj. Moreover, since z} is attained on the set where the ratio g(x)/y,(x) is increasing,
we find that V(x) > g(x) for all x € Z. In order to prove that A(R,V)(x) < V(x) for all x € I, we first observe that under our
assumptions lim,_,,_ (L, ) y,)(x) = 0. Moreover, noticing that

gx) _ gkx) (s
w(x) w,(x)l(” IS < v.(x oo Ln )>

proves that g(x)/y,(x) is of bounded variation and Lemma 1 applies. Consequently, we notice that

MRGV)) =V (x) = By 0p(x) / Ly ¥ ) g(()) B ""’(x)/ Eopv) 0 g((tt))
B g0
_ _Bel '/Zj ((ﬂe(x)(ﬁw,l”(’)(t) +yp(x)(Ly, l//,)(t)) dm <0

for all x € (z*, %,) since g(x)/y,(x) is nondecreasing on (z’;, %,) and

g
/ (LW )(0)d = o ® =0.

Imposing inequality (49) then guarantees that A(R,V)(x) < V(x) for all x > %, as well. Consequently, the proposed value function
satisfies the dynamic programming equation V(x) = max{g(x),E [e”"TV(X;)]} and, therefore, dominates the value of the optimal
policy by Lemma 2.4 in Lempa [21]. This proves that V;(x) = V(x) and that T % is an optimal stopping strategy. In the special
case where V_(x) = g(x) for all x > &, we notice by utilizing Lemma 4 that V_(x) = V,(x) = g(x) for all x > %,. Since V_(x) is
r-excessive for X and expectation preserves ordering, we notice directly that A(R,V;)(x) < A(RyV)(x) < V (x) = V,(x) for all x > %,.
Establishing part (B) is completely analogous. []

3.2. Two-boundary setting
Having considered the single boundary setting, we now proceed in our analysis and investigate the two-boundary case. As in the

single boundary setting, we first observe that if a pair (y}, z;) maximizing the representation (15) exists and the exercise payoff is
continuous at the boundaries y}, z}, then ordinary differentiation shows that the boundaries satisfy the ordinary first order conditions

U (YDUPeg)(z3) — uy (YDA o)y = gy,

(51)
U (2 U Ppg)(z}) — uy (ZDAFpe)(yy) = 8(23),
where

) W, (X)L, #)(23) = @, (NL W, )(Z7)

u(x)= s
! Ly W)L 50, )(23) = (L @ )DL W, )(2])
@)Ly, w5 = w, (L, 2)V3)

uy(x) =

(Lgy @)EZDL Y, W)V = (Lo, w )z DLy, 0
We again notice that if a pair satisfying the optimality conditions (51) exists, then the value of the policy is continuous across the
stopping boundaries, that is, then llmx_u _0(x) = g(z}) and llmx_wj +0,(x) = g(y)- The optimality conditions (51) can be simplified
further to the form

g(ZDup (v)) — g(ruy(z3)
u (V)up(23) =y (2 (v5)’

gz (vy) — g(u(z3)
ur (2 (v5) = i (v)u (25)

AWpe) (v} =

MDyg)(z})) =
We can now establish the following result.

Theorem 5. Assume that there exists a pair of boundaries y’, z; maximizing the value (15). Assume also that the function
V,(x) = g(x)]]‘l\(yj,zj)(x) + H(x, y,;, Zj)ﬂ(yj‘zj)(x)

satisfies the inequality V,(x) > g(x) for all x € (y* 023 and the inequality g(x) > A(RyV,)(x) for all x & (y* " 4) Then, V,(x) is the value
of the optimal stopping strategy T A T, - If the exercise payoff is continuous at the optimal boundaries y, z%, then H(x,y},z}) can be
re-expressed in the familiar form

sy —ITyE AT _ (pr( ) * 1i/,(x)
H(X,yA,ZA)—EX e K Ag(XT */\1 *) g( A)(Pr(y/{) g(z/l)l[,\/,(zj) (52)

