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ABSTRACT

Let E}, be the set of positive integers having exactly k£ prime factors. We show that almost
all intervals [z, z +log" *° z] contain E3 numbers, and almost all intervals [z, z +log®®! z]
contain Fs numbers. By this we mean that there are only o(X) integers 1 < z < X for
which the mentioned intervals do not contain such numbers. The result for F3 numbers
is optimal up to the € in the exponent. The theorem on E5 numbers improves a result
of Harman, which had the exponent 7 + € in place of 3.51. We also consider general Ej

numbers, and find them on intervals whose lengths approach logz as k& — oc.
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1 INTRODUCTION

When studying Ej numbers (products of exactly k primes), it is natural to ask, how
short intervals include such numbers almost always. Since Wolke’s work [21], the essen-
tial question has been minimizing the number ¢ such that almost all intervals [z, z+1og® x]
contain an Ej number, meaning that all but o(X) such intervals with integer x € [1, X]
contain such a number. Wolke showed in 1979 that the value ¢ = 5 - 10° is admissible
for F5 numbers. This was improved to ¢ = 7+ ¢ for E5 numbers by Harman [9] in 1982.
Wolke’s and Harman’s methods are based on reducing the problem to estimates for sums
over the zeros of the Riemann zeta function, and on the fact that the density hypothesis
is known to hold in a non-trivial strip (namely Jutila’s [14] region ¢ > 1; in Harman’s
argument?). To the author’s knowledge, Harman’s exponent for E; numbers was the best
one known also for Ex numbers with k > 3.

If one considers P, numbers, which are products of no more than k primes, one can
obtain improvements. Mikawa [16] showed in 1989 that for any function ¢ (z) tending to
infinity, the interval [z, z+1(z) log® 2] contains a P, number almost always. Furthermore,
Friedlander and Iwaniec [4, Chapters 6 and 11] proved that for any such function ) (x)
the interval [z, + 1(x) log ] contains a P4 number almost always. They also hint how
to prove the same result for P3 numbers. There is however a crucial difference between

! In fact, introducing into Harman’s argument the widest known density hypothesis region

o > 25 due to Bourgain [2] from 2000, would give ¢ = 6.86.
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Ey and P, numbers, since the Ej; numbers are subject to the famous parity problem,
and hence cannot be dealt with using only classical combinatorial sieves, which are the
basis of the arguments on P, numbers. Therefore, the F; numbers are also a much closer
analog of primes than the P, numbers.

One would naturally expect almost all intervals [z, z + ¢ (z)logz] to have also prime
numbers in them, and this would follow from the heuristic that the proportion of x for
which [z, z + Alog x] contains exactly m primes for fixed m and A > 0 should be given
by the Poisson distribution ’%e‘k. Such results are however far beyond the current
knowledge, as the shortest intervals, almost all of which are known to contain primes,
are [z, z 4+ 220 ¢] by a result of Jia [13]. However, the results of Goldston-Pintz-Yildirim
[6],[7] on short gaps between primes tell that for any A > 0 there is a positive proportion
of integers « < X for which [z, z + Alog x] contains a prime, but it is not known whether
this proportion approaches 1 as A increases. A recent result of Freiberg [3], in turn, gives
exactly m primes on an interval [z, z 4+ \log z] for at least X' =°(1) integers # < X. Con-
cerning conditional results, Gallagher [5] showed that the Poisson distribution of primes
in short intervals would follow from a certain uniform form of the Hardy-Littlewood prime
k-tuple conjecture. Under the Riemann hypothesis, it was shown by Selberg [18] in 1943
that almost all intervals [z, z 4+ v (z) log? 2] contain primes. For Ey numbers, under the
density hypothesis, Harman’s argument from [9] would give the exponent ¢ = 3 + ¢.

In this paper, we establish the exponent ¢ = 1 + ¢ for E3 numbers and the exponent
¢ = 3.51 for Es numbers. Our results for Fy, E3 and Fj numbers are stated as follows.

Theorem 1 Almost all intervals [z, x + (loglog z)%T¢ log x] contain a product of exactly
three distinct primes.

Theorem 2 For any integer k > 4, there exists C > 0 such that almost all intervals
[z, 2 + (log),_, ©)C* log ] contain a product of exactly k distinct primes. Here log, is the
Lth iterated logarithm.

Theorem 3 Almost all intervals [z, z+log3! z] with x < X contain a product of exactly
two distinct primes.

Theorems 1 and 2 are direct consequences of the following theorem.

Theorem 4 Let X be large enough, k > 3 a fized integer, and € > 0 small enough but
fized. Define the numbers Py, ..., Py,_1 by setting P,_1 = (log X)€727Pk,2 = (loglog X )6+10v=
and Pj = (longH)f1 for1<j<k-—3. For PllogX < h < X, we have

1 1 1
- 1-= | <€ —a— 1-1
h Z X Z < (log X)(log, X) (1-1)
z<p1--pr<zt+h X<p1-prp<2X
Pi<p;<P}*¢ i<k—1 Pi<p;<P}*¢ i<k—1

for almost all v < X.

In the theorem above, the average over the dyadic interval is > @ by the prime number
theorem, so Theorems 1 and 2 indeed follow from Theorem 4. Similarly, Theorem 3 is a
direct consequence of the following.
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Theorem 5 Let X be large enough, P = log® X with a = 2.51, ¢ > 0 fized, and
Pilog X <h < X. We have

1 1

AR RES P (12
z<pip2<z-+h X<p1p2<2X
P <pi<PT¢ P <p <P}*e

for almost all v < X.

Remark 1 Since h > P log X, we have the dependence ¢ = a + 1 between the exponent
a in Theorem 5 and the smallest exponent c¢ for which we can show that the interval
[z, 2 + log® x| contains an Es number almost always.

lo
almost all intervals [x, x + h|, where h and k are as in one of the theorems. However, we

are not quite able to find Ej numbers on intervals [z, x + ¥ (x)logx] with ¢ tending to
infinity arbitrarily slowly, unlike in the result of Friedlander and Iwaniec on Py numbers.
In addition, our bound for the number of exceptional values is at best < logﬁ — and often
weaker, while the methods used in [10], [13] and [20] for primes in almost all short
intervals have a tendency to give the bound < ﬁ for any A > 0, when they work.
The limit of our method for Es numbers is the exponent 3 + €, as will be seen later, so
proving for example unconditionally the analog of Selberg’s result for Es numbers would
require some further ideas.

Remark 2 Note that Theorems 4 and 5 tell us that there are > ﬁ FEi. numbers in

To prove our results, we adapt the ideas of the paper [15] of Matoméki and Radziwitt
on multiplicative functions in short intervals to considering almost primes in short in-
tervals. In that paper, a groundbreaking result is that for any multiplicative function,
with values in [—1, 1], its average over [z,z + h] is almost always asymptotically equal
to its dyadic average over [z,2z], with h = h(xz) < x any function tending to infinity.
The error terms obtained there for general multiplicative functions are not quite good
enough for our purposes. Nevertheless, using similar techniques, and replacing the mul-
tiplicative function with the indicator function of the numbers p; - - - pr, with p; primes

from carefully chosen intervals, allows us to find Ej numbers on intervals [z, z + h], with
h

logz

value results for Dirichlet polynomials, some of which work specifically with primes or

growing very slowly. In this setting, we can apply various mean, large and pointwise

the zeta function, but not with general multiplicative functions (such as Watt’s theorem
on the twisted moment of the Riemann zeta function, a large values theorem from [15]
for Dirichlet polynomials supported on primes, and Vinogradov’s zero-free region). In
many places in the argument, we cannot afford to lose even factors of log® x, so we need
to factorize Dirichlet polynomials in a manner that is nearly nearly lossless, and use an
improved form of the mean value theorem for Dirichlet polynomials. To deal with some
of the arising Dirichlet polynomials, we also need some sieve methods, similar to those
that have been successfully applied to finding primes in short intervals for example in
[10], [13] and [20]. In the case of E2 numbers, in addition to these methods, we benefit
from the theory of exponent pairs and Jutila’s large values theorem.

The structure of the proofs of Theorems 4 and 5 is the following. We will first present
the lemmas necessary for proving Theorem 4, and hence Theorems 1 and 2. Besides
employing these lemmas to prove Theorem 4, we notice that they are already sufficient
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for finding products of exactly two primes in almost all intervals [z, z+logte x], which is
as good as Mikawa’s result for P, numbers up to € in the exponent (one could also get ¢
slightly below 5 using exponent pairs, which are just one of the additional ideas required
for Theorem 5). The rest of the paper is then concerned with reducing the exponent 5+¢
to 3.51 for products of two primes, and this requires some further ingredients, as well as
all the lemmas that were needed for products of three or more primes.

1-1 Notation

The symbols p, q, p; and ¢; are reserved for primes, and d, k, £, m and n are always positive
integers. We often use the same capital letter for a Dirichlet polynomial and its length.

We call zeta sums partial sums of {(s) or (’(s) of the form )~y n=*or>. _ (logn)n=*.

The function v(-) counts the number of distinct prime divisors of a number, u(-) is the
Mobius function, A(+) is the von Mangoldt function, and d,(m) is the number of so-
lutions to ag - --a, = m in positive integers. The function w(-) is Buchstab’s function
(see Harman’s book [10, Chapter 1]), defined as w(u) = 1 for 1 < u < 2 and via the
differential equation - (uw(u)) = w(u — 1) for u > 2, imposing the requirement that w
be continuous on [1,00). We make the convention that w(u) = 0 for u < 1. In addition,

let P(z) =[], p, and let S(A,P,2) count the numbers in A coprime to P(2).

The quantity € > 0 is always small enough but fixed. The symbols Cj,Cs, ... denote
unspecified, positive, absolute constants. By writing n ~ X in a summation, we mean
X <n < 2X. The expression 1g is the indicator function of the set S, so that 1g(n) =1
if n € S and 1g(n) = 0 otherwise. We use the usual Landau and Vinogradov asymptotic
notation o(+), O(:) and <, >>. The notation X <Y is shorthand for X <« ¥V <« X.

