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Abstract

We generalize the notion of joint measurability to continuous variable systems
by extending a recently introduced compression algorithm of quantum meas-
urements to this realm. The extension results in a property that asks for the
minimal dimensional quantum system required for representing a given set of
quantum measurements. To illustrate the concept, we show that the canonical
pair of position and momentum is completely incompressible. We translate the
concept of measurement compression to the realm of quantum correlations,
where it results in a generalization of continuous variable quantum steering.
In contrast to the steering scenario, which detects entanglement, the general-
ization detects the dimensionality of entanglement. We illustrate the bridge
between the concepts by showing that an analogue of the original EPR argu-
ment is genuinely infinite-dimensional with respect to our figure of merit,
and that a fundamental discrete variable result on preparability of unsteerable
state assemblages with separable states does not directly carry over to the con-
tinuous variable setting. We further prove a representation result for partially
entanglement breaking channels that can be of independent interest.
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1. Introduction

A key concept in quantum measurement theory is that of joint measurability. This generaliz-
ation of commutativity is a central tool in the foundations of quantum theory, as shown by,
e.g. the resolution of the Heisenberg microscope [1], Fine’s theorem [2], and connections to
fundamental bounds in interferometry [3]. On the applied side, the research on the topic has
been recently fueled by bridges between incompatibility of measurements and the advantage
provided in various quantum correlation tasks, such as Bell non-locality [4, 5], EPR steering
[6-11], contextuality [12, 13], and temporal correlations [14, 15], as well as in operational
tasks such as quantum state discrimination [16-20], and programmability [21], see [22] for a
review.

Remarkably, many of the recent results and directions have concentrated on the finite-
dimensional and especially on the discrete variable regime. In this manuscript, we take one
of such operational directions, that of compressibility, or n-simulability, and present a proper
generalization of it to the continuous variable realm. This notion asks whether one could simu-
late a given set of measurements by first distributing a quantum state of a d-dimensional system
into smaller n-dimensional systems and then performing measurements on these smaller sys-
tems, cf figure 1. In the case n =1, one gets the notion of joint measurability. This is due to
the fact, that the distribution of the state becomes a quantum-to-classical map, i.e. a measure-
ment, and the measurements on the smaller one-dimensional systems are simply classical data
processings.

We show that in order to do the generalization in line with the finite-dimensional compres-
sion scheme, one needs to take the non-trivial step of changing from discrete Kraus decom-
positions of quantum channels into continuous or point-wise decompositions. This further
requires one to change from traditional bounded Kraus operators to unbounded ones. Notably,
this provides an operational application of Heisenberg instruments whose output space is not
the full quantum algebra. The process also involves proving a structural result on partially
entanglement breaking channels, that is characterizing such maps with their pointwise Kraus
decompositions. After arriving at a definition that is consistent with joint measurability in the
limiting n = 1 case, we show through an example that position and momentum are not finitely
compressible.

We further generalize a recently found connection between n-simulability and high-
dimensional quantum steering [23]. In the finite-dimensional case, such connection has been
fruitful, in that it has been used to introduce entanglement-assisted local models [23] and
it has shown a deep connection between n-simulability and recent demonstrations of high-
dimensional entanglement in the semi-device independent regime [24]. We present a gen-
eral definition of high-dimensional steering, or n-preparability, which is consistent with finite
dimensional case. Furthermore, we show that the fundamental result stating that any unsteer-
able state assemblage is preparable with some separable state [25, 26] has to be treated care-
fully when applied to infinite dimensions. Moreover, we use the result on non-compressibility
of position and momentum to show that an analogue of the original EPR argument is not n-
preparable for any finite n.

The paper is structured as follows. In the second section, we present the problem of meas-
urement compression in the finite-dimensional case using Kraus decompositions of quantum
channels. In the third section, we propose a definition for compressibility in the continuous
variable setting. We show that in order to preserve the finite-dimensional operational struc-
ture, one needs to consider a more general formulation consisting of pointwise (unbounded)
Kraus representations or, equivalently, direct integral Hilbert spaces. This section also includes
some structural results on n-PEB channels. Here, we further show that position and momentum
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Figure 1. If a set of measurements { My }4,x is n-compressible, its statistics p(a|x) can

be simulated for any state p € S ((Cd) by first applying an instrument £, which returns
a set of sub-normalized states £x(p) € 7 (C") labeled by A and then acting on these
states with a set of measurements {Nyx, » }a,x,-

are non-finitely compressible. In section four, we build a bridge between n-simulability and
high-dimensional steering for the general case and show how our results on measurement com-
pression can be translated to the shared scenario.

2. Simulating finite-dimensional quantum measurements

We begin by describing the measurement compression scenario in the finite dimensional
framework originally introduced in [27]. Suppose we have a set of quantum measurements
M = {M,|,}ax in a d-dimensional Hilbert space, where each {M,,}, is a POVM (normal-
ized positive operator-valued measure) i.e. a set of positive semi-definite linear operators with
the normalization condition ), M,|, = 1. Throughout this article we let 1 denote the identity
operator of any linear space. This set of measurements produces probabilities on an arbit-
rary quantum state p, i.e. a linear operator for which p > 0 and tr[p] = 1, via the Born rule
pplalx) =tr [Mapcp] We denote the state space (resp. trace-class) of a Hilbert space H by
S(H) (resp. T (H)). In addition, £(#) denotes the bounded linear operators on . If H is finite
dimensional, we usually identify # with C? where d = dimH. In this case, 7 (C¢) = L(C?).

