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1 INTRODUCTION

1.1 Background

In efficient markets, all relevant information should already be included in asset prices
and thus investors should not be able to gain excess returns with respect to common risk
factors by analysing the past. However, occasionally some consistent patterns appear to
violate the efficient market hypothesis. The hypothesis argues that the current asset
prices reflect all relevant information, thus, making it impossible to outperform the
market with timing or excellent asset picking skills (see, e.g., Fama 1970). Some of the-
se patterns, also known as anomalies, tend to persist from year to another even though
they should disappear after becoming publicly known. If such anomalies exist, utilising
them within investment strategies could provide superior returns to those of a bench-
mark, e.g., the market portfolio.

Asness, Moskowitz, and Pedersen (2013) study the existence of the value and mo-
mentum effects across different markets and asset classes, i.e., the relation between asset
returns and book-to-market ratio and the one between asset returns and their recent cu-
mulative returns, respectively. Their results show that value and momentum strategies
are not only profitable when considered separately but also when combined together. In
addition, these phenomena are significant across different asset classes. Significance of
value factor acquires strong empirical evidence in many different studies (see e.g. Fama
and French 1993). Accordingly, the momentum strategy, first analysed by Jagadeesh
and Titman (1993), is shown to realise significant abnormal returns. However, there
seems to be contradictory results when it comes to applying these factors in an interna-
tional context. While Asness et al. (2013) report significant value and momentum
premia across different markets, it is also claimed that the Fama—French three-factor
model is not applicable for international portfolios (Griffin 2002; Mirza & Afzal 2011;
Fama & French 2012).

Momentum effect is shown to be strong with the past 3—12 month returns but with a
longer time period the phenomenon is shown to revert, i.e., the past winners become
losers and vice versa. This anomaly is known as a long-term reversal. One of the first
who discovered the long-run reversal effect were DeBondt and Thaler (1985) showing
that the long term losers change their course becoming winners in the future. These two
effects rest on performance of assets, however, there is another phenomenon that leads
to mispricing of assets, which is based on unsystematic or idiosyncratic risk. There are
number of studies on idiosyncratic volatility effect claiming that either high or low vola-
tility of the error terms of an underlying asset pricing model results in a higher return-

risk ratio in the future. The effect is interesting because theory and empirical studies



argue how idiosyncratic volatility should affect asset returns (see, e.g., Merton 1987 or
Ang, Hodrick, Xing, & Zhang 2009). All things considered, there is plenty of debate on
these different anomalies but it would be appealing to observe them together from the
perspective of the modern portfolio theory.

The common idea behind successful investing is diversification. Allocating inves-
tor’s wealth over different assets results in lower risk based on the low correlation be-
tween asset returns. This means that an investor is not dependent only on the perfor-
mance of one asset. However, a relevant question is, how should this diversification be
done in an optimal way. Markowitz is generally considered as the founding father of
modern portfolio theory. Markowitz (1952) argues that one can construct a portfolio
that minimises variance —considered as the risk of the investment—with respect to the
desired expected return. The mean-variance optimisation framework provided by mod-
ern portfolio theory is widely used by practitioners as it addresses the main question of
how an investment portfolio should be diversified. However, the mean-variance optimi-
sation tends to be very sensitive to the expected returns, which raises concerns about the
accuracy of the predicted returns. This means that investors who are willing to utilise
strategies based on anomalies in this framework are likely to face the problem of corner
solutions and instability of the optimal weights.

As a promising solution to the problem, investors could express their views with re-
spect to a benchmark, namely the market portfolio. One method that allows investors to
approach the asset allocation problem from this viewpoint is the Black—-Litterman mod-
el. This promising approach to enhance mean-variance optimisation was introduced by
Black and Litterman (1992). The fundamental advantage of the model is that investors
are able to include their views on asset returns in the optimisation problem, thus making
the investment decision more flexible. In addition, a tempting feature of the model is
that the output, i.e., expected returns, can be adapted to the familiar mean-variance
framework. In this thesis, the Black-Litterman model is used as a tool in order to in-
clude the views based on market anomalies in the portfolio optimisation. There are sev-
eral reasons that make the model superior to the traditional mean-variance method or
volatility weighted long-short portfolios (see, e.g., Asness et al. 2013). Firstly, the port-
folios given by the Black-Litterman model are realistic in terms of weights. Secondly, it
provides a flexible way to translate the observed phenomenon into a relative view with-
out a need to express an absolute forecast to each asset. Additionally, the method makes
it possible to incorporate more than one anomaly simultaneously in the analysis still
allowing the familiar optimisation procedure.

The method used here is inspired by Fabozzi, Focardi, and Kolm (2010, 385-393)
although, within this thesis, the method is taken to the next level. In other words, inves-
tors will be allowed to add different views on different asset classes. Additionally, dif-

ferent weighting methods are allowed when translating anomalies into model specific



views. At first, the assets under each asset class are ranked according to the factor in
question. For example, with momentum, the ranking is based on 12-month cumulative
returns. Unlike in Fabozzi et al., the ranked assets are divided into groups (see, e.g.,
Asness et al. 2013) in order to more clearly separate the two extremes. Then, a long-
short portfolio is constructed in which the weight of each asset depends on the group it
belongs to. Using historical returns of this portfolio the expected return can be estimat-
ed, e.g., as a simple mean. This scalar is then fed into the Black-Litterman framework
as a view, 1.e., this would be the relative return by which the group of the ‘winners’ out-
performs that of the ‘losers’. Finally, when all the parameters for the model are estimat-
ed, rest of the analysis is conducted as a conventional out-of-sample study where the
performance of such a strategy is analysed through different portfolio performance

measurcs.

1.2 Purpose of the study and research questions

The primary goal of this research is to examine whether market anomalies can be profit-
ably utilised within portfolio strategies for multiple asset classes. The anomalies used in
the study, are the value, momentum, long-term reversal, and the idiosyncratic volatility
anomaly. Based on these market anomalies, a portfolio of stocks, government bonds,
currencies, and commodities is optimised and studied, out of sample. An interesting
question to answer is how the portfolio performance is influenced by information given
by a simple long-short portfolio.

Different anomalies have been studied a lot and some of them have become com-
monly used risk factors in finance literature, value and momentum being examples.
However, most of the studies concentrate purely on the stock market, which does not
benefit those investors who are seeking returns over different asset classes, e.g., institu-
tional investors. On the other hand, finance theory provides sophisticated tools for effi-
cient portfolio allocation. The Black-Litterman model is a good example of such an
intuitive tool but yet, practical solutions to utilise theoretical findings are quite rare.
Within this thesis, the purpose is to show that market anomalies can be incorporated
into portfolio optimisation as views.

Going into the details, the actual research question is, can investors enhance their
portfolio performance by including anomaly-based views into the optimisation process.
More specifically, if an anomaly-based zero-cost portfolio yields a superior risk-return
ratio, is it profitable to consider a historical mean return as a source of information, and
thus, as a view in portfolio optimisation. If so, then such a strategy should provide sig-
nificant returns and risk-return ratio compared to benchmarks. Additionally, it is essen-

tial to investigate whether there is a persistent return premium offered by the market
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anomalies. Finally, it is worth studying whether it is effective to simultaneously incor-
porate different views from all asset classes into a cross-asset context.

The comparison of each portfolio strategy is done with several measures. The return-
risk relation is measured with the Sharpe ratio and also its components mean return
(with statistical significance level) and standard deviation. In order to show whether the
strategies truly provide superior returns, it is crucial to compare the returns to those ex-
plained by the Fama—French three-factor model. In other words, it is studied whether
the test portfolios create statistically significant positive alpha. Understanding the chal-
lenges of a multifactor regression in a world of multiple asset classes, the Sharpe ratio
will be given great importance. That is why robustness of the reported Sharpe ratios is
assessed with respect to underlying parameters. Observing out-of-sample performance
ensures a realistic analysis. This means that return of the next period purely depends on

decisions based on information prior to each portfolio rebalancing.

1.3 Scope and limitations

The theoretical framework in this thesis is the modern portfolio theory (MPT), intro-
duced by Markowitz (1952). It provides the concept of mean-variance optimisation and
supports the general understanding of the benefits of diversification. In this thesis MPT
is approached from a more practical perspective, namely, the theory provides a concep-
tual framework and tools for dealing with the actual subject. Especially concepts, such
as, efficient frontier, minimum variance portfolio, tangency portfolio and capital market
line will be central. There are number of extensions to the basic mean-variance frame-
work. One of these is the Black-Litterman model, the target of which is to provide an
intuitive way to set expected returns for the optimisation process.

The scope of the empirical study is to cover a wide range of investable assets from
different asset classes with a geographical focus. Here, the analysed asset classes are
stocks, government bonds, currencies, and commodities. Country indices are chosen for
stocks and government bonds for the interest rate. In order to improve reliability of the
results, it is essential to investigate a long time period. Hence, a 20-year long time series
is examined to conduct the empirical study. This requirement naturally sets limitations
to the data sets. For all assets this long data was not available. This also raises a ques-
tion about selection bias. For example, collecting stock prices of individual companies
over 20 years would automatically leave out those companies that have gone bankrupt-
cy. Only the strong old enterprises existing over such a long period of time would be
included in the sample. One important reason for using country level indices has been to

avoid this bias.
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There are several theories that are linked to MPT. On the other hand the MPT is
based on utility theory and utility function. It is assumed, however, that the reader is
familiar with the basics of this theory, and therefore certain topics are not discussed. In
addition, there are some (not that obvious) theoretical concepts that require a brief dis-
cussion before stepping into certain essential topics. For example, market equilibrium
return will be discussed within the Black-Litterman model, which is tightly linked to
the Capital Asset Pricing model of Sharpe (1964). Another important theory is associat-
ed with the desire of making future predictions based on historical data. According to
the Efficient Market Hypothesis, future returns cannot be predicted from historical pric-
es thus making it impossible to earn excessive returns with solutions discussed in this
paper (Fama 1970). Hence, this theory must not be left without consideration, and
moreover, some contrary evidence should be presented.