2 PRELIMINARY LEMMAS
2:1 Reduction to mean values of Dirichlet polynomials

We present several lemmas that are required for proving both Theorems 4 and 5. Later
on, we give some additional lemmas that are needed only for proving Theorem 5.

The plan of the proofs of Theorems 4 and 5, and hence of Theorems 1, 2 and 3, is to
transform the problem of comparing almost primes in short and long intervals to finding
cancellation in the mean square of the corresponding Dirichlet polynomial. The polyno-
mial can be factorized after it is divided into short intervals, and different methods can
be applied to different factors. This approach is utilized in many earlier works on primes
and almost primes in short intervals; see e.g. [10], [15]. We then apply several mean,
large and pointwise value theorems, which are presented in Subsection 2-3, to find the
desired cancellation in the Dirichlet polynomial.

The following Parseval-type lemma allows us to reduce the problem of finding almost
primes in short intervals to finding cancellation in a Dirichlet polynomial.

Lemma 1 Let

Sh(ac):% Z Qs

z<n<z+h
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where a, are complex numbers, and let 2 < h; < hy < % with Ty > 1. Also let
0
F(s)=>" 4n - Then

n~X ns

2

X
1 AT
do < — +/ VP4 it)2dt
Ti T

1 X1 1
= —Sp, () = —Sh, (z
X/X ]hlhuhzh() /.

X 2T )
— F(1+ 4dt)|=dt. 2-
+Trr;a5§Th1/T F(1+ i) (23)

Proof. This is Lemma 14 in the paper [15] (except that we do not specify the value of
To). A related bound can be found for example in [10, Chapter 9]. [

We choose Ty = X%, and hy = % in Lemma 1, and the average function Sy (z) is given

by the short average in (1-1) or (1-2). Now, defining

F(s) = > (p1-pr)”",
p1-pr~X
Pi<p;<P}*¢i<k-1

where P; are as in Theorem 4 or 5, proving Theorems 4 and 5 is reduced to showing that

/TT IF(1+it)2dt = o ((ih 4 1) 2 X)zlogk X)z) , (2-4)

for To = X% and h > P log X. Indeed, substituting this to Lemma 1 shows that

1/2X‘1S(x)—15 (x)de—o< ! )
X/ |n7" hy M2 ~ "\ (log® X)(log;, X)2 )’

where hy = % It actually suffices to prove (2-4) for T' < X, since otherwise the mean
0

value theorem (Lemma 3) gives a good enough bound for the last term in (2-3).

Note that for ' < X the trivial bound for the integral in (2-4), coming from the mean
value theorem, is < (log X)~!. Thus our task is to save slightly more than one additional
logarithm in this integral (for T < &, at least).

Once the required estimates for Dirichlet polynomials have been established, we can
apply the prime number theorem in short intervals with Vinogradov’s error term (see
[12, Chapter 10]) to see that

1 1
—Sh, (7) — = Sx(X) < exp(—(logX)%—E),
ha X
for hy = 2997 2 ~ X, and hence deduce Theorems 4 and 5 (and consequently 1, 2 and
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3). For example, we compute

2, 2 (G ()

$§P1P2P3Sfirh2 Pi<pi<P}T*
€
Pispish Po<pa <Pyt
Py<po<Pyte
- L ¥ _h
o hg 1 210 z
PlSPlSP11+E p1ip gplpz
Py<py<Py*¢
3_¢g
+0 (exp(~(log )3~ 5)
1 8,
= Y+ Olexp(—(log X)),
Py<py <P TE P1p2108 p1p2

Py<py<PyTE

and the same asymptotics hold for the dyadic sum. Sometimes we end up comparing
the sums h%,shz (z) and L S5(z) with a, not quite equal to the coefficients of F(s), but
equal to the indicator function of the numbers pipon with p; and ps from the intervals
[P, P} %] and [Py, P} T¢], respectively, and n having no prime factors smaller than ps.
There may also be a simple cross-conditions on p; and pa, but comparing the sums still
causes no difficulty.

Thus, in the rest of the paper we can concentrate on bounding Dirichlet polynomials.
Although there is a close analogy in the formulations of Theorems 4 and 5, estimating
the polynomial arising from the latter is more difficult, and will require several additional
ideas.

2-2 Factorizations for Dirichlet polynomials

In bounding Dirichlet polynomials, factorizations play an important role. We encounter
situations where the only cross-condition on the variables in the polynomial is that their
product belongs to a certain range, so the variables can be separated by diving them into
short ranges and estimating the mean values of the resulting polynomials. The factor-
ization is provided by the following lemma, which also takes into account the improved
mean value theorem (Lemma 4).

Lemma 2 Let S C [-T,T) be measurable and

mn~X
M<m<M’

for some M’ > M > 2 and for some complex numbers ay,,b,. Let H > 1 be such that
Hlog M and Hlog M’ are integers. Denote
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Then

/|F(1+it)|2dt < m?/ vy 11 (1 + i) Buy i (1 + it) 2t
S S

+T Y el+T Y M lemllenl,

1 1 2X _n=
ne[Xe T, Xelr) 1<h<2X m q,_h, L
1 ,nE[Xe H XeH] or
[2X,2XeH ] m,ne[X ,X ]o

1
m,n€(2X,2XeH ]

with

1
n — — b,
c . E |axbel

n=ke
M<k<M’

I =[HlogM,Hlog M') and vy € I a suitable integer.

Remark 3 In applications we have M' > 2M, so the conditions that Hlog M and
Hlog M’ be integers can be ignored, since we can always afford to vary H and M’ by the
necessary amount.

Remark 4 When proving Theorem 4, we cannot afford to lose any powers of logarithm
in some factorizations, and indeed the second term in the lemma crucially has the factor
T instead of the factor X occurring in the mean value theorem, and in the first term we
will lose a factor of size < H? log2 %, which in practice is minuscule.

Proof. This resembles Lemma 12 in the paper [15] by Matoméki and Radziwilt (where,
in addition to factorization in short intervals, a Ramaré-type identity is used). We split
F'(s) into short intervals, obtaining

Fo=y Y o 3 %

velNZ vtl _vtl _u
eH <m<e H Xe H <n<2Xe H
mn~X

v+1 1

Observe that Xe™“# < n < Xe # can hold above only for mn € [Xe 7, Xe#].
Furthermore, we always have mn € [Xe~#,2Xe#]. This allows us to write

Fo)= Y An@Bonl)+ Y % (25)

1 1
velnz k€[Xe H ,XeH]or

1
ke[2X,2Xe H |
with
ldi| < Y lambal.
k=mn

Now the claim of the lemma follows by taking mean squares on both sides of (2:5) on
the line R(s) = 1, applying the improved mean value theorem (Lemma 4), and taking
the maximum in the sum over I. []

2:3 Bounds for Dirichlet polynomials

We need several mean, large and pointwise value results on Dirichlet polynomials. The
following lemma is one of the basic tools.



8 JONI TERAVAINEN

Lemma 3 (Mean value theorem for Dirichlet polynomials) Let N > 1 and F(s) =
Y onoN =, where a, are any complex numbers. Then

/_i |F(it)|?dt < (N +1T) Z |an|?.

n~N
Proof. See for example Iwaniec and Kowalski’s book [12, Chapter 9]. [

If the coefficients a,, are supported on the primes or almost primes and are of size < %, the

sum Y., v |an|? is essentially . However, in some places in the proofs of Theorems

1
Nlog N
1, 2 and 3, it is vital to save one more logarithm in such a situation. This is enabled by

an improved mean value theorem.

Lemma 4 (Improved mean value theorem) Let N and F(s) be as above. We have

T
/ FaPat<T Y JalP+T 5 3 [amllanl. (2:6)
-T

n~N 1<h< X m—n=h

m,n~N

Remark 5 The number of solutions to m —n = h, with m and n primes and m,n ~ N,
15 K IO]gVTQN . % (with ¢ Euler’s totient function), which follows easily from Brun’s
sieve, for example. If T < %,h > log N and a, is supported on the primes, the first
sum in (2:6) turns out not to be problematic, so we indeed save essentially one additional
logarithm with this lemma. We remark that if we have polynomials of length N < T,

Lemma 4 reduces to the basic mean value theorem.
Proof. This follows from Lemma 7.1 in [12, Chapter 7], taking Y = 10T there. [J

We also put into use a discrete mean value theorem, which is particularly useful when
we take the mean square over a rather small set of points.

Lemma 5 (Haldsz-Montgomery inequality) Let N and F(s) be as before. Let T C [-T,T]
be well-spaced, meaning that t,u € T and t # u imply |t —u| > 1. Then

STIF@)? < (N +|T1T7%)(logT) > Jan|.

teT n~N
Proof. For a proof, see Iwaniec and Kowalski’s book [12, Chapter 9]. [

In addition to mean value theorems, we need some large values theorems. We come across
some very short Dirichlet polynomials, say of length < 7°1), and we make use of the
fact that the coefficients of these polynomials are supported on the primes.

Lemma 6 Let P> 1,V >0 and
ap

F(s) = pe

p~P
with |ap| < 1. Let T C [=T,T] be a well-spaced set of points such that |F(1+it)| >V
for each t € T. Then we have

ogv—1! logT
T < T V=2 exp <(1 + 0(1))1Z§P log 10gT) '
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Remark 6 We may also apply this lemma to polynomials not supported on primes,
provided that P > X¢ for some ¢ > 0. In this case, the lemma is essentially the mean
value theorem applied to a suitable moment of the polynomial.

Proof. This is Lemma 8 in the paper [15]. There a factor of 2 occurs instead of 1+ o(1)
in the last exponential, but the exact same proof works with the factor 1+ o(1). [

For proving Theorem 5, we also need a large values theorem designed for long polynomi-
als. The reason for presenting it along with the lemmas for Theorem 4 is that combining
it with the other lemmas already gives the exponent ¢ = 5+ ¢ for E5 numbers. The large
values result is a theorem of Jutila that improves on the better known Huxley’s large
values theorem.