13
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where ¥,.(x) = 0, YDw(x) = w, (¥, (x) and §.(x) = v (25) @, (%) — @,(z)w,(x) denote the fundamental solutions associated with the
diffusion killed at 7, A 7z

Proof. Denote the proposed value function as ¥ (x). Since it can be expressed as
. —FT AT
Vx)=E, |e Ng(X s )

and T% AT ,» is an admissible stopping strategy, we find that V;(x) > V(x) for all x € I. On the other hand, the assumptions of
our Theorem guarantee that the proposed value satisfies the dynamic programming equation V(x) = max{g(x), A(R,V)(x)} on T.
Inequality V;(x) < V(x) now follows from Lemma 2.4 in Lempa [21]. []

Theorem 5 states a set of sufficient conditions under which a candidate pair of boundaries maximizing the representation (15)
constitutes the optimal stopping boundaries and, consequently, under which T*1 AT, constitute the optimal stopping time. It is of
interest to notice that (52) demonstrates that under the optimal policy the identity

o
—rT"AAT —FT % AT, %
E, |e ig(X o« =E_le " “igX
x Xz ) x &( ,yjmz,f)
yi A

holds for all x € (y}, z}). Consequently, the optimal Poissonian timing policy generates an expected value which coincides with the
one attained by following a continuous (suboptimal) timing policy.

4. Explicit illustrations

In this section we illustrate our main results explicitly both in a general as well as in parameterized settings. These illustrations
simultaneously also characterize the principal differences between the problems in the presence of imperfect timing ability and the
ones in the continuous limit.

4.1. General linear diffusion

4.1.1. Discontinuous payoff
Consider the case where the upper boundary b is unattainable for X and the exercise payoff is discontinuous and reads as
g(x) = 1, (x), where z € T is an exogenously given constant state. Consider now the function

APyg)(x)

00 ' 53
R VATEY) 53)
in the present setting. It is clear that
roon _ Apgm'(x) | ¢ @ (x) RAC)
T = |85 Y T S | <O

for x € (z,b) and

Ry, (om' (x)
(L, w)2(x)

for x € (a, z). Consequently, we notice that {z} = argmax ;{J(x)}. Let

J'(x) = (@y1)(z) >0

V() = 14 () + T (@w,(0) 1 (%)

denote the proposed value function. Since J(z) > 0, we notice that V(x) > 1p,p)(x) for all x € I. On the other hand, since

o v!(2)
“%”@—EC‘M@%@_%@%@WW>

and
MRV (x) = _4 AS) '(x)>0
’ 0 y(Dpe(2) - oy D2 °

for all x € (z,b) and
v (2)y(2) .
@y (2w, (2) = ¥ (2)9y(2)

_ - r A
Jim V(0 = 2RyV)0) = 5 - &
we notice that V(x) < A(RyV)(x) for all x € T as well. Consequently, we notice that the conditions of part (A) of Theorem 3 are met
and, therefore, that V(x) is the value of the (trivial) stopping policy TZ. Note that we cannot utilize part (A) of Theorem 4, since

the exercise payoff is discontinuous.

14
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It is worth noticing that while the optimal stopping boundary coincides in this case with the one in the continuous limit the
values are significantly different. In the Poissonian setting the value is discontinuous across the boundary z since
@y (2w, (2) <
@, (2w, (2) =yl (2)@y(2)

V(z—) = g

4.1.2. Optimal timing of a call spread
Consider now the optimal exercise timing of a call spread when the underlying diffusion evolves on R, and the upper boundary
oo is unattainable for X. In this case the exercise payoff reads as

g(x) = (x— K)" — (x - M)*,

where K, M are known strike prices satisfying the assumption 0 < K < M. For the sake of simplicity, we assume that the function
u(x) — r(x — K) is either nonnegative on [K, M] or satisfies the inequality u(x) — r(x — K) % 0 for x § X, Where x, € [K, M].
Consider first the limiting continuous time setting. In that case the ratio