Another important note, considering this thesis, is related to the concept of the mar-
ket portfolio. Market portfolio is a wide concept that may include many kinds of in-
vestments, e.g., stocks, real estates, bonds, currencies, commodities, derivatives, etc. In
this thesis, different asset classes, such as, stocks, bonds, currencies, and commodities
are to be covered but obviously not the whole investable universe. Even this wide selec-
tion of asset classes sets some major challenges when it comes to defining the market
portfolio. It is not realistic to have reliable time-series data on relative market values of
these market portfolio constituents. This means that even a limited estimate of the mar-
ket portfolio structure is hard to retrieve. Due to this limitation, the market portfolio will
be considered as an equal weighted portfolio of all test assets.

When discussing the anomalies, it should be remembered that there are plenty of dif-
ferent anomalies related to, e.g., fundamentals, calendar events, and technical trading
rules. The value effect is an example of the first category and the momentum effect be-
longs to the latter one. In addition to these two, long-term reversals as close cousins of
the momentum and idiosyncratic volatility anomaly are discussed within this thesis.
Only cross-sectional anomalies are chosen because they are easy to utilise in portfolio
strategies. For example, calendar anomalies are ignored because they do not tell which

assets should be preferred to others.

14 Structure of the thesis

This thesis is divided into three entities: Theoretical foundation and literature review,
description of the data and empirical methods, and results of the empirical study. Theo-
retical discussion covers essentials of the modern portfolio theory and leads then to a
more important question of how to incorporate investor’s views into efficient portfolio

optimisation. More precisely, the Black-Litterman model and its parameters will be
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discussed thoroughly from both practical and theoretical point of view. The other half of
the theoretical discussion covers four different anomalies, namely, value, momentum,
reversal, and idiosyncratic volatility. These effects will be defined and their theoretical
importance is justified with the existing literature. Here, the currently known empirical
findings will be compared and assessed in the light of different theories that explain the
existence of these anomalies.

In the empirical part, the research data is studied and analysed. In addition, the meth-
ods used in measuring different anomalies will be discussed and justified. More im-
portantly, it is explained how to construct simple zero-cost portfolios based on these
anomalies, and moreover, how to turn them into investor’s views. In addition, it will be
shown how to incorporate these views into the Black-Litterman model and how the
model parameters are calibrated in this thesis. For those readers who are interested in
how the study was actually conducted, a programming code for R is provided in the
appendix of this thesis.

Finally, results of the empirical study are reported and analysed. This covers analysis
of both long-only and long-short portfolios and, of course, performance of the optimised
portfolios. Based on the findings, robustness of the test portfolios will be assessed

which is highly important in terms of implementing a strategy in real life.
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2 THEORETICAL FOUNDATION

2.1 Modern portfolio theory

2.1.1  Return and risk of the portfolio

When discussing investing it is necessary to be familiar with two key-terms: return and
risk. Return on a stock can be calculated by using either percentage (simple) returns or
continuously compounded (log) returns. Continuously compounded return at time t can
be denoted by 7; and percentage returns by R;. The link between these two can be

shown as

P.+D
r.=In(1+R,) = ln( ‘ t) , 1
P4

where 1 and R, are continuously compounded and percentage returns (respectively) at
time t, and P and D are price and dividend at time t or at the previous period, t — 1.
The natural logarithm of the price (including a possible dividend) at time ¢ is denoted
by p;. Continuously compounded returns (or log-returns) are commonly used by re-
searchers because of their statistical properties. As can be seen from the Equation 1, the
logarithmic return of one period is the remainder of two serial logarithmic prices. This
procedure enables the returns of different periods to be summed together and thus,
makes it simple to compute cumulative returns of longer periods of time.

The advantage of continuously compounded returns over the simple ones is illustrat-

ed in the following two equations:

2

While percentage cumulative return is a sum of products of simple returns, the corre-
sponding log-return can be calculated as a sum of shorter period log-returns. Another
advantage of continuously compounded return is in its simplicity to calculate mean re-
turns. With percentage returns, this is given by a geometric mean, whereas logarithmic

returns allow the use of an arithmetic average. It is obvious that log-returns provide an
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easier approach to return computations, but it should be noticed that the case is slightly
different when dealing with portfolios. The return on a portfolio is the weighted average
of the simple return on each asset. However, the same does not apply to log-returns. To
be precise, they need to be transformed back to simple returns first in order to compute
weighted sums. (Tsay 2005, 2-5; Rasmussen 2003, 9-11.)

As a concept, risk is not as unambiguous as return and thus, it needs to be explained.
It could be easily assumed that investors prefer higher returns. Since returns are often
assumed symmetrically distributed, the return is most likely equal to the mean return.
Naturally, only negative changes should be considered as risk (downside risk) from the
investor’s point of view, but because of the symmetrical distribution both gains and
losses have equal probability. Hence variance or equivalently its square root, standard
deviation (or volatility) is generally used as a measure of risk. (Elton et al. 2011,
46-49.)

When adding more securities to a portfolio, computing variance becomes less
straightforward. In addition to individual variances, the correlation between the returns
also becomes essential. Since returns are dependent on each other, it affects their co-
movement, namely, covariance. If, for example, positive returns occur simultaneously,
the correlation between these returns is high (maximum +1). In the opposite case where
two return series are the mirror image of each other, the correlation is —1, which is the
minimum. As mentioned, covariance between two individual assets describes how their
returns are moving together. When computing covariance of two assets, the correlation
i1s multiplied with the product of standard deviations of the both return series. The fol-

lowing formula presents the role of correlation in covariance:
Oij = Pij0i0}, 3)

where g;; is the covariance between assets i and j, p;; is the correlation and ¢ denotes
the standard deviation. (Elton et al. 2011, 54.)

In order to analyse the risk of all the securities together, a formula for the variance of
the portfolio needs to be constructed. To conclude what is already discussed above, it
can be said that the variance of the portfolio consists of both variance of each asset and
covariance terms. However, it can be shown that covariance of an asset with itself
equals the variance of the asset. Hence, variance of the portfolio can be expressed as
N N
of =ZZaiajaU, 4)
i=1

i=1 j=1

where the variance of the portfolio ¢ is the weighted sum of the covariance (and vari-
ance) coefficients. (Markowitz 1952, 81.)
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2.1.2  Asset diversification and the efficient frontier

The concept of efficient portfolios is based on the idea that investors are trying to max-
imise the expected return on a portfolio, while avoiding variance, which can be seen as
a risk that should be minimised (Markowitz 1952, 77). When more assets are added to
the portfolio the variance decreases as a consequence of the smaller correlation. As dis-
cussed above, the variance of the portfolio can be divided into two components: vari-
ances of individual assets and covariance terms. The first, the individual variances, can
be diversified away but part of the risk remains; this is the average covariance, and
eventually the market’s volatility. (Elton et al. 2011, 59-60; Rasmussen 2005, 90-91.)

The essential outcome of Markowitz’s (1952) portfolio theory is that it gives a tool
for constructing portfolios in an efficient way, i.e., it provides a way to determine mean-
variance efficient portfolios. This theory allows investors to utilise two different ap-
proaches (Markowitz 1952, 82):

1. Minimum risk with desired level of expected return, or

2. the highest possible expected return with minimum risk.
For each level of risk (volatility) given there is a maximum expected return. Alternative-
ly, for each desired level of return there is a minimum achievable volatility. Finally, this

results in the efficient frontier, on which each point is an efficient portfolio.

EIR,] CcML
c
B
R, A
Cp
Figure 1 The Efficient Frontier

Each different asset combination produces a different result in the return-volatility
. . . . - I
space. However, no portfolio can sit on the left side of the frontier shown in Figure 1 .

Even if the final placement of a portfolio is on the frontier line, this does not necessarily

There are also other important terms related to the efficient frontier, such as a tangency portfolio, risk-
free return, and a capital market line. These concepts will be discussed later in this chapter.
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mean that it is efficient. By definition, the efficient frontier is a range from the mini-
mum-variance portfolio A to the portfolio C with the maximum-variance. Once these
two portfolios are found the entire efficient frontier can be derived as their linear com-
bination. (Rasmussen 2003, 111-114.)

The shape of the efficient frontier indicates how much one can benefit from diversi-
fication. This means that correlation between the assets determines the shape of the
curve of the portfolio possibilities. This can be understood by observing a portfolio of
two (risky) assets, where short sales are not allowed. In this case, the curve will be
drawn between two extreme portfolios, both of which consist of either asset A or B. If
the correlation between these two assets equals one, the assets are alike, and thus, the
efficient frontier is a straight line between the assets A and B. Accordingly, one cannot
benefit from diversification. Another extreme case is when the correlation is perfectly
negative (p = —1). In this theoretical situation, investors would be able to find the op-
timal weights for both assets, which would result in a portfolio of zero risk. In this case,
the curve would actually be a line from A to the expected returns axis and from there to
asset B. In real life, however, the correlation is almost always something between zero
and one. This leads to the portfolio possibilities curve being more likely to resemble
Figure 1. (Elton et al. 2010, 68-77.)

When adding more securities to the portfolio, investors obtain more diversification
opportunities. The efficient frontier still looks the same but it shifts to the left. This is
very understandable. As mentioned before, the risk becomes lower when more securi-
ties are added to the portfolio. Thus, any combination of a few assets cannot be as effi-
cient as the optimal combination of a larger number of assets. Most likely none of the
securities alone lie on the efficient frontier but the optimal combination of them offers
the mean-variance efficient portfolio. Again, no higher expected return can be obtained
for a certain risk level and, respectively, no lower risk can be obtained for the desired
expected return. (Rasmussen 2003, 113, 125-126.)

2.1.3  Risk-free asset and market portfolio

In the above, the discussion was limited to cases of portfolios with risky assets only.
Hence, their returns were uncertain, and in order to compute the riskiness of the entire
portfolio, one had to be aware of the correlation among the returns. Usually, however,
there is a risk-free asset available. Basically the idea is that one can borrow and lend at a
risk-free interest rate. Lending here means that investors obtain, e.g., by buying a short-
term government bond, a risk-free rate of return. On the other hand, there is the possi-

bility to borrow at a risk-free rate, which gives investors an opportunity to purchase
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more securities than what they can afford. Since the asset is risk-free, it is clear that the
return is certain and thus, the standard deviation is zero. (Elton et al. 2011, 84-85.)