Lemma 7 (Jutila’s large values theorem). Let F(s) = Y. o= with |a,| < d.(n) for

some fized r. Let T C [-T,T] be a well-spaced set such that |F(1+it)| >V forte T,
and let k be any positive integer. We have

T 2 T
Ww«:<v-?+AWV‘“w-+v—%ﬁpk)gNTyﬂl

Proof. The proof can be found in Jutila’s paper [14]. We apply formula (1.4) there to
2
F(s)*, and have G =\ \a:zl < (NT)*@N~1 in the notation of that paper. [

In some cases in the proof of Theorem 4, there will be polynomials supported on primes
or almost primes for which the best we can do is apply a pointwise bound. These bounds
follow in the end from Vinogradov’s zero-free region.

Lemma 8 Let

P(s)= > gi(ny)--grlng)(na---ng) =

ny--np~N

where k > 1 is a fized integer and each g; is either the Mobius function, the characteristic
function of the primes, the identity function, or the logarithm function. We have

|P(1+it)| < exp (—(log N)ﬁ)
when exp((log N)3) < |t| < NAlslosN for any fized A > 0.

Proof. For k = 1, the claim follows directly from Perron’s formula and Vinogradov’s
zero-free region, so let k& > 2. We may assume that nq,...,n; belong to some dyadic
intervals I, ..., Iy such that I = [a,b] with a > N%,b < N. Now

S ) g )Y glung

n1€lr,...,np—1€L_1 ”kEIJ\I?
TRy
log N
< (log N)O(l) Z (nl I nk_1)71 - exp fg72
(logt)s+e
ni1€lr,...,ng—1€Ik—1

< exp (—(log N)%) ,

as wanted. [
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2:4 Moments of Dirichlet polynomials

We need Watt’s result on the twisted fourth moment of zeta sums (see Subsection 1-1
for the definition of zeta sums). This bound comes into play when we estimate the mean
square of a product of Dirichlet polynomials where one of the polynomials is a long zeta
sum.

Lemma 9 (Watt). Let T > Ty > T, 7'M > M, N > 1. Define the Dirichlet polyno-

mials N(s) = >, yn °or N(s) =3, y(logn)n™* and M(s) =3 ./ %= with an,
any complex numbers. We have

T
T 1 1
N\ 14 SN2 22—+ o(1) 2
/TU IN(1+it)|*|M(1+dt)|°dt < <2(1+M T 2)+€)T max lam|”.

Proof. An easy partial summation argument shows that we may assume N(s) =3 yn~*.

The lemma will be reduced to Watt’s original twisted moment result [19], where N(s) is
replaced with ((s). It is well-known that |[N(1+it)| < } for N > ¢ > 1 (see [12, Chapter
8]), so

N T
1
/ IN(1+dt)[*|M(1+it)|*dt < max |am|2/ —dt - T°0)
To m~ M To t
To(1)
5
Now it suffices to consider the integrals over dyadic intervals [U,2U] with N < U < T.
These are bounded as in Lemma 2 of [1] (using Watt’s result and simple considerations),
since translating the results there from the line R(s) = % to the line R(s) = 1 is an
easy matter (and the bound in [1] should be multiplied by max,,~s |a.s|?, as we do not
assume |an,| <1). [

2
< max |am|=.

2-5 Sieve estimates

There are occasions in the proofs of Theorems 4 and 5 where our Dirichlet polynomials
are too long, and we need a device for splitting them into shorter ones. This is enabled by
Heath-Brown'’s identity and the decomposition resulting from it, which tells that either
our Dirichlet polynomial can be replaced with a product of many polynomials, which is
desirable, or it can be replaced with products of zeta sums, in which case we can make
use of Watt’s theorem.

Definition 1 A Dirichlet polynomial M(s) = >\ %= with |a,| < d.(n) for fized
r is called prime-factored if, for each A > 0, we have |M(1 + it)| <4 (log M)~* for
exp((logM)%) <t < MAloglogM

Lemma 10 (Heath-Brown’s decomposition) Let an integer k > 1 and a real number § > 0
be fized, and let T' > 2. Define P(s) =3 p,pip~° with P> T° P e [P + @, ZP]
There exist Dirichlet polynomials G1($), ..., GL(s) and a constant C > 0 such that

|P(1+it)] < (log® X)(|G1(1 +it)| + -+ |Gr(1 +it)|) forall te[-T,T],
with L < log® X, each Gj(s) being of the form

Gj(s) = [[ Mi(s), J; <2k,

i<Jj
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with M;(s) prime-factored Dirichlet polynomials (which depend on j), whose lengths sat-

isfy My - My = X' M, > exp (log’ﬁ)gp), Additionally, each M;(s) with M; > X%

18 a zeta sum.

Proof. For a similar bound, see Harman’s book [10, Chapter 7]. It suffices to prove an
analogous result for the polynomial },_, _p A(n)n™* and use summation by parts. We
take f(n) = n~'""1(p p1(n) in the general Heath-Brown identity [11] for >° _ \ f(n)A(n),
splitting each resulting variables into dyadic intervals, and separating the variables with
Perron’s formula. The summation condition in Heath-Brown’s identity guarantees that

of the arising polynomials only the zeta sums can have length > X % If there are any
log P

W)’ these can simply be estimated trivially. The fact

polynomials of length < exp (

log P
log log P

that the remaining polynomials of length > exp( ) are prime-factored follows

from the fact that they have as their coefficients one of the sequences (1), (logn) and
(p(n)), so that Lemma 8 gives a pointwise saving of <4 (log P)~4. O

There is one more lemma that we need on the coefficients of Dirichlet polynomials arising
from almost primes. We need to bound the following quantities that are related to the
quantities occurring in the improved mean value theorem for Dirichlet polynomials.

Definition 2 For any sequence (a,) of complex numbers, set X1 = exp((béoﬁig‘)g()z;) and

|an|®
X, (an)) = H [n
SiX () = max >

Y
1<H<logl0 x Y<n<Y+g

S2(X, (an))= max H Z Z w.

Xilgygu( . v n
1<H<logl0 x Ishsg YnsY+4q

We get bounds of size essentially long and Tlo)g(QX for S1(X, (ay)) and S2(X, (an)),
respectively, under the assumptions of the next lemma.

Lemma 11 Let Z, > --- > Z1 > 1 for a fived r with Z, > exp(%), Z, <z <
4X, and

Q = {n < 4X :n =Dp1-Prm, pP; € [ZiaZiQ]a (m7P(Z)) = 1)} :
Let |a,| < 1g(n), and let S1(X, (an)) and S2(X, (ar)) be as defined above. Then
1 X

1
S1(X, (an)) € 7— and S2(X, (an)) € — .
logz T

log z

Remark 7 Notice that we could also take as the set Q the set
Q= {n<4X:n=pi---pm, pi € Z, 2], (m,P(p,)) =1}
or the set
Q' = {n§4X ‘n=pi--Pr, D; € [Zi,Zf]}.

Indeed, the sizes of Q' and Q" can be bounded by sizes of sets of the form given in
the lemma (with the parameter z = Z, or z = X771 ). This observation will be used
subsequently.
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Proof. Let S(A,P,z) count the numbers in A having no prime factors below z, and let
II be the product of all primes in |J;_,[Z;, ZZ] N [1, z]. Brun’s sieve yields

S1(X, (an)) € _max
XL1§Y54X
1<H<logl0 x

[for-3lee
[frepore3]- (28

Y +z
Hlogz

< max
£ <v<ax
1

1<H<logl0 x

N|=

< max
XLgygz;x
1

~lm o <lEm <=

1<H<logl0 x
1
K
log 2z

since 22 < (4X)? < #gzz.

Furthermore, Brun’s sieve also yields

Sa(X, (an)) €  max i Z

x;<y<4ax Y

{ne [Y,YJFE} : <n(n+h)7pl(f)) - 1}‘

1<H<logl0 x 1§h§%
< H h < Y . ;)
max — - Lt 2
S Y 52 v \Hlog® 2
< 1 X
log?z T’

by the elementary bound »_, S0my < M. This proves the statement. [

3 MEAN SQUARES OF DIRICHLET POLYNOMIALS

With all the necessary lemmas available, we are ready to present the propositions that
quickly lead to Theorem 4 and are also necessary in proving Theorem 5.

Proposition 1 Let X > 1,7 > Ty = X" 0<a; <1 and 1 < P < X°V | where P is
a function of X. Define

a b
K(is)=Y = Pis)=> 2
()= 3% and Pls)= 3 %

nN% p~P

where a,, and b, are arbitrary complex numbers. Denoting
To={te[lo,T]: |[P(1+it)]| < P~}

we have

|

A |K (1 +it)P(1 +it))%dt < % . pl—2. <Sl ()]_S, (an)> + Sy <, (an))> .
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Proof. The improved mean value theorem (Lemma 4) and definition of 77 give

|K(1+it)P(1 +it)2dt < P72 [ |K (1 +t)|*dt
T Ti

<P?PAT Y aP+T > > akllaw|

P.q X I X
ke~ 1Sh<S g kK ~p
k—k/=h

< P72 (T;Sl (jﬁ (an)> + %52 (jﬁ (an)>)

— 2 P (s (Frn) 15 (Foan)).

Proposition 2 Let X > 1,7 > Ty = X% and 1 < P < X°W . Also let 0 < a1, a5 < 1
and let the Dirichlet polynomials K(s) and M(s) with K = 2 > X be

K(s) = Z% and M(s) = Z %,

n~K mn~M

which was the claim. [

where |cy,| < d.(m) for fized r, and |a,| = 1s(n) for some set S whose elements have at
most r prime factors from [P,2P] and have no prime factors in [1, X*O\ J!_,[Z;, Z7]
for some Z; > 1. Write

b
P(s) = Z L with |by| <1 and
p~P
T={te[Tp,T]: |P(L+it)] > P~ and |M(1+it)| < M—°2}.

We have

1 1 1
K(1+ i) M(1 + it)|2dt < M—202 p+10e)ait ppylto(t) [

log%—l

where { = [ 251

Remark 8 For products of three primes, our variables are picked so that the bound
given by this proposition saves X¢ over the trivial bound. However, for products of k > 4
primes, our savings are much more modest, and the factor % . @ + log%X becomes
necessary.

