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Abstract
We prove several new formulas for the visual angle metric of the unit disk in terms of
the hyperbolic metric and apply these to prove a sharp Schwarz lemma for the visual
angle metric under quasiregular mappings.
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1 Introduction

During the past few decades, various intrinsic metrics of planar domains have become
important tools in geometric function theory, for instance in the study of quasicon-
formal mappings [3, 4, 7]. These metrics, defined in a general domain, on the one
hand, share some of the properties of the hyperbolic metric of the unit disk and on the
other hand, they are simpler than the hyperbolic metric. Intrinsic metrics are usually
not conformally invariant, but have some kind of quasi-invariance properties under
subclasses of conformal maps, e.g., under translations or Möbius transformations.

We study here one such intrinsic metric, the visual angle metric, introduced in [8]
and further studied in [4, 5, 11]. Let G be a proper subdomain of Rn such that ∂G is
not a proper subset of a line. The visual angle metric for a, b ∈ G is defined by

vG(a, b) = sup{α : α = �(a, z, b), z ∈ ∂G}.
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Finding concrete values forvG leads tominimization algorithms even in the simplest
case when G is the unit disk B2 because no formulas are known. Our main results are
the following three theorems, which give explicit formulas for vG when G = B

2. Let
the line through a, b ∈ C be denoted by L[a, b]. Let S(a, r) = {b ∈ R

n : |a−b| = r}
be the circle centered at a ∈ R

n with radius r > 0. The unit circle is defined by
S(0, 1).

The first theorem provides a geometric construction for the extremal point z.

Theorem 1.1 Let a, b ∈ B
2 with |a| �= |b| and 0 /∈ L[a, b]. Then

vB2(a, b) = max{�(a, z1, b),�(a, z2, b)},

where z1 and z2 are the points of intersection of the unit circle and an orthogonal
circle

S(0, 1) ∩ S(c,
√

|c|2 − 1), c = a(1 − |b|2) − b(1 − |a|2)
|a|2 − |b|2 .

Moreover, {z1, z2} = (1 ± i
√|c|2 − 1)/c. In the case |a| = |b|

vB2(a, b) = 2 arctan

( |a − b|
2 − |a + b|

)
.

It is easily seen that the visual angle metric vB2 is not invariant under Möbius
automorphisms of the unit disk. Nevertheless, we prove another formula for the visual
angle metric involving the Möbius invariant hyperbolic metric ρB2 . This is possible
because for given a, b ∈ B

2, we have vB2(a, b) = vB2(h(a), h(b)), whenever h is an
inversion with h(B2) = B

2 and with h(B2 ∩ L[a, b]) = B
2 ∩ L[a, b].

Theorem 1.2 For a, b ∈ B
2 let L[a, b] be the line through a and b. We have

tan
vB2(a, b)

2
= (1 + |m|)u

1 + √
1 + (1 − |m|2)u2 , u = sh

ρB2(a, b)

2
,

wherem = (ab−ab)/(2(a−b)) is themidpoint of the chord of the unit disk containing
the two points a and b. Hence |m| = d(L[a, b], {0}).

Our third main result yields a sharp quasiregular version of the Schwarz lemma for
the visual angle metric. This result seems to be new in the case of analytic functions.

Theorem 1.3 Let f : B2 → B
2 = f (B2) be a non-constant K -quasiregular mapping,

where K ≥ 1. For a, b ∈ B
2, let m1 and m2 be the midpoints of the chords of the unit

disk containing f (a), f (b) and a, b, respectively. Then we have

tan
vB2 ( f (a), f (b))

2
≤ 21−1/K c

(
tan

vB2 (a, b)

2

)1/K

, c =
√
1 + |m1|
1 − |m1|

1

(1 + |m2|)1/K ,

with equality for K = 1, and m1 = m2 = 0.
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In a later work, these theorems will be applied to prove inequalities between the
visual angle metric and the ubiquitous quasihyperbolic and distance ratio metrics [3,
4] and some other intrinsic metrics [6] such as the Hilbert metric [9, 10].

2 Preliminary Results

We will give here some formulas about the geometry of lines and triangles, on which
our later work is based.

