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1 | INTRODUCTION

Since its introduction in the early 1970s, I'-convergence has gained more and more importance, being a very flexible instru-
ment and the most natural notion of convergence for variational problems. Therefore, in the last decades, much literature
has been devoted to the description of the asymptotic behavior of families of minimum problems, usually depending on
some parameters, appearing in various contexts.

I'-convergence is mostly applied to families of integral functionals, among which a key role is played by the p-Dirichlet

integral,
/ |Vul? dx,
Q

as a prototype for integral functionals with standard growth. The case p = 1 deserves particular attention: Questions like
semicontinuity and relaxation require the use of functions of bounded variation, BV(Q), instead of the space W'!(Q)!
unless some additional assumptions are made.? Recall that BV(Q) is the Banach space of all L'(Q)-functions whose
first-order distributional derivatives are bounded Radon measures.
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It is natural to ask if the functionals for p — 1% are connected to the case p = 1. However, few results are presented in
literature, at least to our knowledge. Juutinen® studied the problem for so-called functions of least gradient in BV(Q)NC(Q)
with given boundary values and continuous minimizers of the p-Dirichlet energy. More precisely, for suitable domains
Q, the sequence of the unique p-minimizers u, € Wﬁ)f (Q) N C(Q) with boundary value w € C(dQ) converges uniformly,
as p — 1%, to a function u € BV(Q) n C(Q) that is the unique function of least gradient with boundary value w. Apart
from the continuity requirement, these variational problems represent the fundamental minimization problems in their
respective spaces BV and W'»,

The concept of I'-convergence, introduced by De Giorgi and Franzoni,* has been systematically presented in previous
works.> I'-convergence was not used by Juutinen,® but it seems reasonable to use it in this context, as well. A family
of functionals 7, : X — R is said to I'-converge (in topology 7)to I : X — R if the following hold for every positive
sequence (g;) converging to zero:

a. I(u) < lim inf 7, (w;) for every u € X and every (u;) C X r-converging to u;
=00
b. I(u) > lim sup 7., (w;) for every u € X and some (u;) C X r-converging to u.

=00

We will use this definition for 7, = Ey.; for simplicity, we denote p; = 1 + ¢; and talk about the I'-convergence of E,
asp; — 1%,

In this paper, we consider the following functionals with generalized Orlicz growth. This is a very active field recently,
boosted by work on the double phase problem by Baroni et al.”® The generalized Orlicz (also known as Musielak-Orlicz)
case unifies the study of the double phase problem and the variable exponent growth, which has been intensively studied
in the last 20 years.” We mention as examples the following very recent studies.!?"!® One motivating factor is applications
to image processing initially proposed by Chen et al.!%; see also previous studies.??! In this context, one is especially
interested in the minimization problem with lower growth equal to 1. Here, we study such functionals in an abstract and
general setting.

To state our results, we use the notation from Section 2 and refer to Harjulehto and H#st6?? for more background.
Let @ be a weak ®-function and uy € W?(Q) be the boundary value function. In Section 4, we study the functional
E, : LY(Q) — [0, oo] with fixed boundary values uy € W¢' (Q), where r > 1, for p € (1, r) defined by

_ L .
Byw) = {fg(p(x, [Vu[)Pdx  when u—ug € L,y” (Q); )

+00 otherwise.

We define the limit functional E : L}() — [0, co] by

E(u) := inf{lir_n inf/go(x, [Vu;Ddx : u; —ug € Lé"”(Q) and u; — u in LI(Q)} .
=00 Q

In Section 5, we consider corresponding functionals with a fidelity term. We assume this time that f € L*(Q). For p > 1,
we define F, : L*(Q) — [0, oo] by

(1.2)

) Jo®@, |Vul)P + |u— f1*dx  when u € L*"(Q) n L*(Q);
u) =
P +o0 otherwise.

Then we define the limit functional F : L?() — [0, oo] by
F(u) :=inf {lim inf/(p(x, [Vu;) + |u; — f1?dx : u; € LY Q) n L*(Q) and u; — u in LZ(Q)} )
11— 00 Q

Our main result therefore is the following:

Theorem 1.3. Let Q C R" be a bounded domain and let ¢ € ®y,(Q) satisfy (A0) and (Dec).

(1) E,T-converges to E in the topology of L'(Q) asp — 1%.
(2) F,pT'-converges to F in the topology of L*(Q) as p — 1* if C*(Q) is dense in L'*(Q) N L*(Q).
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Due to the fidelity term in L?, it seems natural to consider the latter convergence in L*(Q), although other choices are
also possible. From the proofs, we see that assumption (A0) is only needed for the case E(u) = oo or F(u) = oo; if we
consider I'-convergence on the space X := {u € LY(Q) : E(w) < o} orX := {u € L*(Q) : F(u) < oo}, then this
assumption can be omitted.

The proof of Theorem 1.3(1) is presented in Section 4 along with results for minimizers of the energy E. The companion
Section 5 covers Theorem 1.3(2) and minimizers of the energy F. The results for minimizers of the energies E and F
generalize the corresponding ones in Juutinen.? Finally, in Section 6, we give explicit formulas for F in the important
special cases @(x, t) = t + a(x)t? (the double phase case) and @(x, t) = tP® (the variable exponent case) based on previous
works,20:21,23

We would like to remark that the limit energies E and F turn to be particular cases of the more general modular we
introduce and study in Section 3; this new definition is inspired by the work of Miranda®* and covers classical bounded
variation spaces and Sobolev spaces.

2 | BACKGROUND

Throughout the paper we always consider a bounded domain Q C R”, that is, a bounded, open, and connected set. By
p = ﬁ, we denote the Holder conjugate exponent of p € [1, oo]. The notation f < g means that there exists a constant
¢ > O such that f < cg. The notation f ~ g means that f < g < f. By ¢, we denote a generic constant whose value
may change between appearances. A function f is almost increasing if there exists L > 1 such that f(s) < Lf(¢) for all
s < t (more precisely, L-almost increasing). Almost decreasing is defined analogously. By increasing, we mean that this

inequality holds for L = 1 (some call this non-decreasing), similarly for decreasing.