Proof. This result is inspired by Lemma 13 in [15]. Using the fact that [M (1 + it)|? <
M—292(Pe1|P(1 +it)|)?¢ for t € T and splitting polynomials into shorter ones, we have

/ |K (14 t)M (1 +it)2dt < M*"‘azP?m@/ |K (14 it)P(1 +it)*|*dt
T T
< M*%@P?alfﬁ/ |A(1 + it)|dt, (3-7)
T

where
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for some K P! <Y < 2K(2P) (so X <Y < 2‘PX), the coefficients A,, satisfying

|An‘ < Z |G-

Nn=pi---pem
pi~P
m~K

By the improved mean value theorem (Lemma 4), we see that (3-7) is bounded by

2 AnllA,
wer Xy

1<h< X m—n=h

< M—2a2P2a1€€2 T Z
n~Y

Note that A,, # 0 implies that n has at most £ + r prime factors from [P, 2P] and that

n is coprime to
II= H p.

p< X001
peUj_,[Z:,271V[P,2P]

Consequently, |A,| < (£+r)!, and so

A, 1 | Ay
<. !
Z n| Y (+7) Z n
n~Y n~Y
1 |m| 1
< 7(€|)1+o(1) Z 1%m] Z
Y m~K m pl,...,pngp “Pe
1 |am|
Mmite(®) . — wmi
< (0) % ; -
(mo=1
< (K!)l'f‘o(l) . ;
Xlog X’

where the last step comes from Brun’s sieve and the facts that Y > X and K > X°©.

To deal with the second sum arising from the improved mean value theorem notice that
by Brun’s sieve the number of n < y with (n(kn + h),II) = 1 is < log " ga(ifk) with an

absolute implied constant. Since ¢(ab) > ¢(a)p(b) and W < 2¢ when k has ¢ prime
factors, we have

[An[Ansn]
Z Z n(n + h)

1<h<X n~Y

SW (€ +nr)! Z Z Z 1

1<h< X p1seespe~ P (m,IT)=1
(p1---pem-+h,I)=1

m< 2Y
=Pp1pg

YORECED DD Y p1---peh

V<he X propenP PL - prlog® —X— o(p1 -+ - peh)
1 h 1
< (f )1+o(1)
Ylog Y 1<§x w(h) " §~P 1 pe
<h<X TN pr :

1

1
< (et ——,
T( ) log? X
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as desired. []

Proposition 3 Let Xito() > 7 > To = X9 gnd 0 < oy < 1. Furthermore, let

P(s):ZZ—Z, and M(s) = Z ls,

pP M<qzmr 4
with |ay| <1, M" € [M + 25, 2M], log X < P < X°W and PM = XM and let

U={tel,T]: |P1+it) > P}

Then, for { = Le{gg’}ij,

/ |P(1+dt)M(1 + it)|dt
u

/ Tl
< (PPt log? X)X o (log X) 1% (1 ’ ;L—u—l <21>>
3 o

for some well-spaced set U' C U.

Proof. Heath-Brown’s decomposition (Lemma 10) with k& = 3 allows us to write, for some
C >0,

IM(1+it)] < (log® X)(|G1(1 4 it)| + - - - + |GL(1 4 it)])

with L < log® X. Here each G;(s) is either of the form

log X
G(s) = My (s)Ma(s)Ms(s), MyMyMs = X' ToW My > My > My, Mz > exp (210gglogX>

with M;(s) prime-factored polynomials, or of the form
Gj(s) = Ni(s)Na(s), NiNo = X' Ny > N,
with N;(s) zeta sums (it is possible that Na(s) is the constant polynomial 17%). It suf-

fices to bound the contributions of the zeta sums and the prime-factored polynomials
separately.

We look at the zeta sums first. We split the integration domain into dyadic intervals
[T1,2T,] with Ty < Ty < T. Keeping in mind that N; > X%*O(l), Pt = x=to) and
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|P(1 + it)P*1|?* > 1 for t € U, Cauchy-Schwarz and Watt’s theorem (Lemma 9) yield

/ |P(1+it)Ny(1 +it)Na(1 + it)|*dt
UN[Th,2T1]

< P2‘M/ |Ny(1 4 it) No(1 + it) P(1 + it)*|2dt
UN[T,271]

- 3 27, 2
< pont / IN1(1 +it) [ P(1 +at)|*dt | - / |No(1 + it)|*dt
Ty

T

1
1 3 1
T, +TZ2P* 1 Ty + N2\
P2a1€Xo(l) 1 1 20 !2 . 2
< neper g | (20 N2

P2o¢1€Xo(1) (f!)2+0(1)

P(2a171)€X0(1) (P 2+0(1)
< 4 + T

< (P2l log? X)(1+0(1))15X0(1) 4+ Xe.

Combining the contributions of the dyadic intervals simply multiplies this bound by
log X.

To bound the contribution of the prime-factored polynomials, we first observe that

/ |P(L+it)M (1 +it)Pdt < Y [P(1+it)M(1+ it)[?

u teut’

for some well-spaced U’ C U. We make use of the Haldsz-Montgomery inequality (Lemma
5), and of the prime-factored property applied to the polynomial M3 with length M3 €

D IP(L 4 it) My (1 + it) My (1 + it) Ms(1 + it) |

teu’

< (log X) 71072 N " |P(1 + it) My (1 + it) M (1 + it)|?
teu’

T ||
—100—-2C
< (log X) (1 + X§0(1)> ,

where D is so large that D — 2C' — 1 exceeds the power of logarithm arising from the
mean square of the coefficients of the divisor-bounded polynomial P(s)Mj(s)Ma(s). Now
the statement is proved. [

4 PROOF OF THEOREM 4

The following proposition yields Theorem 4 (and hence Theorems 1 and 2) immediately,
in view of the remarks of Subsection 2-1

Proposition 4 Let k > 3 be a fized integer, € > 0 be small enough and Ty = X%, as
before. Define

F(s) = Z (p1-pe)”7,
p1ope~X
P;<p;<P}**
i<k—1
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where P; are as in Theorem 4. Then, for T > Ty, we have

T

TP log X 1

IF(1+it)2dt < | 1282 4 1) . . (4-8)
2 3

T X (log” X)(log, X)

Proof. We make use of the ideas introduced in the paper [15] by Matoméki and Radziwilt.
Trivially, we may assume T' < X't°(M), Let H = (log, X)?,

Qv,H(s) - Z pisv

i PR
eH <p<e H

and for each j =1,...) k,

Fymj(s) = > (Pr---pj—1Dj+1- - PR)
pl"'p_j—lpj+1"'pk~X67%
P<pi<P}Te i, i<k—1
Define a, ..., a1 by a;j = 105 for j < k —2, and ap_; = 1—12 — g, with £ so small that
o < %. We split the domain of integration as [Ty, T] = T1 UT2 U U T UT. We
write ¢ € Ty if

ajv

Qur(1+it)| <e” 7

forallv € I = [Hlog P, (1+¢)H log P;]. We define recursively t € T; for j =2,...,k—1
1f t g Uj/Sj—l 7}’ but

ajv

Qv (1 +it)| <e” 7

for all v € I; = [Hlog P;, (1 + ¢)H log P;]. Finally, we write
k—1
T =T, T\ |J T
j=1
Lemma 2, with the notation of Subsection 2-5, yields
/S |F(1+it)|?dt < H?(log” Pj)/s 1Qu, . (1 +it)Fy, g ;(1+it)|*dt

T
o (S1(X (e) + 52(X, () (49)

for some v; € I;, and any S C [To, T]. The coefficients ¢,, in the definitions of S; and Sy
are naturally the convolution of the absolute values of the coefficients of the polynomials
ij’H(s) and F,, g ; (s). By Lemma 11 and the remark related to it, the last two terms
above contribute

<<Z 1 n 1
X HlogX Hlog?X
TP log X 1
<<<10g 1).2,
X Hlog® X

We choose S = Tq,...,Tp—1, T in (4-9). Summarizing, it suffices to estimate for each
j=1,....,k — 1 the quantity

B; := H*(log? P;) / Qo1 (14 it)Fy, g 5 (1 + it)[*dt,
75
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where v; € [HlogPj, (1 + ¢)H log P;] is chosen so that the integral is maximal, and
additionally the quantity

B := H?(log? X) / Qo it (14 it)Eyy g (1 +it)|2dt,
T

where vy, € [H log W, Hlog 1,1?_7)1%71] is also picked so that the integral is max-
imized.

The integral over 77 is bounded with the help of Proposition 1. We take K (s) = F,, m,1(s)
and P(s) = Qu,,u(s). Now Lemma 11 and Proposition 1 result in

e T (1 X 1
B < H2(10g2 Pl)Ple 2 1} <logX T PT . log2X>

<TP110gX ) ploe—2a
< ~ —
X log” X

and this is an admissible bound, since oy = 10e and P; > (log, X)=

For the integral over 7; with 2 < j < k — 1 we use Proposition 2, with K(s) =

Foyi1,3(5), M(5) = Qu; 1 (s) and P(s) = Qu, , i (s), and for £ = [ 5287 deduce

B; < H?(log” P;)) pj—Q% . pﬁfOE)aHf

T 1
(0 1+o0(1) |
() Xlog X * log® X

< plo P?(aj—lfaj)+105+(1+s) féﬁfff TP log X 1 .
7 X log? X

(4-10)

For 2 < j < k-2, we have % < 2e and a; —a;—1 = 10, so the definitions of P;_;
and P; result in

TP log X ) 1 _3
B < +1 logy X)~2,
< (725 o llose X)

as wanted. For j = k — 1, we have aj_o < %, S — 1—12 —cand P,_; = (logX)Efz, SO
taking 7 = k — 1 in the above computation gives

_l_;'_l\/g_;’_ 1+e _ a1
Bk—l <<Pk;—61 4 6+10v/= < Pkfl < (IOgX) 5 ,

and therefore the case of T,_1 has been dealt with.

