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NONSMOOTH DC OPTIMIZATION SUPPORT VECTOR MACHINES
METHOD FOR PIECEWISE LINEAR REGRESSION

A.M. BAGIROV', S. TAHERI?, N. KARMITSA?, K. JOKI*, M.M. MAKELA*

ABSTRACT. A new regression method called the adaptive piecewise linear support vector re-
gression (A-PWLSVR) is introduced. We use the Li-risk function to define regression errors
and apply the support vector machine approach in combination with the piecewise linear regres-
sion to develop a model for regression problems. We formulate the model as an unconstrained
nonconvex nonsmooth optimization problem, where the objective function is represented as a
difference of two convex (DC) functions. To address the nonconvexity of the problem a novel
incremental approach is proposed. This approach builds the piecewise linear estimates by ap-
plying an adaptive selection procedure for the model parameters. The approach enables us to
select starting points being rough approximations of the solution. The double bundle method
for nonsmooth DC optimization is applied to solve the optimization problems. The proposed
A-PWLSVR method is evaluated on several synthetic and real-world data sets for regression
and compared with some mainstream regression methods.

Keywords: Nonsmooth Optimization, DC Optimization, Bundle Methods, Support Vector Re-
gression, Piecewise Linear Regression, Li-Risk.

AMS Subject Classification: 65K05, 90C26.

1. INTRODUCTION

Support vector machine (SVM) for regression is a well-known technique in regression analysis
[39,41]. Unlike many other techniques, the SVM for regression (SVR) and its modifications are
less sensitive to noise [12,34,47]. The use of kernels allows the SVR to apply nonlinear functions
to fit the regression function. However, the kernels are usually unknown for a given data set or
may contain many parameters to be defined a priori. Several methods have been developed to
optimize the kernels and to select the regression parameters. For instance, the methods proposed
in [33,38,40] use the single kernel function while those designed in [26,45] utilize mixed kernel
functions. Furthermore, various hybrid approaches are developed to determine the parameters,
for example, in [9,11,14,25,28,29].

In this paper, we introduce a different approach for modeling and solving regression prob-
lems. In this approach, the space of continuous piecewise linear (PWL) functions, represented
as a maximum of minima (or a minimum of maxima) of linear functions, are used to fit the
regression function. The regression problem is formulated by applying this representation, the
SVR approach, and Li-risk. Such an approach does not require the appropriate selection of
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the kernels as the nonlinear fit functions can be approximated by the PWL functions. Further-
more, in contrast to the usual kernel-based SVR methods, we can use the primal form of the
optimization problem and there is no necessity to formulate the dual problem. We represent the
objective function in the regression problem as a difference of two convex (DC) functions. We
call this regression problem the PWLSVR problem and its corresponding DC representation,
the DC-PWLSVR problem.

The DC-PWLSVR problem is both nonconvex and nonsmooth. To deal with the noncon-
vexity of this problem, we introduce a novel adaptive incremental (A-INC) approach: the PWL
estimate is constructed incrementally starting from one affine function. This approach enables
adaptive model selection as the number of minimum functions under the maximum is not given
a priori and this number is determined by the algorithm itself. At each iteration of the A-
INC approach, the underlying DC-PWLSVR problem is solved by applying the double bundle
(DBDC) method introduced in [22]. Theoretically, this method finds Clarke stationary points
of the nonsmooth DC functions, but in practice, it is often able to find even global minima. In
addition to model selection, the A-INC approach allows us to select good starting points for the
DBDC method being already rough approximations of the solution and thus leading to accurate
results. The proposed adaptive PWL support vector regression (A-PWLSVR) algorithm is the
combination of the A-INC approach and the DBDC method.

We evaluate the performance of the A-PWLSVR algorithm — both as an approximation and
a prediction tool — using some synthetic and real-world data sets for regression and compare it
with several mainstream regression methods: multivariate adaptive regression splines [18], neural
networks for regression [19], support vector regression with the radial basis function kernel [39],
multiple linear regression [46], random forests [10], and piecewise linear regression [4].

The main contributions of this paper compared to the existing literature are the following:

e an optimization model for regression analysis is developed based on the combination of

the linear SVR and PWL approaches;

the objective function of this model is represented as a difference of two convex functions;

a novel adaptive regression A-PWLSVR algorithm based on the DC representation of

the PWLSVR problem as well as a new adaptive parameter selection procedure are

developed;

the performance of the proposed A-PWLSVR algorithm as an approximation and a

prediction tool is validated;

e a comparative assessment of the A-PWLSVR algorithm with other state-of-the-art
algorithms for regression through extensive numerical experiments is performed.

The structure of the paper is as follows. Section 2 provides some theoretical background on
nonsmooth DC optimization and regression analysis. The problem statement — the PWLSVR
problem — and its DC representation are given in Section 3. In Section 4, the A-PWLSVR
algorithm is introduced. Numerical results are reported in Section 5 and Section 6 concludes
the paper.

2. THEORETICAL BACKGROUND

We start by providing theoretical background and notations used throughout the paper.

2.1. Notations and preliminaries. The n-dimensional Euclidean space is denoted by R"”, the
n
inner product by (z,y) = 3 ;9 for &, y € R” and the associated norm by ||| = (x, x)'/2.

i=1
A function f : R™ — R is called locally Lipschitz on R™ if for any bounded subset X C R™
there exists L > 0 such that

|f(®) = fy)| < Lz —y|| Vx,yecX
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The Clarke generalized directional derivative of the locally Lipschitz function f at a point x
with respect to a direction uw € R™ is defined as in [13]:

fo(il',’l.t) _ limsup f(y + au) - f(y),
y—ax,al0 «

and the Clarke subdifferential is called as the set
af(x) = {5 ER": fo(z,u) > (E,u) Yue R"}.

Each vector & € Of(x) is called a subgradient. For convex functions f defined on R", the set
Jf(x) coincides with the classical subdifferential [5,13].
A function f: R™ — R is DC if there exist convex functions fi, fo:R™ — R such that

f(x) = fi(z) — fa(x), = eR"

Here, fi1 — f2 is called a DC representation (decomposition) of f while f; and fo are DC com-
ponents of f (for more details on DC functions, see [2,15,21,42-44]). The unconstrained DC
programming problem is given by:

{minimize f(x) = fi(z) — fa(x)

subject to x € R™.