—K , x> M,
)
g(x) =< x-K K M
v, |y <x<M,
0, x € (0, K).

is decreasing on (M, o) and satisfies the identity

d gx) _ S'(x) [w,(K)
dxy,(x)  w2(x) | S'(K)

for all x € (K, M). In light of our assumptions on the function u(x) — r(x — K) we notice that two cases may arise. If

v, (K)
S’(K)

+ /K (u(@) = rt = Ky, (t)m' (tdt

M
+ / (u(t) = r(t — K)y,(0)m' ()dt > 0,
K
then
{M} = argmax{&}

€Ry v, (X)
and the optimal policy is to exercise the option at the strike price M (a corner solution). If there is, however, a threshold %, € (xy, M)
satisfying the identity

v, (K)
57(K)

{X,} = argmax { Lx)}

xeRy Wr(x)

+ / "(ue) = r(t = K, (om' (0d1 = 0,
K

then

and the optimal policy is to exercise the option at the threshold £%,.
Consider now the Poissonian case instead. The continuity of the exercise payoff implies that the functional J(x) introduced in
(53) is continuously differentiable. Standard differentiation yields

P Arpg(x)m’ozc)P(x)
(L g, w7 (0)

where
P(x) = /W,(X)/ @p(g(0)m’ (1)dt — 8Ly, w,)(x).

It is now clear that

p @}(x) Wy (x)
P(X):(M—K) Elllr(x)m —(ﬂg(x)m 0

for all x > M. On the other hand, since
qJ’g(M )
S'(M)
for all x € (0, K], we notice that equation P(x) = 0 has at least one root z: € (K, M). In order to establish the uniqueness of the
root, we first observe that
d [ Px)]_ d [ g(x)
y,(x)

M
P(x) = dy,(x) / @p(D(t — Kym' (1)d1 — gw,(x)(M -K)
K

v ()] dx

I ] (L, ¥ )(X)

15
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for all x € (K, M). If g(x)/w,(x) is increasing on (K, M), then uniqueness follows from the monotonicity and continuity of P(x)/w,(x)
on (K, M). Assume instead that %, € (K, M). In that case %, = argmin{ P(x)/y,(x)} and uniqueness follows from the monotonicity
and continuity of P(x)/w,(x) and inequality P(x) < 0 for x > M. Hence, we find that there is a unique maximizing threshold

{z}} = argmax{ P(x)}.
x€Ry

It is at this point worth noticing that in this case, the stopping boundary is always attained at a state below the strike price M and no
corner solution arises. Moreover, it is clear that zj < %,. Invoking part (A) of Theorem 4 shows that in this case the value reads as

14 1 zj K 1
() = g(x) [z:,oo)(x) + sz)‘llr(x) (o,zj)(x)-

4.2. Brownian motion

When X is an ordinary Brownian motion, we have y,(x) = x*¢, ¢,(x) = x%¢, §'(x) = 1, and m’(x) = 2/c?, where k, = 1/26/52.
In this case
y
E, [e_’TYg(XTy)] = (kg — k,)e krx=2 / ko= g(1)dt
—00
for x > y and
(o]
E, [e_rTyg(XTY>] = (kg — kr)ek*(x_”/ ek g(ndt
y
for x < y. Choosing g = 1 yields
E, [e”Ty] =(1=- ﬁ e~ kr(x=y)
kg
for x > y and

E, o] = (1 - Z—) k)
0

for x < y.

Remark 4.1. Consider now the special case where the underlying is a BM killed at the origin. In that case the fundamental solution
reads as ¢* — e~%* and, consequently,
k9 sinh(k,.x)
k
E, [e‘rTy; TV < TO] - .
"+ 2 cosh(k,y) + kg

sinh(k,y)
kl‘

for all x € (0, y). Since sinh(k,x)/k, — x as r — 0 we find in line with the statements of Remark 2.1 that

X

]P’X[rO<Ty]=1—
ky

coinciding with the expression derived in Li et al. [23] by utilizing a different approach.