Definition 2.1. We say that ¢ : Q X [0,0) — [0, 0] is a weak ®-function, and write ¢ € Dy (Q), if the following
conditions hold for almost every x € Q:

» For every measurable function f : Q — R, the function y — @(y, f(y)) is measurable.
+ The function t — ¢(x, t) is nondecreasing.
o @(x,0) = [lir(g @(x,t) =0and tlirn @(x, t) = co.

» The function t — @ is L-almost increasing on (0, co) with L independent of x.

If p € ®y(Q) is additionally convex and left-continuous with respect to ¢ for almost every x, then ¢ is a convex
®-function, and we write g € O.(Q).

For ¢ : QX [0,00) — [0, 0) and p, g > 0, we define some conditions:

(AO) There exists # € (0,1] such that p(x, /) <1< @ (x, 1—1}) fora.e.x € Q.

o))
tp
(aDec)q t+ % is Lg-almost decreasing in (0, co) for some L, > 1 and a.e. x € Q.

(alnc), t+ is Lp-almost increasing in (0, co) for some L, > 1 and a.e. x € Q.

We say that (aInc) holds if (alnc), holds for some p > 1, and similarly for (aDec). We say that ¢ satisfies (Inc),, if (alnc),
holds with L, = 1, similarly for (Dec),,.

If p € ®(Q), then ¢(-,1) ~ 1 implies (A0), and if ¢ satisfies (aDec), then (A0) and ¢(-,1) ~ 1 are equivalent. For
instance, @(x, t) = tP always satisfies (A0), since @(x, 1) = 1. Note that ¢ € ®y,(2) includes the assumption that ¢ satisfies
(alnc);. Finally, (aInc) and (aDec) measure the lower and upper growth rates.

We recall some basic notions of generalized Orlicz spaces.??

Definition 2.2. Let ¢ € @ (Q) and ¢,(u) := [Q(p(x, |u|) dx for all measurable functions u € L°(Q2). The set
L?(Q) :={u e L%Q) : o,(Au) < oo for some 4> 0}
is called a generalized Orlicz space. We define a (quasi-)norm on this space by
. u
1= : -)< 1.
lull, 1nf{/1 >0 o0, </1) 1}

We use the abbreviation |[v||,, := [||v]]|, for vector-valued functions.
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We will often use the following lower semicontinuity result, for which we require the stronger, convex ®-function
assumption.

Lemma 2.3 (Theorem 2.2.8°%). Let ¢ € ®.(Q). If u; — u in L*(Q), then
/(p(x, |ul)dx < lim inf/(p(x, |ui]) dx,
Q =00 Q

that is, the modular o, is weakly (sequentially) lower semicontinuous.

3 | ABSTRACT BV-TYPE SPACES

We define a Sobolev-type space with function in L' and gradient in L¢:
LYQ) 1= {u e W (Q) : |lulluo@ < oo} where [ullLio@) = llull@ + [IVUllLew)-

Note that L% (Q) ¢ WH(Q), and Wh*(Q) = L1¢(Q) N L?(Q). In the next definition and the rest of the article, we use the °
symbol to indicate only the gradient part of a Sobolev-type norm and the ~ symbol to indicate the lim inf-approximation
process.

Definition 3.1. For ¢ € ®(Q) and u € L'(Q) and define

||u||$ :=inf {liginf IVuill, : ui € LY(Q) and u; - u in LI(Q)},

&, = inf {lir_n inf 0,(|Vi]) : u; € L'(Q) and u; — u in Ll(g)},
’ -0

01,W) 1= 01(w) + 07 , (W) and LY(Q) :={u € LY(Q) : 61,,(4u) < oo for some 4 > 0}.

By a diagonal argument, we find, for every u € L'(Q), functions u; € L*?(Q) with u; — u in L}(Q) and
07 ,(w) = llifg 0o(| V).

We call this a test sequence or a sequence that gives o7 o The same idea works for the norm ||u||Z. Let us first motivate
our definitions with two examples which show that we cover the spaces W'¢(Q) and BV(Q).

Example 3.2 (Bounded variation spaces). If ¢(x,t) = t, then 5‘{¢(u) = V(u,Q), the total variation of u, for every
u € BV(Q). Indeed, by Evans?> Theorem 5.3 or Ambrosio et al., 20 Theorem 3.9 there exist u; € C*(Q) such that u; — u in
L1(Q) and

V(u,Q):ilim/Wuildx.
- o

Thus, by the definition of 6;’¢(u), we obtain that

07 w(u) < 1irn/|Vui|dx =V(u,Q).
i =00 Ie)

On the other hand, let (w;) give 67 (p(u). Since u; — uin L'(Q), we obtain by the lower semicontinuity of the variational
measurezs, Theorem 5.2 that '

V(u,Q) < lim inf V(u;, Q) = lim inf/ |Vu;|dx = 0;’¢(u).
=00 i—»o0 Q ’

Example 3.3 (Sobolev spaces). If ¢ € @c(Q), CX(Q) is dense in the dual space (L?(Q))* and u € L'*(Q), then
07 ,() = 0,(|Vul). First of all, since u € L%(Q), we can choose the constant sequence u; = u so that 07 ,(u) <
0,(|Vul) by the definition.
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For the opposite inequality, we choose u; € L*(Q) with u; — u in L'(Q). Let g € C2(; R"). By the definition of
the weak derivative and the L!-convergence,

/Vu-gdx:—/udivgdx:—/uidivgdx=/Vui-gdx.
Q Q Q Q

Since C°(2) is dense in (L?(2))*, we obtain the claim for any g € (L?(€; R"))* (with component-wise approximation),
so Vu; — Vu and also |Vu;| — |Vu| in L?. Thus, it follows from Lemma 2.3 that

0,(|Vu]) < lim inf o, (|Vu)).

Taking the infimum over such sequences (u;), we obtain the opposite inequality, o,(|Vul|) < 7 q](u).
Let us then consider ¢; . Note thatu — §7 _(u) is not a semimodular on L'(Q) in the sense of Diening et al.% Pefinition 2.1.1
since éi(p(c) = 0 for every constant ¢ € R. Indeed, as we saw in the example, o7 v is like ¢,(|Vul), so it is natural to add

the modular of the function to it, otherwise we can only expect it to generate a seminorm, not a norm.
Lemma 3.4. Let ¢ € ©,,(Q). Then ¢, ,, satisfies the following properties:

(a) A 01 ,(Au) is nondecreasing for every u € L'(Q);
(b) 61,@(0) =0

(C) 61,<p(_u) = 0_1,(/)(”);

(d) there exists a constant p > 0 such that

01p(f(OU+ (1 = 0))) < 001,5(U) + (1 = 0)01,4(V)

forevery u,v € LY(Q) and for every 6 € (0,1);
(el) 01,,(Au) =0 forall A > 0impliesu = 0.