(1)

In general, we have [5]
Of(x) C 0fi(x) — dfa(x), xecR",

where the difference of two convex sets is defined using the Minkowski difference. For a point
x* € R" to be a local minimizer of the problem (1) it is necessary that [2]

Ofa(x™) C Of1(x™).

Points satisfying this condition are called inf-stationary. This condition is not always easy
to check as it requires the calculation of the whole subdifferentials of the DC components.
Therefore, in most algorithms the following weaker necessary conditions are used:

0 € df(x") (Clarke stationarity) and

Afi(x*)Nofa(x*) # 0 (criticality).
It is known that any Clarke stationary point is also critical, however, the opposite claim is not
always true [22].

2.2. Piecewise linear regression. In regression analysis, an R™ x R-valued random vector
(a,b) with Eb? < oo (E is the mathematical expectation) is considered and the dependency of
b on the value of a is of interest. Let A be a given data set as follows:

A={(a"b;) eR"xR: i=1,...,m}. (2)

Here, a® € R" are values of n input (explanatory) variables and b; € R are their outputs
(responses). The aim of the regression analysis is to find a function f : R™ — R such that f(a)
is a “good approximation” of b. In particular, the regression estimate can be defined by using

the Lq-risk
> 1f(a’) = by
i=1

over a class F of measurable functions f : R” — R. In the papers [3,4,6-8], the authors consider
F to be a set of continuous PWL functions as follows:

{f:l:y R" =5 R fayla) = max rlninj {<:ckj,a> +yrjt,a €R", x e R, y e ]Rq}, (3)
=1,...K j=1,...,
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where
11 11 KJ KJ n
x=(xy,...,25,...,2; %, ..,x,"K) e R™,  and
Y=L,y Y1) €RL

K
Here, ¢ = ) Jy and K, Ji,...,Jx € N are parameters. Then, the PWL regression (PWLR)
k=1

problem can be formulated as the following nonconvex nonsmooth optimization problem (see
[4,6]):

m .
minimize > [ fay(at) — by
i=1

subject to x € R™, y € RY.

(4)

2.3. Support vector linear regression. For a data set A, given in (2), and a margin of
tolerance € > 0, the aim of the e-SVM for linear regression (e-SVLR) is to find the regression
coefficients & € R", y € R in the approximating function

fay(a') = (z,a’) +v,
cf. (3) with K = Jg = 1) such that for each point (a’,b;) € A the deviation between fs,(a’)
and b; is at most €. In addition, the “fatness” of this function is important as it reduces the
complexity when there are many input variables in the data set. To obtain the flatness one

should look for the small values of the components of . One way to ensure this is to minimize
llz]|. Thus, the SVR can be formulated as:

minimize 3l ||?
subject to | fay(a@’) —bi| <€ i=1,...,m, (5)
xz eR" yeR,

which can be easily converted into the quadratic programming problem by doubling the number
of constraints. The problem (5) is convex with a strictly convex objective function having a
unique solution if at least one feasible point exists. This requires the existence of the hyperplane
fxy approximating all points (a’,b;) € A with the precision e. However, this requirement is not
always possible to fulfill in practice, and therefore, the constraints are often relaxed to achieve
feasibility. By applying the exact penalty function method the problem (5) can be reformulated
as the following unconstrained convex nonsmooth optimization problem:

m .
minimize || —|—52max{0,|fmy(al) —bi| — €}
& (
subject to x € R", y € R,
where 8 > 0 is a penalty coefficient.

3. PIECEWISE LINEAR SUPPORT VECTOR REGRESSION

The PWLSVR problem is formulated by generalizing the SVR problem (5) and combining
it with the PWLR problem (4) as follows:

minimize max  max ||z |?
k=l K =1,y
subject to  |fay(a’) —b;| <€, i=1,...,m, (7)

z € R, yecRY,
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K

where fpy € F,q= ) Ji, and K, Ji,...,Jg are given parameters of the PWL estimate (3).
k=1

The objective function in this problem expresses the flatness of vectors of coefficients of all affine

functions, and it is defined as the maximum of the squared norms of all such vectors.

Remark 1. One can also use the following functions as the flatness term:

K Ji
max  ||"]|? and (A >l

_177
k=1 k j=1

Both these functions are also convex.

Similarly to (6), the problem (7) can be reformulated as the following unconstrained opti-
mization problem:

minimize max max |z ))% 4 3 Z max {0, | fzy(a’) — b;| — €}
- ‘77 seendk (8)

subject to x € R™, y e RY.

As mentioned above the flatness of the approximating function is used to reduce the complex-
ity of the problem when there are many input variables. In the SVR | usually, a large number
of variables appears when kernels are applied. Since we do not apply any kernel the number
of variables may not increase too much and therefore, the flatness of x*/s is not necessarily
required. Furthermore, since the problem (8) is nonconvex piecewise quadratic, it may have
many local minimizers, and therefore, the flatness condition cannot guarantee the uniqueness
of a solution anymore. Thus, we consider the following special case of the model (8) where the
flatness term is removed:

minimize F(x,y) = Z max {0, | fzy(a’) — b;| — €}
(9)

subject to x € R™, y € RY.

This formulation can be generalized to any PWLSVR beyond the Lj-risk function.

In general, a nonconvex PWL function like F' is not necessarily subdifferentially regular [5]
and thus the calculation of its subgradients is not always an easy task. However, this function
is DC and subgradients of DC components can be efficiently calculated. Next, we represent the
DC decomposition of the PWLSVR function F' [20,43]. First, we define

Vik(x,y) :j:I{l?i(Jk { — <wkj,ai> _ ykj}, i=1,....m, k=1,... K,
and
pi(@y) =, max {~yp(x,y)}, i=1....m. (10)
For K = 1, we have y;(x,y) = —;1(x,y). Here, we consider two different cases: J; = 1 and