The risk-free asset changes the problem of constructing efficient portfolios. In this
case the task is to find the optimal allocation of two assets, namely, the risk-free asset
and a mean-variance efficient portfolio. As the risk-free return must have a standard
deviation equal to zero, it can be proven that the covariance coefficient (see equation
2.3) will equal zero. Take for example, a given portfolio B (see Figure 1) from the effi-
cient frontier. If there is a risk-free asset available, the risk of the whole portfolio results
only from portfolio B:

op = X0p, (5)

where X denotes the proportion of portfolio B in the mixed portfolio and ggis the stand-
ard deviation of portfolio B.

As highlighted previously, the return on a portfolio is the weighted average of returns
on individual assets. The weights in the portfolio are assumed to sum up to one, which
implies that the proportion invested in the risk-free asset, must be 1 — X. By rearranging
the previous equation, the weight for portfolio B can be solved as X = op /0. Now, the

expected return on the portfolio can be expressed as follows:

(6)

E[Rg] — Ry -
o P

E[Rp] = Ry + <

where Ry is the risk-free rate, E[Rp] is the expected return on portfolio B and op is the
standard deviation of the whole portfolio. (Elton et al. 2011, 85-86.)

Analysis of the equation above reveals that return on the portfolio is a linear function
of standard deviation of the portfolio. The risk-free rate is a constant and the ratio of
expected excess returns and standard deviation of portfolio B is the slope. This slope is
also known as the Sharpe ratio, which changes along the efficient frontier and reaches
the maximum above the minimum-variance portfolio (Rasmussen 2005, 198). Earlier
efficiency was defined as a relation between return and risk. In this sense maximising
the Sharpe ratio seems rational. If riskless lending and borrowing is possible, a rational
investor should maximise this slope and finally find the tangent drawn from Ry to the
efficient frontier. The portfolio, at the point where the tangent touches the frontier, is
called the tangency portfolio or maximum Sharpe portfolio (see portfolio B in Figure 1).
(Elton et al. 2011, 86-87, 100-101.)

If the whole asset universe is considered, the tangency portfolio is actually the same
as the market portfolio. Now the weight for each asset is based on their market capitali-
sation. In fact, this portfolio will serve as a reference point offering the market equilib-

rium returns when introducing the Black-Litterman model. The tangent between the
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risk-free asset and the market portfolio is known as the capital market line (CML).
Eventually, investors are able to choose any point on the CML by mixing the risk-free
asset and the tangent portfolio. It is clear that the other portfolios on the efficient fron-
tier are not efficient anymore because investors are now able to obtain higher expected
return without taking any additional risk. (Elton et al. 2011, 282-283; Sharpe 1964;
Lintner 1965.)

2.2 Mean-variance optimisation in practice

2.2.1  Description of the optimisation process

In the beginning of this chapter, the main features of modern portfolio theory were in-
troduced. When implementing the theory in real world portfolio management there are
several phases that are essential in the process. First of all, the basic inputs for the
mean-variance model need to be well determined. Practitioners need forecasts for the
expected returns on each asset in the portfolio. There are a number of different predict-
ing models for the returns available, some of which will be discussed in this thesis. Es-
timates for volatility and correlation terms are also crucial in order to obtain accurate
results from the optimisation. In addition, usually the portfolio manager has some limi-
tations in terms of making investment decisions. These limitations need to be added as
constraints to the optimisation software. (Fabozzi, Focardi & Kolm 2010, 316.) The

investment process in its entirety can be seen in following figure:

Expected
Return Model
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Figure 2 The MPT Investment Process (Fabozzi, Gupta, Markowitz 2002, 8)
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One approach to expected returns is to consider historical mean returns as a predic-
tion for the future returns. If the returns are assumed to be distributed normally, the pre-
diction holds. Normality of returns is a good approximation indeed, but does not really
reflect the real world. From real life observations, it can be seen that return distribution
often has excess kurtosis and positive skewness. The first means that the distribution
has fat tails, which implies that extreme values have higher probability than in the nor-
mal distribution. The latter means that there is more probability mass on the right tail of
the distribution. These statistics can vary depending on whether daily or monthly returns
are used, or whether the analysis includes returns on individual securities or, e.g., on
indices. (Tsay 2005, 14-15, 17-19.) Another important point related to the normality of
returns has to do with the length of the return series. If returns from a long period of
time are observed, the historical mean is a more precise predictor of the future return.
However, the more years taken into the analysis, the more changes in economic condi-
tions become involved. Including these in the calculations may be irrelevant. (Elton et
al. 2011, 238.)

Due to the facts deliberated above, it can be argued that the historical mean is a fairly
poor predictor of the future return. Financial literature offers many different models for
return forecasting, e.g., the capital asset pricing model, multifactor models, and different
time series models. This thesis proposes the Black-Litterman approach, in which the
expected returns are calculated with the market equilibrium returns and the views of
analysts. The market equilibrium returns are derived from capital asset pricing theory,
and the views are dependent on the analyst. In this paper, a simple long-short trading
strategy is introduced to create factors that can be further used to impose analysts’
views.

The variance of the portfolio is another key component in the mean-variance optimi-
sation. In this analysis the portfolio manager has to deal with both variance of individual
stocks and correlation between the assets or asset classes. Again, one approach is to
compute historical sample variance and correlation. From statistical perspective, the
longer the sample period the more accurate the prediction. Nevertheless, the problem is
that the economic conditions change over time, which changes the characteristics of the
returns. (Elton et al. 2011, 90.)

Before running the optimisation, investors may have to add constraints. In the sim-
plest case, the optimisation is subject to a constraint that the portfolio should be fully
invested. In addition, they may want to achieve a certain expected return on the portfo-
lio, or they may not be able to sell the securities short. Restrictions may be comprised of
institutional requirements or investors’ objectives. Fabozzi et al. (2010) divide the pos-
sible constraints into linear and quadratic, nonlinear, combinatorial, or integer con-
straints. Linear and quadratic constraints are the most common ones and they can be

efficiently solved by using straightforward quadratic optimisation algorithms. More
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complex constraints require more sophisticated algorithms, which obviously makes the

optimisation less practical. (Fabozzi et al. 2010, 327-333.)

2.2.2  Computing mean-variance efficient portfolios

Up to this point, the different inputs concerning mean-variance framework have been
discussed, but not so much the quadratic optimisation itself; therefore this problem will
be approached using matrix notations. In addition, general solutions for minimum vari-
ance portfolio and tangency portfolio will be given. In the portfolio, there are N securi-
ties, the optimal weights of which are not yet known. Weights are denoted by N X1 vec-
tor w,2 the elements of which are the weights of individual securities:
w' = (Wy,w,, ..., wy). By default, portfolios are always assumed to be fully invested.

This can be expressed as follows:
wil=1 (7)

In the formula, the transposed vector of weights, w' is multiplied by N X1 unit vector.
In the beginning of this thesis, covariance was presented as an important part of
computing variance of the portfolio. When covariance for each security pair and vari-

ance for each security is computed, an NXN covariance matrix can be constructed:

011 O1pn
y = : - : (®)
On1 ** Opnn

It is already known that the covariance of a security with itself is equal to its variance,
i.e., 0; = of. Hence, the values on the diagonal are variances. By utilising the covari-

ance matrix, the variance of the whole portfolio can finally be computed as:
o = W'Iw 9)

It was already pointed out that the expected return on a portfolio is the weighted av-
erage of simple returns on individual assets. This, denoted by up, can be calculated as a
product of the transposed vector of weights, w’ and the vector of expected returns, p as

follows:

To avoid misunderstandings vectors are denoted by highlighted and scalars by normal letters (or num-
bers). By default, all vectors are written in a horizontal direction, i.e., as nx1. Transpose of a vector
would be indicated with an apostrophe on the right corner.
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tp =W'H (10)

(Fabozzi et al. 2010, 317.)

A usual setup in the mean-variance problem is that the variance is minimised, subject
to some constraints. As already discussed, there is always at least one constraint, the
budget restriction, according to which the weights must sum up to one. If the optimal
allocation should reach a certain expected return on the portfolio, it is common to add

this as a constraint as well. Now the optimisation problem can be expressed as follows:

. 1 !
min-—wxw
x 2

st.wpn =y

wil=1 (1T)

Finally, by using Lagrange multipliers, the problem can be interpreted in the following

linear form:
1
Lw,AYy) = EW'ZW + AW p—p) +y(w'1l-1), (12)

where A and y are the Lagrange multipliers that allow the constraints to be added to the
same equation with the objective function. The problem can be solved by taking partial
derivatives with respect to the variables, and then by solving the first-order conditions.
This kind of analytical solution is possible only when using equality constraints. In the
previous, equation the weights can result in negative values since the individual weights
are not constrained. In practice this means that short selling is allowed. If they need to
be ruled out, inequality constraints come into question. For example, the long-only rule
(w; =0, i =1,...,N) is an inequality constraint that requires numerical optimisation.

It is not relevant to go any deeper in the mathematics but instead the general solu-
tions for the global minimum-variance and tangency portfolio will be given. Both of
these solutions can be derived from the function presented above. One should note, that
in tangency portfolio the expected excess returns (4 — Rr1) are taken in consideration.
The solution for the global minimum variance portfolio is:

11

_ 13
15-11 (13)

and correspondingly, tangency portfolio acquires the following expression:
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_ ZT(u - Rel)
VTS T (u—RD)

(14)

where 271 is an inversed covariance matrix. (Fabozzi 2010, 318-319, 323.)

2.2.3  Issues on the inputs of mean-variance framework

Jobson and Korkie (1980) have studied the key inputs, mean return, and variance, in
Markowitz’s mean-variance framework. They tested the normality assumption of re-
turns with different sample sizes by comparing theoretical values and simulated (Monte
Carlo) values with each other. The results prove that the estimation bias is the ratio of
the number of assets and sample size, i.e., N/T. Variance especially, in the portfolio did
not seem to be comparable with the simulated value even when the sample size grew to
1,000. As already mentioned, such a large number of returns is not relevant, and there-
fore, it will make the use of the sample values less accurate.