In the two-boundary setting, we have
24 7 i (kg — k,)ekrO=) — (kg + k,)ekrE=)
vp(x) = _z/ gt e R
02 J o (kg — k,)2ekr=2) — (kp + k,)2ekr(z=D)
0 _ kp(y=x) _ kp(x=y)
+ 2 e_ks(,_z)g(t)dt (ké’ kr)e (kF} + kr)e ,
62 J, (kg — k,)2ekr=2) — (ky + k,)2ekr(z=2)

(54

where
v,(x) =E, [e"TVATZg (XTyATz )]

and x € (y, z). Along the lines of our results on the general representation of the expected present values attained at first passage
times, we notice that the single boundary representations follow from (54) by letting y — —oc0 and z — oo. In order to illustrate the
expected value (54) explicitly, assume that the exercise payoff is an even function g : R — R and that y = —z, where z > 0. In that
case the value is of the separable form

(kg — k,)(k + k,) cosh(k,x) [

e koD e(t)dt
kg + k. tanh(k,.z) cosh(k,z) J,

v,.(x) =
for x € (-z, z).
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The first order conditions (51) now read as

o (7 z g0
uZ(yfl)/ e k"rg(l)dt—m(yj)/ kol g(ndt = —,
N -0 (k2 — k2)
" i 8(z))
uz(Zj)/* e kotg()dt — ul(zx)/ ekl g(ndt = o kz)’
g = (4 r
where
Ky — ke~ KkotknZitkex _ gy g yolkekg)i ke
uy(x) = (kg r)k — (ko ) I
(kg — k,)2e™®oTRIGD (e, + k)26 Ko~k G =D
Ky + K, )eRoTkeikex _ g gy plkothe)y—kex
Uy (x) = (ko + k) (kg — k)

(kH — kr)Ze_(kH‘*'kr)(Zj—yj) + (kg + kr)ze—(ks—ky)(z;‘—yj)

4.2.1. A class of symmetric stopping problem
In order to illustrate our findings in a two-boundary setting, consider now the case where g(x) = |x| and

dX, =cdW, X,=x, (55)

where ¢ > 0. It is well-known that in this case y,(x) = e¥0¥, @,(x) = e7%0*, §'(x) = 1, m'(x) = 2/6?, and B, = 2k,.
Given the symmetry of the process as well as the exercise payoff, we guess that the solution of the problem is symmetric as well

and, therefore, that Vi = —zj < 0. The optimality condition
24 [T _ .

=/ e “oltdt = (L, 0,)(z5)

Z;

can now be expressed as

(k,tanh(k,zj) + 63; > Zh= g. (56)
(/)

Since the continuously differentiable function

2r
fx)= <k, tanh(k,x) + 62—]{(9) x

is monotonically increasing and satisfies the limiting conditions lim, |, f(x) = 0 and lim,,, f(x) = co we find that Eq. (56) has a
unique root on R, . Moreover, since
2r

z5 <1,
o2k, *

« A
k,z} tanh(k,z3) = 7"
we notice that z} < z7, where z? > 0 denotes the unique positive root of equation
k,z% tanh(k,z%) =1

characterizing the upper optimal stopping boundary in the case continuous stopping is possible. To see that this is indeed the case,
we notice that

. 2r x A *
All_)rgo (<k,tanh(k,zj) + azkg) z; — 5) = k,z} tanh(k,z3) — 1.