J1 > 1. In the first case, the function ; is linear and thus convex. Then, we get p;1(x,y) =
vi(x,y) and pio(x,y) =0, i = 1,...,m. In the second case, K =1 and J; > 1, the function
—; is convex, and thus we have p;1(x,y) = 0 and pp(x,y) = —pi(x,y), i = 1,...,m. If
K > 1, then the function ; can be represented using the following DC components:

pin(@,y) = max { Z Vir(x y}

L K t=1t#k
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and

piz(x,Y) Zdhkw’y

Let
qﬁi(az,y):\goi(w,y)—bﬂ—e, i=1,...,m,
then, the DC components of this function are given by:
di1(z,y) = max {2p:1(x,y) — bi, 2052 (x, y) + b},
and

bia(x,y) = pir(x,y) + piz2(T, y) + €.
Since the maximum of a finite number of convex functions is convex, the function ¢;; is convex.
Furthermore, the function ;5 as a sum of convex functions is convex. Next, consider the function

l:[I’L("B7:y) :maX{07¢i(w7y)}7 Z‘:17"'7m7
which can be represented as a DC function V;(x,y) = Vi (x,y) — Yie(x,y) with

\Ilil(wv y) = max {¢i1($7 y)7 ¢i2($7 y)}7
and

qji?(m7 y) = ¢i2(w7 y)
Then, the function F' can be rewritten as:
m
=2 Vi@
=1
and its DC representation is F(x,y) = Fi(x,y) — Fa(x,y) with the DC components

x,y) = Z i (x,y), (11)
=1

and

y) = Z Vis(z, y).
i=1

The DC representation of the objective function in (8) can be obtained from (11) by adding the
flatness term to the function F3.

Note that DC decompositions are not unique [20,22,30] and the representation (11) is only
one of them.

Remark 2. It is known that continuous piecewise linear functions can also be represented as a
minimum of maxima of affine functions [20]. In this case, F is a class of functions represented
as a minmax of affine functions, that is

Py = min,  max, {(@a) g}y i =L,

The function @; is DC: @;(x,y) = gbil(m Y) — pio(x,y) where

pir(z,y) Z max {mﬂa>+ykj},

1., k

and
K
- b
Pio(T,y) = k:HllaXK t—%kanllﬁ'}’("t {(:c J.a") + ytj}.
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Using these functions instead of ¢;, defined in (10), leads to a model with a similar complexity
of the DC components F; given in (11) than before. Therefore, there is no significant difference
in between these two DC representations.

4. ADAPTIVE PIECEWISE LINEAR SUPPORT VECTOR REGRESSION ALGORITHM

To solve the DC-PWLSVR problem (9), we introduce the A-PWLSVR algorithm. First,
we present this algorithm in Fig.1. Then, we describe its details and give its step-by-step form
in Algorithm 1.

In the A-PWLSVR algorithm, the PWL estimate fg, is built by applying the new A-INC
approach. This approach finds adaptively a constructive final estimate and consists of two loops.
In the first loop, we start with only one minimum function under the maximum and calculate
linear functions under the minimum. Once the linear functions are calculated we move on to
the second loop, where more minimum functions under the maximum are adaptively added.
The A-INC stops if the current estimate is good enough or the required number of minimum
functions is reached.

Generally, the number Ji, k= 1,..., K of linear functions under a minimum in the problem
(9) may vary for different values of k. However, in what follows, we assume that J, = J is a
constant. Although such an assumption narrows the space over which we can find the PWL
estimates of the regression function, it considerably reduces the computational time required by
the algorithm. The numbers K and J defining the PWL estimate are user-defined parameters
and need to be given a priori. Note that K is an upper limit for the number of minimum
functions, and the exact value of £ < K is chosen by the A-PWLSVR algorithm. That
is the algorithm stops with & < K if the current model is already good enough and adding
more minimum functions does not make any sufficient decrease in the objective function values
between iterations. Since the PWL estimate fz, is built gradually, we use the notation (k, j)-
DC-PWLSVR in the A-PWLSVR algorithm. This shows the DC-PWLSVR problem with
k minimum functions under the maximum where each minimum function consists of j linear
functions.

In addition to model selection, the A-INC approach enables us to efficiently generate good
starting points for the nonconvex DC-PWLSVR problem. This is an important aspect as this
problem is, primarily, nonconvex and we are solving it with a local search method DBDC [22].
The DBDC method is originally developed for solving general nonsmooth DC optimization
problems. It utilizes explicitly the DC representation of the objective function to take advan-
tage of both the convexity and the concavity of the objective. In other words, the convex cutting
plane models F; and F (see, e.g. [23]) are formed for both DC components Fy and Fy of the
objective F' = F} — F5» and combined to get the nonconvex DC model F = Fy — F,. This noncon-
vex cutting plane model represents the nonconvex objective function better than the classical
convex one. To build the model, the DBDC method collects subgradient information from the
previous iterations into bundles to approximate the subdifferentials of the DC components. The
bundles are used to generate a better model of the objective function if the descent condition, in
other words, the serious step, is not satisfied. In addition, the DBDC method uses the escape
procedure [22] to guide the algorithm to pass critical points which are not Clarke stationary.
Therefore, the DBDC method ends up with Clarke stationary points of the DC-PWLSVR
problem. Algorithm 1 is the step-by-step form of the A-PWLSVR algorithm.

