
This is a self-archived – parallel-published version of an original article. This
version may differ from the original in pagination and typographic details.
When using please cite the original.

AUTHOR Pauli Jokinen, Mirjam Weilenmann, Martin Plávala, Juha-
Pekka Pellonpää, Jukka Kiukas, and Roope Uola

TITLE No-broadcasting characterizes operational contextuality

YEAR 2024

DOI https://doi.org/10.1103/PhysRevLett.133.240201

VERSION Publisher's PDF

CITATION No-Broadcasting Characterizes Operational
Contextuality. Pauli Jokinen, Mirjam Weilenmann, Martin
Plávala, Juha-Pekka Pellonpää, Jukka Kiukas, Roope Uola.
Phys. Rev. Lett. 133, 240201 – Published 9 December,
2024. https://doi.org/10.1103/PhysRevLett.133.240201



No-broadcasting characterizes operational contextuality
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Operational contextuality forms a rapidly developing subfield of quantum information theory.
However, the characterization of the quantum mechanical entities that fuel the phenomenon has
remained unknown with many partial results existing. Here, we present a resolution to this problem
by connecting operational contextuality one-to-one with the no-broadcasting theorem. The connec-
tion works both on the level of full quantum theory and subtheories thereof. We demonstrate the
connection in various relevant cases, showing especially that for quantum states the possibility of
demonstrating contextuality is exactly characterized by non-commutativity, and for measurements
this is done by a norm-1 property closely related to repeatability. Moreover, we show how techniques
from broadcasting can be used to simplify known foundational results in contextuality.

I. INTRODUCTION

Contextuality is a fundamental notion that was origi-
nally introduced to rule out (deterministic) hidden vari-
able models for quantum theory [1]. It captures the idea
that measurements in quantum theory generally cannot
be considered as revealing pre-existing classical values
independent of the measurement context. In contrast
to Bell inequalities [2] that are concerned with space-
like separated parties, contextuality can be defined in
prepare-and-measure scenarios on a single system. Con-
textuality has been established as a feature of quantum
theory that has been shown – in a similar vein as the
presence of entanglement – to be a prerequisite for vari-
ous quantum advantages, including in quantum compu-
tation [3–6] and communication tasks [7–10].

While the original notion of contextuality was referring
to projective quantum measurements, this has since been
extended to a notion that applies to more general oper-
ational theories and unsharp measurements [11]. This
broader form of contextuality includes two central con-
cepts: preparation contextuality and measurement con-
textuality, allowing one to investigate more refined clas-
sical models. These have recently experienced a surge
in research activity in both quantum and general oper-
ational theories [12], and different types of contextual-
ity have been further connected to other foundational
concepts such as measurement incompatibility [13–15],
entanglement [16], steering [13, 14], negativity [17] and
anomalous weak values [18, 19].

In this work, we ask whether there is a fundamental
quantum entity that fully characterizes generalized con-
textuality. As our main result, we give a positive an-
swer to this question by mapping contextuality one-to-
one with the no-broadcasting theorem [20, 21]. The proof
of this fact is based on the realization that non-contextual
models can be interpreted as measure-and-prepare mech-
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FIG. 1. Non-contextuality of an operational theory and the
corresponding quantum mechanical entities. On the left (resp.
right) are the properties requested from an ontological model
for states (resp. measurements). The color green refers to
ontological models for full theory, yellow refers to subtheories,
and red refers to models exhibiting contextuality. The binding
quantum mechanical entity is given in the middle. The black
connections represent known results from Refs. [13–16]. The
contributions of this work are given by the blue connections.

anisms, where only classical information passes through.
One direction of the proof follows since classical informa-
tion is broadcastable, and the other is based on an aver-
aging argument over broadcasting channels. This shows
that generalized contextuality captures a well-established
operational entity in quantum theory, and that advan-
tages provided by contextuality can alternatively be at-
tributed to the no-broadcasting theorem. We further
show that for subtheories of quantum theory the char-
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acterization is given by pseudo-broadcasting.
We demonstrate the power of the connection by using

results from broadcasting [20, 21] in the realm of con-
textuality. First, we completely characterize the sets of
quantum states and measurements that allow for proofs
of contextuality of quantum theory by using the no-
broadcasting theorem. This complements a line of re-
search on characterizing and witnessing different facets
of contextuality using entities of quantum theory [13–
16, 22–27]. In contrast, we characterize full, i.e. prepa-
ration and measurement, contextuality, cf. Fig. 1. This
allows one to immediately obtain known results show-
ing contextuality without incompatibility [15] and ro-
bustness of contextuality to arbitrary amounts of noise
[28], as analogous results are known for broadcasting [29–
32]. Second, we show that the connection is beneficial
for understanding the relationship between contextual-
ity and other established notions of classicality given by
joint measurability [33, 34], non-disturbance [35], and
Leggett-Garg macrorealism [36–39]. Finally, checking di-
rectly whether an arbitrary sub-theory of quantum the-
ory allows for a non-contextual model is in general not
a straightforward task. We demonstrate how pseudo-
broadcasting can be used to derive non-contextuality cri-
teria in such setting.