In the measurement compression scenario we look to recover the exact statistics of M with
POVMs operating in n-dimensional (or smaller) Hilbert space with n < d. Formally the concept
of compressibility is defined by utilizing a quantum instrument {€, }, i.e. a set of completely
positive trace non-increasing maps € : 7(C?) — T (C") such that ), £, is trace-preserving.
Specifically, a set of measurements M = {M,|, }ax € L£(C?) is n-simulable if and only if there
exist an instrument {£ } x and a set of POVMS {N, |  }ax,x € £(C") such that the statistics of
M in an arbitrary state p € S(C?) can be recovered from the n-dimensional POVMs mediated
by the instrument:

tr[pM,,] = Ztr [Ex(P) Najen] - (2.1
A

This equation implies that M is 1-simulable if and only if it is jointly measurable, i.e.
M, =, plalx,\)G for all a, x, where {G} is some ‘parent” POVM. This is one of the
equivalent definitions of joint measurability for discrete-outcome measurements. The equi-
valence with joint measurability is also intuitively plausible, since in the case n=1 the full
quantum information is compressed to purely classical. Therefore the concept of n-simulability
is a relaxation of the concept of joint measurability.

The definition of n-simulability is known [27, claim 5] to be related to n-partially entangle-
ment breaking channels (n-PEB), i.e. completely positive trace preserving (CPTP) maps A such
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that, for a Hilbert space A and for an arbitrary p € S(C¢ ® H), we have SN[A ® 1(p)] < n.
Here SN(p) = infs~ 4, (4,]=p SUp; SR(|¢:) (¢i]) is the Schmidt number, where SR is the
Schmidt rank of a pure state, i.e. the dimension of the support of either subsystem’s state.
Specifically the n-simulable sets of POVMs are exactly those for which there exist a n-PEB
channel A : £(C?) — L(H) and a set of POVMs {N,, }a.x € L(H) such that M, = A* (N
for all a and x. Here A* denotes the Heisenberg picture of the Schrodinger channel A. In
the finite dimensional case, a n-PEB channel A is known to possess a rank-restricted Kraus
decomposition, i.e. A(p) = >, KxpK; with rank(K)) < n for all A [28]. Therefore the finite-
dimensional quantum framework allows us to define the concept of n-simulability essentially
via the Kraus decomposition and the ranks of the Kraus operators of the related channel.

3. Continuous variable compression

In this section we aim to generalize the concept of simulability to continuous-variable meas-
urements operating in infinite-dimensional separable Hilbert spaces by using Kraus-type rep-
resentations. A separable Hilbert space is a Hilbert space containing a countable dense set
(or a countable basis), and going forward we will assume that all Hilbert spaces are of this
type unless otherwise stated. As it will turn out, the generalization of simulability into the
continuous variable case requires richer structure than the finite case to be consistent.

As mentioned, for a consistent generalization, 1-simulable sets of measurements should be
equivalent to jointly measurable ones. A quantum measurement M in the continuous variable
setting is also described as a POVM. Specifically, letting ) be the space of outcomes of the
measurement and .4 be the set of possible outcome subsets of (2, i.e. a suitable o-algebra of (2,
aPOVM is amap M : A — L(H) that is o-additive in the weak operator topology, M(X) > 0
for all X € A and M(€2) = 1. For a discrete o-algebra, this reduces to the usual definition of a
discrete POVM. For the rest of the paper we assume the measurable spaces to be standard Borel
i.e. Polish spaces equipped with their Borel o-algebras (this can be slightly generalized, see
[29]). Joint measurability is then defined as a straightforward generalization of the definition
in the discrete setting: A set of measurements {M, }, is jointly measurable if and only if there
exists a ‘parent’” POVM G defined in the measurable space (€2,.4) and a post-processings, i.e.
Markov kernels p(-|x,-) : Ay x @ — [0, 1] such that, for all x,

M, (X,) = /Q PN dG(A)  (weakly) G.1)

for all X, € A,°. Here the (£2,,.4,) describe the outcomes for the setting x. Equivalently joint
measurability can be defined as the existence of a marginal form joint observable [30, theorem
11.1]. For an in-depth look about continuous-variable POVMs and operator integrals, see [30].

We now ask whether the definitions for simulability of the discrete measurements acting on
finite dimensional Hilbert spaces can be generalized while being consistent with joint meas-
urability. We begin by tackling the channel dependent definition. Let M = {M, }, be a set of
measurements. Does it hold that M is jointly measurable if and only if there is an entangle-
ment breaking (1-PEB) channel A : 7(#) — 7 (K) and a set of POVMs {N,}, acting on IC,
where K is another Hilbert space, such that A*(N,(X,)) = M, (X;) for all X, € A, and x?

To do so, we first need to consider n-PEB channels in infinite dimensions a bit more care-
fully. One needs to use the generalization of the finite-dimensional Schmidt number introduced

3 Clearly, the maps A — p(X,|x,\) must be G-measurable.

4
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in [31]. This is defined as follows: Letw € S(H ® K) and let P, (extr(S(H ® K)) be the set of
probability measures defined in the Borel o-algebra of the extremals (i.e. pure states) of S(H ®
K) with the topology induced by the trace norm such that for all i € P, (extr(S(H ® K)) we
have w = fxtr(S(’H@)C)) pdu(p). In this case w is called a barycenter of p1. Then the Schmidt

number is defined as SN(w) := inf,,cp_ (exur(s(H@K)) H-essSUp{SR(p)|w = [ pdu(p)}. The
need for this generalization draws its roots from the existence of non-countably decomposable
separable states [32]. The n-PEB property of a channel A is then defined as the requirement
that SN(A ® 1(p)) < n for an arbitrary state p.

The ‘if’-direction, i.e. EBC-preparable = jointly measurable, follows by a direct calcula-
tion from theorem 2 of [32]. However, the ‘only if’-direction is more complicated. It turns
out that a simple example of position measurement with itself, seen as a jointly measurable
pair, already demonstrates that a richer structure than EBC-preparability is needed. This can
be seen as a consequence of the following result.

Theorem 1. Let M be a continuous extremal POVM defined in the standard Borel measurable
space (2, B(S2)) and operating in L(H). If there exists a POVM N operating in L(K) and an
EB-channel A : T (H) — T (K) such that M(X) = A*(N(X)) for all X € A, then the Hilbert
space K cannot be separable.

Proof. Suppose now that there isa POVM N : B(€2) — £(K) and an EB-channel A : 7 (H) —
T (K) such that A*(N(X)) = M(X) for all X € B(2). Using theorem 2 of [32], this implies that,
for all X, we have M(X) = [,, tr[0AN(X)]dG()) for some POVM G in the measurable space
(Q',B(Q)) and measurable family of states o .