Remark 3. The A-PWLSVR algorithm applies the DBDC method to solve underlying DC
optimization problems. The DBDC method is the version of the bundle method for solving DC
optimization problems. It is well-known that bundle methods have, in general, at most the linear
rate of convergence [5]. Since we consider only a finite number of linear functions under the
minimum and the finite number of minimum functions under the maximum, the A-PWLSVR
algorithm also has a linear rate of convergence.
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A-PWLSVR
(A-Inc )
1,1)-DcC- : /) -DC-| :
Initialization: (1, 1) -DC-PWLSVR problem (SL]) UPE FIYIVJ-I)SVZ p"°b_|e_m ;
The data set A € R" X R. Apply the DBDC method to et xV =x and yy; = yy-1)-
Select K.J > 1 and the solve the (1,1)-DC-PWLSVR Use the DBDC method to solve
stopping tolerance & > 0. - przble{rlv starting from Compyt_m.lonlof min: | tr:e tl(l,é) -DC-EW_LSYR prgblem
Select any starting point =0y, Denot_el lth_e Set j=j+1. starting from z = Gajmn» x5 yyp)-
Xl eR" and y,, € R solution by zg,1y = (X7, ¥11) Denote the solution by Za1, and
K 1" ’ and the objective function the objective function value by
Set j=1and k=1. =(1.1) 79
value by F* 7
Enougl'_l linear No. |
functions:
j>J?
(k, J)-DC-PWLSVR problem:
set ¥ =x*Vand y,; = y,_,, for Yes
i=1,...,J. Use the DBDC method to solve *
the (k, J)-DC-PWLSVR problem starting - Ztopi Heron:
from 2 = Gt X0, Vg oo 7 30D, Computation of max: | opping criterion: -
Denote the solution by Za.) and the objective Set k=k+1. r —— <52
function value by 7* F+l
Use the DBDC method to solve the (k,J) Yes
-DC-PWLSVR problem starting from
z= (Za,1y» ---»Z(1,1y)- Denote the solution b¥
z in-
() and the objective function value by F - No Enoug_h min Yes
v (k) = (k) _ . functions: >
If F77 < F7 then set Zg s = Zx,) and k>K?
- v (k
D _ J).
(DBDC )
!I::telzltl;:itr:on:oint . Serious step initialization: Direction finding:
the proximicj:yp ’ Compute &, € 0F;(z) and Find d by solving globally the
measure 7> 0, 52 dE fF;(z);“ Bi and B Critical point: N problem -
- pdate bundles B, and B, - o—p| . - - [
the optimal ) ) - ? F d)—F d)+ — lldIl*,
and the optimality including at least the current E, = &ll <6 mn 1+ d) - Fe+d+
tolerance 6 > 0. | P p . )
Initialize the bundles vaues (@ Fi(2), &) for where F; is the cutting plane model
B =B =0. i=12. for F; (i=1,2).
Yes
A A
Clarke stationarity: » .
New point: Execute escape procedure Critical point:
Yes. ! - «——Ye! o
Set 7=z, [* for z to obtain a new point lldll < 57
z*. Does z* differ
from z7?
No
No New point:
* Compute v =z + d.
» v
Update step: | _ . 5
Set z=v. < Y Serious step?
No
Null step:
Either decrease
or update Bj.

FIiGURE 1. A-PWLSVR algorithm. In the DBDC method, & € 0F;(z) (i =
1,2) are arbitrary elements (subgradients) from the subdifferentials.
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Algorithm 1 A-PWLSVR algorithm

Require: The data set A C R™ x R, the stopping tolerance § > 0 and the numbers K, J > 1 for computing
maximum and minimum functions in the PWL function, respectively.

Ensure: The PWL function represented as a maximum of minima of linear functions approximating the data
set A.
1: [Initialization] Select any starting point '' € R™ and y1; € R.
2: [(1,1)-DC-PWLSVR problem|] Apply the DBDC method to solve the (1,1)-DC-PWLSVR problem (9)
starting from z = (z'",y11) € R"*'. Denote the solution by Z(1,1y = (', 711) and the objective function value
by F&Y . Set k=1 and j = 1.
3: [Computation of min] Set j = j + 1.
if j > J then

go to Step 5.

end if
4: [(1,§)-DC-PWLSVR problem] Set '/ = '~ and y1; = F1(j—1)- Apply the DBDC method to solve the
(1,7)-DC-PWLSVR problem (9) starting from

z = (2(1,]',1),33”,3/1]‘) S R<n+l)j.

Denote the solution by

2(17.7') = (jllv ylla ey jl(jil)

7gl(j—1)7jlj7glj)
and the objective function value by (). Go to Step 3.
5: [Computation of max]| Set k = k + 1.
6: [Stopping criterion]
if k> K then
stop
end if
7: [(k, J)-DC-PWLSVR problem]
(i) Set =" = &~V and yx; = Gr_1y: for i = 1,...,J. Apply the DBDC method to solve the (k,.J)-DC-
PWLSVR problem (9) starting from

z = (Z_'(kfl,J)»‘Ekly Ykly - v oy mkj»ykJ) € REHDY,

Denote the solution by
- _ (a1l s ~1J - _kl - —kJ -
z(k:,J)_(a: y Y1, - & YLy & YKLy .-, T ,yk(])
and the objective function value by F*7).

(ii) Apply the DBDC method to solve the (k, J)-DC-PWLSVR problem (9) starting from

z = (2(1,1)7 ey 2(1,1)) S Rk(n+1)J.

Denote the solution by
. J11 . S1J . Skl k
z(k,J):(w yYil, - T YLy - & 3 YkLy - B 5 Yk

and the objective function value by FesT)
it P& <« PRI then
set Z,7) = Z(k,J) and F)) = pJ),
end if
8: [Stopping criterion]
if (FG=0) _ ptDy/(FOD 1) < § then
stop
else

go to Step 5.
end if

Remark 4. Note that in Step 2 of the A-PWLSVR algorithm, one needs to solve the convex
problem since the objective function is convex for k = j = 1. The (1,1)-DC-PWLSVR problem
is, in fact, the SVR problem (6) without the quadratic flatness term.

Remark 5. In Step 7 of the A-PWLSVR algorithm, two different approaches are used to find
the starting point to solve the (k, J)-DC-PWLSVR problem (9). In the first approach, we use
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points obtained in the previous iteration of the A-INC approach while in the second approach,
the solution for the problem with one linear function is used to define the starting point.

Remark 6. The A-INC approach enables us to find the proper PWL model for each data set.
Although this approach may require more computational efforts than if one utilizes a predefined,
possibly inaccurate, PWL model with a random starting point, its usage leads to a better (data
specific) model and thus a better solution to the regression problem. Using many starting
points in the predefined PWL model may improve the quality of the solution if the model itself
is complex enough. However, this significantly increases the computational burden since if the
predefined PWL model does not have enough pieces, it will not approximate data well regardless
of the starting points.

5. NUMERICAL EXPERIMENTS

To evaluate the performance of the proposed A-PWLSVR algorithm and to compare it with
some well-known machine learning regression algorithms, we carry out numerical experiments
using several synthetic and real-world data sets. Computational experiments are carried out on a
laptop with Intel(R) Core(TM) i5-8250U 1.60-GHz CPU and 8-RAM GB. The A-PWLSVR al-
gorithm is implemented in Fortran 95 and compiled using gfortran, the GNU Fortran compiler.
The source code of this algorithm is available at http://napsu.karmitsa.fi/a-pwlsvr and also
at GitHub: https://github.com/SnTa2019/Regression-via-Nonsmooth-Optimization.