II. OPERATIONAL CONTEXTUALITY

In measurement and preparation non-contextual theo-
ries, the probabilities of the theory can be reproduced in
the following way. Let {P} be the convex set of prepa-
rations and {M} the convex set of measurements of the
theory with outcomes labelled by k. Then the probabili-
ties are reproduced according to the following ontological
model :

p(k|P,M) =
∑
λ

µP (λ)ξM,k(λ). (1)

Here µP (λ) are probabilities with
∑

λ µP (λ) = 1 for all P
and ξM,k(λ) are indicator functions with

∑
k ξM,k(λ) = 1

for all M and λ. Furthermore µP and ξM,k depend only
on the operational equivalence classes [11], i.e., classes
of preparations (resp. measurements) that are not dis-
tinguishable by any measurements (resp. states). This
motivates the term operational contextuality and implies
that µP and ξM,k are affine with respect to (equivalence
classes of) preparations and measurements respectively
[40].

We now ask what this notion of non-contextuality
means in quantum theory. In this case, preparation
equivalence classes are formally described as quantum
states, i.e. positive semi-definite unit-trace linear opera-
tors acting on a finite-dimensional Hilbert space, denoted
by ρ. Furthermore, equivalence classes of measurements,
or observables, are described by positive operator valued
measures (POVMs), i.e. collections of positive linear op-
erators M = {Mk}k with the normalization

∑
k Mk = I.

In quantum theory probabilities are produced via the
Born rule p(k|ρ,M) = tr{ρMk}. Using basic Hilbert
space duality and the affinity requirements of µρ and ξMk

one sees that Eq. (1) gets the form

tr{ρMk} =
∑
λ

tr{ρGλ} tr{σλMk}, (2)

where {Gλ}λ and {σλ}λ are such that tr{ρGλ} ≥ 0,∑
λ tr{ρGλ} = 1, and tr{σλMk} ≥ 0 for all λ, all states ϱ

and all POVMs {Mk}k. In other words, a non-contextual
model for quantum theory is equivalent to Eq. (2) with
{Gλ}λ being a POVM and {σλ}λ being quantum states.

III. BROADCASTING

Classical information can be copied arbitrarily many
times in an exact manner. In quantum theory the same
idea is captured by the concept of broadcasting and the
inability to copy information stored in a quantum state is
known as the no-broadcasting theorem [20, 21]. To define
broadcasting, we need the notion of quantum channels.
A quantum channel Λ : L(H) → L(K) is a completely
positive trace preserving linear map. Here H and K de-
note finite dimensional Hilbert spaces and L(H) is the set
of linear operators acting on H. Let now T be a subset of
states and A,B subsets of observables acting on H. Then
the triple (T ,A,B) is called broadcastable if there exists
a channel Λ : L(H) → L(H⊗H) such that the following
holds for all {Ak}k ∈ A, {Bk}k ∈ B, ρ ∈ T , and ∀k:

tr{Ak tr2 Λ(ρ)} = tr{Akρ}, (3)

tr{Bk tr1 Λ(ρ)} = tr{Bkρ}. (4)

Here tri(·) for i = 1, 2 denotes the partial trace over sub-
system i. One can directly extend this definition to a
notion of 1 7→ n-broadcasting. The tuple (T ,A1, . . . ,An)
is 1 7→ n-broadcastable, if there exists a channel Λ :
L(H) → L(H⊗n) such that for all i ∈ {1, . . . , n} and
for all {Ai,k}k ∈ Ai the condition tr{Ai,k tric Λ(ρ)} =
tr{Ai,kρ} holds for all ρ ∈ T . Here tric(·) denotes the
partial trace over the complement of {i} i.e. the sub-
systems not labeled by the index i. Note that we may
assume above that T is convex, by passing to the convex
hull if necessary, since (3) and (4) are linear with respect
to ρ.

IV. CONNECTION BETWEEN OPERATIONAL
NON-CONTEXTUALITY AND BROADCASTING

Quantum theory is contextual. It is natural to what
the operational ingredients that are responsible for this
phenomenon are. In this section, we give an answer to
this question. We first state the main observation, the
validity of which follows from the two special cases pre-
sented in Theorem 1 for states and Theorem 3 for mea-
surements.
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Observation. Any proof of contextuality of quantum
theory is equivalent to a proof of no-broadcasting.

It is apparent from Eq. (2), that a subset of states that
does not allow for a proof of contextuality of quantum
theory, has to be a subset of the fixed points of some
measure-and-prepare or entanglement breaking channel
(EBC) Λ given by ρ =

∑
λ tr{ρGλ}σλ =: Λ(ρ) [41]. This

formulation encodes the intuition of non-contextual mod-
els being measure-and-prepare models allowing only clas-
sical information λ to pass through from the measure-
ment {Gλ}λ to the preparation {σλ}λ. Using this, we
can prove the following theorem. Here Fix(Λ) = {ρ ∈
S(H) |Λ(ρ) = ρ}, where S(H) denotes the set of quan-
tum states in the Hilbert space H, and O denotes the set
of all observables.

Theorem 1. Let T ⊂ S(H). Then there is an EBC Λ
such that T ⊂ Fix(Λ) if and only if (T ,O,O) is broad-
castable.

The proof of this theorem, which is based on an aver-
aging argument over repeated broadcasting channels, is
presented in the Appendix A. The following Corollary is
a direct application of the no-broadcasting theorem [21].

Corollary 2. A set of quantum states T does not allow
for a proof of contextuality of quantum theory if and only
if T is commutative.