Another interesting finding was that quality of the estimators clearly improved when
mean excess returns were relatively high compared to the covariance terms among the
assets. Correspondingly, small element values in the vector of expected (mean) returns
together with relatively high off-diagonal elements in the sample covariance matrix re-
sulted in weak estimates for the mean-variance analysis. However, t securities with the-
se “good” properties tend to acquire unreasonably large weights in the optimisation pro-
cess, which leads to errors in portfolio weights (Michaud 1989).

Another problem is that the optimal portfolio weights are very unstable when the in-
puts change. The main reason for this is the ill-conditioned covariance matrix, which
appears when using historical data. As an inversed covariance matrix is used in the op-
timisation process, ill-conditioning3 of the matrix makes the results extremely unstable.
In some cases, when the number of assets exceeds the sample size, the covariance ma-
trix is not even invertible (Ledoit & Wolf 2004). In the worst case, the mean-variance
optimiser becomes an “estimation-error maximiser” rather than anything else. Actually,
it often emerges that equal allocation outperforms mean-variance efficient portfolios.
(Michaud 1989.)

Ill-conditioning of a matrix is related to its condition number. Condition number determines how accu-
rate and stable results an inversed matrix produces in linear problem solving.
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2.3 The Black-Litterman Model

2.3.1 Rolein the asset allocation problem

Black and Litterman were working at Goldman Sachs at the time when they published
the first paper on the model in the company’s internal issue in 1990. In 1992 the method
entered the academic world as their paper, Global Portfolio Optimization, was pub-
lished in Financial Analysts Journal. In this context, the importance of Black’s academ-
ic publications is worth mentioning. Among his other work with asset pricing theory,
the most famous achievement is the Black—Scholes option pricing equation published
with Scholes (1973). Motivation of Black and Litterman when creating the model was
driven by the problem that quantitative asset allocation models were very complex, and
furthermore, they tended to result in unstable portfolios with remarkable short positions.
A reason behind this is that portfolio optimisation models are highly sensitive to ex-
pected returns. Even long-only rule does not solve the problem since it leads to solu-
tions where small-cap markets have extremely large weights, and on the other hand,
many securities result in almost zero weight. Accordingly, this is an issue that would
make such a model practically useless.

The Black-Litterman model approaches the allocation problem from the perspective
of expected returns suggesting that the global CAPM equilibrium (see e.g., Sharpe
1964; 1974; Lintner 1965) should be used as a reference point when estimating the ex-
pected returns. The market portfolio represents the equilibrium where all investors have
neutral views and which equilibrates the global demand and supply. This equilibrium
consists only of long positions, which makes it appealing as a benchmark. Eventually,
investors are allowed to tilt these market equilibrium weights towards their views con-
trolled by the level of confidence. Hence, the excess returns are expected to be provided
by the public information of the market and an insight into the companies or markets,
which investors may believe they have. In other words, the model combines two differ-
ent sources of information. Finally, the familiar mean-variance model is fed by the out-
put of the model, namely, the vector of expected returns conditional on investors’
views. (Black & Litterman 1992.)

The ultimate purpose of the model is to produce expected returns, which behave well
in the optimisation framework. As a process the Black—Litterman model is relatively
straightforward despite the mathematical presentation. Shortly described, the model
consists of three entities: Vector of implied equilibrium returns, investor’s views, and
uncertainty of views. The first one requires an estimate of investor’s risk aversion, a
covariance matrix of the returns, and the market capitalisation weights. Since the ap-

proach considers both equilibrium returns and views uncertainty, they are handled with
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probability distributions (Black & Litterman 1992). The following figure illustrates the

process and illustrates the role of different inputs:

Risk Aversion Covariance Matrix Market Capitalisation Views Uncertainty of Views
Coefficient Weights
— 2
A= (Elr]-77)/o ) Wikt 9 o

\ N
Implied Equilibrium Return Vector

M= AEkat

Prior Equilibrium Distribution View Distribution

N-(0) %@m\

Combined Distribution

N~ (ER D)+ (PP

Figure 3 Combining market equilibrium returns and investor’s views (Idzorek
2005)

As presented in the figure, the means and variances of the distributions are the inputs
shortly introduced above. Some of them are very intuitive and simple to calculate
whereas some are more theoretical. For example, defining the market portfolio may not
be easy since it is supposed to cover the whole investable universe. Additionally, quan-
tifying uncertainty of views requires more theoretical approach.

After defining all the parameters a complete expression of the mean of the posterior

return distribution, i.e., a combined return vector, acquires the following formula:
E[R] = [(x2)" '+ P'Q7 1P (x2)"'N + P'Q71Q], (15)

where X is a covariance matrix of excess returns, T is a scaling factor, P is a matrix to
weight investor’s views, () is a diagonal covariance matrix of the views, and @ denotes
the actual views (Idzorek 2005). The components and composition of the formula will

be discussed in the following sub sections.
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2.3.2  The equilibrium portfolio and implied equilibrium returns

The basic principles of the market portfolio, considered as a benchmark in this context,
are already discussed within this thesis. It was explained that every investor should pick
the portfolio from the efficient frontier, which maximises the Sharpe ratio. Assuming
that investors are able to borrow and lend at a risk-free rate of interest, all with equal
terms, they should be able to move from this point along the capital market line by mix-
ing the maximum Sharpe ratio portfolio and the risk-free asset in their portfolios. It is
also assumed that all investors have similar expectations concerning the expected re-
turns, variance, and correlation structure among the assets in the portfolio. Even though
these assumptions are not realistic, they set the frames for the theory. Under these cir-
cumstances all investors finds the same market portfolio. (Sharpe 1964.)

When discussing the equilibrium, it can be understood as a portfolio that equilibrates
the global market when investors have equal views, i.e., the global market portfolio in
which each asset is weighted based on its capitalisation. To be precise, the market port-
folio contains the whole investable universe including equities, bonds, currencies, etc.,
which is why defining the market portfolio may be challenging if not impossible. Addi-
tionally, in the original paper (Black & Litterman 1992), the equilibrium portfolio is
partly currency hedged based on universal hedging constant. According to so-called
“Siegel’s paradox”, investors can benefit from bearing part of the currency risk. This
ratio, the universal hedging constant, is discussed in Black (1989).

Regarding the global market portfolio with given market capitalisation weights, the
expected returns can be found implicitly utilising Markowitz’s mean-variance frame-
work. The idea is introduced in Sharpe (1974) where the essential finding relies on the
fact that the market portfolio already holds expectations of the investors, which can be
imputed from asset weights. In the context of the Black—Litterman model, the implied
market equilibrium returns are calculated using the following equation for a reverse

optimisation:
0= AW, , (16)

where the implied equilibrium returns, I, is calculated as a product of a risk-aversion
parameter, A, the covariance matrix, X, and the market capitalisation weights denoted by
Wmke- The term ‘reversed’ here means that the vector of returns given by the formula
provides an optimal portfolio when plugged into the Markowitz framework without
constraints.

The other multipliers have been discussed earlier within this thesis except the risk-
aversion parameter. This can be solved as A = (E (1] — rf)/ofn, which defines the

amount of additional risk that investors are willing to take when the expected excess



26

return increases. Note that the formula of the risk-aversion is almost similar to the one
of Sharpe ratio; instead of variance, the market risk premium is divided by volatility of
the market in case of the Sharpe ratio. (Rachev et al. 2008, 96, 143.)

The vector of implied equilibrium returns represents the prior estimate of the mean
returns of a multivariate return distribution. To clarify the idea of the prior equilibrium
distribution, normally distributed expected returns could be used as a starting point. In
the portfolio world, a vector of expected returns, E[r], can be assumed to follow a mul-

tivariate normal distribution with mean, u, and covariance, X:
E[r] ~N(uX) (17)

However, the market is not in the equilibrium all the time, which is why an estimate is
needed, namely, the vector, I1, given by the reversed optimisation. This estimate is a
combination of the actual means and errors, €, which are normally distributed with
mean, 0, and variance, X.. Since the estimate is affected by the views given by the mar-
ket, it should be considered more reliable than simple mean returns and, thus, X, < X.
The proportionality of the covariance matrices of the estimate and the returns (2.and X)
is indicated by t. This parameter is also understood as uncertainty of the estimate. Final-

ly, the prior distribution is expressed as
u~N(ILtY) . (18)

The ’tau’ coefficient is rather theoretical and there are several different approaches sug-
gested in various papers. This problem will be discussed later within this section. (Wal-
ters 2011; Cheung 2010.)

2.3.3  Incorporating investors’ views

Allocating the funds according to the market portfolio can be interpreted as having no
views at all. However, usually investors do have some kind of insight into the assets
they consider investing in. The Black-Litterman model introduces two different ap-
proaches to incorporate these views, namely, the investors may have either absolute or
relative views on the performance of the assets. An absolute view means that the inves-
tor has a specific estimate for the return on a particular asset. Accordingly, a relative
view stands for a usual case when, e.g., one asset class is expected to outper-
form/underperform another by X per cent.

In the mathematical expression, the views are added using matrix notations. The as-
sets that the views apply to are defined by matrix P with dimensions, k& X n. In the ma-

trix, k represents the number of views, whereas 7 is the number of assets. Both absolute



27

and relative views are included in the same matrix with a small difference. Assume
three assets, A, B, and C, in a portfolio. The investor may believe, for example, that the
asset A will yield 3 % and the asset B will outperform the asset C by 1.5 %. In this case,

the matrix, P is composed as

PZ((lJ o(.)s —8.5)' (19)

Since there are three assets and two views, the dimensions are 2 X 3. An essential rule is
that when adding an absolute view, the element equivalent to the particular view and
asset has to equal one. Accordingly, in case of relative view, the entire row needs to
sum to zero. There are also alternative ways to approach the relative view setting. One
possibility is to give equal weights to the outperforming assets, and correspondingly, to
the underperforming ones as done in the example above. This means that on each row,
the outperforming assets get a value of one divided by the number of the outperforming
securities related to a particular view. The same principle applies to the underperform-
ing securities (see Satchell & Scowcroft 2000). However, Idzorek (2005) prefers so-
called market capitalisation scheme where the assets related to the view in question are
weighted as market cap; / market capyiew w1, Where ‘view total” means the total market
capitalisation of either outperforming or underperforming assets. Again, the weights are
positive or negative if the corresponding assets are expected to outperform or underper-
form, respectively. The intuition behind this approach is that now the final changes in
portfolio weights will be proportional to market capitalisations of the assets.