If additionally ¢ satisfies (aDec), then
(e2) ¢1,,(u) =0ifandonly onlyifu = 0.

Moreover, if @ is convex or left-continuous, then so is 01,0

Proof. We consider only ¢7 v for the first four properties, since these properties are known for ¢, and thus follow for
the sum ¢, + 07 -

(a) Let0 < A; < Ap. It is enough to show that o7 (/,(/11 u) < o) (p(/lzu). Let (v;) be a sequence that gives 7 (p(/lzu). Then

%vi — Au, and thus
2
35 ,(Aw) < lim 0,(v) = &3 (Asu).
11— 00

(b) Ifu =0 a.e., then it can be approximated by the constant sequence (1), and hence (7;,(,,(”) =0.

(c) This follows directly from the definition of 5;@'

(d) Note that by Harjulehto and Histd,?> Corollary 222 there exists f# > 0 such that p(f(8u+(1—-6)v)) < Opu)+(1-0)p(V).
Letu,v € L'(Q)and 6 € (0, 1). Choose (4;) and (v;), which give 5;”¢(u) and 5;”(/}(1)). Then Ou;+(1-0)v; - Ou+(1—-60)v
in L(Q). Hence, we obtain

3 (B(6u + (1 — 0)v) < lim inf 0, (BIV(Bu; + (1~ O)))
< liligjonf/g(p(x,ﬂelwil + 41— 0)|Vui])dx
< lim inf / Bp(x. IVin]) + (1 — 0)p(x, Vi) dx
= 9}33 oq,?IVuil) +(1-6) llggo 0,(|Vvi])

=005 () + (1 - )33, v),
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where in the third inequality we used the quasiconvexity of ¢.

(el) If 01,,(Au) = O for all A > 0, then g, (Au) = 0 for all A > 0. Since ¢, is a semimodular, it follows that u = 0

a.e.; see Harjulehto and Hist.?% Lemma 322

(e2) Assume that (aDec) holds. If ¢ ,(1) = 0, then ¢,(u) = 0. Thus @(x, |u(x)|) = 0 a.e., and (aDec) implies that
u=_0a.e.

If ¢ is convex, then we may choose f# = 1 in (d), and hence ¢, , is convex.

Assume that ¢ is left-continuous. If A € (0, 1), then 5;”¢(Au) < 51)@(”) by property (a). We next consider the opposite
inequality. Let (4;) be a sequence converging to 1 from below. For every i we choose u; € L%(Q) such that o,,(| Vu;|) <
@‘L(p(ﬂiu) + % and |[Aiu — w1 < % Further, Lju — uin LY(Q). Let € > 0 and choose iy > f such that ||[u — Aiu|l; < g for
alli > iy. Then

lu = uillh < llu— Al + | Aiu—will <e

for all i > iy, and thus u; — u in L'(2). We obtain
2 ,(w) < lim inf 0,,(|Va) < lim inf(éiw(/liu) + %) = lim inf g% (A).
’ =00 =00 ’ =00 i

Thus, o7 (W) = lim;~. 07 ,(Ai). O

Remark 3.5. Note that our conditions differ what Musielak?”> Pefinition 1.1 p- 1 ¢a]]g a pseudomodular. He requires (b),
(c), and
o(0u + (1 - 0)) < o(u) + o(v)

for every u,v and for every 6 € (0,1). However, our condition (d) is more useful when dealing with the Luxem-
burg norm.

We prove the lower semicontinuity of ¢7 > note that we can handle @y, since we assume strong rather than weak
convergence, in contrast to Lemma 2.3

Lemma 3.6 (Lower semicontinuity of the modular). Let ¢ € ®(Q), u; € LY*(Q) fori = 1,2, ... ,u € LY(Q), and
u; = uin LY(Q). Then
07 ,(w) < lim inf o7 (wy).

Moreover, if the limit inferior is finite, then u € L*(Q).
Proof. By the definition of ¢7 (,,(Mi), we can find u; € L(Q) with

o 1 1
Ow(lvul{l) < ol,q,(ui) + 7 and IILLi - u“ll < 7

If follows that ulf — uin L(Q). By the definition of 5;,(;;(“)’ we conclude that

37, < lim inf 0,(|Vuf]) < lim inf (&7, (w) + 1,) = lim inf 3 , ().
’ i—00 i—00 ’ 1 i—00 ’

We define the Luxemburg (quasi-)norm in the usually way:
: u
lull, := 1nf{l >0: 0 <E> < 1} ,

If ¢ is a convex semimodular then u + ||ul|, is a norm by Musielak.2”- Theorem 1.5, 0.2 A g in Harjulehto and Hists,?: Lemma 3.22
one can check that (a)-(d) from Lemma 3.4 imply that u — ||u||, is a quasi-seminorm.

We next compare || - || &, induced by the modular via the preceding formula with || - from Definition 3.1.

15,

Proposition 3.7. If ¢ € Oy (Q), then || - ||Z = ”@3’,¢'
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Proof. Letus first show that || - ||Z = ||5T¢. If the left-hand side equals oo, there is nothing to prove, and thus we may

assume without loss of generality that ||u||§ < 0. Choose u; € L'(Q) with u; — u in LY(Q) and ||Vu;l|, — ||u||z.

Define 4; := [|Vuill, +€and 4 := [Jull] , + & for e > 0. Then ||V%||¢ < landso o, (lV%l) < 1. Furthermore,
u U U — u; 1 1 1 1 1
- - = +(==-=)u| <=lu-wlhi+(===)lulh-o0
7l 7 </1 /{i> s /Ii” illx </1 M)ll Ilx

so that % - % in LY(Q). Since (%) is a valid test sequence for o7 o We conclude that
) <1

To prove || - ||Z < - ||5;7¢, we may assume that ||u||5;'¢ < 00. Since 5;’@ <

Ui
Ai

\%

o (U ..
i (4) <impte

Hence, ||u||g—iw <A1= ||u||ﬂ + ¢; the inequality follows as ¢ — 07.

