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Abstract
It is a question of Hochman whether any two one-
dimensional topologically mixing subshifts of finite type
(SFTs)with the same entropy are topologically conjugate
when their periodic points are removed. We give a neg-
ative answer, and, in fact, we prove the stronger result
that there is a canonical correspondence between topo-
logical conjugacies of transitive SFTs and topological
conjugacies between the systems obtained by removing
the periodic points.

MSC 2020
37B02, 37B10

1 INTRODUCTION

Entropy (in its various forms) is arguably themost important invariant of isomorphism in dynam-
ics, and a great deal of effort has been put into the question of how good an invariant it is.
A classical theorem of this type is the result of Adler and Weiss from 1967 that two measure-
preserving transformations coming from automorphisms of a 2-torus are isomorphic if and only
if their entropies coincide [1]. Famously, Ornstein proved in 1970 [14] that entropy is a com-
plete invariant for the isomorphism of Bernoulli shifts. The result of Ornstein has been extended
to (and, in fact, directly covers), a large class of systems. In particular, Friedman and Ornstein
generalized this result in [8] to mixing Markov shifts (more generally to “weak Bernoulli shifts”).
In the topological setting, the simplest imaginable analog of Ornstein’s theorem is trivially true:

two full shifts 𝐴ℤ, 𝐵ℤ are topologically conjugate if and only if their topological entropies agree
(log |𝐴| = log |𝐵| ⟺ |𝐴| = |𝐵|). However, the natural analog of the Friedman–Ornstein result
fails: it is easy to find two topologicallymixing SFTswith the same topological entropy that are not
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isomorphic in the sense of topological conjugacy (an example is given below).An interesting result
of Adler andMarcus from 1979 states that topological entropy is a complete invariant for a weaker
kind of isomorphism called almost topological conjugacy [2, 13], see also [4] for a generalization.
Oneway tomake entropy a better invariant in the topological category is to remove a set of “bad

points” from the subshift. The celebrated result of Keane and Smodinsky from 1979 [12], a finitary
strengthening of the result of Ornstein [14], can be interpreted in these terms: it proves that two
Bernoulli shifts of equal entropy are topologically conjugate outside a set of measure zero (and the
conjugacy additionally respects the measures). More precisely, for equal entropy Bernoulli shifts
𝑋,𝑌, there exist measure zero sets 𝑋̄, 𝑌̄ such that 𝑋 ⧵ 𝑋̄ and 𝑌 ⧵ 𝑌̄ are topologically conjugate.
Adler and Marcus’ almost topological conjugacy in [2] implies the analogous result for mixing
SFTs 𝑋,𝑌 with the same topological entropy (where the measure used is the one of maximal
entropy).
In [10], Hochman studied this question for a large class of systems including (topological)

countable-state mixing Markov shifts (which generalize mixing SFTs), and showed that when
we pass to the free part, that is, remove the periodic points, entropy becomes a complete invari-
ant for Borel isomorphism off null sets, that is, Borel isomorphism after removing a set having
measure zero for all invariant measures. In [5], Boyle, Buzzi, and Gómez study this problem for
so-called SPR Markov shifts, which are more restricted than those studied by Hochman, but still
include all mixing SFTs (we omit the definition). They show that for these systems, the removal of
a null set is not necessary. In particular, the free parts of mixing SFTs with equal entropy are Borel
isomorphic. Hochman generalizes this result in [11], covering, for example, mixing sofic shifts.
In [10, Problem 1.9], Hochman posed the following problem, which asks if, even for topological

conjugacy, it suffices to remove the periodic points to make entropy a complete invariant.

Problem. Let 𝑋, 𝑌 be topologically mixing SFTs on finite alphabets, and ℎ(𝑋) = ℎ(𝑌). Let 𝑋′,
𝑌′ denote the sets obtained by removing all periodic points from 𝑋, 𝑌, respectively. Is there a
topological conjugacy between the (noncompact) systems 𝑋′ and 𝑌′?

This can be interpreted as asking for a common generalization of the results of [2] (homeomor-
phism after removing a measure zero set) and [5] (Borel isomorphism of𝑋′ and𝑌′). The question
is also quoted in [5, 6, 11].
After removing the periodic points, the topological spaces𝑋′, 𝑌′ are no longer compact, or even

locally compact (though they are 𝐺𝛿, thus Polish spaces). This makes their topological dynamics
tricky, and a practical consequence for their symbolic dynamics is the failure of the Curtis–
Hedlund–Lyndon theorem: shift-commuting continuous functions between subshiftsminus their
periodic points 𝑋′, 𝑌′ are not necessarily defined by local rules, at least not by ones with finite
radius (this already happens in the case where 𝑋,𝑌 are mixing SFTs, see Example 4).
No computable invariant for topological conjugacy of topologicallymixing SFTs is known. Since

after removing the periodic points, we have more potential morphisms to consider, one might
expect that it is even more difficult to show that two systems are nonisomorphic. Indeed, before
this paper, it was open even whether the binary full shift (the vertex shift defined by the matrix(
1 1
1 1

)
) becomes isomorphic to the subshift of proper 3-colorings of the Cayley graph ofℤ (i.e., the

vertex shift defined by the matrix
(
0 1 1
1 0 1
1 1 0

)
) when periodic points are removed. Note that these

SFTs trivially have the same entropy log 2, as for each of them, the number of legal paths of length
𝑛 in the corresponding graph is Θ(2𝑛). This special case of the problem was posed by Hochman
in the 2010 Pingree Park Dynamical Systems Workshop.
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CONJUGACY OF TRANSITIVE SFTs MINUS PERIODIC POINTS 1683

We prove the following theorem.

Theorem 1. Let 𝑋,𝑌 be infinite topologically transitive SFTs. Every topological conjugacy 𝜙′ ∶
𝑋′ → 𝑌′ is a domain–codomain restriction of a topological conjugacy 𝜙 ∶ 𝑋 → 𝑌, and the choice
of this 𝜙 is unique.