Consequently, lim,_,, z} = z},. The candidate value reads now
||

Vi) =1 . cosh(k,x)
A cosh(k,zj) ’

* *
X € (—oo,—z,{] U [Z/l’ 00)

x € (—zj, zj).
To see that this indeed constitutes the value of the considered stopping problem we first notice that since
. [x]
—z* ,z" } =argmax{ ——
SN §ER { cosh(k,x)

and z; € (0,z%) where x/ cosh(k,x) is monotonically increasing, we find that V,(x) > |x| for all x € R. Invoking now Lemma 1 with
v,(x) = cosh(k,x) yields

MRV )(x) =V, (x) = % / U.(d <U l(t))
0 Jz; r

where

U, (1) = eX0X(L,, v,)(t) — 0¥ (L, v,)(1)
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Fig. 2. The values V,(x) of the optimal stopping strategies.
for all x > z. Noticing that U,(x) = —cosh(k,x)/(2ky) < and U.(t) = 24v,(t)(e"~") — ko(=0) /62 > 0 for all 1 < x demonstrates

that U,(r) < 0 for all r < x. Since x/ cosh(k,x) is increasing on [z}, z%, ] we notice that A(RyV)(x) < V,(x) for all x € (23, 25,1
Completely analogous arguments show that A(R,V;)(x) < V;(x) for all x € [-z,-z;] as well. Finally, since V,(x) = V(x) = |x|
for all x ¢ [-z} ,z%] and expectation preserves ordering, we notice that A(RyV,;)(X) < A(RyV,)(X) < V(x) = |x| = V;(x) for all
x & [-z% .z’ ] as well, thus demonstrating that V,(x) satisfies the conditions of Theorem 5 and, therefore, constitutes the value of
the optimal policy.

The optimal stopping boundary is illustrated in Fig. 1 as a function of the arrival intensity under the parameter assumptions
r=0.02 and ¢ = 0.5.

The values of the optimal stopping strategies are, in turn, illustrated in Fig. 2 for various arrival intensities (4 = 0, 0.01,0.05, 0.5, c0)
under the parameter assumptions r = 0.02 and ¢ = 0.5.

It is worth pointing out that the findings based on the payoff g(x) = |x| can be extended to a large class of symmetric payoffs
satisfying a set of relatively easily verifiable sufficient conditions. More precisely, if there is a unique threshold z? > 0 so that the
function g(x)/ cosh(k,x) is increasing on (0, z% ) and decreasing on (z% , ), and g(z3,) < oo, then the value of the optimal policy
reads as

g(x), X € (—00,~z5] U [z}, )
sy _cosh(k,x) k%
g(ZA)W, x € (=23, 23),

Vix) =

where the optimal exercise threshold z] € (0, z},) constitutes the unique positive root of equation
o
8(z}) (kg + k, tanh(k,z})) = (k3 — k?) / e = g(t)dt
z*

It is again worth emphasizing that in contrast to the continuous limit the optimal boundary z* does not constitute the state at which
the ratio g(x)/ cosh(k,x) is maximized, that is, {z}} # argmax,cp{ g(x)/ cosh(k,x)} when A < oo.

4.2.2. A periodic example
Consider the optimal stopping problem in the case where the exercise payoff reads as g(x) = — cos(x) and the underlying follows a

BM characterized by (55). It is clear that g(x) is a periodic and even function. By utilizing the approach developed in (cf. Christensen
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and Irle [8] and Christensen [7]) we observe that in the continuous limit (41 — o) the value of the optimal policy is even and reads
as

- cosh(k,x*)

Voo €S cosh(k,(x — 2ir)), X € (2im — x*,x* + 2ix),i € L
X)) =
—cos(x), X gUR_Qim—x*,x* +2ix),

where the optimal boundary

{x*} = argmax { LS(X)}

xe(0.n) \ cosh(k,x)
constitutes the unique root on (0, z) of the first order optimality condition
sin(x*) + k, tanh(k,x™) cos(x™) = 0. (57)
These observations indicate that in the discrete setting where A < oo the continuation region should have the form
C, =U2_ Qin -2z}, 2; +2in),

where the optimal boundary z; constitutes the unique root on (0, x*) of the condition

kg 2 kﬁ—kf .
+ k%) cos(z}) + sin(z’}) + k, tanh(k,.z’) cos(z’;) = 0.
+k2(1 k;)cos(z}) s (z3) + k, tanh(k,z}) cos(z}) = 0 (58)
[ [/