> < 1, we can choose u; € L(Q)

u
lully; -+

with 0,(|Vu;|) < 1 and u; > —— in L!. Thus,

lully; +e

u

— 2% |l° <liminf ||V, <1
Tully + ¢ p SHm i IVull, <

1,

and so ||u||z < llull;, + €. The claim again follows as & — 0*. O

4 | FUNCTIONALS WITH FIXED BOUNDARY VALUES

Let ¢ € @y (Q). We say that u € LY?(Q) belongs to L(l)"”(Q) if there exists a C5°(Q)-sequence (&) such that & — u in
L'¢(Q). Note that Ly *(Q) ¢ W, ().

Lemma 4.1. Let ¢ € @ (Q) satisfy (alnc) and (aDec). Then LY*(Q) and L(l)’("(Q) are reflexive.

Proof. Let(w;) € L*(Q)be abounded sequence. Since L*(Q) C BV(Q), a subsequence, denoted again (u;), converges
in L*(Q) to some function u € BV(Q). On the other hand, (d,u;) is a bounded sequence in L?(Q), which is a reflexive
space. 2% Theorem 3.66 Hence, we can find v, ... ,v, € L?(Q) such that oy u; —= v in L(Q), up to a subsequence. So we
need only prove that Vu = (v, ... ,v,). Letk € {1, ... ,n} and let h € C°(€2) be a test function. We obtain by the
previous convergence that

/udxkh dx = _lim/ui()xkh dx = —_lim/haxkui dx = —/hvkdx,
Q = Jo = Jo Q

and thus vy = d, u.
The usual diagonal argument shows that L(l)“”(Q) is a closed subspace of L1*(Q). Hence, it is also reflexive. O

We will study @P-energies when p > 1 is a constant. For that purpose, we note some properties of @? when ¢ € @ (Q).
Lemma 4.2. Letp > 1 and ¢ € ®w(Q). Then ¢P € ®y(Q) satisfies (alnc), and, moreover,

(1) if @ satisfies (aDec)q, then @P satisfies (aDec)qp;
(2) if @ is left-continuous, then so is @P;
(3) if ¢ satisfies (A0), then so does @P.

Proof. Since t — tP is continuous and increasing in [0, o0), the first three requirements of Definition 2.1 hold for ¢*.

p
Since ¢ satisfies (alnc); and t — #? is increasing, we obtain by @ = (@) that ¢P satisfies (alnc),.
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p
(1) Assume that ¢ satisfies (aDec),. Then by % = (%) , we see that ¢P satisfies (aDec),.
(2) This claim follows since t +— t? is continuous.

p
(3) It follows from (A0) that p(x, B <1 < @(x, <) , which is (A0) of ¢P.
B

I'-convergence

Assume that uy € L (Q)nLY(Q) for some r > 1. For p € (1,r), we consider E, : L}(Q) — [0, 0] and E : LY(Q) — [0, c0]
from the introduction; see (1.1). Note that E is a variant of 6‘1’@ where we have fixed the boundary values.

As we mentioned in the introduction, we want to show that E, I'-converges to E in the topology of L'(Q) as p; - 1*. We
do so by first considering the I'-liminf inequality and then finding the recovery sequence in Lemma 4.4. This establishes
the two properties of I'-convergence and completes the proof of Theorem 1.3(1).

Lemma 4.3. Let ¢ € ®y(Q). Assume that uy € L% (Q) for somer > 1. Letu € L'(Q), u; - uin LY(Q) and p; — 1*.
Then

E(uw) < liminf E, (u;).
=00

Proof. If K := liminfi.. E, (4;) = oo, then there is nothing to prove, so we assume that K < oco. We restrict our
attention to a subsequence with lim;_., E, (u;) = K and u; — up € Lé"”pi (). Since u; — u in LY(2), we obtain by the
definition of E(u) that

E(w) < lim inf/(p(x, |Vu;])dx.
11— 00 Q

p/
From Young's inequality, we conclude that ab < a? + (p — 1)(5) . Using this with a = ¢(x, |Vu;|), b=1and p = p;,
we continue the previous estimate by

E(u) < lim inf </<p"f(x,|Vui|)dx+ 1Q|(p; — l)pi_p‘{> = lim inf/(p"i(x, |Vu|)dx,
i—oo Q i=oo Q

where the equality holds since (p; — 1)pi_p"’ -0- % =0asp; » 1. O

We now turn our attention to the I'-limsup property. For this part, we need to assume (Dec). Recall that (aDec) implies
(Dec) if @ is convex.?8 Lemma 2.2.6

Lemma 4.4. Assume that ¢ € ®y(Q) satisfies (A0) and (Dec). Let u € L}(Q) and uy € LY* (Q) for some r > 1. For
every p; — 1%, there exist u; € L»*(Q) such that u; — up € L(l)"”(Q), u; — uin LY(Q) and

E(u) > lim sup Ep ().

11— 00

Proof. IfE(u) = oo, then any approximating sequence in uo+CZ (Q) works,?> Corollary 37.10 56 we assume that E(u) < oo.
By the definition of E(u), there exists a sequence (Vi) from ug + Lé"”(Q) such that vy — u in LY(Q) and

E(w) = lim /(p(x, [ Vv |)dx.
k—co Q

Since vy — up € L(l)"”(Q), there exists a sequence (¢ J’F) from C§°(€2) with uo + C}‘ — v in LY?(Q). Since g satisfies (Dec),
this yields by Lemma 3.1.6 of Harjulehto and Hist6?? that

/co(x,IVka)dx= lim /co(x,IV(uo+C]’»‘)I)dx.
Q =7 Ja
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Thus, by the usual diagonal argument, we can choose &; := Z_,’,i_ such that ug + ¢ — uin L(Q) and

E(u) = }ijg /Q(p(x, [V (uo + &) dx.