The problem of identifying sets of measurements al-
lowing for a proof of contextuality of quantum the-
ory also reduces to a fixed point problem. One sees
from Eq. (2) that a non-contextual model entails that
Mk =

∑
λ tr{σλMk}Gλ. In other words, the measure-

ments need to be fixed points of the Heisenberg picture
Λ∗ of an EBC Λ.

Before stating the result for measurements, we need
to define instruments and repeatability of measurements.
An instrument is a collection of trace-non-increasing
completely positive linear maps {Ik}k such that

∑
k Ik is

a quantum channel. An instrument {Ik}k is said to im-
plement the measurement {Ak}k if I∗

k(I) = Ak for all k.
If there exists an instrument {Ik}k implementing {Ak}k
such that I∗

k(Ak) = Ak for all k, then {Ak}k is called
repeatable. In the following ∥ · ∥ denotes the operator
norm, and classical post-processing of a POVM {Gλ}λ
refers to a POVM Ak =

∑
λ p(k|λ)Gλ, where p(·|λ) is a

probability distribution for each λ.

Theorem 3. For a set of observables A ⊂ O, the fol-
lowing statements are equivalent.

1. A does not allow for a proof of contextuality of
quantum theory.

2. (S(H),A,A) is broadcastable.

3. Every {Ak}k ∈ A is a classical post-processing of a
single norm-1 POVM {Gλ}λ, i.e. ∥Gλ∥ = 1, ∀λ.

4. Every {Ak}k ∈ A is a classical post-processing of a
single repeatable measurement.

The proof is presented in the Appendix B. We note
that the equivalence between conditions 2 and 3 is the
no-broadcasting theorem for measurements [32], which
is here utilized to give more structure for measurements
fulfilling condition 1.

To understand condition 3 better, we investigate a
few example cases. First, commutative sets of measure-
ments fulfill the conditions of Theorem 3. This is due to
a theorem by von Neumann [42, Theorem 11.3] stating
that commutative self-adjoint operators are functions of
a common self-adjoint operator.

Second, the conditions of Theorem 3 do not imply
commutativity, as there are non-commuting and broad-
castable measurements [32]. An explicit example is given
by a norm-1 measurement. These are measurements that
have a projective part in one subspace and possibly a
non-projective part in the orthogonal complement. Intu-
itively, the deterministic or projective part allows one to
pick the classical information λ that a non-contextual
model can pass through. More precisely, let H be a
5-dimensional Hilbert space with the orthonormal basis
{|i⟩}4i=0. Define |+⟩ and |−⟩: |±⟩ = 1√

2
(|0⟩ ± |1⟩). Let

a ∈ (0, 1) and define the following three-valued POVM:

E1 := |2⟩⟨2|+ a|0⟩⟨0|+ (1− a)|+⟩⟨+|
E2 := |3⟩⟨3|+ a|1⟩⟨1|
E3 := |4⟩⟨4|+ (1− a)|−⟩⟨−|

This POVM is clearly noncommutative, since for exam-
ple E2E3 ̸= E3E2. Define then the EB-channel Λ as
Λ∗(A) :=

∑3
z=1 tr{A|z + 1⟩⟨z + 1|}Ez. Then we have

Λ∗(Ek) =

3∑
z=1

tr{Ek|z + 1⟩⟨z + 1|}Ez =

3∑
z=1

δkzEz = Ek

Therefore there exist measurements that are non-
commutative but do not allow for a proof of contextuality
of quantum theory.

Finally, there are special sets of measurements for
which the conditions of Theorem 3 imply commutativ-
ity. One example is given by rank-1 measurements. As
stated above, a POVM {Gλ}λ is of norm 1 if and only
if Gλ = Pλ + Fλ for all λ, where {Pλ}λ is a projection
valued observable acting on a subspace (with Pλ ̸= 0
for all λ) and {Fλ}λ a POVM acting on the orthogo-
nally complemented subspace [43]. Moreover, if a rank-1
POVM {Ak}k is a postprocessing of a norm-1 {Gλ}λ,
then Fλ = 0 for all λ and {Pλ}λ is a rank-1 basis mea-
surement, i.e. Pλ = |φλ⟩⟨φλ| for some orthonormal basis
vectors φλ [44]. Now Ak = pkPλk

where pk ∈ [0, 1] so
{Ak}k is commutative. This is summarized in the follow-
ing Corollary.

Corollary 4. Suppose {Ak}k is a rank-1 POVM. Then
it fulfills the equivalent conditions of Theorem 3 if and
only if it is commutative.
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V. RELATION TO OTHER NOTIONS OF
CLASSICALITY

Non-contextuality can be seen as a dividing line be-
tween classical and quantum behaviour, in that it asks
whether a given theory is simplex embeddable [45]. In a
simplex theory, states have a unique decomposition into
extreme points. Our Theorem 3 helps one to relate con-
textuality to other notions of non-classicality.