The parameters of the A-PWLSVR algorithm are selected as follows:

e the stopping tolerance is set to § = 0.05. The smaller values of this parameter may lead
to overfitting and the larger values may result in finding the PWL functions with only
very few linear pieces not providing a good approximation of the complex regression
function;

e the maximum number of minimum functions is set to K = 5. This number is selected to
be big enough during our preliminary numerical tests, and usually, the algorithm stops
before this upper limit is reached. The proper number of maximum functions k < K is
chosen based on the changes in the function values in two successive iterations. Note
that since these values are computed only from the training set there is no need to use
a validation set;

e the number of affine functions under minimum functions is set to J = 3. If less than
this number is needed, then the algorithm defines a linear piece that is not used. On
the other hand, the larger values of J would only increase the computational burden
without any significant improvement in the solution;

e the margin of tolerance € is chosen from the segment [0.01,0.05].

In the DBDC method, we use the default parameters that are given in [22].

5.1. Performance measures and data sets. In this subsection, we describe the performance
measures, used to evaluate and compare the algorithms, followed by the brief description of data
sets.

5.1.1. Performance measures. Let by,..., by, m > 1 be actual observed values (outputs) and
b1,...,by be their forecasted values. We use the following performance measures:

e root mean square error:

1 <. . o\ 1/2
RMSE = (E Z;(b" —b;) ) ;
e mean absolute error:

1 e -
MAE = — i — bil;
m;w bi
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e mean absolute percentage error:
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e coefficient of determination:
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e Pearson’s correlation coefficient:

Here, by is the mean of observed values and BQ is the mean of predicted values. The small values
of the RMSE, MAE, and MAPE measures indicate small deviations of the predictions from
actual observations. Note that in the measure MAPE, we replaced |(b; — b;) /bs| by |b; — bg| if |b;]
is very small. The R? measure ranges from —oo to 1, where R? = 1 means a perfect prediction,
R? = 0 indicates that the model predictions are as accurate as the mean of the observed data,
and —oco < R? < 0 occurs when the observed mean is a better predictor than the model. The
range of r is from —1 to 1, where r = 1 implies that a linear equation describes the relationship
between observed and predicted values perfectly, » = —1 means that all the data points lie on
a line for which a predicted value decreases as an observed value increases and » = 0 happens
when there is no linear relationship between the actual and observed values.

5.1.2. Data sets. We use both synthetic and real-world data sets in our numerical experiments.
Synthetic data: The following different types of synthetic data sets are used:

(i) simple synthetic data sets with only one input variable created using
a. linear functions with various levels of randomly generated noise and outliers;
b. the following sinusoidal function with various levels of randomly generated noise
and outliers:

s(u) = 2|u|sin (%), ueR.

These data sets are illustrated as blue dots in Figs. 2 and 5 — §;
(ii) the data sets that are generated using the regression function represented as the com-
position of the sinusoidal function
n
s(v) = Z(—l)jflvj sin(vjz-),
j=1
with noise, where v = (vy,...,v,) € R™;
(iii) the data sets that are created using the piecewise linear regression function

s(w) = 2max {1, min{2w + 3, —8w + 3} },

n
with noise, where w = ) wj, (wi,...,w,) € R™.
j=1

See [7, 8] for more details of data sets (ii) and (iii).
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TABLE 1. Brief description of real-world data sets.

Data set m n
Residential building 372 107
Boston housing 506 13
Concrete compressive strength 1 030 9
Airfoil self-noise 1503 5
Red wine quality 1599 11
White wine quality 4898 11
Combined cycle power plant 9 568 4
Online news popularity 39 644 58
Physicochemical properties 45 730 9
of protein tertiary structure

BlogFeedback 60 021 280

SGEMM GPU kernel performance 241 600 14

Real-world data: Real-world data sets are selected from [16]. They have a varying number of
data points and input variables: The number of points ranges from 372 to 241 600 and the
number of input variables ranges from 4 to 280. Such a choice of data sets enables us to get a
good overall view of the performance of algorithms. The data sets have only numeric attributes
and no missing values. The brief description of these data sets is given in Table 1, and their
detailed description can be found in [16]. Note that for Residential building and SGEMM GPU
kernel performance data sets, we report results only with the first output feature as results with
other output features are very similar.

5.2. Performance of the A-PWLSVR algorithm. In this subsection, we study the perfor-
mance of the A-PWLSVR algorithm. First, we present the iterative model construction of the
A-PWLSVR algorithm. Then, we demonstrate its generalization ability. Further, we analyze
the behavior of the algorithm depending on the number of input variables, the number of data
points, and the parameter e. Finally, we provide the final models built by the A-PWLSVR
algorithm in the real-world data sets and the CPU time required to construct these models.

5.2.1. Model construction. Fig.2 illustrates how the A-PWLSVR algorithm constructs the re-
gression function by adding one linear function at each iteration. We use the simple synthetic
data given in (i)-a for this purpose. In this figure, blue dots represent the actual data and red
lines represent the estimation functions.

-~

(A) One linear function (B) Two linear functions (¢) Final model

FicUre 2. Tlustration of the A-PWLSVR algorithm at different iterations us-
ing synthetic data given in (i)-a.
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5.2.2. Generalization ability. Using the synthetic data sets given in (ii), we study the general-
ization ability of the A-PWLSVR algorithm. We take the data sets containing 5 000 points
with the number of input variables ranging from 1 to 10. Data sets are divided into two sets:
Training (80% of all data) and test (20%) sets. The training sets are normalized such that each
input variable has the mean value 0 and the standard deviation o = 1. Results are reported in
Fig.3, where we present the RMSE values for both training and test sets. These results show the
good generalization property of the A-PWLSVR algorithm as the RMSE values for training
and test sets are very close to each other for a different number of input variables.

1 2 3 4 5 6 7 8 9 10
No.input.variables

FIGURE 3. Generalization ability of the A-PWLSVR algorithm (RMSE values)
using synthetic data given in (ii).

5.2.3. Dependency on the number of input variables and the number of data points. To study
the dependence of the performance of the proposed algorithm on the number of input variables
(n) and the number of data points (m), we utilize the following two versions of synthetic data
sets given in (iii):
e the data set with 10 000 data points and the number of input variables ranging from 1
to 10;
e the data set with 5 input variables and the number of data points ranging from 500 to
50 000.