By Holder's inequality with exponent q > 1, we obtain

/(p(x, V(o + £))e 7 dx < </<o(x,|v<uo+:,>|>dx>"</<p<x, IV(uo+§j)I)rdX>
Q Q Q

The second integral is finite since ug + & € W (Q). Thus, we may choose q; € (1, 1+ %) close enough to 1 that the
second factor on the right-hand side is at most 1 + } for all ¢ € [1,q;]. Since p; — 1%, there exists i; > j such that

qi := rr_;pl_ < g;foralli > i;. Note that i + L = p;. We now choose u; := up+¢; foralli € [max{i, ... ,i;},ij+1). Then

i

/‘”(x"V“z‘Dpidxs <1+,i.> </(P(x,|Vui|)dx>q_i,
@ j@® o

where (i) - oo asi — oo since g; > 1 so only finitely many values of i can have g; > q;.
Next, we combine all the above estimates and obtain

—q; q;
E(u) = lim /(p(x, |Vu;|)dx > lim sup(l + L) </(p(x, |Vu;|)Pi dx>
i»oo Jo Q

ioo J(@)
= lim sup/<p(x, |Vu;| )P dx = lim sup Ep, (u;),
i—oo Q i—oo
where the last equality follows since u; —up = ¢; € L(l)’(”(Q). O

A sequence of minimizers

We continue by establishing some results about sequences of minimizers of the functionals E,, from (1.1). These results
are in the spirit of Juutinen.?

Lemma 4.5. Let ¢ € ®.(Q) satisfy (A0) and (aDec), p > 1 and uy € L% (Q). Then there exists a unique function
up € L1*"(Q) which satisfies u, — uo € L(l)"”p(Q) and

Ep(up) = ueig{g) Ep(u).

Proof. Let (u;) be a minimizing sequence of Ej,. Since

. < _
uelgmep(u) < Ep(uo) /Q @, |Vug|)P dx < oo,

we may assume that (|Vu;|) is bounded in L#(Q). By the Poincaré inequality in WS’I(Q), we obtain that (u; — u) is
bounded in LY(Q):

luj —uolly S NIV —uo)lls S IVujllee + 1| Vol e,
where the embedding in the last inequality holds since @P? satisfies (A0) by Lemma 4.2. Since ¢” satisfies (alnc) and
(aDec), L(l)’(”p(Q) is reflexive, by Lemma 4.1. Thus there exists a subsequence (u;, — up) and u € L(l)"”(Q) such that
V(u;, —up) = Vuin L7 (Q;R"). Set U, :=u+ up.Since ¢ € ®.(Q), Lemma 2.3 implies that

Ep(up) < likm inf Ep(uj,).
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Thus, u, is a minimizer of E,,.
Since ¢ is convex and t — P strictly convex, we obtain that t — @(x, t)? is strictly convex. The usual argument yields

uniqueness, namely, if u and v are distinct minimizers, then we obtain a contradiction from E, <”—+") < %(Ep(u) +

2
Ep(v)).

Take a sequence (p;) such that p; — 1* and a sequence of minimizers (u;), where u; is the minimizer of E,, . Let us also
assume that the @P-modular of uy is finite for every j. Then the limit function exists in L*(Q).

Lemma 4.6. Letp; — 1* and ¢ € ®(Q). Assume that o, (Uy) < K for every j. Let (u;) be a sequence of minimizers of
Ep, with boundary value uy. Then there exist u € LV?(Q) and a subsequence (u j,) converging to u in LY(Q) with

E(u) < lim inf B, (u;).

Proof. Since u; is a minimizer, we see as in the previous lemma that Ep (u;) < K. By LY (Q) < L(Q) and ||u|l, <
0,(1) + 1, we conclude that ||Vu;||, is bounded. Since u; — ug € W&’l(Q), we obtain as in the previous lemma by the
Poincaré inequality that |lu; — uoll1 S 1+ | Vuollgei . Thus, (u; — uo) is bounded in W, (Q). Since W) (Q) < LY(Q),
there exists a subsequence (u;) converging to u in L*(Q). The claim follows from the first property of I'-convergence
by Theorem 1.3(1). Finally, Lemma 3.6 yields that u € L1?(Q). O

Proposition 4.7. Let ¢ € Oy (R") and o, (Uo) < K for every j. The function u € LY%(Q) from Lemma 4.6 minimizes
the E-energy, that is,
E(u) = inf E(@).
veL(Q)

Proof. Assume by contradiction that there exists v € L}(Q) such that E(v) < E(u). Let p; — 1*. By the second property
of I'-convergence from Theorem 1.3(1), there exists a sequence (v;) such thatv; — ug € Lé"”(Q), v; = vin LY(Q) and

E(v) > lim sup Ep, (v;).

i—>oo
By the assumption and Lemma 4.6, we have

lim sup Ep, (v;)) < E(v) < E(w) < liminf E, (w;).
j—oo j J

i—»o0

Lete :=liminf;. E, (ul-j) —lim sup,_, ,, Ep,, and choose M so large that
J

. & . . &
Ep (v) < lim sup Ep, (v;) + 5 and Epij (vl-j) > 11§r_1) c}onf Epi, (u,-j) -5

i—oo

asi,j > M. Thus, for all i, j > M, we have
Ep,-(vi) < EPi, (uil)-

Then we just choose j > M with i; > M and obtain
Epij (Vi/) < Ep,-j (uij)-

But this contradicts that u;, minimizes the E), -energy with the boundary values u, so the assumption E(v) < E(u)
J
was wrong and the claim is proved. O

5 | FUNCTIONALS WITH THE FIDELITY TERM
Assume then that f € L*(Q). For p > 1, we defined F, L*(Q) — [0,0] and F : L*(Q) — [0, o] in the introduction;

see (1.2). Note that F is another a variant of o} » this time including a “fidelity term” in L?. Since this implies that u €
L*(Q), it seems natural to consider the convergence in L2(Q), although convergence in L!(Q) is also a possibility.
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I'-convergence

We want to show that F, I'-converges to F in the topology of L*(Q) as p; — 1%, i.e. to prove Theorem 1.3(2). We do so by
first considering the I'-liminf inequality, and then finding the recovery sequence in Lemma 5.2.

Lemma5.1. Letu € L?(Q) and assume that (u;) is a sequence of L2-functions converging to u in L>(Q) and that p; — 1*.