2.1 Geometry and Complex Numbers

The extended complex plane C = C∪ {∞} is identified with the Riemann sphere via
the stereographic projection. Let L[a, b] stand for the line through a and b ( �= a). For
distinct points a, b, c, d ∈ C such that the lines L[a, b] and L[c, d] have a unique
point w of intersection, let

w = L I S[a, b, c, d] = L[a, b] ∩ L[c, d].

This point is given by

w = L I S[a, b, c, d] = u

v
, (2.2)

with (see e.g. [4, Ex. 4.3(1), p. 57 and p. 373])

{
u = (ab − ab)(c − d) − (a − b)(cd − cd);
v = (a − b)(c − d) − (a − b)(c − d).

(2.3)

LetC[a, b, c] be the circle through distinct noncollinear points a, b, and c. The for-
mula (2.2) gives easily the formula for the centerm(a, b, c) ofC[a, b, c]. For instance,
we can find two points on the bisecting normal to the side [a, b] and another two points
on the bisecting normal to the side [a, c] and then apply (2.2) to get m(a, b, c). In this
way we see that the center m(a, b, c) of C[a, b, c] is

m(a, b, c) = |a|2(b − c) + |b|2(c − a) + |c|2(a − b)

a(c − b) + b(a − c) + c(b − a)
.

We sometimes use the notation a∗ = a/|a|2 = 1/a for a ∈ C \ {0}. The reflection
of a point z in the line through two distinct points a, and b is given by

w(z) = a − b

a − b
z − ab − ab

a − b
. (2.4)

Proposition 2.5 Let 0 < r < s < 1, r1 = 1/r , and s1 = 1/s. Also, let c ∈ B
2 with

Re c = (s + r)/2, c1 ∈ C with Re c1 = (s1 + r1)/2, and arg c = arg c1. If a ∈
S(c, |c− r |) and b ∈ S(c1, |c1 − r1|), then 2�(s, a, r) = 2�(r1, b, s1) = �(r , c, s).
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Fig. 1 Here s1 = 1/s, r1 = 1/r .
The key points are that the
triangles �(r , s, c) and
�(s1, r1, c1) are similar, and
hence the angles �(r , a, s) and
�(s1, b, r1) are equal

We omit the simple proof with a reference to Figure 1.

2.6 Möbius Transformations

A Möbius transformation is a mapping of the form

z �→ az + b

cz + d
, a, b, c, d, z ∈ C, ad − bc �= 0.

The special Möbius transformation

Ta(z) = z − a

1 − az
, a ∈ B

2 \ {0}, (2.7)

maps the unit disk B
2 onto itself with Ta(a) = 0, and Ta(±a/|a|) = ±a/|a|. In

complex analysis, quadruples of points have a very special role: the absolute cross-
ratio of four points a, b, c, and d in the complex plane C,

|a, b, c, d| = |a − c||b − d|
|a − b||c − d| ,

is invariant under Möbius transformations.

2.8 Hyperbolic Geometry

We recall some basic formulas and notation for hyperbolic geometry from [2]. The
hyperbolic metric ρB2 is defined by

sh
ρB2(a, b)

2
= |a − b|

√
(1 − |a|2)(1 − |b|2) , a, b ∈ B

2.
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For a, b ∈ B
2 \ {0} let

ep(a, b) = T−b(Tb(a)/|Tb(a)|).

This formula defines the endpoints ep(a, b) and ep(b, a) on the unit circle of the
hyperbolic line through a and b. The hyperbolic metric also satisfies

ρB2(a, b) = log |ep(a, b), a, b, ep(b, a)|.

The circle which is orthogonal to the unit circle and contains two distinct points
a, b ∈ C is denoted by C[a, b]. If a, b ∈ B

2 are distinct points, then C[a, b] ∩ ∂B2 =
{a∗, b∗} where the points are labelled in such a way that a∗, a, b, and b∗ occur in
this order on C[a, b]. Note that above we have used the notation ep(a, b) = a∗, and
ep(b, a) = b∗. We denote by J [a, b] the hyperbolic geodesic segment joining two
distinct points a, b ∈ B

2. Then J [a, b] is a subarc of C[a, b] ∩B
2 and the hyperbolic

line is J ∗[a∗, b∗] = C[a, b] ∩ B
2.