In particular, the classification of topologically transitive SFTs stays the same (i.e., it is classified
by strong shift equivalence) even if one removes the periodic points from all of them. Intuitively,
this theorem shows that the aperiodic points of an SFT “remember” the periodic ones. It is well
known that two mixing SFTs can have the same entropy without being topologically conjugate
— a standard example is the pair of vertex shifts mentioned above. Thus, our theorem answers
Hochman’s problem in the negative.
We initially proved the following theorem, to answer a technical question about Aut(𝑋′) by

Nishant Chandgotia (who was interested in this group due to Hochman’s problem). It is an easy
corollary of Theorem 1.

Theorem2. Let𝑋 be an infinite topologically transitive SFT. Then,Aut(𝑋) is isomorphic toAut(𝑋′).

As in Hochman’s paper [10], our main interpretation of these statements is in the two-sided
case, and with this interpretation, we prove the theorems under slightly weaker assumptions in
Section 3. In Section 4, we prove a one-sided variant (where the shift action is only partial). In this
setting, we obtain a stronger statement that applies to all shift-commuting continuous maps (and
in the one-sided variant of Theorem 2, one therefore obtains End(𝑋) ≅ End(𝑋′)).
In Section 5, we show that the statement of Theorem 1 does not extend to topological conjuga-

cies between two-sided mixing sofic shifts, or subshifts where the eventually periodic points are
removed (for various meanings of the term). It also does not extend to general shift-commuting
continuous maps between two-sided mixing SFTs, meaning that there are indeed more mor-
phisms in the category of free parts of mixing SFTs than there are in that of mixing SFTs, even
though by our theorem, the isomorphisms are exactly the same. The examples also show that for
mixing sofic shifts 𝑋,𝑌, we can have 𝑋 ≇ 𝑌 yet 𝑋′ ≅ 𝑌′.
Open problems are stated in Section 6.

2 DEFINITIONS

We have 0 ∈ ℕ, ⊂ means the same as ⊆ and [𝑎, 𝑏] = {𝑐 | 𝑐 ∈ ℤ, 𝑎 ⩽ 𝑐 ⩽ 𝑏}. Let 𝐴 denote a finite
set, called an alphabet. The elements of 𝐴 are called symbols. Write 𝐴∗ =

⋃
𝑛∈ℕ 𝐴

𝑛 for the set of
all finite words over the alphabet 𝐴. These can be seen as the elements of the free monoid on the
generating set 𝐴, and we write 𝑢𝑣 for the product of words 𝑢, 𝑣 ∈ 𝐴∗, that is, their concatena-
tion. One-sided (left- or right-) infinite words 𝑢 ∈ 𝐴ℕ ∪ 𝐴−ℕ can also be concatenated with finite
words, and the meaning should be clear. We index words (and one- or two-sided infinite words)
with subscripts.
See [13] for a basic reference on symbolic dynamics. The set 𝐴ℤ of two-way infinite words over

a finite alphabet 𝐴 is called the full shift (on alphabet 𝐴). Words that belong to a subshift are
also called points. The shift 𝜎 ∶ 𝐴ℤ → 𝐴ℤ defined by 𝜎(𝑥)𝑖 = 𝑥𝑖+1 makes it a compact dynamical
system. If 𝑥 ∈ 𝐴ℤ, we write 𝑢 ⊏ 𝑥 if 𝑥[𝑖,𝑖+|𝑢|−1] = 𝑢 for some 𝑖 ∈ ℤ. If 𝑋 ⊂ 𝐴ℤ write 𝑢 ⊏ 𝑋 if ∃𝑥 ∈
𝑋 ∶ 𝑢 ⊏ 𝑥. A subshift is a subset 𝑋 of 𝐴ℤ defined by forbidding a set of subwords 𝐹 ⊂ 𝐴∗, in the
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1684 SALO

sense that𝑋 = {𝑥 ∈ 𝐴ℤ | ∀𝑢 ∈ 𝐹 ∶ 𝑢  𝑥}. Subshifts are exactly the closed 𝜎-invariant sets in𝐴ℤ.
An SFT is a subshift where the defining set of forbiddenwords can be taken to be finite, and a sofic
shift is an image of an SFT under a shift-commuting continuous function between two full shifts.
The vertex shift defined by the𝑛×𝑛matrix𝑀 over natural numbers is the SFT {𝑥 ∈ {1, … , 𝑛}ℤ | ∀𝑖 ∶
𝑀𝑥𝑖,𝑥𝑖+1

= 1}; every SFT is topologically conjugate to a vertex shift.
Subshifts form a category, with morphisms the shift-commuting continuous functions. The

automorphism group of a subshift 𝑋, denoted as Aut(𝑋), is the group of its shift-commuting
self-homeomorphisms under function composition. More generally, the endomorphism monoid
End(𝑋) consists of the shift-commuting continuous self-maps. A topological conjugacy between
two subshifts is a shift-commuting homeomorphism between them. Of course, when the domain
is compact and the image is Hausdorff, it suffices to find a shift-commuting continuous bijec-
tion. If a property of dynamical systems is invariant under topological conjugacy, we say that it is
dynamical.
More generally, a (noncompact) dynamical system is a topological space with a continuous

ℤ-action (orℕ-action), andwe use the same definitions of topological conjugacy, morphism, auto-
morphism group, and endomorphism monoid for such systems. Hochman’s original problem
deals with the systems 𝑋′ = {𝑥 ∈ 𝑋 | 𝑥 is not periodic} where 𝑋 is a subshift. The restriction of 𝜎
is, of course, well defined and continuous on this set when we take the subspace topology for 𝑋′.
A subshift 𝑋 ⊂ 𝐴ℤ is transitive if for all 𝑢, 𝑣 ⊏ 𝑋, there exists𝑤 such that 𝑢𝑤𝑣 ⊏ 𝑋, andmixing

if for any 𝑢, 𝑣 such a word 𝑤 can be found of any large enough length. If 𝑋 ⊂ 𝐴ℤ is a subshift,
then we can see the dynamical system (𝑋, 𝜎𝑚) as a subshift by blocking consecutive 𝐴-words of
length 𝑚 into a new product alphabet 𝐴𝑚 to get a subshift in (𝐴𝑚)ℤ. The language of a subshift
𝑋 ⊂ 𝐴ℤ is the set {𝑢 ∈ 𝐴∗ | 𝑢 ⊏ 𝑋}. The entropy of subshift𝑋 is lim𝑛

log 𝑃𝑛(𝑋)