As the first example, we take joint measurability
[33, 34]. In Ref. [13] it was shown that a set of mea-
surements allows for a proof of preparation contextuality
of quantum theory if and only if the set is not jointly mea-
surable, i.e. not a post-processing of any single POVM.
In contrast, Theorem 3 requires such single POVM to be
norm-1. This complements an example given in Ref. [15]
of POVMs that allow for a proof of full contextuality, i.e.
do not fulfill the conditions of Theorem 3, but are jointly
measurable. There are indeed considerably more mea-
surements allowing for a proof of full contextuality than
those allowing for a proof of preparation contextuality:
Norm-1 POVMs can not have more outcomes than the
dimension of the underlying Hilbert space. Combining
this with a dimension counting argument shows that any
subset of measurements not allowing for a proof of full
contextuality of quantum theory has zero volume. On
the contrary, it is well known that the jointly measurable
subset of measurements has a non-zero volume [46].

As another example, the notion of inherent measure-
ment disturbance goes back to Heisenberg’s microscope,
and has a clear operational formulation, cf. Refs. [35, 42,
47]. Here, we follow Ref. [35]: a measurement {Aa} does
not disturb a measurement {Bb} if there is an instrument
{Ia} implementing {Aa} such that

∑
a I∗

a(Bb) = Bb for
all outcomes b. In the qubit case, non-disturbance re-
duces to commutativity [35], but in qutrits and beyond
there are non-commuting and non-disturbing measure-
ments [35]. An example is given by the following pair
of binary qutrit POVMs [35]: A1 = 1

4

(
2|0⟩⟨0| + |2⟩⟨2| +√

2(|0⟩⟨2| + |2⟩⟨0|)
)
and B1 = 1

2

(
2|0⟩⟨0| + |2⟩⟨2|

)
, with

A2 = I − A1 and B2 = I − B1. Taking an optimal non-
disturbing implementation {Ia}a of {Aa}a, we define the
POVM {I∗

a(Bb)}a,b. This POVM does not fulfill the con-
ditions of Theorem 3, as it is not a post-processing of
a norm-1 measurement: If the pair given by {Aa} and
{Bb} were a post-processing of a norm-1 POVM {Gλ},
the linear independence of {A2, B1, B2} would imply that
dim lin({Gλ}) ≥ 3. Since Gλ = Pλ + Fλ, where {Pλ} is
a projection valued measure, i.e. a POVM consisting of
projections, this implies that dim lin({Gλ}) = 3 and fur-
thermore that Gλ = Pλ, as the underlying Hilbert space
is C3. This in turn would imply that A and B are classi-
cal post-processings of a common projection valued mea-
sure, i.e. commutative. This is a contradiction. Hence,
operational non-contextuality in quantum theory is more
restrictive than non-disturbance.

The above example can be directly applied to temporal
correlations. It is well-known that a temporal correlation

scenario consisting of non-disturbing measurements can
be described by a macrorealistic hidden variable model
for all input quantum states [48]. These are models sim-
ilar to Bell’s local models with the locality assumption
replaced by a non-invasiveness assumption. Therefore,
the sequential POVM {I∗

a(Bb)}a,b does allow for a proof
of contextuality, but not for a violation of macrorealism.

VI. PSEUDO-BROADCASTING AND
CONDITIONS FOR CONTEXTUALITY IN A

SUBTHEORY

One can also define operational contextuality for other
theories than quantum. We are here interested in theories
that consist of some convex subset of quantum states and
a convex set of effects E, i.e. operators with 0 ≤ E ≤ I,
that includes the identity operator and yes-no questions,
i.e., if an effect E is part of the theory, then also I − E
is. Such a theory is called measurement and preparation
non-contextual if

tr{ρE} =
∑
λ

tr
{
ρG̃λ

}
tr{σ̃λE} (5)

for all states ρ and effects E of the theory. Here {G̃λ}λ
and {σ̃λ}λ satisfy tr

{
ρG̃λ

}
≥ 0 and

∑
λ tr
{
ρG̃λ

}
= 1 for

all states of the theory, and tr{σ̃λE} ≥ 0 and tr{σ̃λ} = 1
for all λ and all effects E of the theory. Note that this is
different from full quantum theory, where positivity is re-
quired for all quantum states and measurements. Hence,
non-contextuality in subtheories is a weaker notion.
One can also relax broadcasting by requiring that the

broadcasting map Λ in Eq. (3) and Eq. (4) is not nec-
essarily completely positive, but only by requiring that
it preserves positivity of all probabilities that can be
produced from (T ,A1, . . . ,An). That is, we say that
(T ,A1, . . . ,An) is 1 7→ n-pseudo-broadcastable if there is
a trace-preserving map Ξ : L(H) → L(H⊗n) such that
for all i ∈ {1, . . . , n}, ρ ∈ T , and {Ai,k}k ∈ Ai it holds
that

tr{Ai,k tric Ξ(ρ)} = tr{Ai,kρ}, (6)

tr{Ξ(ρ)⊗n
i=1 Ai,k} ≥ 0. (7)

Clearly (7) is a relaxation of the complete positivity of the
broadcasting channel Λ and one can find examples that
are pseudo-broadcastable for all n but not broadcastable,
see the Appendix C for an example of a qubit symmetric
informationally complete POVM having such property.
We will be mostly interested in the case when A1 = . . . =
An, we will denote the tuple as (T ,A), where n will be
understood from context.