Lemma 2.9 Suppose that a, b ∈ B
2 \ {0} are two points non-collinear with 0 and

|a| �= |b|. Then the inversion h : B2 → B
2 with h(a) = b is given by

h(z) = cz − 1

z − c
, c = L I S[a, b, a∗, b∗] = a − b + ab(a − b)

|a|2 − |b|2 , (2.10)

and h maps the chord L[a, b]∩B
2 onto itself. Moreover, the S(c,

√|c|2 − 1) orthogo-
nal to the unit circle S(0, 1) intersects the unit circle at the points (1± i

√|c|2 − 1)/c.

Proof The above simple formula for c follows from the formulas (2.2) and (2.3) for
the intersection of two lines as c = L I S[a, b, a∗, b∗] and checking h(a) = b is a
simple verification. The points z1, z2 are found by solving the equations |z|2 = 1 and
|z − c|2 = |c|2 − 1. 
�

We start our discussion of the visual angle metric in the simple case of points on
the same radius of the unit disk (See Fig. 2).

2.11 The Case of Radial Points vB2(r, s), where 0 < r < s < 1

Writing,

c = r + s

2
, d =

√
(1 − r2)(1 − s2)

2
, and c2 + d2 =

(
1 + rs

2

)2

,

we easily see that the circle S(c + id, (1 − rs)/2) passes through the points r and s
and is internally tangent to S(0, 1) at the point

p =
(

r + s

1 + rs
,

√
(1 − r2)(1 − s2)

1 + rs

)

.
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Fig. 2 The inversion
h(z) = (cz − 1)/(z − c) with
c = L I S[a, b, a∗, b∗] maps the
unit disk onto itself and the
chord containing a and b onto
itself. The point m is the
hyperbolic midpoint of a and b,
and the hyperbolic circle
through a and b centered at m is
drawn with a dashed line

Therefore
vB2(r , s) = arcsin

s − r

1 − rs
.

Moreover, the segment [−i, p] bisects the angle �(r , p, s) and the circle orthogonal
to the unit circle at the points p and p passes through the hyperbolic midpoint (See
Fig. 3)

r + s

1 + rs + √
(1 − r2)(1 − s2)

,

of the segment [r , s].
Lemma 2.12 ([8, Lemma 3.10]) For a, b ∈ B

2 collinear with 0 we have

tan vB2(a, b) = sh
ρB2(a, b)

2
.

3 A Formula for the Visual Angle Metric

3.1 Angle Bisection Property

The next theorem, on the other hand, generalizes the above observations connected
with the visual metric of two points on the same radius. On the other hand, it also
yields a proof of Theorem 1.1.
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Fig. 3 The segment [−i, p]
bisects the angle �(r , p, s). The
dashed circle orthogonal to the
unit circle at the points p and p
passes through the hyperbolic
midpoint of the segment [r , s].
Note that
Re{p} = (r + s)/(1 + rs) =
th((ρ

B2 (0, r) + ρ
B2 (0, s))/2)

Fig. 4 (a): Angle bisection visualized. (b): Angle bisection visualized, detail. Here �(w, v, a) =
�(v, b, a) = φ

Theorem 3.2 For a, b ∈ B
2 non-collinear with 0 and with |a| �= |b|, the cir-

cle S(c,
√|c|2 − 1) centered at c = L I S[a, b, a∗, b∗] is orthogonal to ∂B2. Let

u = S(c,
√|c|2 − 1) ∩ L[a, b] and let v ∈ S(c,

√|c|2 − 1) ∩ ∂B2 be the point maxi-
mizing the angle �(a, z, b) with z ∈ S(0, 1). Then

vB2(a, b) = �(a, v, b) and �(a, v, u) = �(u, v, b).

Proof Let � = L[a, b], u, and v be as above and w = c + 1.5(v − c), see Fig-
ure 4b. It is clear that the triangle �(u, c, v) is an isosceles triangle. Therefore,
�(c, v, u) = �(c, u, v) holds. It also follows from the Alternate Segment Theo-
rem that �(w, v, a) = �(v, b, a) = φ. Considering the sum of the inner angles of
�(u, b, v), we find that �(b, v, u) = π − �(u, b, v) − �(v, u, b). Considering also
the line L[w, c], we have �(a, v, u) = π − �(u, b, v) − �(v, u, b). Hence, we see
that �(a, v, u) = �(b, v, u). 
�

It should be noticed that in the above proof, vB2(a, b) �= 2vB2(a, u).
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3.3 A Functional Identity Between�B2(a, b) and vB2(a, b)

We will next prove a new formula for vB2(a, b) and give first an auxiliary lemma.