𝑛
where 𝑃𝑛(𝑋) denotes

the number of words of length 𝑛 in the language of 𝑋.
A useful construction for us is “passing to a power of a shift.” Namely, if𝑋 is a subshift, then for

any𝑚 > 0, (𝑋, 𝜎𝑚) is a dynamical system, and, in fact, itself a subshift in an obvious sense [13].
A periodic point in 𝑋 ⊂ 𝐴ℤ is 𝑥 ∈ 𝑋 satisfying 𝜎𝑛(𝑥) = 𝑥 for some 𝑛 > 0. We similarly define

periodic points of𝑋 ⊂ 𝐴ℕ (using the same formula) and𝑋 ⊂ 𝐴−ℕ (shifting in the other direction).
An aperiodic point is a point that is not periodic. For 𝑎 ∈ 𝐴, write 𝑎ℤ for the unique 𝜎-fixed point
𝑥 ∈ 𝐴ℤ satisfying 𝑥0 = 𝑎. Define 𝑎ℕ and 𝑎−ℕ similarly.
If𝑋 ⊂ 𝐴ℤ is a subshift,𝑋ℕ = {𝑦 ∈ 𝐴ℕ | ∃𝑥 ∈ 𝑋 ∶ ∀𝑖 ∈ ℕ ∶ 𝑦𝑖 = 𝑥𝑖} is a closed set that is invari-

ant under the map 𝜎 ∶ 𝐴ℕ → 𝐴ℕ, 𝜎(𝑋) = 𝑋, where 𝜎 is defined by the same formula as in the
two-sided case, that is, it is an ℕ-subshift. We similarly define 𝑋−ℕ, and functions 𝑥 ↦ 𝑥ℕ ∶ 𝑋 →

𝑋ℕ and 𝑥 ↦ 𝑥−ℕ ∶ 𝑋 → 𝑋−ℕ in the obvious way. An isolated point in a subshift 𝑋ℕ is one that is
topologically isolated. An important property of a subshift 𝑋 (in this paper) is that 𝑋ℕ has dense
aperiodic points. The reader may want to check that this is a dynamical property of 𝑋.
If 𝑋 ⊂ 𝐴ℤ is a subshift, a word 𝑤 ⊏ 𝑋 is synchronizing if whenever 𝑥, 𝑦 ∈ 𝑋 and 𝑥[𝓁,𝓁′] = 𝑤 =

𝑦[𝓁,𝓁′], the point 𝑧 defined by

𝑧𝑖 =

⎧⎪⎨⎪⎩
𝑥𝑖 if 𝑖 < 𝓁,

𝑤𝑖 if 𝓁 ⩽ 𝑖 ⩽ 𝓁′,

𝑦𝑖 if 𝑖 > 𝓁′

is also in𝑋; a point is synchronizing if it contains a synchronizing word. An important property of
a subshift 𝑋 (in this paper) is that all its periodic points are synchronizing. The reader may want
to check that this is a dynamical property of 𝑋.
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3 TWO-SIDED SUBSHIFTS

Theorem 3. Let𝑋 and𝑌 be two-sided subshifts. Suppose that every periodic point 𝑠 ∈ 𝑋 is synchro-
nizing, 𝑋ℕ and 𝑋−ℕ have dense aperiodic points, and the same assumptions hold for 𝑌. Then, every
topological conjugacy 𝜙′ ∶ 𝑋′ → 𝑌′ is a domain–codomain restriction of a topological conjugacy
𝜙 ∶ 𝑋 → 𝑌, and the choice of this 𝜙 is unique.

Proof. Suppose 𝑋,𝑌 ⊂ 𝐴ℤ for some finite alphabet 𝐴. The nontrivial direction is to show that a
topological conjugacy 𝜙′ ∶ 𝑋′ → 𝑌′ extends uniquely to a conjugacy 𝜙 ∶ 𝑋 → 𝑌. Consider

𝑍 = {(𝑥, 𝜙′(𝑥)) | 𝑥 ∈ 𝑋} ⊂ 𝑋′ × 𝑌′.

Let 𝑅 be the closure 𝑍̄ ⊂ 𝑋 × 𝑌, and let us think of it as a relation. Note that the system 𝑍̄, under
the diagonal action 𝜎(𝑥, 𝑦) = (𝜎(𝑥), 𝜎(𝑦)), can be seen naturally as a subshift over the alphabet
𝐴2 (the closure of a shift-invariant set is shift-invariant).
We use relation notation, and write 𝑥𝑅 = {𝑦 ∈ 𝑌 | (𝑥, 𝑦) ∈ 𝑍̄} and 𝑅𝑦 = {𝑥 ∈ 𝑋 | (𝑥, 𝑦) ∈ 𝑍̄},

and similarly for subsets in place of 𝑥 and 𝑦. Note that we have 𝑋𝑅 = 𝑌 and 𝑅𝑌 = 𝑋 because
aperiodic points are dense in 𝑋 and 𝑌 (which follows from the corresponding assumptions on𝑋ℕ
and𝑌ℕ). Our first claim is an immediate consequence of the fact that𝜙′ is a homeomorphism. □

Claim 1. The sets 𝑥𝑅 and 𝑅𝑦 are singletons for any 𝑥 ∈ 𝑋′ and 𝑦 ∈ 𝑌′.

We now show that proving the same for periodic points suffices to prove the theorem.

Claim 2. If 𝑥𝑅 and 𝑅𝑦 are singletons for every periodic point 𝑥 ∈ 𝑋 and every periodic point
𝑦 ∈ 𝑌, then the result holds.