We apply the A-PWLSVR algorithm to both versions of data. The dependency of the
CPU time (in seconds) on the number of input variables and on the number of data points is
presented in Fig.4. We can see that the dependency on the number of input variables is close to
quadratic. The final models obtained by the algorithm in all cases are (3,3). The dependency
of the CPU time on the number of data points is roughly linear. The final models obtained with
the A-PWLSVR algorithm in all cases are (2,3).

5.2.4. Dependency on the parameter e. Since the choice of the parameter € in the SVM approach
is important (see, e.g. [24]) we analyze the performance of the A-PWLSVR algorithm with
different values of €. Here, we report the results with Airfoil self-noise data set which are
presented in Table 2. It can be observed that when data is scaled properly, € can be chosen, for
instance, from the segment [0.01,0.05] and the difference between results using any two values
of € from this segment is negligible. The best result with this data set is obtained with ¢ = 0.01.

5.2.5. Final models built by the algorithm and the required CPU time. As mentioned before, the
best PWL model obtained with the A-PWLSVR algorithm is data dependent. In Table 3,
we provide for each real-world data set, the final model built by the algorithm as well as the
computational time (in seconds) needed to construct this model. Recall that (k,j) denotes the
k minimum functions under the maximum where each minimum function consists of j linear
functions.
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3 §
‘ No.inbutva;iables ’ - 2ﬁon::).data. poia:g - o
FicUrRe 4. CPU time required by the A-PWLSVR algorithm using synthetic
data given in (iii) with different number of input variables and data points.
TABLE 2. Results for dependence on € using Airfoil self-noise data set.
€ 0.00 0.01 0.05 010 0.50 1.00
RMSE 4.009 3.892 3.991 4.364 4.138 5.323
MAE 3.025 2.884 2.897 3.296 3.164 4.013
MAPE 0.024 0.023 0.033 0.026 0.025 0.031
R? 0.719 0.735 0.805 0.666 0.700 0.504
r 0.910 0.883 0.889 0.896 0.860 0.804
TABLE 3. Final models and required CPU times (in sec.) by the A-PWLSVR
algorithm on real-world data sets.
Residential Boston Concrete Airfoil Redwine Whitewine Combined Online Protein BlogFeedback SGEMM
Best model  (4,3) 33 (33 (63 (43 (3,3) (4,3) 23) (53 (3:3) (4,3)
CPU time  14.231 19403  33.044 20.565 63434 84709  110.384 785234 506.390  967.920 896.451

5.3. Comparison of the the A-PWLSVR algorithm with other regression algorithms.
In this subsection, we compare the performance of the proposed algorithm with some other well-
known regression algorithms.

5.3.1. Algorithms for comparison. We use the following algorithms in our comparison:

Piecewise Linear Regression (PWLREG) [4];

Random Forest Regression (RFR) [10];

Multiple Linear Regression (MLR) [46];

e Neural Networks for Regression (NNR) [1];

e Multivariate Adaptive Regression Splines (MARS) [17];

e Support Vector Regression with the Radial Basis Function (SVR) [41].

The PWLREG algorithm is implemented in Fortran 95 and compiled using free compiler
gfortan. For this algorithm, we use the same parameters as in the paper [4]. For other machine
learning regression algorithms, we use their R implementations available in [27,31,32,35], and
the parameters are chosen similarly to the ones that are suggested in these references.

The PWLREG algorithm considers the problem of finding a continuous PWL function ap-
proximating a regression function using a predefined model. The objective in the regression
problem is a DC function, and an algorithm is designed based on the subgradients of the DC
components to find PWL functions.
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The RFR algorithm is an ensemble technique that applies multiple decision trees and the
Bootstrap Aggregation technique. It combines the qualities and features of multiple decision
trees as base learning models to determine the final output. Row sampling and feature sampling
from data forming sample data sets for every model are randomly performed. This process is
called as Bootstrap.

MLR is used to determine a linear relationship between multiple independent variables and
one dependent variable. Once each of the independent factors has been determined to predict the
dependent variable, the information on the multiple variables can be used to create an accurate
prediction on the level of effect they have on the dependent variable.

NNR consists of a system of interconnected artificial neurons (nodes) made up of three groups:
Layers of “input” units, “hidden” units, and “output” units. The dimension of input variables
determines the size of the input layer while the number and size of the hidden layers can be
chosen more freely. The output layer consists of only one node in regression problems. For
a given node, the inputs are multiplied by the weights associated with the node and summed
together (summed activation of the node). The summed activation is then transformed via an
activation function to define the specific output of the node.

The MARS is a nonparametric method that builds multiple linear regression models across
the range of input values. It does this by partitioning the data and running a linear regression
model on each different partition. The MARS algorithm builds a model in two steps. First, it
creates a collection of basic functions to partition the range of input data into several groups.
For each group, a separate linear regression is modeled, each with its slope. The connections
between the separate regression lines are automatically found by the algorithm.

The SVR is an algorithm that allows us to choose how tolerant we are of errors, both through
an acceptable error margin and through tuning the tolerance of falling outside that acceptable
error rate. It gives the flexibility of defining how much error is acceptable in the model and finds
an appropriate hyperplane to fit the data. The aim of the SVR is to optimize the coefficients
while the error term is handled in the constraints, where the absolute error is set to be less than
or equal to a specified margin.

5.3.2. The effect of outliers. Using synthetic data sets given in (i) — with only one input vari-
able — we present the effects of outliers to the approximations obtained by the A-PWLSVR
algorithm and other algorithms given above. The results are illustrated in Figs.5-8, where blue
dots are the data points and red lines are the approximations obtained by the algorithms.

In the data set, illustrated in Fig.5,; A-PWLSVR and SVR are the only algorithms whose
results are not strongly affected by the outliers. More accurate results by all algorithms are
obtained in the data set given in Fig.6 where A-PWLSVR algorithm provides the best approx-
imation. All algorithms, except RFR, exhibit a robust behavior in the data set illustrated in
Fig.7 where NNR achieves the best approximation and MLR fails to approximate the data accu-
rately. The data set given in Fig.8 has a clusterwise structure. In this data set, the A-PWLSVR
and MARS algorithms obtain the most accurate approximations.

