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Abstract

The aim of this thesis is to present a solution to the quantum phase problem
of the single-mode optical field. The solution is based on the use of phase
shift covariant normalized positive operator measures. These measures de-
scribe realistic direct coherent state phase measurements such as the phase
measurement schemes based on eight-port homodyne detection or heterodyne
detection.

The structure of covariant operator measures and, more generally, co-
variant sesquilinear form measures is analyzed in this work. Four different
characterizations for phase shift covariant normalized positive operator mea-
sures are presented. The canonical covariant operator measure is definded
and its properties are studied. Finally, some other suggested phase theories
are introduced to investigate their connections to the covariant sesquilinear
form measures.
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Summary of the research papers

Paper I: Covariant phase observables in quantum mechanics
In this paper we characterize all the phase shift covariant normalised positive
operator measures, i.e. phase observables, and we investigate some of their
examples. We also characterise those phase observables which arise from
the phase space observables as their polar coordinate angle margins.

Paper II: Characterizations of the canonical phase observable

In this paper we investigate various properties of phase observables which
could serve to determine the canonical phase observable among the family
of all phase observables. We also show that any contractive weighted shift
operator defines a unique phase observable, and we characterize phase
observables which give the most accurate phase distribution in coherent
states in the classical limit.

Paper III: Are number and phase complementary observables
We study various ways of characterizing the quantum optical number and
phase as complementary observables.

Paper IV: Phase observables, phase operators and operator
orderings

We present quantum phase observables as phase shift covariant normalized
positive operator measures. The phase operators are the first moment
operators of the phase observables. A phase operator determines the
associated phase observable uniquely. We show that the Cahill-Glauber s-
ordered phase operators are determined by phase shift covariant generalized
operator measures which are ordinary operator measures whenever Re s < 0,
and phase observables when s < —1. The Wigner-Weyl quantized phase
operator is not determined by any phase observable. We investigate the
classical limit of covariant (generalized) operator measures in coherent states.

Paper V: Covariant localizations in the torus and the phase
observables

We describe all the localization observables of a quantum particle in a
one-dimensional box in terms of sequences of unit vectors in a Hilbert space.
An alternative representation in terms of positive semidefinite complex
matrices is furnished and the commutative localizations are singled out.
As a consequence, we also get a vector sequence characterization of the
covariant phase observables.
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Paper VI: The Pegg-Barnett formalism and covariant phase
observables

We compare the Pegg-Barnett (PB) formalism with the covariant phase
observable approach to the problem of quantum phase and show that
PB-formalism gives essentially the same results as the canonical (covariant)
phase observable. We also show that PB-formalism can be extended to cover
all covariant phase observables including the covariant phase observable
arising from the angle margin of the Husimi Q-function.

Paper VII: On the structure of covariant phase observables

We study the mathematical structure of covariant phase observables. Such
an observable can alternatively be expressed as a phase matrix, as a sequence
of unit vectors, as a sequence of phase states, or as an equivalent class
of covariant trace-preserving operations. Covariant generalized operator
measures are defined by structure matrices which form a W*-algebra
with phase matrices as its subset. The properties of the Radon-Nikodym
derivatives of phase probability measures are studied.

Paper VIII: The phase representation of covariant phase
observables

Covariant phase observables are obtained by defining simple conditions for
mappings from the set of phase wave functions (unit vectors of the Hardy
space) to the set of phase probability densities. The existence of phase prob-
ability density for any phase wave function, the existence of interference
effects, and the natural phase shift covariance are those simple conditions.
The nonlocalizability of covariant phase observables is proved.



Chapter 1

Introduction

In classical physics the phase of an electromagnetic field is well defined both
theoretically and by interference experiments. Diffraction of light, hologra-
phy, and many other phase dependent phenomena are well understood. It
is also easy to describe classically eight-port homodyne detection and other
direct measurements of the phase difference of signal and local strong laser
beams with fixed phases. A problem arises when, for instance, the signal field
in homodyne detection is so weak that one must take into account quantum
effects.

The quantum theory of eight-port homodyne detection (see e.g. [69])
shows that when a local laser is strong and its phase is fixed one can measure
the so-called Husimi @-function of a signal state. The ()-function deter-
mines a (normalized) positive operator measure defined for the Borel subsets
of the interval [0,27), which is covariant under the shifts generated by the
number operator. Using this covariance condition together with the choice
of the range for the phase variable one can define a whole family of covari-
ant (normalized) positive operator measures. We call them covariant phase
observables. None of these observables is projection valued showing, in par-
ticular, that there is no phase shift covariant self-adjoint phase operator. The
quantum phase problem is thus a true example of a case where the conven-
tional formulation of quantum mechanics, where observables are self-adjoint
operators, cannot be sufficient.

Since there is no phase shift covariant self-adjoint operator the quantum
phase problem has remained a thorny question. Alternative descriptions
for phase observables have been developed, and over 500 scientific articles
and two monographs [97, 33] have been written on the subject since Dirac’s
famous paper [28] published in the year 1927, see for example the reference
lists of [94, 97, 81|. It is beyond the scope of this overview to introduce
all different phase theories and cite all the papers written on the field. For

11



12 CHAPTER 1. INTRODUCTION

instance, the quantum estimation theory of phase shifts originally developed
by Helstrom [50] and Holevo [58] is only briefly touched in this work.

The aim of this thesis is to present a simple solution to the quantum phase
problem given by the covariant phase observables, to study their properties,
and to show how other phase theories are connected with this approach.
The order of presentation is logical rather than historical. A reader who is
interested in the history of the problem may wish to consult, for example,
Lynch’s review article [81], Pegg’s and Barnett’s tutorial review [94], or the
special issue T48 of Physica Scripta [102].

The structure of the thesis is as follows: Chapter 2 presents the classical
and quantum theories of eight-port homodyne detection to justify the phase
shift covariance condition which is used to define phase shift covariant phase
observables. Their mathematical structure is studied in Chapter 3, where a
more general notion of covariant sesquilinear form valued measures is also
investigated. The main results of that chapter are the different characteri-
zations of the phase observables. In Chapter 4 various properties of phase
observables and their inter-relations with the number operator are discussed.
For instance, complementarity and commutativity of number and phase are
studied and the canonical phase observable is characterized in various ways.
Some competing phase theories are reviewed in Chapter 5, where their con-
nections to the covariant approach are also investigated. The summary of
the thesis collects the main results and open questions.



Chapter 2

Covariant phase observables

In this chapter we introduce the classical and quantum theories of eight-port
homodyne detection. We use the coarsest nontrivial approximation for a
propagating electromagnetic field, namely, a monochromatic (single-mode)
plane wave. This approximation is sufficient for the theory of eight-port
homodyne detection in our context and it allows us to present all essential
features of ideal laser light. Using the quantum theory of homodyne detection
one can justify the phase shift covariance condition and define covariant phase
observables. We also recall here Dirac’s approach to the problem and we
present the related well-known no-go theorem.

2.1 Classical phase

Let us consider a classical electromagnetic field in a cubic cavity. The
Maxwell equations with the Coulomb gauge condition lead to the wave equa-
tion PA

1

VA =—-—— 2.1

c? Ot? (2.1)
for the vector potential A which depends on positionr =x714+y 7+ 2k and
time ¢, ¢ being the speed of light. The electric and magnetic field vectors are
E= —% and H = ;5'V x A where y is the magnetic permeability of free
space. The monochromatic (single-mode) plane wave is a solution of (2.1):

2&

60VW2

A(r,t) = cos(k-r—wt+¢) u. (2.2)

Here k is the wavevector, w = ¢|k|, u is the unit polarization vector (u L k),
£ is the cycle-averaged energy content of the plane wave in the volume V), ¢
is the free space permittivity, and ¢ is an (absolute) phase of the plane wave.

13



14 CHAPTER 2. COVARIANT PHASE OBSERVABLES

Assuming the periodic boundary conditions all other solutions of (2.1) can
be expressed as linear combinations of these single mode plane waves.
Suppose that the plane wave is moving in the positive direction of the
z-axis so that k = (w/c) k and u = i. The energy density is then
2&

W, 1) o= IR0+ A (e, O = 25 sin? (w/e)z — wt +6),

the Poynting vector
E(r,t) x H(r,t) = ¢ W(r,t) k,
and the cycle-averaged energy content is

w 27w
/ W (r,t)dt| dedydz = €.
%

27 Jo

Suppose that there is a photodetector at the origin and the active region of
the detector is perpendicular to the z-axis. The intensity of light streaming
into the detector at time ¢ is

2
cW(0,t) = %g sin? (—wt + @) .

In all experiments measuring light intensity the time of measurement is long
compared to the period of a single oscillation. This means that one does not
measure ¢ W (0, ) but rather its temporal average over a time 27/w. Thus,
the optimally measured intensity is

2m [w
v cW(0,1)dt = %

If the efficiency coefficient of the detector is o € [0, 1], then aZ is the actually

measured intensity. The measured energy during a time interval [0, T is

sin(2¢ — 2wT) — sin(2¢)
2w

::g .

T
aA/ cW(0,t)dt = « AT [T—l— ] ~ o ATT
0

when 7' > 27 /w and A is the area of the active region of the detector. This
justifies the above approximation for intensity when a measurement period
is long compared to 2w /w. Using Z one can write

A(r,t) = Re (\/fei¢ fulz, t)) i

2 . .
3 1) = z(w/c)zfzwt.
O

In photodetection one measures the light intensity aZ which does not depend
on the absolute phase ¢. Therefore, using a single photodetector one cannot
measure the absolute phase of an incoming plane wave.

where
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2.2 Classical homodyne detection

In a homodyne detection scheme two light beams (here, plane waves)
which differ only by their intensities Z;, Z, and absolute phases ¢,
¢, are mixed by a 50:50 beam splitter.  Suppose that the first re-
sultant wave is propagating along the z-axis and thus is of the form
Re [(2712V/T; e + 271/%i\/T; €2) f,(2,t)] i. This wave is then detected
using a photodetector with the efficiency a. The measured intensity is aZ3
where

. R 2
Ty = ‘2*1/2\/11 ei? 42712}, /T, i

Similarly, the second resultant wave is detected with a photodetector with
the same efficiency «, and the measured intensity is aZ; where

. _ . I I .
I, = ‘2*1/2“/11 e 4272\ /T, 2| = ?1 + 22— T, Tysin(¢) — o).

2
In balanced homodyne detection the difference of intensities aZ3 and aZy is
registered. This allows us to measure the sine of the phase difference ¢p; — ¢
of the signal fields,

1 71 .
— 0B T TsinG - ).

2

CYI3 - CYI4
2\/ CYIl O[IQ ‘

If the phase ¢ is shifted by a quarterwave phase shifter before beam splitting
then one can measure the cosine of the phase difference since

sin(¢y + /2 — ¢a) = cos(dr — ¢a).

The sine and cosine of the phase difference (and thus ¢; — ¢3) can be mea-
sured simultaneously in the following way: both signal fields are split into
two parts using 50:50 beam splitters, and then the sine and cosine of the
phase difference are measured using two balanced homodyne detectors. This
measurement scheme contains eight input ports and is called eight-port ho-
modyne detection or double homodyne detection.

sin(¢py — ¢2) =
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Figure 2.1: Eight-port homodyne detector with four input ports 1, 2, 10, and
20 and four output ports with detectors D3, Dy, D5, and Dg measuring the
photon number differences ny, — n3 and ng — ns. Four identical 50:50 beam
splitters are labeled as BS;, BS,, BS;, and BS,, and A\/4 is a m/2-phase
shifter (a quarter-wave plate). The picture is from papers of Noh, Fougéres,
and Mandel [84, 85, 86, 87|.

An eight-port homodyne detection scheme contains four photodetectors
Ds;, D4, Ds, and Dg, and their intensities are labeled as 73, Z,, Z5, and Zg to
get

C¥I4 — CYI3

COS(¢2 B ¢1) - 2\/ aIlaIg’
. ale — ol
sin(go — ¢1) = - -

2\/ 041-1041-2 .

As one knows from the theory of photodetection, a photodetector counts
the number of photons in some detection time interval [0,7]. Hence, in
a semiclassical theory the energy of light streaming into a photodetector,
aATZ, is proportional to the measured number of photons n in the detection
time interval [0, 7]. This means that one can write Z = n/T where 3 is some
constant depending on the structure of the photodetector. In particular, in
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eight-port homodyne detection

cos(po — @1) = UL , 2.3
Bm0) = S (2.3
Sin(dy — ¢1) = M6 — 15 (2.4)

\/(n4 — TL3)2 + (ng — 7L5)2
(2.5)

where ny, is the measured number of photons in the kth photodetector. Note
that when n3 = n4 and ns = ng the phase difference ¢; — ¢ is undetermined,
and such results are omitted from the measurement data [84].

We continue to study eight-port homodyne detection in Section 2.6 after
the quantization of a single mode optical field is introduced. This allows us
to present the quantum theory of homodyne detection.

Remark 1 As mentioned earlier, if the physical system under consideration
contains only one light beam with a fixed phase one cannot measure its
phase using a single photodetector. A phase measurement requires at least
two light beams with fixed phases ¢; and ¢, interfering with each others so
that the phase difference can be measured. However, if one measures the
phase difference ¢; — @9 between the unknown signal field with ¢; and the
known reference field with the reference phase ¢, which can be chosen to
be 0 without restricting generality, then the phase difference is the absolute
phase ¢;. In this case, the difference between concepts of an absolute phase
and a phase difference is more theoretical than practical.