Proof of claim. Extend 𝜙′ to𝑋 bymapping each periodic point 𝑥 to the unique element in 𝑥𝑅, and
extend (𝜙′)−1 by mapping 𝑦 to the unique point in 𝑅𝑦. The two extensions are clearly inverses.
It remains to show that the extension 𝜙 is shift-commuting and continuous. Continuity follows
from the closed graph theorem, since by definition the graph 𝑅 of 𝜙 is closed, and 𝑌 is a compact
Hausdorff space. Shift commutation is assumed on aperiodic points, and by density of aperiodic
points and continuity, it then also holds on periodic points. Finally, it is clear that the choice of
the extension 𝜙 is unique, again because aperiodic points are dense. □

We now prove that 𝑥𝑅 and 𝑅𝑦 are indeed singletons for any periodic points 𝑥, 𝑦, under the
assumptions of the theorem. Since we prove this for all systems at once and the roles of 𝑋 and 𝑌
are symmetric, it suffices to prove this for sets of the form 𝑥𝑅. Furthermore, since (𝑋, 𝜎𝑚) satisfies
the dynamical assumptions whenever (𝑋, 𝜎) does, it is enough to prove it for fixed points for the
dynamics, by replacing 𝜎 by 𝜎𝑚 (for both 𝑋 and 𝑌).

Claim 3. If 𝑠 ∈ 𝑋 is a fixed point for 𝜎, then 𝑠𝑅 is a finite subshift.

Proof of claim. It is clear that𝑊 = ({𝑠} × 𝑌) ∩ 𝑍̄ is a subshift (under the diagonal action) as the
intersection of two subshifts, and 𝑠𝑅 is just the projection of𝑊 to 𝑌; thus, it is a subshift. Suppose
for a contradiction that this subshift is infinite. Every infinite subshift contains an aperiodic point,
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1686 SALO

see [3, Theorem 3.8] (and the sentence after it). Thus, there is an aperiodic point 𝑦 ∈ 𝑠𝑅. It follows
that 𝑅𝑦 contains both 𝑠 and the aperiodic point (𝜙′)−1(𝑦), contradicting Claim 1. □

Now observe that if 𝑠𝑅 is a finite subshift, there exists𝑚 > 0 such that 𝜎𝑚(𝑦) = 𝑦 for all 𝑦 ∈ 𝑠𝑅.
If we further replace 𝜎 by 𝜎𝑚 (again both for 𝑋 and 𝑌), 𝑠 will stay a fixed point, and 𝑠𝑅 becomes
pointwise stabilized by the dynamics. It is thus enough to prove that 𝑠𝑅 is a singleton under
this assumption.
The next crucial observation is that if 𝑠 = 𝑎ℤ and 𝑠𝑅 is fixed pointwise by 𝜎, then every long 𝑎∗-

segment of an aperiodic point must be mapped under 𝜙′ to a long 𝑏∗-segment, for some symbol
𝑏 ∈ 𝐴, and the length difference is bounded. This is a compactness argument.†

Claim 4. Suppose 𝑎 ∈ 𝐴, 𝑠 = 𝑎ℤ, and 𝜎(𝑦) = 𝑦 for all 𝑦 ∈ 𝑠𝑅. Then there exists 𝑛 such that for
any 𝑥 ∈ 𝑋′, if 𝑥[𝑖−𝑛,𝑖+1+𝑛] = 𝑎2𝑛+2 for 𝑖 ∈ ℤ, then 𝜙′(𝑥)𝑖 = 𝜙′(𝑥)𝑖+1.

Proof of claim. Suppose not. Then, shifting such points 𝑥 by𝜎𝑖 , for each𝑛, we can find an aperiodic
point 𝑥𝑛 such that 𝑥𝑛

[−𝑛,1+𝑛]
= 𝑎2𝑛+2, and 𝜙′(𝑥)0 ≠ 𝜙′(𝑥)1. But 𝑥𝑛 → 𝑠 as 𝑛 → ∞, and clearly, no

limit point of the sequence 𝜙′(𝑥𝑛) is fixed by 𝜎, contradicting the assumption that 𝑠𝑅 contains
only fixed points. □

It is useful to once again replace 𝜎 by a power: replacing it with 𝜎𝑛 changes 𝑛 to 1 in the previous
claim: the symbol 𝑎 is replaced by the symbol 𝑎𝑛 ∈ 𝐴𝑛, and if we see 𝑎𝑛𝑎𝑛𝑎𝑛𝑎𝑛 in a configuration,
then by applying the previous claim in every position, we see that the corresponding word in the
image must be some 𝑢𝑏2𝑛𝑣 where |𝑢| = |𝑣| = 𝑛, that is, the symbols are 𝑢, 𝑏𝑛, 𝑏𝑛, 𝑣, of which the
central two are equal.
At this point, we may therefore assume that whenever 𝑥[𝑖,𝑖+3] = 𝑎𝑎𝑎𝑎, we have 𝜙′(𝑥)𝑖+1 =

𝜙′(𝑥)𝑖+2. So far, we have not used any property of the subshift 𝑋 except the density of ape-
riodic points. The proof of the next claim crucially depends on the two dynamical properties
assumed.

Claim 5. Suppose 𝑠 ∈ 𝑋 is periodic. Then 𝑠𝑅 is a singleton.