As presented above, the matrix, P weights the views across the assets. The expected
excess returns, accordingly, are included in a k£ X [ vector Q, where k represents the
number of views. In the example, given above, it was expected that the asset A will
yield 3 % and the asset B will outperform the asset C by 1.5 %. In this case, the views

would be presented as

3%).

2= (1.5% (20)

It should be noted that each asset is not necessarily included in the @ vector but the en-
tries are given by the views instead, whether they are absolute or relative. In the exam-
ple there are only two views but, however, assets B and C are both affected by the se-
cond view.

In addition to the views themselves, investors are asked to set the uncertainty of the
views that is given by a covariance matrix of the views. It is assumed that the views are
independent, and therefore, uncorrelated. This means that the covariance matrix is diag-

onal consisting of the variances of the views:
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-5 2)

Presumably, the values for this matrix are difficult to estimate intuitively. Black and
Litterman (1992) do not provide any solution for the matrix either, which makes it ra-
ther problematic. However, there are several ways to approach this problem, which will
be discussed next. The expressed views and uncertainty of the views finally define the

distribution of the views. In an asset space, views are distributed as
V~NP19 [P tP] ). (22)

Considering the views only, the distribution would be determined by a mean, @ and
variance, . The P matrix, however, translates the views in accordance with the assets.
(Walters 2011.)

2.3.4  Uncertainty of the views and tau coefficient

Both an uncertainty matrix {1 and a scalar T are in the model to cope with confidence
issues. The uncertainty matrix reflects variances of the views whereas T is understood as
a confidence of the prior equilibrium. The shrinkage between the prior distribution and
views is a function of these two factors, which requires that they should be considered
together. They are also highly abstract concepts, which makes them difficult to calcu-
late. In general, the principle is that a higher confidence is related to a greater departure
from the market equilibrium portfolio.

As already discussed, an uncertainty matrix of views, () is a k X k diagonal matrix the
elements of which consist of variances of the error terms of individual views. This
means that value zero can be interpreted as 100 % confidence on a particular view and
vice versa. The views can be written as Q + €, where the error term vector is independ-
ent, random, and it follows a normal distribution with mean zero and a covariance ma-
trix, (). One way to calculate the diagonal values of () is to start with variance of the
view portfolios. For each view (k = 1...K), the variance of the view portfolio is p,Zp’s,
where py, is a row (vector) of the P matrix subject to a view k and X is a covariance ma-
trix of excess returns. He and Litterman (1999) suggest a link between () and T so that
variance of a view portfolio equals wy /t. According to this approach, the elements of ()

acquire the following expression:
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((p’lipl)r 0 0 )
Q= 0 0 (23)
0 0 (PxIpPK)T

The same expression can be also written as Q = diag(P(tZ)P"). This approach miti-
gates the estimation process since it makes the scalar T irrelevant regarding the final
combined vector of excess returns. It is also the most used method in literature. (Idzorek
2005.)

Another fairly intuitive way to quantify the variance of the views is to utilise confi-
dence intervals. Assume an investor who has estimated that a mean return of an asset is
5%. The investor is 68% confident that the mean falls onto a range of 4 %-6 %. Now, it
is possible to calculate the standard deviation of this view by using an assumption of the
normal distribution. In the standardized normal distribution, probability of 68 % corre-
sponds 0.47 standard deviations. Considering both tails of the distribution, this falls
within 1 standard deviation of the mean and thus, variance for the view can be translated
into (1 %).

In addition, there are some other alternative ways to estimate the variance of the error
term. When a factor model is used to estimate mean excess returns a natural method is
to calculate the variance of the error term of the regression. It is typically assumed that
residuals are independent and identically distributed (i.i.d.), which leads to the fact that
only diagonal values (variances) will be included in the view uncertainty matrix. On the
other hand, Idzorek (2005) suggests that there would be also other factors affecting in-
vestors’ confidence on their views. He calculated so-called Implied Confidence Levels
by combining market capitalised weights and unconstrained weights based on 100%
confidence and user specified confidence levels, i.e., Wyt Wig09, and W, respectively.
This approach utilises the weight differences of these three different weight vectors to
estimate an implied confidence level. This is done by dividing individual values of
(W — Wyie) by the corresponding differences from (Wy99, — Winke). (Walters 2011.)

In connection with a distribution of the market equilibrium returns, the variance of
the prior mean is proportional to the covariance matrix of the asset returns. This propor-
tionality is expressed with the constant, T, and thus the covariance matrix of the estimate
as T (see equation 18). Hence, T may be understood to indicate the uncertainty of the
prior distribution given by CAPM (He & Litterman 1999). In Black and Litterman
(1992), the constant is only defined to be close to zero meaning that the expected excess
returns are fairly stable. However, there has been a lot of discussion on a reasonable
value of the ‘tau’ coefficient. For example, Satchell and Scowcroft (2000) suggest that t
should be set to one because investors’ return forecasts and equilibrium excess returns
are equal on average. Michaud, Esch, and Michaud (2013) acknowledge the combined
effect of T and Q by adjusting t so that the model results in investable portfolios. The
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smaller the scalar is the more the final portfolio approaches the benchmark portfolio,
which is constrained by definition. Following the method of He and Litterman (1999),
however, leads to a situation where the constant becomes completely irrelevant because
1 is proportional to T (see equation 23).

When t is relevant in the final Black—-Litterman equation one commonly used meth-
od is to approach the scalar from a statistical viewpoint. Now, the sample size, T (length
of return series), and possibly the number of assets, N can be used in the estimation.

Thus, the scalar T can be calculated either as

1
or = (24)

where the former formula is so called the maximum likelihood estimator, and the latter
one is the best quadratic unbiased estimator. This approach is based on statistics and it
1s commonly used when a covariance matrix is estimated from a sample of return.

Since the variance of the prior mean is assumed to be proportional to the covariance
matrix of the returns as T2, the scalar can be also calibrated with respect to a confidence
interval. With given confidence level, estimated mean, and observed standard deviation,
it is possible to define a confidence interval for the most likely mean values. As a con-
sequence of a higher standard deviation, the confidence interval becomes wider as T
increases. This allows setting the scalar so that the interval becomes reasonable and a

good prior estimate of the mean. (Walters 2011.)

2.4 Market anomalies

2.4.1  Definition and persistence on the markets

When markets are efficient all relevant information should be included in asset prices,
which should make it ineffectual to pursue excess returns consistently. Studies on mar-
ket efficiency rely strongly on the work of Fama (1970) where he introduces three
forms of efficiency: weak form, semi-strong form, and strong form. Weak form of mar-
ket efficiency states that historical price or return patterns do not provide any relevant
information for investors profit wise. Accordingly, semi-strong form realises when pub-

licly available information like fundamental factors cannot be utilised in order to make
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excess returns. The strictest requirement for efficient markets is set by the strong form
claiming both either private and public information, held by any group of investors,
should be included in asset prices. Finding evidence against the efficient market hy-
pothesis may be a sign of inefficiency although, usually the underlying asset pricing
model is the one that should be put in test.

Generally, financial markets can be considered efficient and nowadays even more so
as computerised trading makes arbitrage opportunities to disappear before they are even
noticed. However, sometimes there are return patterns appearing on the market that vio-
late the efficient market hypothesis and cannot be explained by asset pricing models,
like CAPM. Such anomalous returns can be based on historical performance, fundamen-
tal characteristics, or some other technical trading rules. By the nature of the anomalies,
Keim (2008) categorises them into cross-sectional and time series anomalies. All the
anomalies discussed within this thesis belong to the first group but, of course, momen-
tum and reversal effects are based on time series characteristics.

Even though, anomalies seem to provide superior trading opportunities there is one
common problem. Once they are studied and become publicly known they usually cease
to exist, i.e., they are quickly arbitraged away. This also supports the efficient market
theorem. However, some of the anomalies have been reported to show strong evidence
still after a long time since they were found. Rather than a persistent inefficiency, this
should most likely be considered as a consequence of an inadequate asset pricing model
used as a benchmark. After the basic CAPM some of the anomalies have been included
in better explaining asset pricing models. For example, Fama and French (1992; 1993)
introduce a three-factor model that, in addition to market, explains asset returns with
size and value factors. This means that small cap stocks with high book-to-market ratio
(value) outperform the market. Additionally, Carhart (1997) improves the model by
adding a fourth factor, momentum to explain the continuing rise of the past winners. In
order to investigate the returns provided by the strategies suggested within this thesis,
the three-factor model is used as a benchmark. (Keim 2008; Schwert 2003.)

2.4.2  Value effect

A phenomenon where securities with high value outperform those with lower value is
called value effect. Stocks may be classified as value and glamorous stocks or value and
growth stocks. A theoretical explanation to the value effect is that assets with a higher
risk of financial distress also provide a higher expected rate of return (Fama & French
1993). Typically, value is assessed with respect to market valuation, which reveals
whether an asset is under- or overvalued. There has been a number of different studies

investigating the relation between value, calculated with different measures, and cross-
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sectional returns. First, Stattman (1980) reports a positive relation between cross-
sectional US stock returns and book-to-market (BE/ME) ratio. Book-to-market ratio is
also considered as value measure in Fama and French (1992), however, they also test if
earnings-to-price (E/P) ratio explains average cross-sectional returns. The results show
that the positive relation between positive E/P ratio and average returns is mostly due to
the fact that high E/P firms often have a high book-to-market equity ratio, i.e., there
seem to be multicollinearity issues in the regression. In addition to BE/ME and E/P,
Babameto and Harris (2008) consider also dividend yield and cash-to-price ratio when
constructing value portfolios. Nevertheless, book-to-market ratio appears to be the most
used measure to characterise value in literature.