Lemma 3.4 Let m1,m2 ∈ B
2 be non-collinear with 0, and let |m1| �= |m2|. Then,

there exists an inversion h : B2 → B
2 = h(B2) with the following properties:

i) h(m1) = m2; i i) h(L[m1,m2] ∩ B
2) = L[m1,m2] ∩ B

2.

Proof The proof follows from Lemma 2.9. 
�

3.5 Proof of Theorem 1.1

Consider first the case |a| �= |b| with 0 /∈ L[a, b]. The inversion h in Lemma 2.9
satisfies h(a) = b and hence the triangles �(c, a, d) and �(c, b, d) are similar where
d refers to z1 in Figure 5. By the proof of Theorem 3.2 the circle through a, d, b is
internally tangent to the unit circle and vB2(a, b) = �(a, d, b). The formula for the
points z1, z2 is given in Lemma 2.9. In the case |a| = |b|, the formula follows easily
by symmetry. 
�

3.6 Remark

The two points z1 and z2 in Theorem 1.1 are given as solutions to the equation:

(ā·(1− |b|2) − b̄·(1− |a|2))·z2 − 2·(|a|2 − |b|2)·z + a·(1− |b|2) − b·(1− |a|2) = 0.

From Theorem 1.1, substituting c = (a(1 − |b|2) − b(1 − |a|2))/(|a|2 − |b|2),
r2 = |c|2 − 1 into the equation |z − c| = r of the circle with center c and radius r , we
have

123



Formulas for the Visual Angle Metric Page 9 of 17   322 

Fig. 5 If c = L I S[a, b, a∗, b∗] and z1 = S(c,
√

|c|2 − 1) ∩ S(0, 1) is a point in the sector with vertex c
and sides L[c, a] and L[c, a∗], then v

B2 (a, b) = �(a, z1, b)

(z − c)(z − c) − r2

= (|a|2 − |b|2)zz − (a(1 − |b|2) − b(1 − |a|2))z − (a(1 − |b|2) − b(1 − |a|2))z + |a|2 − |b|2
|a|2 − |b|2

= 0.

Therefore, if |a| �= |b|, the following holds:

(|a|2−|b|2)zz−(a(1−|b|2)−b(1−|a|2))z−(a(1−|b|2)−b(1−|a|2))z+|a|2−|b|2 = 0.

Substituting z = 1/z into the above equality, the intersection of the unit circle S(0, 1)
and the circle S(c,

√|c|2 − 1) is obtained as the solution of the following equation

(a(1 − |b|2) − b(1 − |a|2))z2 − 2(|a|2 − |b|2)z + a(1 − |b|2) − b(1 − |a|2) = 0.

(3.7)

On the other hand, we consider the line L and a circleC both passing through points
a and b. The circle C is divided into two arcs by L . On each arc, as z ranges over
each arc, the angle �(a, z, b) takes a constant value from the inscribed angle theorem.
The larger the radius of the circle C , the smaller the angle �(a, z, b). There exist two
circles that have chord [a, b] and are inscribed in the unit circle. Let C̃ be the circle
with smaller radius of them. The intersection point q of C̃ and the unit circle gives the
visual angle metric for a, b, i.e. vB2(a, b) = �(a, q, b). In fact, for c0 = m(a, b, p),
the circle C̃ is written as |z − c0| = |q − c0|. Since q is a point on the unit circle,
qq = 1 holds. Therefore, we have |z − c0|2 − |q − c0|2 = P/Q = 0, where
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P = ((a − b)q2 + (ba − ab)q − a + b)zz + (−(ab(a − b) + a − b)q + aa − bb)z

+ ((−aa + bb)q2 + ((a − b)ab + a − b)q)z + ba(a − b)q2

+ (−ba + ab)q + (−a + b)ba,

and
Q = (a − b)q2 + (ba − ab)q − a + b.