Proof of claim. As we have deduced, we may suppose 𝑠 = 𝑎ℤ for 𝑎 ∈ 𝐴, 𝜎(𝑦) = 𝑦 for all 𝑦 ∈ 𝑠𝑅,
and that whenever 𝑥[𝑖,𝑖+3] = 𝑎𝑎𝑎𝑎, we have 𝜙′(𝑥)𝑖+1 = 𝜙′(𝑥)𝑖+2.
Consider the set𝑊 of all points 𝑥 ∈ 𝑋′ such that 𝑥𝑖 = 𝑎 for all 𝑖 ∈ ℕ and 𝑥−1 ≠ 𝑎. Note that𝑊

is nonempty, as otherwise the point 𝑎−ℕ is isolated in𝑋−ℕ, which contradicts the assumption that
aperiodic points are dense in 𝑋−ℕ.
Observe that every point 𝑧 ∈ 𝜙′(𝑊) satisfies 𝑧𝑖 = 𝑧𝑖+1 for all 𝑖 ⩾ 1. Let 𝐵 ⊂ 𝐴 be the set of all

possible symbols 𝑧1 that appear. The set𝑊 is compact so 𝜙′ ∶ 𝑋′ → 𝑌′ is uniformly continuous in
𝑊.‡ This means that there exists 𝑚 such that whenever 𝑥 ∈ 𝑋′ and 𝑥[−𝑚,𝑚] = 𝑤[−𝑚,𝑚] for some
𝑤 ∈ 𝑊, we have 𝜙′(𝑥)1 = 𝜙′(𝑤)1. Note that the assumption “∃𝑤 ∈ 𝑊 ∶ 𝑥[−𝑚,𝑚] = 𝑤[−𝑚,𝑚]” just
means 𝑥[0,𝑚] = 𝑎𝑚+1, 𝑥−1 ≠ 𝑎.

†Dynamically, we are using the fact that every finite dynamical system has the pseudo-orbit tracing property.
‡ To spell out a topological “subtlety” here, we meanmore than just 𝜙′|𝑊 ∶ 𝑊 → 𝑌′ being uniformly continuous, namely,
∀𝜖 > 0 ∶ ∃𝛿 > 0 ∶ ∀𝑤 ∈ 𝑊, 𝑥 ∈ 𝑋′ ∶ 𝑑(𝑤, 𝑥) < 𝛿 ⇒ 𝑑(𝜙′(𝑤), 𝜙′(𝑥)) < 𝜖, where 𝑑 is the induced metric from any metric
on 𝑋.
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CONJUGACY OF TRANSITIVE SFTs MINUS PERIODIC POINTS 1687

Replacing 𝜎 with 𝜎𝑚, we may assume that for all 𝑥 ∈ 𝑋′, if 𝑥[−1,2] = 𝑎′𝑎𝑎𝑎 and 𝑎′ ≠ 𝑎, then
𝜙′(𝑥)1 ∈ 𝐵 is determined by 𝑎′. More precisely, there exists a function 𝐹 ∶ 𝐴 ⧵ {𝑎} → 𝐵 such that

∀𝑥 ∈ 𝑋′ ∶ 𝑥[−1,2] = 𝑎′𝑎𝑎𝑎 ∧ 𝑎′ ≠ 𝑎 ⇒ 𝜙′(𝑥)1 = 𝐹(𝑎′).

Now perform a left–right symmetric argument (and possibly replace 𝜎 by a power yet again) to
obtain that whenever 𝑥[−2,1] = 𝑎𝑎𝑎𝑎′ where 𝑎′ ≠ 𝑎, the symbol 𝜙′(𝑥)−1 is determined by the
choice of 𝑎′. Let 𝐶 ⊂ 𝐴 be, symmetrically with how 𝐵 was defined, the symbols that appear as
such 𝜙′(𝑥)−1.
Applying the conclusions of the two paragraphs above on both sides of a finite interval (the

latter through a shift), and also applying the property from the first paragraph (which does not
disappear when passing to a power of the shift, as explained above the present claim), we deduce
that whenever 𝑥[𝑗,𝑗+𝑘] = 𝑎𝑘+1 with 𝑘 ⩾ 2 and 𝑎 ∉ {𝑥𝑗−1, 𝑥𝑗+𝑘+1}, we have 𝜙′(𝑥)𝑖 = 𝜙′(𝑥)𝑖+1 for
all 𝑖 ∈ [𝑗 + 1, 𝑗 + 𝑘 − 2], and the symbol 𝜙′(𝑥)𝑗+1 = 𝜙′(𝑥)𝑗+𝑘−1 is determined uniquely by both
𝑥[𝑗−1,𝑗+2] and by 𝑥[𝑗+𝑘−2,𝑗+𝑘+1].
Nowwe use the fact that 𝑎ℤ is synchronizing. Of course, we have passed to a power of the shift,

but the reader can easily verify that a synchronizing point stays synchronizing when we pass to a
power of the shift. We obtain 𝓁 such that if 𝑥, 𝑦 ∈ 𝑋 satisfy 𝑥[0,𝓁−1] = 𝑦[0,𝓁−1] = 𝑎𝓁 , then the point
𝑧 defined by

𝑧𝑖 =

⎧⎪⎨⎪⎩
𝑥𝑖 if 𝑖 < 0,

𝑎 if 0 ⩽ 𝑖 < 𝓁,

𝑦𝑖 if 𝑖 ⩾ 𝓁

is also in 𝑋. By replacing 𝜎 with 𝜎𝓁 , we may assume 𝓁 = 1.
Suppose that either 𝐵 or 𝐶 is not a singleton. Then, in particular, we can find 𝑏 ∈ 𝐵 and 𝑐 ∈ 𝐶

with 𝑏 ≠ 𝑐 such that for some 𝑥, 𝑥′ ∈ 𝑋, we have 𝑥𝑖 = 𝑥′
2−𝑖

= 𝑎 for all 𝑖 ⩾ 0 and 𝑥−1 ≠ 𝑎, 𝑥′
3
≠ 𝑎,

and 𝜙′(𝑥)1 = 𝑏 ≠ 𝑐 = 𝜙′(𝑥′)1. Now apply the synchronization assumption with 𝓁 = 1 to 𝑥 and
𝑥′, to obtain a point 𝑥′′ with 𝑥′′

[−1,2]
= 𝑥[−1,2] and 𝑥′′[0,3] = 𝑥′

[0,3]
. Suppose first that 𝑥′′ is aperiodic.