The combined notion of measurement and preparation
non-contextuality of a subtheory can be seen to be equiv-
alent to 1 7→ n-pseudobroadcasting for all n ∈ N.
Theorem 5. A subtheory of quantum theory charac-
terized by the allowed states T and allowed measure-
ments A is measurement and preparation non-contextual
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FIG. 2. The regions for pseudobroadcastability of the prepa-
rations and measurements considered in [49]. µ and η are
unitless parameters of the dephasing channels acting on the
preparations and depolarizing channel acting on the measure-
ments, respectively. The green region where the scenario is
1 7→ 3-pseudobroadcastable coincides with the region where
the inequality presented in [49] is violated up to numerical
precision of our calculations.

if and only if (T ,A) is 1 7→ n-pseudo-broadcastable for
all n ∈ N.

The proof, based on recent results in monogamy of
ordered vector spaces and general probabilistic theories
is relegated to the Appendix D.

One can also use the result of Theorem 5 to prove
non-contextuality of sets of preparations and measure-
ments: for finite sets of preparations and measurements
and for fixed n ∈ N, checking whether there exists 1 7→ n-
pseudobroadcasting linear map is a semidefinite program-
ming (SDP) problem since the conditions (6) and (7) are
linear in the linear map Ξ. We use this to investigate con-
textuality of the preparations and measurements used in
[49]. These consist of six operators, all of which lie on the
x− z plane of the Bloch sphere and are separated by the
angle π/3. We will moreover assume that a dephasing
channel with parameter µ is acting on the preparations
and a depolarizing channel with parameter η is acting
on the measurements, we will use µ and η as parame-
ters with respect to which we will investigate whether
the scenario is contextual or not. The results are de-
picted in Fig. 2 and the details are relegated to the Ap-
pendix E. For n = 2 we obtain a region of the parameter
space where the scenario is 1 7→ 2-pseudobroadcastable
and thus, according to Theorem 5, outside of this region
the scenario must be contextual. For n = 3 we obtain a
smaller region of the parameter space where the scenario
is 1 7→ 3-pseudobroadcastable, this parameter space co-
incides up to numerical precision with the region where
the inequality presented in [49] is violated. This is likely
not a coincidence since the scenario is generated by 3

measurements and we conjecture that for a scenario gen-
erated by k measurements 1 7→ k-pseudobroadcasting co-
incides with non-contextuality. An intuition for why this
conjecture may be true is given in the Appendix D after
the proof of Theorem 5 as this intuition is based on the
techniques used in the respective proof.

It is noteworthy that while our method agrees with
the inequality presented in [49], our method can be eas-
ily applied to other similar scenarios and solved numer-
ically without the need for finding additional contextu-
ality inequalities. This example also shows a scenario
which is 1 7→ 2-pseudobroadcastable but not 1 7→ 3-
pseudobroadcastable, thus showing that unlike in the
case of broadcasting, 1 7→ (n + 1)-pseudobroadcasting
is not implied by 1 7→ n-pseudobroadcasting.

VII. CONCLUSIONS

By proving a one-to-one connection between non-
contextuality and broadcasting in quantum theory, we
have provided an operational, information theoretic char-
acterization of the former. This not only shows that non-
contextuality connects to another well-known concept in
quantum information theory, but it also allows one to
transfer insights between the two fields. As an exam-
ple, there have been various efforts to understand the
interplay between known quantum properties and proofs
of contextuality [13–16, 22–27], but the characterization
of full contextuality was missing until now. This was
reached here for both quantum states and measurements
by utilizing the no-broadcasting theorem.

We further showed that our results help one to re-
late non-contextuality to other notions of classicality,
such as joint measurability, non-disturbance and Leggett-
Garg macrorealism. Our results suggest that non-
contextuality is the most restrictive notion of these four
in quantum theory. This complements the recent results
of Ref. [39] on connections between macrorealism and
non-contextuality, and shows that measurements not al-
lowing for a proof of contextuality of quantum theory
need to have measure zero.

Finally, we showed that our results are not restricted
to quantum theory, but they also apply to subtheories by
using the notion of pseudo-broadcasting. This notion can
be easily decided numerically, hence, providing a method
for finding witnesses for contextuality in subtheories.

Whether the results provided in this article carry over
to continuous variable systems is left as an intriguing
open question. The solution may rely on the used exten-
sion of non-contextuality to the continuous realm. One
possible extension can be found by drawing inspiration
from our results and known results on broadcasting in
infinite-dimensional systems [50]. However, it is beyond
the scope of this work to investigate how this would re-
late to the existing approaches to contextuality in such
systems [51–57].
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if ρ ∈ T , we have the following for all A ∈ L(H) and k ∈ {1, . . . , n}, where kc denotes the complement of the set {k}:

tr{Atrkc [Λn+1(ρ)]}
= tr{(Λ∗

n(I ⊗ · · · ⊗A⊗ · · · ⊗ I)⊗ I ⊗ · · · ⊗ I)Λn(ρ)}
= tr{Λ∗

n(I ⊗ · · · ⊗A⊗ · · · ⊗ I)ρ} = tr{Aρ}.

If k = n+ 1, then

tr
{
Atr(n+1)c [Λn+1(ρ)]

}
= tr{(I ⊗A⊗ I ⊗ · · · ⊗ I)Λn(ρ)}
= tr{Atr2c [Λn(ρ)]} = tr{Aρ}.