Finally, the integral over 7 is estimated using Proposition 3 with P(s) = Q.,_, u(s)
and M(s) = Qy,. .z (s). Denoting ¢ = |e lolgo%‘i -] and separating by Perron’s formula the
variable py_1 from the rest of the variables in F,, g x(s) (and bounding the polynomial

corresponding to the variables p1, ..., pr—2 by < 1), we see that

B« H2(log4X)/ Qo i (14 it)Qu, 1 (1 4 it) | dt
T

54 ( |73
< H*(log" X) (P, 5% log? X)(1+e) o) | (log X)~9 <1 + )'(ﬂ(l))
3 o
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for some well-spaced set 7' C T. Since P,_1 = (log X)572, the first term is < X 5. In
addition, Lemma 6 allows us to bound the size of 7' by

|T’| < TQOUC—IPI?71X(52+0(1)) < X%_ﬁ,

because ay_1 = 7= — . Therefore, the integral over 7 is < (log X)~%. In conclusion,

we deduced the bound
TP, log X ) 1
Bi+- 4+ By +B< | —— 1) ——,
! ot ( X Hlog? X

which finishes the proof of this proposition and of Theorem 4. []

4-1 A corollary on products of two primes

As a byproduct of the methods above, we arrive at the exponent ¢ = 5 + ¢ for products
of two primes, which already replicates Mikawa’s exponent for P, numbers? Similarly as
for products of three or more primes, it suffices to prove

T
. TP log X 1
F(1 2dt = il = I T I
/T0 (1 + it)|*dt 0(( % + ) (1ogX)2+€>’

F(s) = Z (p1p2)~°,
p1p2~X
Py <p;<P/**

where

and P; = log” X with a = 4 4+ . We may again suppose T < X to(1),

We can redefine the set 77 in the proof of Proposition 4 with the new values P; = log® X,
H = (log X)3¢, keeping the value a; = 10¢, and we see again from Proposition 1 that
the mean square of F(1 + it) over 7T; is suitably small. For applying Propositions 2 and
3, we need more polynomials than the two that correspond to the variables p; and ps in
(1-2). Indeed, Heath-Brown’s decomposition (Lemma 10) enables splitting the polyno-
mial corresponding to po as (log X)°() sums of the form | M (s)My(s)| + |N1(s)Na(s)],
where M (s) and My(s) are prime-factored Dirichlet polynomials with M My = X H+o(1),
exp (%) < M; < X3+°() and Ni(s) and Ny(s) zeta sums with Ny Ny = X1+,
The contribution of the zeta sums over the complement of 77 can be managed easily with
Watt’s theorem, similarly as in the proof of Proposition 3.

To estimate the contribution of the prime-factored polynomials M;(s), we redefine the
set Tz as {t € [To,T) : |M1(1 4+ dt)| < My “*} \ T1, and Proposition 2 (with P(s) corre-
sponding to p; and K (s) = Mj(s)Mz(s)) produces a valid bound? in the 75 case, as long

+ 100e. We take ap = £ — ¢, which turns out to be the best choice here.

asaZQ( 3

__ 1
ag—ay)

Finally, when considering the integral over the complement of 7; U 73, instead of Propo-

2 Adding to the argument a small refinement from Subsection 5-1, as well as Proposition 5,
which is rather similar to Proposition 3, would already give ¢ somewhat smaller than 5.

3 This bound for a arises by inserting P;—; = log® X and P; = XMW into formula (4-10).
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sition 3 we apply the simple inequality

72 1
/ My (1 + it) My (1 + it)[2dt < (log X)~10° (1 + |TA|4T)
T 2

for some well-spaced 7' C T, with T C [Ty, T] arbitrary. This inequality follows just from
the prime-factored property of M (s) combined with the Haldsz-Montgomery inequality
(Lemma 5). Now, denoting M; = X*+°(1) we need to have |T’| < X2¥~<" whenever

T'C {t € [To,T) ¢ [Mi(1+it)| > M)

is well spaced. Jutila’s large values theorem (Lemma 7) applied with F(s) = M;(s)",
V=M %9 and k=2, ¢ € {2,3} tells that

Xmax{%, —%V—‘rl, 1—4V}—252
!/
|T | < )(max{%y7 —33u41, 1—6v}—2¢?

We know that v < % +0(1), and for % <v< % the first bound is <« X%ﬂ/—e?, while for
% <rv< % the second bound is small enough.

In the case v < %, we may simply appeal to Lemma 6 to bound |77| (with V = M, *?),
and get

|T’| < T202 x2vas+o(1) < X0:29+100e X%—u—s
for ag = % —¢. This proves that as = % — ¢ was permissible, leading to a = ﬁ + Cie, so

the admissible exponent becomes ¢ = a + 1 < 5 + 2C1e (and € > 0 was arbitrary). The
rest of the paper therefore deals with improving the value ¢ = 5+ ¢ to ¢ = 3.51, which
will require several further ideas, along with the ones already introduced.

5 LEMMAS FOR THEOREM 5
5-1 Exponent pairs

In the proof of Theorem 5, several zeta sums arise, and in some instances it is useful
to have a smallish, pointwise power saving in these sums. This is given by the theory
of exponent pairs. We could compute a long list of exponent pairs and choose the op-
timal estimate depending on the length of the zeta sum, but it turns out that using a
single suitable exponent pair improves the exponent ¢ for E5 numbers by approximately
0.02, while having more of them would have very little additional advantage, and would
complicate the calculations. Therefore, instead of formulating the general definition of
exponent pairs (found in [17, Chapter 3]), we write down the estimate coming from this
specific pair.

Lemma 12 Let

. 1—v v
o(v) = mln{ 26 21,0}.

anlfit < tfa(V)Jro(l)
nel

for each I = [Ny, N3] with t¥ < Ny < Ny < tv+o(D),

Then we have
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Proof. This follows immediately from the fact that (ﬁ, %) is an exponent pair. For the

proof of this, see Montgomery’s book [17, Chapter 3]. [

5.2 Lemmas on sieve weights

For finding products of two primes on short intervals, we need some lemmas concerning
sieve weights. In the cases of sums ¥ (h) and ¥2(h) in Subsection 6-2, there will be too
few variables for finding cancellation in the mean square of the corresponding Dirichlet
polynomials. However, introducing sieve weights to these sums, we get an additional
variable which is summed over all integers in a certain range, and separating that variable
gives a long zeta sum (because there are few variables), and Watt’s theorem can be applied
to this sum. Also in the case of these sums, we need to make use of an additional saving of
a logarithm in the mean value theorem. However, here the coeflicients are not supported
on almost primes but are closely related to the Dirichlet convolution A, x 1, where A, are
the sieve weights. The sieve weights A, can be taken to be those of Brun’s pure sieve.
Specifically, we take

A= {M(d% v(d) < R,d | P(w) = {u(d), v(d) < R+1,d | P(w)

0 otherwise 0 otherwise

where the notations are as in Subsection 1-1, and
log X 3
—exp (2t d R=2|(loglog X)}|.
W = exp ((10g logX)?’) and R (loglog X)

Since the support of A, * 1 contains in addition to almost primes only numbers having
exceptionally many prime factors, we are able to save one logarithm factor in the mean
values. This is done in the following lemma.

Lemma 13 Let /\j and A be the sieve weights of Brun’s pure sieve with the above
notations. Let k > 0 be a fized integer, Ry, ..., R > 1 and

we Y| Y w

Py PRIn n=pi---prdm
14e€
Ri<p;<R;

where either the sign + or — is chosen throughout (for k = 0, we define p1---pr = 1).
Then for y >4 é‘? and x ~ X we have

2 o.(1) Y
0 log log X)) Y 511
x<n§<:x+y|a o loglos ) log X (5-11)
X 2
> Y lamllan] <a (loglog X)Or N2 . (512)
1<h<& m—n=h T log“X

T mnele,z+y]

For the proof of this lemma, we need a couple of other lemmas.

Lemma 14 For x > 2 and positive integer £, let

me(z) = {n € [1,z] : v(n) = £}
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There exist absolute constants K and C such that

Kz (loglogz + C)!
log z (£—1)!

me(x) <
for all ¥ and x > 2.

Proof. This is an elementary result of Hardy and Ramanujan from [8]. [

Lemma 15 Let a > 1 be fized, and let R = 2|(loglog X)%J as before. Then for any
A>0

X
Z au(n) <o —
— log”™ X
v(n)>R

Proof. The sum in question can be written as
S dfln~ Xt v(n) = 0},
>R

and by Lemma 14 this is

X ae(loglog X + C) et
< 2 < 1

by the definition of R. [

We can now proceed to proving Lemma 13.

Proof of Lemma 13. 1t suffices to consider the lower bound sieve weights. We assume
k > 1, as the case k = 0 is similar but a little simpler. Define §,, = 1 = A;,. We have

0, = Z N(d)

d|n
v(d)<R
d|P(w)
= > pd+0o| > |ud)
d|(n,P(w)) daln

v(d)>R
= 1tn,p(wy=1 + 02" "1, ()5 R).
Using this, we bound the sum (5-11). Denoting by II the product of all the primes in
Uf:l[Ri7 R} ¢] N [1,w)], we observe that

an = Z 0_n_| < V(n)k(l(n,@)zl +2"™ 1, )5 R). (5-13)

p1-Pk

PPN
R;<p;<R]T®

The contribution of the first term on the right-hand side of (5-13) to the sum (5-11) is

< Z v(n)?* < (loglog X)+() Z 1< (loglogX)Ok(l)$

z<n<z+ty z<n<z+y
(P (- 52)
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by Brun’s sieve and the fact that v(n) < (loglog X)? when (n, P(w)) = 1. On the other
hand, the the second term on the right-hand side of (5-13) contributes to (5-11) at most

< E v(n)?F4r) <, E 5" < (5-14)
e<n<aty s<n<a+ty log”" X
Z(n)>R v(n)>R

by Lemma 15. This proves the first bound in Lemma 13.