Then, we have

𝜙′(𝑥′′)1 = 𝜙′(𝑥)1 = 𝑏 ≠ 𝑐 = 𝜙′(𝑥′)1 = 𝜙′(𝑥′′)1,

a contradiction.
If 𝑥′′ is periodic, then we apply synchronization to 𝑥 and 𝜎−1(𝑥′) (again with 𝓁 = 1) to obtain

a point 𝑥′′′. The period of 𝑥′′ cannot be 1, because it contains the letter 𝑎 but is not equal to 𝑎ℤ,
and the point 𝑥′′′ is obtained from 𝑥′′ by duplicating a single letter. Duplicating a single letter
in a periodic point of period greater than 1 always turns it aperiodic, so 𝑥′′′ is aperiodic. Now a
calculation analogous to that of the previous paragraph gives a contradiction.
We nowhave𝐵 = 𝐶 = {𝑏} for some 𝑏 ∈ 𝐴. This clearly implies 𝑠𝑅 = {𝑏ℤ}, since in any aperiodic

point close to 𝑠, the sequence of 𝑎s containing the origin eventually breaks either on the left or on
the right, and a run of 𝑏s reaching the origin is forced by the assumptions. □

By Claim 2, Claim 5 concludes the proof of the theorem.
Theorem 1 follows directly, because any long enough word is synchronizing in an SFT, and

one-sided infinite transitive SFTs do not have isolated points. For Theorem 2, map 𝑓 ∈ Aut(𝑋) to
𝑓|𝑋′,𝑋′ ∶ 𝑋′ → 𝑋′. This is clearly well defined and a group homomorphism. It is surjective by the
first claim in Theorem 1, and injective by the second, and therefore, it is a group isomorphism.
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1688 SALO

4 ONE-SIDED SUBSHIFTS

Subshifts are two-sided in the paper of Hochman, so our Theorem 1 indeed solves his problem.
However, as written, one can also interpret the problem in the one-sided category.
Directly removing the periodic points typically leads to a set that is not invariant for the shift

action, so 𝜎 is only a partial action.We again set𝑋′ = {𝑥 ∈ 𝑋 | 𝑥 is aperiodic}. In this case, we take
topological conjugacy to mean a homeomorphism that commutes with 𝜎 whenever 𝜎 is defined
on 𝑋′, that is, if both 𝑥 and 𝜎(𝑥) are aperiodic, then 𝜎(𝜙′(𝑥)) = 𝜙′(𝜎(𝑥)) (in particular, 𝜎(𝜙′(𝑥))
must be aperiodic when the codomain of 𝜙′ is another subshift with periodic points removed).
Whether or not this one-sided interpretation is natural can be debated. Nevertheless, with this

interpretation, we solve the problem of Hochman in a strong form, with a short proof.

Theorem 4. Suppose 𝑍 ⊂ 𝐴ℤ is a subshift where every periodic point 𝑠 ∈ 𝑍 is synchronizing and
neither 𝑍−ℕ nor 𝑍ℕ has an isolated periodic point, and let𝑋 = 𝑍ℕ. Then, every shift-commuting con-
tinuous function 𝜙′ ∶ 𝑋′ → 𝑌′ is a domain–codomain restriction of a shift-commuting continuous
function 𝜙 ∶ 𝑋 → 𝑌, and the choice of this 𝜙 is unique.

Recall that our one-sided subshifts are by definition restrictions of two-sided subshifts (we
require 𝜎(𝑋) = 𝑋); alternatively, one can require 𝜎(𝑋) ⊂ 𝑋. In either case, a one-sided transitive
subshift 𝑋 (transitivity being defined with the same formula as for two-sided SFTs) with forbid-
den patterns 𝐹 is equal to 𝑍ℕ where 𝑍 is the two-sided subshift with forbidden patterns 𝐹. Thus,
infinite transitive one-dimensional SFTs satisfy the assumptions of the theorem under either
definition.

Proof. Define the relation 𝑅 ⊂ 𝑋 × 𝑌 analogously to the two-sided case. Again, it is enough to
show that for every periodic point 𝑥, 𝑥𝑅 is a singleton (whose unique element is then automati-
cally a periodic point). Suppose that this is not the case. Again, passing to a power of the shift, we
may assume that for some 𝑎 ∈ 𝐴 and some 𝑖 ∈ ℕ, for arbitrarily large 𝑛, we can find 𝑥, 𝑥′ ∈ 𝑋′

such that 𝑥[0,𝑛−1] = 𝑥′
[0,𝑛−1]

= 𝑎𝑛, 𝑥𝑛 ≠ 𝑥′𝑛, and 𝜙
′(𝑥)𝑖 ≠ 𝜙′(𝑥′)𝑖 .†

Consider such a fixed 𝑛, and observe that by uniform continuity of 𝜙′ on {𝑥, 𝑥′}, we can find
𝑚 ∈ ℕ andwords 𝑢, 𝑣 ∈ 𝐴𝑚 such that 𝑢0 ≠ 𝑣0, for any two points 𝑦, 𝑦′ ∈ 𝑋′ such that 𝑦[0,𝑛+𝑚−1] =
𝑎𝑛𝑢, 𝑦′

[0,𝑛+𝑚−1]
= 𝑎𝑛𝑣, we have 𝜙′(𝑦)𝑖 ≠ 𝜙′(𝑦′)𝑖 , and at least one such pair 𝑦, 𝑦′ exists (i.e., 𝑎𝑛𝑢 and

𝑎𝑛𝑣 appear in the language of 𝑋).
By the assumption that 𝑍−ℕ has no isolated periodic points, there exists a point of the form

𝑏𝑎ℕ in 𝑋, for some 𝑏 ≠ 𝑎. By synchronization of 𝑎ℤ, assuming that 𝑛 was large enough, we have
𝑏𝑎𝓁𝑢𝑧, 𝑏𝑎𝓁𝑣𝑧′ ∈ 𝑋′, for some 𝑧, 𝑧′ ∈ 𝑋 and any 𝓁 ⩾ 𝑛. By repeatedly applying the assumption
that 𝑍ℕ has no isolated periodic points, and synchronization of periodic points, we may assume
𝑧, 𝑧′ ∈ 𝑋′, implying that also 𝑎𝓁𝑢𝑧, 𝑎𝓁𝑣𝑧′ ∈ 𝑋′.
The same 𝑏 ≠ 𝑎 appears for infinitely many 𝑛, and from