2.3 Quantized electromagnetic field

Let H be a complex Hilbert space spanned by the number states {|n) |n €
N}, and let

a::i\/n+1|n>(n+1|, a*::i\/n+1|n+1>(n|,

be the lowering, raising, and number operators with their respective do-
mains D(a) = D(a*) = {¢ e H| X2 n|(n[¢)]> <o} and D(N) :=
{v e | X n*[(n|y)|> < oo}. Let I be the identity operator of H.
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The single-mode electromagnetic vector potential operator [77, Eq.
(6.105)] in a cavity is (the closure of) the operator

R [ R L L
A(I‘,t) — 260VW (aezk-r—zwt 4 a*e—zk-r-i-zwt) u (2.6)

where £ is the Dirac constant. The energy operator of the single-mode system
is

1
H::hw<N+§I>.

e%a, 6 € R, the energy operator generates time shifts,

e_th’/hA(r, t)eth,/rZ = A(r, t+t).

Since e"¥Nge?N =

Coherent states |2) := e #2322 2n/\/nl|n), z € C, are known to
describe ideal laser light in quantum optics [96, p. 232]. We note that
alz) = z|z) and (z| N|z) = |2|? for all 2 € C. Since laser light is quasi-
monochromatic, it suffices to treat a laser as a single-mode optical system in
this context. The mean value of the operator A(r,t) in state |z) is

(=

~ h . . . .
A(I‘, t) ‘ Z> = 260vw (Zezk-r—zwt + 5e_zk.r_|_m,t) u

o7
= \/Tiﬂcos(k-r—wthargz) u (2.7)
0

~ 1
E = (z|H|z) — Ehw = hw|z|?

where

is the mean field energy (total energy minus vacuum energy). Comparing
Eqgs. (2.2) and (2.7) one sees that the classical monochromatic plane wave
can be used to describe a quantum laser light in the coarsest nontrivial semi-
classical approximation. Also, it is convenient to call |z| and arg z the energy
parameter and phase parameter of a coherent state |z), respectively. Practi-
cally, a laser generates light rays or pulses which are localized either in space
or time. Hence, due to the nonlocalizability of a plane wave, the single-mode
approximation for a quantum laser is not very accurate.

2.4 Dirac’s approach

Using the semiclassical photon number N := £/(hw) Eq. (2.2) gets the form

N T
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Comparing this equation to the operator A(r, t) of Eq. (2.6) one sees that in
the quantization of the electromagnetic single-mode field one substitutes the
lowering operator a for e?’v/N. Writing the operator a in the form

a = Vw\/ﬁ,

where Vi, := > /|n) (n + 1| + |¢) (0], » € H, Dirac [28] assumed that the
operator V, could be expressed as e'®, where @ is a self-adjoint phase oper-
ator. Actually, Dirac used a decomposition a = v/ Ne™®, but our notation
does not change Dirac’s basic idea. This would mean that Vj, is a unitary
operator, which is not true since (0| V;sVy[0) = [|¢)[|* = 1 only when ¢ is a
unit vector, whereas (k| V,, Vi [k) =1+ [(k[¢)|* = 1 for all k € N only when
1 is the null vector. Hence, there is no quantum phase operator in Dirac’s
sense and one has to proceed in another way.

The difficulty in finding a self-adjoint phase operator has led to several
phase theories. In the next chapters the following six branches of such theo-
ries will be analyzed:

1. Phase observables are defined as phase shift covariant operator mea-
sures (Sections 2.5 and 2.6).

2. Self-adjoint phase operators acting on H are defined by some quanti-
zation rules (Section 5.1).

3. Phase observables are defined as phase distributions (Section 5.2).

4. Self-adjoint phase operators are defined in some subspaces of H (Section
5.3).

5. Self-adjoint phase operators are defined in some extensions of H (Sec-
tion 5.3).

6. Phase observables are defined as phase difference operators of two
modes acting on H @ H (Section 5.4).

2.5 Positive operator measures and their
generalizations

The traditional way to represent observables in quantum mechanics as self-
adjoint operators or, equivalently, as normalized projection measures has
turned out to be insufficient in various applications of quantum mechanics.
A more suitable way to characterize quantum observables is to represent them
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as normalized positive operator measures which are not necessarily projection
valued (for the theory of positive operator measures and their applications in
physics, see e.g. [27, 50, 58, 78, 16|). In this section, we study some general
properties of positive operator measures and their generalizations.

Let H be a Hilbert space and L£(H) be a set of bounded operators on
H, and let O and [ be the null and identity operators of H. Let € be a
nonempty set and F a o-algebra of subsets of 2. Especially, for any (Borel)
subset = of the complex plane, let B(Z) denote the Borel o-algebra of =.

Definition 1 The mapping F : F — L(H) is an operator measure if for all
v, ¥ € H the mapping

FoX = (p|F(X)Y)eC

is a complex measure (i.e. a o-additive set function).

An operator measure F' is self-adjoint, positive, or normalized if for all
XeF, F(X)"=F(X), F(X)> 0, or F(Q) = I, respectively. A normal-
1zed positive operator measure is an observable.

For any observable F' : F — L(H) and a state (positive trace-one operator)
T the mapping X — tr(TF(X)) is a probability measure. The number
tr(TF (X)) is the probability of getting a measurement outcome from a set
X € F in the measurement of an observable F' when the corresponding
physical system is in a state 7.

An operator measure F'is a projection measure if F'(X)? = F(X), X € F.
Let A be a self-adjoint operator with the domain D(A) C H. The spectral
theorem for self-adjoint operators states that there exists a unique normalized
projection measure Fy : B(R) — H such that (p|Ay) = [p xd(p|Fa(x))
for all ¢ € H and ¢ € D(A). Conversely, for any normalized projec-
tion measure F' : B(R) — H the sesquilinear form H x D 3> (p,¢) —
Jezd{p|F(2)¢) € C defines a unique self-adjoint operator with a domain
D = {¢ € H| [, z*d(¢|F(z)¥) < co}. Thus, a self-adjoint operator de-
fines a unique observable defined on B(R).

The concept of an operator measure can be generalized. As shown in
Paper IV the quantization of some classical dynamical variables can be de-
scribed in a rigorous way using the so-called generalized operator measures
or sesquilinear form measures. They are defined as follows: Let K be a linear
subspace of a Hilbert space H, and let SL(K, K;C) be a set of sesquilinear
forms from K x K to C (conjugate linear in the first argument).

Definition 2 The mapping G : F — SL(K, K;C) is a sesquilinear form
measure if for all v, ¥ € K the mapping

F3X = [GX)](p,¢) eC
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is a compler measure.

A sesquilinear form measure G is symmetric, or positive, if
[GX)(e,v) = [GX)(W, @), or [GX)(¢,¢) = 0, for all X € F and
for all p, v € K. If [G(Q)](p, ) = (p|) for all p, ¥ € K we say that G is
normalized.

Any operator measure F' : F — L(H) defines the following sesquilinear form
measure:

F 23X = (e, 9) = (ol F(X)y)] € SL(H, H; C)

and, thus, we see that sesquilinear form measures are generalizations of op-
erator measures. Also we see that self-adjoint, positive, or normalized op-
erator measures define symmetric, positive, or normalized sesquilinear form
measures, respectively.

Conversely, let G : F — SL(K, K;C) be a sesquilinear form measure,
and let K be dense in H. If the sesquilinear form (p, ) — [G(X)](p, )
is bounded for all X € F then there exists a unique operator measure Fg :
F — L(H) such that [G(X)](¢,v) = (¢|Fa(X)y) for all X € F and o,
Y € K. If G is symmetric, positive, or normalized, then Fy is self-adjoint,
positive, or normalized, respectively.

2.6 Coherent state phase measurements

In Section 2.2 classical eight-port homodyne detection was introduced and
it was shown that the phase difference of two input fields can be measured
by using four photodetectors. The classical model is realistic only when the
input fields are strong lasers with fixed phases so that they can be regarded
as classical waves. When the input fields are weak then one must consider
quantum effects.

Noh, Fougéres, and Mandel [84, 85, 86, 87| replaced the numbers ny in
Egs. (2.3) and (2.4) with number operators associated to the photodetectors
and defined sine and cosine phase difference operators Sy and Cy. These
operators satisfy the relations [Sy,Cy] = O and S% + C% = I, and their
spectra are the interval [—1, 1], including the countable dense set of eigen-
values. Theoretical results for Sy and Cy are in good agreement with the
experiments done by Noh, Fougéres, and Mandel [84, 85, 86, 87]|.

As shown in Section 2.3 the expectation value of a vector potential op-
erator in a coherent state is a classical wave. Therefore, it is interesting to
study the case when the input fields are in coherent states, say, |21) and |z3).
Let W (n43,n65) be the joint count probability for the number differences
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n43 := ngq — nz and ngs := ng — ns. It can be shown [36, 37| that for |25 > 0

1 N4z — 1 Me5
~ iarg z
W (nus, nes) = P Quy | ——— €™

|Z2|

where Q.,)(2) := [(z|z1)|* = e~ ===I” Moreover, for any (continuous) func-
tion f: [—1,1] x[=1,1] — C the expectation value of an operator f(Sy, Cy)
for large |2o] is

1 2w

= f(sin(arg zo — ), cos(arg zo — 9))/ Q| (re”) rdrdo.
T Jo 0

When |z;| — oo then (formally) 7= [ Q.. (re?) rdr — 02:(0 — arg z1),
where dy, is the 2m-periodic Dirac o-distribution (see Paper II). Hence, the
expectation value of an operator f(Sy, Cy) tends to

f(sin(arg zo — arg 27), cos(arg zo — arg 2;))

when the energy parameters |2;| and |z3| get large. Note that when |z],
|zo] — oo the expectation values of the field energy and number operators
tend to infinity. The situation where the number (and energy) gets large and
the phase difference is arbitrarily well defined corresponds to the classical
limit.

Walker and Carrol [123] made the first eight-port homodyne measure-
ments using coherent state inputs. The second input field was strong
(|z2] > 0) and they were able to measure the probability density func-
tion Q).,y. Indeed, it can be shown [68, 70, 71, 69] that actually the eight-
port homodyne detection scheme with a strong coherent second input beam
(|z2] > 0) corresponds to a joint measurement of the quadrature components
of a signal field. Moreover, one can measure the Husimi @-function [62]

Qr(z) = (z|T|z), =z¢€C,

of an arbitrary signal state T or, equivalently, the following phase space
observable (positive operator measure) [14, 24]:

B(C) 3 Z > Ag)(Z) = %/ZM (2] d% € L(H).

Denoting r := |z| and 6§ := arg z one may define an angle margin observable
of A|0>,

Eioy(X) := %/X/O ‘rei9> <rei9‘ rdrdf, X € B([0,2n)),
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and conclude that E)y is a phase difference observable between a strong local
oscillator and a signal field in eight-port homodyne detection. As noted in
Remark 1, choosing the phase parameter arg z, of the local oscillator state
|22) to be 0 one can interpret the above measurement of the @-function as a
measurement of the (absolute) phase of a signal field.

Suppose then that we measure the Q-function @).,) of a signal state |z).
It is easy to see that .,y acts covariantly when one shifts the phase param-
eter arg z; of the signal state, that is,
i6“2 o

—|z—z1e”

—|zet? — 2|2 7
Qoyemy(2) =e e PRl = Q) (2€7)

In terms of Ej this means that
(z1e | Bjoy(X) |z1e™™) = (21| By (X +0) [21), X € B([0,27)),
where + is the addition modulo 27, that is,
X+0:={x€0,2r)|(z — ) mod 27 € X }.

The above phase shift covariance of the probability density @).,) is a natural
assumption for coherent state phase (parameter) measurements, since when
we shift the phase parameter the phase probability density should only move
without transforming its shape. Also, since the phase parameter of |z)
always lies in some phase interval, say [0, 27), it is convenient to generalize
the above results and assume that an observable F : B([0,27)) — L(H)
describes a coherent state phase measurement if

(ze | E(X) |ze ") = (2| E(X+0) |2)

for all z € C, 6 € [0,27), and X € B([0,27)).
The number operator N generates shifts of the phase parameter arg z of
a coherent state |z), z € C, in the following way:

e’ |z) =|2"), O€eR

Thus, one may say that the unitary operator eV, § € R, is a phase shifter.
In Paper VI the following theorem is proved:

Theorem 1 Let E : B([0,27)) — L(H) be an operator measure. Then
(ze | E(X) |ze ") = (2| E(X+0) |2)
for all z € C, 6 € [0,27), and X € B([0,27)) if and only if
GOV E(X)e N = B(X+0)
for all 0 € [0,27) and X € B([0,27)).



24 CHAPTER 2. COVARIANT PHASE OBSERVABLES

If e?NE(X)e N = E(X+6), 0 € [0,27), X € B([0,27)), we say that the
operator measure F is phase shift covariant. On the basis of this theorem we
come to the following definition:

Definition 3 A covariant phase observable is a phase shift covariant nor-
malized positive operator measure E : B([0,2n)) — L(H).

The theory of covariant phase observables was originally developed by Hel-
strom [49, 50| and Holevo [56, 57, 58, 59, 60, 61]. Their approach was based
on the quantum estimation theory. Later the theory of covariant phase ob-
servables has been developed in different contexts by many authors, see for
example the following references: [104, 45, 46, 47, 14, 15, 16, 24, 22, 100, 72,
69, 128|. In the next chapter we study mathematical properties of covariant
phase observables and more general covariant sesquilinear form measures.



Chapter 3

The structure of covariant
sesquilinear form measures

In the previous chapter, the (covariant) phase observables were defined as
normalized positive operator measures which are covariant under the shifts
generated by the number operator N. The structure of such observables
can be determined by using so-called phase matrices. This characterization
can be extended to cover all sesquilinear form measures which are covariant
under the shifts generated by a generalized number operator. As special
cases one gets covariant phase observables of the single mode optical system
and position observables of the one dimensional "particle in a box" system
which are covariant under the shifts generated by the momentum operator.
Next some important definitions and lemmas are introduced.