The second bound in Lemma 13 is proved analogously. The two terms in (5-13) can be
combined in four ways into products of two terms (two of these are symmetric). One of
the cases contributes to (5-12) at most

2

X
k k o2 Y
< E 57 v(m)®v(n) 1(m777§_[w)):11(n777§_[w)):1 < (loglog X)“* o
R

by Brun’s sieve. The two symmetric terms obtained by multiplying terms in (5-13) have
an impact of

< D 2 v v, pey 2 s,

1<h<Z m-n=h
=U=T oonelz,cty]

where the coefficients depending on m can be bounded trivially, while the coefficients
depending on n save an arbitrary power of logarithm, as in formula (5-14). Finally,
the fourth term arising from multiplication of (5-13) also saves an arbitrary power of
logarithm by the same argument. [

6 PROOF OF THEOREM 5
Before proving Theorem 5, we need some preparation. Define

Su(x)= > 1, Sx=Sx(X),

z<py1p<z+h
Pi<p <Plte

and set

we e log X
=exp| +—= |-
P (loglog X)3

We use Buchstab’s identity twice to decompose

Su(w)y= > 1- Y 1

z<pin<az+h z<prgin<az+h
Pi<pi<PTe Pi<pi<PTe
(n,P(w))=1 w<q1 <z
n>1 (n,P(q1))=1
n>1
- § 1— E 1+ E 1.
z<pin<z+h z<piqin<z+h z<p1qig2n<z+h
P <p <P/ Te P <p <P/te P <p <P/ T*
(n,P(w))=1 w<q1</T w<q2<q1<\/T
n>1 (n,P(w))=1 (n,P(g2))=1
n>1 n>1

Call these sums X (h), Xo(h) and X3(h), respectively, and call the corresponding dyadic
sums 31 (X), ¥2(X) and X3(X), respectively. We will divide ¥3(h) into two parts X5 (h)
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and X4 (h) in such a way that X (h),32(h) and X4(h) can be evaluated asymptotically,
while the error from 34 (h) is manageable. To be precise, we will prove that

() = 1 (Sa(h) — S (k) + T (k) + T(h)
— %(zlm —EQ(X)+E§,(X))+;Eéf(hHO(long) (6-15)
- %SX + %Eg’(h) - %EQ(X) to (long>
> £ 8x — TH(X) +o (long)
> %SX (6-16)

almost always, with the steps (6-15) and (6-16) being the nontrivial ones. This estimate
will then immediately lead to Theorem 5. To prove these statements, we require some
auxiliary results for the cases of ¥1(h), X2(h) and X5(h).

6-1 Mean square bounds related to Theorem 5

We need three additional mean square bounds to deal with the sums 3 (h), Xo(h) and
Y3(h). The first is a relative of Proposition 3 and would already improve slightly the
exponent ¢ = 5+ ¢ obtained from the proof of Theorem 4. It will not be applied directly
in the proof of Theorem 5, but instead as an ingredient in the proof of Proposition 7.

Proposition 5 Let X1t > T > Ty = X001 gnd 0 < oy < 1. Furthermore, let

1 b,
P(s) = —, M(s)= —,
(s)= > p (s) r;d e
with P = Xvto() p/ ¢ [P—FIOL QP}, 0 <v <3, |bwl < di(m) for fized v, and
PM = X' Also let
U=t e [T, T]: [P +it) > P~}
Then,
: S\ (2 —100 1 —min{2 ¥ 1 |ul|P
/|P(1+zt)M(1+zt)| dt < (log X)~100 4 x 2 min{20(v),5}+o(1) . ~
u

for some well-spaced U’ C U.
Proof. Note that Heath-Brown’s decomposition (Lemma 10) gives
|P(1+it)| < (log® X)(|G1(1+dt)| + -+ |Gr(1 +it)))

with L < log® X and each G,(s) either of the form G;(s) = N(s) with N(s) a zeta sum
of length P'=°(M) or G;(s) = M, (s)Ma(s) with M; and My prime-factored polynomials
of length M; > My > exp(%), M, M, = P2 To bound the contribution of the
zeta sum, we divide the integral over U into integrals over dyadic intervals [T7, 2T}] with
Ty € [Ty, T), and write N = T/ with y1 > v. If y1 > 1, we know that | N(1+it)| < 2t

and M(1 4+ it) < (log X)°M), so

(log X)°M)

/ |M(1+it)N(1 +it)[2dt <
Z/lﬂ[Tl,le] TO
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If 4 <1, we first pick a well-spaced U’ C U such that

/ IM(1+it)N(1+it)2dt < Y [M(1+it)N(1 + it)|*.
u =G

Now the Haldsz-Montgomery inequality and the the fact that N(s) is a zeta sum give

S IMA+it) N+ it)]> < T720MrM N M (1 i)
teUl’'N[T,2Ty] teu’'N[T1,2T1]

3+o(1)
—20(v)4o(1 |ul‘T1
<T <>+<><1+X .
P

To deal with the contribution of the prime-factored polynomials M;(s), we may use the
Halész-Montgomery inequality in a manner analogous to the above to obtain the estimate

u’ Tl+o(1)
/M|M(1+z‘t)M1(1+z‘t)M2(1+z‘t)|2dt<<(logX)*wO 1+% ,

1
2

since MM; > X 1;5(1) Taking the maximum of these two results produces the claimed
2

bound. [

Our second mean square bound is a type I estimate where we exploit a long zeta sum
with the help of Watt’s theorem. In the cases of 31 (h) and ¥3(h), this is necessary, and
in the case X3(h) it improves our exponent for Theorem 5. A closely related estimate can
be found for example in [10, Chapter 9].

Proposition 6 Let X'7°1) > T > Ty, and let M(s), N(s), P(s) be Dirichlet polynomi-
als with, coefficients bounded by X°M) and supported on the intervals [M,2M], [N, 2N],[P,2P],

respectively. Denote Q(s) = ZmNQ 2m and let N(s) be a zeta sum. Suppose in addition
that

MNP = X' p? < xi, M2P < X'+to(),
Then

T
1
/ |M(1+it)N(1+it)P(1 +it)Q(1 + it)|*dt < X°W) <Q1 + T) masx |t |2
T[) 0 mn

Remark 9 In all our applications, the polynomial Q(s) has length essentially X<, and
it is used to win by XEQ, say, in our estimates.

Proof. We will reduce the proposition to Watt’s theorem (Lemma 9). Divide the integra-
tion domain into dyadic intervals [T7,277]. By Cauchy-Schwarz, the mean value theorem



26 JONI TERAVAINEN

and Watt’s theorem, we see that

2T1
/ |M (14 it)N(1 4 it)P(1 4+ it)Q(1 + it)|*dt
T

2

< (/m IN(1+it)|*P(1+it)Q(1 + z’t)“dt)

T

2Ty
. </ |M(1+it)|4|P(1+it)|2dt>

1
2

T1

1
1 2 1
(T + T P2QY) | oW 2\ (T + M?P\?
< (( N2PQ2 + s | maxlam| MZ2P

1 3 1
Tlo(l)(Tl + T12 P2Q4) 4 Ty + M2P\ 2 xo(1) )
< (( N2PQ? max |am| aep ) T malaml

Hence, we need
(X + X2 P2QY)(X + M?>P) < (MNPX°M)?,
and this is guaranteed by our conditions. []

For the X3(h) case in Subsection 6-3, we also need the following mean square bound,
which is somewhat analogous to Proposition 4 and is based on Propositions 1, 2 and 5,
but it will be clear only later how it is crucial for proving Theorem 5.

Proposition 7 Let 0 < v < 1, 0<a; <1, a= i + Coe, P; = log® X, X1to) >

T>1Ty) = XO'Ol, and w < Py = X o) with w = exp (%) Also let

G(s) = Z an(p1p2psn)”—*,
p1p2p3n~X
Pi<p;<Pte,i<2
P2<p3
(n,P(p2))=1
n>1

b’VYL
m~M ms

where |ay| < (log X)¢. Suppose that for every Dirichlet polynomial M(s) = >
with |by,| < d,.(m) for fized r and M = X*+°) any well-spaced set

U c{telo,T]: IM1+it)| > M~}

satisfies [U'| < Xz tmin{200). 53¢ Thep we have

T
. TP, log X 1
G(1 +it)|%dt < (+1> -
/TO| ( ) X log®™e X

Proof. Let a; = 100¢ and define H = log'*® X. Let

QU,H,I(S) = Z pl_sa QU,H,2(3) = Z pQ_S

v w1 v vtl
eH <p1<e H eH <ps<e H
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and

Gv,H,l(S) = Z ap4m(p2p3p4m)7s7

—_v
p2pspam~Xe H

Py<pa<P,*e
p2<p3,p2<pa
(m,P(pa))=1

Go,m2(s) = > apym (Prpapam)~°.

p1p3p4er~Xe_%
Pi<p1<P/te
(m,P(pa))=1

For j = 1,2, we have

. TP log X 1
G(1 +t)]2dt <
e+ < (F )IOgMX

+ H(log” P;)(log"" =Y X)/ |Quy (L4 i) Gy 5 (1 + it)|*dt
S

for some v; € [Hlog P, (1 + ¢)H log P;] and any measurable S C [Tp,T]. In the case
4 = 1, this follows from Lemmas 2 and 11, while in the case j = 2, we use Perron’s
formula to separate the variables in G(s). We partition [Tp,T] as 71 U T2 U T with

71 = {t S [TO7T] : |QU1,H,1(1 +Zt)| S Pfa1}7
To={t € [To,T] : |Quy,m2(1 +it)| < Py ™} \ Ta,

and T = [Ty, T\ (T1 U T2).
What remains to be done is estimating the integrals

B; = H?(log® P;)(log"*V™ X)) ﬂr (Qu,5(1+ i) G5 (1 + it) dt
for 7 = 1,2, as well as |