𝜙′(𝑏𝑎𝓁𝑢𝑧)𝑖+1 = 𝜙′(𝑎𝓁𝑢𝑧)𝑖 ≠ 𝜙′(𝑎𝓁𝑣𝑧′)𝑖 = 𝜙′(𝑏𝑎𝓁𝑣𝑧′)𝑖+1,

it follows that 𝜙′ is not continuous at 𝑏𝑎ℕ ∈ 𝑋′. □

† The fact 𝑖 can be taken to be 0 does follow from shift commutation, but this needs a small additional argument since
𝑥, 𝑥′ might be eventually periodic, and it does not simplify the rest of the proof.
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CONJUGACY OF TRANSITIVE SFTs MINUS PERIODIC POINTS 1689

5 COUNTEREXAMPLES TO STRONGER STATEMENTS

In this section, we give some counterexamples to strengthenings of theorems proved in the above
sections, and of Hochman’s original problem.
These are all sofic shifts, and we use regular expressions to define some of them; in these

expressions,+ denotes union, ∗ denotes repetition (zero or more times), and juxtaposition is con-
catenation. The reader can pick up the precise definition in any reference on formal language
theory. The soficity of the subshifts below is easy to see, but we remark that it is a general fact that
a subshift 𝑋 is sofic if and only if for some regular language 𝐿, it is the unique smallest subshift
whose language contains 𝐿 (and such a unique smallest subshift exists).
Theorem 3 does not cover mixing sofic shifts, and indeed, the conclusion fails there.

Example 1. For a two-sided mixing sofic shift 𝑋, an automorphism 𝑓′ ∈ Aut(𝑋′) may not be
the restriction of an automorphism 𝑓 ∈ Aut(𝑋): Consider the smallest subshift whose language
contains ((0∗ + 1∗)2(0∗ + 1∗)3)∗. Define 𝑓′ by swapping each maximal occurrence of 2𝑎𝑛 with
the word 2(1 − 𝑎)𝑛 and each (possibly overlapping) maximal occurrence of 𝑎𝑛3 with the word
(1 − 𝑎)𝑛3, for 𝑎 ∈ {0, 1}.

Note that the proof of Theorem 1 shows in general that the “image subshift” 𝑠𝑅 must be finite
for a periodic point 𝑠. The above example shows that it can indeed have positive cardinality, but in
the example, the period is the same.We give another simple examplewhere the period is different.
It also shows that Hochman’s original problem has a negative answer for mixing sofic shifts.

Example 2. Consider the two-sided even shift 𝑋 ⊂ {0, 1}ℤ, namely, the smallest subshift whose
language contains (1(00)∗)∗, and 𝑌 ⊂ {0, 1, 2}ℤ the smallest subshift whose language contains
(2(01)∗)∗. These are mixing sofic shifts. Define 𝑓′ ∶ 𝑋 → 𝑌 by rewriting each subword 02𝑛1 to
(01)𝑛2, and 102𝑛 to 2(01)𝑛. Clearly, this gives a topological conjugacy between 𝑋′ and 𝑌′, but
𝑓′ is not the restriction of a topological conjugacy between 𝑋 and 𝑌. Indeed, 𝑋 and 𝑌 are not
topologically conjugate at all, because 𝑋 has two points of period 1, while 𝑌 has only one.

In fact, it is a classical fact that even a mixing SFT can be conjugate to a mixing sofic shift after
the periodic points are removed (we thank Mike Boyle for pointing out this example).

Example 3. A near Markov [7] subshift 𝑌 is a sofic shift such that in the canonical irreducible
SFT cover 𝑋, in the canonical projection 𝜋 ∶ 𝑋 → 𝑌, only finitely many points have multiple
preimages. One example is the even shift 𝑋 from the previous example: its canonical cover is the
goldenmean shift (the mixing SFT over alphabet {0, 1}with unique forbidden pattern 11) with the
projection 𝜋(𝑥)𝑖 ≡ 1 − (𝑥𝑖 + 𝑥𝑖+1) mod 2. Only the point 1ℤ has multiple preimages. In this case,
clearly, the points with multiple preimages are all periodic, in particular, the canonical projection
𝜋 restricted to 𝑋′ is a topological conjugacy between 𝑋′ and 𝑌′.

In fact, also the subshift𝑋 in Example 1 is nearMarkov. Thus, while in that example, we showed
that Aut(𝑋′) contains elements Aut(𝑋) does not, we have canonical isomorphisms Aut(𝑋′) ≅
Aut(𝑍) ≅ Aut(𝑍), where 𝑍 is the canonical cover of 𝑋.
The one-sided result in Theorem 4 does not extend to the two-sided case. In fact, in the two-

sided case, the subshift 𝑠𝑅 need not even be finite when invertibility of 𝜙′ is not assumed.

 1460244x, 2023, 6, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/plm
s.12567 by U

niversity of T
urku, W

iley O
nline L

ibrary on [07/12/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



1690 SALO

Example 4. There are two-sided mixing SFTs 𝑋,𝑌 and a shift-commuting continuous map 𝑓′ ∶
𝑋′ → 𝑌′, which is not the restriction of any continuous shift-commuting map 𝑓 ∶ 𝑋 → 𝑌. From
the full shift on symbols {0, 2}, map to the full shift on symbols {0, 1, 2} by mapping 2 to 2, and
between two 2s, in a segment 20𝑛2 write 1 at the midpoint between the 2s (with an arbitrary tie-
breaking rule). Tails of the form 20ℕ and 0−ℕ2 are fixed. This clearly defines a shift-commuting
continuous map 𝑓′ ∶ 𝑋′ → 𝑌′, but no extension of 𝑓′ to 𝑋 is continuous at 0ℤ.