The intersection points of C̃ and the unit circle are obtained as solutions to the equation
substituting z = 1/z into P = 0. Then, we have,

(z−q)
(
((ab(a−b)+a−b)q−|a|2+|b|2)z+(−|a|2+|b|2)q+(a−b)ab+a−b

) = 0.

As q is the point of tangency, the above equation has a double root z = q. Hence, we
have

(a(1 − |b|2) − b(1 − |a|2))q2 − 2(|a|2 − |b|2)q + a(1 − |b|2) − b(1 − |a|2) = 0.

This equation is equivalent to (3.7).

3.8 Proof of Theorem 1.2

Ifa, b ∈ B
2 are collinearwith 0, the proof follows fromLemma2.12. First,we consider

the case |a| = |b|, and denote t = |a − b|/2. Then m = (a + b)/2, s = |m| > 0 and

vB2(a, b) = 2 arctan
t

1 − s
⇔ t = (1 − s) tan

vB2(a, b)

2
. (3.9)

Therefore, by [2, p. 40] and (3.9) we obtain

sh
ρB2(a, b)

2
= 2t

1 − s2 − t2
= 2(1 − s) tan(vB2(a, b)/2)

1 − s2 − (1 − s)2 tan2(vB2(a, b)/2)
.

Solving this equation for tan(vB2(a, b)/2) yields the desired result in this case.
Consider now the case |a| �= |b|. Observe that the formula form follows from (2.4).

Let hmid be a point on [a, b] with

ρB2(a,hmid) = ρB2(hmid, b).

We shall apply Lemma 3.4 with m1 = hmid and m2 = m to find an inver-
sion h : B

2 → B
2 = h(B2). By Proposition 2.5 we also know that vB2(a, b) =

vB2(h(a), h(b)). In conclusion, because |h(a)| = |h(b)|, this inversion reduces the
general case to the special case proved above. The proof is now complete. 
�

Observe that in the case when a, b, and 0 are collinear, Theorem 1.2 reduces to
Lemma 2.12 and that Corollary 3.10 (2) gives an equivalent form of Lemma 2.12 (See
Fig. 6).
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Fig. 6 The idea of the proof of Theorem 1.2 visualized. The key points are that the triangles �(b, a, d) and
�(h(a), h(b), h(d)) are similar, and hence the angles �(h(b), h(v), h(a)) and �(a, v, b) are equal.

Corollary 3.10 (1) For a, b ∈ B
2 and m as in Theorem 1.2, we have

sin vB2(a, b) = (1 + |m|)(1 + √
1 + (1 − |m|2)u2)u

1 + √
1 + (1 − |m|2)u2 + (1 + |m|)u2 , u = sh

ρB2(a, b)

2
.

(2) For m = 0 we have

sin vB2(a, b) = th
ρB2(a, b)

2
= |a − b|

√|a − b|2 + (1 − |a|2)(1 − |b|2) .

Proof Both (1) and (2) follow from Theorem 1.2 by simple manipulations. 
�

3.11 Proposition

For m ∈ (0, 1), r > 0, and u = sh(r/2)

(1 + m) th
r

4
≤ (1 + m) u

1 + √
1 + (1 − m2) u2

≤ min

{
(1 + m)u

2
,

√
1 + m

1 − m
th
r

4

}

.

Proof Observing th(r/4) = u/(1 + √
1 + u2) and writing v for the middle term we

have

(1 + m) th
r

4
= (1 + m)u

1 + √
1 + u2

≤ v ≤ (1 + m)u√
1 − m2(1 + √

1 + u2)
=

√
1 + m

1 − m
th
r

4
,

and trivially v ≤ (1 + m)u/2. 
�

The next corollary yields, as a special case, Theorem 3.11 of [8].

123



  322 Page 12 of 17 M. Fujimura et al.

Corollary 3.12 For a, b ∈ B
2 and, m as in Theorem 1.2, we have

(1 + |m|) th ρB2(a, b)

4
≤ tan

vB2(a, b)

2

≤ min

{
1 + |m|

2
sh

ρB2(a, b)

2
,

√
1 + |m|
1 − |m| th

ρB2(a, b)

4

}

.