B= H2(1og10X)/ |Quy i 2(1 4 it) Gy ro(1 +it)|?dt.
T

10e—«
We have B; < (w + 1) PI1OT2X1 by Proposition 1 and Lemma 11, and this is small

enough since a; = 100e. We also have, by Proposition 2 with ¢ = [

log PQ-I
log P, 17

B2 < H2(10g20 X)P2—2(12P1(2+105)051Z€(1+0(1))€

2(o1— 20e+ 2=
<<P2(Oél a2)+20e+ =L

< Py ¢ < (log X)~190,

as long as a > m + %a, say. Lastly, Proposition 5 gives, for some well-spaced U’

of the type mentioned in the proposition,

B < (log X)™50 4 x3-min{20(v), 5}+0(1

/Xy+o(1)
)% < (log X)_50

by our assumption on U’. Now the proof is complete. [
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6-2 Cases of ¥1(h) and Xs(h)

Let AT and A be the sieve weights of Brun’s pure sieve with R = 2|(loglog X)2] and
sieving parameter w = exp(%). We have

)P WS S 0 Y10 S NP

z<pidn<z+h & cp<ath z<prdn<z+h
Pi<p <Pl TE S P1<p <P} TE
P <p1<P; ¢
(n,P(w))=1
n>1

We consider the lower bound; the upper bound can be considered similarly. Letting
X1 = 25 with Ty = X!, we have
0

h AL h
— E Ay E 1=nh E 2440 —wRPll+E ,
X1 i i x N pld X1
Pi<py <Pl tE X cp< XN P1<p <P;TE
d|P(w) 1 d|P(w)

SO

D S o BID DI R D DI v B (L

d|P(w) z<pjdn<z+h 1 X<prdn<X+X,
Py <p, <plte 1+e 1+e
1SP1<Pq P1<p1 <P P1<p1 <Py

1
+O0 | —5—= -
<log100X)

By the fundamental lemma of the sieve (see e.g. [4, Chapter 6]), we further deduce that

h h

A — = (1+O0((log X)~'% Ay —

d;(wf) d pra — L+ O((og X)77T) dé(w) 4 pd
Pi<pi<Pyte Pi<pi<pite

h h
> % (X .
2 x5l )+O(log100X)

Therefore, we may concentrate on the expression in the parentheses in (6-17), which is a
difference between a short and long average. By Lemma 1, it is o (ﬁ) for h > Py log X
and for almost all z < X, provided that

T
TP, log X 1
/|F(1+it)|2dt_o<< L 08 +1) = )
T, X log”~ X

for all T > Ty, where Ty = X%, and
F(s)= > Aj(pdn)™*.

prdn~X
Pi<p <plte

Such an estimate is given by the following proposition, which is invoked again in the case
of the sum ¥y(h).

Proposition 8 Let e > 0, P, = log® X with a > 2+ Cse and

F(s) = Z AE(prdn)=* or F(s) = Z AZ (pipdn)~*
prdn~X pipdn~X
Py <p <Pl TE Pi<pi<PTe

M<p<Mite
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with M < Xzto) | x1+o() > T > Ty = X001 45 before, and either + or — sign

chosen throughout. Then,
T

. TP logX ) 1
F(1+it)Pdt < | ——=— —_—.
[ irainpar < (TR —

Proof. Let D be a large constant, and for positive integer v and H = log'%® X denote

PU,H(S) = Z p—s

and

Z )\fit (pdn)~°.

_ v
pdn~Xe H
M<p<Mlte

Fyu(s)= Z )\f(dn)_s or F,pu(s)=

_ v
dn~Xe H

Lemma 2 gives
T T
/ |F(1+it)|dt < H?(log logX)2/ |Poo.ir (1 +it)Foy g (1 +it)|?dt
To TO
T Y T Y > amlan.
N 1§h§% m—n=h

1
ne[Xe H ,XeH]o
" 1

m,n€(2X,2XeH |

-

1 1
m,n€(Xe H,XeH]or

-

ne[2Xx,2XeH |
(6-18)
for some vy € Iy, where Iy = [H log Py, H log P11+E] and
Gy, = Z Z /\i or Qy, = Z Z )\;[ (6-19)
p1lm m=pidn p1lm m=p1pdn
P<py<p{TE | MSp<mite

Pi<p <P;TE
Lemma 13 tells that the last two terms in (6-18) contribute, for some constant C > 0,

(loglog X)¢ X 1 >

T <(log10gX)C 1 N X
X H log X H T log’X
» (TP1 log X N ) - 1
X log?*® X

by the definition of H. We are now left with estimating the integral in (6-18). We consider
the integrals in two parts, namely the part over 77 and its complement, with

Ti = {t € (10, 1) : [Pyt (1 + it)] < P71,
The case of 77 is dealt with Proposition 1 and Lemma 13, and it contributes
T X X
< H*(log logX)QYPll 200e <51 (Pl’ (an)) + 52 <P1’ (an)>)

T 1 11
. 1—100e
< (loglog X) <X logX Py log2X> i

TP log X 1
il .= St N T
< X + ) log®™® X’
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where the coefficients a,, involved in definition of S;(X, (a,)) are given by (6-19).

We turn to the integral over the complement of 77 and resort to the Watt-type Proposition
6. Let £ be a large positive integer such that P{ = X=+°(1) Letting No(s) = >, xo-an™®
and

_ + —s _ + —s
M, u(s) = E A7 (prd) or M, pu(s)= E A7 (pipd) ™%,
v v+1 v v+1
eH <pypd<e H eH <pjpd<e H
Pi<p <P/** P <p <P/ **
M<p<M'te

an application of Perron’s formula to separate variables, along with Lemma 13 and
| Py, 1 (1 +it) P26 > 1) yields

/ |F(1 4 4t)|*dt
[To, T\Th

T
< H?(log!® X)) p3200st / |Pyo mr (14 it) My, (1 +it)Nuy (14 it)|2dt (6-20)

v1
To A
TP log X ) 1
T
( X log®™ X
for some vy € I, where Iy = [H log M, H log(M“'5 ®)]. Now Proposition 6 with N(s) =
Nuy (), M(s) = My, 1 (s), P(s) = 1,Q(s) = Puy(s)" and £ = [ 125X | bounds (6-20)

with
1
xo(1) p2o0et (Q ) ()2 < (P (log? X))+l 4 x—¢ « X< (6-21)

for a > 2 + Cse, since the condition M2P < X'+°() certainly holds. [J

Note that Proposition 8 immediately shows that

1 1 1
- - >
(k) Xlzl(Xl) _0(logX>

for almost all # < X, where X; = #5. Taking into account formula (6-17) and repeating
the above argument with lower bound sieve weights replaced with upper bound sieve
weights, we see that the reverse inequality holds, so hX)l(h) can be replaced with its
dyadic counterpart %El(X ) almost always.

Now we deal with Yo(h). We use the same strategy, so that for example for the lower
bound we start with
2> > AL

z<pipdn<z+h
Pi<p <pte

_x_ z+h

, contains no integers. This
p1p’ p1p

an inequality that is valid even when the interval [
leads us to study the Dirichlet polynomial
F*(s)= > Aj(ppdn)~*,
pipdn~X

P <p <P} "¢
w<p<T
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where the variable p can be divided into < loglog X intervals of the form [M, M17¢] with
M < Xzto() (the value of € may be varied so that the division becomes exact). For
each of these Dirichlet polynomials where p is restricted, Proposition 8 gives a bound of

(w + 1) (log X)~27¢ for their second moment. Now by the same argument as for

%1(h), we infer that +Y5(h) can also be replaced with its dyadic counterpart +Y(X)
almost always.

6-3 Case of X3(h)

We are left with the sum X5(h). This is the case that determines which value of a we
obtain (and hence the value of ¢, which is just a + 1), since so far in all cases a > 2+ Cye
has been a sufficient assumption. We will establish the value a = 2.51.

Let B81,082,8 € (%, %) be parameters which are given the values

B1 = 0.1680, B, =0.1803, J3=0.1950

to optimize various subsequent conditions. We split X.3(h) into three parts Zgl) (h), Egz) (h)
and Egs) (h), say, the first sum being a type II sum that can be evaluated asymptotically,
the second being a type I sum (after Buchstab’s identity) that can mostly be evaluated
asymptotically, and the third being a type II sum that can be transformed into Buchstab
integrals whose value is suitably small. Explicitly, let

20 (h) = > 1, i=1,2,3
z<pi1qigan<z+h
P <pi <P/ T*
(q1,92)€A;
(n,P(q2))=1
n>1

with

A; ={(q1,q2) : w<go<qi, oneof qi,q2 € [w, XU [X"2, X"},
As ={(q1,02) : w<qo < qu, either ¢ig3 < X or qig3 < X, q1 < X%ds}\fh

Az ={(q1,¢2) s w< g <q1 < X7} (A UA).

The underlying idea is that the small variable in A; enables efficient use of large values
theorems, the conditions in Ay make it possible to apply Watt’s theorem (after two
applications of Buchstab’s identity), and the remaining set Az can be shown to contribute
not too much. We study the sums Eg)(h) separately, starting with Egl)(h).

6-3-1. Type II sums

We consider the Type IT sum Egl)(h). In order to prove that %Zgl)(h) is asymptotically

%Eél)(X ) almost always, it suffices to prove that %Egl)(h) is asymptotically X%Egl)(Xl)

almost always with X; = and then apply the prime number theorem in short in-

X
T3
tervals. For this latter asynolptotic equivalence, it suffices to show that the Dirichlet
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polynomial
G(s) = Z (P1q1gom)~*
p1q1gan~X
P <p;<P/**
Qi<qi <P} i<2
q2<q1

(n,P(q2))=1
n>1

satisfies
T
TP log X 1
/ IG(1 + it)[2dt < (10g + 1) e
To X log X

with 7 < Xte) 7y = X001 P = log” X and Qq,Q2 > w otherwise arbitrary, but
either Q; or Qs is of size X¥+°() with v € [0, 8] U [B2, 8]. These cases are similar, so
assume Q2 = XV () with v as above.

This is the setting of Proposition 7. Therefore, if for every polynomial of the form
M(s) = Z bm
= =
mn~ M
with M = X¥+°) and |b,,| < d,.(n) for fixed r, any well-spaced set
U c{telo,T]: |M(1+it)] > M **}
satisfies

|ul| < Xéfqumin{ZJ(u),%}fe’

the sum Egl)(h) has the anticipated asymptotic for a > 5= + Cse. Of course, we fix

1 2(12
a3 = 5557 + Cee.