Fix J C Z, and let H; be a complex Hilbert space with an orthonormal
basis consisting of vectors |n) labelled with the index n € J. Then H; can
be naturally interpreted as a subspace of Hz. Let I; := > _, |n)(n| be the
identity operator of H; or, equivalently, the projection operator from 7y
to H;. Define a generalized number operator Ny := > _ n|n) (n| with the
domain D(N,) == {¢ € Hs| 3, n*[(n|y) > < oo}. Let E : B([0,27)) —
L(H ;) be an operator measure. If

eiG‘NJE(X)e—iGNJ — E(X"— 9)

for all @ € [0,27) and X € B([0,27)), we say that F is covariant. In the case
of a single mode optical field J = N, Ny = N, and Hy = H, and in the case
of a particle in a box J = Z and Ny is the momentum operator.

Let B be a complex Banach space, and let S : Hz x Hz — B be a
bounded sesquilinear form (conjugate linear in the first argument). Thus,
1] == sup {[|S(e, ¥)|| |l <1, |[#]| <1} < oo. As usual, the Banach
space of trace-class operators 7 (Hz) is equipped with the trace norm. Denote

25
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Spm = S(|n),|m)) for all n, m € Z, and A, ,, := (n|A|m), n, m € J, for
any bounded operator A of H ;. The proof of the next lemma is essentially
the same as the proof of Proposition 1 of Paper VII.

Lemma 1 For all ¢, v € Hy,

S(p,v) = lim Z Z Snm (@) (m|y),

s,t,u,v—00
n=—s m=—u

and S can be uniquely extended to a continuous linear mapping S : T(Hz) —

B
t v
= Z Sn,me,n = s,t,zl},iri)oo Z Z Sn,me,n-

n,meZ n=—s m=—u
Clearly, S(|0) (pl) = S(, %) for all ¢, ¢ € Hy.

Remark 2 Any bounded operator A can be written in the form A =
W= mez Anm ) (m| and tr(AT) =37 ) Ay T for any T € T (Hz).
The notation w- ) means that the sum converges with respect to the weak
operator topology; however, for simplicity one sometimes uses a shorter nota-
tion Y for w->_. Since H; is a subspace of H; one may consider a bounded
operator A7 of #; as a bounded operator A” of H by defining A7 == A7
when n, m € .J and AZ = 0 otherwise. This extension allows one to write

AJ = W- Zn,mE] n,m |7L> <m| = W- Zn MEZ %,m |7L> <m|

Lemma 2 Letq € Z and let v, : B([0,27)) — C be a o-additive set function.
Then vy (X+0) = ¢, (X) for all X € B([0,27)) and 6 € [0,27) if and only
if vg(X) = ¢q4ig(X) for all X € B([0,27)) where iy(X) := (2m)7" [ e"’df
and cq € C.

)

Proof. Since [0,27) +60 = [0,27) it follows that
v4([0,27)) = v,([0, 2m) +0) = €1, ([0, 27))

and thus v,([0, 27)) = ¢y 4, where ¢ is a complex constant. The rest of the
proof is the same as the proof of Lemma 1 in Paper V (or Phase Theorem
2.2 in Paper I). O

The complex matrix (¢pm)nmer, L C Z, is positive semidefinite if
Zn’meL dnCrmdm > 0 for all sequences (d,)ner, C C for which d,, # 0 for
only finitely many n € L. The positive semidefiniteness of (¢;,,,) implies
that ¢, > 0, Cpm = G, and |y m| < /CrnnCmm for all n, m € L.
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3.1 Structure matrices of covariant sesquilinear
form measures

Fix J C Z and suppose that  C H; is a linear space. A sesquilinear
form measure G : B([0,27)) — SL(K,K;C) is covariant if N C K
and [G(X)](e N7 g, e Np) = [G(X+0)](p,v) for all @ € [0,27), X €
B([0,27)), and ¢, ¥ € K.

Theorem 2 Let G : B([0,27)) — SL(K,K; C) be a covariant sesquilinear
form measure and assume that |n), |m) € K. Then [G(X)|(|n),|m)) =
Cnmin—m(X) where cp,, € C. If G is symmetric then ¢,m = Cmp, and if
G is normalized and n = m then c,n, = 1. If G is positive and L C Z
is such that |n) € K for all n € L then the matric (Cpm)nmer S positive
semidefinite.

Proof. Put ¢ = n —m and v,(X) = [G(X)](|n),|m)) in Lemma 2 to get
[G(X)](In) , |m)) = cnmin—m(X). Suppose that G is positive. If (¢nm)nmer
is not positive semidefinite then there exists a vector ¢ := 3" _, d, |n) € K,
d,, # 0 for finitely many n € L, such that med dpCpmtym < 0. This implies
that [G([0,€)](¥,¥) = 27) " [ Y mer T~ cn mdme "6 < 0 for some
€ > 0, which contradicts the positivity of G. The rest of the proof is trivial.
|

Corollary 1 Let E : B([0,27)) — L(Hs) be a covariant operator measure.
Then
E(X)=w- Y Cumin-m(X)n) (m]

n,meJ
for all X € B([0,27)) where ¢y, € C for all n, m € J. If E is normal-
ized then cn, = 1 for all n € J. If E is self-adjoint then c,m = Cpp, N,
m € J, and if E is positive then (Cpm)nmes 1S positive semidefinite and
sup{|cnm|[n,m € J} < [[E([0, 2m))]].

Proof. This is a direct consequence of Lemma 1, Theorem 2, and the fact
that any operator measure defines a unique sesquilinear form measure. If E
is positive then for all n, m € J, |cpm| < sup{cn,|n € J} = ||E(]0,27))]|.
O

Let G : B([0,27)) — SL(K, K; C) be a covariant sesquilinear form mea-
sure. Define M; = lin{|n) |n € J}. If |n) € K for all n € J, using
sesquilinearity, we get from Theorem 2 that

(G2 ) = D Cumin-m(X){pIn)(m|¢))

n,meJ
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for all p, ¢ € M where (¢pm)nmes € C'*7 is the so-called structure matriz
of a covariant sesquilinear form measure G. Next we study the converse
question of how a complex matrix (¢, m)n.mes defines a covariant sesquilinear
form measure. We have three different cases:

1. Let (cum) € C7*/ and fix X € B(]0,27)). Define a sesquilinear map-
ping from M ; x M  to C,

() > GNP 0) = 5= [ 3 cnme™ ™ ol (i)t

n,meJ

= > comin-m(X){pln)(ml).

n,meJ

Now B([0,27)) > X — G(X) € SLM,;,M;;C) is a covariant

sesquilinear form measure.

2. Let HY = {v e Hy| Yoy [(n|))| < oo}, and let (cnm) € C*7 be
bounded, that is, ||(¢pm)|| = sup{|cam||n,m € J} < oco. Then 0 —
> nmed Cnm€ ™0 (0|n) (m1h) is a periodic continuous function for all

o, ¥ € Hy and [G(X)](0, %) = 3o mes Cnmin-m(X)(pln)(m[eh), X €
B([0,2m)), ¢, ¢ € MY}, defines a covariant sesquilinear form measure

G B([0,27)) — SL(HL, HY: C).

3. Let (cnm) € C7*/ be bounded and positive semidefinite. Then, by
using the proof of Phase Theorem 2.2 of Paper I, a mapping

E: B([0,2m)) = L(H,), X = E(X) := w- Z Cnmin—m(X)|n)(m|

n,meJ

is a covariant positive operator measure. Note that

B(X) <Y ean In) (0] < (o) lloe I

neJ

for all X € B(]0,27)). If ¢, = 1 for all n € J then E is normalized,
that is, an observable.

To conclude, we have the following structure theorem for covariant phase
observables:

Theorem 3 Let E : B([0,27)) — L(H) be a phase observable. Then for any
X e B([0,2m)),

1. B(X) =w-322 _o Cumin-—m(X)|n)(m| where
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2. (cnm) € CVN with ¢, =1 for alln €N, and
3. (Cnm)nmen i positive semidefinite.

Conversely, any complexr matriz (Cpm)nmen Which has the properties 2 and
3 defines a unique phase observable of the form 1.

Finally, we define a phase matriz as a positive semidefinite complex matrix
(Cnm)nmen With ¢, ,, = 1 for all n € N.

Remark 3 Theorem 3 can also be proved by using group theoretical argu-
ments, see Holevo [57, 58, 59, 60]. In Paper V we obtained the same result
using a theorem of Cattaneo [19] which generalizes Mackey’s imprimitivity
theorem for positive operator measures. However, by direct methods, one
can obtain results for arbitrary covariant sesquilinear form measures which
are not necessarily positive operator measures.

3.2 The canonical covariant observable

Let e,(0) := e™™ for all € R and n € Z so that {(27)""/%e, |n € Z} is an
orthonormal basis of the function space L?[0,2nr). The Hilbert space Hz is
isomorphic to L2[0, 27) via the isomorphism |n) + (27)~/2e,,. The canonical
spectral measure of L2[0,27) is the mapping F : B([0,27)) — £ (L?[0,27))
for which F(X)i = yxt for all X € B([0,2n)) and 1 € L?*[0,2x) where
Xx is the characteristic function of X. As is well-known from elementary
quantum mechanics, a particle confined to move in a one-dimensional box
[0, 27) is described by the Hilbert space L?[0, 27), and the canonical spectral
measure describes the position observable.

Fix J C Z, and let F' : B([0,27)) — L(H;) be a covariant observable
with the structure matrix (c,,) € C’*/. Following, for instance, the proof
of Proposition 3 in Paper V, one gets the proposition:

Proposition 1 A covariant observable F is projection valued if and only if
J =17 and ¢, = €27 for all n, m € Z where (vy)nez C [0,27). If
F' is projection valued then F' is unitarily equivalent, via the isomorphism
In) > (21)"Y2e~ne,, to the canonical spectral measure F.

Proposition 1 implies that there is no projection valued covariant phase ob-
servable.

Define a unitary representation Uj; of the one-dimensional torus T as
Ur: T — L(Hy), 2 — 2N Let Fy and F, be covariant operator measures
with (¢}, )nmes and (¢}, )nmes, respectively. If W is a unitary operator
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on H; such that Fy = WE,W* and N7 = We™N )W+ 6 € [0,27), we
say that the T-covariance systems (Uy, F1) and (Uy, F3) are equivalent or
Fy is F, up to unitary equivalence or, briefly, F} is Fy (u.e.). If F} is I}
(u.e.) then necessarily W = > _ e |n) (n| where (vy)nez C [0,27) and

chm = €nvmc2 | holds for all n,m € J. Thus, the canonical spectral

n,m

measure is the only covariant projection measure (u.e.).

Definition 4 The covariant observable F : B([0,27)) — L(H;), defined

can
by the structure matriz whose elements cp,, = 1 for all n, m € J, is the

canonical covariant observable. Thus,

Fn(X) = w= ) i (X)) (m]

n,meJ

for all X € B([0,2m)).

Any canonical covariant observable is the projected canonical spectral mea-
sure to the subspace H; of Hz. Especially, if J = N we say that E,, = F\

can
is the canonical phase observable. From Proposition 1 it follows that the

canonical phase observable (u.e.) is the only phase observable which has a
covariant projection valued dilation to Hj.

3.3 Covariant positive sesquilinear form
measures and generalized vectors

Let G : B([0,27)) = SL(M j, M ;; C) be a sesquilinear form measure defined
as

(G0, 9) = D Cumin-m(X){pIn)(m|¢)) (3.1)

n,meJ

for all X € B([0,27)) and ¢, ¥ € Mj; where (¢,,n) € C/*7 is positive
semidefinite. The equivalence of items 1 and 3 of the following proposition
is proved in Paper V (Proposition 2 there). For the proof of the equivalence
of 1 and 2, see Page 7353 of Paper II.

Proposition 2 Let J C Z and let (¢,,m) € C'*7. The following three claims
are equivalent:

1. (¢nm) is positive semidefinite;
2. all the principal minors of (¢,m) are nonnegative;

3. Cpm = (UYn|tm) for all n, m € J where oy, € Hy for all k € J.
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In the context of Proposition 2, defining fT(Lk) = (kly,) for all n, k € J, it
follows that for any positive semidefinite matrix (cy,) € C'*7,

" Gucnmbm =3 > dafi D b fP
n,meJ keJ neJ meJ

for all (dp)nes, (bp)nes € C with d,, # 0 and b, # 0 for only finitely many
2

ne€J. Also ) ., f,(lk)‘ = ¢y, < oo forallm € J. For all k € J define a

sesquilinear form measure Gy : B([0,27)) = SL(M;, M ;;C) as

[G(X) =Y PO [ (X) ol () (3.2)

n,me.J

for all X € B([0,27)) and ¢, ©p € M. Thus, we get the following structure
theorem for covariant positive sesquilinear form measures:

Theorem 4 For a covariant positive sesquilinear form measure G defined in
(3.1),
GO w) = Y_[Gr(X)](p,¥)

keJ
for all X € B([0,27)) and ¢, ¥ € M where, for allk € J, Gy, is a covariant
2
positive sesquilinear form measure defined in (3.2) and ), ; fT(Lk) < oo for

alln € J.
Conversely, if for all k € J, Gy, is a covariant positive sesquilinear form

2
measure defined as in (8.2) and ), ., O < oo then [G(X)](p, ) =

Y kes[Ge(X)(p,v) defines a covariant positive sesquilinear form measure

G : B([0,27)) — SL(M;, M;;C) with the positive semidefinite structure
matriz (Cpm) for which cppm ==, ; fék)f,g,f) for all n, m € J.