Moreover, the value of the proposed candidate optimal policy reads

cos(zj)
VA(X) — cosh(k,zj)
—cos(x), x U2 Qir— zj, zj + 2ir).

cosh(k,(x — 2in)), x € iz — zj z; +2ix),i €EZ

To see that the candidate value actually constitutes the value of the optimal stopping policy we first observe based on the
behavior of the function —cos(x)/ cosh(k,x) that V;(x) > —cos(x) for all x € R. To see that the proposed value function V,(x)
satisfies the inequality A(RyV,)(x) < V,(x) for all x € I'; as well, consider the difference A(x) = A(RyV,)(x) — V,(x) on I,. Since
(GyRyV))(x) = =V, (x) for all x € R and V,(x) = — cos(x) for all x € I';, we notice that
1

(GoA)x) = Gy RyV;)(0) = (GpV)() = ~(G,V)() = = (507 +1) cos(x) > 0
for all x € I;. Let

7= Din—zt ATzt 2in = inf{tr>0: X, & Qir -z}, 2] +2in)}
denote the first exit time from the set (2iz — z7, z} + 2ix). Invoking Dynkin’s theorem yields

E, [e_ef"A(X%i)] > A(x)

for all x € iz — z4, 25 + 2ir). Since AQiz — z3) = Az} + 2ix) = 0 we notice that

=079, _% . #Y. =07 ir % P
Ax) <E, |e 2 AQim — z/l),rz,-,,_zj < sz+2m +E e "4 A(z/1 + 2’”)’T2f7r—1j > TZ§+2,-,[ =0

for all x € iz — zj,zj + 2ix). Since I') = U2 __[2ix — zj,zj + 2iz] we notice that A(x) < 0 for all x € I') demonstrating that the
proposed value function is indeed the value of the optimal policy.

Letting the arrival intensity tend to infinity in (58) yields the optimality condition (57) demonstrating again how the discrete
stopping problem approaches its continuous limit as the arrival intensity increases. The value and exercise payoff of the optimal
timing strategy are illustrated in Fig. 3 for various arrival intensities (4 = 0.0075,0.05,0.1, o) under the parameter assumptions
r=0.04 and ¢ = 0.5.

4.3. Geometric Brownian motion

We know that if X is a geometric Brownian motion, then y,(x) = x%, @,(x) = xP, S’ (x) = x%+Fe~1 and m'(x) = 2x~%~Fo~1 /52,

where
2
H 1 H 20
=--—=+1/l--5 ) +=
%o o2 <2 02) o2

0=

and
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Fig. 3. The values V,(x) of the optimal stopping strategies.

denote the positive and negative roots of the characteristic equation ¢?p(p — 1) + 2up — 26 = 0, respectively. In this case
y
B, [ eCxn)] = 0, - gt [ it gtoar
0

for x > y and
E, [e-’T"g(XTy)] = (ap — a,)x" y?o 0 / 0 g()di
y

for x < y. Choosing g = 1 yields

wlr1= () ()

for x > y and

= le-(-2)6)

for x < y.
In the two-boundary setting, we have

(g — @,)(x/2)% — (o, = f)x/2)P 22 /Y -
= —_ Hyrot—Po~ dt
) = @ Pl (@ — P o Jo £
(ag — a,)(x/9)Pr — (a, — Bp)(x/¥)% 24 /°° 2 o]
—_ 1)z% %" dt,
@y~ a, PGyl — @ — oyl o2 ). 57
where

000 =B, [T (3 00|
and x € (3, z). The first order conditions (51) now read as
F{6%9)
(a.f, — agﬁe),
58(z3)
(@B, — apfp)’

o y’;
u (y3) / "0~ g(t)dt — uy (y}) / Pl g(t)dt =
zj 0

© v
uy(z3) /* 1%~ lg(t)dt — ul(zj)/o g P~ lg(ndr =
Z

where
®, - ﬂe)zjﬁ"’_a’xa’ —(a, — ﬁe)zjﬁs_ﬂrxﬂr

(@p — @) — By 0 Prztho=er — yrao=er 2tho=lry’
(@9 = By, x" — (ag — a,)y; Pl

(@ — a,)(ag — ﬁ,)(yj“rﬂ’zjﬂﬁ_”r _ yja(')_arszs_ﬂr)

up(x) =

uy(x) =

4.3.1. Optimal timing of a call spread
To illustrate the valuation and timing of a call spread considered in Section 4.1.2 explicitly, assume that X is a geometric
Brownian motion with parameters (u,s) and assume that u < r. In that case we have
al‘

X, = KAM.