We are left with estimating |I/’], and to this end we utilize Jutila’s large values theorem.
Jutila’s large values theorem (Lemma 7) applied to the fth moment of M(s) can be
reformulated to say that if

R(v,as, k,£) = max {21/0425, (6 — 2) vagl +1—2vl, 1+ 8klvay — 2I<:€V}

and

R(v,a2) = min  R(v,aq,k,?),
k,0€{1,2,...}

then |U| < XRwaz)+o(1) Tt turns out that the case k = 3 is always optimal for us, and
it suffices to restrict to 4 < £ < 12 (so our upper bound for ﬁ(v, @) is a minimum of 9
piecewise linear functions). Now we check that, with our choices of 51, 82, 8 and «s,

— 1 v
< - — 1 —\
R(v, az) > 1/+m1n{20(1/), 2} €

for v € [0.05, B1]U[B1, B2]. Verifying this is straightforward, because both sides are piece-
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wise linear functions.*

We must also prove the desired estimate for [U’| in the range v € [0,0.05). In this case, we
do not appeal to Jutila’s large values theorem, but to Lemma 6 (along with its remark),
which tells us that

|L{/| < T2a2X2a2V+o(1) < X0_42 < X%—V—E

for the same value az = 5357 + Cge. This means that for ¢ = 3.51, %Zgl)(h) can be

replaced with its dyadic counterpart almost always.

6-3-2. Type I sums

We turn to the sum Egz)(h). By applying Buchstab’s identity twice, we find that

5P (h) = 3 1— 3 1+ > 1.

r<pi1qigzn<z+h z<p1q192q3n<z+h <p1q19293q4an<x+h
Pi<p1<P/t* P <p1<P/t* Pi<p1<P/te
(q1,92)€A2 (q1,92)€A2 (q1,92)EA2
(n,P(w))=1 w<g3<q2 w<ga<qz<qz
n>1 (n,P(w))=1 (n,P(qa))=1
n>1 n>1

Call these sums Eff’”(h), Eg2’2)(h) and Zgz’g)(h), respectively. We show that %Zéz’l)(h)
and %Zgzz) (h) can be replaced with their dyadic counterparts almost always. We confine

to studying Zé2’2)(h), as Eéz’l)(h) is easier to handle.

We may make in EgQ’Q)(h) the additional assumption that all the variables except P, are
in the intervals LXBHXBZ‘] U [X#, X], since otherwise the sum can be dealt with in the

same way as Zél (h). We may also assume that ¢; € [Q;, Q; T°] for some Q;. Defining

F(s) = Z A7 (PLa1g2q3dn)~*,
P1q1g2q3dn~X
P <p <P/ "¢

Qi<qi<Q;*e
(q1,92)€A

with )\i the same Brun’s sieve weights as before (the sign being the same throughout),
and taking into account the prime number theorem in short intervals and Lemmas 1 and
2, it suffices to show that

T
. TP log X 1
F(1+it 2dt<<( >
/To| ( )| X 10g2+EX

This bound is achieved similarly as in Proposition 8. Indeed, if 77 is defined as in the
proof of that proposition, the integral over 7; can be estimated in the same way as in
that proposition. In the complementary case, we separate all the variables, and it remains

4 These computations can be carried out by hand with a bit of patience. For example, the

case £ = 4 in Jutila’s bound is good enough in the range v € [$3313 183111 and the bound for

£ =5 is good enough when v € [%, éi’ﬁ;] These intervals are [Sz, 3] and [0.1356, 81], up to
rounding.
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to show that

/ |PL(14it)Q1(1 4+ it)Qo(1 +it)Q3(1 + it) D(1 + it)N(1 + it) |*dt
[To, T\T1

< (log X)~100,

where N(s) is a zeta sum, P;(s) and Q;(s) are polynomials supported on primes, and
D(s) has the sieve weights Ay as its coefficients (actually, D(s) can be neglected by sim-
ply estimating it pointwise). Moreover, the lengths Py, @Q;, D and N are from the same
intervals as p1, ¢;,d and n, respectively (in particular, d < exp (%)). We appeal
to Proposition 6 with Q(s) = Pi(s)’, P{ = X and with M(s) either Q;(s)Q3(s) or
Q2(s)Qs(s). If M(s) = Q1(s)Qs(s), the condition for Proposition 6 is Qy < Xi2¢
(Q1Q3)?°Q2 < X. If in turn M(s) = Qa2(s)Q3(s), the condition for Proposition 6 is
Q1 < X%’QE, Q1(Q2Q3)? < X, and one of these conditions is always satisfied in our do-
main A,, since Q3 < Q2 and automatically Qo < X 5. Now it follows from (6-21) that for
a > 2+Cre, EéQ’Q) (h) has the desired asymptotic, and Z:(f’l) (h) can be evaluated similarly.

In the sum 252’3)(h), we may again assume that all the variables lie in the intervals
[XP1, XP2) U [XP, X], as otherwise we can use the type IT sum argument. Let Z§2’4)(h)
be what remains of E§2’3)(h) after this reduction. The sum Eg2’4) results in a Buchstab
integral, and hence is postponed to Subsection 6-3-3.

6-3-3. Buchstab integrals

We are left with the sums ng) (h) and Zé2’4)(h), for which no asymptotic was found. We
want to show that

e LRCT) 1
=37 X)+ =277 X)) < (1—¢e)=
L= + 300 < (1 - 9 Sx,
which would complete the proof of Theorem 5, taking into account the estimates (6-15)
and (6-16). The following lemma allows us to transform our sums into Buchstab integrals.
Lemma 16 Let a positive integer k and n > 0 be fized. Let
AcC{(u1,...,u) € RF: ULy ooy U 20y U+ oo Fup <1 —n}

be any set such that 14 is Riemann integrable. For a point ¢ = (q1,...,qx) € R¥ and
X > 2, define L(q) = (89 . 198495) Thep

log X7 log X
> !

P1q1--qen~X
P <p<P/t*
L(q1,---,9k)EA
(n,P(qr))=1

X l—u——u du
— (14 0(1)) log(1 +¢) o+ ‘) .
IOgX (u1,...,up)€EA U Uy - Up—1Ug

where w(-) is Buchstab’s function.

Proof. It suffices to prove the statement in the case that A is a box, that is, a set of the
form I X ... x I, with I; intervals. Indeed, if the statement holds for boxes, then it holds
for finite unions of boxes. Moreover, since 14 is Riemann integrable, for every § > 0 there
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is a finite union B of boxes such that A\ B has measure at most 6. The part of A not
contained in B contributes at most n~*~1§ to the integral, and as § — 0, this becomes

arbitrarily small.

Now let A be a box. Using the connection between Buchstab’s function and the sieving
function (see the Appendix of Harman’s book [10]), summing partially, and using the

change of variables u; = }22%,

we see that

Z t= Z S([pl(h"'(ﬁc’pl(h""ﬂf

P11 qen~X P <p <P/te
P <p;<P/** L(q1,e.qe)EA
L(q1,.--,qr)EA

(n,P(ar))=1

—(1+o) 3

P1<p1 <

=(1+o(1)) >

P1
P <pi<P/TE

= (b+0(1))

S

141 °
e 1

L(g1s--s qE)EA

X
log P141- 9k >

log g

L(q1,..,qx)EA

X
X w log q1---9k
q1---Qr log qi, log g

log ~ Xv
o L7k ) do
vy -+ v log vy - - - log” vy, log v,

L(v1,...,05)EA

X 1 1wy — -
b+ o) /' ur”%w(

(u1,...,up)EA

with b = log(1 + ¢), as wanted. [

Let

N 1
AS :{(U1,U2> U2 < Uy, Ui, U2 S [51;/82] U [67 5]) 2U/1 + 3U2 2 17

max{uy + 4ug, du; — 10e} > 1},

A; :{(u17u27u37u4) : /61 S Uy < us < U2 < Uy, U, Uz, U3,Uyq g [ﬂ?vﬂ]a (u17u2) € AQ}

be the sets corresponding to the summation conditions in 253)()( ) and Eg2’4) (X), respec-

tively. The lemma above directly implies that

1 3 (14 o0(1))log(1+¢)
YESS (X) = log X i,
L o@24) 4 _ (LF0(1))log(1+¢)
izg (X) = log X J2,
1 (1+o0(1))log(l+¢)

XSX - log X
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where J; and J5 are given by

/ <l—u1—uQ) du
Jl = w Rl
u U1Us

(u1,u2)EAS

1—uy —us —us —ug du
J2 = w R
Uyg U1U2U3UY

(w1,u2,u3,us)EA%

To compute J;, we approximate Buchstab’s function by

0, u<l
1 1<u<?
u

1+10g7fu71), 2 S ” S 3

71+1§’g2, u>3

wu) <

For w < 3 this is an equality, and for w > 3 the bound very sharp (it differs from the
limiting value e~7, where v is Euler’s constant, by less than 0.003), but we only need the
fact that it is an upper bound. We compute with Mathematica that J; < 0.988 (when ¢
in the definition of A% is small enough).? The integral .J only gives a minor contribution,
and hence can be estimated crudely as

Jo < B0 / du

(uq,ug,ug,ug)EAZ
uqtugt+ug+2uyg <1

< B° / du < 0.007

B1<us<uz<uz<ui

uy+uz+uz+2us <1
with Mathematica (the last integral could actually be evaluated exactly). To sum up, we
have J1 + J2 < 0.995 < 1 —¢, and this means, in view of (6-16), that with our parameter
choices (1, B2, 8, the sums Egg) (X) and Eé2’4)(X) can be discarded. Now, from (6-15)
and (6-16) we have +S5(z) > € - +Sx, so Theorem 5 is proved. O

Remark 10 We can now observe that ¢ = 3 + € is the limit of this method. Indeed,
we are forced to take ag < i in the type II case, because nothing nontrivial is known
about the large values of Dirichlet polynomials beyond this region, and consequently a =

ﬁ+522+5 andc>3+¢.
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