Proof The proof follows from Theorem 1.2 and Proposition 3.11. 
�

For the proof ofTheorem1.3weneed somebasic facts about quasiregularmappings,
see [1, 4]. In particular, we use the quasiregular Schwarz lemma in the following
form with detailed information about the distortion function ϕK . For r ∈ (0, 1) and
K ∈ [1,∞) the function ϕ : [0, 1] → [0, 1] is defined by

ϕK (r) = μ−1(μ(r)/K ), (ϕK (0) = 0, ϕK (1) = 1),

where μ : (0, 1) → (0,∞) is the decreasing homeomorphism defined by

μ(r) = π

2

K(
√
1 − r2)

K(r)
; K(r) = π

2
F(1/2, 1/2; 1; r2),

and F is the Gaussian hypergeometric function.

Lemma 3.13 (1) Let f : B2 → B
2 be a K -quasiregular mapping, where K ≥ 1, and

a, b ∈ B
2. Then

th
ρB2( f (a), f (b))

2
≤ ϕK

(
th

ρB2(a, b)

2

)
≤ 41−1/K

(
th

ρB2(a, b)

2

)1/K

.

(2) The function ϕK , K ≥ 1, satisfies for 0 < r < 1

ϕK (r)

1 + √
1 − ϕK (r)2

=
√√√√ϕK

((
r

1 + √
1 − r2

)2
)

.

Proof (1) See [4, Thm 16.2(1)]. (2) See [1, Theorem 10.5]. 
�
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Fig. 7 Here
ρ
B2 (a j , a j+1) = const and also

v
B2 (a j , a j+1) is a constant. It
follows from Proposition 2.5
that the triangles with vertices on
the unit circle have equal angles

3.14 Proof of Theorem 1.3

Write ρ′ = ρB2( f (a), f (b)), and ρ = ρB2(a, b). By Theorem 1.2, Proposition 3.11
with M = √

(1 + |m1|)/(1 − |m1|) and Lemma 3.13

tan
vB2( f (a), f (b))

2
≤ M th

ρ′

4
= M th ρ′

2

1 +
√
1 − th2 ρ′

2

≤ M ϕK (th ρ
2 )

1 +
√
1 − ϕK (th ρ

2 )2
= M

√
ϕK

(
th2

ρ

4

)

≤ M

√√√√ϕK

((
1

1 + |m2| tan
vB2(a, b)

2

)2
)

≤ M21−1/K

(1 + |m2|)1/K
(
tan

vB2(a, b)

2

)1/K

,

where in the second equality we have used this fact that if r = th (ρ/2), then r/(1 +√
1 − r2) = th (ρ/4). �

Corollary 3.15 Let Tw : B
2 → B

2 be a Möbius transformation as in (2.7). Let
a, b, w ∈ B

2, |m2| = d(L[a, b], 0), and |m1| = d(L[Tw(a), Tw(b)], 0). Then

tan
v
B2 (Tw(a), Tw(b))

2
≤ c(m1,m2) tan

v
B2 (a, b)

2
, c(m1,m2) = 1

1 + |m2|

√
1 + |m1|
1 − |m1| ,

with equality for m1 = m2 = 0.

Proof The proof follows from Theorem 1.3. 
�
We next consider an evenly separated sequence of collinear points.
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3.16 Evenly Separated Collinear Points

Consider a collinear sequence of points a j , j = 1, 2, 3, . . . in the unit disk with a con-
stant hyperbolic distance ρB2(a j , a j+1) = const. It turns out that also vB2(a j , a j+1) is
a constant– the special case when the points are on the diameter (−1, 1)was discussed
in greater detail in Section 2 (See Fig. 7).

4 Additional Identities for vB2(a,b)

We give here another two analytic formulas, for vB2(a, b). The first formula is based
on the recent explicit formula for the hyperbolic midpoint of two points, whereas for
the second formula we have used symbolic computation. Both formulas are based on
geometric ideas and are best used for computerwork because some lengthy expressions
will be needed.

We use the Ahlfors bracket notation A[a, b] [4, p. 38], for a, b ∈ B
2

A[a, b] =
√

|a − b|2 + (1 − |a|2)(1 − |b|2) = |1 − ab|. (4.1)

The formula for the hyperbolic midpoint is given in the following theorem.