As the POVM M is extremal, we have by [33, theorem 3.3] that each (X, \) — tr [oAN(X)]
must be {0, 1 }-valued almost everywhere. Since we are dealing with standard Borel spaces, we
have a measurable functionf: Q' — € such that tr [0\ N(X)] = 05 (X) almost everywhere [33,
theorem 3.3]. We denote some countable generating ring of the o-algebra B(£2) by {X; }ren-
Then we have tr[oAN(X;)] = d7x) (X) for A ¢ Cy, where G(Cy) = 0. Letting then C := | J, C;,
we have G(C) = 0 and for all n the equality tr[oAN(X,)] = d;)(X,) holds for A ¢ C. Then by
Caratheodory’s extension theorem we have tr [0AN(X)] = dy»)(X) for all X and A ¢ C, since
the extension is unique for finite measures. We can then define a new measurable space as
the standard Borel space (2’ \ C,B(Q2"\ C)). Consequently we assume that tr [o\N(-)] is dyx)
everywhere.

Now using this we find that

N(X) = 65 (X)Px+PxN(X) Py, (3.2)

where P, is the support projection of o). This is seen as follows. Let 0 < E <1 be
such that tr[oE] = 0. Then obviously PyEP, =0 and thus Pf\-EP)\ = P\EPy =0 yielding
E = PyEPy-. Now since tr[oz\N(X)] is {0,1}-valued, for a fixed X we only have the two
cases tr[o\N(X)] =0 or tr[o\(1 —N(X))] =0. Thus on one hand if f(\) ¢ X then N(X) =
Py N(X)Px. On the other hand if f(\) € X, we have 1 —N(X) = Py (1 — N(X))Py-, which
implies N(X) = P + Py N(X)Py . In both cases equation (3.2) holds.

Let us then choose A’ # X such that f{\) £ f{A\’). Then if X = Q\ {f(\’)} (which is meas-
urable), we have

0=tr[oxN(X)] =tr[or Py] +tr [Pyon PYN(X)]. (3.3)

Since both of the terms on the RHS of (3.3) are positive, we have especially tr [oy-Py] = 0. This
implies that P,Py, = 0. Therefore, if the image of f is uncountable, there is an uncountable
amount of orthogonal projections, which would mean that the space /C is not separable.

5
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We thus show that the image of f must be uncountable. Aiming for a contradiction, suppose
that the image is countable: f(Q2’) = {x1,x2,x3, ... }. Now by theorem 3.3 of [33] we have that
M(X) = G(f'(X)). Therefore

MX)=G(f(X)=G(Q'nf (X)) <G (f(Q)NX) = Z G (' ({x}nX)).

Thus M is a discrete POVM, which is a contradiction, and the proof is finished. O

Let us now show how this relates to joint measurability via a concrete example. For this,
let L*(R) be the Lebesgue space of square integrable functions and Q : B(R) — L(L*(R))
the spectral measure of the canonical position operator defined by (Q(X)p)(A) = xx(A)e(N)
for almost all A € R. Here xx denotes the characteristic function of the Borel set X € B(R).
Define Q; = Q> = Q so that (Q,0,) is a jointly measurable pair, a possible joint POVM
being G(X; x X5) = Q(X; NX>), X1, X> € B(R). As Q is projection valued it is especially an
extremal POVM [34] and furthermore it has an empty discrete spectrum. Thus by theorem
1 the EBC-preparability condition, Q;(X) = A*(N;(X)) for some POVM pair (Ny,N,), would
imply that the POVMs N; operate in a non-separable Hilbert space.

Our aim is to define a notion of n-simulability that would reduce to joint measurability in
the case n = 1. Based on the above result, we are forced to go beyond the n-PEB definition.
It turns out that the following definition, which is a generalization of the instrument-based
definition in equation (2.1), has the desired property.

Definition 1. Let M := {M,}, be a set of POVMs with M, defined in the measurable space
(4, A;,) operating in a separable Hilbert space. Then M is n-simulable if and only if there
exists a probability space (€, .4, 11), a weakly measurable family {K) : D — K} eq of pos-
sibly unbounded operators with a common dense domain D C 7, and the rank restriction
rank(K ) < n for p-almost all A, and a weakly measurable family of POVMs {N, » : A, —
L(IC) }«,x such that for all p,1) € D, x and X, € A, we have

(1M, (X)) = /Q (1K Ner (X0) Ka0) dpu (). (3.4)

The following two results show that this definition is natural and consistent with the require-
ments. The first one also serves as a useful characterization of n-PEB channels in the infinite
dimensional continuous variable setting.

It was shown [31, proposition 9] that there exist n-PEB channels that can only have infinite-
rank Kraus decompositions. However, it turns out to be useful for the purpose of simulability of
measurements to prove the following result that characterizes n-PEB channels using a point-
wise Kraus decomposition, similar to definition 1. That is, the following in conjuction with
proposition 2 shows that the functions A — N, » generally need not be constant.

Proposition 1. A quantum channel A : T (H) — T (K) is n-partially entanglement breaking if
and only if there exists a probability space (2, A, 1), a weakly measurable family {K\} xcq of
possibly unbounded operators with a common dense domain D C ‘H, and the rank restriction
rank(K)) < n for p-almost all \, such that for all p,1) € D and A € L(K) we have

(A" (A) ) = /Q (o |KSAKA ) du (). (3.5)
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Proof. (=) Let A be n-PEB and fix an orthonormal basis {|k)}{im*. We define a faith-
ful full rank state o:=) > alk)(k|, where a; >0 for all k and ), ar=1. Let then
Vo) = ;C::‘IH Varlk) ® |k) be a purification of o in H ® H. As A is n-PEB, we have A ®
1(|o ) (Vo) € SH(K@H), where S,(K@H) :={pe S(KRH)|SN(p) < n}. We denote
the pure states in this set by S} (X @ H). By proposition 1B in [31] and lemma 1 in [32] we
have the following with some abuse of notation:

AW = [ Io)pldn(e). (6

Here p is a Borel probability measure.
Let then T € T (H) be arbitrary. With a direct calculation we find that

A (270 2) =ty (1L TT) AR T (J) {25 )] 37

Here the transpose 77 is in the fixed basis {|k) }$im*. By combining equations (3.6) and (3.7)
we aim to find the desired integral form. For this fix an orthonormal basis {|n,,)}%m% for
K and, for each ¢ € K ® H, define the Hilbert-Schmidt operators F, : H — K by the rela-
tions (1| Fy k) = (nm @ k|p). If @) (p| € S} (K @ H) then SR(|) (¢0|) < n, and we have that
rank(F,) < n. The mapping ¢ — F,, is also clearly (weakly) continuous. Now the following

holds weakly:

o) (el = (il Foli) (kI Fylmi) lmi @) (m K], (3.8)
ik, I=1
This implies that
wry (1T [0)(pl] = D (| Foli) (KIFLIm) GITIR) i) (] = FQTF. (3.9)
ik, i=1

Combining this with equations (3.6) and (3.7) we get4
A (Jl/zTal/z) - / FoTF dp(p). (3.10)
S (KeH)

Let us then define the unbounded operators K, := F, 9{,0_1/ 2. These are densely defined in a
common dense domain ran¢'/? due to o being a faithful full rank state. Then in the Heisenberg
picture we have densely A*(A) = [, (con) KoAK, du(ep). This gives us the first direction.
(<) Let us assume the pointwisen Kraus representation for the channel A. We aim to use
proposition 8 in [31] and therefore we look to define a suitable state |) with full rank partial
states. For this, let {|k)}$m* be an orthonormal basis inside the dense domain D and (a;) a
sequence of strictly positive numbers with 3, a,% = 1. With this we define the following

dimH

)= alk) @ k) (3.11)

k=1

4 Note that, if ¢ ) (| = |¢){¥|, then ¥ = cp, c € C, |c| = 1, and F,, = cF, but FoTFy, = FyTF,,.
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(3.12)

1) = —— Zak|k ® |k).
\/Zk 14E =1

Here lim,,—, o0 |7m) (Nm| = |7) (7] in the trace norm.
We first show that (A @ 1) (|7) (nm|) € Su(K @ H) for all m € N. To this aim, we calculate
A([j) (k). Let p,9 € K be arbitrary

<<P\A(li><k\)|1/)>=tr[U><k|A*(|w><<P|)]=/Q<k|K§|1/)><<P|KAU>dM()\)- (3.13)
Therefore A([j) (k|) = [, Kxlj) (k|K3 dp(X). Here the X — K |j) (k| K3, is trace-class-Bochner-
integrable, since 1t is Bochner measurable by assumption and also we have
IR S e = [ IEADIIKA B e () a1
1/2 1/2
<([Limiraw) ([ igmramw) =1 e
where we denote the trace norm by || - ||;. Here we used the fact that densely [, KXK»du(\) =
1. Let then C,, := 1 = $0 that
Vv k 19
(ARL) (|11m) (1) = mZajakA ) (kD) @ 17) (k] (3.16)
Jk=1

= [aet) | G aal kel | (Ko du)  Ga7

k=1
= [ (K 1) b o (K5 1) e ). (.18)
Q
Define then the measures v, by 14,(X) := [, tr [(Kx ® 1)[1) (1] (K3 @ 1)] dje(X). These are

probability measures, as in the domaln D, fQKﬁK 2du(A) is equal to the identity, and each
|1hm) consist of vectors belonging to this domain: 1,(2) = (1| [, K3Kx dp(A) @ Lfn) = 1
Also tr[(Kx ® 1)|1) (| (K @ 1)] > 0 v,,-almost everywhere. Then

(A1) ([9m) (M) = /Q (Kx @ 1) 1) (1| (K3 @ 1) dpa (A) (3.19)

:/ (Kx @ 1) [i) (1 (K3 ©1)
o r[(Kx @ 1) 1) (nal (K3 @ 1)

Um (). (3.20)

One can then easily see that since rank(K)) < n, for the pure states |t} {¢mr]:=

(K>\®]1)|7Im><"7m‘([(§\®]l)
TEen) ) (|5 617] W also have SR(|¢ux) (¢¥ma]) < n. Therefore by proposition 1 B) in

[31] we have that (A ® L) (|nu) (nm]|) € S,(K @ H) for all m.

Now as the channel A ® 1 is trace-norm continuous, we have A ® 1(|n)(n|) = lim,, 00 A ®
L(|7m) (M) (in the case dimH = 00). Since S, (K @ H) is closed in the trace norm, we have
that A ® 1(|n)(n|) € Sx(K ® H). Thus by proposition 8 in [31] A is n-PEB.

O
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Proposition 2. The set M := {M.,}, is jointly measurable if and only if it is 1-simulable in
the sense of definition 1.

Proof. (=) Say the POVMs M, operate on the separable Hilbert space H. Now by assumption
there exists a POVM G defined on (£2,.4), and Markov kernels p(-|x, ) such that, for all x and
X’C’

M, (X,) = / p(Xlv,)) dG(A). (3.21)

Here we may replace G with its rank-1 refinement G' without loss of generality [35]. Therefore
by theorem 1 in [36] there exists a measurable® map A — (d()\)|, where each (d(\)| is an linear
functional defined on a common dense subspace D of H, such that the following holds for all
Xe Aand p,7 € D:

(PlGX)[P) = /}((wld(AD (N [¢) du(A). (3.22)

Here p is a probability measure, and the notations (d(A\)|(¢) = (d(N\)|¢) = (¢ |d(X)) are used.
Then by combining equations (3.21) and (3.22) we get, for all ¢,¢) € D,

(oM (X)[Y) = /Qp(Xx|xv A {pld(M) (V) [9) duu () - (3.23)

Let then n € H (=: K) be a unit vector and define (possibly unbounded) operators K :=
|77)(d(A\)| which are obviously rank-1. For N, »(-) := p(-|x, A)1 we have the following:

(I, (%) |8 = / (0 |K5 N (X0) K10 dpe (). (3.24)

(<=) Since the operators K are now rank-1, the image of K is Cy) for some unit vector
©x in a Hilbert space K. Define then the linear functional (d(A)| by (d(A)|¢) = (palKxle)
for all ¢ € D. Then the integral formula reduces to the following

(I, (%) |8 = / (Ve (X0 o) (2 [d)) AN [8) du (). (3.25)

The densely defined integrals G(X) := [, [d(A))(d(A)[dp(A) (in the sandwich-sense) define
aPOVM and p(X,|x, A) := (pa|Ne 2 (Xy)|a) defines a Markov kernel. Combining these into
equation (3.25) we see that {M, }, is jointly measurable. O

Proposition 3. Let M := {Ma‘x}a,x be a set of discrete POVMs defined in a finite-dimensional
Hilbert space with a fixed finite amount of outcomes a and settings x. M is n-simulable in the
sense of definition 1 if and only if it is n-simulable according to equation (2.1).

Proof. We postpone the proof by noting that it can be seen as a consequence of
proposition 5. O

3 That is, the maps A — (d()\)|¢) are y-measurable.
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Finally we show as an example that the spectral measures of the canonical pair of position
and momentum are not n-simulable for any finite #, i.e. position and momentum are not finitely
simulable. The spectral measure of the momentum operator, P is related to position via the
Fourier—Plancherel operator F, i.e. the extension of the Fourier transform to L?(R), with the
formula P(X) = F*Q(X)F for all X € B(R).

Example 1. The set {Q, P} is not finitely simulable. Let us assume that in some dense domain
D C H the following two equations hold in the weak sense for all ¥ € B(R):

o(Y) :/QKKNI,/\(Y)KAdN()‘)v (3.26)
P = [ KMo (D). (3.27)
We (densely) define the following POVM on the domain A of p:
Z):= /ZK’f\K,\ du (). (3.28)
Then we have a densely defined joint observable G; for Q and E defined by
G (YxZ):= /ZK*/{NL,\(Y)K,\du(/\). (3.29)

Therefore Q and E are jointly measurable and as Q is a spectral measure, they must also com-
mute. Similarly, with the joint observable

G2 (YXZ) = /KT\NZJ\ (Y)deu(/\) (330)
z

we deduce that £ and P must commute. Therefore £ commutes with the generators of the
Weyl group, which is defined by W(q,p) := €%/?U(q)V(p), where (U(q)@)(x) = o(x — q)
and (V(p)g)(x) = eP*p(x), p € L*(R). Therefore E commutes with the entire Weyl group,
which is irreducible, so E(Z) = p(Z)1, Z € A, for some probability measure p.

Let then 0 # ¢ € D be an arbitrary vector. Then

2) ol = [ 1Ko Pau (). (331)
z
Thus for any two vectors ¢, € D and for all sets Z € A we get that

1K |1?
[ 112

Let then B := {(, }»en be an orthonormal basis inside D. Define V as the countable set of com-

plex rational linear combinations of B. Let us use some numbering of V = {4,4, ... }. Thenif
m,n € N, we have by equation (3.32) that “ﬁjﬁﬁ’“ Hlﬁ*fﬁ’“ forall A € Q\ N, , for some N,, ,
with 4(N,y, ) = 0. Then also for the set N:=J,",_ Nyn,» We have i(N) = 0. Therefore, for

almost every A the equalities ”ﬁ;}wﬁ I — Hllmwlln I hold for all m,n € N. Thus for a fixed A € Q2 \N
we have, for all n € N,

K ?
12

dp(\) = ; du(A). (3.32)

I Kxtnll = Ax|9n]| (3.33)
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where Ay > 0 is a constant. Since ¢,, ¢, € B C V we get, by the polarization identity and
equation (3.33), the following for almost every \ € (2:

2 g
(Kxen|Kxom) = Zl HKA om+ i 9011 ”2 4)\2 i*{lom + *ull?
k 0 k=0

= A3 (@ulom) = A3 Gum- (3.34)

Hence, for almost every A € ) the image K (D) contains an infinite orthogonal set (or K =
0). Thus for almost every K we have rank(K) ) = oo (or 0).

4. Application to quantum steering

We now study the implications of the results concerning simulability on the concept of
quantum steering. In quantum steering, the objects of interest are called state assemblages.
To define these, we work in outcome spaces (2,,.4,), where x denotes a setting. Now a
state assemblage is a collection { o, }, of positive trace-class valued measures o : A, — T (H)
with the nonsignaling condition 0 (§2,) = o € S(H) for all x. With discrete o-algebras these
can be represented by collections {o|,}4,, Where a denotes an outcome, with ) o, =
o. Furthermore, for every state assemblage there exists a set of POVMs {A,} and a state
p € S(Ha ® Hp) such that o, (X,) = tra[(Ac(Xy) ® 1)p] for all x and X, € A, i.e. every state
assemblage can be prepared with a state p and measurements A, [37, 38]. More concretely, we
have two parties, Alice and Bob (with the corresponding Hilbert spaces H4 and Hp respect-
ively), sharing a state p. Alice performs a local measurement A,, based on Bob’s classical com-
munication of the setting x, on the state and communicates the result to Bob. Consequently,
Bob’s subsystem can be described by an unnormalized state o (X,) = tra[(Ay(X,) ® 1)p]. Here
tr4 denotes the partial trace over the Hilbert space Hy4.