All the value indicators, discussed above, are accounting based measures that are ap-
plicable with stocks. However, the value effect is reported to exist in other asset classes
as well, which means that alternative value measures are required. Asness et al. (2013)
estimate value for commodities, currencies, and bonds as a negative five-year return.
This method is supported by Gerakos and Linnainmaa (2012) who suggest that BE/ME
could be replaced by market value when calculating a value measure for stocks. They
argue that book and market values covary and that an increment in a book value yields
even a higher increment in the market value. As a consequence, the BE/ME ratio starts
to decrease. In addition, cross-sectional Fama-MacBeth regressions show that the
market value of equity captures both past stock returns and net issuance, which makes a
negative five-year return a good estimate for value. Also Fama and French (1996) report
positive correlation between book-to-market measure and negative five-year return.

Asness et al. (2013) apply this method to different asset classes with slight nuances.
More specifically, they calculate the spot price five years ago as an average of the spot
price from 5.5 to 4.5 years ago. Finally, the negative five-year return becomes
In(S;_s — S;), where index t represents years. For each asset class, the basic principle is
the same but the calculation methods differ slightly in practice. The equation, presented
above, can be straight used to estimate the value measure for commodities. For currency
exchange rates, the return is adjusted with Consumer Price Index (CPI) and thus, the
final measure consists of five-year change in Purchasing Power Parity (PPP). The cal-
culation is better explained by Accominotti and Chambers (2014)5 and it can be written

as

Fama-MacBeth regression is used to test risk factors of asset pricing models across multiple assets. The
method was introduced by Fama and MacBeth (1973).

Accominotti and Chambers (2014) calculate undervaluation of currencies so that currencies with small
values are considered undervalued. Here, the measure should be comparable with book-to-market ratio.
Hence, equation (25) is a negative form of that introduced by Accominotti and Chambers.
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Value = si_g — st — (Pti-s - Pé’—ssD) + (Pé - pysu) ) (25)

where s} denotes the natural logarithm of spot exchange, p! and pYSP denote respective-
ly the natural logarithms of foreign and domestic price indices (measured with CPI);
again, the index t corresponds to years. Accordingly, for bonds the negative five-year
return can be calculated with changes in ten-year bond yields. In addition, Asness et al.
suggest three alternative value measures for bonds, namely, five-year change in yields
of ten-year bonds, yield of a ten-year bond minus five-year inflation forecast (i.e., the
real bond yield), and term spread (difference between a ten-year and short bond yields).
Ultimately, they report that even more reliable risk premia arise when these different
measures are combined.

In case of stocks, the definition of value is quite intuitive to understand as the market
price can be evaluated against the book value. For other asset classes, this might not be
as straightforward. At least, the definition is not really discussed in anomaly related
studies. However, the measures used here give some guide. For example, fair value for
currencies can be measured with PPP, which is assessed with foreign and domestic CPI
changes. Additionally, using steepness of the yield curve (term spread) to analyse value
for a bond can be well explained. The term spread indicates steepness of the yield curve.
When the yield curve is steep, bond investors benefit from positive roll-down effect,
assuming that no parallel shifts of the curve are not seen. Now, the price of the bond
would increase as the maturity comes closer.

When it comes to portfolio strategies, a typical way to utilise such an anomaly is to
construct a zero-cost long-short portfolio where, in this case, undervalued assets are
bought and overvalued assets are sold. The same principle is behind the multifactor
models, e.g., the value factor, HML in the Fama—French three-factor model is a portfo-
lio where returns of small value stocks are deducted from those of high value stocks.
However, different methods have been used to construct these portfolios. Firstly, assets
can be divided in number of portfolios based on their ranked values. Secondly, these
portfolios can be weighted in different ways. For example, Fama and French (1993)
create the value factor by dividing both small and big stocks (related to the size factor)
into three different value weighted portfolios based on their book-to-market rank. Final-
ly, an HML (high-minus-low) portfolio is constructed by subtracting the returns of these
two extreme portfolios one from another. Value portfolios are usually weighted by mar-
ket capitalisation (see, e.g., Babameto & Harris 2008; Chaves & Arnott 2012; Asness et
al. 2013). In addition to capitalisation-weighting, Asness et al. construct factors where
assets of a long-short portfolio are weighted based on their ranks so that assets with
highest value (or momentum) acquire the largest weight and vice versa. On the other

hand, the ones in the middle have weight close to zero. Moreover, equal weighted re-
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turns in high or low value portfolios are used by, e.g., Hjalmarsson (2011), although
instead of three portfolios, he divides the assets into deciles, which is to emphasise the
effect of the most extreme characteristics. This is obviously technically more simple

approach but it surely serves the purpose when it comes to results.

2.4.3  Momentum effect

There is strong evidence that those assets with superior short-term past returns will con-
tinue outperforming the past losers in the near future. Such a momentum effect is prov-
en to be significant not only for stocks but also for various different asset classes. In this
case, the meaning of ‘short-term’ is crucial since long-term reversal effect (discussed
next) has exactly the opposite effect on future returns. The work of Jagadeesh and Tit-
man (1993) claims that a relative strength trading strategy where recent winner stocks
over the past 3 to 12 months are selected provides abnormal returns in the next 12
months following the time of portfolio formation. However, after these 12 months the
stocks start losing this return up to the following 24 months. Jagadeesh and Titman re-
port the highest annual return when stocks are selected based on the past six-month re-
turn and held for the next six months.

It has been shown that momentum returns cannot be explained by common risk fac-
tors. Hence, returns realised by momentum effect cannot be a result of systematic risk.
Delayed stock price reactions to the risk factors could possibly result in lead-lag effects
causing the profitability of such a momentum strategy. For example, Lo and MacKinlay
(1990) report that higher expected returns provided by a contrarian strategy where re-
cent winners are sold and losers bought (related to reversals but theoretically close to
momentum) are not solely due to negative serial dependence in individual stocks, i.e.,
market overreaction. Instead, they document that the phenomenon is a consequence of
positive cross-autocorrelation among asset returns. This so-called lead-lag effect means
that positive returns of large capitalisation stocks imply good performance of small-cap
firms in the future.

However, Jagadeesh and Titman (1993) report significantly negative relation be-
tween relative strength portfolio returns (based on momentum effect) and lagged
squared returns of a value-weighted portfolio. This strongly supports a hypothesis ac-
cording to which relative strength returns would not be contributed by lead-lag effect. In
addition to Jagadeesh and Titman (1993), also DeLong, Shleifer, Summers, and Wald-
mann (1990) suggest that momentum effect would be caused by investors who make
prices to overreact by buying recent winners and selling the losers. They call the inves-
tors following such a strategy positive feedback traders. The abnormal returns, however,

are only created in short run because investors tend to overestimate the long-term pro-
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spects thus eventually causing return reversals. This is not far from the explanation of
Vayanos and Woolley (2013) who introduce an institutional theory of momentum. They
explain continuingly falling prices so that funds impacted by a negative shock start los-
ing investors gradually. These outflows make the fund managers to sell the underlying
assets, which causes a continuing decline in asset prices and therefore, their expected
returns.

Momentum effect has proven its significance against common risk factors. Fama and
French (1996) study whether different anomalies provide abnormal returns that cannot
be explained with their three-factor model. Unlike all the other competing anomalies,
the short-term (-12 to -2 months) momentum portfolio generates significant positive
alpha, which can be considered anomalous from the viewpoint of the model. Addition-
ally, Carhart (1997) considers one-year momentum as a common risk factor and pre-
sents his four-factor model to explain equity returns. He improves the three-factor mod-
el of Fama and French by introducing the four-factor model, which includes one-year
momentum factor in addition to market, size, and value factors. Carhart uses equal-
weighted decile portfolios in constructing the factor-mimicking portfolio based on elev-
en-month returns lagged one month. The results indicate that the four-factor model re-
sults in lower pricing error than CAPM or three-factor model in explaining cross-
sectional variation in stock returns. In fact, the results are to a great extent supported by
those discussed above. When researching performance of mutual funds, buying the
winners of the last year and selling the losers yields higher expected returns in the fol-
lowing year. However, after one year the continuance tends to disappear. After all, Car-
hart does conclude that transaction costs cut a great deal of the returns when momentum
strategy is followed.

In the momentum literature, it is a standard to exclude the most recent month in port-
folio formation. The reason for such a procedure is to avoid one-month reversal, which
implies an inversion in price movements. This is possibly a consequence of liquidity
issues or microstructure related factors making the momentum measures biased (Asness
et al. 2013). It has been reported that illiquid stocks often cause return reversals. How-
ever, the effect might be also dependent on firm size as well since small firm stocks are
more likely to be illiquid. (Tang & Zhang 2014.) A vital microstructure related issue is a
bid-ask spread leading to weaker momentum returns. Keim (1989) suggests that sys-
tematic trading patterns (such as momentum) lead to wider bid-ask spreads, which may
introduce errors when calculating returns.

Despite of the general approach to skip the latest month, Asness et al. (2013) remind
that some asset classes suffer little from illiquidity. Therefore, they suggest that the
momentum effect could be even stronger when the most recent observations are includ-
ed in the estimation window. However, this does not remove the fact that bid-ask spread

leads to biased estimates if the most recent prices are taken into account. Additionally,



36

Tang and Zhang (2014) find that winner stocks tend to show reversal in a short run but
the loser ones tend to continue perform poorly, i.e., these two groups behave in different
ways. This may also have an impact on how the recent winners and the losers should be
treated.

Explanations to momentum in the finance literature can be divided into three groups:
risk and characteristics-based explanations, bias related explanations, and explanations
related to transaction costs. The first group of explanations is based on results suggest-
ing that momentum is higher among small firms and those bearing higher financial
risks. Investors’ underreaction to news is a clear example of behavioural biases causing
the momentum effect. Underreaction is often the greater the less analysts are following
a firm. Transaction costs, again, are usually seen as a drawback for momentum strate-
gies. (Menkhoff et al. 2012.)