Thus the set T is 1 → n+ 1-broadcastable. By induction we see that T is 1 → n-broadcastable for all n ∈ N.
Let us denote the 1 → n broadcasting channel still by Λn. Furthermore, let Sn be the n:th symmetric group with

the unitary representation π 7→ Uπ where Uπ : H⊗n → H⊗n with Uπ (
⊗n

i=1 φi) =
⊗n

i=1 φπ(i). Then for all n ∈ N we

define the channel Λ̃n : T (H) → T (H⊗n) by

Λ̃n(ρ) =
1

n!

∑
π∈Sn

UπΛn(ρ)U
∗
π .

Let then k ∈ {1, . . . , n}. Now

trkc [Λ̃n(ρ)] =
1

n!

∑
π∈Sn

trkc [UπΛn(ρ)U
∗
π ]

=
1

n!

∑
π∈Sn

trπ(k)c [Λn(ρ)]

=
1

n

n∑
k=1

trkc [Λn(ρ)] =: Φn(ρ).

Here if ρ ∈ T , then it is a fixed point of Φn by the 1 → n-broadcasting condition. Furthermore, Φn is n-self compatible
with the joint channel Λ̃n. Now since the set of quantum channels is compact in the diamond norm, we have that there
is a convergent subsequence (Φnm

)m of (Φn)n. Furthermore each Φn is especially the first marginal of the symmetric

broadcast channel Λ̃n. Therefore by [58, Theorem 5] we see that for every n there exists an entanglement breaking
channel ΛEB

n : T (H) → T (H) such that

∥Φn − ΛEB
n ∥♢ ≤ 2d2

n
.

Here d = dimH and ∥ · ∥♢ denotes the diamond norm. Now as the set of entanglement breaking channels is also
compact in the diamond norm, we have that the sequence (ΛEB

nm
)m has a convergent subsequence (ΛEB

nmj
)j . Let the

limit of (ΛEB
nmj

)j be ΛEB and the limit of (Φnm
)m be Φ. Now

∥Φ− ΛEB∥♢
≤ ∥Φ− Φnmj

∥♢ + ∥Φnmj
− ΛEB

nmj
∥♢ + ∥ΛEB

nmj
− ΛEB∥♢

≤ ∥Φ− Φnmj
∥♢ +

2d2

nmj

+ ∥ΛEB
nmj

− ΛEB∥♢.

Letting j → ∞ we see that Φ = ΛEB .

Finally we show that T ⊂ Fix(Φ). Let ρ ∈ T . Now

∥Φ(ρ)− ρ∥1 = ∥Φ(ρ)− Φnm(ρ)∥1 → 0,

as m → ∞. Therefore ρ is a fixed point of the entanglement breaking channel Φ.
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Appendix B: Proof of Theorem 3

The equivalence 2 ⇔ 3 is Theorem 2 of [32] and 3 ⇔ 4 is a known equivalence [59]. Let us prove the implication 1 ⇒
2. Let {Ak}k ∈ A. Then all Ak are fixed points of a Heisenberg picture EB-channel Λ∗ with Λ∗(A) =

∑
λ tr{σλA}Gλ.

Here {σλ}λ is a family of states and G a POVM. Define then the channel Φ(ρ) =
∑

λ tr{Gλρ}σλ ⊗ σλ. Then we have
that tr{Ak tri Φ(ρ)} = tr{AkΛ(ρ)} = tr{Akρ} for all ρ ∈ S(H) and i = 1, 2. Thus the broadcasting condition holds.

Finally we need to prove the implication 3 ⇒ 1. This can be seen very directly from the sufficiency part of the proof
of Theorem 2 in [32] as the marginal channels in the proof are obviously entanglement breaking. For completeness,
the argument is as follows. Suppose that E is a post-processing of a norm-1 POVM G. Then for every Gλ there is a
unit vector |λ⟩ such that Gλ |λ⟩ = |λ⟩. Since

∑
λ′ ⟨λ′|Gλ|λ′⟩ = 1, we see that ⟨λ′|Gλ|λ′⟩ = δλλ′ . Therefore we define

the EB-channel

Λ∗(A) :=
∑
λ′

⟨λ′|A|λ′⟩Gλ′

Since ⟨λ′|Gλ|λ′⟩ = δλλ′ , all Gλ are fixed points by construction. Therefore any post-processing of the POVM G is
also a fixed point by linearity.

Appendix C: There exist tuples (T ,A) that are not broadcastable, but are 1 7→ n-pseudo-broadcastable

Let {|i⟩}i=0,1 be an orthonormal basis for the qubit Hilbert space H = C2 and let {Ei}4i=1 be the symmetric,
informationally complete POVM (SIC-POVM) in qubit. In other words Ei =

1
2 |φi⟩⟨φi| with

|φ1⟩ := |0⟩ (C1)

|φ2⟩ :=
1√
3
|0⟩+

√
2

3
|1⟩ (C2)

|φ3⟩ :=
1√
3
|0⟩+

√
2

3
ei

2π
3 |1⟩ (C3)

|φ4⟩ :=
1√
3
|0⟩+

√
2

3
ei

4π
3 |1⟩ . (C4)

These are indeed symmetric in the sense that their Hilbert-Schmidt inner product is of special form:

tr{|φi⟩⟨φi||φj⟩⟨φj |} =
2δij+1

3 .