Based on the obtained results, we can conclude that the A-PWLSVR algorithm is able to
approximate data with various structures and it is robust to outliers in these data sets. The
SVR is also robust to outliers, nevertheless, its accuracy in approximating data with piecewise
linear structure is not satisfactory. The reason for this could be the fact that this algorithm
is designed to approximate smooth functions and thus it cannot fit well the data with switch-
ings/jumpy points. The results of the PWLREG, MARS, NNR and RFR algorithms are affected
by outliers and they demonstrate varying degrees of robustness. The MARS achieves high ac-
curacy in approximating data with clusterwise structure, while the NNR approximates smooth
data accurately, however, the latter algorithm fails in data sets with piecewise linear (jumpy
points) and clusterwise structures. The MLR fails to approximate data in all synthetic data sets
considered in this paper.
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(A) A-PWLSVR (B) PWLREG (c) RFR
5N
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(p) MLR (E) NNR (F) MARS
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(@) SVR

FIGURE 5. Results for synthetic data given in (i)-a with small number of outliers.

5.3.3. Results on the prediction performances of algorithms. We study the prediction perfor-
mances of the algorithms using the evaluation criteria given in Subsection 5.1. We use both
synthetic and real-world data sets for this purpose. All the algorithms are trained using the
training set and their prediction performances are evaluated using the test set.

Results for the synthetic data sets, generated using the regression function given in (ii) with
5 000 data points and 2, 3,4,7 and 10 input variables, are presented in Fig.9. The final models
obtained by the A-PWLSVR algorithm are (5,3) for n = 2,3,4 and (3,3) for n = 7,10. We
can see that the A-PWLSVR algorithm outperforms other algorithms by obtaining the smallest
values for the RMSE and MAE when n =7, 10.
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(A) A-PWLSVR (B) PWLREG (c) RFR

(p) MLR (E) NNR (r) MARS

(@) SVR

FIGURE 6. Results for synthetic data given in (i)-a with large number of outliers.

This algorithm shows a satisfactory performance in all other cases. To further analysis of the
significance of these results, we applied the statistical “t-test”. The statistical significance test
on four performance measures is reported in Table 5, where the MLR is considered as a baseline
algorithm. We see that the A-PWLSVR algorithm performs best concerning RMSE, MAE,
R? and its improvement over the baseline algorithm is statistically significant (p-value less than
< 0.05 under paired t-test). The RFR achieves the highest value of r with the p-value equal to
0.013.

Next, we discuss and compare the results of algorithms using real-world data sets (Table 5).
We apply the 5-fold cross-validation.
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(A) A-PWLSVR (B) PWLREG (c) RFR

(p) MLR (E) NNR (F) MARS

(@) SVR

FIGURE 7. Results for synthetic data given in (i)-b with noise and outliers.

A data set is divided into training (80%) and test (20%) sets for each fold of the cross-
validation. The results of algorithms are averages of the values obtained for 5 folds. We highlight
the best results using the boldface font.

According to all five criteria, the A-PWLSVR algorithm is the best or the second best in six
data sets: Airfoil self-noise, Red wine quality, BlogFeedback, SGEMM GPU kernel performance,
Residential building, and Boston housing. Furthermore, the A-PWLSVR algorithm is the best
concerning all but the MAE criterion in the Concrete compressive strength data set.
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(A) A-PWLSVR (B) PWLREG (c) RFR

(p) MLR (E) NNR (r) MARS

(@) SVR

FIGURE 8. Results for synthetic data given in (i)-a with clusterwise structure.

Overall, we can see the satisfactory performance of the A-PWLSVR algorithm in all data sets
except for the Online news popularity data set. In this data set, the R?-values by all algorithms,
except MARS, are negative.

To further analysis of the results presented in Table 5, we draw a box plot for each performance
measure. Recall that the smaller (larger) value of the median in a box plot indicates a better
performance of the algorithm considering the criteria RMSE, MAE, and MAPE (R? and r). Since
the values of the performance measures vary significantly for different data sets, we map the
values obtained for the RMSE and MAE into the interval [0, 1] and the negative values obtained
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FIGURE 9. Prediction performances of algorithms on synthetic data sets gener-
ated using regression function (ii).

for R? into the interval [—1, —0.2] using the simple linear transformations. The mapping helps
us with better visualization and presentation of the results.

It can be observed from Fig.10 that concerning the first two criteria (RMSE and MAE),
A-PWLSVR reaches the lowest value of median and RFR has the second lowest. The A-
PWLSVR algorithm has the smallest value of median in MAPE followed by SVR and RFR.
The values of the median for both A-PWLSVR and RFR are very similar to R? and 7. This
figure shows that, in general, A-PWLSVR and RFR perform similarly and their performance
is better than that of other algorithms.

Results of numerical experiments, presented in this section, demonstrate that the A-PWLSVR
algorithm is especially accurate both as the approximation and prediction tool in data sets with
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TABLE 4. Statistical significance tests (paired t-test) of performance difference
between algorithms and baseline (MLR) on synthetic data generated using re-
gression function (ii).

Measures p-values between the algorithms and the baseline MLR
A-PWLSVR PWLREG RFR NNR MARS SVR
RMSE 0.023 0.136 0.064 0.373 0.059 0.072
MAE 0.030 0.104 0.079 0.409 0.065 0.073
R? 0.031 0.244 0.034 0.304 0.048 0.059
r 0.025 0.254 0.013 0.308 0.017 0.016

TABLE 5. Results obtained by different algorithms on real-world data sets

Algorithm Residential Boston Concrete Airfoil Redwine Whitewine Combined Online Protein BlogFeedback SGEMM

RMSE

x10* x10° x10'  x10° x10° x10° x10° x10° x10° x10? x10?
A-PWLSVR 0.015  5.422 0.927 3.830 0.656 0.755 4.165 0.113  5.005 0.218 1.939
PWLREG 0.435  5.573 1.014  4.316 0.684 0.745 4.226 2.827  4.871 1.366 2.273
RFR 0.037  5.662 1.013  4.650 0.692 0.720 3.349 0.113  3.561 0.264 2.214
MLR 0.062  6.719 1113 5.035 0.661 0.763 4.560 0.111 5.185 0.302 3.107
NNR 5.475  6.805 1.169  5.035 0.670 0.752 4.560 0.576  5.185 2.823 2.858
MARS 0.018  8.117 0.942  4.997 0.658 0.755 4.258 0.111 5.024 0.299 3.416
SVR 0.104  6.285 1.234  4.006 0.714 0.770 3.977 0.111 4.296 0.341 1.973