A state assemblage {0, }, acting on the Hilbert space H, defined in the measurable spaces
(Q4, A,) is deemed unsteerable, when it admits a local hidden state (LHS) model. Formally
this means that there exists a positive trace-class valued measure 7, defined on the measurable
space (2',.A") such that T(2") € S(H), and post-processings p(-|x,-) : A, x Q' — [0, 1] such
that for all x and X, € A, we have

706 = [ pOe ) aT (). @

A state p € S(H ® K) is called separable, if p € conv({|p ) {(¢| @ |¥) (W] | p € H, ¢ € K}
i.e. it belongs to the trace-norm closure of the convex hull of pure product states. In the discrete
case it has been proven that the existence of a LHS model for a given assemblage is equivalent
to preparability by of this assemblage by some separable state [25, 26]. Remarkably, how-
ever, this notion of preparability for unsteerable assemblages is more complex for the case
of continuous variable steering in infinite dimensions: there are unsteerable state assemblages
that need to be prepared with a non-separable state. This essentially follows from the example
after theorem 1, since every unsteerable assemblage {o,} with the total state o corresponds
to a jointly measurable set of POVMs {M,} such that o, (X,) = ¢'/>M,(X,)o'/2. This corres-
pondence is proven in the discrete case in [11] and discussed in the continuous variable case
in [39]. The result is formalized below.

Theorem 2. Let Q1 = Q) = Q be the spectral measure of the position operator. Define the
unsteerable state assemblage {oy,04}, with o(X) := 0'/2Q,(X)0'/? for all X € B(R) and

1
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x = 1,2, where o is a (faithful) full-rank state. Then there exist no combination of a Hilbert
space H, (even non-separable), separable state p and set of POVMs {M,}, operating in H,
such that the following equation holds for x € {1,2}:

ox(+) = tra [(My () © 1) p]. 4.2)

Proof. We begin the proof by first proving a lemma.

Lemma 1. Let Hp be a separable Hilbert space and {o.}, a state assemblage such that
ox(X,) € T (Hp) for all x and X,. Assume that {o, } can be prepared with a separable state p €
S(Ha ® Hp) and a POVM acting in Ha, where H4 is an arbitrary (possibly non-separable)
Hilbert space. Then {0}, can also be prepared with a separable state py € S(Hao ® Hp) and
a POVM acting in Hao, where Hag is a separable Hilbert space.

Proof of lemma 1. We now have that for some POVMs N, and separable state p the following
holds for all x and X,:

o (X) = tra [(Ne (X,) ©1) p]. (4.3)

Now by the spectral theorem [30, theorem 3.5], we have

p= Z)\k|<ﬂk><@k| (4.4)
k

where {¢y} is a countable orthonormal set, A, > 0, and >, \x = 1. Let us fix an orthonormal
basis {1);};es for Ha, where I is some index set, and a basis {77,,}3‘;"1%’* for Hp. Then {¢; ®
7 }in 1S an orthonormal basis for H4 ® Hp. Therefore

Yk = Z Agin| Vi @ M), axin € C, Z |ain)* = 1. 4.5)

i€Cy,n i€Cy,n

Here Cy C Iis a countable set for all &, since basis representations have to be summable. With
this we get a new representation for p (for example in the weak operator topology)

P= 3 Nkinum| Vi @ ) () & - (4.6)

k ijeC nm

Let us then define C; := C; and Cy := G\ U]k;ll C; for k > 2. Using this we (weakly) define
the projection P =3, > ., [¥hi) (i Then one can easily check that (P® 1)p(P® 1) = p.

Next we define Hao := P(H4). This is a separable Hilbert space, since it has the countable
orthonormal basis {1;}; e, ¢,- Also obviously for all x we have that N := PN, P are POVMs
operating in H4¢. Let then B € L£(Hp) be arbitrary. Now

tr[Bo (Xy)] = tra, [Bua [(Ny (Xy) © 1) p]]
=ty 03, (PO L) (PO B) (PN (X)) PO 1) p (P 1)] (4.7)
= tryg07, | (1120, ® B) (MY (X)) @ 1) p] = tr [Btrao [(N? (X)) ® 1) p]] . (4.8)

Therefore {c,}, can indeed be prepared using a separable Hilbert space. All that is left to
check is that the projection by P preserves separability.

12
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By separability of p, there exists a sequence (p,)qen of convex combinations of product
states such that lim,,_, || — pu||1 = 0. Here || - ||; denotes the trace norm. Since (P ® 1)p(P ®
1) = p, we easily see that

(Pe1)p,(P®1)
w[(PR1)p, (P@1)]

(4.9)

in the trace norm of 7 (H4 ® Hp). We may assume without loss of generality that fornon € N
we have (P ® 1)p,(P® 1) = 0. This is since if some of these are zero, then we may consider
the subsequence that contain no zeroes, since there can only be finitely many (P ® 1)p,(P®
1) that are zero. This in turn follows from the fact that the sequence (P®1)p,(P® 1)),
converges to a nonzero operator.
The states p,o := POV (POL) e gl obviously convex combinations of product states
tr[(PRT) py (PRT)]

and also converge to p in the trace norm of 7 (H9 ® Hp). Thus pis separable in S(Hao ® Hp),
which finishes the proof. O

Let us then move on to the proof of theorem 2. Assume that {o, },=1 > is as in the statement
of the theorem. Aiming for a contradiction, assume that {o, }, can be prepared with a separable
state p € S(Ha ® L*(R)). By lemma 1 we can assume that 7, is separable and

o0, (X) ' = try [(M: (X) @ 1) f]. (4.10)

If (4.10) holds, then there is also another separable state p such that o'/2Q, (X)al/ 2=
tra[(M.(X) ® 1)p]", where the transpose is in the eigenbasis of o. Let 0 = >, pi|k) (k| be
the spectral representation of o and ¢ := Y~ \/pr|k) ® |k) its purification. As p is a state in
a separable bipartite space, we can use the Choi—Jamiolkowski isomorphism for EB-channels
[31, corollary 1] to deduce that p = A ® 1(|/ ) (1|) for some EB-channel A. Let B € £L(L*(R))
be arbitrary. Then we have

tr[Bo1 20, (%) 7112 =t [Bua (M4, (X) & 1) A 1 () ()]
= tr [Btra [(M: (X) @ 1) A@ 1 ([¢) (4])]] (4.11)
= tr [(A* (M, (X)) ® BT) [v) (0[] = tr [301/2/\* (M, (X)) o'/?] .
(4.12)

Since the range of o'/ is dense, we have that Q,(X) = A*(M,(X)). But according to the
example after theorem 1, this implies that 4 cannot be separable, which is a contradiction.
Hence, {0}, cannot be prepared with a separable state. O