We will now show that the single POVM theory (S(H), {{Ei}4i=1}) is not broadcastable, but is 1 7→ n pseudo-
brodacastable for all n ∈ N. The fact that (S(H), {{Ei}4i=1}) is not broadcastable follows immediately from the fact
there is no universal broadcasting. This is since lin{E1, E2, E3, E4} = L(C2) by informational completeness.

Let us then show that (S(H), {{Ei}4i=1}) is 1 7→ n pseudo-broadcastable. For this, we define the 1 7→ n pseudo-
broadcasting map Ξn : L(C2) → L((C2)⊗n) as follows. For all ρ ∈ L(C2) we let

Ξn(ρ) :=

4∑
i=1

tr{Eiρ}(3|φi⟩⟨φi| − I)⊗n. (C5)

This is obviously trace-preserving and indeed fulfills the conditions of a valid 1 7→ n pseudo-broadcasting map, which
can be seen as follows.

tr{(Ei1 ⊗ Ei2 ⊗ · · ·Ein)Ξn(ρ)} (C6)

=
1

2n

4∑
j=1

tr{ρEj}
n∏

k=1

(3 tr{|φj⟩⟨φj ||φik⟩⟨φik |} − 1) (C7)

=
1

2n

4∑
j=1

tr{ρEj}
n∏

k=1

2δikj ≥ 0 (C8)
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Therefore positivity holds. Furthemore, by the equation above we also get

tr
{
(I ⊗ I ⊗ · · · ⊗ Eij ⊗ · · · I)Ξn(ρ)

}
(C9)

=
∑

i1...ij−1ij+1...in

tr{(Ei1 ⊗ Ei2 ⊗ · · ·Ein)Ξn(ρ)} (C10)

=
1

2n

4∑
k=1

tr{ρEk}2nδijk = tr
{
ρEij

}
(C11)

Thus the pseudo-broadcasting condition holds. Since n ∈ N was arbitrary, (S(H), {{Ei}4i=1}) is 1 7→ n pseudo-
broadcastable for all n ∈ N.

Appendix D: Proof of Theorem 5

If (T ,A) is non-contextual, then there are Gλ and σλ such that for any ρ ∈ T and M ∈ A we have tr{ρM} =∑
λ tr{ρGλ} tr{σλM}, note that we can, without loss of generality, choose the operators Gλ and σλ such that tr{σλ} =

1. Let n ∈ N, we now construct Ξn : L(H) → L(H⊗n) as

Ξn(ρ) =
∑
λ

tr{ρGλ}σ⊗n
λ . (D1)

Since tr{σλ} = 1 we have

tr{tric [Ξn(ρ)]M} =
∑
λ

tr{ρGλ} tr{σλM} = tr{ρM} (D2)

for all ρ ∈ T and M ∈ A. Moreover

tr{Ξn(ρ)⊗n
i=1 Mi} =

∑
λ

tr{ρGλ}
n∏

i=1

tr{σλMi} ≥ 0 (D3)

since tr{σλMi} ≥ 0 for all M1, . . . ,Mn ∈ A and tr{ρGλ} ≥ 0. Thus Ξn is the 1 7→ n-pseudo-broadcasting map for
(T ,A).

Now assume that (T ,A) is 1 7→ n-pseudo-bradcastable for all n ∈ N. We will use S(A) to denote the state space
over A, that is S(A) is the set of linear functionals on span(A) such that for φ ∈ S(T ) we have φ(M) ≥ 0 for
all M ∈ A and φ(I) = 1. Note that to every φ ∈ S(T ) one can find at least one operator σ ∈ L(H) such that
φ(M) = tr{σM} since span(A) ⊂ L(H). We will also need to define maximal tensor product of the state spaces

S(A): we define S(A)⊗̂S(A) = S(A)⊗̂2 to be the set of linear functionals on span(A)⊗2 such that for φ2 ∈ S(T )⊗̂2

we have φ(M1 ⊗M2) ≥ 0 for all M1,M2 ∈ A and φ(I ⊗ I) = 1. Analogically, we define S(A)⊗̂k for k ∈ N to be the

set linear functionals on span(A)⊗k such that for φk ∈ S(T )⊗̂k we have φ(⊗k
i=1Mi) ≥ 0 for all M1, . . . ,Mk ∈ A and

φ(I⊗k) = 1.
Let Ξ1 : T → S(A) be the linear map defined as (Ξ1(ρ))(M) = tr{ρM} for all ρ ∈ T and M ∈ A. We will now argue

that for every n ∈ N the map Ξ1 has a n-copy extension, that is, for every n ∈ N there is a map Ψn : T → S(T )⊗̂n

such that for any ρ ∈ T and M ∈ A we have

(Ψn(ρ))(M ⊗ I⊗(n−1)) = (Ψn(ρ))(I ⊗M ⊗ I⊗(n−2)) = . . . = (Ψn(ρ))(I
⊗(n−1) ⊗M) = (Ξ1(ρ))(M) = tr{ρM}. (D4)