By modifying this construction, we obtain that there are uncountably many shift-commuting
continuous maps from 𝑋′ to 𝑌′, so the set of morphisms Hom(𝑋′, 𝑌′) is significantly larger than
Hom(𝑋,𝑌). A furthermodification shows that End(𝑋′) is uncountable, in particular themonoids
End(𝑋) and End(𝑋′) are not isomorphic.
One may also ask what happens if we remove a larger set than just the periodic points. In the

one-sided case𝑋 ⊂ 𝐴ℕ, it is tempting to remove all eventually periodic points, that is, points 𝑥 ∈ 𝑋

whose orbit is finite, as the resulting set 𝑋′′ is the largest shift-invariant set not containing any
periodic points. We give a stronger example.

Example 5. Let 𝑋 = {0, 1, 2}ℕ and let

𝑌 = 𝑋 ⧵

{
𝑥 ∈ 𝑋 | ∑

𝑖

𝑥𝑖 < ∞

}
.

Let g ∈ Aut(𝑌) be map that rewrites 𝑎 ∈ {1, 2} to 3 − 𝑎 if the distance to the nearest symbol from
{1, 2} on the right is odd, and otherwise does not. On 𝑌, this map is continuous, because for all
𝑥 ∈ 𝑌, we can find an open neighborhood that specifies the positions of at least 𝑛 symbols from
the alphabet {1, 2}, and this determines the new values at at least the first 𝑛 − 1 positions. Clearly,
this map has no continuous extension to any point 𝑥 ∈ 𝑋 ⧵ 𝑌.
It is easy to see that the restriction of g to𝑋′′ gives an element ofAut(𝑋′′), where𝑋′′ is 𝑋 with-

out its eventually periodic points (note that g is an involution and its definition clearly implies
that the image of an eventually periodic point is eventually periodic), and there is clearly no con-
tinuous extension to 10ℕ (for this we only need that points in 𝑋′′ can begin with words 10𝑛𝑎 with
𝑎 ≠ 0, where 𝑛 is arbitrarily large and of arbitrary parity).

In the two-sided case, one can remove points that have an eventually periodic right tail or left
tail (or one can remove both types of points, or points that are of both types simultaneously), or
one can remove points that agree with some periodic point in all but finitely many positions. The
following example covers all these cases, by a similar argument as in the previous example.

Example 6. Let 𝑋 = {0, 1, 2}ℤ and let

𝑌 = 𝑋 ⧵ {𝑥 ∈ 𝑋 | ∃𝑛 ∈ ℤ ∶ 𝑥𝑛 ∈ {1, 2} ∧ ∀𝑖 ≠ 𝑛 ∶ 𝑥𝑖 = 0}

(i.e., we remove only two orbits from 𝑌). Let g ∈ Aut(𝑌) be map that rewrites 𝑎 ∈ {1, 2} to 3 − 𝑎
if the distance to the nearest symbol from {1, 2} is odd, and otherwise does not. On 𝑌, this map
is continuous, because for all 𝑥 ∈ 𝑌, we can find an open neighborhood that specifies at least
two nonzero coordinates, and this gives a bound on how far we have to look to deduce the 𝑖th
coordinate of the image of 𝑥. Clearly, this map has no continuous extension to any point 𝑥 ∈
𝑋 ⧵ 𝑌.
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CONJUGACY OF TRANSITIVE SFTs MINUS PERIODIC POINTS 1691

6 OPEN PROBLEMS

Question 1. Howmuch dowe need to remove frommixing SFTs𝑋,𝑌 tomake entropy a complete
invariant for topological conjugacy? Is removing the eventually periodic points enough?

Slightly more precisely, let 𝜙 be a function that, given a subshift𝑋, produces a subset of𝑋 (with
the intuition that some “bad points” are removed). For which 𝜙 do we have ℎ(𝑋) = ℎ(𝑌) ⟺

𝜙(𝑋) ≅ 𝜙(𝑌) for mixing SFTs 𝑋,𝑌? Of course, this is only interesting for “natural” choices of 𝜙,
such as those listed above Example 6.
We also note that Theorem 1 is truly about topological conjugacies, and says nothing about

embeddings (shift-commuting continuous injections) or factorings (shift-commuting continuous
surjections). There are also new topological subtleties, for example, at least as written the proof
of Theorem 1 does not even deal with the case where 𝜙 ∶ 𝑋′ → 𝑌′ is only a continuous shift-
commuting bijection. To our knowledge, little is known about these issues for free parts of mixing
SFTs with equal entropy. For example, the following problems stay open.

Question 2. Let 𝑋,𝑌 be, respectively, the vertex shifts defined by
(
1 1
1 1

)
and

(
0 1 1
1 0 1
1 1 0

)
. Is there

an embedding relation between 𝑋′ and 𝑌′? Does 𝑋′ factor onto 𝑌′ (or even onto 𝑌)?

It is clear that 𝑌 factors onto 𝑋, so 𝑌′ factors onto 𝑋′. However, 𝑋 does not factor onto 𝑌, and
neither embeds in the other, due to periodic point restrictions. (There does exist a continuous
shift-invariantmap from 𝑋′ into 𝑌′, even though there does not exist one from 𝑋 to 𝑌.)
In higher dimensional settings, we do not know to what extent variants of Theorem 1 hold;

some parts of our argument have direct analogs, some do not seem to. In the two-dimensional
case, it is known that the set of totally aperiodic points in the binary full shift does not even admit
a continuous shift-commuting map to the space of proper 3-colorings of the standard grid [9].
Once there exists an isomorphism between two systems, it is of interest to try to understand

the family of all isomorphisms, which boils down to the study of the automorphism group. We
showed in Example 1 that automorphisms of free parts of mixing sofic shifts are no longer canon-
ically isomorphic to those of the original sofic shift (i.e., there may be new automorphisms that
are not restrictions of old ones). However, for near-Markov sofics 𝑋 (such that as that of Exam-
ple 1), Aut(𝑋′) is canonically isomorphic to the automorphism group of a mixing SFT, namely,
the canonical cover. What can be said about Aut(𝑋′) for a general mixing sofic shift 𝑋? Can we
find a concrete characterization of its elements?
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