2.4.4  Long-term reversal

If the momentum effect is a continuing pattern in asset returns reversal is the opposite.
After a period of continuous decline or growth the market recognises the mispricing and
the direction tends to change, i.e., a reversal occurs. Return reversals are often explained
with investors’ overreaction to fundamentals. After an overreaction, either positive or
negative, the prices are ought to reverse back towards their fundamental values. For this
reason, the effect is originally discussed as stock market overreaction. In finance litera-
ture, two types of reversals are observed: long-term and short-term reversals. The dis-
cussion, however, is often related to long-term return reversals since short-term rever-
sals are usually led by biases concerning bid-ask spreads or liquidity issues (see, Keim
1989; Asness et al. 2013). Recognising these patterns could possibly provide appealing
trading strategies for investors who make decisions based on historical performance of
assets, against the efficient market hypothesis.

From institutional perspective, the (long-term) reversal effect is explained with ra-
tional investors who make market prices to deviate from fundamental values. When
asset prices drop suddenly due to a negative shock investors tend to withdraw their
shares from investment funds. This causes pressure for the portfolio managers to start
selling assets. Eventually, these outflows push the prices below fundamental values,
which finally increases expected returns thus making the assets tempting. (Vayanos &
Woolley 2013.) Such an overreaction is an elementary factor explaining the success of
reversal strategies. Comparison of past winner and loser portfolios shows that the loser
portfolios yield considerably higher returns than the winner portfolios, regardless of the
fact that the former one carries less systematic risk. This result is found to be significant

with a formation period of 36 months and a test period with the same length. Being that
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the cumulative abnormal returns (over the market) are significantly positive to the loser
portfolios confirms that return reversal is explained by general overreaction. It is also
found that the effect is stronger for loser portfolios meaning that overreaction is not
symmetric. (DeBondt & Thaler 1985.)

Another factor explaining return reversals is leverage. Chopra, Lakonishok, and Rit-
ter (1992), referring to past literature, explain that negative returns result in higher betas
for equity, which increases expected returns. Since the equity beta is a function of asset
risk and leverage, continuous negative returns decreases the level of equity thus increas-
ing the beta. In addition, they highlight that the size effect might be behind reversals.
However, Tang and Zhang (2014) stress that liquidity issues would be the actual reason.
Small firms are only associated with small liquidity and that is why they seem to come
to the fore in practical studies.

Despite of the clear evidence, there are also major drawbacks regarding the persis-
tence of the long-term reversal effect. Jordan (2011) stresses that long-term reversals
only exist when transaction costs and return-risk adjustments are ignored. Risk adjust-
ments are made with a conditional CAPM, which allows time varying alpha. However,
McLean (2010) argues that the mispricing is strongly affected by idiosyncratic risk, i.e.,
the volatility of the residuals resulting from an asset-pricing model (e.g., Fama-French
three-factor model). Testing with stock return data shows that securities with higher
idiosyncratic risk demonstrate stronger reversal effect. However, results of this study do
not support such a proposition. Moreover, the findings remain significant when transac-
tion costs are taken into account.

2.4.5  Idiosyncratic volatility

The standard Capital Asset Pricing model emphasizes that diversification results in port-
folios where only systematic risk is carried and idiosyncratic risk is eliminated. Techni-
cally speaking, idiosyncratic risk yields when an asset-pricing model fails in explaining
asset returns, i.e., the regression returns error terms. Idiosyncratic volatility, i.e., the
volatility of the error terms, and its importance in the asset pricing has been discussed in
finance literature. It is often argued that idiosyncratic risk is highly relevant factor when
it comes to explaining stock returns. Many empirical studies report a high idiosyncratic
risk associated with low returns. This effect has been reported, not only in country level,
but also in an international context for stock returns (Ang, Hodrick, Xing, & Zhang
2009.)

From theoretical point of view, Merton (1987) shows that idiosyncratic risk cannot
be fully eliminated due to market frictions, such as, limited access to market infor-

mation. In a world of perfect information, investors would hold mean-variance efficient
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portfolios, which would yield a mean-variance efficient market portfolio. In reality,
however, market frictions (e.g., costly information, short selling restrictions etc.) make
it unrealistic to diversify firm specific risk completely away. For this purpose, Merton
(1987) derives the capital market equilibrium with incomplete information. The model
predicts that alpha is a function of different characteristics, such as idiosyncratic volatil-
ity, which has a positive impact on alpha. This would be intuitive, as taking additional
risk should indeed be rewarded with higher expected return. More recent support for
this view is given by Goyal and Santa-Clara (2003) who find a significantly positive
relation between average firm specific variance (lagged for one month) and market re-
turns. They suggest that background risk would partly explain their results as holding
non-traded assets (i.e., human capital or private businesses) increases background risk
to investors’ portfolio decisions. This means that increasing risk in non-traded assets
makes investors to demand higher premium in order to hold traded assets.

All in all, a positive relation between idiosyncratic risk and expected returns seems to
have a link to expected returns. However, empirical studies often suggest that this rela-
tion is negative. For example, Ang et al. (2006) find that monthly stock returns are neg-
atively associated with one month lagged idiosyncratic volatilities. It is known that pe-
riods of high market volatility are strongly related to increasing downside risk. Thus a
logical explanation to their finding would be that stocks with high idiosyncratic volatili-
ty would have a high exposure to market aggregate volatility. However, Ang et al.
(2006) show that this does not completely explain the phenomenon. Moreover, the re-
sults are robust to other known factors such as size, book-to-market, leverage, liquidity,
volume, turnover, bid-ask spreads, coskewness as well as dispersion in the characteris-
tics of analysts’ forecasts. As a counterargument, Fu (2009) addresses that the results
can be explained by return reversal and small size of the firms. The negative associa-
tion, however, is given more support in Ang et al. (2009). In addition to U.S. stock data,
they include stock markets worldwide and manage to repeat the results, out-of-sample.

Fink, Fink and He (2012) approach the effect of idiosyncratic risk from both theoret-
ical and practical viewpoints. They estimate idiosyncratic risk using exponential general
autoregressive conditional heteroskedasticity model (EGARCH) and test whether idio-
syncratic volatility is associated with expected returns, in and 0ut-of-samp1e6. The in-
sample results prove that accurate estimates of idiosyncratic volatility do have signifi-

cantly positive relation with expected returns, which supports the theory discussed in

In-sample and out-of-sample data are important concepts when back-testing with historical data. In-
sample data are the initial or already “known” information used as an input of a test. In this context, out-
of-sample data are considered “unknown” at the time of fitting the model. As more iteration is done, the
out-of-sample data become in-sample, and thus input of further optimisations.
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Merton (1987). However, out-of-sample tests with EGARCH forecasts of idiosyncratic
volatility show that such a relation cannot be approved.

Finding the true effects of volatility premium in asset pricing is still under investiga-
tion. A number of empirical studies have been conducted during the recent years and the
results remain somewhat contradictory. Some report a positive relation between idio-
syncratic risk and expected returns and some findings support the opposite view. In
many studies, the relation has been shown to be flat as well. In relating discussion,
however, it is commonly agreed that idiosyncratic volatility is a risk factor that should
be priced. Although, some argue that the effect is driven by other factors.
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3 DATA AND METHODOLOGY

3.1 Test assets

The main source of data for this thesis is Thomson Reuters Datastream and the empiri-
cal study is conducted by using R programming language. In order to conduct a reliable
empirical study, data are collected from the year 1989 to 2014, i.e. over 25 years. Over-
all, daily observations of stock prices from different markets, government bonds, and
spot rates of currencies and commodities are used covering a time period of
31.3.1989-1.4.2014.

In order to avoid selection bias, indices from different markets and asset classes are
used. Stocks are presented by MSCI country total return indices covering USA, UK,
Finland, Sweden, Norway, Denmark, Germany, France, Italy, Spain, Japan, Hong
Kong, Singapore, Korea, Australia, Chile, Mexico, Brazil, Canada, and New Zealand,
quoted in US Dollars. Bonds include ten-year government bond indices of the following
11 countries: Australia, Austria, Canada, France, Germany, Ireland, Japan, Netherlands,
Sweden, UK, and USA. Currencies form a group of six spot exchange rates with respect
to US Dollar: Australia, Denmark, Germany, Singapore, Switzerland, and UK. The last
group, commodities, includes spot prices of the following commodities: wheat, cocoa,
corn, cotton, crude oil, nickel, aluminium, copper, gold, and silver. In addition, the S&P
500 index is considered as a proxy of the market portfolio in multifactor regressions.

For some asset, there are some additional data required in determining under or over
valuation. Term spread is used when calculating value for bonds, which means that
yields of long- and short-term government bonds, 10 and 3 years respectively, need to
be downloaded. Also currencies require economic variables when defining value, name-
ly, Consumer Price Index (CPI) data. Generally, CPI is available for each country on
monthly basis except for Australia the CPI of which is announced quarterly. However,
non-daily data are matched with daily time series by filling the gaps with previous val-
ues available. A key inspiration in terms of data and methodology is the work of Asness
et al. (2013), which certainly has an impact on the asset classes and markets chosen for
this thesis.

3.2 Descriptive statistics

Descriptive statistics are calculated for all daily total return series covering the time
period of 3.1.2000-1.4.2014 (see, Table 1). In total, this results in 3717 daily observa-

tions per asset, which is a comprehensive sample of the capital market returns over the
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past two decades. There are two reasons not to report the statistics for the entire down-

loaded dataset. Firstly, trading period starts from 11"

July 1994, which is 5.5 years from
the beginning of the data. This is because estimating the value anomaly requires sub-
stantial sample size. Secondly, even though, all the time series are daily observations
the quality of the data is still not perfect for all asset classes. In order to make the results
more comparable, the sample is limited to start from the beginning of year 2000.

The data is described with the following measures: mean, standard deviation, Sharpe
ratio, skewness, and kurtosis. Mean and standard deviation are annualised with an as-
sumption of 250 trading days per year. This procedure is made to provide a better un-
derstanding of the real performance of the assets. Kurtosis is reported as excess kurtosis
in relation to the normal distribution. More specifically, the normal distribution has a

kurtosis of three and thus the excess kurtosis in this case would be zero.
Table 1 Equities: Descriptive statistics

This table reports the basic statistics to describe the distributions of the underlying MSCI country total
return indices. Mean, standard deviation, Sharpe ratio, skewness, and kurtosis are reported on each
benchmark index. Also the first-order autocorrelation AR(1) is reported in order to assess if the returns
follow a random walk. Daily continuously compounded returns are used in calculating the values cover-
ing data over 3.4.2000-1.4.2014. Each time series thus equals 3717 daily observations. Mean, standard
deviation, and Sharpe ratio are annualised assuming 250 trading days per year. Excess kurtosis is calcu-
lated to measure kurtosis over the normal distribution, where kurtosis equals. At the bottom, average of
all statistics are calculated to give a better overview of the asset class.