,
a,—1

20



L.H.R. Alvarez E. et al. Stochastic Processes and their Applications 172 (2024) 104351

Fig. 4. The optimal exercise boundaries %, and z?.

On the other hand, the optimal exercise threshold z} € (K, M) constitutes the unique root of equation

K ay—a )M [ 23\
(1o L) &k @M BT,
ay ) a.—1 ag(a,. —1) \ M

It is again worth emphasizing that while lim,_,,, z; = %,, z; < %, for all 4 < co. The optimal exercise boundaries are illustrated in

Fig. 4 under the assumptions that ¢ = 0.1,r = 0.04, 4 = 0.03,K =1, and M = 2.

4.3.2. Investment timing of a risk averse investor

In order to illustrate our findings in a asymmetric setting, we consider the investment timing problem of a risk averse investor
first considered in Guo and Shepp [14] and later analyzed in Alvarez E. et al. [4] in a 2-dimensional setting. To this end, we assume
that the exercise payoff reads as g(x) = max(x, K), where K > 0 is a known reservation level, and that the underlying follows an
ordinary geometric Brownian motion characterized by the SDE

dX, = uXdt+oX,dW, X,=x.

In order to guarantee the finiteness of the considered expectations, we also assume that r > p.

The discontinuity of the timing opportunities has now a profound impact on the optimal policy. In contrast with the continuous
setting immediate stopping may be always optimal depending on the precise parametrization of the problem. To see that this is
indeed the case, let us first consider the expected value E [e™T g(X7)] = A(Ryg)(x). Standard integration yields

(ap—Pp)x 1 PR
(D=8 xPoK'"Po, x> K
MRpg)(x) = # @-0(1—Fp)  Po(1—Pp)
o(ag = Bp) | o= L gl ek
apPy ap(ag—1) s .

The monotonicity and convexity of the exercise payoff g(x) = max(x, K) implies that A(R,g)(x) is monotonically increasing and
convex as well. Since

. A
lim A(R =——K<K
Jig MRo) =

and

. A
lim A(Ryg) (x) = ——— < 1
lim A(Rqg) (%) ppr—

we notice that

{K} = argmax { A(Ryg)(x) — max(x,K)} .

x€Ry
Direct computations yield
u(4)

MR Ky-K=———-—-"—K,
(Rog)(K) (@ — Pp)Be(1 — ap)

where

u(A) = 7 — 2a,8,8y — a,8, + @, f(a, + B,)

satisfies the conditions u(0) = (a, — ,)(«, — 1)B, < 0 and lim,_, ., u(4) = +o0. Consequently, equation u(1) = 0 has at least one root on
R,. To show that this root is indeed unique, we notice that u(1) = 0 provided that

B ==+ Vi = ).
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Solving this equation results into the critical intensity

A 2

A=+ Vr(r = ) + (@, + B0+ \r(r— ) —r.