If (cnm) is positive semidefinite and bounded then G defines a unique
covariant positive operator measure

X = F(X):=w- Z Cnomin—m/(X)|n)(m|. (3.3)

n,meJ

1"

positive operator measure

X = F(X) == w- Z K)o (X)) (m). (3.4)

n,me.J

Moreover, if sup{

‘n € J} < oo then Gy defines a unique covariant

Therefore, one gets the following corollary:
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Corollary 2 For a covariant positive operator measure F defined in (3.3),
F(X)=w-)_ Fi(X)
keJ

(summation order is irrelevant) for all X € B([0,2m)) where for all k € J
Fy: B([0,2m)) — L(H,) is a covariant positive operator measure defined in

(k)|
(3.4) and sup >, ;| fa
Conversely, if for all k € J, Fy, : B([0,27)) — L(H;) is a covariant
2
£k ‘ ne J} <

oo then F(X) :=w-)_, ., Fi(X) exists for all X € B([0,27)) and defines a
covariant positive operator measure F' : B([0,27)) — L(H ) with the bounded

nEJ}<oo.

positive operator measure defined in (3.4) and sup {ZkeJ

positive semidefinite structure matriz (cpm) for which chm ==Y o, S £
for all n, m € J.

In the context of Corollary 2, for all k£ € J, define a generalized vector
ERESDIN £ |n) which belongs to the Banach space

HY = {Z dy, In) ‘ (dn)nes © €, sup(|dal) < OO}

neJ

equipped with the sup norm. The space H$ is (isomorphic to) the topological
dual of the Banach space H!, equipped with the L'-norm. Denote a bounded
operator 1 = (¢g|v)|dx) from Hj to HF as |px) (k|- The operator [¢y)(dxl,
as any bounded operator H) — HF, can be interpreted as a sesquilinear
form H} x HY — C. Since for all X € B([0,27)) the sequilinear form

1 —i —i

(pe1) = 5 [ (P pl0 (G ™ 0)d0 = (ol (X))
X

is defined on H! x H! where H/, is a dense subset of H; we may formally

write

1 . .
Fi(X) = o /X 07| 5, (Bl 7B

and

_ 1 i0Nz, —i0Ny,
F(X) = w ; %/Xe (60) (Bxle="N2dp
for all X € B([0,27)). If F' is normalized and there is only one nonzero term
(|¢x) # 0) in the above series then F' is the canonical covariant observable
(u.e.) and vice versa. This gives the following characterization of covariant
phase obsevables:
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Corollary 3 The mapping E : B([0,27)) — L(H) is a phase observable if
and only if

BOY) =w-3 5 [ e lononle ™ao
k=0 X

for all X € B([0,27)) where, for allk € N, |¢) € HY, and >_pey |{nlor)|* =
1 for all n € N. The phase obsevable E is defined by a single generalized
vector if and only if E is FEean (u.e.).

Note that Corollary 3 can be seen as a special case of Theorem 2 of [61].
Moreover, one can write Ee,,(X) = (2r)~" [, |0)(] d8 where for all § € R,
10) :=>""° e |n)y € HYY is the so-called London phase state [76, 111].

3.4 Covariant positive operator measures and
operations

Fix J C Z and let T(H;) and T(H,); be the sets of trace-class operators
and states on Hj, respectively. A linear mapping ® : T(H;) — T(H,)
is positive if ®(T') is positive, and trace-preserving if tr(®(7")) = 1 for all
states T. We say that a positive linear map ® : T (H ;) — T (H;) for which
tr(®(T)) < 1, T € T(H,){, is an operation (for the theory of operations,
see e.g. [27, 65, 16]). A linear mapping @ is covariant if e*2?@(T)e 1"20 =
P(eN20T e~ iN20) for all states T and § € [0, 27), and it is pure if ®(|) (¢|)? =
®(|1) (¢]) for all unit vectors ¢ € H ;. The next theorem is a generalization
of the results of Hall and Fuss [45, 46, 47]. Tts proof is almost the same as
the proof of Theorem 3 in Paper VII.

Theorem 5 A mapping F : B(]0,27)) — L(H;) is a covariant positive
operator measure if and only if

tr(TF (X)) = tr(®(T)F. (X)) (3.5)

can

for all X € B([0,27)) and T € T(H;) where ® : T(H;) — T(Hy) is a
covariant positive linear mapping. Such an operator measure F' is normalized
if and only iof ® is trace-preserving.

A possible choice for ® is
o(T) := w- Z CmnTom In) (m|, T €T(Hy)

n,meJ

where (c,.m) € C/*7 is the (bounded positive semidefinite) structure matrix
of F. The dual mapping ©* : L(H ;) — L(H,) of © defined by the relation
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tr(TO*(A)) = tr(0(T)A), A € L(H,), T € T(H,), is a positive linear
mapping, and

O (A) =w- > comAnmIn) (m].

n,meJ

From Corollary 2 one gets

O(T) =w-> ATA;, TeT(Hy),

keJ

where Ay, == 3" £ |n) (n| for all k& € J showing that © is completely
positive [27]. Note that >, AyA; = > o cunln)(n| and ©*(A4) =
Y okes ArAAL, A€ L(Hy).

Corollary 4 For any covariant positive operator measure F : B([0,2m1)) —
‘C(HJ)z
F(X) = 0" (F, (X))

can

for all X € B([0,27)).

Let F be normalized and let ©F : T(H;) — T(H,) be the restriction
of the corresponding operation © to the set of states. The next theorem
characterizes the canonical covariant observable (u.e.) among other covariant
observables. Its proof is essentially similar to the proof of Theorem 4 of Paper

VIL

Theorem 6 1. © and ©F are injections if and only if chm # 0 for all
n,meJ;

2. O is a surjection if and only if F is FZ (u.e.);
3. O is a bijection if and only if F is F . (u.e.);

4. © is pure if and only if F is F_ (u.e.).

3.5 Radon-Nikodym derivatives of covariant
sesquilinear form measures

Fix J C Z, and let (c¢,,,) € C’*7. The sesquilinear form measure
B([0,27)) = SL(M ;, M s; C), defined in item 1 of Section 3.1, can be writ-
ten in the form [G(X)](p,%) = 2m) 7" [ gjiy,(0)d0 for all X € B([0,2m))
and @, ¢ € M, where

Iiyio @) = D Come™™ ™ (pln)(m|e), 0 €R, (3.6)

n,meJ
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is the (continuous, bounded, and periodic) Radon-Nikodym derivative of the
complex measure X — [G(X)](¢, ).

Similarly, if (¢, ) is bounded then for the sesquilinear form measure G :
B([0,27)) — SL(H', H!; C), defined in item 2 of Section 3.1, the complex
measure X — [G(X)](g, ) has the (continuous, bounded, and periodic)
Radon-Nikodym derivative of the form (3.6) for all ¢, ¢ € H1.

Suppose then that (cp,) € C’*7 is bounded and positive semidefinite
and, adding zeros, represent (c¢,,,) as a (bounded and positive semidefinite)
complex matrix defined on the whole set Z x Z (see Remark 2). Hence,
when it is notationally convenient (e.g. in Theorem 7), one may assume that
J = Z. Define a covariant positive operator measure

Xl—>F _W-chmznm |7L>< |7

n,me.J

and for any T € T(H,), define a complex measure X > pl(X) =
tr(TF(X)). Since pL is absolutely continuous with respect to the normal-
ized Lebesgue measure it has a Radon-Nikodym derivative g% such that
pr(X) = (2m)7" [ 95 (0)d0. Defining e, (6) := e~ it follows from Lemma

1 that
= stzl}{)ri)oo Z Z Tm nCn menem

n=—s m=—u

with respect to the L'-norm (for more details, see Section 5 of Paper VII).
This implies the following theorem:

Theorem 7 There exists an increasing subsequence N > k — ny, € N such

that
Ny
F S H i(n—m)0
=1 T,
gr(0) = lim 3 Toucnme
n,m=—ng

for almost all 0 € R.

Also, one can write (see Section 5 of Paper VII)

F _ 1 i(n—m)d r(7) -
gT (9) Eli)rgi ZGJTm,nCn,me nfm(€)7 .] ]-7 27

for almost all § € R where for all k € Z, f{"(¢) := (e — 1) /(zke) k # 0,
) =1, and fP(€) := (1 — )%, Thus, for all k € Z, lim, o, £ (e) = 1
where j = 1, 2. Using bounded operators

CY i=w- 3" comflm(@n)(ml|, j=1,2,

n,meJ
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it follows that

gr(0) = lim tr [TR(O)CYR(0)], j=1,2,

e—0+

for almost all # € R.
To conclude, we may formally write (e.g. in the sense of Theorem 7) that

gr () = TunCome ™™’

n,meJ
3.6 Moment and cyclic moment forms of

covariant sesquilinear form measures

Let H be a Hilbert space, and let K be a linear subspace of H. Let B(2) be
the Borel o-algebra of a Borel set 2 C C, and let G : B(Q2) - SL(K, K; C)
be a sesquilinear form measure. For any Borel function f : 2 — C define

K9 = {w e K‘ /Qf(e)d[a(e)](w,w) exists for all € K} |

Due to the sesquilinearity, Kf is a linear space, and we may define the
following sesquilinear form

K Kf 3 (e.0) = [ 1OQGEONp.v) €

We use the symbol [, f(#)dG(#) for the above form, and say that it is a
generalized operator integral of f with respect to G.

Remark 4 Any operator measure F' : B(Q) — L(H) defines an operator
integral [66] of a function f as the operator [, f(#)dF(#) with the domain

Dy = {w € H‘ /Qf(ﬁ)d<g0|F(9)1/)> exists for all ¢ € H}
or, equivalently, as a sesquilinear form
Hx D} 3 () = [ FO)(elF(O)) €T 5.7)
Since F' can be interpreted as a sesquilinear form measure B(Q) —

SL(H, H;C) the form (3.7) is the generalized operator integral of f with
respect to F'.
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Fix J C Z and let G : B([0,27)) — SL(M;, M;;C) be a covariant
sesquilinear form measure with the structure matrix (c,,,) € C’*7. Define
the kth moment form of G as the generalized operator integral f027r 0kdG (0) €
SL(My, M;;C) where k € N. If G is normalized then the zeroth moment
form is the restriction of the inner product to M; x M and, thus, has a
unique bounded extension to H; x H; which is given by the identity operator.
Hence, it is possible that, although the sesquilinear form measure G' cannot
be interpreted as an operator measure, some of its moment forms can be
extended to operators. Some first moment forms of covariant sesquilinear
form measures have been studied in the literature (see e.g. Paper IV or s-
ordered phase operators in [100, 97]). If f027r 0%dG(0) is bounded then it can
be interpreted as a bounded operator, the kth moment operator,

o0

1 2w )
w3 umge [ 0 0]} .

n,m=0

It is interesting to note that G is determined already by its first moment
form since

Cnim = (1 — ) / 0dGO))(n) . Im)), 1 #m.
and

™

S / "0aGO)(In)  n)).

Remark 5 Any bounded operator A € L(#H;) is the first moment oper-
ator of a unique covariant sesquilinear form measure G4 : B([0,27)) —
SL(M s, My; C) defined by the structure matrix (anm,) € C’*7 for which

Anm = 1N —M)Apm, nF#m,
and
1
Upn = —Apn-
s
For A to be the first moment operator of a covariant observable requires that

A, n = m (or an arbitrary constant, see Paper IV) and the matrix (an,) is
positive semidefinite.

One can also define a kth cyclic moment form as the operator integral
f027r e*dG(0) € SL(My, My; C) where now k € Z. It always has an (pos-
sibly unbounded) extension to H; x D% which can be interpreted as a kth
cyclic moment operator

> Consk|n) (n+ k|

n€J and
n+keJ
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denoted simply by f027r e*dG () and defined on the linear space

Dhi=qveHs| Y |enmsn(n+ k) < oo

n€J and
n+keJ

Any kth cyclic moment operator of G is bounded if and only if

If G is symmetric then the kth cyclic moment operators of GG associated to
the nonnegative integers determines GG uniquely.

2T
/ €Zk0dG(9)H = sup{|cn,n+k| |n cJandn+ke¢ J} < 00.
0



Chapter 4

Properties of phase observables

In the previous chapter it was shown that one can characterize covariant
phase observables in various ways: using phase matrices (Theorem 3), se-
quences of unit vectors (Proposition 2), sequences of generalized vectors
(Corollary 3), or using covariant trace-preserving operations (Theorem 5).
It was also shown that there is no projection valued covariant phase observ-
ables, and the canonical phase observable was defined.

In this chapter further properties of the canonical phase observable are
studied and they are listed in the final section of the chapter. The question of
complementarity of number and phase and some important features of phase
observables are discussed.

4.1 Strong phase observables and the
semigroup of number shifts

Let J C Z and let F' : B([0,27)) — L(#H;) be a normalized covariant
operator measure with the structure matrix (¢, ) € C’*7. As before, adding
zeros, one may assume that J = Z when it is notationally more convenient.
Following Schreiber [103| we say that F'is strong if for all £ € N

/0 %ei’“"dF(Q) = { /0 2Weﬂ'(’cur(e)]k,
/0 " e MAF(H) = { { /0 " e“’dF(o)] *}k.

39
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Note that A := I; for all A € L(H;). If F is strong, then F is self-adjoint

and
k-1

Cnntk = H Cntintl+l, N E 7, ke Z".
1=0
In that case matrix elements ..., c_o _1, c_1, Co,1, C1,2,... suffice to determine
F. If F: B([0,27)) — L(#,) is positive, then |¢, 41| < 1, n € Z, and the
first cyclic moment operator

21
| PO =Y cp ) (041
0

neZ

of F'is contractive. Conversely, for any contractive weighted shift operator

Vo= z:hmﬂn+m

neJ and

n+l1eJ
fn€C 0<|fu]l <1, n € J, and n+ 1 € J there exists a unique strong
covariant observable Fy : B(]0,27)) — L(H;) such that

2T
A e®dF; () =Vf, keN

(for the proof, see Paper II, Theorem 4.1). The following proposition is easy
to prove (for more details, see Remark 2 of Paper V):

Proposition 3 V} is unitary if and only if J = Z and | f,,| = 1 for alln € Z.
In this case Fy is FL, (u.e.).

can

The canonical spectral measure is associated with the polar decomposi-
tion of any weighted shift operator. Indeed, let J C Z and (f,)nes C C\ {0},
and define

Vie=Y faln) (n+1].

neJ

Then V; = Wi|Vy|, Wy = fo% e?dF;(0), and Fy is F (u.e.) (see Section
4.2 of Paper II). In other words, F} is unitarily equivalent to the projected
canonical spectral measure to the subspace H; of Hz.