This shows that the claim made about preparability of unsteerable state assemblages with
separable states in the continuous-variable setting, given in [25], needs to be slightly adjusted.
Indeed, we prove in the following that to describe an equivalent condition to unsteerability,
we need to add ‘continuous mixing’ to the notion of preparability with separable states i.e. a
barycenter. This result is to be expected in light of proposition 2 and the parallelism of joint
measurability and unsteerability. Consequently the proofis also very similar. This is formalized
below.
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Proposition 4. A state assemblage {0}, is unsteerable if and only if there is a probability
space (', A’ i1), and a weakly measurable collection of state assemblages {0}, », prepar-
able with separable states, such that, for all x and X, € A,,

o (X) = / o) (X du (V). .13)

Proof. (=) By unsteerability we have
706 = [ pOe ) aT (). (@.14)

As in the proof of proposition 2, we can assume that 7 is rank-1, by replacing it with its rank-1
refinement if necessary. Then

T(X) = / oad{aldy (V) 4.15)

for some measurable family {px }rxcq’ C H and a probability measure . Thus we have

760 = [ O N lea) (ol ) = | /p(Xxlx»A)trH%M|<px><w|dV((A:~l6)

Here we defined a new probability measure by v(X) := [, tr[[ox){pa[]du(A). Now the state
assemblages o7 defined with o} (X,) := p(X,/x, )\)m | o) (x| are preparable with a
separable state since

o0 = oo il

for any unit vector ) in some Hilbert space 4.

(<) Assume equation (4.13) holds. We can assume that the O';‘ can be prepared
with a pure separable state. Then o(Xy) = tra[(Nex(Xe) @ 1)) (x| @ |or) (pal] =
(UAINe A (Xx)[02) [02) (@A Therefore we define p(X.|x, ) := (x| Nx,x (Xi)[thx) for all x, A
and X, as well as T(X) := [, [ox) (x| du(X) for all X. Plugging these into equation (4.13) we

see that the state assemblage is unsteerable. O

Now as in the case of simulability, we can use this result to generalize the concept of
n-preparability. This concept was first introduced in [24] in the discrete finite dimensional
case. Indeed, a state assemblage {0, }a,r C £(CY) is n-preparable if and only if there exists
a state p € S(Hs @ C?) with SN(p) <n < d and a set of POVMSs {A, }4,. such that o, =
tra[(Aq ® 1)p] for all @ and x. We thus see that in the finite dimensional discrete case, 1-
preparability is exactly unsteerability and consequently we require this same property from
any generalization of n-preparability, similar to that what we required from any generaliza-
tion of simulability. Since not all unsteerable states are preparable with a separable state, the
concept of n-preparability cannot be generalized directly in the case of continuous outcomes
and infinite dimensions. Instead, motivated by proposition 4, we propose the following defin-
ition for n-preparability.
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Definition 2. A state assemblage {o,}, is n-preparable if and only if there is a probability
space (', A’, 1), and a weakly measurable collection of state assemblages {o; }, », prepar-
able with states with Schmidt number at most n, such that, for all x and X, € A,,

76 = [ () du(). (4.17)

In the case of finite dimensional steering with discrete outcomes, the concepts of n-
preparability and n-simulability were shown to be equivalent [23] in the sense that a state
assemblage with a full rank total state is n-preparable if and only if the unique set of POVMs
corresponding to this assemblage is n-simulable. This equivalence also holds for our general
definitions for n-simulability and n-preparability, which is seen as follows. Assume first that
the state assemblage {0, }, is n-preparable with the faithful full rank state o and corresponding
set of POVMs {M,},. Then we have

Ul/zMx(Xx)al/zzf trg [(Nea (Xo) @ 1) pa] diw (). (4.18)

Here SN(p, ) < n. Above we may assume the p) are pure, as every state with a SN(p,) < ncan
be written as a convex combination of pure states with Schmidt rank at most n and these convex
combinations can be absorbed into the integration. Let then py = " Jj=1vPiPix loir)(pir| ®
[tix)(jx] be the Schmidt decomposition for a fixed A. Defining then the operators Fy =

St VPixlin) (tial, we find easily that
o' ?M, (X,) o'/ =/ Fi (Nex (X)) ™ Fadp (). (4.19)

Here AT means transpose of the operator A in the extension of the partial Schmidt basis
{l@ix) }i- Since o is a full rank faithful state, its range is dense and therefore we can define the
densely defined unbounded operators Ky := Fyo /2. We obviously then have rank(Ky) < n
and therefore see that {M, }, is n-simulable.

Conversely, if {M,} is n-simulable, then weakly

o (X)) = 0'?M (X,)o!/? :/ o2KEN, A (X) Kao /2 dp (V) (4.20)

for some possibly unbounded operators K, with rank(K)) < n that are chosen in such a
way that their common domain contains the eigenvectors of o [36]. Taking the trace of
o= o oK Kya'/?du(\) we see that almost each Kyo'/? extends to a Hilbert-Schmidt
operator F'y. Then as rank(F ) < n, we can use a decomposition Fy = Y7 _, |¢;x) (¢ix| where
{lir) }i and {|t)in) } are orthogonal sets. We can then define the vectors [y ) := >/ [pir) @

[1hix), so that |7x) (7x] := % is a pure state with Schmidt rank at most n. Finally defin-

ing a new probability measure by v/(X) := [, tr[|nx)(na]] du(X) we find by direct calculation
that

0.(X,) = o' PM (X))o > = / tra [(Nex (X:)™ @ 1)) (iia[] dv(N). 4.21)
Therefore {c,}, is n-preparable.

This equivalence further demonstrates the consistency of the general definitions of sim-
ulability and n-preparability. Furthermore, proposition 3 follows now from this equivalence
and the following consistency result.
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Proposition 5. Let {0} be a discrete state assemblage defined in a finite dimensional
Hilbert space and with a fixed finite amount of outcomes a and settings x . If {0y }a,x is n-
preparable in the sense of definition 2, then it is also n-preparable according to the definition
in [24]. In this case the decomposition (4.17) can be given with a discrete probability measure:
Talx = Z)\pAoj“xfor all a and x.