Theorem 4.2 [12] For given a, b ∈ B
2, the hyperbolic midpoint z ∈ B

2 with
ρB2(a, z) = ρB2(b, z) = ρB2(a, b)/2 is given by

z = b(1 − |a|2) + a(1 − |b|2)
1 − |a|2|b|2 + A[a, b]√(1 − |a|2)(1 − |b|2) ,

where A[a, b] is the Ahlfors bracket defined as (4.1).

Theorem 4.3 is essentially the same as [5, Theorem 3.2]. Note, however, that by
Theorem 1.1 we have now explicit formulas for the points q1 and q2 (See Fig. 8).

Theorem 4.3 For given a, b ∈ B
2, let m ∈ B

2 be their hyperbolic midpoint. Then

vB2(a, b) = max{�(a, q1, b),�(a, q2, b)},

where
q1 = T−1

m (Q), q2 = T−1
m (−Q),

and Q = i(Tm(a) − Tm(b))/|Tm(a) − Tm(b)|.

Proof Because |Tm(a)| = |Tm(b)| it is evident that the circles throughTm(a), Tm(b), Q
and Tm(a), Tm(b),−Q are the maximal circles through Tm(a) and Tm(b) contained
in the unit disk. Therefore, one of the circles through a, b, and q1 or a, b, and q2 must
be the maximal circle in B2 through a and b. 
�
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Fig. 8 (a) Before Möbius transformation Tm . (b) After Möbius transformation Tm

Theorem 4.4 For given a, b ∈ B
2, let q ∈ S(0, 1) be the point that gives vB2(a, b) =

�(a, q, b) and set p = a + t(b− a)i . If a right triangle �(a, b, p) is inscribed in the
circle passing through three points a, b, and p, then t is given as the solution with the
smaller absolute value of the following equation

(
(ab − ab)2 + 4(a − b)(a − b)

)
t2 + 2(ab − ab)(ab + ab − 2)i t

− (
(ab + ab)2 − 4(aa + bb − 1)

) = 0.

Proof Let r be the radius of the inscribed maximal circle through a and b. Then,
|c|+ r = 1 and c = (p+ b)/2 hold. Eliminating c from the above equations, we have
f1(r) = 0, where

f1(r) = (p + b)(p + b) − 4(1 − r)2.

Since the triangle �(a, b, p) is a right triangle inscribed in the circle with center c,
we have f2(r) = 0, where

f2(r) = (a − b)(a − b) + (a − p)(a − p) − 4r2.

Eliminating r from equations f1 = 0 and f2 = 0 by computing the following resultant
(See Fig. 9)

resulr ( f1, f2) = 0,

we have

(a + b)2 p2 + 2
(
(a + b)(a + b) − 8

)
pp − 2

(
(a − b)(ab + ab − 4) + 2a2(a − b)

)
p

+ (a + b)2 p2 − 2
(
(a − b)(ab + ab − 4) + 2a2(a − b)

)
p

+ (ab + ab − 2aa)2 + 8
(
ab + ab − 2(aa + bb − 1)

) = 0. (4.5)
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Fig. 9 |c| + |p − c| = 1 yields
an equation to find p using
RISA. Then v

B2 (a, b) =
�(a, q, b) = �(a, p, b)

(Here, we use Risa/Asir, a symbolic computation system, for computing the above
resultant.) Substituting p = a + t(b − a)i into (4.5) gives

(
(ab − ab)2 + 4(a − b)(a − b)

)
t2 + 2(ab − ab)(ab + ab − 2)i t (4.6)

− (
(ab + ab)2 − 4(aa + bb − 1)

) = 0.

Since (ab − ab) equals 2 Im (ab)i , the number (ab − ab) is purely imaginary.
Therefore, equation (4.6) is the quadratic equation with the real coefficients whose
discriminant D satisfies D = 64|a − b|2(1 − |a|2)(1 − |b|2) > 0 and hence (4.6)
has two real solutions. Here, we remark that the smaller the inradius

√
t2 + |ab|2 of

the circle centered at c, the larger the inscribed angle with respect to the common
chord [a, b]. Hence, the solution t of the smaller absolute value is the one that yields
vB2(a, b) as the maximal inscribed angle. 
�
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