As was shown in Section 2.4 there is no self-adjoint phase operator acting

on H = Hy associated with the polar decomposition of a. However,

2
a:/ eYdFL (9) VN,
0
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where FZ  is the canonical spectral measure. But FZ  acts on the larger
space Hy and it cannot be regarded as a phase observable. Its pro-
jection to H is the canonical phase observable FE.,,, and one may write
a= ["edEe(0) VN.

Strong phase observables constitute an important class of phase observ-
ables since they generate the semigroup of number shifts, as we will see in
the following.

Suppose first that J = Z. The Hilbert space Hz is isomorphic to L?[0, 27)
and describes a "particle in a box" system where FZ is the (canonical) po-
sition observable and Nz is the momentum operator of the particle. The
covariance condition €2 FZ (X)e ®Nze = FZ (X+46) means that the mo-

mentum generates position shifts. Equivalently, this can be expressed in the
following (generalized) Weyl form (see |59, Prop. 1] and [99)]):

2m 2m

ewNZ/ e dFL (x)e N2 = eing/ e dF% (z), 0€][0,21), n € Z.
0 0

Any covariant observable F' : B([0,27)) — L(Hz) satisfies the above co-
variance condition, or its Weyl form, and can be characterized as a position
observable. Conversely, one may now ask which position observable gener-
ates momentum shifts. The momentum shifts form an additive group Z and,
when F' : B([0,27)) — L(Hz) is a strong covariant observable, it has the

following representation on Hz:
2m )
ks / e*dF(9).
0

The only strong covariant observable F' which generates momentum shifts,
that is,

2T 2T
/ M4 F(0) [n) (] / FMAFO) = [n+ k) (n+ k|, n, ke,
0 0

is the canonical covariant observable FZ (u.e.). The representation k

[2T A FZ () is now unitary. Note that FZ and Ny also form a Heisenberg

0 can can
pair:
2m

{NZ, engn(e)] =il
0
in a dense domain which does not contain the eigenstates |n) of Ny.

In the case of phase, that is, when .J = N, one can repeat the above
calculations. The covariance condition of a phase observable E equals the
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(generalized) Weyl commutation relation (see [59, Prop. 1] and [121, 122]):
) 2r ) ) 2r
elaN/ M AE (x) TN = e_ma/ e"dE(x), 6#€0,2m), n €N,
0 0

and the pair (N, Eg,,) fulfills the Heisenberg commutation relation

[N, /0 27r9(zlEcan(9)] =il

in a dense domain which does not contain the eigenstates [n) of N [41, 38, 82|.
The number shifts form an additive semigroup N and, when FE is a strong
phase observable, it can be represented on H via k — f027r e*d E(f). Similarly
as in the case of J = Z the only phase observable E which generates number
shifts is the canonical phase observable Ec, (u.e.).

4.2 Commutativity of covariant operator
measures

An operator measure F': F — L(H) is commutative if
F(X)F(Y)=F()F(X)

for all X, Y € F. One gets from Proposition 1 of Paper V the following
proposition:

Proposition 4 Let F': B([0,27)) — L(Hz) be a covariant operator measure
with the structure matriz (¢, m). F is commutative if and only if

Cnon+kCn+tk,m = Cnym—kCm—k,m
for all n, m, k € 7Z.

This implies for n = m the following necessary condition for a commutative
F:
|Cn,n+k| - |Cn7k,n|; n, ke€Z.

Let J C Z be bounded from below or above, and let F' : B([0,27)) —
L(H;) be a covariant normalized operator measure. Using the above nec-

essary condition the next proposition follows (see Proposition 2 in Paper
[11):

Proposition 5 F' is commutative if and only if F'(X) = F/

triv(X) =
io(X) Iy for all X € B([0,2n)).
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Especially it follows that the only commutative phase observable is the trivial
phase observable X + Fiy(X) = ig(X)I. It is interesting to note that
the canonical phase observable E.,, (u.e.) is totally noncommutative (see

Corollary 5 in Paper IIT), but its extension F2 (u.e.) is commutative.

4.3 Complementarity of number and phase

Let F': B([0,27)) — L(H,) be a covariant observable. Since the condition
In) (n| F(X) = F(X)|n)(n| for all n € J and X € B([0,27)) implies that
F = FZ_, it follows that N; and any nontrivial F' : B([0,27)) — L(H,)
are noncoezistent observables (for more details, see e.g. Section I1.2.2 of [16]
and Section 4 of Paper IIT). The noncoexistence of observables implies that
they cannot be measured together and they do not have a joint probability
measure in all states. Especially, for a phase observable E for which ¢, ,,, # 0
for all n, m € N (e.g. Eean and Ejgy) the commutativity domain of N and
E is {0} and they do not have a joint probability measure in any state
(Proposition 7 in Paper III).

Like the concept of coexistence, the notion of complementary observables
has both measurement theoretical and probabilistic aspects. For example,
complementary observables do not admit any joint measurements [16|. Fol-
lowing [16, Section IV.2.3|] we say that any observable F' : B([0,27)) —
L(H ;) and N; are complementary if for any finite set {nq,...,ng} C J and
for any X € B([0,27)), for which O # F(X) # I, the greatest lower bound

(Z n) <n|) AF(X)=0.

The canonical spectral measure FZ (u.e.) and Nz are complementary ob-
servables [67], which implies that they are also probabilistically complemen-
tary. We say that F' : B([0,27)) — L(#H,) and N; are probabilistically

complementary if

k
> (¢ ni)|> = 1implies that 0 < (¢ | F(X)¢h) < 1,
i=1

k
(V| F(X)¢) = 1impliesthat 0 <> [(¢|n;)|* <1,
i=1
for all ¢» € H,, for all nonempty sets {ni,---,nx} C J, and for any
X € B([0,27)) such that O # F(X) # I. The following proposition (Theo-
rem 1 in Paper VIII) implies that any phase observable E and N are proba-
bilistically complementary:
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Proposition 6 For any state T € L(H) and a phase observable E
tr(TE(X)) <1
for all X € B([0,2m)) such that ig(X) < 1.

Open Problem 1 Are the canonical phase Ecan (u.e.) (or Ejy) and the
number N complementary observables?

Remark 6 Proposition 10 of Paper III states that any phase observable F
and N are also value complementary observables, that is, for any sequence of
unit vectors (¢ )ren for which the probability measures X — (. | E(X )ty )
tend (with k& — o0) to a Dirac measure dy, 0 € [0,27), the number proba-
bilities | (1 | n ) |? tend to zero for all n € N. In this case {9y | Ny ) — oo.
This situation, where the number and, thus, the energy gets large and the
phase is arbitrarily well defined, corresponds to the classical limit for a single
mode field.

4.4 The phase representation

As we have seen in Section 3.3 the operator measure FJ can be written in
the form

1 . .
Fa(X) = oo [ €™ (o) 0le s

2 Jx
where |¢) :== >, |n) € HF. Using the isomorphism |n) — (27) '/%e,, one
may identify H; with a subspace of L?[0,27). Thus,

1 [

<80| can > = 2_ gp(&)@b(ﬁ)dﬁ
T Jx

for all ¢, ¢ € H; where 1(0) :== >, (n|¢)e ™ for df-almost all 6 € R.
All other covariant observables F' with (c¢,,) are of the form:

(| F(X Un(0)vnt) (6
V=L )0

where v,, n € J, is a contraction (see Paper VIII). Using the kernel function
Cy(z,y) =57 e~"%c, ne™ one gets

n,m=—s

(p|F(X)y) = 2
slggog/ {%/ﬂ ! / (= 0,y — 0)p(y)dady] do.
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The canonical covariant observable has the "sharpest" kernel in the formal
sense that limg_, . Cs(x,y) = 2oy (x) 2md2,(y) where dy, is the 2m-periodic
Dirac d-distribution (see Paper VIII).

Since the momentum operator Nz acts on L?[0,27) as the derivative op-
erator idy and the position FZ is the canonical spectral measure X — yy
of the multiplicative operator, we say that 7 is the momentum representa-
tion space and L?[0, 27) is the position representation space of the "particle
in a box" system. The operator e’z operates as 1(0) — (0 — «a) in
L?[0,27), that is, the momentum generates position shifts. Similarly, re-
stricting ourselves to the subspace H C Hjy, isomorphic to the Hardy space
H? C L?[0,27), we say that H is the number representation space and H? is
the phase representation space of the single-mode optical system [111, 41, 94].

4.5 Discrete phase shifts and approximation
sequences for phase observables

Fix s € N and define 6, := 27k/(s + 1) for all £ = 0,1,...,s. Following
Paper VI or [45, 61, 22|, define a group of discrete phase shifts

Dy :={0|k=0,1,...,s}
with the addition modulo 27. It has a unitary representation 0 — s+
on H;. Let P(Dy) denote the power set of Dy and suppose that L C H; is
a linear space. A sesquilinear form measure G : P(D,) — SL(K,K;C)
is s-covariant if eV C K and [G({0s4})](e7WsiN7p, emWsiNsg)) =
[G({Osp+11)](p, ) for all k, 1 € {0,1,...,s} and ¢, ¥ € K. The next theorem
is easy to prove:

Theorem 8 Let G : P(Ds) — SL(K,K;C) be an s-covariant sesquilin-
ear form measure, and let |n), |m) € K for some n, m € N. Then
[G({0,:D)](In) , |m)) = cpme ™%k for all k = 0,1, ..., s where ¢, m € C.

If G is symmetric, then ¢pm = Cmn, and, if G is normalized and n = m,
then ¢, = 1. If G is positive and L C 7Z is such that |n) € K for alln € L,
then the matric (Cpm)nmer 1S positive semidefinite.

Let G : B([0,27)) = SLM ;, M ;;C) be a covariant sesquilinear form
measure with the structure matrix (cpm)nmes and let s +— (c;, , )nmes
be the sequence of complex matrices such that limg_, . Chm = Cnm for
all n, m € J. For a fixed s € N, the matrix (¢}, ,,)nmes defines an s-
covariant sesquilinear form measure G, : P(D;) — SLM ;, M ;C) for
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which [G,({0s})](In),|m)) = ¢ e’ ™%k for all k = 0,1,...,s and n,
m € J. Since, by the definition of the Riemann integral,

1 . 1 [
li ks — / k0, 0<a<b<?2
im > e or [ © T T=AS0EED

s—oo s+ 1 T
gs,ke[aﬂb)

it follows that for all ¢, ¢ € M

[G([a,0))(p, ¥) = lim > G ({04 D)(e.), 0<a<b<o2m

In this case, we say that (Gy)sen IS an approzimation sequence, or a dis-
cretization of G. It satisfies the (generalized) spectral accuracy condition
(see [33, p. 495], [52], or Paper VI) in the sense that the "support" of G| fills
the interval [0, 27] when s — oc.

For any covariant sesquilinear form measure G : B([0,27)) —
SLM ;, M ; C) with (cpm) C C*7 choosing ¢, = cam, —5 < n,m < s,
n, m € J, and ¢ ,, = 0 otherwise, one gets an approximation sequence
(Gs)sen where every s-covariant sesquilinear form measure G4 can be in-
terpreted as a bounded operator. Especially for any covariant observable
F : B([0,27)) — L(#H,) there exists an approximation sequence of s-
covariant observables Fy : P(D;) — L(H ;) for which

F(la,b)) = w-lim Y F({0.4}).

§—00

In the case of the canonical phase observable FE.,, (u.e.), there exists an
approximation sequence of spectral measures ES, : P(D;) — L(Hqo,. s})

can

(Paper VI). This is quite striking since any E?,, is commutative and FE,, is
totally noncommutative. We say that F.,, is almost projection valued. Recall

that Fe,, also has a commutative (projection valued) extension FZ .

Remark 7 The Pegg-Barnett formalism [92, 7, 93, 94| gives the same results
as the canonical phase observable [104, 44, 117|. Indeed, the Pegg-Barnett
theory gives an approximation sequence for F,,, and the results of this sec-
tion, or Paper VI, are generalizations of the Pegg-Barnett theory for arbitrary
covariant sesquilinear form measures. Hall and Fuss [45] defined another dis-
cretization sequence for a phase observable dividing the phase interval [0, 27)
into s equal bins and getting thus an s-covariant positive operator measure.
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4.6 Phase space phase observables

In Section 2.6 we defined the phase space observable
1
A7) =~ [ DEOIDE)

D(z) := €** 7% and its covariant angle margin Ejp). These definitions can
be generalized as follows (see Section 4 of Paper IV): For any trace-class
operator T € L(#H), the mapping

Ar: B(C) = L(H), 7 — Ap(7) = %/D(Z)TD(Z)*(FZ

is a phase space operator measure. A phase space operator measure Ap is
an observable (a phase space observable) if and only if T is a state. Let
Er: B([0,27)) — L(H) be an angle margin of Ay

Er(X) = %/X/OOOD (re”) TD (re')" rdrdd, X € B([0,27)).

The next theorem is proved in Papers I and IV (Theorem 4.1 in both papers).

Theorem 9 For any trace-class operator T € L(H), the angle margin Er is
covariant if and only if

T =3 el (i

where (Ag)gen C C and Y 12 |\k| < oo. The angle margin Er is a phase
observable if and only if T = Y poo M k) (k| where (Ag)ren C [0,00) and

S peo Ak = 1.