Then
F(u) < lim inf F, (u;).
11— 00
Proof. If K := liminf;_ Fp,(u;) = oo, then there is nothing to prove, so we assume that K < co. We restrict our

attention to a subsequence with lim;_., Fp, (1;) = K and u; € L*" (Q) n L*(Q). Since u; — u in L*(Q), we obtain by
the definition of F(u) that

F(u) < lim inf</(p(x, [Vui]) + |u; —f|2dx> )
=00 Q

/

p
From Young's inequality, we conclude that ab < a? + (p — 1)(5) . Using this with a = ¢(x, |[Vu;|), b=1and p = p;,
we continue the previous estimate by

F) <lim inf(/cppwx,|wi|>dx+ 2l - 1p, " +/|ul- —f|2dx>
=hr.ninf(/(ppf(x,|Vui|>dx+/|ui—f|2dx>,
=0 Q Q
where the equality holds since (p; — l)pl._p " 50- % =0asp; » 1. O

We now turn our attention to the I'-limsup property. Note that in contrast to Lemma 4.4, we now have an assumption
regarding density of smooth functions. The difference comes from the fact that Lé"” is defined as the completion of
Cg°-functions, so smooth functions are automatically dense in that setting. We refer to Juusti*- Corollary 44 for a sufficient

condition for the density of C°°(§) in WH?(Q) where Q is an (e, c0)-domain.
Lemma 5.2. Assume that ¢ € ®y,(Q) satisfies (A0) and (Dec) and that C°°(§) is dense in L*(Q) N L*(Q). For every
u € L2(Q) and p; — 1%, there exist u; € L»*(Q) N L2(Q) such that u; — u in L*>(Q) and

F(u) > lim sup Fp, (u;).

i—oo

Proof. If F(u) = oo, any approximating sequence in C(Q) works,?* Corollary3.7.10 g0 we assume that F(u) < co. Thus,
there exists a sequence (v;) from L*(Q) such that v; —» u in L?>(Q) and

Fw) = lim / (x, [Vuil) + v — 12 dx.
11— 00 Q

Using the density assumption, we can find éji. € C® (ﬁ) with 5; — v; in L1(Q) N L*(Q). Then by a diagonal argument

and Harjulehto and Histt?% Lemma 316 we find u; := 5; € C°(Q) with u; — u in L*(Q) and

Fu) = ilim /w(x, IVui|) + lu; — f1*dx.
— 00 Q

The proof is concluded in the same way as Lemma 4.4. O
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A sequence of minimizers

Lemma 5.3. Let ¢ € ®.(Q) satisfy (aDec), p > 1 and f € L*(Q). Then there exists a unique function u, € L'*"(Q) n
L%(Q) which satisfies
F = inf Fy(u).
plp) = Jnf ) Folt)

Proof. Let (u;) be a minimizing sequence of F,,. Since

inf  F,(u) < Fy(0) = /(p(x, 0¥ + |0 — f]*dx < oo,
ueLl¥’ (Q)NL2(Q) Q

we may assume that (| Vu;|) is bounded in L' (Q) and (u,) is bounded in L*(Q). Note that ¢? satisfies (alnc) and (aDec)
by Lemma 4.2. Thus, L?(Q) and L*(Q) are reflexive by Lemma 4.1, and hence, there exists a subsequence (u ;) and
u € L' (Q) n L*(Q) such that Vu; — Vuin L?(Q;R") and u;, — u in L*(Q). Thus, by weak lower semicontinuity
(Lemma 2.3), we have

Fy() < lim inf Fy(u,).
Thus, u is a minimizer. Uniqueness is proved as in Lemma 4.5. O

Let us take a sequence (p;) such that p; — 1% and a sequence of minimizers (u,), where u; is the minimizer of Fj, . Then
the limit function exists in LY?(Q) N L2(Q).

Lemma 5.4. Let ¢ € ®(Q). Assume that f € L*(Q). Let p; — 17 and let (u;) be a sequence of minimizers oprj. Then
there exist u € L»*(Q) N L*(Q) and a subsequence (u j.) converging to u in L*(Q) with

F(u) < liminf F, (u;).
1—00 i

Proof. We take a subsequence that gives lim inf;Fp (u;) and denote this subsequence by (u;). Since u; is a
minimizer of ij R

B ) < [ ox0P 410 rPde= [ IfPds <o
Q Q

Thus, by L' (Q) < L?(Q), we have that ||Vu,;||, + |lu; — f]|2 is bounded, and by f € L*(Q), we obtain that ||u;]|, is
bounded. Since L*(Q) is reflexive, there exists a subsequence, denoted again by (u;), and u € L*(Q) such thatu; — u
in L2(Q).

By the Banach-Saks theorem, % Ele u; — uin L*(Q). We then use the definition of F and the convexity of ¢ and
t — t? and obtain that

k k
Fu) < likm_“i)oan<% Zu,) = liir_l)ionf/g(p (xiz |Vuj|> +

j=1 j

k 2

1

EZuj—f dx
j=1

Jj=1

k
R | 2
<11g;nfE;A¢(X,|VMj|)+|uj—f| dx.

Arguing as in Lemma 5.1, we continue
1 < / 1 :
P , -p; -
F(u) < h}cllionf E jzzl /Q(P(X, |Vu | + Ju; — I + (@ — Lp, ' dx = hkrgclmnf A jglej(uj).

It is well known that if a sequence (z;) converges to z, so does (i Zle zj). Thus, we obtain F(u) < lim j_mej(u i)
Then Lemma 3.6 yields that u € L1¢(Q). O

The next result is proved like Proposition 4.7, with the lemmas from this section replacing their counterparts from the
previous section.
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Proposition 5.5. Let ¢ € ®(Q) and C*(Q) be dense in L*(Q) N L*(Q). Assume that f € L*(Q). The function u €
LY*(Q) n LA(Q) from Lemma 5.4 minimizes the F-energy, that is,

F(u)= inf F(v).
VEL2(Q)

6 | DOUBLE PHASE AND VARIABLE EXPONENT CASES

We considered the I'-convergence of the double phase functional
L(u) := /|Vu|1+€ +aX)|Vul|* + |lu - f|*dx
Q

in Harjulehto and Histo.2° Specifically, we proved the following, where V,u is the absolutely continuous part of the
BV-gradient and V(u, Q) is the total variation of u. (We refer to Ambrosio et al?® for more information about BV-spaces.)