MAE

x10% x10° x10°  x10° x10° x10° x10° x10? x10° x10? x10?
A-PWLSVR 0.009 4.070 7.250 2.915 0.503 0.569 3.143 2.530  3.634 0.041 1.119
PWLREG 0.126  4.169 7.623  3.456 0.532 0.585 3.309 6.666  3.931 0.139 1.338
RFR 0.024  4.534 8278  3.763 0.505 0.569 2.430 3.466  2.521 0.067 1.289
MLR 0.019  5.172 8.925  3.985 0.511 0.594 3.628 3.466  4.343 0.099 2.163
NNR 4.302  5.209 9.465  3.985 0.524 0.591 3.628 7.035  4.341 1.847 1.960
MARS 0.010  5.830 6.698  3.938 0.508 0.590 3.331 3.031 4.110 0.096 2.473
SVR 0.077  4.988 9.458  3.046 0.554 0.595 2.923 2798  2.978 0.067 1.174

MAPE

x10! x10° x10°  x10° x10° x10° x10° x10° x10° x10° x10°
A-PWLSVR 0.010 0.230 0.260 0.023 0.092 0.099 0.006 0.838  0.826 0.000 0.720
PWLREG 0.005  0.238 0.294  0.028 0.097 0.103 0.007 2.817 1.352 0.000 0.823
RFR 0.019  0.270 0.325  0.030 0.093 0.099 0.007 2284  0.341 5.425 0.749
MLR 0.023  0.307 0.341  0.032 0.094 0.105 0.008 2242  0.762 0.000 2.604
NNR 6.247  0.310 0.362  0.032 0.096 0.104 0.008 4.728  0.770 0.000 2.389
MARS 0.008  0.381 0.277  0.032 0.093 0.104 0.007 1.800 1.064 0.000 3.148
SVR 0.093  0.265 0.366  0.025 0.101 0.105 0.007 1.483  0.598 0.000 0.891

RQ
A-PWLSVR 0.973  0.490 0.562 0.660 0.303 0.263 0.940 -0.031 0.330 0.294 0.222
PWLREG 0.827  0.470 0.501  0.536 0.243 0.282 0.939 -8.7 x10° 0.366 -3.7 x10 -0.373
RFR 0.849 0.626 0.395  0.511 0.301 0.328 0.901 -0.039  0.661 0.254 -0.394
MLR 0.194  0.287 0.461  0.398 0.290 0.245 0.928 -0.001 0.281 0.147 -9.610
NNR -1.4 x10*  0.254 0.385  0.398 0.274 0.266 0.928 -2.6 x10% 0.281 -1.3 x10? -7.241
MARS 0.959  -0.794 0.558  0.405 0.297 0.260 0.938 0.010  0.325 0.150 -1.8 x10
SVR -0.185  0.369 0.298  0.623 0.176 0.235 0.906 -0.003  0.507 -0.031 -0.379
T

A-PWLSVR 0.988  0.840 0.838 0.850 0.574 0.539 0.969 0.194  0.598 0.640 0.791
PWLREG 0.940  0.796 0.759  0.767 0.525 0.556 0.966 0.083  0.605 0.255 0.652
RFR 0.947 0.866 0.801  0.791 0.508 0.591 0.901 0.122  0.818 0.624 0.663
MLR 0.853  0.783 0.741  0.669 0.549 0.520 0.964 0.137  0.531 0.485 0.458
NNR 0.704  0.768 0.689  0.669 0.541 0.543 0.964 0.074  0.531 0.067 0.431
MARS 0.983  0.564 0.808  0.681 0.558 0.545 0.968 0.142  0.571 0.493 0.487
SVR 0.395  0.683 0.720  0.810 0.456 0.499 0.943 0.038  0.720 0.003 0.725

scattered data points (for example, Residential building and BlogFeedback data sets), in those
with approximately piecewise linear structures, and also in data sets with clusterwise struc-
tures. In such data sets, this algorithm, in general, outperforms other regression algorithms.
This observation justifies the development and application of the A-PWLSVR algorithm.
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FiGure 10. Visualisation of results given in Table 5.

6. CONCLUSION

In this paper, a model for the piecewise linear regression problem and a novel algorithm for
solving this problem are introduced. In the model, the regression function is estimated over the
set of continuous piecewise linear functions represented as a maximum of the minima of linear
functions. The regression estimate is defined using the Li-risk and the piecewise linear regression
problem is modeled by applying the support vector linear regression approach. This leads to
the development of a model for piecewise linear regression: The piecewise linear support vector
regression model. We consider two different versions of this model. The first version contains the
flatness term and the second version is without the flatness term. In the first case, the objective
function is a nonconvex piecewise quadratic function and in the second case, it is nonconvex
piecewise linear.

The objective function is represented as a difference of two convex functions and the double
bundle method for nonsmooth DC optimization is applied to minimize it. The new algorithm
— called the adaptive piecewise linear support vector regression algorithm — is designed to solve
the piecewise linear support vector regression problem. This algorithm incrementally constructs
the piecewise linear estimator of the regression function starting from the linear function and
stops adding pieces when the model is good enough. We present the proposed algorithm using
both its flowchart and the step-by-step form.

The developed algorithm is evaluated as both the approximation and the prediction tool using
synthetic and real-world data sets. In addition, it is compared with several mainstream machine
learning regression algorithms using numerical results, various performance measures, the t-test,
and box plots. Using the synthetic data sets, we demonstrate that the computational effort of
the new algorithm increases close to quadratic depending on the number of input variables and
roughly linearly depending on the number of data points. In some real-world data sets used in
our experiments, the proposed algorithm is more time-consuming than other algorithms as it
involves the solving of several DC optimization problems. However, the new algorithm is very
robust to outliers and the obtained results demonstrate that it outperforms other regression
algorithms in most data sets used in this paper. The new algorithm is especially accurate in
scattered data sets and in data sets with piecewise linear and clusterwise structures.
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