If Er is a phase observable we say that it is a phase space phase observable
(for more details, see e.g. [14, 15]). For any T' = |n) (n|, n € N, a simpler
notation FE|,y := Ej,(, is used. In the context of Theorem 9 one gets

ET = W- Z )\kE|k>-
k=0

By a simple calculation, one can prove that all phase observables cannot
be represented as the above convex combination of phase observables E\
Indeed, take FE.,, and calculate some matrix elements assuming first the
above condition to get a contradiction. Choose A\ = (1-=M)A, A € C, |A| < 1
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to get a trace-one operator (1 — A\)AY and define a covariant normalized
operator measure

E/\ = E(l MAN = Z)\ E|k

These covariant operator measures can be seen as special cases of the Cahill-
Glauber s-parametrized [17, 100] normalized covariant sesquilinear form mea-
sures (Section 5 of Paper IV)

G B([O 27T)) — S[, MN,MN, ),

X |(0,0) > —// ZAk D (re®) |6 (B D (re®)* [y rdrdd

where A € C is such that ReA < 1. The s-parameter is defined as s :=
(A+1)/(A—1). A covariant sesquilinear form measure G, is symmetric if
and only if A € R (and A < 1), so we always assume that A is a real number
less than one (Proposition 5.1 in Paper IV). If 0 < A < 1 then G defines a
phase observable E) (see Proposition 5.2 in Paper IV or [100]).

Finally, note that any E|n> Can be seen as a noisy version of E,, in the
sense that iy (X) = [°T,(r) Ecan(X)T,(r)*dr? (weakly) where T,(r) €
L(H) for all n € N and r € [0, oo) [15].

4.7 Measures of uncertainty of periodic
probability densities and coherent
state phase measurements

Let f: R — [0, 00| be a 27-periodic probability density, that is, f(6 + 27) =
£(8) for (almost) all & € R and (2)~" [ f(0)d8 = 1. There are many
suggestions in the literature [13, 12, 46, 97| for the measure of uncertainty
and the mean value of f. Two of these measures are studied here.

Since f can be understood as a probability measure on the unit circle T
via the mapping 0 — €%, a natural choice for the measure of uncertainty is

the cyclic variance or angle variance [6, 75, 57, 13|
Cvar(f) := ianr/ |z — v|?f(arg 2)d\(2)
IS T

where ) is the normalized Lebesgue measure transferred by the map 6 — €.
In addition, there is a simple mechanical analogue for cyclic variance and
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mean where the cyclic mean value corresponds to the centre of mass of a
mass-distribution on a circle [88].

For any phase observable E with (c,,,) and a state 7" one gets a phase
probability density g of X — tr(TE(X)), and thus the cyclic variance

2

00
E Tn-l—l,ncn,n—l—l

n=0

Cvar(gr) =1 —

This measure depends only on the second diagonal (¢, 5+1)nen of the phase
matrix, so it does not describe the uncertainty of g& well. Indeed, for any
phase observable £ which is not strong (e.g. Ejgy) there exists a strong phase
observable which has the same second diagonal, and thus the same cyclic
variances, as E. Also, cyclic variance gives the intuitively wrong expectation
value (see Ref. 16 of Paper II). However, for any vector state ¢, F.., (u.e.)
minimizes the cyclic variance of gfp)w (see e.g. [58] or Section 6.2 of Paper
I1).

One problem of using variance as a measure of the uncertainty of f is how
to choose an integration interval. Namely, one can define a set of a-shifted
variances, which are not equal in nontrivial cases, as follows:

1 o+

Vary(f) i=  inf —/ (0— B)2F(0)d0, acR
B€[a—m,a+) 2T P

This leads us to define the minimum variance or the Lévy measure of f

[74, 63, 64, 13] as the infimum of a-shifted variances:

VAR(f) := inf Vara(f) = min i/7r 0> f (0 + a)db.

ac acl0,27) 27

-7

The minimum variance is an intuitively right measure of uncertainty but it
is very complicated algebraically when the shape of f is not "simple", e.g., a
Gaussian curve. Naturally, numerical results can be obtained. Next, different
phase observables are compared using the minimum variance in coherent
states. The task is to show that the canonical phase observable gives smaller
minimum variance in coherent states than measured phase observales.

Remark 8 Recall that in Section 2.6 it was mentioned that a phase space
phase observable Ejg, is measured by using an eight-port homodyne detec-
tion scheme, or equivalently, a joint measurement of quadrature components.
Note that E)p can also be measured by using a heterodyne detection scheme
[131, 105, 45] or by using linear amplification [6, 90, 42, 101]. There are also
measurement schemes for other phase space observables Ej, k € N [14].
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Indeed, Leonhardt and Paul [71] have shown that we do not actually mea-
sure Fjgy in realistic devices (fully efficient detectors are not involved), but
unsharp Egy, E\x ~ Ejg + AEjy + ..., where A is a small positive constant
(see also [21]). Other phase observables which can be measured (via adap-
tive single-shot phase measurements) are suggested by Wiseman and Killip
[126, 127, 128] (see also [25]). Note that there is no realistic measurement
for the canonical phase observable, although a proposal to that aim has been
made by Pegg and Barnett [10, 95]. However, the canonical phase distribu-
tion of the signal state can be sampled [118, 109, 11, 107, 108, 69, 20, 91, 34],
for example, by using optical homodyne tomography (OHT) since using OHT
one can determine the signal state and thus all phase distributions (for an
overview of phase measurements, see Section III of [81]).

Open Problem 2 Is there a realistic measurement for the canonical phase
observable?

Let g|§> be the probability density of the probability measure X +—
(z|E(X)|z) where E is a phase observable and |z), z € C, a coherent state.
The probabilty density of the canonical phase in that state has the highest
peak, that is,

g (arg 2) < g (arg 2)

for all phase observables E # FE.,,. As noted earlier, the canonical phase
also minimizes the cyclic variance of phase observables in a coherent state. It
would be interesting to get a similiar result for the canonical phase observable
using minimum variance instead of cyclic variance. This seems to be a hard
task due to the algebraic complexity of minimum variance.

Open Problem 3 Does the canonical phase observable minimize minimum
variance in an arbitrary state?

However, one has some asymptotic results for measured phase observables
Eoy and E), and for E,,: for large |z|,

VAR (ggwn) o

Wa
VAR (17) ~ ];;"21 > VAR (gf5), keN,
VAR (gﬁ;) ~ m > VAR (g| ‘>°>) > VAR( E>) C0<A<l.

(see Papers IT and IV). Note that the variance of the number operator in
a coherent state |z) is |z|?, so that the above results give the uncertainty
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relations of some phase observables F and N in |z) of the form
VAR (g‘%) |22 ~ constant.

If one gives up the positivity of E and studies Cahill-Glauber covariant
sesquilinear form measures in coherent states one gets, for a fixed z € C,
a (periodic) probability distribution of a sesquilinear form measure in |z)
such that the corresponding minimum variance is arbitrarily small (this is
the case when A — —o0, see Paper IV).

In the classical limit |z| — oo, where the mean value of the number tends
to infinity, g‘% tends to the 27-periodic Dirac d-distribution concentrated on
arg z if and only if lim,,_,o ¢, pnix = 1 for all £ € N (Theorem 7.1 in Paper
IT). This condition holds, e.g., for Ecan, Egy, k¥ € N, and Ey, 0 < X < 1, and
we say that they behave well in the classical limit.

We started our covariant approach to the quantum phase problem dis-
cussing coherent state phase (parameter) measurements in Section 2.6. Then
we defined the canonical phase observable and studied its properties. Finally,
in this section, we saw that the canonical phase observable gives the most
accurate phase distribution in coherent state phase measurements comparing
it to the measured phase observables.

4.8 Properties of the canonical phase
observable

The main properties of the canonical phase observable E.,, are collected in
the following:

1. Ecan (u.e.) is the only phase observable which generates number shifts
(Paper II);

2. F.a, is a unique phase observable associated to the polar decomposition
of the lowering operator and other unilateral shift operators (Paper II);

3. the phase matrix of F.,, is the indentity of the structure matrix W*-
algebra and the upper bound of the partially ordered set (of equivalence
classes) of phase matrices (Paper VII);

4. the phase matrix of Eg,, (u.e.) is an extreme point of the convex set
of phase matrices (Paper III);

5. Fean (u.e.) is the only phase observable which is defined by a single
generalized vector (Paper VI);
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all phase observables are of the form ©* (E.,,), where © is a covariant
trace-preserving operation (Paper VII);

. the operation ©] associated to a phase observable E is a surjection

(and a bijection) if and only if E = E,, (u.e.) (Paper VII);

. ©f is pure if and only if E = E,, (u.e.) (Paper VII);

Ecan (u.e.) is strong (Paper II);
FEcan (u.e.) and N form a Heisenberg pair (Paper I);
Ecan (u.e.) is totally noncommutative (Paper III);

FEecan (u.e.) and N are noncoexistent, probabilistically and value com-
plementary observables (Paper I11);

FEecan (u.e.) is the only phase observable which has a projection valued
covariant extension to Hyz. The extension is unitarily equivalent to the
canonical spectral measure of L?[0,27) (Paper V).

FEcan (u.e.) has a projection valued approximation sequence (Paper VI);
FEcan has the "sharpest" kernel (Paper VIII);
Ecan (u.e.) minimizes the cyclic variance in any state (Paper I1);

E..n gives smaller minimum variance in large amplitude coherent states
than phase space phase observables (Paper II);

the probabilty density of Eg,, in |z) has the highest peak at arg z;

the phase probability distribution of E.,, in coherent states tends to a
Dirac delta distribution in the classical limit (Paper II).



Chapter 5

Covariant phase observables and
different phase theories

In addition to the covariant approach introduced in the previous chapters,
there are several other phase theories considered in the literature (for an
overview, see e.g. |81, 33]). The common factor in most of these theories
is that they present a phase observable as a self-adjoint operator. None of
those theories satisfies all the requirements needed for a satisfactory phase
theory. These requirements are (see e.g. Paper VI or [94, 72, 100, 69)):

1. The Hilbert space of a phase observable is H spanned by {|n) |n € N};

2. The set of values of a phase observable is a phase interval, which can
be chosen to be e.g. [0,27) (see Section 2.1 of Paper IV);

3. The phase distribution in a number state |n) is uniform;
4. The number observable N generates phase shifts;

5. The phase observable generates number shifts.

These requirements force a phase observable to be the canonical (covariant)
phase observable (u.e.) which is not a projection measure. Hence, if we want
to represent a phase observable as a self-adjoint operator (or a projection
measure) we have to give up some of the above requirements. In this chapter,
we study some phase theories found in the literature and compare them to
the covariant approach.

93
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5.1 The first moment and cyclic moment
operators of covariant sesquilinear
form measures as phase observables

Let G : B([0,27)) - SL(My, My; C) be a covariant normalized sesquilin-
ear form measure with the structure matrix (c,,,) € CVN for which
Cnn = 1 for all n € N. Suppose that the first moment form f027r 0dG(9) €
SL(My, My; C) is symmetric and bounded and, thus, defines a bounded
self-adjoint operator

bg:=7l+ Z ﬁ|n)(m|

n#meN

In the literature (see e.g. [81, 100, 33]), some of this type of operators &4 have
been suggested to be phase operators. The Hilbert space of ® is adequate
and the spectrum of ®; may be the whole phase interval [a—7, a+7], « € R,
but the spectral measure of @5 can never be covariant with respect to phase
shifts. Moreover, if the phase distribution of ®; in any number state |n),
n € N, were uniform, then the variance

Var (0, |n)) = (n|(®a)%| n) — ((n|®g|n))*

should be 7%/3. In this case, since

= |Cn,m 2
Var (®¢, |n)) = ; m,
m#n
the following equation should hold:
L enml? w2
Z (hn—m)2 3 (5.1)
mn

for all n € N. If G is positive, that is, a phase observable, then (¢, ) is
positive semidefinite and thus |¢, | < 1. Putting this into Eq. 5.1 one sees
that the probability distribution of the first moment operator of a phase
observable in a number state can never be uniform.

Suppose that G is a phase observable. Then there are two (normalized)
positive operator measures, namely G and the spectral measure of ® associ-
ated to the first moment operator ®;. Both of these measures are determined
by ®s uniquely. Thus, we can say that &g is the phase operator, but the
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phase observable associated to ®4 is G, not the spectral measure. Note
that, according to Remark 5, any bounded operator A € L(H), for which
n — (n|Aln) is a constant mapping, is the first moment operator of a co-
variant normalized sesquilinear form measure GG 4. Therefore, to call such a
bounded operator A a phase operator, it is essential that G 4 is positive, that
is, a phase observable.

Another way to form self-adjoint operators using a covariant normalized
symmetric sesquilinear form measure is to calculate the first cyclic moment

form
o0

Ve = Z Cont1 |m) (n+ 1]

n=0

and define self-adjoint sine and cosine operators

1
Sq = —
¢

1
(Va=Vé), Coi=50Ve+Va)
which are bounded if and only if sup,cn{|cnni1]} < 00. Note that S and
C¢ are extensions of the generalized operator integrals f027r sin @ dG(#) and

027r cos 0 dG(#), respectively. Although Si and Cg would be self-adjoint
bounded operators, a simple calculation shows that they never commute
with each others (except in the trivial case S¢ = O = Cg) and, thus, there
are states where Sz and Cg do not have a joint probability measure. Also,
the spectra of Si and Ci may not be the whole interval [—1, 1] and the
joint probability distribution (if it exists) needs not be uniform in number
states. If n — ¢, is an increasing sequence of positive numbers and
lim;,, o0 ¢pnp1 = 1, then the spectrum of Sg and Cg is the whole interval
[—1,1] [73]. But in this case there exists a unique strong phase observable
Eg such that S¢ = [ sin0dEg(0) and Cg = [;" cosdEg(0) (Theorem
4.1 in Paper II).