Theorem 6.1 (Theorem 4.12°). Suppose that Q is an open rectangular cuboid, a € C°X(Q), and assume that a > 0
H"1-a.e. on the boundary Q. Then I, I'-converges to I : BV(2) — [0, oo],

I(w) :=V(u, Q)+ /a(x)IVaMI2 +u— fdx,
Q
in L(Q)-topology.

By the uniqueness of the I'-limit, we obtain the following explicit formula for F:

Corollary 6.2. Suppose that Q is an open rectangular cuboid, a € COY(Q), and assume that a > 0 H"'-a.e. on the
boundary 0Q. Then

Fu) =V(u,Q)+ /a(x)IVaul2 +|u— fdx,
Q

when F is defined with the double phase function p(x,t) : =t + a(X)t%.

Proof. Letu € L*(Q) and p; — 1*. We use the elementary estimate (s + t)? —s? > # > t — (p — 1). By the second
property of I'-convergence (Theorem 1.3(2)), there exist u; € LY¥?(Q) n L2(Q) and p; € (1,2) with p; — 1% such that
u; — uin L*(Q) and

F(u) > lim Sup/(IVuiI +aC)| VP + | — f|?dx
Q

> lim sup/|Vul-|Pi +a@)|Vui* + lu; — fI* = (pi — Ddx
i—>o0 Q
> VQ) + /a<x>|vau|2 +lu— fPdx,
o

where the last step is the I'-convergence of I, (Theorem 6.1).
For the opposite inequality, we obtain from the second property of I'-convergence (Theorem 6.1) functions (u;) C
LY (Q) with u; —» uin LY(Q) and

I(w) > lim sup/quilpi +aQo)|Vu|? + |u; — f|?dx
i—o0 Q

> lim sup/IVuil +a00)|Vul® + lu; — f1* = (pi — Ddx > F(w),
Q

i—oo

where we used the definition of F in the last step. O
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In the case of bounded functions, we were able to prove I'-convergence under a weaker condition on a, namely o > %
instead of a = 1.

Theorem 6.3 (Theorem 4.2%°). Suppose that Q is a bounded Lipschitz domain, a € COe(Q) forsome a > % and assume
that a > 0 H" '-a.e. on the boundary 0Q. Then I |~ I'-converges to I|1- in L' (Q)-topology.

This gives another corollary. The proof is similar to the previous corollary, so we skip it.

Corollary 6.4. Suppose that Q is a bounded Lipschitz domain, a € COe(Q) for some a > % and assume thata > 0
H" 1-a.e. on the boundary 0Q. For bounded u,

Fu) =V(u,Q)+ /a(x)IVaul2 +lu— fI*dx,
Q

when F is defined with the double phase function @(x,t) := t + a(X)t>.

Next, we consider the variable exponent case @(x, t) := P®, wherep : Q — [1,c0). Wedenote Y 1= {x € Q : p =1}
and define ps(x) := max{4, p(x)}. In Harjulehto et al.,2* Theorem 1.5 e proved I'-convergence of the ps-energy.

Theorem 6.5. Let Q2 be an open rectangular cuboid and let p be strongly log-Hélder continuous, that is,

><c and lim |p(x) — 1| log 1 =0
X—y

Ip(x) — p(z)| log <e + e —

|x —z|
foreveryx,z € Qand y € Y. Then
D@ i= [ 1VuP 4 = s
Q
I'-converges in L*(Q)-topology to

D) := V(u,Y)+/ [VulP® + |u— f|*dx.

(9N'g

Again, the uniqueness of the I'-limit allows us to obtain a concrete form of E. The proof is again similar to Lemma 6.2
and thus skipped.

Corollary 6.6. Suppose that Q is a rectangular cuboid and p is strongly log-Holder continuous. Then

HM=W%D+/ VUl 4 u - P dx,
QY

where F is defined with the variable exponent function @(x, t) := tP®,

ACKNOWLEDGEMENTS

M. Eleuteri was partially supported by the Gruppo Nazionale per 1'Analisi Matematica, la Probabilita e le loro Appli-
cazioni(GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM) and by PRIN 2020 “Mathematics for industry
4.0 (Math41I4)” (coordinator P. Ciarletta); P. Hist6 was funded in part by a grant from the Wihuri Foundation.

CONFLICT OF INTEREST

The authors declare that they have no competing interests.
ORCID

Peter Hdstd"® https://orcid.org/0000-0002-3507-3424

REFERENCES
1. Dal Maso G. Integral representation on BV(w) of I'-limits of variational integrals. Manuscripta Math. 1980;30:387-416.

51017 SUOLULLIOD AR 3|01 ddke aU) Ad PoLIBAOB e SDDILE VO ‘35N J0 SBINI IO ARiq 1T SUIIUO AB]1A UO (SUONIPUOD-PUE-SWLSY W00 A3 1A ARG UL UO//ST1Y) SUONIPUOD PUE S | 3L 39S *[£202/G0/62] U0 AXRiq i 8UIIUO AB1IM TN L JO AISAIUN Ad 2506 BWW/Z00T OT/10p/w00™/3 | ARIqIRUI U/ WOJJ POpROUMOQ ‘0 ‘97 TE60T


https://orcid.org/0000-0002-3507-3424
https://orcid.org/0000-0002-3507-3424

ELEUTERI ET AL. Wl L EY 15

voR W

Fonseca I, Miiller S. Quasiconvex integrands and lower semicontinuity in L'. SITAM J Math Anal. 1992;23(5):1081-1098.

Juutinen P. p-Harmonic approximation of functions of least gradient. Indiana Univ Math J. 2005;54(4):1015-1029.

De Giorgi E, Franzoni T. Su un tipo di convergenza variazionale. Atti Accad Naz Lincei, VIII Ser, Rend, Cl, Sci Fis Mat Nat. 1975;58:842-850.
Braides A. I'-Convergence for Beginners, Oxford Lecture Series in Mathematics and Its Applications, vol. 22. Oxford: Oxford University
Press; 2002.

Dal Maso G. An Introduction to I'-convergence, Progress in Nonlinear Differential Equations and Their Applications, vol. 8. Boston:
Birkh&user; 1993.