Country Mean (%)  Stdev (%) Sharpe Skewness Kurtosis AR(1)
Equities

USA 1.566 20.706 0.076 -0.177 7.734 -0.079
UK 3.859 22.534 0.171 -0.163 9.151 -0.024
Finland 0.143 34.404 0.004 0.196 11.505 0.008
Sweden 7.009 31.633 0.222 0414 8.221 0.014
Norway 10.558 30.705 0.344 -0.360 7.598 -0.002
Denmark 11.408 23.534 0.485 -0.059 7.748 0.023
Germany 5.515 27.092 0.204 0.220 6.962 0.002
France 4.431 26.187 0.169 0.127 6.489 -0.015
Italy 2.793 27.054 0.103 0.225 7.642 0.007
Spain 6.136 27.943 0.220 0.164 6.634 0.024
Japan -0.312 22.637 -0.014 -0.261 4.693 -0.071
Hong Kong 6.060 21.804 0.278 -0.309 10.430 0.013
Singapore 5.976 22.352 0.267 -0.731 17.329 0.019
Korea 9.451 34.910 0.271 -0.544 13.521 0.029
Australia 10.531 24.547 0.429 -0.719 9.831 0.021
Chile 9.112 21.397 0.426 -0.229 12.836 0.117
Mexico 11.415 27.001 0.423 0.102 10.383 0.079
Brazil 12.108 36.491 0.332 -0.075 7.791 0.087
Canada 8.432 23.254 0.363 -0.416 12.417 0.043
New Zealand 9.376 21.876 0.429 -0.513 5.489 0.044

Average 6.778 26.403 0.260 -0.155 9.220 0.017
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Starting from stock returns, the first and an expected observation is that during the
sample period the annual return has been positive in almost all countries. The only
country making an exception is Japan, where the annual mean was -0.312 %. The best
performing market was Brazil with 12.108 % annual rate of return. While the average
annual mean was roughly half of that in in Brazil, this could be considered quite an out-
standing result over fourteen years of time. However, high returns usually come with a
great risk. The annual standard deviation in Brazilian stock market was 36.491 %,
which is the highest value in the group, the average being 26.403 %.

Risk-wise there are no outliers to mention but Sharpe ratio gives a better comprehen-
sion on how the risk has been compensated. For example, the European and the US
stock markets have not been much of a competition for most of the developing countries
like Chile, Mexico, and Brazil when comparing the risk-return relationship. Neverthe-
less, Denmark manages to outperform all the other countries with a Sharpe ratio of
0.485. Compared to Brazil, for instance, the annual mean return is not quite as high but
a substantially lower volatility makes the return a better compensation on the risk taken.

Stock returns are often reported to show negative skewness and excess kurtosis. The
former one means that the left tail of the distribution is longer and there is more proba-
bility mass on the right side of the mean. Accordingly, excess kurtosis can be seen as fat
tails of the distribution. A good interpretation to this combination is that the returns
have a positive tendency but, from time to time, considerably higher wins or losses are
reported than expected by the normal distribution. The stock returns used in this study
seem to follow the same rule. The average skewness being -0.155 and excess kurtosis
9.220 the shape of stock returns can be quite well pictured. Regardless of the average,
not all of the markets are negatively skewed. An interesting observation is that big Eu-
ropean countries, such as, Germany, France, Italy, and Spain all appear with positive
skewness. In addition, among stock returns, Singapore with the most negative skewness
also has the fattest tails. As will be noticed below, this seems to be a general feature for
some other asset classes as well.

In addition to the basic descriptive statistics, the Jarque—Bera test was run for all
markets. As expected, the normal distribution was rejected in almost all cases at a sig-
nificance level less than one per cent. This means that none of the return series are nor-
mally distributed. Even though, the normal distribution is assumed in many economic
models (also in the MPT), it is commonly known that this is not the case.

Descriptive statistics on government bond returns show that they are less volatile
than equity markets. Even if any superior returns are not seen, the average annualised
mean return exceeds that of reported on equities over the same time period. The table
below describes the return distributions of the eleven government bond indices studied

within this thesis.
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Table 2 Government bonds: Descriptive statistics

This table reports the descriptive statistics on government bond returns. For each country, total returns of
10-year benchmark bond index are used. The reported statistics are same for all the asset classes.

Country Mean (%)  Stdev (%) Sharpe  Skewness Kurtosis AR(1)
Bonds

Germany 8.082 11.351 0.712 0.315 3.498 0.008
France 8.200 11.744 0.698 0.234 2915 0.014
Australia 8.793 14.047 0.626 -0.394 9.966 -0.055
Japan 2.616 11.385 0.230 0.326 3.330 0.008
UK 5.905 10.572 0.558 0.091 3.146 0.033
USA 5.511 7.780 0.708 0.084 2.674 -0.003
Sweden 7.655 12.926 0.592 0.249 2.937 -0.018
Netherlands 8.435 11.454 0.736 0.290 3.255 0.005
Ireland 8.382 14.051 0.597 0.310 8.917 0.095
Canada 8.049 10.355 0.777 0.111 3.473 -0.060
Austria 8.358 11.618 0.719 0.223 2.963 0.016
Average 7.271 11.571 0.632 0.167 4.279 0.004

As reported in Table 2, government bond returns seem to have much lower standard
deviation than equity returns. All the means are relatively close to the average and there
does not seem to be significant variation over the standard deviations either. Due to
much lower average standard deviation compared to equities (26.403 %), the Sharpe
ratio is higher.

If stock returns were mostly negatively skewed, the tails of bond returns, on average,
are tilted to the positive side. The only difference is Australia, the skewness of which
was -0.394. The distributions are not either as leptokurtic as those of equity returns. The
average excess kurtosis of government bond returns was 4.279 and there are no real
outliers within this sample. The most leptokurtic distributions were those of Australia
and Ireland with values 9.666 and 8.917, respectively. Additionally, as mentioned
among stock returns, the most leptokurtic deviation comes with the one having the most
negative skewness. Finally, to make the comparison with the normal distribution,
Jargue-Bera test was run for all the bond return series as well. The results prove that in
all cases, the normal distribution is rejected at a significance level less than one per cent.

Currency returns of six different currency pairs are described in Table 3. Common
features of the distributions are not as obvious as for those reported earlier. The average
mean and standard deviation are lower than those of equities or government bonds but
deviation among the figures is more prominent. Also the shapes of the distributions dif-

fer a lot from the asset classes described earlier as any common features do not seem to
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exist. However, six currency pairs would most probably not represent the whole popula-

tion very well.
Table 3 Currencies: Descriptive statistics

This table reports the descriptive statistics on currency returns. For each currency, daily spot exchange
rates have been used to calculate the returns. All the spot price series are quoted per USD to show the
returns from a dollar investor’s point of view. The reported statistics are same for all the asset classes.

Country Mean (%)  Stdev (%) Sharpe Skewness Kurtosis AR(1)
Currencies
Germany 3.671 14.365 0.256 0.007 -0.230 -0.080
Australia 2.526 13.581 0.186 -0.282 6.965 -0.009
UK 0.221 9.532 0.023 -0.050 3.900 0.029
Denmark 2212 10.307 0.215 -0.057 2.305 0.009
Switzerland 4.139 11.116 0.372 -0.209 6.561 0.011
Singapore 1.941 5.282 0.367 0.057 4.897 -0.025
Average 2.452 10.697 0.237 -0.089 4.066 -0.011

Currencies differ from the other asset classes as exchange rates are affected by the
riskless interest rates of both countries of the currency pair. US Dollar, as a quote cur-
rency, is paid USD Libor interest rate, whereas foreign interbank offered rate is paid on
the base currency. In real life, currency returns should be adjusted with these rates.
However, the effect is not likely to be significant, which is why currency returns are
simply calculated from the spot prices, just like for any other asset within this study.

The average mean return per annum is 2.452 %. which clearly below the average
among the other asset classes. However, a relatively low standard deviation in average
results a risk-return ratio close to that of equities. Skewness and kurtosis among ex-
change rates vary quite a lot, which makes it challenging to find similarities. Neverthe-
less, the sign seems somewhat clear.

According to the sample used here, currency returns are usually negatively skew and
the tails are heavy. This finding is also documented in other FX-related studies (see,
e.g., Cotter 2005). It should be noted, however, that the sign of skewness depends on
how the exchange rate is presented. Here, the currency pairs are reported as US dollars
per one unit of the underlying currencies. For example, Cotter (2005) uses the other
expression. In any case, normality of currency returns can be ruled out quite unambigu-
ously. The only currency close to normal is the German Mark/Euro. In Jargue-Bera test
Germany fails in rejecting the normal distribution at 5 % significance level (p-value =
0.071).

Commodity returns, calculated from daily spot prices, result in the highest annual

mean returns in this paper. There is some dispersion across the commodities but the
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means are rather high indeed. Aluminium has the lowest mean, 0.527 % per annum, but
all the others have means at least 4.530 % (nickel) while the maximum is 42.717 %
(cotton). However, these returns do not come without cost. The average standard annu-
alised standard deviation is 57.721 %, and even if cotton were excluded the average
would be 36.563 %. Due to volatile prices, the compensation is rather poor risk-return
wise. The average Sharpe ratio across the commodities is 0.248, which is somewhat
close to the average Sharpe ratio of stocks and currencies. As shown in Table 4, all in-

dividual Sharpe ratios are close to the average.
Table 4 Commodities: Descriptive statistics

This table reports the descriptive statistics on commodity returns. For each commodity, daily spot prices
have been used to calculate the returns. The reported statistics are same for all the asset classes.

Country Mean (%)  Stdev (%) SR Skewness Kurtosis AR(1)
Commodities
Wheat 13.686 59.128 0.231 -0.111 0.643 -0.156
Cocoa 9.773 33.407 