5.1.1 The canonical phase, the Toeplitz phase operator,
and sine and cosine operators

Choosing G = FE.,, we get the Toeplitz phase operator

Pp, =71+ Y Ty I (m

suggested by Garrison and Wong [41] (see also [48, 38, 82, 98]), the sine
and cosine operators Sg.,. and Cpg,  proposed by Susskind and Glogover
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[111] (see also [18, 73, 120]), and the operator Vg, suggested by Lévy-
Leblond [75] (see also [73, 120]). Using the isomorphism |n) ~— (27)"'/2¢,
the operator ®p__ can be represented on the Hardy space H? as a projected
multiplicative operator of L?[0,27). The spectrum of ®p__ is [0, 27| [41, 38,
82| but, of course, ®p,,, is not phase shift covariant and it does not have
uniform distribution in number states (see also [9, 39]). The spectra of Sg,,,
and Cp,,, are [—1,1] [111, 18, 73, 120], but their commutator is (2:)~! |0) (0.
Moreover, their joint distribution in number states |n), n > 1, may not
be uniform [23|. Finally, the London phase states |#) are the generalized
eigenvectors of Vi, and they determine E.,, (see [75] and Section 3.3).

5.1.2 The Cahill-Glauber s-quantized phase angle

The first moment operator ® Ejo, of the phase space phase observable Eg is
proposed to be used as the phase operator by Turski [114] and Paul [90]. This
operator is sometimes called the Bargmann-Segal phase operator [33, Defini-
tion 10.4]. More generally, one may suggest that any ®p, = w->_ >, APp,,
is a phase operator where Ep is an arbitrary covariant operator measure
generated by a trace-one operator T = > ° A\, |n)(n], (A)nen C R,
Do |An] <00, 3000 A =1

Let G\ be the Cahill-Glauber s-parametrized sesquilinear form measure
(Sec. 4.6). Its first moment form [;°0dG,(0) is symmetric when A € R
and A < 1, and it generates a bounded operator ®;, when —1 < A < 1
(Paper IV). In this case we say that ®q, is the s-quantized phase angle or
the s-ordered phase operator [100, 97, 33]. When A = 0 then the s-quantized
phase angle is Ejp, and we say that it is the antinormally ordered phase
operator. The normal ordering corresponds to the case A — —oo, which
cannot determine any bounded, or even unbounded, operator at all. The case
A = —1 determines the symmetrically ordered phase operator or the Wigner-
Weyl quantized phase angle ®¢,__, (for the theory of different orderings, see
e.g. [17, 1, 55]).

Similarly, like the phase angle 6, the exponential phase angle e (or sin
and cosf) can be s-quantized to get operators Vi, (or Sg, and Gg,). And
of course, Er also determines the cyclic moment operator Vg, and the corre-
sponding sine and cosine operators. All these operators ®z,., Vi,, ®¢,, and
Ve, have similiar problems (e.g. lack of covariance) as the operators ®p,_
and Vg, defined in the previous section. Next we study the Wigner-Weyl
quantized phase angle somewhat closer, since it has a connection to a simple
laser model [32, 33].
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The Wigner-Weyl quantized phase angle!

First we recall the properties of the Wigner-Weyl quantized phase angle
Oq, _, [106, 30, 52, 51, 31, 32, 33, 100]. It is a bounded self-adjoint operator
determined by the generalized operator integral of a phase angle with respect
to a covariant normalized symmetric sesquilinear form measure Gy—_; which
is not positive (see Paper IV or [29]). It is not known if G)—_; is bounded
and, thus, if it determines an operator measure. In fact, if X is a finite union
of subintervals of [0,27), then G,— 1(X) is a bounded form and thus can
be regarded as a bounded operator (see [124, Prop. 2] or [33, Sec. 9.4.5]);
however, if Gy=_1(X) were a bounded form (or a bounded operator) for
all X € B([0,27)) then for all R > 0 there would exist such a (Borel) set
Xr C [0,27) that [|Gi=_1(Xg)|| > R [124, Prop. 3|. Numerical calculations
[30] suggest that the spectrum of ®¢, | is [0, 2], but this is not rigorously
proved [33, p. 304]. In any case it does not satisfy the covariance and the
uniform number distribution conditions [33, p. 458].

The operator ®¢,__, arises from the theoretical analysis of the Dicke
laser model in the following way [32, 33]. The Dicke laser model consists
of N € N non-interacting two-state atoms, each interacting with a single
mode optical field (see Section 2.3) via the electric dipole coupling. The
lowering and raising operators a and a* of the optical field are scaled as
a/vN and a*/v/N to get a scaled energy operator, or the energy density
operator, fiwa*a/N. The scaled state T' of the optical field is defined as

TN .= D (\/Na) TD (\/NCY>*, aeC.

(Note that Dubin, Hennings, and Smith use an operator W(z) := D(—iZ2)
instead of D(z) [32, 33].) The expectation value of the scaled displacement

operator D (Z/\/N) = 70" /VN=2a/VN in the scaled state TN s

tr (TN D (2/VN) ) = %%t (TD (2/VN) ) = %%, N - oo,

In the following calculations, "operators" must be undestood as sesquilinear
forms defined on a suitable dense subset of H such that the integrals exist in
the weak sense. Since

2w _
dg,_ | = / 0dGA—_1(0) = = / (1 / arg & 57 ¢ d2§> D(z)d?z
0 T™Jc \T Jc

(see e.g. Paper IV) defining the scaled Wigner-Weyl quantized phase angle

@(Glj):_l = l/(C (l/cargﬁeg_gz d2§> D (z/\/ﬁ> d?z

™ ™

! The material of this subsection is a part of a work in progress.
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one gets, when N — oo,

. 1 1 _ = o
tr (T(N’O‘)@gl\i):_l) — ;/@ (; /@argﬁegzgz d2§> e %%y = arga

(see e.g. [32]). Thus, the expectation value of the scaled Wigner-Weyl quan-
tized phase operator in any scaled state tends to a classical phase parameter
arg o in the limit N — oo. This observation seems to support ®¢,_ | to
be the "right" phase operator [32, 33]. But there exist other scaled phase
operators which give similar results. Namely, all Cahill-Glauber s-quantized
phase angles, which can be regarded as bounded self-adjoint operators when
—1 < X\ < 1, are such operators. This is due to the fact that (see e.g. Paper

V)
2w —
dg, = /0 0dG\(0) = % /C (% /@ arg £ et d2§> Dy (z)d*z

where Dy(z) 1= e +DIE/2O-DID(2), and defining

QD(GI\? = l/(C (l/@arggegzgz d25> Di(z/VN)d*z

™ ™

one gets

lim tr T(N;a)qD(C;l\i)) = arg a.

N—o0 (
Especially, this holds for the antinormally ordered phase operator ®¢, _,.

To conclude, the Wigner-Weyl quantized phase operator seems to have
no special role in the Dicke laser model. The underlining of the Wigner-Weyl
quantized phase operator in that model is due to a special scaling. Actually,
we must scale the operator D, (z) in the above way, not only scale D(z) ne-
glecting the factor e+ D1#*/EA=1]in the definition of Dy(z). If we neglect the
factor, then the results in the classical limit are "good" only for the Wigner-
Weyl quantized phase operator. A fact which supports our scaling is seen, for
example, in the case of A\ = 0 when Dy—q(z) = e 1?"/2D(2) = e 7*¢**" is anti-
normally ordered: just replace operators a and a* with a/\/ﬁ and a*/\/ﬁ in
e~7%e* to get a scaled operator Dy—q(z/v/N) which is antinormally ordered.
Next we show how the angle margin of the @)-function is related to the Dicke
laser model.

If the angle characteristic function £ — xpo.)(arg&), = € (0, 27], is quan-
tized instead of £ — arg & one gets, in the case |A| < 1, an operator F)([0, z))
of the covariant operator measure F) defined in Section 4.6. Since F)([0, z))
is defined by the bounded sesquilinear form

ar([0,7)) = - /C (1 /(C Xiom (arg £) e E d25> Dy(2)d2

™ ™
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defining

60 (0.0) =+ [ (2 [ vomlarse) e 6 Dile VRIS

™ ™

and its extension to a bounded operator Eg\N)([O, x)) one gets

lim tx (7O EM(0,2)) ) = durga([0, 7))
N—oo

where ¢, is the Dirac measure concentrated on p. Thus, we conclude that
the Cahill-Glauber s-parametrized operator measures E) are related to the
Dicke laser model in a similar manner as their first moments. In particular,
the measured phase space phase observable Ey—g = Ejp and (its "fuzzy"
versions) Fy, A € (0,1), A = 0, arise from the Dicke laser model in the
above way. Note that we can also scale the phase space observables A, :=
Aq_nawv, [A] < 1, (see Section 4.6) in a similar way to get scaled operators

A&N)([xl,:cg] X [y1,Y2]), 1 < T2, Y1 < Yo, which behave well in the classical
limit N — oo:

lim tr (T(N;Q)A&N)([h,xz] X [yhyz])) = 0a([T1, T2] X [y1,12])-

N—ooo

5.2 Phase distributions

Due to the difficulty in finding a satisfactory self-adjoint phase operator act-
ing on H, alternative phase theories have been developed. Since one knows
that the @-function of a signal state can be measured, it would be conve-
nient to include this observation in the alternative phase theory. One way
to proceed is to consider the ()-function as a mapping from the set of states
(or unit vectors) of H to the set of probability densities. The angle margin
function of the @-function then describes the phase distribution of a state
in question. Other angle margins of functions from the set of states to quasi
probability densities (they may get negative values) have also been consid-
ered (for an overview, see e.g. [112, 81, 100]). We collect here some (quasi)
phase distributions suggested in the literature and show how they arise from
covariant sesquilinear form measures.

Suppose that one makes a set of phase measurements after preparing
the signal state to be a unit vector ¢» € H. Then one measures the phase
of the single mode system and gets a 2m-periodic phase probability density
fy : R = [0,00] for which (27)~! OZW fy(0)d0 = 1. Assuming the existence
of interference terms, ¢ — f,, can be extended to a sesquilinear mapping (see
Paper VIII). Then, adopting the natural covariance condition fp_a)y () =
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f(0 + «), the mapping ¢ — f, can be represented using a unique phase
observable F in the form f,(#) = g(#) (the Radon-Nikodym derivative of
the probability measure X — (¢|E(X))) (Paper VIII).

To descibe some other quasi phase distributions using covariant sesquilin-
ear form measures as above (using positive operator measures for covariant
phase distributions) we generalize the mapping ¢» — fy, in the following
way. Let IC be a linear dense subspace of H for which R(a) C K for all
a € [0,27). Suppose that for all ¢, 1) € K there is an integrable (over [0, 27))
2m-periodic function g, : R — C such that the mapping (¢, 1) — g, is
sesquilinear and covariant in the sense that

IR(-)p,R(—a)p (0) = (0 + ).

We say that (¢,v) — g, is a generalized phase distribution. Note that
we do not assume the positivity of gy . It is easy to show that for any
generalized phase distribution for which My C K there exists a unique co-
variant sesquilinear form measure G : B([0,271)) — SL(Mpy, My; C) with
(Cnm) € CN such that g,,(0) = Y20 o come ™™ (0ln)(ml) for all o,
1 € My and for df-almost all # € R. Most of the quasi phase distributions
arising from the literature satisfy the covariance condition and thus can be
represented using covariant sesquilinear form measures or, equivalently, using
the structure constants ¢, ,,. We have collected some of them in the following
list. Suppose next that ¢ € H is such that the corresponding integral exists.

1. The London phase distribution |76 or the Pegg-Barnett phase distri-
bution [94]

00 2

> (nf)em™?

n=0

0 —

The associated positive operator measure is F.,,.

2. The angle margin of the Cahill-Glauber s-parametrized distribution
[17, 112] is associated to the sesquilinear form measure F. The matrix
elements ¢, ,, are given in Paper IV and e.g. in [112, 100].

3. The angle margin of the Husimi @-function [62, 37|

0 — /00 ‘<r6w‘¢>‘2rdr.
0

The associated positive operator measure is Gy—g = FE)oy with ¢, ,,, =

F((’%++\/!_Zn/!2+1) (see e.g. [90, 24]).
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4. The angle margin of the Glauber-Sudarshan P-distribution [43, 110, 81]
is associated to the limit of sesquilinear form measures GG, when A\ —
—oo (Paper IV). Note that this limit can be determined only for some
particular vectors, e.g., coherent states.

5. The angle margin of the Wigner function [125, 53, 40|
0 — / 2 <1/)‘D (21"6“9) ei”NU)> rdr.
0

The associated nonpositive sesquilinear form measure is Gy—_;. The
matrix elements are given in Paper IV and e.g. in {124, 106].

6. The quadrature-based phase distribution [118, 119, 54]

2
1
0 ——

\/ﬁ Z (2n)’ . <2n|,¢}>e—i2n0

227 (n!)

n=0

This distribution is positive but not normalized and it is m-periodic.
The associated positive nonnormalized covariant operator measure is
determined by the structure constants

201 (2m)!

22n+2m (nlml)2 !

and other ¢, ,, = 0. This distribution can be measured using homodyne
techniques [119, 107, 108, 54].

5.3 Phase operators defined on subspaces or
extensions of H

One way to proceed seeking a self-adjoint phase operator is to change the
Hilbert space of the system and define a phase operator in that new space.
One can define phase operators on finite dimensional subspaces of H (the
theories of Pegg-Barnett [94] and Popov-Yarunin [98]) and then calculate
the limit when the dimension of the corresponding subspaces tends to in-
finity. However, these subspace methods do not give anything new to the
phase problem compared to the covariant approach. The theory of Pegg and
Barnett gives the same results as the covariant phase observable E,, (see
Paper VI or [44, 117]). On the other hand, the theory of Popov and Yarunin
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gives the first moment operator f027r OdEcan(#) of the canonical phase in the
limit.

Another method is to extend H to find a phase operator on the new
Hilbert space, and finally to project it back to H. The first phase theory
based on an extension of H was given by Newton [83]. The new Hilbert
space suggested by Newton is isomorphic to 7, and his phase operator
is 027r OdFZ (0) where FZ  is a spectral measure whose projection to H is
the canonical phase observable E.,,. Thus, Newton’s theory does not give
anything new compared to the covariant approach.