Baroni P, Colombo M, Mingione G. Regularity for general functionals with double phase. Calc Var Partial Differ Equ. 2018;57:62.
Colombo M, Mingione G. Regularity for double phase variational problems. Arch Ration Mech Anal. 2015;215(2):443-496.

o vy

9. Diening L, Harjulehto P, Hésto P, Ruzicka M. Lebesgue and Sobolev Spaces with Variable Exponents, Lecture Notes in Mathematics,

10.
11.

12.
13.
14.

15.

16.
17.

18.
19.
20.
21.

22.
23.
24.
25.
26.
27.
28.
29.

vol. 2017. Heidelberg: Springer; 2011.

Baasandorj S, Byun S-S. Irregular obstacle problems for Orlicz double phase. J Math Anal Appl. 2022;507(1):125791.

Benyaiche A, Harjulehto P, Hésto P, Karppinen A. The weak Harnack inequality for unbounded supersolutions of equations with
generalized Orlicz growth. J Differ Equ. 2021;275:790-814.

Chlebicka I, Karppinen A. Removable sets in elliptic equations with Musielak-Orlicz growth. J Math Anal Appl. 2021;501(1):124073.

De Filippis C, Mingione G. Lipschitz bounds and nonautonomous integrals. Arch Ration Mech Anal. 2021;242(2):973-1057.

Maeda FY, Mizuta Y, Ohno T, Shimomura T. Trudinger's inequality for double phase functionals with variable exponents. Czechoslovak
MathJ. 2021;71:511-528.

Mizuta Y, Shimomura T. Hardy-Sobolev inequalities in the half space for double phase functionals. Rocky Mountain J Math.
2021;51(6):2159-2169.

Papageorgiou NS, Radulescu VD, Zhang Y. Resonant double phase equations. Nonlinear Anal Real World Appl. 2022;64:103454.
Skrypnik II, Voitovych MV. On the continuity of solutions of quasilinear parabolic equations with generalized Orlicz growth under
non-logarithmic conditions. Ann Pura Appl Mat. 2022;201(3):1381-1416.

Steglinski R. Infinitely many solutions for double phase problem with unbounded potential in R*. Nonlinear Anal. 2022;214:112580.
Chen Y, Levine S, Rao M. Variable exponent, linear growth functionals in image restoration. SIAM J Appl Math. 2006;66(4):1383-1406.
Harjulehto P, Histd P. Double phase image restoration. J Math Anal Appl. 2021;501(1):123832.

Harjulehto P, Histd P, Latvala V. Minimizers of the variable exponent, non-uniformly convex Dirichlet energy. J Math Pures Appl.
2008;89(2):174-197.

Harjulehto P, Hésto P. Orlicz Spaces and Generalized Orlicz Spaces, Lecture Notes in Mathematics, vol. 2236. Cham: Springer; 2019.
Harjulehto P, Hésto P, Latvala V, Toivanen O. Critical variable exponent functionals in image restoration. Appl Math Letters. 2013;26:56-60.
Miranda M. Functions of bounded variation on “good” metric spaces. J Math Pures Appl. 2003;82:975-1004.

Evans LC, Gariepy RF. Measure Theory and Fine Properties of Functions. Boca Raton: CRC Press; 1992.

Ambrosio L, Fusco N, Pallara D. Functions of Bounded Variations and Free Discontinuity Problems. Oxford: Oxford University Press; 2000.
Musielak J. Orlicz Spaces and Modular Spaces, Lecture Notes in Mathematics, vol. 1034. Berlin: Springer; 1983.

Harjulehto P, Histo P. Extension in generalized Orlicz spaces. Nonlin Studies. 2019;26(4):861-868.

Juusti J. Extension in generalized Orlicz-Sobolev spaces. J Math Anal Appl. 2023;522(1):126941.

How to cite this article: Eleuteri M, Harjulehto P, Histd P. Minimizers of abstract generalized Orlicz-bounded
variation energy. Math Meth Appl Sci. 2023;1-15. doi:10.1002/mma.9042

51017 SUOLULLIOD AR 3|01 ddke aU) Ad PoLIBAOB e SDDILE VO ‘35N J0 SBINI IO ARiq 1T SUIIUO AB]1A UO (SUONIPUOD-PUE-SWLSY W00 A3 1A ARG UL UO//ST1Y) SUONIPUOD PUE S | 3L 39S *[£202/G0/62] U0 AXRiq i 8UIIUO AB1IM TN L JO AISAIUN Ad 2506 BWW/Z00T OT/10p/w00™/3 | ARIqIRUI U/ WOJJ POpROUMOQ ‘0 ‘97 TE60T


info:doi/10.1002/mma.9042

	Minimizers of abstract generalized Orlicz-bounded variation energy
	Abstract
	1 INTRODUCTION
	2 BACKGROUND
	3 ABSTRACT BV-type spaces
	4 FUNCTIONALS WITH FIXED BOUNDARY VALUES
	5 FUNCTIONALS WITH THE FIDELITY TERM
	6 DOUBLE PHASE AND VARIABLE EXPONENT CASES
	REFERENCES



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2001
  ]
  /PDFX1aCheck true
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Euroscale Coated v2)
  /PDFXOutputConditionIdentifier (FOGRA1)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <>
    /CHT <>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF che devono essere conformi o verificati in base a PDF/X-1a:2001, uno standard ISO per lo scambio di contenuto grafico. Per ulteriori informazioni sulla creazione di documenti PDF compatibili con PDF/X-1a, consultare la Guida dell'utente di Acrobat. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 4.0 e versioni successive.)
    /JPN <>
    /KOR <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die moeten worden gecontroleerd of moeten voldoen aan PDF/X-1a:2001, een ISO-standaard voor het uitwisselen van grafische gegevens. Raadpleeg de gebruikershandleiding van Acrobat voor meer informatie over het maken van PDF-documenten die compatibel zijn met PDF/X-1a. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 4.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENG (Modified PDFX1a settings for Blackwell publications)
    /ENU (Use these settings to create Adobe PDF documents that are to be checked or must conform to PDF/X-1a:2001, an ISO standard for graphic content exchange.  For more information on creating PDF/X-1a compliant PDF documents, please refer to the Acrobat User Guide.  Created PDF documents can be opened with Acrobat and Adobe Reader 4.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /HighResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