We have thus found that immediate stopping is optimal and the value reads as V,(x) = max(x, K) when 4 < 1.
Assume now that 4 > 1. In this case the candidate optimal boundaries and constants c,, ¢, satisfy the conditions

Y+ czy’;ﬁ’ =K,

e z;r + c2zjﬁ’ =z,
2AK
cr(ap — @)y + cx(ag — ﬁr)yjﬂ’ =-=,
4Py
er(a, = )25 + ¢y (B, — p)zil = i
1\ (2ad) 2\Pr 0% ) 0'2((10—1)

Solving these equations result into the boundaries

yt= (ag — D(ag — B,) &P(t’_l
A (ap—a)1=B) By 2
7 = (g — (g — B,) &Pa’
A (ap—a)1=B) By 4

where

2 1
P:<a9—ar>ﬁ<<l_i> a, )W
g a9_ﬂr ﬂr ar_l

is an increasing function satisfying the limiting conditions lim,_,,, P; = 0 and

1
P
lim P=((1-1) % > 1.
A—o0 p.) a.—1

The monotonicity of P, implies that P, > 1 for all A > . Consequently, zi >y} when 4 > A. Especially, we notice that in the

continuous limit

K,

K,

ap—1

timyt =2 (1= L) & K,
Ao B -1 B ) a =1

lim z% = br L) & WK
Jnoo A ﬂr -1 ﬂr o, — 1

Note that these expressions coincide with the ones originally derived in Guo and Shepp [14].

It remains to establish that the proposed value function

X, x € [z}, 00),
a xl—ay B x1-p,
Vi) = 4 %5 aep@pman | 75T @D .
M=) e @py -y XE0LH)
K, x € (0,y31,

satisfies inequalities A(RyV)(x) < V,(x) and V,(x) > max(x, K) for all x € R,. To see that this is indeed the case, we first observe
that the proposed value function is increasing, convex, and satisfies the identities /L(R(,V,l)(yj) = VA(yj) and /I(R,,VA)(zj) = Vi(yj).
Consequently, since A(RyV,) (x) — V/{ (x) = M(RyV,) (x) > 0 for all x € (0, Vi) we observe that A(RyV,)(x) < V,(x) for all x € (0, ¥;1. On
the other hand, since
. !
Jim ARGV, (0 = - = < 1

we notice that
MRV () = VI(x) = ARV, (x) = 1 <0

for all x > z’; demonstrating that A(RyV,)(x) < V,(x) for all x € [zj,oo) as well. Since A(RyV;)(x) = V,(x) for all x € (yj,zj) we
notice that A(RyV,)(x) < V,(x) for all x € R,. Finally, inequality V,(x) > max(x, K) for all x € R, follows from the convexity of the
proposed value function after noticing that v} (y;+) > 0 and

(@-D1-p) |

Viz =) =1—
’1(2”1 ) ag—1

22



L.H.R. Alvarez E. et al. Stochastic Processes and their Applications 172 (2024) 104351
5. Conclusions

We developed an approach based on functionals of the running supremum and infimum of the underlying linear diffusion
for solving optimal stopping problems within a constrained Poissonian timing setting. We presented a relatively simple and
straightforward method for computing expected present values accrued from following standard first exit policies from open intervals
within a Poissonian timing setting by exploiting the close connection of the extremal processes with first passage times. In that way
we transformed the original problem into a static optimization problem where the optimized variables are the boundaries. This was
shown simplify the analysis of the considered stopping problems considerably, since it directly provides a closed form expression
for the candidate value in terms of admissible stopping policies. Since the value of the optimal policy dominates all the values of
admissible stopping policies, the verification of optimality is reduced into proving that the candidate value satisfies the dynamic
programming equation (i.e. the Bellman equation).

There are various ways towards which our analysis could be extended. A natural direction would be to consider bounded variation
control problems in the presence of Poisson timing constraints. Since that class of control problems is closely connected to the
considered class of stopping problems, it would be natural to expect that our results should be possible to extend into that setting
as well. A second direction towards which our analysis could be extended is to consider optimal stopping of Lévy processes in the
presence of Poisson timing constraints. Even though a general treatment appears to be unfeasible, single boundary problems subject
to spectrally one-sided jumps may be doable due to the close-form expressions of the Laplace transforms of first passage times in
terms of the scale functions of the underlying Lévy process (see, for example, Chapter 8 in Kyprianou [19]). Both of these extensions
are still unanswered problems outside the scope of the present study and left for future research.
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