Ozawa [89] constructed a quite interesting extension for H and defined a
phase operator using nonstandard analysis and the Pegg-Barnett formalism.
The new Hilbert space is "very large" in the sense that it is not separable, that
is, it does not have a countable basis. Also, the new Hilbert space contains
nonstandard number states which are eigenvectors of an extended number
operator. They correspond to the infinite eigenvalues of the extended number
operator, and Ozawa describes these states as macroscopic states. However,
when we project the spectral measure of Ozawa’s phase operator back to H
we get the canonical phase observable E,;.

Vaccaro [115] has also constructed a new Hilbert space Hgy,,, whose basis
contains the number states |n), n € N, and the new vectors labeled by
|oo —n), n € N. It is interesting to note that these new states are formally
similiar to Ozawa’s infinite number states. When one projects the spectral
measure of Vaccaro’s phase operator back to H one gets again E,,. Note
that Vaccaro and Bonner [116] have suggested a phase theory based on a
vector space extension of H which also gives results similar to Fan.

5.4 Two mode theories and phase difference
operators’

As was mentioned in Sections 2.1 and 2.2, the classical absolute phase of a
single mode field cannot be measured using only one photodetector. For a
measurement of an absolute phase one needs a (strong) reference field with
a fixed phase (which can be chosen to be 0) and a measurement scheme
for measuring the phase difference of input fields. Thus, in realistic phase
measurements like heterodyne and eight-port homodyne detections, the total
system contains two input fields.

The quantum model of eight-port homodyne detection by Noh, Fougéres,

2The material of this section is a part of a work in progress with T. Heinonen and P.
Lahti.
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and Mandel (see Section 2.6) is based on the Hilbert space H®H of two input
modes. When the second input port is in a large amplitude coherent state
this theory reduces to a one mode theory based on A, and it allows one to
measure the single mode phase observable Ejgy whose phase variable describes
the difference of the phase of a signal field and the fixed phase parameter
of the strong coherent reference field. If neither input ports is strong, then
the reduction to a one mode theory cannot be done. Next we consider the
most general two mode phase difference theory based on a natural covariance
condition of two mode phase difference measurements.

Choose the Hilbert space of the two mode system to be H ® H and define
the phase difference observable as a difference of two phase observables in
the following way. Indeed, suppose that F; : B([0,27)) — L(H) and E, :
B([0,27)) — L(H) are phase observables (or Es is a fixed-phase observable,
see Remark 9). The positive operator bimeasure

B([0,27)) x B([0,27)) > (X,Y) = B (X)®@ Ex(Y) € L(H® H)

can be extended to the positive operator measure W : B([0,27) x [0, 27)) —
L(H @ H) [129, Th. 4.5]. Using the Borel function

f:10,2m) x [0,27) — [0, 27), (z,y) — x —y (mod 27)
we define the phase difference observable of F; and F, as the observable
EYT B([0,271)) = L(H®H), X = W(f H(X)).

Actually, if By = E, = Ej then EYT can be measured by using two eight-
port homodyne detectors which have the same strong fixed-phase laser as
their reference field [113, 35, 80].

The phase difference observable E4f of phase observables F; and E,
behaves under rotations in the following way:

eiaN@I—l—iﬁI@NEdiff(X)e—iaN®I—iﬁI®N — Ediff(X_i_ (CY - 6))

for all X € B(]0,27)) and «, 8 € R. This is a natural covariance condition
for a general phase difference observable. Thus, we define:

Definition 5 A normalized positive operator measure EY . B([0,271)) —
L(H ® H) is a covariant phase difference observable if

6iaN®I+iBI®NEdiff(X)efiaNQbeiﬁI@N — Ediff(X_i_ (a . ﬁ))

for all X € B([0,27)) and o, 5 € R.
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Especially, B is invariant with respect to the shifts generated by LN :=
N®I+1®N and covariant with respect to the shifts generated by AN :=
(N® I —1® N)/2. Indeed, since

taNQI+iBIQN

€ =€ € € €

iaBN i2aAN iBNN —i2BAN
for an operator measure E : B([0,27)) — L(H ® H) to be covariant in the
sense of the previous definition, it suffices that F is invariant with respect to
the shifts generated by ¥ N and covariant with respect to the shifts generated
by AN. The next theorem is the structure theorem for covariant phase
difference operators:

Theorem 10 Let E4T : B([0,27)) — L(H ® H) be a covariant phase dif-
ference observable. Then, for all X € B([0,27))

Edlff(X Z 5n m,l— kcnmkln m( )|TL> <m| ® |k> <l|

n,m,k,l=0

where ¢y € C and cppp = 1 for all n, m, k € N. If E4% s the phase
difference observable of phase observables By and Ey with (c),,) and (),
respectively, then cpmp = cn,mckykJrn_m for all n, m, k € N for which k >
m —n holds, and ¢, m i = 0 otherwise.

Proof. Denoting |n, k) := |n) ® |k) for all n, k € N and using the covariance
condition one gets

(n, k| E(X+ (a — B))|m, 1) = e’ *mmTBEED (|| BN (X)) [m, 1)

for all n, k, m, l € N, o, f € R, and X € B([0,27)). Choosing a = /8
it follows that (n,k|EYT(X)|m,l) = 0 if n — m # | — k, and choosing
n —m = [ — k one can use Lemma 2 to complete the first part of the proof.
The second part follows immediately. O

Since [" ?dEYT(9) [0) ® |0) = 0 it follows that [ " ¢dE%T(f) is not uni-
tary and, thus, FY is never projection valued. If another mode is in a
mixture of number states then the phase difference distribution is uniform.
For example, if the first mode is in an arbitrary state T and the second mode
in |n) (n|, n € N, one gets

tr (T ® [n) (n| EY(X)) = ip(X), X € B([0,2n)).
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Remark 9 It is known from the theory of homodyne detection [69, 5| that
when the reference mode is in a large amplitude coherent state |z), |z| >
0, the lowering operator a of the reference mode can be replaced with the
"classical" observable z I in calculations. This means that the energy and
phase of the reference field are well known and fixed.

Let then F; and E, be phase observables with the phase matrices (c;, ,,)
and (c3 ), and suppose that lim, ¢, , = 1 forall k € N (e.g. Ey is Ecan
or By, k € N). Let EY be the phase difference observable of E; and Es. It
follows from Theorem 7.1 of Paper II that for all states T" of H

|l|im tr (T ® |2) (2| E(X)) = tr (TE" (X + argz)), X € B([0,2n)).
Z|— 00
This means that the theory reduces to the single-mode theory. There is
another way to get the same result.

Let o € [0,27) and define a fized-phase observable

Fo: B([0,27)) = L(H), X — 6,(X) T

where ¢, is the Dirac measure concentrated on «. The fixed-phase observable
F, is the spectral measure of a self-adjoint operator a I and, thus, it is not a
phase observable. If we choose the phase observable F5 to be the fixed-phase
observable F,, then E(X) = E;(X+«) ® I, that is, the phase difference
E% and the single-mode phase E; are practically the same observables (up
to unitary equivalence or the choice of the reference phase «).

Next we define the canonical phase difference observable and show how it is

connected with other published works (for an introduction, see [130]).
When E; = E.,, and B, = E,,, we say that EYT of E| and F, is the

canonical phase difference observable and denote it by EST  Its structure

constants ¢, i = 1 for all n, m, k € N. Using the phase representation
(Section 4.4) we may write for any ¢, ) € H that

) 1 1 27
(o vl (X0e o) =5 [ 5= [ le-+ Pl asar

The above phase difference distribution was first suggested by Barnett and
Pegg (8, 94].

The first phase difference operators studied in the literature were sug-
gested by Sussking and Glogover [111] (see also [18, 120]). Their operators
were the so-called cosine and sine phase difference operators which can be
represented as Cy = f027r cos 0 dEYT(9) and Si = f027r sin @ dE4T(9), respec-

tively. The operators C15 and Sis do not commute, and their spectra are the
inteval [—1, 1], including the countable dense set of eigenvalues [111, 18, 120).
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Lévy-Leblond [75] defined the relative exponential phase operator
f27r e?dEean (0) ® f e PAdE . (0) = f027r e?dEYT(9) by analogy with the

can
01—62)

classical expression el = ¢%1¢ . The operator [ e wdES;g(H) is not
unitary but it is associated with the polar decompositon of a ® a* in the

following way: using |a ® a*| = /N ® (N + I),

2
“®a = / AE(0) /N ® (N 1 1).
0

can
and it still satisfies the polar decomposition relation of a ® a When do-

ing this we get a unitary operator &5 = f027r e?dEIT(9) + T and, thus, a
self-adjoint operator ®;5 such that £ = €®12. Obviously, ®;5 is not the
first moment operator of a covariant phase difference observable. Luis and
Sanchez-Soto have shown [79] that the point spectrum of ®15 consists of
eigenvalues {277 /(n + 1) ‘ neN, r=0,1,..,n} C [0,27) and the spectrum
of @y is its closure, that is, [0, 27]. When the second mode is in a large
amplitude coherent state |z), the spectral measure of ®;5 gives essentially
the same results as Fe,, (or B4 of E,, and F,y,,) [79, 26].

There is another two mode theory which gives a phase difference operator,
namely, the theory developed by Ban [2, 3, 4]: Let us define the following
relative-number states of H ® H for all m € N and n € Z:

We can add an extra operator T := Y>> /|n) (0] ® |0) (n| to 2” e d E4if (9)

i, m)) = |m +n) ® |m) when n > 0,
" Im)® |m —mn) when n <0.

Thus, XN|n,m)) = (2m + |n|)|n,m)), AN]|n,m)) = n/2|n,m)),
and >0 > |n,m)y((n,m| = I It is easy to see that
> 6D ome oo Inym)){((n + 1,m| is a unitary operator, and thus it can be
represented in the form fo e?d B8 (9) where

Ban

Edf (X Z 27(/ "m9d92|nk (m, k|, X e B([0,2r)),

n,m=—oco

is a spectral measure [2| and, thus, not a covariant phase difference observ-
able. When the second mode is in the vacuum state and the first mode is in
an arbitrary state T’

tr (T ® [0) (0] B (X)) = tr (TEean(X)), X € B([0,27)).

Ban

To conclude, the canonical (single-mode) phase observable F.,, arises
from various two-mode phase difference theories. Especially, when the refer-
ence mode is in a large amplitude coherent state (with the fixed phase) or in
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the vacuum state (with the uniform phase), the probability measure of the
two-mode observable reduces to the probability measure of E.,, in a signal
state.

5.5 Phase theories and covariant phase
observables

We have collected various phase theories in the following table. The names
of authors and the publication years are presented in the first two columns.
The associated covariant phase observable (or the covariant sesquilinear form
measure) is given in the next column. If the suggested phase operator is
obtained by a (generalized) operator integral of a function, this function is
shown in the final column.

Theory Year | Measure Function
Dirac [28] 1927 | Eean et
Susskind, Glogover [111] 1964 | Ecan sin@, cos 0
Lerner, Huang, Walters [73] 1970 | all phase obs. | sinf, cos 6
Garrison, Wong [41] 1970 | Ecan 0

Turski, Paul [114, 90] 1972 | B, 0

Popov, Yarunin (see Ref. in [98]) 1973 | Ecan 0
Helstrom, Holevo [49, 57] 1974 | Ecan —
Lévy-Leblond [75] 1976 | Ecan e’
Newton [83] 1980 | Ecan —

Shapiro, Wagner (heterodyne det.) [105] | 1984 | Ej —

Walker, Carroll (homodyne det.) [123] 1986 | Ejp —

Pegg, Barnett [92] 1988 | Ecan —
Ban [2] 1991 | Ecan —
Noh, Fougeres, Mandel [84] 1991 | Ejp —
Vogel, Schleich [119] 1991 | see Sec. 5.2 —
Smith, Dubin, Hennings [106] 1992 | Ex— 0

Luis, Sanchez-Soto [79] 1993 | Fean —
Busch, Grabowski, Lahti [14] 1994 | Eyy —
Vaccaro [115] 1995 | Ecan —
Wiseman [126] 1995 | see [128] —
Royer [100] 1996 | E) 0

Ozawa [89] 1997 | Ecan —
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Chapter 6

Summary

Covariant phase observables constitute a simple solution to the phase prob-
lem of a single-mode optical field: these observables descibe realistic coher-
ent state phase measurements like the phase measurement scheme based on
eight-port homodyne detection. Among covariant phase observables, there
is no spectral measure, that is, we do not have a covariant self-adjoint phase
operator. However, the first moment operator of a phase observable can be
understood as a phase operator, since the corresponding phase observable
is uniquely determined by its first moment operator. Covariant phase ob-
servables can be characterized at least four different ways: by using phase
matrices, sequences of unit vectors, sequences of generalized vectors, or by
using covariant trace-preserving operations.

The canonical phase observable has many properties which distinguish it
from other phase observables. For example, the canonical phase observable
generates the number shifts similarly as the number observable generates
phase shifts; this suggests that the canonical phase and the number constitute
a true canonical pair (as the canonical position and momentum).

Different phase theories existing in the literature seem to be connected
to the covariant phase observables. In many cases the suggested single-mode
phase operator is a (generalized) operator integral of some function of the
phase angle with respect to a covariant phase observable (or a covariant se-
quilinear form measure which has a similar structure as the covariant phase
observables). Also, two mode theories seem to give covariant phase observ-
ables of the first mode when the phase of the second (reference) mode is fixed
(or uniform). These notions justify the covariant approach to the quantum
phase problem.

There are still some open problems left. For instance, a realistic direct
measurement, scheme for the canonical phase is lacking. Moreover, it is not
known if the canonical phase and the number are complementary observables

69
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in the strict sense of the measurement theory. Another interesting open
question is whether the canonical phase minimizes the minimum (phase)
variance in any state. The characterization of the extremal elements of the

convex set of phase matrices [57] is also open.
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