The n-copy extension of Ξ1 are the 1 7→ n-pseudo-broadcasting maps Ξn, that is, we can take Ψn = Ξn: the

equation above corresponds to the conditions tr{M tric Ξn(ρ)} = tr{ρM} for all i ∈ {1, . . . , n} and Ψn(ρ) ∈ S(A)⊗̂n

is equivalent to tr{Ξn(ρ)⊗n
i=1 Mi} ≥ 0 for all M1, . . . ,Mn ∈ A by definition. It now follows from the identification of

linear maps with elements of the appropriate tensor product [60, Proposition 6.9] that existence of n-copy extensions
for all n ∈ N implies that the map Ξ1 is separable [61], i.e., measure-and-prepare. That is, there are operators Gλ

such that tr{ρGλ} ≥ 0 for all ρ ∈ T and all λ and φλ ∈ S(A) such that

Ξ1(ρ) =
∑
λ

tr{ρGλ}φλ. (D5)
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By taking any of the operators σλ corresponding to the functionals φλ via φλ(M) = tr{σλM} for any M ∈ A, we get

tr{ρM} = (Ξ1(ρ))(M) =
∑
λ

tr{ρGλ}φλ(M) =
∑
λ

tr{ρGλ} tr{σλM}. (D6)

It was proved in [61] that if S(A) is a Cartesian product of k simplexes, then one only needs the existence of n-copy
extensions for n ≤ k to prove that Ξ1 is separable and thus measure-and-prepare. One can also see that S(A) is a
Cartesian product of k simplexes if A is generated by k independent measurements. This leads to a conjecture that
if A is generated by k measurements, then 1 7→ k-pseudobroadcasting is equivalent to non-contextuality. This is only
a conjecture since even if A is generated by k measurements, S(A) in general is only a subset of a Cartesian product
of k simplexes. We leave resolving this issue and proving or disproving the conjecture for future work.

Appendix E: 1 7→ n-pseudobroadcasting in the scenario investigated in [49]

Consider the qubit Hilbert space, dim(H) = 2. Let t ∈ {1, 2, 3} and b ∈ {0, 1} then we will consider a scenario with
preparations σt,b and measurement effects Mt,b given as

σ1,0 = M1,0 =
1

2
(I + σZ) , σ1,1 = M1,1 =

1

2
(I − σZ) , (E1)

σ2,0 = M2,0 =
1

2

(
I +

√
3

2
σX − 1

2
σZ

)
, σ2,1 = M2,1 =

1

2

(
I −

√
3

2
σX +

1

2
σZ

)
, (E2)

σ3,0 = M3,0 =
1

2

(
I −

√
3

2
σX − 1

2
σZ

)
, σ3,1 = M3,1 =

1

2

(
I +

√
3

2
σX +

1

2
σZ

)
, (E3)

where σX , σZ are the usual Pauli operators. We will consider the dephasing channel acting on the preparations,

Pµ(ρ) = µρ+ (1− µ)

1∑
0

⟨i| ρ |i⟩ |i⟩ ⟨i| , (E4)

where |0⟩ , |1⟩ is the standard computational basis of eigenvectors of σZ , and the depolarizing channel acting on the
measurement effects

Dη(E) = ηE + (1− η)
I

2
. (E5)

Our task is to determine for which pair of parameters µ, η are the preparations Pµ(σt,b)a and measurement effects
Dη(Mt,b) contextual. Using the same approach as in [49], the scenario is contextual if the non-contextuality inequality
presented in [49] is violated, the non-contextuality inequality reads

3∑
t=1

1∑
b=0

tr(σt,bMt,b) ≤ 5. (E6)

By explicit calculations, one can show that this inequality is violated when

η ≥ 4

3(1 + µ)
. (E7)

Another options is to check whether the scenario is 1 7→ 2-pseudobraodcastable for given µ, η. This can be done
via numerically solving the following semidefinite program (SDP):

find Ξ ∈ L(H⊗3)

such that tr(Ξ[Pµ(σt,b)⊗Dη(Mt′,b′)⊗Dη(Mt′′,b′′)]) ≥ 0

tr(Ξ[Pµ(σt,b)⊗Dη(Mt′,b′)⊗ I]) = tr[Pµ(σt,b)Dη(Mt′,b′)]

tr(Ξ[Pµ(σt,b)⊗ I ⊗Dη(Mt′,b′)]) = tr[Pµ(σt,b)Dη(Mt′,b′)]

for all t, t′, t′′ ∈ {1, 2, 3}, b, b′, b′′ ∈ {0, 1}

(E8)
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If the SDP (E8) is not feasible, then the scenario is not 1 7→ 2-pseudobraodcastable and thus contextual. In a similar
fashion one gets the SDP for 1 7→ 3-pseudobraodcasting, this reads

find Ξ ∈ L(H⊗4)

such that tr(Ξ[Pµ(σt,b)⊗Dη(Mt′,b′)⊗Dη(Mt′′,b′′)⊗Dη(Mt′′′,b′′′)]) ≥ 0

tr(Ξ[Pµ(σt,b)⊗Dη(Mt′,b′)⊗ I ⊗ I]) = tr[Pµ(σt,b)Dη(Mt′,b′)]

tr(Ξ[Pµ(σt,b)⊗ I ⊗Dη(Mt′,b′)⊗ I]) = tr[Pµ(σt,b)Dη(Mt′,b′)]

tr(Ξ[Pµ(σt,b)⊗ I ⊗ I ⊗Dη(Mt′,b′)]) = tr[Pµ(σt,b)Dη(Mt′,b′)]

for all t, t′, t′′, t′′′ ∈ {1, 2, 3}, b, b′, b′′, b′′′ ∈ {0, 1}

(E9)
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