Conversely, if {04|x}a,x is n-simulable in the original definition, then it is also n-simulable
according to definition 2.

Proof. Let us first assume that the discrete assemblage {oy }ax C L(C9) is n-preparable
according to definition 2. To prove that this can be realized with a discrete measure, we first
prove the following lemma. O

Lemma 2. The set of n-preparable state assemblages with a fixed finite amount of outcomes
a and settings x according to the definition given in [24] i.e. the set

SAy: = {@%u @@L () ‘ F[pe S (Ha@C"), SN(p) <n, POVMs {N:},|

O = tta [(Nape @ 1) p] } (4.22)

is compact in the equivalent norm topologies of @M L(CY.

Proof of lemma 2. Since we are dealing with finite dimensional normed spaces, it is enough
to show that this set is closed and bounded. To show boundedness, let us use the trace-norm
[ [l Let then P, , 74)x € SA,. Now boundedness follows from the following inequality

E Oalx
a

lloapll1 < =1 (4.23)

1

Let’s then show that S A, is closed. Let (@a . Ua‘x,k) be a convergent sequence in SA, with
’ k

the limit @a,x Talx and (o). 1)k the sequence of an arbitrary block. Obviously @M Tl 18 @
state assemblage, as limit preserves positivity and the non-signaling condition holds since the
set of states is closed. We can assume that each oy, , is prepared with a pure state [¢/;) (/x|
with SR(|¢) (¢x]) < n. We now decompose these pure states in their Schmidt decomposition,

Vi) (x| = Z PPk ki @ Yii) (P @ Y- (4.24)

ij=1

Let us then extend the orthonormal vectors {|p)}?_, in the Schmidt decompositions to
orthonormal bases {|x) }&™* for all k € N. Define then the unitary operators Uy € £(H4),

k € N by the relations Ui|py;) = |¢x) for all i. Now for an arbitrary k € N we have

n

Vo) (Wil = (Ug @ 1) [¥) (e (Ur @ 1) = Z\/Pkil’kj\@n ® i) (1 ® i (4.25)

j=1

Let then Hao := lin ({¢1;}7_,)- By equation (4.25) we can interpret that all |¢)/) (1/| are states
in the finite dimensional Hilbert space H49 ® C¢. Furthermore we have the following for some
POVMS N x:
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Oal|x,k = tra [(Na|x,k ® ]l) ‘¢k><'¢)k|] =1y [(UZNa|x,kUk ® ]l) (UZ ®I) |wk> <wk| (Uk ®1)}
(4.26)

= [(Ui Napex U @ 1) (J5]) (451] - (4.27)

Therefore for all k € N we can assume the state assemblages given by oy, can be pre-
pared with pure states defined in a common finite dimensional Hilbert space. Let us
still denote the sequence of these states by (|/)(1/|)x. Since the set of pure states
in a finite dimensional Hilbert space with Schmidt rank at most n is compact in the
trace norm, the sequence (|¢/)(t;|)x has a convergent subsequence (|1} ) (v [); with a
limit |¢)(w| for which still SR(|#){2)|) <n. Also, since the partial trace is continu-
ous, we have Y 0q =1img 00D, Tapep = My s00 Y, Oars, = limjﬂootrA[h/Jk’j}(d)k’j|] =
traf1’) (1'|]. Denoting w := tra[|1”) (1'|] we finally find

Gae =tna [ (0™ o™ P 1) [ (0] 428)

Thus EBM 04lx € SA,, and therefore SA, is closed. Combining this with boundedness we see
that S.A,, is compact.

Let us then return to the proof of proposition 5. For the n-preparable state assemblage
{Cafxta We now have o, = [, a;\‘xdu(/\), where @, O'aA‘X € SA,.Now S A, is convex [19]
and by lemma 2 it is compact in the trace-norm topology. Therefore each @a,x Oq|x 18 a bary-
center of a probability measure over a compact convex set and consequently @a’x Tax € SA,
[40].

The converse direction is obvious. O

As mentioned before, proposition 3 now follows easily from this result. As a final example
we show that example 1 implies also the existence of a state assemblage that can only be
prepared with a state with infinite Schmidt number.

Example 2. Let o be a faithful full rank state, and define the state assemblage {0y },—1 » with
the following relations

o1 (X):=c'?0(X)c'/?, (4.29)
o2 (X) :=0'/?P(X)0'/?. (4.30)

Aiming for a contradiction, assume that this state assemblage is n-preparable for some n € N.
Using the equivalence between n-preparability and n-simulability, this means that {Q, P} is
n-simulable, which is a contradiction with example 1. Therefore this state assemblage cannot
be n-preparable for any n € N.

5. Conclusions

We have presented a generalization of a known simulation algorithm of quantum measure-
ments to the continuous variable regime. The generalization is based on instruments whose
output space is not the full quantum algebra, hence, providing an operational task in which
such general mappings are needed. We have demonstrated the need for the generalization,
given that one requires the compression protocol to be a relaxation of the central concept of
joint measurability. We have further shown that the canonical pair of position and momentum
is not finitely simulable.
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By bridging our notion with bipartite quantum correlations, we have introduced a stronger
form of quantum steering for the continuous variable setting. The resulting correlation tasks
ask one to verify the Schmidt number of a continuous variable state using the steering setup.
Translating the results from the measurement side, we have shown that not all unsteerable state
assemblages can be prepared with a separable state, and that an analogue of the original EPR
setting, in which one measures position and momentum on a full Schmidt rank shared state, is
not n-preparable for any finite n.

For future research, it could be of interest to investigate what sort of a role covariance
systems play in finding simulation protocols. Also, it would be interesting to develop a
smoothened version of the generalized simulation protocol, in which one is not required to
simulate the target measurements exactly, but would be allowed to simulate them approx-
imately. Also, it could be of interest to investigate whether the known connections between
incompatibility and an advantage in state discrimination tasks could be generalized in a mean-
ingful way to the realm of simulability, in that the dimensionality would play a central role in
the task [16-20].
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